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Most spaces of functions or measures on a locally compact group G carry two
different orderings: a pointwise ordering and a positive-definite ordering. For
example, on L!(G) the pointwise ordering is defined by the cone LY(G),
={fe L\(G): f() 20 for almost all ¢ € G} and a positive-definite ordering by the
cone LYG),=Co{f**f:fe L'(G)}. In [1] and [2] we investigated these two
orderings for the Fourier algebra A(G), the Fourier-Stieltjes algebra B(G) and for
LY(G). The principal result was that each of these biordered spaces determines the
group up to isomorphism.

In the present article we take up an idea of H.H. Schaefer’s and discuss order
properties of the Fourier transform &. If G is abelian, then & is a biorder
antiisomorphism from L*(G) onto A(G) (where G denotes the dual group of G), i.e.
F maps positive-definite functions onto pointwise positive functions and vice
versa. So the following question arises: Given an arbitrary locally compact group
G, can it happen that one finds a locally compact group G and a biorder anti-
isomorphism from L'(G) onto 4(G)? By the results mentioned above, the group
G would be uniquely determined by G, and one could consider G as the dual group
9f G. So the following result (Theorem 3.3) is not surprising. If such an order anti-
isomorphism F exists, then the group G is abelian, G is (up to an isomorphism) the
dual group of G and F is the Fourier transform (up to a positive multiplicative
Constant),

Of course, one expects that a similar result holds for the Fourier-Stieltjes
transform. And in fact, this will be proved in Sect. 6. But on the way, we (have to)
show that M(G) too carries the structure of a biordered space which is a complete
Bomorphism invariant of G (Sect. 4). This had been left open in [2] and demands
most of the effort in this paper. The proof is given by reduction to the L*-case.
However, we observe that on M (G) (and on L'(G)) there are two different natural
Positive-definite orderings: one defined by the ordering inherited by the envelop-
Ing C*-algebra (that is, by the cone M(G),=Co{u**u: pe M(G)}), and one
Inherijted by the left regular representation 4 in Z(L*(G)) (that is, by the cone
M(G),,: ={ue M(G): A(n) e L(L*G)) is a positive-definitc operator}). We show
that both of these positive-definite orderings lead to the desired result: the
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biordered spaces (M(G), M(G)., M(G),) and (M(G), M(G).., M(G);,) are both
complete isomorphism invariants. For the first case, the corresponding result for
LY(G) proved in [2] can be used, for the second we have to reconsider L'(G) with
the positive-definite ordering defined by the left regular representation. This is
done in Sect. 2.

1. Preliminaries

A. Ordered Vector Spaces

As a general reference we use [11, V] and [12]. Let E be a real or complex vector
space. A subset C of Eiscalled a coneif C+CcCand R, - CCC,and Ciscalleda
proper cone if in addition Cn(— C)={0}. A pair (E, C), where C is a proper cone in
E, is called ordered vector space. On such a space an ordering is defined by x <y if
and onlyif y —x € C. An ordered vector space (E, C) is called a vector lattice if for all
x,y € C—C there exists a least upper bound (then C — Cis a real vector lattice, see
(11, IL, Sect. 1]}).

If E is a Banach space, we denote the dual space by E’. The dual cone C’ of a
closed proper cone C in E is defined by

C'={feE:{x,f>z0 forall xeC}. (L.1)

Suppose now that E is a real Banach space and C a closed cone in E. The following
results are consequences of the Hahn-Banach theorem:

xeC ifandonlyif <x,f>=0 forall feC’. (1.2)
If C,, C, are two closed cones in E, then
C,cC, ifandonlyif C,CCj.In particular,
C,=C, ifandonlyif C,=C;.
LetDbeaconein E'. Let C={x€e E: {x, ) 20forall f € D} be the predual cone of
D. Then e POE ) (14)

Let (E,,C;) and (E,, C,) be (real or complex) ordered vector spaces. A linf:ar
mapping T: E, - E, is called positive if TC, C C,. T'is called order isomorphismif T
is bijective and TC,=C,.

(1.3)

B. Involutive Banach Algebras and C*-Algebras

(See [5] as a general reference.) An involutive complex Banach algebra is deﬁn@d
according to [5, 1.2.1]. In particular, the involution is assumed to be isometriC.
A,:={xeA:x=x*} is a real Banach space with dual (4,)=(4"),: ={f€4"
{(x*, f>=<{x, > (x € A)}. There is a canonical ordering on A4 defined by the con¢
A,: =Co{x*x:x e A} (Co stands for closed convex hull). Then 4,C 4,, and if 4 has
an approx1mate identity [5, B 29], then 4, C (4", [5, 2.1.51]. The positive coneina
C*-algebra U is always denoted by o, (unfortunately, an unusual notation is
necessary, since we frequently con31der two different orderings); i.e.,

W, =co{x*x|xcU}={xeW: x=x*o(x)CR,}. (1.5)
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The enveloping C*-algebra of an involutive Banach algebra with approximate
identity 4 is denoted by C*(4) [5,2.7]. 4, is given by

A,=ANC*(4),. (1.6)

[Clearly, AnC*(A4), is a closed cone in 4, and A,C ANC*(A),. Letp e Aj,. Then it
follows from [5,2.7.51] that (AN C*(4),)CR ;. So AnC*(4),C A, by (1.3).] We
will frequently use the following result.

The bidual W” of a C*-algebra U is a unital C*-algebra;

via the evaluation map one can identify ¥ with a subalgebra of U”. 7

Moreover U, =(AU"),NWA. If Whas a unit e, then e is also the unit of A” [14, I1L, Sect.
2]

C. Harmonic Analysis

(General reference: [S] and [6].) G,, G, denote locally compact groups, throughout.
We define the following function spaces:

C(G)={f:G-C: f is continuous}
C¥G)={feC(G): f is bounded}
Cy(G)={feC(G): f vanishes at infinity}
C(G)={feC(G): f has compact support}.

