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IDEALS OF REGULAR OPERATORS ON 12 

W. ARENDT AND A. R. SOUROUR 

ABSTRACT. Let jgr be the Banach algebra (and Banach lattice) of all regular operators 
on 12, i.e. the algebra of all operators A on 12 which are given by a matrix (amn) such 
that (I a,, 1) defines a bounded operator I A I . We show that there exists exactly one 
nontrivial closed subspace of P&r which is both a lattice-ideal and an algebra-ideal of 
Sr, namely the space Cr = {A C pr: A I is compact}. We also show that every 
nontrivial ideal in pr iS included in KCr 

It is well known that the only nontrivial closed (algebra) ideal in the Banach 
algebra X(H) of all bounded operators on a separable Hilbert space H is the ideal 
Y(H) consisting of all compact operators on H and that SC(H) includes every 

nontrivial ideal. In this note we prove order-theoretic analogues of these results. 
To give a precise statement we need some notation. Let H = 12, the Hilbert space 

of all (real or complex) square-summable sequences, and denote by {en}, n = 1, 2,..., 
the standard basis in 12. Every bounded operator A on 12 can be represented by a 
matrix (amn) given by amn =(Aenlem), m, n = 1,2,..., where (fIg) denotes the 
scalar product of f, g ( 12. If the matrix (I amnI) also defines a bounded operator 
I A I, then A is called regular, and I A I is called the modulus of A. For example, every 
operator of finite rank is obviously regular, but there exist compact operators which 
are not regular [4, IV, ? 1, Example 2]. We denote by l the space of all regular 
operators on 12. It is known that l is a subalgebra of 1(12) and is a Banach algebra 
under the r-norm 11 All r defined as the operator norm of I A , i.e. 

IAll r= 11 IA I 11 

where Il T Il denotes the operator norm of T (cf. [4, IV, ?1]). A bounded operator A 
on 12 is called positive (we write A > 0) if (Aen I em) > 0 for all natural numbers 
m, n. With this order relation, l becomes a Banach lattice (cf. [4, IV, ? 1]). A 
lattice-ideal of l is, by definition, a subspace i of l such that if A E i, B E r, 

I B I < I A I, then B E i. For the purpose of this paper, we say briefly that i is an 
ideal if it is both an algebra-ideal and a lattice-ideal. 

A regular operator is called r-compact if A can be approximated in the r-norm by 
operators of finite rank. The space XJr of all r-compact operators is a closed ideal in 
l Our maln theorem gives a confirmation of the following conjecture by H. H. 
Schaefer: ICr is the only closed nontrivial ideal in l Furthermore, we show that 
every nontrivial ideal is included in S;r. 
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94 W. ARENDT AND A. R. SOUROUR 

For vectors f, g C 12, we denote by f O g the rank one operator given by 

(f 0 g)h = (h If )g (h l 
12). 

The orthogonal projection onto span{el,...,ej} will be denoted by P,1 (i.e., P,1 
Y4=iem 0 em) and will be called an initial projection. Note that P,1 > 0, (1 - P,) ? 0 
for every n C N (the set of natural numbers). 

The following proposition is well known and easy to prove. 

PROPOSITION 1. Let A C r (12). Then 
(i) 11 Ail= SUpn I 1I Pt,APn l I limn1 I1 Pt,AP,1 Pt; 

(ii) A is compact if and only if limn .o ll(l - PJ)A(l - P,)II = 0. 

We give a characterization of r-compact operators (cf. [4, p. 293, Corollary 1]). 

PROPOSITION 2. (i) Let B, C c Er, I B I < C. If C is compact, then B c CJir 

(ii) Scr = {A c Er I A I is compact}. 

(iii) 5cr is a closed ideal in Er. 

PROOF. Let F,= PnBPt, + (1 - P,)BP,n + P, B(l - Pn). Then Fn is an operator of 
finite rank and 

B B-Ft, ( 1 Pn )B(I - Pn ) < (I 
- 

-Pn) I B I (1 - Pnl) (I - 
-Pn)CI 

- 
-Pn) . 

It follows from Proposition 1 (ii) that lim 1 B - F, 1I r = 0. Hence B C cr. This 
proves part (i). 

From (i), it follows that X r includes {A c r: I A I compact}. To prove the reverse 
inclusion, first observe that I F I is compact if F is an operator of finite rank (this 
follows from (i) since if F = In ? y, then I F < 1- l I x, I 0 1 y, 1). Now, let 
A C 'c7r. Then lim,1o A A- F, I r = 0 for a sequence {f f} of finite rank operators. 
This implies that limnfo00 II A I-I F, I 11 = 0. Therefore I A I is a limit of a sequence 
of compact operators and so is compact. 

Part (iii) follows immediately from (i) and (ii). D 

THEOREM 1. Let T be a proper ideal in l r. Then T C Xcr. 

