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1. THE MAIN RESULT

Let A be the generator of a strongly continuous group (T(t))t€m
on a Banach space. It is desirable to express the spectrum o(T(t))
of the single operator T(t) 1in terms of the spectrum o(A) of the

generator A . Formally one would expect that
(1.1) o(T(t)) = exp to(A) (t € R) .

For example, 1f H is a selfadjoint (unbounded) operator on a Hilbert
space and T(t) = expitH (t€R), then A = iH and (1.1) holds.
This follows easily from the spectral theorem. More generally, the
spectral mapping theorem (that is, formula (1.1)) holds for isometric
groups on arbitrary Banach spaces (see [4, 2.12, Corollary 1] and

[7, 8.19])). However, it is known that (1.1) does not hold for unbound-
ed groups even under fairly strong assumptions. In fact, there exists
a strongly continuous group of positive operators on a Banach lattice
(which is an intersection of weighted LP-gpaces) such that (1.1) fails
(see [23]).

Our main result is the following spectral mapping theorem on C,(X)

(the space of all continuous complex valued functions on a locally
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compact space X which vanish at infinity). Its proof will be

established in several steps in sections 2 to 6.

THEOREM 1.1. Let (T(t))tE]R be a strongly continuous group of

positive operators on C,(X) with generator A . Then

o(T(t)) = exp t o(A) (tER) .
There are several consequences of this theorem which remind one of
the kind of conclusions the spectral theorem allows for selfadjoint

operators.

COROLLARY 1.2. Under the assumptions of the theorem the following

assertions are equivalent:

(i) A 1is bounded.
(i1) o(A) 1is bounded.
(iii) o(A) € R

(iv) The group consists gé_multipliers, i: e. T(t)f = mtf

(f€C (X)) for all t€ R, where mtECb(X).

(v) A is a bounded multiplier, i. e. Af =mf for all f ECO(X)

and some mEC}]JR(X) .

Here Cb(X) (resp. CgR(X)) denotes the space of all continuous

complex- (resp. real-) valued bounded functions on X.

Proof. It is evident that (i) implies (ii). Since o(A) 1is additive-
ly cyclic [8, 2.4], it follows that (ii) implies (iii). If (iii) holds,
then by Theorem 1.1 o(T(t)) = 5257?3757'5 R, . So (iv) follows
from [21, 2.1] (or [2, 3.6]). Now assume (iv). For every x€X the
function t - mt(x) from R into (0,®) is continuous and satis-—

fies mt+s(x) = mt(x)ms(x). Thus there exists m{(x) € R such that
mt(x) =exptm(x) (t€R). Since m, and (ml)_l =m_,
tive, bounded and continuous, it follows that m = log m, is an

element of cﬁk(x) . It is evident that (v) holds. Finally, (v)

are posi-—

trivially implies (i).
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COROLLARY 1.3. Assume that A satisfies the hypotheses of the theo-

rem. Then

o(A) = {0} if and only if A = 0.

Another consequence that parallels the case of a selfadjoint operator
is the following: Let A be the generator of a strongly continuous
group (T(t))

lated point of o(A) 1s an eigen-value of algebraic multiplicity 1 .

tER of positive operators on C,(X). Then every iso-

For the proof of this result, though, we refer to section 6.

We want to give some introductory remarks on the method of proof and

the organization of the paper.

In section 3 we show that the generator A of a positive group
(T(t))tER on CO(X) has the following form up to similarity:
There exists an automorphism group (To(t))tER with generator Aj
and hEC;(X) such that Af = A f + hf for f€D(A) = D(A,). The
automorphism group (To(t))tER is defined by a continuous flow

@: RXX - X via composition, i. e. (To(t)f)(x) = f(p(t,x))
(t€R, x€X) for all fe€C,(X). Moreover, T(t) 1is given by

T(t)f = ht T,(t)f, where (ht) is a cocycle given by

t€ER

ht(x) = exp Jth(w(s,x))ds (teER, x€X) .
o

In section 2 we determine the spectrum of the single operator T(t)
and in sections 4 and 5 the spectrum of A by means of the properties
of the multiplier h and the flow . The spectral mapping theorem
follows then by comparing both spectra.
The complete description of o(A) seems to be of independent inter-
est. Whereas the spectrum of o(Ay) does not give much information
about the flow (in general one has o(A,) = i R), the additive per-—
turbation with the multiplier Mh (given by th = hf) extends the
spectrum, and our results show that the spectrum of A = Aj + Mh re-

flects a good deal of the geometric behavior of the flow.

We want to conclude this introductory section with a dual result of
Theorem 1.1. As pointed out above C,(X) cannot be replaced by an

arbitrary Banach lattice. However, we obtain the following result for
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the space Ll(Y,u):

COROLLARY 1.4. Let A be the generator of a strongly continuous

group (T(t))te]R of positive operators on LI(Y,u). Then the

spectral mapping theorem holds; 1i. e.

o(T(t)) = exp to(A) (tER) .
Proof. Let E* = {x'€E': lim IT(t)'x" -x'l = 0}. Since (T(t))
ZEQOZ. cam tER

is a group of lattice isomorphisms, E* 1is a closed sublattice of
E'. Moreover, for every order unit u of E', T(t)'u 1is an
order unit (t€ R). So by [6, Theorem 3.2], there exists an order
unit u of E' such that u€ D(A') < E¥. Thus E* is an AM-
space with order unit and so E* 1is a space of the type C(X),

X compact [20, ITI § 7]. Let T(t)* be the restriction of T(t)'
*(tER); i.e. (O,
(T(t))tZO (see [15, Chapter XIV]). Denote its generator by A™*.

to E is the adjoint semigroup of

Then Theorem 1.1 together with [9, 1.6] implies that

G(T(t)) = o(T(t)™) = exp to(A®) = exp to(A) (tER) .

2. THE SPECTRUM OF A SINGLE OPERATOR

If T 1is a linear operator on a (complex) Banach space E and N

is a closed T-invariant subspace, i. e. N satisfies T(N) € N,
then T induces in a canonical way linear operators T'N and T/N
on the subspace N and the quotient E/N respectively. It is well
known that the spectra of these operators satisfy

o(T) G(T{N) U c(T/N) and simple examples show that in general this
inclusion is proper. However, for lattice homomorphisms on Banach

lattices one has the follwoing result:
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PROPOSITION 2.1. Suppose E is a Banach lattice, T€ _#Z(E) is a

lattice homomorphism (i. e. T satisfies ITx| = T|x| for all

x€E) and I a closed ideal such that T(I) = I, then

o(T) = c(T|I) U o(T/I).

Proof. By [20, II.5.5 Corollary 1] the polar of I 1is a projection
band in the dual space, i. e. E' =I°® IOL. The assumption

T(I) = I implies for arbitrary x'€E':

(2.1) T'x' € 1° if and only if x' €1°.

Thus I° 1is T'-invariant. Moreover for 0O <€ y' EIOL, 0 < x'€1°,

i=x' AT'y' one has 2'€1° and O € z' € T'y'. Since T' Iis
interval preserving (see [17, 1.2]) there exists y;€I3' such that

T'y; =z' and O € yi < y', 1in particular y; €1°. By (2.1) we have

y{€ ° , thus y; =0 and z' = 0. This shows that Io'L is T'-
invariant too, and it follows that o(T') = O(T'\Io) u G(T'110l)'
Since the spectra of an operator and its adjoint coincide, the asser=-
tion of the proposition is a consequence of the following identifica-

tions: (T/I)‘ < T'|Io and (T|I)' = T'/Io z T'|Iol.

In the following remark we list some consequences and extensions of
the proposition. Since we don't need them in the sequel, the proofs
are omitted. Moreover we show by an example that the hypotheses can-

not be weakened.