For every complex valued function f on G we let (x)= f(x), f(x)=f(x"1), f(x)
=f(x~ 1) (x € G). M(G) denotes the space of all bounded regular complex Borel
measures on G. We frequently identify M(G) with the dual space of Cy(G). The
space M(G)is a unital involutive Banach algebra for convolution as multiplication
and the involution * : u— u* given by {f, u*> = {f, u> (f € Co(G)). L(G) is defined
via the left Haar measure as usual. One can identify L'(G) with a closed bilateral
ideal of M(G). The involution restricted to L'(G) is given by f*=4"1.1
(f e L\(G)), where 4 denotes the modular function of G. Since L!(G) contains an
approximate identity [5, 13.2.5], one can form the enveloping C*-algebra, which is
denoted by C*(G).

The pointwise ordering in M(G) is defined by the cone M(G), of all positive
measures in the usual sense. Thus M(G), is the dual cone of Co(G)4:
={feCy(G): f(t)=0 for all te G}. The induced cone L'(G), on L(G) given by
LNG), =M(G),nLY(G)={fe LY(G): f(t)=0 for almost all te G} defines the
pointwise ordering on L'(G). The spaces M (G) and L*(G) are vector lattices for the
pointwise ordering (in fact, they are complex Banach lattices [12, I, Sect. 11]).

A positive-definite ordering on L'(G) is defined by its involutive Banach
algebra structure. It is given by the cone

LY(G),=co{f*«f: fe LY(G)}. (L.7)

Its dual cone in L®(G) is

LY(G),=P(G): ={fe C*G): f is positive definite} . (1.8)
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P(G) is a closed cone in C*(G). Its linear hull
B(G): =span P(G) 1.9

is called the Fourier-Stieltjes algebra. B(G) is the dual space of C*(G). With the
dual norm of C*(G) it is a Banach algebra for pointwise multiplication. If G is
abelian, then B(G)={ji: ue M(G)}, where /i denotes the Fourier-Stieltjes trans-
form of e M(G) and G the dual group of G. The closure of C.(G)nB(G) in B(G)

A(G): =CAG)nB(G) (1.10)
is a closed ideal in B(G) and called the Fourier algebra. If G is abelian, then A(G)

={[:feL(G)}.

The pointwise ordering on B(G) and A(G) is defined by the cones
B(G),. ={ueB(G):u(t)=0 forall teG}, (L.11)
A(G), =A(G)nB(G), . (1.12)
Note that

lulo=lull (ueB(G)) (1.13)

[where | ||, denotes the uniform norm on C*(G)], so that both cones are closed.

The positive-definite ordering on B(G) (resp., A(G)) is defined by the cone P(G)
(resp., A(G)NP(G)).

We will frequently call a vector space with a pointwise and a positive-definite
cone a biordered space. Examples are: (L'(G), L'(G) ., L'(G),), (A(G), 4(G).,
A(G)NP(G)), (B(G), B(G)., P(G)).

A biorder isomorphism is a bijective linear mapping between two such spaces
which preserves the pointwise and positive-definite ordering, i.e. which maps the
pointwise positive cone onto the pointwise positive cone and the positive-definite
cone onto the positive-definite cone. A biorder anti-isomorphism is a bijective linear
mapping between two such spaces which reverses these two orderings (i.e. which
maps the pointwise positive onto the positive-definite cone and the positive-
definite onto the pointwise positive cone).

The left-regular representation will be denoted by 4; that is, A : G— Z(L*(G)) is
given by (4, ) (s)= f(t~'s) (f € L*(G)). It can be lifted to a representation of M(G)
— which we still denote by 4 — by means of

Awf=uxf (feL¥G)). (1.14)

The dual space of A(G) can be identified with ¥ N(G), the von Neumann algebra
generated by {4,:te G} by means of the duality

Ay =u(t) (ueA(G),teG). (1.15)
Another characterization of A(G) is th’e\following (see [6, p. 218]):
AG)={f*j§:feL¥G),ge LXG)}. (1.16)
The duality (1.15) between A(G) and VN(G) is then given by
{f*@", T>=(Tflg) (f,.9€L¥G) (117

[6, (3.11)1.
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The dual cone of A(G)nP(G) is

(A(G)NP(G)Y =VN(G) (={TeVN(G):(Tf1/=20 forall feI}G)}).

(1.18)
2. Orderisomorphisms of Group Algebras

It has been proven in [2] that the biordered space (L'(G), L'(G),, L'(G),) is a
complete isomorphism invariant for G. Here the positive-definite ordering is
defined by the cone L'(G),: =To {f* * f: f € L'(G)}. However, there exists another
interesting positive-definite ordering on L'(G), which is defined by the cone

LY(G),p: ={fe LY (G): A(f) € L(LX(G)),} - @1

Here A(f) is the operator on L*(G) given by g— f * g (g € L*(G)). Recall: Z(L*(G)),
={Te Z(LXG)):(Tf|f)=0 for all fe L*(G)}. The purpose of this section is to
prove that in the above statement, we can replace the cone L'(G), by L'(G),,; i.e.
we will show that the biordered space (L'(G), L'(G) ., L'(G),,) is also a complete
invariant. The precise statement is the following.

Theorem 2.1. Let T:L(G,)—LY(G,) be a bijective, linear operator such that
TL'(G,). =L"Gy). and TLYG,);,=LYGy),p-

Then there exist a topological group isomorphism or anti-isomorphism p:G,—G,
and a constant d>0 such that

(T () =d - f(B) (te Go, fe L'(Gy)) 22)
in the case that B is an isomorphism and
(Tf)(@)=d- A@t)" f(B(1)) (te G,, fe LY(G))) 23

if B is an anti-isomorphism, where A denotes the modular function of G,.