PROOF. Let T be an ideal in Cr which is not included in X r. We will show that 
2 = tr 

There exists a positive operator A in $ which is not compact. Let Pn, be an initial 
projection such that IPnI ,APn I IA I. By induction, we can find a sequence of 
increasing initial projections {Pt, }, j = 1, 2,..., such that 

Il(Pn+,-Pn)A(Pn +-n)II ,> t 11(1 -Pn )A(I - Pn )ll 

Since A is not compact, the norms 11(1-Pn - )A(I-Pn - )II are bounded below by a 
positive number 8. Let BJ (= - Pn )A(Pn+ -Pnj), so 11 BJ1 8/2. The opera- 
tor B = supJENBJ belongs to $ since 0 < B < A. Denote by HJ the range of 
Pn - Pnj and let gj be a positive vector in HJ of norm 1 such that II Bjgj 1 I> 8/2. 
Let R = el 0 gn, where e n is the first basis vector in H,1 (i.e., ek = efl?, and let 
R - supflEyNRn. Thus R is a positive operator of norm 1. Let Mn = BnRn = e n 0 Bngn 
and let M = SUpnINMn, so M = BR EE . Finally, let T = M*M. Then T EE and 



IDEALS OF REGULAR OPERATORS ON 12 95 

T = sUpNEN Tn where Tn = Mn*Mn. So Tn is represented (with respect to the stan- 
dard basis) by the diagonal matrix ? 0nel C elj, where an =I Bngn 2* There is a 
permutation matrix U such that 

UTU diag(a1l,0, a2, 0, a3,...). 

The sequence {?/a} is bounded below, therefore the matrix 

diag(al-1, 0, a- 0, a- 1, 0,... 

defines a bounded positive operator D, and so F = D UTU= diag(l ,0, 1,0,...) 
belongs to i. If Vis the permutation operator defined by Ve2n -1 e2n, Ve2n = e2n 1 

(n E N), then 1 = F + VFV E . Therefor e i= Er. w 
LEMMA. Every nonzero algebra ideal in r contains the finite rank operators. 

PROOF. (This is the same proof as the well-known proof of the analogous result in 
f5(12); we merely point out that all the operators involved are regular.) Let i be a 
nonzero algebra ideal in r and let A be a nonzero operator in i. Pick a vector 

fi such that II Afi 11 = 1. For two arbitrary vectors f and g, we have f O g = 
(Afi 09 g)A( f fl), and so every operator of rank one belongs to i. Finally, every 
finite rank operator is a sum of rank one operators and therefore belongs to i. W 

As an immediate consequence of Theorem 1 and the Lemma we obtain the main 
result. 

THEOREM 2. SC' is the only nontrivial closed ideal in r 

COROLLARY. XCr - {A E fEr: lim n , 1 A I Ren = 0 for every positive operator R}. 

REMARK 1. There are nontrivial closed lattice-ideals as well as nontrivial closed 
algebra-ideals in r other than . For example, {T E ir: limn, m.oo(Ten I em) 0} 
is a nontrivial closed lattice-ideal different from X r. Moreover, there exists a 
compact operator A E E such that I A I is not compact [4, IV, ? 1, Example 2]. Hence 
3C(l2) n l, {T E fir: T is compact} is a nontrivial closed algebra-ideal in l 

which contains XCr properly. 
REMARK 2. By Theorem 1, JC' iS the largest ideal in fD . The smallest ideal is is the 

one which is generated by the finite rank operators (by the Lemma). Thus it has the 
form is = {T E Er: I TI- h 09 h for some positive h E 12}. This ideal $, is properly 
included in the ideal of Hilbert-Schmidt operators, which, in turn, is properly 
included in Xcr. 

REMARK 3. The situation is different if we replace 12 by L2[0, 1]. For the definition 
of fD(L2), see [4, IV, ? 1]. The space Cr(L2) of all regular operators on L2 which can 
be approximated in the r-norm by operators of finite rank is a closed ideal in fEr(L2) 
(this follows from [4, p. 293, Corollary 2 ]); and by the same proof that we used for 
the Lemma, it is the smallest closed ideal in fDr(L2). The space XI = {T E f,(L2); 

I TI is compact} is obviously closed, and it follows from the Dodds-Fremlin 
Theorem ([3], see also [1]) that 'IC is a lattice-ideal. This implies that it is also an 
algebra-ideal. However, 'Xi includes 'JCr(L2) properly (see [2, 3.7 in connection with 
2.6]). Another nontrivial closed ideal in fPr(L2) is 4, the space of all regular integral 
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operators (or kernel operators), i.e. operators T of the form 

Tf(s) = k(t, s)f(t) dt, 

where k is a measurable function such that I k I is the kernel of a bounded operator. 
(The ideal 4 is (L2 E) L2)"1, the band in fr(L2) generated by the finite rank 
operators [4, IV, 9.8].) In the atomic case (H = 12), all regular operators are kernel 
operators. Here, in the nonatomic case, 4 is a proper closed ideal of P7(L2), properly 
includes X(W f L2), and is not comparable to 'CXI. Furthermore Y3Cr( L2) = SC, n4 [4, p. 
293, Corollary 2]. In view of this, one nonatomic version of the problem solved in 
Theorem 2 is the following question: Is S3Cr(L2) the only nontrivial closed ideal in 
the Banach lattice algebra of kernel operators on L . 

