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ABSTRACT

Resolvent positive operators on an ordered Banach space (with generating and normal positive
cone) are by definition linear (possibly unbounded) operators whose resolvent exists and is positive on
a right half-line. Even though these operators are defined by a simple (purely algebraic) condition,
analogues of the basic results of the theory of C;-semigroups can be proved for them. In fact, if A is
resolvent positive and has a dense domain, then the Cauchy problem associated with A has a unique
solution for every initial value in the domain of A% and the solution is positive if the initial value is
positive. Also the converse is true (if we assume that A has a non-empty resolvent set and D(A*) N E,
is dense in E.). Moreover, every positive resolvent is a Laplace-Stieltjes transform of a so-called
integrated semigroup; and conversely every such (increasing, non-degenerate) integrated semigroup
defines a unique resolvent positive operator.

1. Introduction
Many problems in applied mathematics occur in the form of a Cauchy problem
u'(t)y=Au(t) (=0),
u@0)=f,

where A is a linear operator and f (the ‘initial value’) an element of its domain.
There is a well established notion of well-posedness of (CP) which is equivalent to
A being the generator of a Cy-semigroup (see Goldstein [13, I1.1.2]).

The purpose of the present paper is to show that for Cauchy problems
involving an operator A on an ordered Banach space such that solutions with
positive initial values remain positive, a different notion of well-posedness and of
a generator seems to be more natural. In fact, we suggest considering the
following class of operators:

(CP)

DeriniTiON. Let E be an ordered Banach space whose positive cone is
generating and normal. An operator A on E is called resolvent positive if there
exists w € R such that (w, ®) = p(A) (the resolvent set of A) and R(4, A):=
(A=A)"'=0for all A>w.

This notion is purely algebraic and no norm condition is required. By the
Hille-Yosida theorem a densely defined resolvent positive operator A is the
generator of a (necessarily positive) Cy-semigroup (if and) only if in addition
sup{||(A —a)"R(4, A)"||: A>a, n e N} <= for some a = w.

Even though resolvent positive operators do not generate a one-parameter
semigroup in general, they admit a satisfactory theory which parallels the theory
of semigroups to a high extent. We want to explain this in more detail.

The principal objects in the theory of one-parameter semigroups interact in the
following way. To every Cy-semigroup one associates its generator whose
resolvent is given by the Laplace transform of the semigroup. Moreover,
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generators of Cy-semigroups are (essentially) characterized by the fact that the
associated Cauchy problem admits a unique solution for all initial values in the
domain of the operator (well-posedness).

In complete analogy we find that every positive resolvent is the Laplace-
Stieltjes transform of a unique so-called ‘integrated semigroup’, and conversely,
to every (non-degenerate, increasing) integrated semigroup we associate a unique
resolvent positive operator whose resolvent is the Laplace—Stieltjes transform of
this integrated semigroup. Concerning the Cauchy problem, the following holds
(with some reservation regarding a technical detail): a densely defined operator is
resolvent positive if and only if the associated Cauchy problem admits a unique
solution for every initial value f in the domain of A and the solution is positive if
f is positive.

The paper is organized as follows. In § 2, we discuss order conditions on the
space or the domain which imply that a resolvent positive operator with a dense
domain is ‘automatically’ the generator of a Gy-semigroup. These are exceptional
phenomena. In fact, in §3 several natural examples of resolvent positive
operators which are not generators of a semigroup are constructed.

In the general theory which follows in §§ 4-8 the representation of positive
resolvents as Laplace-Stieltjes transforms is essential. It is proved by two
different approaches. One is based on the Hille-Yosida theorem and can be
applied when A has a dense domain (§ 4). The other depends on a vector-valued
version of Bernstein’s theorem which we prove in § 5. Here we have to restrict
the space (allowing reflexive spaces, L'-spaces and c,), but it is no longer
necessary to assume that the domain of the operator is dense.

As we pointed out above, in our theory the semigroup is replaced by the
so-called integrated semigroup. The relations between this integrated semigroup
and the given resolvent positive operator are similar to those between a
semigroup and its generator. They are investigated in § 6. The homogeneous
Cauchy problem is considered in § 7, the inhomogeneous in § 8.

Finally, we characterize resolvent positive operators on a Banach lattice by
means of Kato’s inequality (§9). In some aspects, this result is similar to the
Lumer-Phillips theorem for generators of Cy-semigroups.

General assumptions. Throughout the paper E denotes a real ordered Banach
space whose positive cone E, is generating and normal (that is, E=E, — E, and
E'=E. —E., where E, denotes the dual cone). For example, £ may be a
Banach lattice or the hermitian part of a C*-algebra. Moreover, we assume that
the norm on E is chosen in such a way that

(1.1) tf<g implies |f|<|lgll (f, g€E)

(which can always be done). We also note that there exists a constant £ > 0 such
that for all linear operators S, 7 on E one has

(1.2) 0<S<T implies |S[|<k|T].

We refer to [4] and [21] for more details on ordered Banach spaces.

Acknowledgement. 1 would like to thank Paul R. Chernoff for several
stimulating discussions. My thanks also go to Frank Neubrander and Hermann
Kellermann for many discussions on ‘integrated semigroups’, and to Hans Engler
for a valuable estimate.
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2. Resolvent positive operators which are automatically
generators of a Cy-semigroup

Let A be a resolvent positive operator. We introduce the following notation:
s(A) =inf{w e R: (w, ®) = p(A) and R(A, A) =0 for all A >w},
D(A),=E,ND(A) and D(A'),=E,.ND(A’)

(where in the second definition we assume A to be densely defined; then A’
denotes the adjoint of A). Let s(A) <A <pu. Then

R(A, A) = R(u, A) = (u — HR(A, AR (u, A) >0.
Thus the function R(-, A) is decreasing on (s(A4), «).

Lemma 2.1. Let A be a resolvent positive operator such that s(A) <0. Then
(2.1)  R(0, A) =R(A, A) + AR(A, A)> + A’R(A, A)* + ... + A" 'R(4, A)"
+A"R(A, A)"R(0, A)
for all n e N, A =0. Consequently,
(2.2) sup{||]A"R(A, A)"R(0, A)||: neN,A=0} <o

Proof. By the resolvent equation, R(0, A)=R(A, A)+AR(A, A)R(0, A)
(A>0). This is (2.1) for n = 1. Iterating this equation yields (2.1) for all n e N.

A subset C of E, is called cofinal in E, if for every f € E, there exists g e C
such that f <g. If (T(t)),=0 is a positive Cy-semigroup with generator B, then the
type (or growth bound) w(B) is defined by w(B) = inf{w € R: there exists M =1
such that ||T(¢)|| <Me™" for all t=0}. One always has s(B) < w(B) <, but it
can happen that s(B) # w(B) even if B generates a positive Cy-group [14, 26).

THEOREM 2.2. Let A be a densely defined resolvent positive operator. If D(A),
is cofinal in E, or if D(A'). is cofinal in E',, then A is the generator of a positive
Co-semigroup. Moreover, s(A) = w(A).

Proof. (a) Assume that s(A)<0. We claim that A generates a bounded
Co-semigroup, if one of the conditions in the theorem is satisfied. We first assume
that D(A) is cofinal. Let f € E, . Then there exists g € D(A), such that f <g. Let
h=—Ag and k € E, such that h <k. Then

f<g=R(0, A)h<R(0, A)k.
It follows from (2.1) that
A"R(A, A)'f <A"R(A, A)"R(0, A)k <R(0, A)k.
Hence
sup{||A"R(A, A)f||: A=0,neN} <,
Since E=E, — E,, it follows that
{A"R(A, A)*: A=0,neN}
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is strongly bounded; thus it is norm-bounded by the uniform boundedness
principle. The Hille-Yosida theorem implies that A generates a bounded
Co-semigroup.

If D(A'), is cofinal in E,, consider f € E,, ¢ € E.. Then there exists Y € E',
such that ¢ <R(0, A)'y. Hence by (2.1),

(A"R(A, AYf, &) < (A"R(, A)'f, R(0, A)'y)
= (A"R(4, AY'R(0, A)f, y)
<(R(0, A)f, y).

Since E, and E are generating, this implies that {A"R(4, A)": A =0, neN} is
weakly bounded, and so norm-bounded. Again the Hille-Yosida theorem implies
the claim.

(b) If s(A) is arbitrary, consider B = A — w for some w >s(A). Then s(B) <0,
and so by (a), B is the generator of a bounded semigroup (7'(t)),»o. Hence A
generates the semigroup (e"*T(t)),.,. Moreover w(A) <w.

COROLLARY 2.3. Assume that int E, #J. If A is a densely defined resolvent
positive operator, then A is the generator of a positive Cysemigroup and
s(A) = w(A).

Proof. Since int E, #& and D(A) is dense, there exists u € int E. N D(A).
The set {u} is clearly cofinal in E,.

COROLLARY 2.4. Let A be a densely defined resolvent positive operator on
LY(X, u) (where (X, u) is a o-finite measure space). If there exists ¢ € D(A')N
L™(X, n) such that ¢(x)= & >0 for almost all x € X, then A is the generator of a
positive Gy-semigroup. ‘

ReMARk. Corollary 2.3 has been proved in [2] and Corollary 2.4 by Batty and
Robinson [4] with a different approach using half-norms.