We will now describe the cone L'(G),, in more detail. If we denote by
CHG): ={Mf): feLYG)}~ C.#(L¥G)) the reduced enveloping C*-algebra of
LY(G), then we can identify L!(G) with a subalgebra of C$(G). So we have

LI(G)M,=CT(G),,0L1(G). (2.4)

The dual space of C¥(G) can be identified with B,(G), the space of all coefficient
functions of those unitary representations of G which are weakly contained in the
left-regular representation. B,(G) is a closed ideal in B(G) which contains A(G) (see
(6,2.16]). The dual cone of C%(G), in By(G) is

C}‘(G);,=P(G)0B,1(G)= :P,(G) 2.5)
(see [6,2.6]). As a consequence of (2.5), the dual cone of L'(G);, in L*(G) is
LY(G);,=P«G). (2.6)

Proof of (2.6). Consider the real Banach spaces C*G),={xe CHG): x=x*},
L(G)y=L{(G)NCH(G), L*(Gh={geL*(G):g=g} and By(G):=B,(G)
NL®(G),. Then L}(G), = L*(G), and C}(G), = B,(G);. Moreover, L'(G),,C L'(G),
and LY(GY, [ C LY(G),=P(G)] CL*(G),. It follows from (2.5) and (1.2) that C3(G),
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={xe C¥G): {x,u) 20 for all ue P,(G)}. Thus L(G),;,=C3(G),nL(G) is the
predual cone of P,(G). It follows from (1.4) that L'(G);,, is the ¢(L*(G), L}(G))-
closure of P,(G). But Py(G) is 6(L°(G),, L*(G),)-closed by [5,18.3.5]. O

Since G is amenable if and only if P,(G)= P(G) ([7, p. 61], see also [5, 18.3.6]),
we obtain as a consequence of (2.6):

G is amenable if and only if L'(G),;,=L"(G),. 2.7
1t follows from [5, 13.4.4 and 13.7.4] that for ¢ € L'(G)nC(G)
@€ L}G);, if and only if 4'2¢ e P(G). (2.8)

We will need the following properties of P(G).
The topology of compact convergence coincides with o(L™(G), L'(G))

29
on uniformly bounded subsets of P(G) [5, 13.5.2]. @9)

Moreover, P,(G) can be described as follows. Let #e P(G). Then
ue P,(G) if and only if there exists a net (k;) CC(G) @.10)

such that u=c—limk;* Ez,

where ¢ —lim is the limit for the topology of compact convergence ([5, 18.3.5] or
[6, 1.25]). In particular,

For ue P,(G), there exists a net () in A(G)NP,(G)

such that sup |}, = sup u,(e) < oo and
¢~lim u;=a(L*(G), L'(G)) - limu;=u. (.11

[In fact, let u,=k;*k. Then ;e A(G)nP;(G) and u=c—limy. In particular,
u(e) = limu,e). So there exists i, such that sup fju;,, = sup u;(e) < co. Thus the net
(); 5 ;, satisfies (2.11).] izl izio

For the proof of Theorem 2.1 we need to characterize the evaluation
functionals &, € B,(G)’ (te G) defined by <u,d,> =u(t) (u€ B,(G)). The following
definitions will be convenient.
Definition 2.2. Let ¢ € B,(G). We call ¢ p-continuous if for every net (u;) in P;(G)
such that sup |u;|, <o and u€ Py(G) o(L*(G), L'(G))—lim u;=u implies that
h:’n <ui5 (P> = <u: (p> '

Since span P,(G) = B,(G) [6, (2.6)], it follows from (2.11) that
if @ € B;(G) is p-continuous, then ¢| =0 implies p=0.  (2.12)

Definition 2.3. Let ¢ € By(G)',.. Then ¢ is called a p-atom if ¢ is p-continuous and
for every p-continuous y € By(G)’,, w < ¢ implies that y=c- ¢ for some constant
c20.

Here we let B,(G),=B(G),nB,(G). Moreover, y<¢p means that
0~y eBy(G),.
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Lemma 2.4. Let o € B,(G),. Then ¢ is a p-atom if and only if ¢ =c- 6, for some
te G and some constant ¢Z0.

Proof. Let ¢ =9,. It follows from (2.9) that ¢ is p-continuous. Let y € B,(G)’, be
p-continuous such that y < ¢. Consider v, =] 4, Then it follows from [1,4.1]
that suppy, C {t} (see [6, (4.5)] for the definition of the support). By [6,(4.9)], this
implies that yo=c - 4, 4.6). Hence by (2.12), p=c-d,. We have shown that J,is a
p-atom. Conversely, assume that ¢ € B;(G), is a p-atom. We show that suppe,
contains at most one point (where @, = | 4)- Indeed, if this is not the case, then
there exist t,, ¢, €suppe, such that ¢, +¢,. Let U be an open neighborhood of ¢,
such that ¢, ¢ U. There exists ue A(G) ,, which is a linear combination of functions
in P,(G), such thatu(t,)=l,u(t)=0forallte U and u(t)< 1 forall t € G [6,(3.2)].
Consider y € B,(G) defined by (v, > =<u- v,p) (ve B;(G)). Since u € span P ,(G),
it follows that 1 is p-continuous [use {2.9)]. Moreover, 0y <. Since ¢ is a
p-atom, there exists ¢=0 such that ¢=c-y. Since t,esupp@,, there exists
u, € A(G) such that u,(t)=0 for all t¢ U and <{u,, ¢> +0 [6, (4.4)]. Then (u,, p>
={u- uy, @ =<0, ¢>=0. Consequently, c=0. But since ¢, e supp g, and u(t,) =1,
it follows that v +0 [6, (4.4) (ii)], which 1s absurd since y=c- ¢ =0.