REMARK 2.2. (a) If T 1is a lattice homomorphism with T(I) =1
and Z 1is in the center (i. e. Z(J) € J for every closed ideal J),
then the statement of the proposition remains true for the operators

T+Z, ZT and TZ.

(b) The proposition remains true if the spectrum is replaced by the
approximate point spectrum. However, it is false for the point

spectrum.

(c) As a consequence of Proposition 2.! one obtains the following

result:
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If I and J are closed ideals, T 1is a lattice homomorphism such

that T(I) = I and T(J) = J, then one has:

If I+J =E, then g(T)
if InJ {0}, then o(T)

a(T I) U o(T J) H
c(T/I) U o(T/J)

#
fl

(d) 1f we consider E = co(Z) (or £P(m)), 1 := {(gy) E:r g, =0
for v €0}, the shift operator TE€ LE) (i. e. (Tx),, = Ev—l
for x = (g\Q €E) and define S := (2-—T)_1, then we have:

T 1is a lattice isomorphism such that T(I) ? I and
we have o(T) = {z€€: |z| = 1}, while
O(T\I) =o(Typ) = {z€€: [z] s 1},
S 1is a positive operator such that S(I) = I and
we have o(S) = {z€€: |z-1]| = %} , while
1

= = . - < =
o(Syp = oS/ = {z€¢: lz-1] <5}
We will apply Proposition 2.1 only to operators acting on the Banach
lattice Cg(X) where X 1is a locally compact Hausdorff space. In
this case the closed ideals and the quotionts with respect to closed
ideals are spaces of the same type. More precisely the following
holds. Recall that an open or closed subset of a locally compact

space is locally compact.

PROPOSITION 2.3. Let X be a locally compact space, A a closed
subset of X. Then 1 := {feC,(X): f‘A =0} ig'ghclosed ideal and
every closed ideal in Co(X) has this form. Moreover one has the

following identifications:

is an isometric lattice isomor-

(a) The restriction map f - f|X\A

phism of I onto Cy(X\A).

(b) The mapping (£+1I) - fiA if.iﬂ isometric lattice isomorphism

of CO(X)/I onto  Cy(A).

Observing that Cyo(X) is a closed ideal in C(X U {«}), the description of

the closed ideals follows from [20, TII | Example 1]. (a) is verified
easily. It follows from Tietze's extension theorem that the map given
in (b) is onto.

In the rest of this section we will describe the spectrum of a

lattice isomorphism on C_ (X) . First we recall some well-known
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facts: Every lattice isomorphism T on C,(X) has the following

form (compare with [20, ITI.9.1]):

Tf =k foy (fECO(X)), where yY: X > X 1is a
(2.2) homeomorphism and k: X - R, 1is a continuous

function such that k and k™! are bounded.

One has T‘lf = (l/koxb_l)f oxp_] , BTl = sup{k(x): x€X} and

It S inffk(x): x€X) .

For x€X the period of x (with respect to ¢) 1is defined by
(2.3) v(x) := inf{n€ NWN: wn(x) = x}, where inf @ = o .

The subset of all points with period less or equal than n is denot-

ed by X,; that is
(2.4) X, 1= {x€X: v(x) € n} (n€ W) .

For x€X we define

i

(2.5) k() = [KEORGGDRW ) ..o k@™ LE)I® (nem)
and
(2.6) ﬁ(x) := lim kn(x) whenever this limit exists.

n->c

In the following proposition we list some properties of these notions.

PROPOSITION 2.4. Suppose ¢ and k satisfy the assumptions of

(2.2), then the following assertions hold:

(a) v(x) = v(y(x)) = \)(d)_l(x)) for all x€X; if k(x) exists
then so do k(yp(x)) and k(3™ (x)) and we have k(x) = k(yp(x)) =
=k )

(b) X, is a closed subset and y(X,) = X;.

(¢) If v(x) <o, then k(x) exists and lz(x) = kv(x)(x) .
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Proof. (a) Since ¢ 1is one-to-one, the first assertion is obvious.
We have c¢ := inf{k(x): x€X} >0 and C := sup{k(x): x€X} <o,

hence for x€X, n€EN we have

_—

1
Lym oy,

k(%) -
n 1| = l(_lii’l_)“_l s (g

ka¥G) k(W (x))

Thus ﬁ(x) = ;(w(x)) whenever one of these quantities exists.
Applying this result to y := w_l(x) , then the second assertion of
(a) is proved.

b) VX, = X, follows from (a). That X, is a closed subset will

be proved by induction: X, is closed since ¢ 1is continuous. Now

assume that X _ is closed and that x is a cluster point of X,

1
(n22)., If x 1is a cluster point of Xn— then XEXn_ < Xq -

1 i
Otherwise there is a net (xy) converging to x such that v(xy) =n
for every . Since ¥ 1is continuous we have wn(x) = lim \pn(xa) =
lim x, = X, thus v(x) €n and so x€X,.

(c) Suppose Vv := V(x) < o, then we have k(wm(x)) = k(wm+\)

(x)) for
every m€ N. Let k := k\)(x)’ then for n=mv+r (m,r € N,
0 € r < v) we have

Ky (%) ‘

= - E RGOk W) on kG TGN o1,

Assertion (b) of the proposition implies that the mapping v: X - N,
x - v(x) 1is lower semicontinuous. In general this mapping is not
continuous (e. g. take X = R, $(x) = -x) or equivalently, the set

of points with a fixed period is not closed.

Before we are able to prove the main result of this section, we need

two lemmas. The first deals with a special case.

LEMMA 2.5. Suppose T 1is a lattice isomorphism on Co(X) ,

Tf =k foy (£€C, (X)), such that v(x) = n for every x€X and

a fixed n€N. Then the spectrum of T is given by

(2.7) o(T) = k(X) T, ,
where T, := {z€¢: z™ = 1} denotes the group of all n-th roots of
unity.
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Proof. For x,€X, Ae€T, we define Xp = \bm(xo) (m€ W),
Og = 1, op i= (lf‘;(xo))_m %E? k(x,) . Since for a Dirac measure 3§
V=0

one has T'cSX = k(x)$

it th nil x i 6 *
1 ea to at =
P(x) 1s sy see u w21 amdx

is an eigenvector of T' corresponding to the eigenvalue k(xo))\

Since o(T) 1is closed it follows that ﬁ(X) Th € o(T) .
To prove the reverse inclusion we consider the operator TP, It is
given by TIf = kg ; hence we have o(THh) = X = E{(X_T)r1 . If
AEG(T), then AT€o(T® = (R(X))™ and so AEK(X) Ty

LEMMA 2.6. Let X be a locally compact space, ¥: X - X a homeo-~

morphism, Tyf := fey (f£€CL(X)) . Given x,€X, n€WN such
that v(xg) ® 2n+1, then for every A€C with [x| =1 there is
f€C,(X) such that

1
(2.8) f(XO) = f" =1 and "Tof - )\f" < —I—l_ .
Proof. By the assumption v(xp) 2 2n+ 1 there exist mutually dis-
joint neighborhoods V; of wm(xo) (-n €m €£n). Then

o satisfying W) n ol =
= ¢ whenever -n $m< £ €£n. Choosing £, ECO(X) such that

L -m m
fo(xy) = llfo" =1 and supp(f,) = U, then f :=m—2}-n>\ (1 _T)T

L1 -m . .
U:= (Y (Vm) 1s a neighborhood of x
m=-n

m
ofo
meets all requirements.

Before we give the description of the spectrum of an arbitrary lattice
isomorphism on CO(X) we fix some notation.