THEOREM 2.5. Let A be a densely defined resolvent positive operator. If there
exist Ay>s(A) and ¢ >0 such that

(2.4) IR(Ao, A)fll =< |Ifl (feE.),
then A is the generator of a positive Cy-semigroup and s(A) = w(A).
Proof. Let s(A)<ws=A, Let B=A—w. Then s(B)<0. Since R(0, B) =
R(w, A) = R(A,, A), it follows from (2.4) and (1.2) that
IR, B)f||= k7 |R(Ro, A)fI|=k"c ||f]l
for all f € E, . In particular,
IAR(4, B))g|l <kc™ |R(0, B)(AR(A, B))"g]|

forallgeE,, A=0, neN. Since E=E, — E,, it follows from (2.2) that the set
{A"R(A, B)": neN,A=0} is strongly bounded and so norm-bounded. Thus by
the Hille-Yosida theorem, B=A—w generates a bounded positive G-

semigroup. Hence A is the generator of a positive C,-semigroup as well and
w(A)sw.
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RemARK. Theorem 2.5 (except the assertion concerning the spectral bound) is
due to Batty and Robinson [4] (with a different proof).

THEOREM 2.6. Suppose that the norm is additive on the positive cone, that is,
If +&ll =Ilfll +llgll for all £, g eE. (for example, E=L'(X, p)). Let A be a
densely defined operator. Then the following assertions are equivalent:

(i) A generates a positive Cy-group;

(ii) A and —A are resolvent positive and there exist A >max{s(A), s(—A)} and

¢ >0 such that

@5) IR, +A)F|=c |Ifll for ailfeE,.

Proof. Assume that A generates a positive Cy-group (T(f)),cg- Then there
exist w>0, M =1 such that ||T(—¢)||<Me* for all +=0. This implies that
IT@)f||=M'e™ ||f]| (f € E). Hence for > w(A), f € E.,

IRG, 11 =| [ e T@sad] = [ e Tl a

=M™ | eMe™ |Ifl| de= (A +w)M) T If]l

Similarly for R(A, —A) where A > w(—A). Thus (ii) holds. The converse follows
from Theorem 2.5.

ReMARK. Condition (2.5) does not hold for generators of positive Cy-groups on
every Banach lattice [4, Example 2.2.13).

ExampLE 2.7. We show by an example that condition (2.5) cannot be omitted
in Theorem 2.6.

Let B be the generator of the group (T(¢)),cg on L'(R) given by T(f)f(x) =
f(x +1¢). Then D(B)={fe AC(R): f’' e L'(R)} and

RO, B () = ¢ [ eF() dy

and
~R(-1, B)f () =R, ~B)f () = ™[ ¥ (n)dy

for A>0, feE. ForneN let

2-n+1

pu£)= @[ If )l s

and Eo= {f e L'(R): Li-1p.(f) <}. Then E, is a Banach lattice with the norm
l£llo:= lifll: + Zin=1pa(f). Of course, E, is isomorphic to L'(R, u) for a suitable
measure u. We show that R(A, B)E,c E, for all A € R\{0}. In fact, let A>0,
f € Ey. Then

PR, BN <@ [ e[ e IOl dy s

2-n+l

<IFI@" [ dx=Gr I
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Hence Y5_; p,(R(A, B)f) <. Similarly for A <0. Let A be the operator on E,
defined on D(A) = {f € E,N D(B): Bf € Ey} by Af = Bf. Then it is easy to see
that R\{0} = p(A) and R(A, A) = R(A, B) | K, for A€ R\{0}. Hence R(A, A)=0
and R(A, —A) = —R(=A, A) =0 for A > 0.

We show that D(A) is dense in E. Let fe Ey. For neN let f, =f - 1gyo, 2-n}.
Then f — f, =f - 10, 2-». Hence ||f = f,||,— 0 for n— ». Moreover, p,.(f —f,) =0
for m <n and p,,(f — f,) =p..(f) for m > n. Hence

2 Pn(f=f)= 2 pu(f)—0
m=1 m=n+1
for n—o. We have shown that Ey:={f € E,: there exists £¢>0 such that
flo, ey =0} is dense in E,. Now let f e Ey. Then there exists € >0 such that
flo, g =0. It is easy to see that there exists a sequence (f,) c AC(R) such that
frn€ L'(R), fulio.ez) =0, and ||f = £,|l,— 0 for n— . Then f, € D(A). Since || ||
and || ||, are equivalent norms on E,,:={f e L'(R): f(x)=0 for x €[0, £/2]
" a.e.} c K, it follows that lim,_,.. f, =f in E;. Finally, we show that A is not a
generator. In fact, assume that there exists a semigroup (7y(¢)),>o on Ep, which is
strongly continuous for ¢ >0, such that

R, A)f = [ e T di
0

for large A > 0. For f € E;,

RO, A)f = f “eMT()fdt.

So it follows from the uniqueness theorem for Laplace transforms, that
T()f =T(6)f (¢>0) for all f € Egy. Let t>1, n e N and f =2"1,4-n ,+2--+1;. Then
Iflo= £l =1. But To(t)f =2"1gs o, Hence |IT(0)f o> pa(To(Df) = G)"
Thus Ty(¢) is not continuous for ¢ > 1.

3. Perturbation and examples

In this section we present two kinds of perturbations which demonstrate that
there exist many natural resolvent positive operators which are not generators of
a semigroup.

THEOREM 3.1. Let A be a resolvent positive operator and B: D(A)—FE a
positive operator. If r(BR(A, A)) <1 for some A >s(A), then A + B with domain
D(A) is a resolvent positive operator and s(A+ B)<A. Moreover, if
sup{||uR(u, A)||: p=A}<ew (for example, if A is the generator of a Cy
semigroup), then also sup{||uR(u, A + B)||: p=A1} <c.

Note. By assumption, BR(A, A) is a'positive, hence bounded operator on E;
we denote by r(BR(A, A)) its spectral radius.

Proof. Let f € D(A). Then
(A—(A+B))f=(I - BR(4, A))(A - A)f.



RESOLVENT POSITIVE OPERATORS 327

Let §,:= (I - BR(A, A)) ' = L=, (BR(A, A))" = 0. Then

R(A, A)Sy(A—(A+B))f=f for all f e D(A)
d
v (A-(A+B))R(A, A)S,g=g for all‘g eE.

Hence Aep(A+B) and R(A, A+B)=R(A, A)S,=0. If u>A, then
BR(u, A)<BR(A, A) by (1.2), and so r(BR(u, A))<r(BR(A, A))<1. Hence
also pep(A+B) and R(u, A+ B)=0. Moreover, §,<S, and R(u, A)<
R(A, A) so that

!‘R(M, A+ B) = ,uR(,u, A)Su < NR(I‘, A)SA
Hence

sup{|[uR(u, A + B)||: u =2} <sup{[[uR(p, A)|| Ii]|: p=21} <
if the additional assumption is satisfied.

The following examples show that even in rather simple and natural cases
perturbations as in Theorem 3.1 may yield resolvent positive operators which are
not generators of semigroups.

ExampLE 3.2. Let a € (0, 1). Define the operator A by
Af(x) = —f'(x) + (a/x)f(x) (x€(0,1])

on the space E =Cy(0,1]:={feC[0,1]: f(0)=0} with domain D(A)=
{f € C'[0, 1]: f'(0)=f(0)=0}. Then A is resolvent positive but not a generator
of a semigroup. Moreover, s(4) = —« and sup{||uR (g, 4)|: ©=0}<1/(1 - a).

Proof. Let Aof = —f' with domain D(Ay) = D(A). Then A, is the generator of
the Cy-semigroup (7'(¢)),=o0 given by

(TOf)x) = {{)(x " Jcitiet;'wise.

Moreover, (Ag) =< and

R, Ag)f(x)=e™™ L ) e?f(y)dy (AeC,feE).

Let B: D(Ay)— E be given by Bf(x) = af (x)/x (x >0), Bf(0)=0. Let f € E and
g=R(0, A)f. Then

Beto) - |wix [ 50) ay| <l

Thus ||BR(0, Ao)|| < a <1. So Theorem 3.1 implies that A = A,+ B is resolvent
positive and s(A) <0. Moreover, for 4 =0 one has uR(u, A) = uR(u, Ao)S, <
“R(#’ AO)SO’ where Su = (I - BR(H': AO))_I' Since ||#R(ﬂ: AO)“ <1 and ”SOH =
1/(1 — @) it follows that sup{||uR(u, A)||: p=0}<1/(1- ).

It remains to show that A is not a generator. One can easily check that for all
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A€ C one has A € p(A) and

R(A, A)f(x) = e~ x f y-eeMr(y) dy

= rx"(x —t)"f(x—t)e Mdt (feE).

Suppose that there exists a semigroup (T'(¢)),>o Which is strongly continuous for
¢t >0 such that R(A, A)f = [5 e T (t)f dt for all f € E and all sufficiently large real
A. Then by the uniqueness theorem for Laplace transforms, for 0 <t <1, one
would have

x*/(x=0)*)f(x—1t) forx=t,

0 otherwise.