We have proved that supp ¢, contains at most one point. This implies that
po=c - 0, for some ¢20, te G by [6, (4.9) and (4.6)]. From (2.12) it follows, that
p=c-9,. U

Proof of Theorem 2.1. Let T: L}(G,)—L"(G,) be bijective and linear such that
TLYG,), =L"(G,),+ and TLY(G,);,=L'(G,),,. Then Tis continuous 12,11, 5.3].
It follows from (2.6) that T'P,(G,)=P,(G,), hence T'B(G,)=ByG,). Let
S:B(G,)~-B,{(G,) be the restriction of T". Then S is continuous for the uniform
topology and satisfies SP,(G,)=P,(G,). This implies that S" maps p-continuous
functionals onto p-continuous functionals. Moreover, since TL'(G,), =L'(G,)+,
it follows that SB,(G,) . = B;(G,), and consequently, S"is an order isomorphism
for the pointwise ordering (i.e. 8'B,(G,)+ =B;(G,)). It follows that S maps
p-atoms onto p-atoms. Consequently, by Lemma 2.4, for every t € G, there exist
u(r) € G, and c(t) >0 such that §'8,=c(£)d,4). Thus S: B;(G,)—B,(G,) is given by
(Sw) ()= c(t)u(a(t) forall e G,, u € B,(G,). Weshow that ais continuous. If this is
not the case, there exist t, € G,, a neighborhood U of aft,) and a net (z;) in G,
converging to t, such that a(t;) ¢ U for all i. Choose u € B,(G,) such that u(a(t,)) =1
and u(a(t;)) =0 for all i [6, (3.2)]. Then (Su) (t;) =0 for all i, but (Su) (t,) = 1. This is
a contradiction, since Su is continuous. By the same arguments, S~ * is given by
7 '0) 5)=k(s)v(B(s)) (weB,(G), s€G,) for some k:G,~(0,00) and some
continuous function § : G, — G,. One sees easily that fis the inverse of o, so that acis
actually a homeomorphism. This implies that functions with compact support are
mapped by S onto functions with compact support. Moreover, since SP,(G,)
=P(G,), it follows that S is continuous (see e.g. [1,3.1]). Hence, SA(G,)
=8(Bi(G)NCAG,) CS(BAG)NCLG,)) C B, (G)NC(G)=A(Gy). Applying the
same argument to S~ !, we see that S restricted to A(G,) is a biorder isomorphism
from 4(G,) onto A(G,). We conclude from [1,4.3] that c(t)=const and « is a
topological group isomorphism or anti-isomorphism. Using the fact that § is the
restriction of T”, one obtains as in [2,6.2] that T has the desired form. [
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Remark 2.5. We proved Theorem 2.1 by a reduction to the corresponding result for
A(G)[1, 4.3], whereas in the case where the positive-definite ordering is defined by
the cone L'(G), [2, 6.2] the proof was a simple deduction from the analogous
result for B(G) [2,5.3]. Here we cannot take this path since we do not know
whether (B,(G), B;(G) ., P,(G)) is a complete invariant. The techniques used in [2,
Sects. 4 and 5] for B(G) cannot be applied to B,(G), it seems.

3. A Characterization of the Fourier Transform

In this section we characterize the Fourier transform for a locally compact abelian
group G as an order anti-isomorphism from L'(G) onto A(G).

Proposition 3.1. Let G be an abelian locally compact group with dual group G.
Denote by F : I}(G)— A(G) the Fourier transform. Then

FLYG), =A(G)nP(G), (3.1)
FLNG),=AG), . (3.2)

Proof. (3.1) is an immediate consequence of Bochner’s theorem. In order to prove
(3.2), consider the real Banach spaces L!(G),={feIXG): f=f*} and A(G)y
={ue A(G): u(t) e R for all t € G}. Then FL(G), = A(G)g (since Z(f*)=(F[)
for all fe L'(G)). The set FLY(G), is a closed cone in A(G)g. Since F(f*[*)
=|Ff|? for all fe L}(G), it follows that #LY(G),={|u*:ue A(G)} CA(G),. In
order to prove the converse inclusion, by (1.3) it is enough to show that (# L'(G),)
CA(G),.Let o e(FL'(G),), i.e. 9 € A(G) and ¢  F € L'(G),,. Then by (1.8), there
exists g€ P(G) such that (Ff,o)>={f,eF ) ={f,¢> for all fe Ll(G).ABy
Bochner’s theorem there exists ue M(G), such that g=/. Let ue A(G).,
f=F 'u. Then (u,0)=<Ff,o>={f>={f®)@, Ddum)di=|])du)
= Ju(y)du(y) 0. Thus pe A(G),. O

Next we characterize the commutativity of G by a property of the positive-
definite ordering on A(G).

Proposition 3.2. Let G be a locally compact group. The following are equivalent.
(i) G is abelian.
(ii) (4(G), A(G)NP(G)) is a vector lattice.