For a natural number n€ N the group of all n-th roots of unity is
denoted by T, while Tw denotes the whole unit circle (i. e.
To=T={z€¢: |z| =1}). For ¢, k, T as described in (2.2) and

n€EWN we define I,:= {£€C,(X): =0}, where X, consists

f
|Xn
of all points with period less or equal than n.

By Proposition 2.4 (b) we have T(I,) = I,, hence T induces linear

operators TII on I, and T/I on ¢ (X)/ According to Pro-
n
position 2.3 we can identify T, w1th C (X\Xn) and Co(X)/I with
n
Co(X,) +  Then T|I is given by f —»k‘fawl (£ €Cy(XvXp)) with
kl = ktX\X 111] WIX\X Similarly /I considered as oper-

ator on C (Xn) is glvenby £ —>kf \P/ w1th k/ :=k\X
=
Ix,
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THEOREM 2.7. Let X be a locally compact space, T a lattice iso-

morphism on C,(X) given by Tf =k foy . Then the following hold:

(2.10) o(T) = [ nke{\z k(XX ) Tyl ul r@N o(T)’In ]

The subset R := m o(T )
—_— €N I

AT € o(T) implies AT <R (A€EC) .

is invariant under rotation and

If in addition lz(x) = lim k,(x) exists uniformly in x€X, then
s lngedition N30 in rhen

(2.11) o(T) N Ry = k(X) and o(T) = XL€JX KGOT 1y

Proof. We have T(Ip) = I, for every n€ N, hence o(T) =

<5(T/I Yy u O(TII ) by (2.1). It follows that o(T) =
n n

nEWN n n€MN n

By induction we show that G(T/Im) = r\lzi(xn\ Xn—l) Ty

For m = 1 this follows immediately from Lemma 2.5. Now assume that
it is true for m-1. Identifying CO/Im with Co(xm) , denoting
5 =Ty €Z(Co (X)) ,  them J . = {fE€C,(Xy): flg,, =0 isa
closed ideal such that S(Jm—l) = Jm—l .  Moreover S/Jm—l = T/Im—l ,

and satisfies the assumptions of Lemma 2.5. Thus

S
|Jm—1

o(S) = G(S/Jm—]) U ao(s = O(T/Im_]) U ﬁ(xm\xm_l) Iy - Now we

lJm—])
show that R 1is invariant under rotation. Since R 1is cyclic [8,
2.4] we have to show that O < r€R implies rI € R. The topolog-
ical boundary of the spectrum is always contained in the approximative
point spectrum which is cyclic [8, 2.2, 2.7]. Therefore we can assume

0 < rEﬂAo(TlI ) . Then there exist f € IZn (n€ N) such that

_ n 1 . .

Ifh = 1 and ITE, —rfn" < 7 Since f,€ Izn there exist
xn€X\Xzn such that 1fn(xn)l =lfl =1. Given X€T, by Lemma
2.6 there are functions 8, €ECy(X) such that lg ll =g (x ) =1 and
lgneyp=agpl < 7 . Let m€N. For h, :=g,f;, we have h €I  for

nzm, I[hnll =1 for all n€N and
Th, = Arh = (Tfn-—rfn)gno Y o+ rfn(gn“ U —Xgn) .

Thus the sequence (hn)n>m is an approximative eigenvector of
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Tl corresponding to r * A .

In

The first assertion of (2.11) is proved in [2, 5.3 (b)] for compact
X . The proof given there works in the locally compact case as well.
To prove the second assertion of (2.11) we assume M€oc(T). If

AT & o(T), then by (2.10) A€ Uk(Xn\Xn_l) Ty Uk (o -

If Al < o(T) = G(T/I ) U o(T (n€WN) then AT < U(T!I ) be-
n n

) DRy = k(XK .

1,

cause AT N O(T/I ) 1is finite. Thus IA‘E G(TlI
n n

Then there exist (x,) €X such that ]ﬁ(xn) - Iafl -0 and
v(x)) 2 n for every n€N. It follows that AT g;\/ﬁ(xn)Tv(X )
—_— n

and we have o(T) < \EJ ﬁ(x)F On the other hand given x€X,
x€X

vix) ’
then by (2.10) E(X)Fv(x) < o(T) whenever v(x) <o, If v(x) ==,
then x€X\X,, hence k(x) EQ(X\XH) = g(T I ) R, for every

- n
n€EN. Thus k(x) €ER and k(x)T =« R < o(T) since R 1is invariant

under rotation.

REMARK 2.8. (Aperiodic case). Using the argument given in the proof

of (2.10), one can show that the whole spectrum is invariant under

rotation whenever the non-periodic points are demse in X.

3. CHARACTERIZATION OF ONE-PARAMETER GROUPS
OF POSITIVE OPERATORS ON C,(X)

In [9] the strongly continuous semigroups of lattice homomorphisms on

C(X), X compact, are characterized as follows:

Given (T(t))t€}{+ as described above then there

exist a continuous semi-flow @ R, x X - X

(3.1 and functions h,m € CR(X) with m >> 0 such that

t
jul [
T(t)f = EXETN exp(oJ h o« @ ds)f CQ .

For several reasons there is no satisfactory extension of this result
to spaces Cg(X), X locally compact. However, in this section we
will show that for strongly continuous groups of positive generators
(which can be considered as special semigroups of lattice homomor-

phisms) there is an extension of (3.1) to the space Cg(X).
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First we have to explain some notation:

If X 1is a locally compact space, a map @: RXX - X is called a

flow on X, whenever it satisfies

(3.2) ©(0,x) = x for every x€X and
) @t +s,x) = (t,9(s,x)) for arbitrary s,t€R, x€X.

Given a flow ¢ then each partial map ¢, = @(t,.) 1is a bijective
1

transformation of X with (p; = (D_t; in addition, t - [ is a
group homomorphism of (R,+) into Aut(X) . The flow is called

continuous when ¢ 1is continuous with respect to the product topo-

logy on RXX., Givena flow ¢ on X, a family of

(ht)tE]R
bounded scalar-valued functions is called a cocycle of ¢, if the

following conditions are fulfilled:

hy = 1l (i.e. hy(x) =1 for every x€X) and
(3.3) .

ht+s = ht(hs owt) for arbitrary s,t€R.
It follows that every ht is non-zero and h;l = h—tc Lpt . The co-

cycle (ht) is called continuous when the mapping (t,x) - ht(x)
is continuous with respect to the product topology on R %X . In
this case we have htECb(X) for every tER.

Given a continuous flow ¢ on X and an associated continuous co-
cycle (ht) a group of bounded linear operators on C, (X) is given

in a natural way; namely,

(3.4) T(t)f = ht fe Lpt where fec,(X), teER.
Obviously one has tlj.’ngl'[‘(t)f -fl = 0 whenever f has compact support
Since IT(t)I = “ht" the following lemma and [19, III.4.5] then im-

ply that (T(t)) 1is a strongly continuous group.

LEMMA 3.1. Suppose ¢ is a flow and (ht)tEJR is a cocycle such

that for every x€X the mapping t = ht(x) is continuous. Then

{Ilhtllz t €B} 1is bounded for every bounded subset B < R.

Proof. If we can show that {ht: l-e £t €1} 1is bounded for some

€ >0, then using the inequality
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"ht+s" = “ht hge wt" < ﬂhtHHhSc mtﬂ = Hhtﬂﬂhsﬂ

one can easily deduce the assertion of the lemma. To prove the hound-
edness on some interval [t -e¢,l1] one can proceed as in the proof of
{15, 10.2.1]. Note that the continuity assumption implies that the

mapping t - "ht" = sgglht(x)] is lower semicontinuous hence
X

measurable,
The group defined by (3.4) consists of positive operators if and only
if each function ht is positive. The following proposition shows

that all positive groups on Co(X) are of this type.