T () ={

This does not define a bounded operator on Cy(0, 1).

ReMARK. It follows from a result of Benyamini [5] that Cy(0, 1] is isomorphic
as a Banach space to a space C(K) (K compact). Thus Example 3.2 yields an
operator B on C(K) such that ¢(B) = and the resolvent satisfies

sup{||A""'R(4, B)*||: A=0,n e N} <o,
sup{||AR(A, B)||: A=0} <.
But B is not a generator. Of course, B is not resolvent positive by Corollary 2.3.

ExampLE 3.3. Let E =L"[0, 1], where 1<p <. Choose a € (0, (p —1)/p).
Define the operator A by

Af(x) = =f'(x) + (a/x)f(x)

with domain D(A) = {f € AC|0, 1]: f' € L?[0, 1], f(0) =0}. Then A is resolvent
positive. Moreover, s(A) <0 and sup{||AR(A, A)||: A=0} <. But A is not a
generator.

Proof. Let Agf = —f' with domain D(A,)=D(A). Then A, generates the
semigroup (Ty(¢)),so on E given by Ty(t)f(x) =f(x —¢t) for x =t and Ty(¢)f(x) =0
otherwise. Moreover, s(A4,) = —« and R(0, A¢)f(x) = [5f(y) dy. Let B: D(A)—
E be defined by Bf(x) = (a/x)f(x). Then by [7, Lemma 1], BR(0, A,) € #(E)
and ||BR(0, Ao)|| = ap/(p — 1). Hence Theorem 3.1 implies the first assertions
stated above. It remains to show that A is not a generator. It is not difficult to
check that the resolvent of A is given by

R(A, A)f(x)= x"‘e'“joxe"’y_“f(y) dy = foxx"’(x -0 F(x—t)e ¥dt (A>0).

Let Ey={f € E: there exists 6 >0 such that f(x) =0 for almost all x € [0, §)}.
Define T(t): E,—> E by T(t)=0if t=1 and

xx—=t)"%(x—1t) ifx=1,
rose =
0)f(x) 0 otherwise,
if 0<t<1. Then T(-)f is continuous from [0, ») into E and

R(, A)f = f “e= T()fdt
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for all A=0 if f € Ey. Thus if there exists a semigroup (7;(¢)),o Which is strongly
continuous for ¢ >0 and such that

RG, A)f = [ e T(0fdt (<)

for large A, it follows from the uniqueness theorem for Laplace transforms that
Ti(t)f =T(t)f for all feEy, t=0. But for te(0,1) the mapping T(t) is not
continuous (from E, with the induced norm into E). In fact, let 8> 0 such that .
1-ap <Pp<1, and for n e N, let f,(x) = 1y, 1(x)x~*. Then f, € E; and

sup{||full,: n €N} <ee.
But

T4l = J 2 (x — 1) Pf, (x — P dx

1—t

=t | fu(yY/ly*®ady
0

. 1-¢
=] y@PPdy e forn—s oo
1n
since (o + f)p > 1.

Next we consider multiplicative perturbations which will allow us to give
examples of resolvent positive operators on LP (1<p <) which are not
generators of semigroups.

ProposiTiON 3.4. Let (X, u) be a o-finite measure space and E = LP(X, u)
(1 <p <) (respectively, X locally compact and E = Cy(X)). Let A be a resolvent
positive operator. Suppose that m: X— [0, ©) is measurable (respectively,
continuous) such that m(x)>0 a.e. (respectively, m(x)>0 for all x € X) and
(1/m)f € E for all f e D(A). Let

D(A*)={geE: m-geD(A), (1/m)A(m-g)eE}
and A®g = (1/m)A(m - g). Then A*® is a resolvent positive operator and s(A¥) <
s(A).

Proof. For A>s(A) let R*(A)f = (1/m)R(A, A)(m - f) (f € E). Then R*(A) is
a positive, and hence bounded operator. It is easy to show that R¥(A)=
(A-A%"L

ExampLE 3.5. Let E=L"[0,1], 1=<sp <o, and A be given by Af =f' with
D(A)={feAC[0,1]: f' e L?[0, 1], f(1)=0}. Then A is the generator of the
semigroup (7'(¢)),=0 given by
f(x+1) ifx+t=<1,

0 ifx+t>1.

T0)f() = {
Moreover, s(A) = —« and
RO, Af )= [ e () dy (feE).

Let a € (0, 1/p) and m(x) =x* Then 1/m € L?[0, 1] and since D(A) < C[0, 1], it
follows that (1/m)f € L?[0, 1] for all f e D(A). By Proposition 3.4, the operator
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A® is resolvent positive, where
D(A®*)={f€E: m-feD(A), (1/m)A(m-f)€eE)
e A%f = (1/m)A(m - f) =x"*(x"f)' = f' + (a/x)f.
The domain D(A*®) is dense in L?[0, 1]. In fact,
D(A) N {f € L?[0, 1]: flio, ;=0 for some & >0} = D(A*).
But D(A) is dense in L?[0, 1], and it is easy to see that every
feD(A)={ge AC[0, 1]: g' € L*[0, 1], g(1) =0}

can be approximated by functions in D(A) which vanish in a neighbourhood of 0.
We show that A* is not the generator of a semigroup. In fact, assume that
there exists a semigroup (7' (t)),»o Which is strongly continuous for ¢ > 0 such that

R(, A*)f = f “eMT()fdt
0

for sufficiently large A. It is not difficult to see that

1 1-x
R(A, A®)f(x) =x“”e’\"f e Vf(y)y*dy =f e M (x + t)(x + £)¥dt.
x ()
As in Example 3.3 one shows that for 0<t<1, T(¢) is given by T(¢)f(x) =
x"¥x+t)%f(x +t) for x +¢t=<1. This does not define a bounded operator on
Le[o, 1].

Note. For p>1, R(%, A¥) is the adjoint of R(1, A) in Example 3.3 on L9(0, 1)
(with 1/p + 1/q = 1). Thus AR(A, A¥) is norm-bounded for A— . This is also the
case for p =1. In fact,

ARG, A%)|| = lIAR(R, A%)'[| = |AR(2, A%)'1].
Y
= sup{ly"‘e""f x~%*dx: y €0, 1]} =||AR)||,
0

where R(A) denotes the resolvent of the operator A on Cy(0, 1] in Example 3.2.
Hence ||AR(A, A®)||<1/(1 - @) (A=0).

ReMARK. In the literature, the first example of a resolvent positive operator
which is not a generator was given by Batty and Davies [3] on Gy(R). A similar
example on L'(R) appears in [4, Example 2.2.11]. Independently, H. P. Lotz
constructed an example by a renorming procedure similar to Example 2.7
(unpublished).

4. Positive resolvent as Laplace—-Stieltjes transform

In the sequel we continuously use the notion and properties of the Laplace—
-Stieltjes integral as given in [15, Chapter III}. It is not difficult to see that any
increasing function S on [0, ©) with values in £(F) (or E) is of bounded variation
[15, Definition 3.2.4]. Thus [5e~*dS(¢) is defined for every A€ C, b=0. Then
the improper integral [5e~*dS(t) is defined as lim,_. [5e % dS(f) in the
operator norm (cf. Proposition 5.5 below).
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THEOREM 4.1. Let A be a densely defined resolvent positive operator. There
exists a unique strongly continuous family (S(t)),=o of positive operators satisfying
S(0) =0 and S(s) <S(t) for 0<s <t such that

4.1) R(A,A)=j e dS(t) (A>s(A)).
0
The construction of A, in the following proof is due to Chernoff [10].

Proof. Uniqueness of the representation (4.1) follows from [25,7.2]. In order
to prove the existence we first assume that s(A) <0. Then for A >0 one obtains,
from the resolvent equation,

4.2) R(0, A)AR(A, A)=R(0, A) — R(A, A) <R(0, A).
Let ||f||,:=inf{]|R(0, A)g||: £f <g}. Denote by E, the completion of E with
respect to this norm. For f € E, A >0 one has
IAR(A, A)f ||, = inf{||R(0, A)g||: +AR(A, A)f <g}
<inf{||R(0, A)AR(A, A)h||: +f <h}
<inf{||R(0, A)|: £f<h} (by (4.2))

=If1l.
Thus R(A, A) has a unique continuous extension R;(A) on E; which satisfies
(4.3) AR, Q)| <1 (A>0).

It is obvious that (R,(A)),>¢ is a pseudo-resolvent. Since D(A) = R,(A)E, (1> 0),
it has a dense image, and so it is the resolvent of a densely defined operator A, on
E, [11, Theorem 2.6]. It follows from the Hille-Yosida theorem that A, is the
generator of a strongly continuous contraction semigroup (7;(t)),=o on E,. The
operator R(0, A) satisfies

(4.4) IRO, A)fl<|Ifll. (feE).

(In fact, let f € E and +f <g. Then £R(0, A)f < R(0, A)g. Hence ||R(0, A)f|| <
IR, A)gll. Thus [IR(O, A)f]| <inf{|[R(0, A)gll: £f<g}=[[fll,.) Conse-
quently, the extension R;(0) of R(0, A) onto E, maps E, into E. Moreover,
(R1(A))a=0 (A = 0 included) is a pseudo-resolvent too. Thus R,(0) = R(0, A,). This
implies that

(4.5) D(A,)=R(0, A,)E, c E.

