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ABSTRACT
Linear differential equations in Banach spaces are systematically treated with
the help of Laplace transforms. The central tool is an “integrated version” of
Widder’s theorem (characterizing Laplace transforms of bounded functions).
It holds in any Banach space (whereas the vector-valued version of Widder’s
theorem itself holds if and only if the Banach space has the Radon-Nikodym
property). The Hille-Yosida theorem and other generation theorems are
immediate consequences. The method presented here can be applied to
operators whose domains are not dense.

Introduction

The theory of linear differential equations in Banach spaces and one-
parameter semigroups of operators has been stimulated to a large extent by the
theory of Laplace transforms. In 1934 Widder [27] had proved the following
characterization of Laplace transforms of real-valued bounded functions.

Let r € C*(0, o). There exists f€ L=(0, co0) such that

1) = fo Tedt (4> 0)
if and only if
sup{[A"*'r"(A)/n!}: A >0, n EN} < c0.
The Hille-Yosida theorem can be reformulated by saying that Widder’s

theorem holds for the resolvent of a densely defined operator (cf. Section 2).
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However, Hille’s as well as Yosida’s proof are of operator theoretical nature
and make no use of Widder’s theorem.

In the present paper we investigate vector-valued versions of Widder’s
theorem and their applications to linear differential equations in Banach
spaces.

We show that the canonical extension of Widder’s theorem to Banach space
valued functions holds if and only if the Banach space has the Radon-
Nikodym property. However, an “integrated version” of Widder’s theorem
always holds (Theorem 1.1). This theorem turns out to be extremely useful to
treat linear differential equations.

In fact, an operator A4 is the generator of a Cy-semigroup if and only if
A —A)~' is the Laplace transform of a strongly continuous function
T: [0, o) — Z(E) (which then is the semigroup generated by A4). Thus, the
Hille-Yosida theorem can be obtained as an immediate consequence of the
integrated version of Widder’s theorem (see Section 4).

More generally, for each n €N U {0} we consider the class of operators 4 for
which (A — 4) ~'/A" is a Laplace transform. An operator belonging to this class
is called generator of an n-times integrated semigroup. The Cauchy problem
associated with such an operator admits a unique solution for each initial
value in D(4").

Once integrated semigroups had been introduced in [1] in the context of
resolvent positive operators, Neubrander [21] investigated n-times integrated
semigroups and obtained a characterization of their generators in the case
when the domain is dense.

In the present paper we obtain this generation theorem as an immediate
consequence of the integrated version of Widder’s theorem. It is remarkable
that by our approach one also obtains generation theorems for not densely
defined operators (this seems to be new even if n = 0; i.e., when the norm
condition for the resovent is just the Hille-Yosida condition).

There are many examples of generators of »n-times integrated semigroups.

Every resolvent positive operator generates a twice integrated semigroup
and a once integrated semigroup if in addition its domain is dense.

Among the densely defined operators the class of all operators which
generate an n-times integrated semigroup for some n €N U {0} coincides with
the class of all generators of exponential distribution semigroups in the sense
of Lions [16]. But our approach seems to be technically simpler and allows a
more detailed analysis (classifying the Cauchy problem by the parameter
n €N U {0}). An approach due to Sova [26] is closely related: he characterizes
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this class of operators by a notion of well-posedness of the Cauchy problem
where the nth primitives of the solutions depend continuously on the initial
data.

Finally, we come back to the starting point, the Hille-Yosida theorem. It can
now be seen as a special case of the integrated version of Widder’s theorem. In
addition, the role of the density of the domain is clarified. It is related to the
structure of the Banach space in the following way. Suppose that a linear
operator A satisfies the Hille-Yosida condition

JAG -4 51 @3>0

(but is not densely defined, a priori). Then A is the generator of a once
integrated semigroup, but not of a semigroup in general. However, if the
Banach space has the Radon-Nikodym property, then A4 generates a contrac-
tion semigroup (7°(1)),-, which is strongly continuous for ¢ >0 (but not a
Cy-semigroup in general). Finally, if E is reflexive, then A has dense demain
and thus generates a Cy-semigroup.