PROPOSITION 3.2. Let (T(t:))t€]R be a strongly continuous group of

positive operators on C,(X), X locally compact. Then there exist

a continuous flow on X and Evcontinuous cocycle (ht)t€]{ of o
such that
(3.4) T(t)f = ht fo kpt for every f€C,(X), tER.

Moreover there are real constants M 2 1, w 2 0 such that

(3.5) a eolth! < h (%) <n et for every tE€R, x€X.
Proof. Since T(t) and T(t)n1 = T(~t) are positive operators,
T(t) 1is actually a lattice isomorphism., Then by (2.2) there exist a
homeomor phism ¢E: X - X and a positive function hté,Cb(X) such
that T(t)f = htfo @t for every fE€C,(X) . The group property of
(T(t)) then implies that @(t,x) := wt(x) defines a flow ¢ on X

and that (ht) is a cocycle of .

It is well—knoiilihat there exist constants M 2 1, w > 0 such that
IT(e)h < Mea!tl for every t€ R, hence 0 < ht(x) < Hhtﬂ =

IT(eyl s M &° tl .  Moreover (ht(x))_l = h_t(wt(x)) < Hh_tH =

IT-t)l < M e” e . Thus (3.5) holds and it remains to show that flow
and cocycle are continuous. First we consider the flow. Since we
have wt+s = wte ®g and every wt is a homeomorphism on X, it is
enough to establish continuity of ¢ at points (0,x,) € RXX. Given
a compact neighborhood V of Xy = ©(0,%y) , there exists a con-

tinuous function f: X = [0,1] with f(x,) =1 and supp(f) g V.
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We have tl_i)n(l) T(t)f = f; hence there exists t, > O such that
IT(E- £l < 3 for [t] € t,. If ve define W := {x€X: |£()] > 3},
then for {t| € t,, x€W we have: ]ht(x)f(m(t,x)) —f(x)|<—;- and
]f(x)l > 17 Hence f(@(t,x)) > 0 wihch implies (t,x) €EV. To prove
the continuity of the cocycle we first remark that by strong continuity
of (T(t)) for every fixed EECO(X) the mapping (t,x) - (T(t)£f)(x)
is continuous on R XX, Given compact subsets A c R, B < X, the
set C := @(AxB) 1is compact, hence there exists £f€C,(X) such that
fic =1, For (t,x)€AXB we have ht(x) = ht(x)f(&p(t,x)) =
(T(t)£)(x), thus (t,x) ~-»ht:(x) is continuous on AXB. Since con-

tinuity is a local property the cocycle (ht) is continuous.

REMARK 3.3. Using Proposition 3.2 one can show that separate
continuity of a flow @ and separate continuity of a cocycle (hy)
are sufficient for the continuity of ¢ and (ht). Indeed the contin-
uity of x —»ht(x) and x - @(t,x) for fixed t€ R implies that
T(t) given by (3.4) is a bounded linear operator on Cgy(X). The con-
tinuity of the partial maps t = ht(x) and t - @(t,x) implies that
tl_i;ré(T(t)f) (x) = f(x) for every x€X. By Lemma 3.1, the set {llht":
lt] €1} 1is bounded, hence we can apply Lebesgue's dominated conver-
gence theorem and obtain that (T(t)) 1is weakly continuous at t = 0.
Then (T(t)) 1is strongly continuous by [7, 1.23] and Proposition 3.2

implies that ¢ and (ht) are continuous.

EXAMPLE 3.4. Suppose that ¢ is a continuous flow on X.

(2) If m is a positive continuous function on X such that m and

m ! are bounded, then

m
(3.6) m e (t€R)
t

defines a continuous cocycle (mt)tE]R of ¢ and m, >0,
(b) For hECI])R(X) yg_define

t
(3.7) ht(x) := exp( j h(p(s,x))ds) (x€X, teER).

o

Then (ht)tE]R _l_S_ a continuous cocycle of ¢ consisting of positive

functions.
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Cocycles as defined in (3.6) are always globally bounded. In general
this is false for cocycles of the second type. On the other hand co-
cycles as described in (3.7) are differentiable with respect to t .
This is not satisfied by cocycles of the first type in general. Thus
neither (3.6) nor (3.7) gives a description of arbitrary cocycles.

However, every positive cocycle is a product of cocycles of the form

(3.6) and (3.7). More precisely we have:

LEMMA 3.5. Suppose @ i_sicontinuous flow on X and (kt)CE]R }i

a continuous cocycle of ¢ consisting of positive functions. Then

there exist hEC}])R(X) and a positive continuous function m: X -» R

with O < inf{m(x): x€ X} € sup{m(x): x€ X} < = such that

t

_ m{x)
(3.8) kt(x) EETCICRE)) exp(OJ h(w(s,x))ds) (x€EX, t€R).
Proof. In view of (3.5) there exist constants M, w2 | such that

(M e((‘)_l)!tl)_1 Skt(x) SMe(w_])ltl for every x€X, tER. We

define m and h as follows:

00
_ “ws L __ 1
n(x) = OJ e kgGi)ds,  B(X) imw - s (x€X)
Then m 1is a continuous function and we have
(o o]
M2 - 1)) = J B Gl L L P

o

< J e “SM e(w—l)sds =M for every x€X.
o

In particular it follows that hEC?R(X) . For x€X, t€R we have

=)

kt(x)m((p(t,x)) = J e ¥S kt+s(x)ds = ewttre_ws kg (x)ds.
o

Now we fix x€X and define f: R -» R as follows:

o) o kt(x)m(w(t,x)) ) o0t I U5 e
. m(x) m(x) ¢ s ’
f 1is differentiable and satisfies the following differential equa~
k, (x)
tion: f£'(t) = f(t) - W= h(p(t,x))f(t) . Moreover £(0) =1,

hence f(t) = exp( J h(p(s,x))ds for every t€ R . Thus we obtain
(3.8) °
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In the following theorem we describe the one-parameter groups of
positive operators on C,(X) and characterize their generators as
special perturbations of generators of automorphism groups. We use
the term "automorphism" with respect to the C*-structure of Cu(X),
i. e. an invertible operator T, ex(co(x)) is called automorphism
if To(fg) = To(£)To(g) and To(E) = To(f) for f,g€C,(X) . Since
automorphisms are lattice isomorphisms (compare with [20, III. 9.1]),
an automorphism group is governed by a flow and an associated cocycle.
It is easy to see that the cocycle has to be trivial, i. e. ht(x) =1
for every t€R, x€X. Moreover, the generator A, of an auto-

morphism group is a derivation, that is

D(A,) 1is a subalgebra and A, satisfies

3.9
( ) Ao (fg) = f(Ayg) + (A f)g for all f,gED(Ao) .

THEOREM 3.6. Let X be a locally compact space. For a strongly con-

tinuous group (T(t))tEIR on C_(X) with generator A the follow-

ing assertions are equivalent:

(1) (T(t)) 1is a group of positive operators (equivalently of

lattice isomorphisms).

(i1) There exist hECI])R(X) P continuous function m: X - R

with O < inf{m(x)} € sup{m(x)} < and a continuous flow @
x€X X€X - -

such that for every fECO(X), Xx€X

m(x)

(TN ) = e Dy

t
exp( j B(@(s,%))ds) E(O(t,%)) -
(o)

(iii) There is a generator A, of a strongly continuous automorphism

group and functions h, m as in (ii) such that

Af = m(a, D) +nE for £ED(A) = {mg: gED(AY} .

Proof. (i) = (ii) follows from Proposition 3.2 and Lemma 3.5.