Proof. If G is abelian, then by (3.1) # is an order isomorphism from (L‘(Q),
LY(G),) onto (A(G), A(G)NP(G)). Since (L(G), LY(G).) is a vector lattice, (i
follows. ,

We show the converse. Consider the real Banach space A(G),={uc A(G):
u={}. Since u—ii is an involution on A(G) [6, (3.8) and (2.6)], the dual space of
A(G), is VN(G),:={TeVN(G): & Ty=<(u,T) for all ued(G)
={Te VN(G): T*= T} (use (1.18) for the last equality). It follows from [6, (3.15)]
that A(G),=(4(G)nP(G))~(A(G)NP(G)). So (A(G),, A(G)nP(G)) is a vector
lattice. Since the dual cone of A(G)NP(G) is VN(G), (1.18), it follows from [12,,11’
4.2and 11, 4.2, Corollary 2] that (VN(G),, VN(G),) is a vector lattice. This implies
that VN(G) is a commutative C*-algebra (see [13] or [3, Example 4.2.6])
In particular, A, =A- A, =4, A;=4,, and hence st=t¢s for all 5, te G. Thus G 1
abelian. 0O
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Theorem 3.3. Let G, G, be locally compact groups and F:LY(G,)-A(G,) a
bijective, linear mapping such that

FL'(Gy)+ =A(G)NP(G)) (3.3

holds. Suppose in addition that one of the following two conditions
FLY(G,),=A(G,), 3.4
FLY(G,)z,=A4(Gy) (3.5)

is satisfied.
Then G, and G, are abelian and there exists a topological group isomorphism
«:G,—Gy and a constant ¢>0 such that

FNW=c-f@()) (teGy) (3.6)
for all fe LX(G,), where f denotes the Fourier transformation of f.

Proof. Since L!(G,) is a vector lattice for the pointwise ordering, it follows from
(3.3) that A(G,) is a vector lattice for the positive-definite ordering. Hence G, is
abelian by Proposition 3.2. Denote by &%, : L'(G,)— A(G,) the Fourier transform.
It follows from Proposition 3.1 and the hypotheses that #;!oF is a biorder
isomorphism from L!(G,) onto L'(G,), where the positive-definite ordering is
defined by the cone L'(G), when (3.4) holds, and by the cone L'(G),,, if (3.5) holds.
Thus it follows from [2, 6.2] in the first case and from Theorem 2.1 in the second
that G, is isomorphic to G,. Hence G, is abelian as well. Let %, : L\(G,)-> A(G,)
denote the Fourier transform. Then F - % ; ! is a biorder isomorphism from A(G,)
onto A(G,). Thus by [1,4.3] there exist a topological group isomorphism o : G,
-G, and a constant ¢ >0 such that (F o F i Yu=c-uoaforallue A(G,). Hence F
is given by (3.6). O

4. Order Isomorphisms of Measure Algebras

The purpose of this section is to show that also M(G) can be considered as a
biordered vector space which is a complete isomorphism invariant. The proof will
be given by reduction to the corresponding results ([2, 6.2] and Theorem 2.1) for
LYG).

_ There are two canonical positive-definite orderings on M(G). The correspond-
Ing cones are given by

M(G),=co{u**pu:pe M(G)} @41
and

M(G);,={ne M(G): () € L(LX(G)),} - “.2)

Here A(u) e #(L*(G)) is the operator defined by A(y) f=u*f (f € L%(G)). Hence

ke M(G),, if and only if A(u) is a positive definite operator (that is (A(y) f| f) = 0 for

all fe L%(G); this again means that {f* f, u> =0 for all fe C(G) [5,13.7.4]).
Both cones are proper and closed, and clearly

M(G),SM;,(G). @43
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The induced cones on L*(G) are
M(G),nLY(G)=L'(G),, (4.9
M(6),,nLY(G) =L G),,. @.5)

[(4.5) follows immediately from the definitions. To see (4.4), observe that
C:=M(G),nLYG) is a closed cone in L'(G). Clearly, L'(G),CC. To see the
converse, let ¢ € L'(G),=P(G). Then by [5, 13.4.4 (i)}, ¢ € C". Hence L'(G),CC.
Applying (1.3) to the real Banach space L'(G), with dual space L*(G),
={feLXG):f=f} one obtains CCL(G),.]

The cones M(G), and M(G),,, are different if G is non-amenable (since Ll(G)‘,
+ L'(G),, in that case [by (2.7).)] But in contrast to the situation for L}(G), one
also has M(G),+M(G),, if G is abelian and non-discrete (see: Remark 6.2).

Now we formulate the main result of this section. Let a:G;—>G, be a
topological group isomorphism or anti-isomorphism. Denote by V,:Cy(G,)
—Cy(G,) the mapping f— f oo, and by (V,)": M(G,)— M(G,) its adjoint. Then itis
easy to see that V,M(G,),=M(G,),, V;M(G,),=M(G,), and V;M(G,),,
=M(G,),,. Consequently, the biordered vector spaces (M(G), M(G),, M(G),) as
well as (M(G), M(G)., M(G),,) are isomorphism invariants. Our theorem says
that they both are complete.

Theorem 4.1. Let T: M(G,)—>M(G,) be a bijective linear mapping such that

TM(G)+=M(G,). . (4.6)

Moreover, assume that one of the following two conditions
TM(G,),=M(G,), .7
holds. TM(G1);y=M(G2)1, (4.8)

Then there exist a topological group isomorphism or anti-isomorphism «:G,
—G, and a constant ¢>0 such that T=cV,.

For the proof of this theorem we need several intermediate results. First we
show how L!(G) can be abstractly defined in the ordered Banach algebra (M(G),
M(G) ., *). Recall that a subspace J of M(G) is called a lattice ideal, if for peJ and
ve M(G), [v| < |u| implies that ve J. The space L'(G) is a closed lattice and algebra
ideal in M(G).

Proposition 4.2. L'(G) is the smallest non-zero closed lattice and algebra ideal in
M(G).