The closure E,, of E, is a cone in E; which is invariant under R(A, A,) for A=0.
This cone is proper (in fact, let f € E,, N (—E,,); then R(0, A,)f e E, N (—E,),
whence R(0, A,)f =0, and so f =0). Thus (E,, E,,) is an ordered Banach space
and the semigroup (7(¢)),=o is positive.

Now let S(t)f = [; Ti(s)fds € D(A,) < E for feE. Then S(t) is a positive
operator on E (¢t =0). It is clear from the definition that 0= § (O) < S(s)<S() for
0<s <t Moreover, let t >0. Then for f e E,,,

A, f T.(s)f ds = Ty(0)f - f.
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Hence

[y as = RO, 407 - RO, 4)TOF <RO, A
Thus, 0
(4.6) S({E)<R(,A) (t=0).

In particular, sup{||S(¢)||: =0} <®. We now show that S(:): [0, ©)— L(E) is
strongly continuous. Let f € D(A) and g = Af. Then
ISCt +h)f = S@)f Il = IR, A)(S(e + h)g — S()g)|
<[IS(: + h)g = S(Iglli >0

for h— 0. Here we made use of (4.4). Thus §(+) is strongly continuous on a dense
subspace. Since S(-) is bounded, this implies the strong continuity on the whole

space. Since S(-) is bounded, the integral in (4.1) converges in the operator norm
for A>0. Let f € E. Then

[ e astor = [ Trdi=RG, A)f =RG, A)F

0

Thus (4.1) holds and the proof is finished in the case when s(A4) <0.

Now let s(A) be arbitrary. For w>s(A) consider the operator B=A — w.
Then s(B)<0, so by what we have proved above, there exists a strongly
continuous increasing function S,,(+): [0, ®)— Z(E), satisfying S,,(0) =0, such
that

R(u, B) = f e~ dS,.(t)
0
for u > 0. Hence
R(A,A)=R(A-w,B)= f e Mem dS, (1) =j e *ds()
0 0

for all A>w, where S(t) = [{e™ dS,(s). Clearly, S(:) is strongly continuous,
increasing and satisfies S(0) = 0. Because of the uniqueness theorem [25, 7.2], it
does not depend on w and so (4.1) holds for all A > s(A). This proves the theorem

in the general case.

ExampLE 4.5. (a) In order to illustrate the construction in the proof of
Theorem 4.1, consider the operator A* on L'[0, 1] given in Example 3.5. Then

RO, 4")() =5~ f)y"ay.
Thus , ,
I£1:= IR, 4% £l = [ = 1)l yoay e

-| llf(y)ly"fx“’dxdy

=va-a)f Foly.
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Hence E; = L'(0, 1], (1 - )™'y dy) and
T()f(x) = {x—a(x +0)%f(x+1t) ifxsl-—y,

0 otherwise,
for all fe E,, t =0.
(b) Let A be the generator of a strongly continuous positive semigroup
(T(t));=0. Then S(t)f = [§ T(s)fds for all fe E, t=0.
(c) If A is the operator in Example 3.2, then

x"jo y f(y)dy ifxst,
SOf(x)= "
¥l y f(y)dy ifx>t

(f € G0, 1], x € (0, 1], ¢=0).

5. Approach via Bernstein’s theorem

A numerical-valued function is the Laplace—Stieltjes transform of an increasing

function if and only if it is completely monotonic (by Bernstein’s theorem [25,
6.7]). Now let A be a resolvent positive operator. Then

(-1)"R™(A, A)=n! R(A, A"+ =0

for all neN, A>s(A). Thus the function R(-, A) is automatically completely
monotonic whenever it is positive. And in fact we can use Bernstein’s theorem to
prove the representation theorem (Theorem 4.1) if additional assumptions on the
space are made. On the other hand, it is not necessary to assume that A has a
dense domain.

DEFINITION 5.1. We say that E is an ideal in E" if for fe E, ge E", O0<g=<f
implies g € E.

Note. Here we identify E with a subspace of E” (via evaluation). Then
E'. NE =E, (that is, E is an ordered subspace of E").

LEMMA 5.2. Suppose that E is an ideal in E". Then the norm is order continuous
in the following sense. If (f,).en is a decreasing sequence in E., then (f,)nen
converges strongly (and lim,,_,.. f, = inf, .y f,)-

Proof. Define FeE", by F(¢)=inf,n(f., ¢) (¢ €E.). Then FeE" and
O0<F=<f{, for all neN. Hence FeE by assumption. It follows from Dini’s
theorem that lim,_.(f,, ) = (F, ¢) uniformly on US:={¢ € EL: ||¢||<1}.
Let N(f):=sup{(f, ¢): ¢ € US}. Since E, is normal, ||f||y:=N(f)+ N(-f)
defines an equivalent norm on E (see [4]). But lim,_..||f, — F||y =0.

ExampLE 5.3. A Banach lattice E is an ideal in E” if and only if the norm is
order continuous, in the sense of Lemma 5.2 (see [22, II, §5]). For example,
LP(X, u) ((X, u) a o-finite measure space and 1<p <) and ¢, have order
continuous norm, but C[0, 1] has not.
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DErFINITION 5.4. A function f: (a, ©)— E is called completely monotonic if f is
infinitely differentiable and (—1)"f*™(A)=0forall A>a, n=0,1,2,....

Let a: [0, ©)—> E, be an increasing function with values in E or £(E)
satisfying a(0) =0. We show that the Laplace—Stieltjes transform of « is a
completely monotonic function. Moreover, the abscissa of convergence does not
depend on which of the natural topologies is considered. In order to formulate
this more precisely, we say that the integral [5 e *da(f) converges weakly
(strongly, in the weak operator topology, or in the operator norm, respectively)
if lim,_,.. [§ e~* da(¢) exists in the corresponding topology.

ProposITION 5.5. Let w € R. Consider the following assertions:
(i) f5e ™ da(t) converges weakly;
(ii) for all A>w there exist M=0 and an element «(x) of E (of ¥(E),
respectively) such that ||a(t) — a()|| < Me* for all t = 0;
(iii) [§ e ¥ da(t) converges in the norm whenever Re A > w.
Then (i) implies (ii) and (ii) implies (iii). If (i) holds, then the function
A— [5 e *da(t) is completely monotonic on (w, ®). Moreover,

(5.1) f "M da(t) = f “AeMa(t)dt (ReA>max{0, w}).

Proof. It follows by standard arguments that (ii) implies (iii) (cf. [15, Theorem
6.2.1]). We show that (i) implies (ii). It suffices to consider the case when « takes
values in E (the other case is treated analogously). At first we consider the case
when w=0. Let A>w. Then for ¢ € E., t =0 one has

0<e ™(alt), ¢)<e *(a(r), ¢) +AJ:e"“(af(s), ¢)ds
= [ d(ats), 9)

sfe-“d(a(s), é).

Hence sup,.o e~ *(a(t), ¢) <. Since E}, — E, = E’, it follows that (e *a(t)).=o
is weakly bounded, and hence norm bounded. This proves (ii) in the case when
w=0. Now assume that w<0. Let B(t)= fie " a(s)ds. Then [gdp(t)=
® e~ da(s) exists weakly. Let 0 < & < —w. Then by the first case ||B(¢)|| < Me*
(t=0) for some M =0. Moreover, a(x):= [gda(t)=[5e” df(s) exists (since
(iii) holds for B and A > 0). Hence

[

< (—w)Mf e™e® ds
t

lla(e) — a()]] = [ "o dB(s)

~ep(0)+ (-w) eps) |

=Mw/(w+ 8)e™* (t=0).
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Since 6 € (0, —w) was arbitrary, this shows (ii) to hold. Furthermore, if (iii)

holds, then r(A) = J e ¥ da(t) is C* on (w, ©) and
0

(=1)'r(R)™ = f e da(t)=0 (n=0,1,2,...)
0
Finally (5.1) is proved by integrating by parts.

THEOREM 5.6. Assume that E is an ideal in E". Let f: (a,©)—E be a
completely monotonic function. Then there exists a uniquely determined normal-

ized increasing function a: (0, ©)— E such that
(5.2) f(d) =J e~ Mda(t) (A>a).
0

ReMArk. Here we call a normalized if for all ¢ € E, the function
h: t—{a(t), ¢) is normalized (that is, h(0) =0, h(t) = 3(h(t + 0) + h(t — 0)) for
t>0).

Proof. Let ¢ € E,. Then A—(f(A), ¢) is completely monotonic. So by
Bernstein’s theorem there exists a unique normalized increasing function
@y: (0, ®*)— R such that

(5.3) (s, oy =[ e Mday() (h>a).

From the uniqueness theorem [25, 7.2] it follows that &,(f) is additive and
positive homogeneous in ¢ for every ¢+=0. Thus for every t=0 there exists
a unique a,(r)e(E’), such that (¢, a(t)) =a,(r) for all peE,. Let
A > max{a, 0}. Then for every ¢ € E',,

(f(A), p)= L‘e"“ day(s)=e Ma,(t) + AL‘e‘“%(s) ds = e Ma,(t).