(i1) = (iii): Define A, to be the generator of the group (To(t))

given by T (t)f = fo @, (te€R, feC,(X)).

(iii) = (i): The automorphism group (To(t)) generated by A, is
governed by a flow ¢, i.e. Ty(t)f = fow, . Then

Tl(t)f t= —0 fe @ (f€CO(X)) defines a positive group with

me @

. f
generator A, given by Alf = m(AO(E)) , D(Al) =m D(4,) . It
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follows from the Trotter product formula that the sum of a generator
of a positive semigroup and a bounded positive operator generates a
positive semigroup. Moreover B generates a positive semigroup if
and only if B-rId (r€R) does. Thus A = A1 + Mh =

(Al + M(h+”h")) - IhlId generates a positive semigroup. By the same
argument —-A generates a positive semigroup as well, i. e. A 1is

the generator of a positive group.
The function m of assertion (ii) does not have any influence on the
spectral properties of A or T(t) . This is a consequence of the

following corollary.

COROLLARY 3.7. Every strongly continuous group (T(t)) of positive

operators on C,(X) 1is similar to a group of the following type:

t
(3.10) S(t)f = exp( J hk/@s ds) f(th,
o

where @ if_i continuous flow on X and klEC;R(X). That if} for

all t€R and a fixed invertible operator MEX (C,(X)) we have

(3.11) S(t) = M 'T(eym .

Proof. Choose ¢, h, m according to assertion (ii) of the theorem

and define Mf :=m-f (£€C,(X)) .

We conclude this section with an analog of Proposition 2.1, which can

be formulated for arbitrary Banach lattices.

PROPOSITION 3.8. Suppose (T(t)) is a strongly continuous group

tER
of positive operators on a Banach lattice E, I a closed ideal such

that T(t)I € I for every t€R . Then we have

(3.12) o(A) = o(A, ) U O(A/I)

|1

Here A 1 (resp., A/I) denotes the generator of the positive group

on T (resp., E/I) which is induced by (T(t)) in the natural way
(compare [8, 1.8, 1.9]).
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Proof. Each T(t) 1is a lattice isomorphism and since T(t)Ic< I,

T(-t)I €« I we have actually T(t)I = I for every t€R. As in the

proof of Proposition 2.1 it follows that both, 1° and IO'L are
T(t)'-invariant projection bands in E' . Thus the corresponding band
projections commute with every operator T(t)'. Considering the sub-

space E* of E' on which (T(t)') is strongly continuous (see [15,
Chapter XIV]), this implies that E* = g & J, where J = E*n 1°
and 32 = E*n IOJ' , and both, J1 and J2 are invariant under
T(t)*. Identifying 1I* with JZ’ (E/I)* with Jl and using [15,
14.3.3) we obtain o(A) = o(A™) = o(A*IJ ) U o(a*

1)
o((a) P U oA/ = o) Vo)

|t

4. THE PERIODIC CASE

Let : RXX - X be a continuous flow. The period of a point x€X

is defined by
w(x) = inf{t > 0: @(t,x) = x}

where as usual the greatest lower bound of the empty set is defined to

be o. It is easy to see that

(4.1) (x) =0 iff @(t,x) = x for all t€R,
and in the case 0 < 7(x) < o,

(4.2) @(t,x) = x iff t = ne«1(x) for some n€Z.

In general, the mapping x = 1(x) 1is not continuous (we give an ex-—
ample below); however, it is semicontinuous. More precisely, the set
Xe t= {x X: t(x) €1} is closed for every 1 2 0. (This is obvious
for 1T=0 or T=w.) If 0< 1<, then for every x€X;
there exists a ?(x) such that /2 € ';(x) <€t and (p(';(x),x) =X .
Now given x,€X and an ultrafilter w couverging to X, ,

T

o i= 1&{1\ ?(x) exists and satisfies 0 < t/2 € 1, € 1. Since ¢ is

jointly continuous, we have @(15,%5) = l'li/{nw(r(x),x) = lli)tm X = Xg .

This implies that 171(x,) =0 or 145 = nt(x,) for some n€N (by
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(4.2)). In both cases we have 1(xy5) €1, 1i. e. X € (XT).

EXAMPLE 4.1. Let X= {r-e'?: 0 sr <1, 8€R}=C. For the flow

governed by the differential equation

r=r(l-r)
6 =1
we obtain t(Q0) =0
(z) = if 0 < |z| < I and
t(z) = 2% 1if lz‘=l.

EXAMPLE 4.2. Let X be the quotient of the rectangle [0,2n] x[-1,1]

obtained Ez_identifying the points (O,xz) and (27m,-x9)

(x2€ [-1,1]) (that is, X 1is the M&bius strip). Then for the flow

governed by the differential equation

).(1=]

X9 =0

Eg_obtain for x = (X]’X2)€ X:

T(x) =21 if x9p =0
T(x) 4mif  x, #0.

For hE€ Ct])R(X) we define

t
j h(@(s,x))ds

. 1
im —
- L

ﬁ(x) := 1
t o

for those x€X for which the limit exists. In general h is defined
on a subset of X which is possibly empty. However, if =x€X such

that T(X) < o, then ﬁ(x) is defined and

h(x)

h(x) if (x) =0
T(%)

fh(x) h(@(s,x))ds if  (x) >0.

‘(‘JJ[

o

Thus h 1is defined on the subsets X, (0O €1 <, and it is easy

to see that h 1is continuous on each X, (in fact, the limit
t

lim 1 J h(p(s,x))ds exists uniformly in x€X_ ) .
ta>o0tb T
o
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We now consider the one-parameter group (To(t))t€1{ on C,(X)
associated with the flow; i. e, Ty(t) is defined by
(4.3) (T () £) (%) = f((t,x)) (teR, x€X)

for all fGCO(X) (see section 3).

The generator of this group is denoted by A, with domain D(4,).
Let hEC;(X) . By Mh we denote the multiplier on C,(X) defined
by h; 1. e.

(4.4) M.hf =hef (£€C,(X)) .

Let A = A0 + Mh with domain D(A) = D(AO) . Then A generates the
group (T(t))tER on C,(X) given by

(4.5) (T(H) (x) = h (x) £(o(t,x)) (teER, x€X)

(see Theorem 3.6). We will keep this notation throughout the paper.

We now describe the spectrum of A 1in terms of the flow and the

multiplier for the periodic case.

THEOREM 4.3. Suppose that +t(x) €1 for all x€X and some <t > 0.

Then

2w -

(4.6) o) = [hxp) u \J heo v i gy 217,

T(x)>0

Moreover, for X€p(A) and f ECO(X) the resolvent is given by
T(x)

TI —exp['r(x)(ﬁ(x)—)\)]]_1 Je—XtT(t)f(x)dt
o

(4.7) (ROLAE)(x) = { if T(x) >0 and
I(X—h(x))-lf(x) if T(x) =0 (x€X) .
REMARK., For the spectral mapping theorem we will only need that the

set on the right-hand side of (4.6) is included in the spectrum of A.

This is the easier part of the proof and will be given first.
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Proof. Let x€X. Denote by &y die Dirac-measure at x . If

7(x) = 0, then
(4.8) éx€D(A') and A'cSX = h(x)6X .

Hence h(x) EPo(A') = o(A).
If t(x) >0, for AEQ let p);ECO(X)' be given by

(x)
T e AT E) (x)dt

o
T(x)
e n (0 (ol 10)dt (£€C, ().

<f,u§> :

o
Using Tietze's extension theorem, one finds fECO(X) such that

<f,u};\> # 0, hence u}; # 0. Moreover,

T(x)

J e M T()(A-A)E dt = £ -e AT(X)
[o]

T(r(x))f
for all fe€D(A) (see [12, 1.8]). Evaluating at x one sees that

(4.9 py €D(A') and (A -M)'u) = (1 ~explt(x) (A(x) =118y .