1. The vector-valued version of Widder’s theorem

Let G be a Banach space and f: [0, o0) — G be a measurable function. If
| /() ]| =Me" (t =z 0)forsomewER, M = 0, then the Laplace transform of
is given by

(1.1) r(A)= fw e “f(dt (A>w),
0

where the integral is understood in the sense of Bochner. Widder’s classical
theorem [28, 6.8] and [27] characterizes those real-valued functions which are
Laplace transforms of bounded functions. On arbitrary Banach spaces the
following “integrated version of Widder’s theorem™ holds.

THEOREM 1.1. Let r: (0, o0)— G be a function. Let M = 0. The following
assertions are equivalent.
(i) r is infinitely differentiable and

sup{ | A"*'rA)n! | :A>0,n=0,1,...} =M.
(i1) There exists a function F: [0,00)— G satisfying
F(0)=0 and |Ft+h)—F@)|| =Mh (=0,hz20)

such that
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(1.1 r(l)=f0x Je="F()dt (4> 0.

PrROOF. Assume that (i) holds. Let x’€ G’. By Widder’s classical theorem
(see [28, 6.8] and [27]) there exists f(.,x")EL*[0, ©) satisfying
I/C.,x) |« =M || x| such that

(rA), x') = fo Te M, xNdt (> 0),

Define F(.,x’):[0, c)— G by F(t, x’)= f§ f(r, x)dr. Integrating by parts
one obtains

(FA), x') = fo “leF(xdt (4> 0)

Since F(., x’) is continuous, by the uniqueness theorem for Laplace trans-
forms [28, 5.7 Corollary 7.2] one obtains that F(¢, x’) is linear in x’€G’.
Moreover,

\F(t+h,x)—F(t,x)| =M || x|k (h=0,t20,x'EG).

Consequently, for every ¢ = 0 there exists F(¢)EG” such that F(t, x") =
(F(),x’) forall x’€G’.

Assertion (ii) will be proved if we show that F(¢) € G (we identify G with a
closed subspace of G” via evaluation). Denote by ¢: G” — G”/G the quotient
mapping. Since r(1)E G we have

0= q(r(A)/A) = fo “e-Mg(F()dt (2> 0).

It follows from the uniqueness theorem for Laplace transforms that g(F{¢)) =
0;ie., F(t)eGforallt = 0.
The converse implication is proved as easily as in the numerical case. O

By the same proof one obtains the following more general result:

COROLLARY 1.2. Leta =0andr:(a, ©)— G bean infinitely differentiable
function. For M = 0, w €( — w0, a] the following assertions are equivalent.

Q@ [ —w)+trQ)n! | =M, i>a,n=0,1,2,... .

(ii) There exists a function F: [0, c0) = G satisfying F(0) = 0 and

limsup (I/h) || F(t + h)— F@t) || =Me* (12 0)
k10
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such that
(12) = [ e rFd G>a)
0
Moreover, r has an analytic extension to {A €C: Re A > w} which is given by
(1.2) if Re A >0.

DEFINITION 1.3. Let G be a Banach space. We say, Widder’s theorem holds
in G, if every r € C*([0, ), G) satisfying

sup{ | A"+1r™A)n! || :A>0,n=0,1,2,...} <

can be represented in the form
rA) = f " e=uf(t)dt (A>0) where fEL=([0, o), G).
0

Here L*([0, o), G) denotes the Banach space of all classes of measurable
functions f: [0, o) — G satisfying || f ||, := sup,zo || f(?) || <.

Now we want to characterize those Banach spaces G in which Widder’s
theorem holds. The fact that G = R belongs to this class is Widder’s classical
theorem.

THEOREM 1.4. A Banach space G has the Radon-Nikodym property if and
only if Widder’s theorem holds.