Consequently, a(f)<e*f(A), and our assumption on E implies that «(t) € E,.
Since the integral in (5.3) converges for every A>a and ¢ € E|,, we conclude
from Proposition 5.5 that the integral [§ e * da(t) converges in the norm for
every A > a. Finally, (5.3) implies that

(f), 9) = [ e (a0, ) = ([ e dat0), o)
for all ¢ € E,. Hence (5.2) holds.

RemARK. There are other results related to Theorem 5.6. Schaefer [20]
obtained a characterization of completely monotonic sequences with values in an
ordered locally convex space as moments of an increasing function on [0, 1]
(Hausdorff moment problem). Another vector-valued version of Bernstein’s
theorem has been obtained by Bochner [6].

THEOREM 5.7. Suppose that E is an ideal in E". Let A be a resolvent positive
operator. Then there exists a unique strongly continuous family (S(t))=o of
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operators on E such that
0=S0)<S(s)<S(t) (0ss=y)
and

(5.4) R(, A) = j "M aS(r) (A>s(A).

Proof. Uniqueness follows from [25, 7.2]. We show the existence of the
representation (5.4). Let fe E,. Then R(-, A)f is a completely monotonic
function from (s(A), ) into E. By Theorem 5.6 there exists a unique normalized
increasing function S(-, f): (0, ©)— E such that

(5.5) R, A)f = fo "M aS( ) (h>s(4)).

From the uniqueness theorem it follows that for every ¢=0 the mapping
f—S8( f) from E, into E, is additive and positive homogeneous. Since
E=E, -E,, there exists a unique linear operator S(¢f) on E such that
S(f=S(t,f) for all feE,. Since S(-)f is increasing for all feE,, S(-) is
increasing. Let u>s(A). Then it follows immediately from the definition that

R(u, A)S(-)f and S(-)R(u, A)f are also normalized for all f € E,. Moreover, for
all A>s(A),

[ "o M d(R(u, A)S()) = R(w, AYR(A, A)

=R(A, A)R(u, A) = f e Md(S(t)R(A, A)).
0
Hence it follows from the uniqueness theorem that
(5.6) S(R(u, A) = R(u, A)S(t) (¢=0).
Now let f € D(A). Then for all A > max{s(A), 0},
f Ae*fdt =f = R(A, A)(Af — Af)
0
=j Ae~MS()f dt —] AeMS(t)Af dt
0 0

- f Ve MS(1)f dt — ] PR f S(s)Af ds dt.
0 0 0
Thus

f we""(tf —S()f + fo lS(s)Afds) dt=0

o
for all A > max{0,s(A)}. Consequently, by the uniqueness theorem,
5.7 SOf=t+ jS(s)Afds (t=0).

: 0

This implies that S(-)f is continuous for all f € D(A). Now let g € E,, t>0. Then
lim,;, S(s)g =:h. and lim,, S(s)g =:h_ exist by Lemma 5.2. We have to show
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that h, =h_. Let A>s(A). Then by (5.6),
R(A, A)h., =lim,, R(3, A)S(s)g =lim,), S(s)R(A, A)g
=S()R(A, A)g (since R(4, A)g € D(A))

— limy;, S(S)R(A, A)g = R(1, A)(li?n S(s)g)

=R(A, A)h_.
Since R(A, A) is injective, it follows that h, =h_.

6. The integrated semigroup

Let A be a resolvent positive operator. We assume that there exists a strongly
continuous increasing function S: [0, ©)— L(FE) satisfying S(0) = 0 such that

©.1) R(, A) = f "M dS() (A o)

for some Ao=s(A). By the results of the two preceding sections such a
representation of R(A, A) exists when either A is densely defined or E is an ideal
in E". Note that (S(¢)),=o is uniquely determined by A, and we call (S(¢)),=o the
integrated semigroup generated by A. (Of course, this terminology is motivated by
the case when A is the generator of a strongly continuous semigroup (7(t));=o
because then S(¢) = [§ T(s) ds.)

The following proposition shows that s(A) is determined by the asymptotic
behaviour of S(¢) for t— .

ProrosiTioN 6.1. (a) If A € C satisfies Re A >s(A), then A € p(A) and

RO\, A) = J “emH ds(r)
6.2) 0

= f Ae~MS(¢) dt if in addition Re A>0.
(1]

Moreover, s(A) € o(A) (the spectrum of A) whenever s(A) > .

(b) If s(A)=0, then s(A)=inf{w >0: there exists M =0 such that ||S(t)|| <
Me" for all t = 0}.

(c) If s(A) <O, then lim,., S(t) = R(0, A) and s(A) =inf{w <O0: there exists
M =0 such that ||R(0, A) — S(t)|| < Me™" for all t =0}.

Proof. For feE,, ¢ e E, denote by s, the abscissa of convergence of the
integral [3e™*d(S(s)f, ¢). Then by [25, Chapter 5, Theorem 10.1], sy, is a
singular point of the analytic function A— [§e *d(S()f, #) (Rei>s).
Consequently, s:=sup{sp: feE,, p €E,}=<s(A). Since [[R(4, A)|=
dist (4, 0(A))™! for all Aea(A), it follows from the uniform boundedness
principle that A € p(A) whenever Re A >s(A). So (6.2) holds by Proposition 5.5.

Suppose that — <s(A) ¢ d(A). Then (s(4) — 8, ®) = p(A) for some 6 >0 and
so s <s(A)— 4. Hence (R(A, A)f, ) =0 for all feE,, ¢p€E', A>s(A)- .
This implies that R(A, A) =0 for A >s(A) — 8, which contradicts the definition of
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s(A). This finishes the proof of (a). Assertions (b) and (c) follow directly from
Proposition S.5.

RemaRrk 6.2. (a) It follows from Proposition 6.1 that s(A) is the abscissa of
convergence of the Laplace-Stieltjes transform (6.2) (no matter whether the
weak or strong operator topology or the operator norm is considered, see
Proposition 5.5).

(b) If A is the generator of a positive Cy-semigroup, then Proposition 6.1
implies that R(A, A) = [ e"™T(¢) dt, where the integral converges in the operator
norm, for all AeC such that ReA>s(A). (Here [Se ™T(t)dt is defined
strongly.) However, it may happen that s(A) < w(A) (see [14]). Thus s(A) is
determined by the asymptotic behaviour of the integrated semigroup but not of
the semigroup.

Now we establish the relations between A and the integrated semigroup. The
operators A and S(¢t) commute. In fact,

(6.4) S()R(A, A)=R(A, A)S(t) (A>s(A),t>0).

(This is proved as (5.6).) As a consequence,

(6.5) feD(A) implies S(t)f e D(A) and AS(t)f = S(H)Af (¢=0).
Given f € E, by a solution of the inhomogeneous Cauchy problem
v'()=Av(t)+f (=0),

v(0)=0,

we understand a function v € C'([0, ), E) satisfying v(t) € D(A) for all t =0 such
that (6.6) holds.

ProposITION 6.3. Let f € D(A). Then v(t) = S(t)f (t =0) defines a solution v of
(6.6). Conversely, if fe E and v is a solution of (6.6), then u(t) = S(t)f for all
t=0.

(6.6)

Proof. The proof of Theorem 5.7 shows that (5.7) holds, and consequently
S(-)f is a solution for every f € D(A).

Conversely, let f € E and assume that v is a solution of (6.6). Let t > 0. Define
w(s) =S(t —s)u(s) (s € [0, ¢]). Since v(s) € D(A) by hypothesis, it follows that

w'(s) = —AS(E —s)u(s) —v(s) + S —s)v'(s) = —v(s) + S(t — s)f.
Consequently, ,
0= w(t) - w(0) = fo (S(t - 5)f — v(s)) dbs.
Hence [{v(s) ds = [§ S(s)f ds (¢ =0). This implies that v = S(-)f.

ReMark. The inhomogeneous Cauchy problem (6.6) has a unique solution for
all feE if and only if A is the generator of a Cy-semigroup (see [9, Theorem
3.1)).

ProposITION 6.4. For all f e E, t =0 one has

jo S(s)fdseD(A) and A L S(s)fds = S()f — of
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Proof. Let A € p(A) and
v(t) = Af’S(s)R(A, A)fds +tR(A, A)f —S(t)R(A, A)f (¢=0).
b .

Then v(t) € D(A) (by (6.4)) for all ¢=0. Moreover, v(0) =0 and it follows from
Proposition 6.3 that v'(f) = S(t)f (t=0). Consequently, f§S(s)f ds =v(t) € D(A)

and

(=) [ SO)fds = =AY =2 [ seyas+q-sor
Hence A {4 S(s)f ds = S(t)f — ¢f.

ProOPOSITION 6.5. Let s, t>0. Then

©.7) S(s)S(t) = L sy dr - J:S(r) dr — L S(r) dr.
In particular, S(s)S(t)f € D(A) for all f € E and

AS(s)S(Of = S(s + Of = S(s)f — S(Of.
Moreover, S(s)S(t) = S(£)S(s).