Hence M€Po(A') € o(A) whenever AER(x) + i

2w
T(x) Z
We have proved that the right-hand side of (4.7) is included in o(A).

In order to prove the reverse inclusion assume that

ey u U R v i z) .

t(x)>0 (%)

We define an operator R on CO(X) . Let fECO(X) . For x€X we

set 1

(A = h(x))~ if t(x) =0

(RE) (x) = S
(1 —explt(x) (h(x) - ]) je T(t)f(x)dt if v(x) > O.
o

Although the mapping x = t(x) 1s not continuous, one can show that
Rf is a continuous function. (For the proof letW be an ultrafilter on X
convergent to Xg. Then the following three cases can occur:

(a) iéH&T(X) = 1(x4)

(b) }(éar(x) > 1(x,) =0
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(¢) lim t(x) = ne*1(x.) >0 for some natural number n 2 2.,
x€W o

The cases (b) and (c) require lengthy computations which we omit.)
It is easy to see that R 1is a bounded operator on CO(X) commuting

with T(t) (t€R) . This implies
(4.10) RD(A) < D(A) and RAf = ARf (£E€D(A)) .
We show that

4.11) R(A-A)f = £ (£€D(A)) .

Let x€X. If t(x) =0, then R'6; = (A-h(x)) 's,,
(R(A-AHE) = f(x) (f€DA)) . If t(x) >0, then
R'Sy = (1 = explt() (G =07
that R(A-A)E(x) = £(x) (FEDA)) .

and so
u); , and so it follows from (4.9)

This proves (4.11). Since A 1is closed, it follows from (4.10) and
(4.11) that A€p(A) and R = R(XA,A) .

Now we are able to prove the spectral mapping theorem in a particular

case.

THEOREM 4.4. Assume that +t(x) €t for all x€X and some

0 < T <o, Then

2nt

(4.12) o(T(t)) = lexp(th(x,)) U \_J exp(tﬁ(x))-exp(i-_(—(;j-Z)]—
T(x)>o0
for all t€R. 1In particular,
(4.13) o(T(t)) = expt a(A) (tER) .
t
Proof. Let t€R, k = ht (i. e. k(x) = exp j h(p(s,x))ds),
o
Y= @, - Then T(t)f =k fey. Moreover, for n€ N, ky, =
ten
(kKekOY = o.. o koq,n_l)l/n =explt tin J h{(p(s,x))ds } . Hence
)
(kn) converges uniformly to exp th. So by Theorem 2.7
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o(T()) = (\J exp(t *h(x)) +T , ) .
x€X

v(x)
On the other hand, by Theorem 4.3,

exp(E 0(A)) = (exp(t *h(X,))) U U exp(th(x)) + exp(i T%:—)z)‘.
N T(x)>0
Now v(x) = iff ) is irrational. In that case,
exp(i ﬁ%%%—Z) = T - And if v(x) < o, then it is easy to see that
.27t .
exp(i ;?;SJE) = Fv(x) . This proves (4.13).

REMARK 4.5. 1In (4.13) the bar cannot be omitted. To give an example,
let X=8' (= {z€gC: lz] = 1}) and ©(t,z) = Mt L, (tER,
2€s') . Let T,(Of = fow  (FEC(X). Then o(A,) = 2iZ.

Let t&€R be irrational. Then o(T(t)) = T . But exp(to (A)) =
exp(i2nt « Z) # T, (see [12, 1.9]).

i

5. THE APERIODIC CASE
We keep the notation of the preceding sections.

LEMMA 5.1. Let x,€X, n€N and T(XO) > 2n+ 1. Then for every

e >0 there exists a neighborhood U of x, such that

(5.1) {p(t,x5): 0 <t £l U
(5.2) w_n(U),...,¢L](U),U,w](U),...,@n(U) are pairwise
disjoint .

Proof. First we show the following. Let m€N and yo €X such that

T(yo) >m+ 1. Then there exists a neighborhood V of vy, such that

(5.3) K := {o(t,y)): 0 <€t €l-elcyv and

(5.4) v, wl(V) s e ,q&(v) are pairwise disjoint.

If m=0, one can take V = X . Assume that the assertion holds
for m€ N. We show that it holds for m+ 1. So by assumption
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t(y,) >m+2. By hypothesis, we find an open neighborhood V of
¥, such that (5.3) and (5.4) hold. Since 1(y,) > m+2 it follows
) 02 such that
= [

01 n O2 ¢, Kc O1 and (pmH(K) c 02. Let O] : (p_m_l(Oz) .

[ ' ty — [
Then KCO] ﬂOl and (pmH(O]ﬂOl) n (0100]) =@ . Let V':

VN 0, n 0; . Then V' is an open neighborhood of y  such that

that KN cpmH(K) = @, So there exist open sets O

Kc V' and V',w] vy, ... ,(.pmH(V‘) are pairwise disjoint. In order
to prove the lemma let now Yo = &p_n(xo) . Then T(yo) > 2n+1. So
we find a neighborhood V of Yo such that (5.3) and (5.4) hold for
m = 2n. Set U = (Dn(V) . Then U 1is a neighborhood of X, satis—
fying (5.1) and (5.2).

LEMMA 5.2. Let n €N and XOEX such that T(Xo) > 2n+1. Let
A€R. Then given ¢ > O there exists g €D(A,) such that

1 2 lgh 2 |g(xo)} 2 1-¢ and

(5.5) Il(ik—Ao)gﬂ < 1/n.

Proof. Let U be an open neighborhood of x, satisfying (5.1) and
(5.2). By Proposition 2.3 (b), there exists gOECO(X) such that
I!goﬂ =1 and go((p(t,xo)) = exp(ixt) for O £t €£1. Choose

q: X - [0,1] such that q(x) =0 for x¢U and  q(@(t,x,)) =1
for t€[0,1-e]. TLet £, =q.8; € Cy(X). Then f satisfies:

(5.6) Te My, =1
(5.7) £o(0(t,x,) Yexp(~irt) = 1 (0 <t < 1-e)
(5.8) f,(x) =0 for x4U.

Let o = exp(iA) and define fECO(X) by

et ol
(5.9) f(y) = H(kgoa (nk) £, (@ (y)) + kgla (n-lk) £ (0 (¥))) .
Then ffll = lfo(xo)! =1 and
(5.10) 1Ty ()£ -afl = Ifog -afl < L.
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1
Let g = J'exp(~i)\t:)T0(t)f dt . Then g€D(A) and Hlgl < 1.
)

Moreover, 1-¢ 1

l8(x )] > | Iexp(—ikt)f(w(t,xo))dt| - If(w(t,xo))dtl
° I-¢
1-¢

| J’exp(—i)\t)fo(tp(t,xo))dt ‘ -€

© (by (5.9) and (5.8))

A\

=l-g-g=1-2¢ (by (5.7)) .
Finally, -(iA-A)g=e "' T (DE-£ (by [12, 1.8]).
Hence, I(irx-A )gl = ||To(l)f—e1>\fl| <1/n (by (5.10)) .

PROPOSTITION 5.3. Let p€ €. Assume that there exists & >0 such that
for every €>0, n€N there exists f €D(A) such that T (u-~A)fl <¢,

TEl = 1 and if(xo)] z § for some x,€X with 1(x,) > n. Then
u+iR < o(A) .