Proof. Let J be a non-zero closed lattice and algebra ideal in M(G). We have to
show that L'(G)cJ.

a) Let to € G. Then there exists f € JAC?(G) such that f (t,) +0. [Indeed, if this
is not true, then f (t,)=0 for all e C*(G)nJ. Since J is an algebra ideal, it follows

that f@©=@,,*Nte)=0 forall feC(G)NJ. “9

Let peJ be non-zero. Given g€ C(G), let f=p*q. Then fe JnCYG). Hence
{g, 1> = pu*g(e) = f (e) =0 [by (4.9)]. Since g € C(G) is arbitrary, this implies that
=0, contradiction.]
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b) Sincespan J, =J,it follows from a) that for all t € G there exists a pointwise
positive e JNCYG) such that f(t)>0. Consequently, for every compact set K

C G, there exists fe C®(G)nJ , such that ix}(f f(t)>0. Since J is a lattice ideal in
te.
M(G), this implies that C(G)CJ. It follows that L'(G)CJ, since J is closed. [J

If A,, 4, are algebras, a bijective, linear mapping T: A, — 4, is called Jordan-
isomorphism if T{x, y} ={Tx, Ty} for all x,ye 4,, where {x, y}=xy+yx.

Corollary 4.3. Let T:M(G,)—»M(G,) be a Jordan isomorphism such that
TM(G,), =M(G,),. Then TL'(G,)=L'(G,).

Proof. Let J, be a non-zero closed lattice and algebra ideal in M(G,). Since Tis an
order isomorphism for the pointwise ordering, J,: =TJ, is a lattice ideal in
M(G,). By [12,11,5.3] T~ ! is continuous, and so J, is closed. Since T'is a Jordan
isomorphism, it follows that J, is a Jordan ideal, i.e. {u,v}€J,, whenever
neM(G,), veJ,. Now let ue M(G,),,ve(J,),. Then 0= pu*v=<{u,v}eJ, and
0<v*u=<{u,v}el,.Since J, is a lattice ideal, it follows that v * u, u*ve J,. Since
span M(G,) . = M(G,) and span(J,), =J,, it follows that J, is actually an algebra
ideal. We have shown that T maps non-zero closed lattice and algebra ideals onto
non-zero closed lattice and algebra ideals. The same is true for T~ 1. Thus it follows
from Proposition 4.2 that TLY(G,)=L(G,). O

Proposition 4.4. Let T;: M(G,)—M(G,) (j=1, 2) be Jordan isomorphisms such that
TLYG,)=L'(G,). If T, f=T,f for all fe L\(G,), then T, =

Proof. Let pe M(G,), v;=Tu (j=1,2). Let ge L'(G,). Then
{g.vit={g, v} (4.10)

[forlet f =T, 'g=T, 'ge L'(G,); then {g,vi} = Ty { f, u} = T,{f, 4} = {g, v,} since
{f,u} e L\(G,)]. But for ve M(G,), ge C(G,), v*g and g*v are continuous
functions and v J(e)={g,v) and (§*v)(e)=<g, 4~ 'v)>, where 4 denotes the
modular function of G,. Hence (4.10) implies that <{g,(1+47")v;>
={g,(1+ 4~ v, for all ge C(G,). This implies that v, =v,. O

An order isomorphism between unital C*-algebras which maps the identity
onto the identity is a Jordan isomorphism [3, 3.2.3]. We will extend this result to
certain ordered algebras. Let 4 be an involutive algebra and 4, a conein A. Wesay
that (4, 4,) is C*-ordered if A is a dense involutive subalgebra of a C*-algebra U
such that 4, = ,n A, where 2, denotes the usual positive cone in A (see 1 B). For
€xample,

(M(G),M(G),) and (M(G),M(G),,) are C*-ordered algebras. (4.11)

[By (1.6), one can take for 2 the enveloping C*-algebra of M(G) in the first case,
and by definition A = Z(L*(G)) in the second.]

Proposition 4.5. Let (4, 4;,) be C*-ordered algebras with identity e; =1, ). If
T:4,-»A, is an order lsomorphzsm such that Te,=e,, then T is a Jordan
isomorphism.

For the proof we need the following result which is a special case of [4, I,
Sect. 6, Theorem 1].
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Lemma 4.6. Let E be a real ordered vector space with positive cone E . and F g
subspace of E. If for every x € E there exists y € F such that x <y then every positive
linear form on F has a positive extension on E.

Proof of Proposition 4.5. There exist C*-algebras 2; (j=1,2) such that 4;is a
dense involutive subalgebra of ¥; and 4;,=;,nA4; (j=1,2). Since e; € 4, ,, the
hypotheses of Lemma 4.6 are satisfied for E=%,,, E, =U,, and F=4,,. Let
feA;,. Then go: = fl,,° T is a positive functional on 4,. By 4.6, g, has a unique
positive extension g € A} ,. The mapping f—g from 23, into A, is clearly positive
homogeneous and additive. So its linear extension defines a positive linear
mapping S : %, - U;. In particular, S is continuous (see ¢.g. [1, 3.1]). Applying the
same argument to S !, we see that § is an order isomorphism. Hence §": A7 -
an order isomorphism as well. It is easy to see that

Tx=8x for xe€A,. 4.12)

In particular, S'e, =e,. By [3, 3.2.3], §’is a Jordan isomorphism. So it follows from
(4.12) that T is a Jordan isomorphism as well. O

Let us call a positive measure ue M(G) an atom, if u=cé, for some c20,teG
(where J, denotes the Dirac measure in t). Then for u € M(G) ., itis easy to see that

4 is an atom if and only if 0 Sv=<p implies v=cu

(4.13)
for some ¢=0 for all ve M(G).