Proof. Let s >0, fe E. For t=0 let

v(t) = fo S(r)f dr — fo S(r)fdr — fo S(r)f dr.
Then by Proposition 6.4, v(t) e D(A) and

Av(t) = S(s +0)f = S(s)f = S(O)f =v'(6) = S(s)f.
Since v(0) = 0, it follows from Proposition 6.3 that v(t) = S(¢)S(s)f (¢ =0).

The functional equation (6.7) corresponds to the semigroup property. In fact,
assume that (T(t))»o is a strongly continuous family of operators such that
S(t):= [ T(r) dr exists strongly. Then (S(t))»o satisfies (6.7) if and only if
T(s +1¢t)=T(s)T(¢) for all s, ¢ > 0. This leads us to the following definition.

DEFINITION 6.6. A strongly continuous family (S(¢)),=o in Z(E) is called
integrated semigroup if S(0)=0 and (6.7) holds for all s,¢>0. Moreover,
(8(2));=0 is called non-degenerate if for all 0# f € E there exists £ >0 such that
S()f #0.

Note that the integrated semigroup generated by a resolvent positive operator
is non-degenerate and increasing. Next we show that conversely, every non-
degenerate, increasing integrated semigroup is generated by a resolvent positive
operator.

The following result is due to H. Engler (oral communication) after a special
case had been proved by the author.

PROPOSITION 6.7. Let (S(t)),=o be an increasing integrated semigroup. Then there
exist M =0 and w € R such that ||S(t)|| < Me™ for all t =0.
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Proof. For all t=0 we have
t+2 t 2
f S(r)dr = f S(r)dr + f S(r) dr + SQ)S().
0 0 0
Hence
t+2 2
S+1)< f S(r)dr = f S(r) dr + SQ)S().
t 0
Consequently, there exists g >1 such that ||S(t+1)||<q(+(IS®)|) (¢=0).
Hence, ||S(n)||<q+¢*+...+q"<Nq" (neN) for N:=q/(qg—1). Let w:=

log g and M := kNe" (where k is given by (1.2)). Then for t =0 there exist n € N
and s € [0, 1) such that t =n + 5. Thus

ISOI <k ||S(r + 1)|| <kNg"** = kNe®e™ < Me™.

THEOREM 6.8. Let (S(t)).=0 be a non-degenerate, increasing integrated semi-
group. Then there exists a unique resolvent positive operator A such that
R(A, A) = 5 e~ dS(t) (A>s(A)). Moreover, A is given by D(A) = {f € E: there
exists a (necessarily unique) g € E such that S(t)f =t + [§ S(r)g dr for all ¢t =0}
and Af =g.

Proof. By Proposition 6.7 there exist M =0, w=0 such that ||S(¢)|| < Me™
(t=0). Let

R(A) = fc““ as@) = J:o/\e_“S(t) dr (A>w).

Define A as above. We show that (w, ®) c p(4) and R(A, A)=R(A) for all
A>w. Let f €e D(A). Then (d/dt)S(t)f =f + S(t)Af (t =0); hence

ROA)(A— A)f = L “R2eMS(e)f dt fo “AeMS(D)Af dt
= J:Ae‘“d%S(t)fdt - J:Ae‘“S(t)Afdt
- j “Ae=M(S(OAF +f) dt - j A MS(OAfdE=F (> w).

Conversely, let A>w, h € E. We claim that R(A)h € D(A) and (A — A)R(A)h =h.
For t =0 we have

‘%S(t)R(A)h - L “ren dit (S()S(s)h) ds
- j AR (S(t+5) = S(O)hds (by (6.7))
= f °°2Le"~‘5(: +s)hds —S(t)h

= fmzle‘“(S(t +5)—S8(s))hds + R(A)h — S(t)h
o
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- f e f (S(t+r) = S()h dr ds + ROk — S(O)h
0 0

= f “32e-RS()S(s)h ds + R(Yh - SOk (by (6.7))
0

= S(t)(AR(A)h — h) + R(A)h.
By the definition of A this implies that R(A)h € D(A) and AR(A)h = AR(A)h — h.
We conclude this section by studying differentiability of the integrated
semigroup in 0. Let (S(¢))=o be a non-degenerate increasing integrated semi-

group with generator A. It follows from Proposition 6.3 that (d/dt)|,—o S(t)f =f
for all f € D(A); that is,

(6.8) lig)l(llt)S(t)f =f (feD(A)).
ProPOSITION 6.9. The following assertions are equivalent:
(i) supo<i<1 t™" ||| <oo;

(i) limsup,—« ||[AR(A, A)|| <.
Moreover, (i) holds and D(A) is dense if and only if

1
6.9) lilm " S@)f=f forallfeE.
t]0
Proof. Let w e R. Then Condition (i) as well as Condition (ii) holds for A if
and only if it holds for A —w (observe that the integrated semigroup (S,,(¢)).>0
generated by A — w is given by
t t
S.(t) = j e " dS(s)=e""S(t) + wj e~"S(s) ds).
0 0

Thus we can assume that s(A) <O0.
Assume that (i) holds. Then M := supp<,<.(1/t) ||S(¢)|| <. Hence

AR, A)|| =

Ilze_“S(t)dt“Sj Ae=(1/0) |IS@)|| dtij MVteTMdt=M
0 0 0

for all A>0. Conversely, assume that sup; -, || AR(A, A)|| <. Let t>0. Choose
A=t"1. Then

1 1 t 1 !
Os;S(t) = de(s) = elf e 1 dS(s) Sekfe“‘ dS(s) <eAR(A, A).
0 0 0

This implies that sup,, t* ||S(¢)|| < ®. Moreover, by Proposition 6.5, S(t)S(s)f €
D(A) for all f € E and lim, o t7'S(¢)S(s)f = S(s)f. Hence (6.9) implies that D(A)
is dense. The converse follows from (6.8).

ReMark. The argument in the proof is due to G. Greiner (in the context of
positive semigroups, cf. [17, C-III, Definition 2.8]).

ExampLE 6.10. (a) The operators given in Examples 3.2, 3.3, and 3.5 satisfy
the equivalent conditions of Proposition 6.9. Moreover, they all are densely
defined.
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(b) Consider the operator —A, where A is defined as in Example 2.7 on
Eyc L'(R). Let (5(t)),=0 be the integrated semigroup generated by —A. Then

SO = [fx=s)ds = [ f»)ay.

We show that lim,_o¢™"||S(t)|[==. Let t,=2"" and f, =2"1(_;-»¢. Then
[I£llo= llfull1 = 1. Moreover,

0 forx<-27",
_ )2 +1 for -27"<x =<0,
St f)x)= 1-2"x forO0<x<27",
0 for 27" <x.

Hence

PaeS@I) = 7| S e =@y
Hence,

(1/6)SE)N = £ pra(S(E)) =3B)™ > for n—> e,

7. The homogeneous Cauchy problem

Let A be an operator on E and f € D(A). By a solution of the homogeneous

Cauchy problem
(7.1) u'(t)=Au(t) (t=0),
u(0) =1,

we understand a function u € C'([0, »), E) satisfying u(t) € D(A) for all t =0 such
that (7.1) holds.

THEOREM 7.1. Assume that A is resolvent positive and either D(A) is dense or E
is an ideal in E" (see § 5). For every f € D(A?) there exists a unique solution of the
Cauchy problem (7.1). Furthermore, denote by (S(t)),=¢ the integrated semigroup
generated by A. Then u(t) =S(t)Af +f for all t=0. Moreover, if f=0, then
u(t)=0 for all t =0.

The solutions of (7.1) depend continuously on the initial values in the following
sense: let f, € D(A?) such that lim,_,.. f, =f in the graph norm. Denote by u,, the
solution of (7.1) for the initial value f,. Then u,(t) converges to u(t) in the norm
uniformly on bounded intervals.

Proof. Uniqueness follows from Proposition 6.3. In order to prove existence
we assume that s(A) <0 (otherwise one considers A — w instead of A for some
w >s(A)). Denote by (S(#))so the integrated semigroup generated by A. Let
f € D(A? and define u(t) = S(¢)Af + f (¢=0). Then by Proposition 6.3, u'(t) =
AS()Af + Af = Au(t) (t=0). Thus u is the solution of (7.1). Now let f, € D(A?)
such that lim,_... f, = f in the graph norm. Let u,(t) = S(t)Af, + f.. Since ($(¢)),=0
is strongly continuous, it follows that u,(f) converges in the norm to u(¢)
uniformly on bounded intervals. Finally, assume that 0<f e D(A). Then using
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(6.5) and Proposition 6.3 one obtains
u())=S(AF +1=ASWf +1 =5 (SO
Hence u(t) =0, since S(-) is increasing.

ReMARks 7.2. (a) If D(A) is dense, then D(A?) is also dense. In fact, let
A€ p(A); then
E=D(A)" =(R(1, A)E)” = (R(A, A)D(A)")” c (R(A, A)D(A))"
=((R(*, A)’E)” =D(A%)".

(b) In general, there does not exist a continuously differentiable solution of
(7.1) for every initial value in D(A). In fact, if D(A) is dense, this would imply
that A is the generator of a Cy-semigroup (see [13, II, Theorem 1.2]).