-1

Proof. Let XER, >0, n>c¢ . Choose f€D(A) as in the
hypothesis. By Lemma 5.2 there exists g€D(A ) such that

%S ig(xo)l ghegl £ 1 and M(ix -Ay)gl < n—l . Let fl = f.g . Then
1 2 llflll 2 §2-> 0. Moreover, since Ay 1is a derivation (see (3.9)),

it follows that fl ED(AO) = D(A) and

by + i)\)f1 - Aflll

Mufeg + irxfeg = (AyE)g - (Ap8)f — hefegl
F(uf - Af)gl + I (ixg - Aog)fﬂ

Iug - ADN + Hixg - Agl € e + % < 2

N ]

N

This shows that u+1iiA € Ac(A) .

We now determine the spectrum of A and prove the spectral mapping
theorem in the aperiodic case. Note, in contrast to the periodic case
(cf. Remark 4.5), here the set exp(to(A)) 1is automatically closed
(see (5.12)) .

THEOREM 5.4. 1If the flow ¢ is aperiodic (that is, if for every

open subset 0 of X and every n€ N there exists x €0 such that

t(x) > n), then
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(5.11) g(A) = c(A) + 1 R
Moreover,
(5.12) o(T(t)) = exp(to (A)) (tE€R)

Proof. Let Xx€g(A). If XA+1iR ¢ o(A), we find BER such that
A+1iB 1is in the boundary of o(A), hence in the approximative point
spectrum Ac(A) . Tt follows from Proposition 5.3 that A+ iRco(A),
a contradiction. (5.12) then follows from o(T(t)) D exp(t o (A)

(which holds in general [7, 2.16]) and the real spectral mapping theo-
rem o(T(t)) N Ry = exp(to (A) N R) (see [3, 5.7]).

6. THE GENERAL CASE AND FURTHER CONSEQUENCES

We consider now the case where ¢ 1is an arbitrary flow. Using the

notation of section 4 we denote by
J. = {feCc,(X): £(x) = 0 for all xEXT} for 1 >0.

Recall that CO(X)/JT is isomorphic to Co(X;) (by Proposition2.3).

Moreover, since X; 1is invariant under the flow, the ideal J. is

invariant under the group (T(t)) .

THEOREM 6.1. The spectrum of A is given by

27

) Z) UR

6.1) oa) = (hx) U \J R +i

0<T(X) <00

where R = mc(A

N ‘J ) Moreover,
T>0 T

(6.2) R+1R =R and

(6.3) A+ 1R co(A) implies AER.,

REMARK. (6.2) and (6.3) say that R is exactly that part of o(A)

which is invariant under imaginary translations.
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Proof. It follows from Theorem 4.3 that for 1 > O,

G(A/3) = (h(x) U \J  ho + iz,

o<t (x) €T T(x)

So (6.1) follows from o(A) = O(A/J ) U o(A
T

]J ) for all 1 >0 (see
T
(3.12)). In order to prove (6.2) recall that for 1 > 0, o(A|J )Y is

additively cyclic [8, 2.41]. T

Moreover, c(AlJ )r>o is decreasing. Thus, if (6.2) is false, there

exist p€R and <1, > 0 such that p+1i R ¢ oA and p 1is a
17eq

o
boundary point of o(A J ) for all 1t 2 To * Consequently
T
0 EAc(AIJ ) for all 12 r1,. Let n€N, e >0. There exists
T
f€ JT with T > n such that l(p-A)fl < ¢ and £l =1. Since

f€J., there exists XO¢XT such that lf(x )| 2 l—. Applying

Proposition 5.3 to A we conclude that p+1 R < og(A: ) .
1310 |J

This 1is a contradiction.

Finally we prove (6.3). By Theorem 4.3 we have O<A/Jr) n{xece:
0 < |ImA| < 2r/t} = @ and o(AlJ ) 1is additively cyclic by
[8, 2.4]. Therefore, from A+1i RTE a(A) = O<A/JT) UO(AiJT) it
follows that X+ 1i R EO(AIJ )

This finishes the proof.

We now prove the spectral mapping theorem.

Proof of Theorem 1.1. By Corollary 3.7 we can assume that (T(t)) is

given by (3.10). Let t€ R:{0}, XE€o(T(t)) . We have to show that
A€exp(to (A)) . TFor t >0 we have by Proposition 2.1, o(T(t)) =
O(T(t)lJT) V] c(T(t)/J Y. If A EO(T(C)/J for some T > 0, we
are finished by Theorem 4.4. So we can assume that A¢ U(T(t:)/J )
for all 1 > 0. This implies )€ KANG(T(t)
[r] € mo('l‘(t) (by [20, V. 4. 4])

>0 l‘]r

|J Consequently

By the real spectral mapping theorem [3, 5.7}, this implies that
p = t_lloglx\ 60(A|J Y for all t > 0. So by Theorem 6.1

T
p +1 R < o(A). In particular, )€ {exp t(p+1is): s€ Ricexp(to(A)).

The following consequence of Theorem 6.1 was mentioned in Section 1.
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THEOREM 6.2. Let A be the generator of a positive group on C,(X) .

If A, 1is an isolated point in o(A), then A, is a pole of order

1 of the resolvent. In particular, every isolated point in o(A) is

an eigenvalue.

Proof. Again, by Corollary 3.7 we can assume that A generates a

group of the form (3.10). Let A be an isolated point in o(A) . It

fo]

follows from Theorem 6.1 that A0¢<U(A for some v > Q0. Thus

)
|3

T
R(X,A)]J is holomorphie in i , and by [12, 1.2 ()] it is encugh

T

to show that ), 1is a pole of order 1 of R(X,A)/J . Let A_2 .=
T

1

e J(X-—Ao) R(A,A) dA, where c¢ 1is a circumference of sufficient-

c

2/3. " 0 (cf£. [24, VIIL.8]).

For that, it is enough to show that (A_2f)(x) =0 for all fGZCo(X)

and all x€X;. Let f€C,(X), x€X;. By [12, 1.8],
T(x)
I exp(-at) T(t)f dt = R(A,A)f - exp(=-At(x)) T(t(x))R(A,A)f

ly small radius. We have to show that A

O .
(A €p(A)) . Evaluating at x we obtain:
T(x)
R(A,AYE(x) = (1 —explt(x) (h(x) —A)])“1 J e_>\t T(t)f(x) dt
(x) o
(A€p(A))Y . The function X - j exp(-at) T(t)f(x) dt 1is holomor-
o

phic at A, and the function x - (I -exp[r(x)(ﬁ(x) -A)})-l has a

pole of order at most | at A,. This implies that

1

Ty cj(k-—ko)R(k,A)f(x) dr = 0. Hence (A_Zf)(x) =0.

As in the discrete case (see (2.11)), the real part of o(A) can be

described more precisely if the Cesdro-means of h converge uniform-—
ly on X. We use the same notation as in the preceding sections,

i. e. : RxX -» X 1is a continuous flow, the group (To(t))tER. is
given by T (t)f = £ °w, (fEZCo(x) and its generator is denoted by

4,
D(A) = D(A,) 1is given by Af = Af + h-f (£€D(A)) . Moreover, we

. We let hECl])R(X), and the operator A on Cg(X) with domain
denote the Cesdro-means of h by

t
(6.4) M =+ [h(s,0) ds (>0,
s]

We first determine the real spectrum of A by means of the range of
Ci(h) (t >0).
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PROPOSITION 6.3. The real spectrum of A is given by the following

expressions.

(6.5) c(A) N R ={r€R: Ve >0 3(ty) < (0,»), limt, ==
such that (r—e, r+e) N Cp (M)(X) 0 Vn€N}.
—— n

(6.6) c(A) N R = m Ct(h)(X) for all t, > 0.

>t

Proof., Recall that, if (S(t)) is a positive strongly continu-

teER
ous group on C,(X) with generator B, then

(6.7) -0(-B) € X € w(B) for all x€o(B) N R.