Proof of Theorem4.1. T is an order isomorphism for the pointwise ordering. So it
follows from (4.13) that T maps atoms onto atoms. In particular, Td,=c- 6, for
some t € G,, ¢>0. Since §, € M(G,),CM(G,);,, it follows from assumption (4.7),
resp. (4.8), that ¢ 8,€ M(G;),,. Since 4,=A(J,) is unitary, this implies that t=e.
Considering ¢~ T instead of T, we can assume that ¢=1. Then it follows from
(4.11) and Proposition 4.5 that T is a Jordan isomorphism. From Corollary 4.3 we
obtain that TL'(G,)=L'(G,). We can now apply [2,6.2] [in the case of (4.7)],
" resp., Theorem 2.1 [in the case of (4.8)] to the restriction Ty of T to L'(G,) and
conclude that T, is given by (2.2) or (2.3). Let «: G, > G, be the inverse of f (in the
notation of Theorem 2.1). Then it is easy to see that Ty=c Vyj11q,, for some
constant ¢ > 0. Thus it follows from Proposition 4.4 that T=c¢-¥,. O

5. A Second Look at B(G)

In considering the Fourier-Stieltjes transform in the next section we will be
concerned with a second “pointwise” cone in B(G), namely

B(G)g=Co{Ju|*:ue B(G)} .
This is the positive cone defined by the involution u—i on B(G). Clearly,
B(G)CB(G), . (5.1

But we will see that the inclusion is proper in general. The question arises whether
the results of [2, Sect. 5] remain true if the cone B(G), is replaced by B(G)e, 11
particular if the biordered vector space (B(G), B(G)g, P(G)) is a complete
invariant. And indeed, we will prove the following.



An Order Theoretical Characterization of the Fourier Transform 343

Theorem 5.1. Let T:B(G,)—B(G,) be a bijective linear mapping such that
TB(G1)o =B(Gs)g- Then TB(Gy). =B(G),.

As a consequence, one obtains the following result with the help of [2, 5.3]:

Corollary 5.2. Let T:B(G,)-B(G,) be bijective, linear such that TB(G)g
=B(G,)g and TP(G,)=P(G,). Then there exists a topological group isomorphism
or anti-isomorphism o: G,—G, and a constant ¢ >0 such that

Tu=c-u-a forall ueB(G,).
Let us now show that the two “pointwise” cones are different in general.
Proposition 5.3. If G is abelian and non-compact, then B(G)g * B(G),.

Proof. Let A denote the space of all multiplicative continuous linear forms on B(G)
and 4,={pe A: )= ¢(u)}. Then we have

A,=4nB(G)y  (cf. 1B). (5.2)
By evaluation, one can identify G with a subset of 4,. We show that
G=4,nB(G), (=4nB(G),). (5.3)

It is obvious that GC 4,nB(G),. To see the reverse inclusion, denote by B the
uniform closure of B(G) in C*(G). B is a commutative C*-algebra. The space of all
continuous multiplicative linear functionals on B can be identified with
A, ={peA:|{u, > < lull, (we B(G))}. 4, is obviously a closed subset of 4 and
Gc4d,. We can identify B with C(4,). Since B(G) is dense in B, it follows that

G=A4,. 5.4

Moreover,

B(GY,nACA4,. (5.5
In fact, let ¢ € B(G), nA. If u e B(G) is real valued, then

—ullplsu=lul,l.
Consequently,
—lull o S<u, 0> = Jlull 5

hence

[<u, @1 = Null o -
For arbitrary u € B(G) we obtain,

I<u, @>1=|KReu, @) +iImu, | £2 [jull -

Thus ¢ is uniformly continuous. So it can be extended to a continuous
multiplicative linear form on B. Hence the extension has norm smaller or equal 1
[5, B3], which implies p € 4.
From (5.4) and (5.5) we obtain (5.3).
e now prove the proposition.
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By [9, Theorem 3] there exists ¢, € 4, such that ¢, ¢ G. So we conclude from
(5.2) and (5.3) that B(G)g = B(GY.. . This implies by (1.3) (applied to the real Banach
space B(G)g = {uju=1}) that B(G). #B(G)g. U

Remark 5.4. For the Fourier algebra the situation is different. In fact, one can show
that A(G), =¢o{|u|?*:ue A(G)} = A(G)nB(G)g for every locally compact group.
We omit the proof, since this will not be needed here.

Concerning the proof of Theorem 5.1, the same technique as in [2, Sects. 4, 5]
can be used. So we will not give all the details. However, a more general approach
seems appropriate and of independent interest.

We consider a commutative Banach algebra 4 with identity e. Let 4,
={pe A" p(x-y)=0(x)p(y) and ¢(x)=@(x*) for all x, ye A}. We assume that 4,
separates points, i.c.

@(x)=0 forall @ed, implies x=0. (5.6)

We define the cone A, =co{x* - x : x € A} (cf. 1 B). The ordered vector space (4, 4,)
has been investigated by Kelley and Vaught {10], and we shall use their results. It
follows from (5.6) that the cone A4, is proper. For x € 4, we have

[x—el <1 implies xeA, (5.7
(see [10, Sect. 2]), and consequently
(Ixle-x)ed, (xeAd,). (5.8

(This follows from [10,1.3a)] and (1.2), since for all feA,, {|xle—x,/>
=[xl | Il —=<x, f>=0.)
We conclude that 4, is generating, i.e.,
A,—A,=A4,. (5.9)

[In fact, let x€ A4,. Then by (5.8), (| x| e+ x) € 4,. Consequently, x=3(x+|x]¢)
—3(Ixle—x)ed,~4,]

For ae A denote by M, e £(A) the multiplier given by M,x=ax (x € A). The
multiplier algebra #(A): ={M,:ac A} is a closed subalgebra of £(4) and is
isometrically isomorphic to A.