REFERENCES 

1. C. D. Aliprantis and 0. Burkinshaw, Positive compact operators on Banach lattices Math. Z. 174 
(1980), 289-298. 

2. W. Arendt, On the o-spectrum of regular operators and the spectrum of measures, Math. Z. 179 (1981), 
271-287. 

3. P. Dodds and D. H. Fremlin, Compact operators in Banach lattices, Israel J. Math. 34 (1979), 
287-320. 

4. H. H. Schaefer, Banach lattices and positive operators, Springer-Verlag, Berlin-Heidelberg-New York, 
1974. 

MATHEMATISCHES INSTITUT DER UNIVERSITAT, 74 TVBINGEN, FEDERAL REPUBLIC OF GERMANY 

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF VICTORIA, VICTORIA, BRITISH COLUMBIA, CANADA 
V8W 2Y2 


	Article Contents
	p. 93
	p. 94
	p. 95
	p. 96

	Issue Table of Contents
	Proceedings of the American Mathematical Society, Vol. 88, No. 1 (May, 1983), pp. 1-188
	Volume Information
	Front Matter
	Pseudocomplete Nilpotent Groups [pp. 1-7]
	A Hopf Module Characterization of Hopf Algebras [pp. 8-10]
	The Group of Automorphisms of a Distributively Generated Near Ring [pp. 11-15]
	Maximal Separable Subfields of Bounded Codegree [pp. 16-20]
	Affine Geometry: A Lattice Characterization [pp. 21-26]
	An Analogue of Hilbert's Theorem 90 [pp. 27-28]
	Length and Area Estimates of the Derivatives of Bounded Holomorphic Functions [pp. 29-33]
	On a Tauberian Theorem for the L-Convergence of Fourier Sine Series [pp. 34-38]
	Another Proof of the Existence of the Ergodic Hilbert Transform [pp. 39-43]
	The Almost Fixed Point Property for Nonexpansive Mappings [pp. 44-46]
	On an Elliptic Boundary Value Problem Not in Divergence Form [pp. 47-52]
	Approximate Identities and H(R) [pp. 53-58]
	Unbounded Perturbations of Forced Harmonic Oscillations at Resonance [pp. 59-66]
	On Hardy's Inequality in Weighted Rearrangement Invariant Spaces and Applications. I [pp. 67-74]
	On Hardy's Inequality in Weighted Rearrangement Invariant Spaces and Applications. II [pp. 75-80]
	Strongly Exposed Points in Bochner L-Spaces [pp. 81-84]
	An Analogue of the Schwarz Lemma for Bounded Symmetric Domains [pp. 85-88]
	Nonexistence of Invariant Measures [pp. 89-92]
	Ideals of Regular Operators on l [pp. 93-96]
	A Note on Two Weight Function Conditions for a Fourier Transform Norm Inequality [pp. 97-100]
	The Degree of Copositive Approximation by Polynomials [pp. 101-105]
	Logics with Given Centers and State Spaces [pp. 106-109]
	Regular Riemannian s-Manifolds of Noncompact Type [pp. 110-112]
	Integral Formulas and Hyperspheres in a Simply Connected Space Form [pp. 113-118]
	Complete Hypersurfaces with RS = 0 In E [pp. 119-123]
	An Effective Version of Hall's Theorem [pp. 124-128]
	An Algorithmically Unsolvable Problem in Analysis [pp. 129-130]
	Prophet Inequalities and Order Selection in Optimal Stopping Problems [pp. 131-137]
	A Correction Note on "Generalized Hewitt-Savage Theorems for Strictly Stationary Processes" [pp. 138-140]
	Nonincrease Almost Everywhere of Certain Measurable Functions with Applications to Stochastic Processes [pp. 141-144]
	Uniform Convergence of Distribution Functions [pp. 145-146]
	The Levy-Lindeberg Central Limit Theorem in [pp. 147-153]
	The Finite Dimensionality of Integral Homology 3-Manifolds [pp. 154-156]
	On the Existence of Equivariant Embeddings of Principal Bundles into Vector Bundles [pp. 157-161]
	A Space Which Contains No Realcompact Dense Subspace [pp. 162-164]
	A Mapping Theorem for Hilbert Cube Manifolds [pp. 165-168]
	Characterizations of F-Fibrations [pp. 169-172]
	On Fibre Inclusions and Kähler Manifolds [pp. 173-176]
	A Note on Infinite-Dimension Under Refinable Maps [pp. 177-180]
	Rational Automorphisms of Grassmann Manifolds [pp. 181-183]
	Circulants and Difference Sets [pp. 184-188]
	Back Matter