(c) The continuous dependence of the solutions on the initial values is no
longer guaranteed if in Theorem 7.1 one replaces the graph norm by the norm. In
fact, if D(A) is dense, this implies that for every ¢ =0, the operator To(t) given by
To(t)f = S()Af + f (from D(A?) into E) has a continuous extension T'(f) on E. It
is not difficult to see that then (7(t)),s0 is a Cy-semigroup whose generator is A.

(d) Under the hypothesis of Theorem 7.1 the number s(A) determines the
asymptotic behaviour of the solutions of (7.1). In fact, suppose that s(A)<0.
Then by Proposition 6.1, ||S(t) — R(0, A)|| < Me™* (¢t =0) for some 6 >0. Hence

lu@ll = IS()AS + £l = IS()ASf — R(0, A)Af|| < Me™* ||Af|| (£=0).

Thus the solutions tend to 0 for t— . (See [17, C-IV, §1] for this and related
results in the context of positive Cy-semigroups.)

Next we prove a converse of Theorem 7.1.

THEOREM 7.3. Let A be densely defined such that p(A) . Assume that the
following conditions hold:
(a) for every f € D(A?) the Cauchy problem (1.1) has a unique solution u, and
u(t) =0 for all t =0 whenever f =0;
(b) D(A) NE, is dense in E,.
Then A is resolvent positive.

ReMARrks. 1. By Theorem 7.1 Condition (a) is also necessary. We do not know
whether every densely defined resolvent positive operator A satisfies (b). It is
certainly the case if in addition lim sup; ... [|AR(4, A)|| < <.

2. If A is a resolvent operator such that D(A)., is dense in E,, then (b) holds
as well since lim;_,. AR(A, A)f = f for all f € D(A).

We first prove a lemma.

LemMA 7.4. Let A be an operator satisfying p(A) # . The following assertions
are equivalent:
(i) for every fe D(A?) there exists a unique solution of the homogeneous
problem (7.1);
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(ii) for every g € D(A) there exists a unique v € C'([0, ®), E) satisfying v(0) = 0
and v(t) € D(A) for all t =0 such that v'(t) = Av(t) + g (t=0).

Proof. Let AeC. If u is as in (i), then u,(f)=e ™u(f) defines a function
satisfying u;(t) = (A — A)u,(#), u,(0) =£. If v is a function as in (ii), then

vi(t) =eMu(t) + A j e (s) ds

defines a function satisfying vi(t) = (A — A)v,(t) + g, v,(0)=g. Thus A satisfies
(i) or (i), respectively, if and only if A — A satisfies (i) or (ii), respectively. Since
p(A)#, we can assume that 0 € p(A) (considering A — A if necessary). Let
g € D(A) and u e C'([0, »), E) such that u(t) e D(A) (t=0). Let v(t) =u(t) -
A7'g. Then u'(t) = Au(t) (t=0) and u(0) = A~ 'g if and only if v'(t) = Av(t) + g
(t=0) and v(0) = 0. This proves the claim.

Proof of Theorem 7.3. By Lemma 7.4 the assumptions of the theorem imply
that for every fe D(A) there exists a unique solution v(-,f) of the in-
homogeneous problem (6.6). Let E; denote the Banach space D(A) endowed
with the graph norm || ||4. For f € E, let S;(¢)f = v(t, f); then the uniqueness of
the solutions of (6.6) implies that S;(¢): E;— E, is linear for every t=0.
Moreover the mapping S;(-)f from [0, ») into E, is continuous for every f € E,.
We show that §)(¢) is a bounded operator for every ¢ =0.

Consider the Fréchet space C([0, ), E;) of all continuous E;-valued functions
on [0, «) topologized by the family (p,).en given by p,(f) = supo<i<n || f(¢)]|4- Let
W. E,— C([0, »), E,) be defined by Wf = S,(-)f. Then W is linear. We show that
W is closed. Then it follows that W and so also S,(¢) is continuous (¢ = 0).

Let lim,_,. f, =f in E, and suppose that lim,_,. Wf, =v in C([0, ), E;). Then
lim,,_,» $,(t)f, = v(¢) and lim,_,, AS;(¢)f, = Av(¢) in the norm of E uniformly on
compact intervals. Since

SO =4+ [ “AS()f, ds,

it follows that v(¢) = + [§ Av(s) ds for all t=0. From the uniqueness of the
solutions of (6.6) (by Lemma 7.4) it follows that v(t) =v(z, f) = S,(t)f. Hence
v=Wf.

Next we show that (S)(¢)),-o satisfies the functional equation (6.7). Let
fekE,s>0. Fort>0 let

w(t) = f s (fdr - j S\(r)fdr - j 's.(r)f dr.
Then w(0) =0 and

w'(8) = Si(t +9)f = $i(0)f = Aw(t) + S,(5)f.

Hence w(t) = S,(¢)S,(s)f (t+=0) by the uniqueness of the solutions of (6.6). We
have shown that (8,(f)),=0 is an integrated semigroup on E,. It follows from the
definition that it is non-degenerate. Now we define the integrated semigroup
(5(2));=0 on E by the similarity transformation S(¢) = (u — A)S,(¢!)R(u, A) where
u € p(A) is fixed (observe that (u — A) is an isomorphism from E, onto E).
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We claim that S(¢)f = S,(¢)f for fe D(A), t=0. Let fe D(A) and w(t)=
R(u, A)vu(t, f). Then
w(0)=0, w'(t)=R(u, A)AV(t, f) + R(u, A)f = Aw(t) + R(u, A)f.
Hence w(t) = v(t, R(u, A)f); that is,

S()f = (4~ A(t, R(w, AY) =v(t, f) (=0).

This proves the claim. As a consequence, R(u, A)S(t)f = S(¢t)R(u, A)f whenever

f € E. This in turn implies that S(t)f € D(A) and AS(t)f = S(¢t)Af for all f € D(A).
We show that (8(t)).=. is increasing. Let f e D(A?) N E,. By hypothesis there

exists a positive solution u of (7.1). Let v(t) = [, u(s) ds. Then v(0) =0 and

v'(6) = u(f) = fo ‘Au(s)ds + f = Av(t) + 1.

Thus v(t) =S(t)f (1=0). Consequently S(s)f =v(s)<v(t)=S(t)f whenever
0<s<t feD(AY)NE,. Since D(A>)NE, is dense in E,, this implies that
(8(t)):=0 is increasing. Denote by B the generator of (S(¢)).=o. It remains to show
that B =A. If f € D(A), then

S()f = fo S()Afdr+of (¢=0).

;I;nce feD(B) and Bf = Af by the definition of B. Conversely, let f € D(B).
en
SOf = [SOBfar+ (¢>0)
Hence ’
S()R(u, A)Bf + R(u, A)f = (d/dt)(S()R(u, A)f)
=AS(O)R(u, A)f + R(u, A)f
=S(OAR(u, A)f + R(u, A)f (1=0).

Since (S(¢)).=o is non-degenerate, this implies that R(u, A)Bf AR(u, A)f =
uR(u, A)f — f. Hence f € D(A) and Bf = Af.

8. The inhomogeneous Cauchy problem

Let A be a resolvent positive operator. We assume that A has a dense domain
or that E is an ideal in E” (see §5). Let F: [0, ©)— E be a continuous function.
Given f € E, we consider the inhomogeneous Cauchy problem
6.1) u'(ty=Au(t)y+ F(t) (t=0),

u(0) =f.
By a solution of (8.1) we understand a function u e C'([0, ®), E) satisfying
u(t) € D(A) for all ¢ = 0 such that (8.1) holds.

THEOREM 8.1. Assume that F € C¥([0, »), E). If f € D(A) such that Af + F(0) €
D(A), then the inhomogeneous problem (8.1) has a unique solution.
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Proof. Denote by (S(¢)),=o the integrated semigroup generated by A. Asssume
that u is a solution of (8.1). For se[0,¢] let v(s)=S(¢t—s)u(s). Then by
Proposition 6.3,

v'(s) = —AS(t — s)u(s) — u(s) + S(t — s)u'(s) = —u(s) + S(t — s)F(s).
It follows that

—S(t)f =v(t) - v(0) = — fo u(s)ds + fo 'S(t— $)F(s) ds.

Hence
f u(s) ds = S(O)f + f S(s)F(t — s) ds.
0 0
Differentiating and using Proposition 6.3 one obtains
t
(8.2) u(t) = S(E)(Af + F(0)) + f + f SG)F'(t—s)ds (t=0).
0

This shows uniqueness. In order to prove existence define u by (8.2). Then
u € C'([0, ), E) and

u'(t) = AS(t)(Af + F(0)) + Af + F(0) + S(t)F'(0) + j lS(s)F”(t ~5)ds.

Let us show that u(t) e D(A). We have S(¢)(Af + F(0)) +f e D(A) by (6.5).
Moreover,

fo rS(s)F’(t ~5)ds= fo tS(s)F’(O) ds + fo 'S(s) fo HF"(r) dr ds

- [ S(s)F'(0) ds + f (7 s(s)F(r) dis d.