Here (B) denotes the type of ((S(t))Po , that is,
.1 -

w(B) = tl—lbnéo‘t- lOg“S(t)" .

For fECb (X) we let s(f) :=sup f(x) and 1(f) := inf £(x) .
R %x€X XEX

Now A generates the group (T(t))tGR biven by

T()f(x) = exp(t-Ct(h)(x)) » £(w(t,x)) (see (3.11)) .

Hence,
(6.8) w{(A) =tl_i’né°s(Ct(h))
.1
Indeed, w(A) = tl_l;gQE logh T ()
.1
= tl:_L’Igo-E- 10g()s(up exp(t'Ct(h) (x)))
= t:li)rr‘xx_'s(ct(h))
Similarly,
(6.9) -w(-A) =t1i'>rg°i(ct(h)) .

Now let r€R, t, >0 such that r¢Ct0(h) (X) . Then there exists

€ >0 such that (r-e, r+e) N Cto(h)(X) =@¢. Let

X1 = {x€X: Cto(h)(x) <r} and X, = {x€X: Cto(h)(x) >r}. Then
xlnx2=¢, XIUX2=X and X
particular, X

- X2 are both open and closed; in

1 X2 are invariant under the flow. Let (Tj(t))tE]R
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be the restriction of the group to Co(xj) (j =1,2). Then

1

— I I =

€ log Tl(to) S(Cto(h)‘xl) < r. Hence exp(tyr) > r(T](to)) .

.. ~1
Similarly, exp(tyr) < r(Tz(—to)) Hence exp(tor) ¢ o(Tl(tO)) u
o(TZ(tO)) = 0(T(ty)) . Consequently, r¢o(A) . We have thus proved

that o{(A) N R < ﬂ Ct(h) (X) . Moreover, it is trivial that

t>o
m Ct(h)(X) is included in the set on the right—hand side of (6.4).
t>t,

So it remains to show that this set is included in o(A) N R .
Let r€R and assume that r¢o(A) . By [3, 5.2] and [3, 6.4],
there exists an open and closed subset X] of X, such that
w(A

) <1 < -w(-A ), where Jj denotes the band Jj ={fECo(X):

13, 135

f(x) = 0 for all x¢Xj} (j = 1,2) where X2 = X\ X1 . (Note:
every projection band B in CO(X) can be identified with C, (U)
for some open and closed subset U of X). So it follows from

(6.8) and (6.9) that

(6.10) t1

_1’rr°1°s(Ct(h) iX]) <r <t1—lvnclnl(ct<h)’x2) .
Thus for a suitable e > 0 there exists t, > 0 such that
Ct(h)X N (r-e, r+e) = @ for all t > ty; that is, r 1is not an

element of the set on the right-hand side of (6.4).

REMARK. The analog of Proposition 6.3 for a single operator appears

in [2, 5.1].

COROLLARY 6.4. If Ct(h) converges uniformly to i (£t >, then
o(a) N R = (h(x)) .

fl

COROLLARY 6.5. Let r€R . The following are equivalent.

(1) c(A) N R = {r}
(i1) t1_i)IIé(,Ct(l'l) = r M uniformly (where IIi(x) =1 forallx€X).

The flow ¢ is called uniquely ergodic, if for every g€C,(X) the

net (Ct(g))t>0 converges uniformly to a constant (t=) . (In the
case that X is compact, one has the following characterization: @ is

uniquely ergodic if and only if there exists exactly one probability
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measure which is invariant under @). We obtain the following

characterization from Corollary 6.5.

COROLLARY 6.6. The following are equivalent.

(i) ® 1is uniquely ergodic.
(i1) 0(A0+Mg) N R contains a single point for every
gECO(X).

-~

THEOREM 6.7. Assume that (Ct(h))t>o converges uniformly to h
(t » ) . Then

6.11) o) = Ih(xy) U \U/ (@) +1 —z) u \J(h(o) +i ®)1™

0<T (%) <00 (=) T(x)=o

Proof. Let R = mO(AlJ ) It follows from Corollary 6.4 applied
>0 T "
to A1J that O‘(A‘J YN R = h(XvX.) (t >0). So we conclude
T T

from Theorem 6.1 that the set

M= (h(X) U U () +i —=z) U \J G +iR)

0<T (x) <0 ©(x) T(x)=oo

is included in o(A) . 1In order to show the reverse inclusion let

r€ERNR. We have to show that r+i R cM. If r€?1(Xm) (where

Xoo = X\ Tgé X¢) this is evident. So assume that r¢h(X°°) . Since

reERNR = m ﬂ(X\ X1) » there exists a sequence (Xn) in X such

>0
that n < T(Xn) < o and nl_i’rgoﬁ(xn) = r ., This implies
r+iRc {h(x.)+i Zm_. ame€ZY M.
o (x)

In order to apply Theorem 6.7, it is useful to know conditions under
which Ct(h) converges uniformly. The following is a consequence of

Proposition 6.3.

PROPOSITION 6.8. If o(A) N R is totally disconnected, then Ct(h)

converges uniformly (t - o) .

Proof. Let € > 0. Since o(A) N R 1is completely disconnected,

there exist real numbers r, <1y < ... < 7T, such that LR &

0 i-1 <€
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n
(i=1,...,n) and c(A) N R < \j (ri 1 ,ri) . Using the argument
i=1 -

which implies (6.10), we obtain a partition X .»X, of X con-

1 n

sisting of open and closed subsets and t, > 0 such that

o
Ct(h)(xi) c (ri_1 ,ri) for i =1,...,n and all t > t,. This im~

plies that "Ctl(h) - Ctz(h)" < e for all tst, > t We have

2 o
proved that Ct(h) is a Cauchy-net for the uniform norm.

REMARK 6.9. The preceding result can be applied if A, has compact
resolvent. In fact, in that case A has compact resolvent as well
(see [10, VIII, 3.171). So o(A) N R is finite. Hence Proposition

6.8 implies that Ct(h) converges uniformly (t - ).

On the other hand A, rarely has compact resolvent. The following
is essentially the only example:

Let X =5§' (= {z€C: |z| =1}) and ©>0. Let T (t)f(z) =

2mit
f(zee " /T) (zES1 , t€ER, fE€C(X)) and AT be the generator
of the strongly continuous group (TT(C))tER.' Then AT has compact

resolvent. (This is easy to show.)

Conversely, assume that A, has compact resolvent. We show that X

is the disjoint union of compact sets X ,X ., X, such that X

n (o]

100
is finite, and TO(t)‘C(XO) =1 (t€R) and for i =1,...,n,
s

the space X, 1is isomorphic to S] and To(t)| =T Y(t) for

i C(X3)
all t€R and one ri>0.
Indeed, since A, has compact resolvent, O(Ao) consists only of
isolated points. So it follows from (6.1) that 1t(x) <o for all
x€X . We denote by o(x) := {@(t,x): O €t € 1(x)} the orbit of
x€X. We claim that there exist only finitely many orbits. In fact,

let F_ := R(1, Ao)'cSX where § is the Dirac measure in x€X.

X X
Then F, = 3, if t(x) =0 and
T(x)
FX(f) = [1 —exp(—r(x))]—] J f((p(s,x))e_-S ds
o
if 1(x) > 0. Thus, if o(x) # o(y), then "Fx —Fy“ 2 1. Since

R(1,A,)" 1is compact, it follows that {Fx: x€X} 1is finite. So

there exists only a finite number of distinct orbits, Define

X, = {(x€X: 1(x) = 0} and let X;,...,X, be the non-trivial orbits.

(o] n
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Generators of positive groups with compact resolvent on arbitrary

Banach lattices have been characterized by Uhlig [22] (see also [111).
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