Lemma5.5. Let M : A— A be alinear mapping. Then M € 4 (A) if and only if for all
xeAandall pe 4,

o(x)=0 implies @(Mx)=0. (5.10)

Lemma 5.6. Let M : A— A be a positive linear mapping. Then M is a multiplier if
and only if there exists a constant ¢> 0 such that

MxScx  (x€4,). (5.11)

The proofs of these two lemmas are exactly the same as of [2, 4.1]; resp-
[2,4.2] if the elements of 4, take the place of the point evaluations. )

Now let 4; and 4, be two commutative involutive Banach algebras with
identity which satisfy the hypothesis (5.6).
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Theorem 5.7. Let T: A, > A,. Then T is an order isomorphism if and only if there
exist a *-algebra isomorphism V: A, —> A, and an invertible element ac A, p Stch that

T=M,V. (5.12)

Proof. Assume that T'is given by (5.12). Then ¢(a™ ') =¢(a) ! >0forall p € 4,. Let
fe A5y, [ f1l=1.Then fe€co4,. (This follows from [10, 2.1] by the Krein-Milman
theorem.) Hence f(a™')=0 for all f € Aj,. This implies that a~* ed,, [by (1.2)].
Hence M, is an order isomorphism. It follows immediately from the definition of
the ordering that ¥ is an order isomorphism. So 7= MV is an order isomorphism
as well, The converse can be proved with help of Lemmas 5.5 and 5.6 as in [2,
Theorem 5.2]. [

Remark. One might compare Theorem 5.7 with Proposition 4.5. Even though they
have a common special case (namely #f Te=e¢ in Theorem 5.7) none of the proofs
can be applied to the other case, it seems.

It is clear that B(G) satisfies the assumptions made above. In fact, {J,:te G}
C 4, (where 6,(u) =u(t) (ue B(G)) so that (5.6) holds. Hence Theorem 5.1 follows
from Theorem 5.7 and [2, 5.1].

6. A Characterization of the Fourier-Stieltjes Transform

Now we give the characterization of the Fourier-Stieltjes transform which is
analogous to Proposition 2.1 and Theorem 2.3 for the Fourier transform. The
proofs are based on the results of Sects. 4 and 5.

Proposition 6.1. Let G be an locally compact abelian group with dual G. Denote by
Z: M(G)—B(G) the Fourier-Stieltjes transform. Then F is bijective, linear and
satisfies

FM(G), =P(G), (6.1)
FM(G),=B(G)g, 6.2)
FM(G),;,=B(G), . (6.3)

Proof of Proposition 6.1. (6.1) is Bochner’s theorem. Since & (u* * u)=|% uw?
(ue M(G)), it follows immediately from the definitions of the cones that (6.2) holds.
Finally, denote by 1 : L?(G)-> L*(G) the Plancherel transform. Then for e M(G),
the operator T, = MA() U~ * on LX(G) is given by T, f = (u) - f (f€ LG)). This
implies (6.3). [

Remark 6.2. It follows from (6.2), (6.3) and Proposition 5.3 that M(G),+ M(G);,
for every locally compact non-discrete abelian group G.

~ Proposition 6.1 shows that the Fourier-Stieltjes transform is a biorder anti-
isomorphism from M(G) onto B(G), where one has two choices for the positive-
definite ordering in M(G) and the corresponding pointwise ordering in B(G). The
next theorem shows that the Fourier transform is characterized by these
Properties. Before that we need a description of commutativity which is analogous
to Proposition 2.2.
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Proposition 6.3. Let G be a locally compact group. The following are equivalent;
(1) G is abelian
(ii) (B(G), P(G)) is a vector lattice.

Proof. Since the Fourier-Stieltjes transform is an order isomorphism from the
vector lattice (M(G), M(G) ) onto(B(G), P(G)), (i) implies (ii). Assume now that (i)
holds. Then B(G)' = C*(G)” is a lattice for the usual ordering of the C*-algebra
C*(G)". 1t follows from [3, Example 4.2.6] that C*(G)” is commutative. Hence
C*(G) and consequently L'(G) are commutative as well. This implies that G is
abelian by [8,(20.24)]. [

Theorem 6.4. Let G,, G, be locally compact groups. Let F: M(G,)—B(G,) bea
bijective linear mapping such that

FM(G,), =P(G,) 6.4

holds. Suppose, moreover, that one of the two conditions
FM(G,),=B(G1)e (6.5)
FM(G);,=B(G,)+ (6.6)

is satisfied.
Then G, and G, are abelian and there exists a topological group isomorphism
a:G,—G, and a constant ¢ >0 such that

Fu=c-fioa (6.7)
for all ue M(G,), where [i is the Fourier-Stieltjes transformation of p.

Proof. Since (M(G,), M(G,) ) is a lattice, it follows from (6.4) that (B(G,), P(G»))
is a lattice. Hence G, is abelian by Proposition 6.3. Let &, : M(G,)— B(G,) denote
the Fourier-Stieltjes transform. Then F~ '+ 4, is a biorder isomorphism from
M(G,) onto M(G,) where the positive-definite ordering is given by the cone M(G),
if (6.5) holds and by the cone M(G),, if (6.6) holds. In both cases it follows from
Theorem 4.1 that G, and G, are isomorphic. Hence G, is abelian as well. Finally,
consider the operator Fo#[!:B(G,)—»B(G,). Then Fo# ! is a biorder
isomorphism where the pointwise ordering is defined by the cone B(G)g if (6.9
holds and by B(G).. if (6.6) holds. It follows from Corollary 5.2 in the first case and
from [2, 5.3] in the second that there exist a topological group isomorphism «: G
—G, and a constant ¢>0 such that (Fo # [ Yu=c-uoa (ue B(G,)). Thus (6.7)1
satisfied. OO
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