0 J0

It follows from Proposition 6.4 that this term is in D(A) and

A f 'S(5)F'(t —5) ds = S()F"(0) — tF"(0) + f (S(t = 1)F'(r) = (¢ = FYF"(r)) dr
= S(1)F'(0) — tF'(0) + j SVt - ) dr + tF'(0) - f ) dr

=S()F'(0) + fo SOVt ) dr — F(t) + F(0).
Hence u(t) e D(A) and
Au(t) = AS(t)(Af + F(0)) + Af + S()F'(0) + fo 'S(r)F"(t —r)dr — F(t) + F(0)
=u'(t) - F(t).
Hence (8.1) holds.

9. A characterization of resolvent positive
operators by Kato’s inequality

Up to this point we assumed that a resolvent positive operator was given. Now
we find conditions on A which imply that A is resolvent positive.
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Throughout this section we assume that E is a Banach lattice with order
continuous norm and that there exists a strictly positive linear form ¢ on E. Then
IIflls := (|fl, @) defines a norm on E. We denote by (E, ¢) the completion of E
with respect to this norm. Then (E, ¢) is an AL-space (and is isomorphic to a
space of type L' [22, I1.8.5]). Moreover, E is an ideal in (E, ¢); that is, if
f, g€ (E, ¢), |g|<f, and f € E, then also g € E (see [22, 1V.9.3]). For example,
let E=L7(X,u) (1<p<wx), where (X, u) is a o-finite measure space. Let
¢ e LY(X, u) (where (1/p)+(1/q)=1) and ¢(x)>0 pu-a.e. Then (E, ¢)=
L'(X, ¢u).

For f € E we denote by sign f the unique operator on E satisfying (sign f)f =
|f1, I(signf)gl <8l (g € E), (signf)g =0if |f| A [g] =0 (see [17, C-I, §8]).

THEOREM 9.1. A densely defined operator A on E is resolvent positive if and
only if the following assertions hold:
(K) there exist a strictly positive ¢ € D(A') and Ao € R such that A'¢ < Ay¢p and

((signf)Af, @) <(If|, A’¢) (feD(A)) (Kato’s inequality);

(R) (uo—A)D(A) =E for some u,> A, (range condition). Moreover, in that
case, A is closable in (E, ¢) and its closure is the generator of a positive
Co-semigroup on (E, ¢).

RemMarks. (a) Condition (K) involves an abstract version of Kato’s inequality.
See [17, Chapter A-II] and [1] for further information and the relation to the
classical inequality.

(b) In some aspects the theorem is similar to the Lumer—Phillips theorem [11,
Theorem 2.24]. The condition that A is dissipative is replaced by Kato’s
inequality and the existence of a strictly positive subeigenvector of A’. In contrast
to dissipativity, this condition is satisfied by A if and only if it holds for A +w
(w e R).

Proof. Assume that the conditions of the theorem hold. Considering (A — A,)
instead of A we can assume that A;=0. Let N(f)= (f*, ¢) for all fe E. The
function N is the restriction to E of the canonical half-norm (see [2]) on (E, ¢).
By [1, Proposition 2.4] it follows from Kato’s inequality that A is N-dissipative
[2]. Since D(A) is dense in E, it is also dense in (E, ¢). Thus it follows from [2,
Theorem 2.4] that A is closable in (E, ¢) and the closure A, of A is N-dissipative.
Since E = (uo— A)D(A) < (uo— A,)D(A,), 1o— A, also has dense range. So it
follows from [2, Remark 4.2] (see also [19]) that A, generates an N-contraction
semigroup, that is, a positive contraction semigroup on (E, ¢). In particular, A,
is resolvent positive and s(A;)<0. It follows from (R) that u,€ p(A) and
R(uo, A) = R(io, Ay)|e. Moreover,

(9.1) Af=Af and D(A)={feD(A,)NE: AfeE)}.

Let u = po. Then for fe E,., R(u, A,)f <R(uo, A,)f € E. Since E is an ideal in
(E, ¢), it follows that R(u, A,)E cE for all u=yu,. This together with (9.1)
implies that pep(A) and R(u, A)=R(u, A))|g for all u=pu, Thus A is
resolvent positive and s(A) < u,.

Conversely, let A be resolvent positive. We may assume that s(A) <0. Then it
can be seen from the proof of [1, Proposition 1.5] that there exists a strictly
positive ¢ € D(A’) such that A’¢ <0. Consider the canonical half-norm N on
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(E, ¢). Then
N(R(4, A)f) = ((AR(A, A))*, ) < (AR(A, A)f*, )
= (AR, A)f " +f*, ¢)
=(R(4, A)f+» A,¢> +{f*, ¢)
<(f*, ¢) =N(f)

for all fe E, A>0. Hence A is N-dissipative. Since (1 — A)D(A) =E is dense in
(E, ¢), it follows from [2, Remark 4.2] that A is closable in (E, ¢) and its closure
generates a positive semigroup on (E, ¢). Hence (K) follows from [1, Proposition
1.1] (observe that for f, g € E, by the uniqueness of the signum operator the
vector (signf)g is the same no matter whether (signf) is considered as an
operator on E or (E, ¢)).

Remark 9.2. If A is a densely defined resolvent positive operator such that
lim sup; . ||AR(A, A)|| <, then

((sign )AL, w) < (If], A'p)

holds for all fe D(A), y € D(A'),. This can be proved in the same way as [1,
Proposition 1.1] if T(¢) is replaced by (1 —tA)™! (¢ >0 small), because

Af _4 (1—1tA)"!f for all f e D(A).
dt t=0

References

1. W. AReNDT, ‘Kato’s inequality. A characterization of generators of positive semigroups’, Proc.
Roy. Irish Acad. 84 (1984) 155-174.
2. W. AReNDT, P. CHERNOFF, and T. KATO, ‘A generalization of dissipativity and positive
semigroups’, J. Operator Theory 8 (1982) 167-180.
3. C. J. K. BATTY and E. B. DAVIES, ‘Positive semigroups and resolvents’, J. Operator Theory 10
(1983) 357-364.
4. C. J. K. BarrYy and D. W. ROBINSON, ‘Positive one-parameter semigroups on ordered Banach
space’, Acta Appl. Math. 2 (1984) 221-296.
5. Y. BENYAMINI, ‘Separable G spaces are isomorphic to C(K) spaces’, Israel J. Math. 14 (1973)
287-296.
6. S. BOCHNER, ‘Completely monotone functions in partially ordered spaces’, Duke Math. J. 9
(1942) 519-526.
7. D. W. BoYD, ‘The spectrum of the Cesaro operator’, Acta Sci. Math. 29 (1968) 31-34.
8. O. BRATTELI, T. DIGERNES, and D. W. ROBINSON, ‘Positive semigroups on ordered Banach
spaces’, J. Operator Theory 9 (1983) 371-400.
9. J. A. vAN CASTEREN, Generators of strongly continuous semigroups (Pitman, Boston, 1985).
10. P. R. CHERNOFF, unpublished note, Berkeley, 1981.
1. E. B. DAVIES, One-parameter semigroups (Academic Press, London, 1980).
12. W. DEscH, ‘Perturbations of positive semigroups in AL-spaces’, preprint, Graz, 1985.
13. J. A. GOLDSTEIN, Semigroups of linear operators and applications (Oxford University Press, New
York, 1985).
14. G. GREINER, J. VoIGT, and M. WOLFF, ‘On the spectral bound of the generator of semigroups of
positive operators’, J. Operator Theory 5 (1981) 245-256.
15. E. HiLLE and R. S. PHiLLIPS, Functional analysis and semi-groups (American Mathematical
Society, Providence, Rhode Island, 1957).
16. T. KaTo, ‘Superconvexity of the spectral radius, and convexity of the spectral bound and type’,
Math Z. 180 (1982) 265-273.
17. R. NAGEL (ed.), One parameter semigroups of positive operators, Lecture Notes in Mathematics
1184 (Springer, Berlin, 1986).
18. R. D. NussBAaUM, ‘Positive operators and elliptic eigenvalue problems’, Math. Z. 186 (1984)
247-264.



RESOLVENT POSITIVE OPERATORS 349

19. D. W. ROBINSON, ‘Continuous semigroups on ordered Banach spaces’, J. Funct. Anal. 51 (1983)
268-284.

20. H. H. SCHAEFER, ‘A generalized moment problem’, Math. Ann. 146 (1962) 326-330.

21. H. H. SCHAEFER, Topological vector spaces (Springer, Berlin, 1971).

22, H. H. SCHAEFER, Banach lattices and positive operators (Springer, Berlin, 1974).

23. J. VoicT, ‘On the abscissa of convergence for Laplace transform of vector valued measures’,
Arch. Math. 39 (1982) 455-462.

24, D. V. WIDDER, The Laplace transform (Princeton University Press, 1946).

25. D. V. WIDDER, An introduction to transform theory (Academic Press, New York, 1971).

26. M. WoLFF, ‘A remark on the spectral bound of the generator of a semigroup of positive operators
with application to stability theory’, Functional analysis and approximation, proceedings of a
conference at Oberwolfach, 1980, International Series of Numerical Mathematics 60
(Birkhduser, Basel, 1981).

Mathematisches Institut der Universitdt
Auf der Morgenstelle 10
D-7400 Tiibingen 1
West Germany