The Radon-Nikodym property has been investigated extensively, and the
results are well documented in the treatise by Diestel-Uhl [6] to which we refer
for further information. Every reflexive space and every separable dual space
has the Radon-Nikodym property. The spaces C[0, 1], L'[0, 1] and ¢, do not
possess the Radon-Nikodym property.

REMARK. Miyadera [18] proved that Widder’s theorem holds in reflexive
spaces; he showed by an example that it does not hold in £(C[0, «o}).

Our proof of Theorem 1.4 is based on the following characterization of the
Radon-Nikodym property, which is of proper interest.

THEOREM 1.5. A Banach space G has the Radon-Nikodym property if and
only if every Lipschitz continuous map f- [0, 11— G is differentiable a.e.

Before proving Theorem 1.5 we observe the following useful consequence of
the property formulated in the theorem.
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LEMMA 1.6. Let G be a Banach space, M = 0 and f. [0, 11— G a function
satisfying

[ fs)—fO| =Mis—t (s, t€[0, 1]).
If f is differentiable a.e., then f'€ L*([0, 1], G] and

(1.3) £ty = fo fo)ds ([0, 1)),

ProoF. There exists a set N of measure zero such that f’(s) exists for all
s€[0,1]—N. Set f(s)=0 for sEN. Then f’ is weakly measurable and
| 7{s) ]| = M for all s €[0, 1). Since fis separably valued, also f” is separably
valued. Thus /€ L*([0, 1], G) by Pettis’ theorem [6, p. 42]. Then (1.3) holds,
since it holds weakly. (]

ProoF oF THEOREM 1.5. If G has the Radon-Nikodym property, then G is
a Gelfand space [6, IV, 3 (p. 106)] and so every Lipschitz continuous function
with values in G is differentiable almost everywhere.

Conversely, assume that this condition holds. By {6, V.3 Corollary 8 (p.
138)] it suffices to show that & has the Radon-Nikodym property with respect
to the Lebesgue measure on [0, 1]. We use [6, III.1 Theorem 5 (p. 63)]. Let
T: L'[0, 11— G be a bounded linear operator. We have to show that there
exists & € L>([0, 1], G) such that Tg = [} g(¢)h(t)dt for all g€ L'[0, 1]. For
t €0, 1] we denote by 1y, the characteristic function of [0, £]. Let £: [0, 1]— G
be defined by f(t) = T'1j,,;. Then

HO=fON =Tl = kT 1e—s] for0=s=r=1

It follows from the hypothesis that the derivative f” of fexists a.e. Moreover, by
Lemma 1.6, f"€ L*((0, 1], G) and f(¢) = [§ f/(s)ds (t €[0, 1]). This means that

1
Tloa= [ FOlos)ds
forall t €[0, 1]. Since the set {1,,:  €[0, 1]} is total in L'[0, 1], it follows that
1
Tg = | 56/ (s)ds

for all g€ L'[O0, 1]. ]

PRrROOF OF THEOREM 1.4. Assume that G has the Radon-Nikodym prop-
erty. Let r € C*([0, o0), G) such that
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M:= sup{ |A"*'r(A)n!]|:n=0,1,2,...,A>0} < co.
By Theorem 1.1 there exists F:[0,0)— G satisfying F(0)=0,
| F(s)—F(@) )] =M|s—t] (s, t = 0)such that
(1.4) () = f “le-MF(@)dt (2> 0).
0

By Theorem 1.5 and Lemma 1.6 the derivative f(s) = F’(s) exists a.e. and
feL=([0, ), G). Integrating (1.4) by parts one obtains

r(l) = fo “eMndt  (A>0).

This proves one implication. Assume now that Widder’s theorem holds in G.
We show that G has the Radon-Nikodym property. For that we make use of
Theorem 1.5. Let F:[0,1]—G satisfy | F(s)—F(t)| =M|s—t|
(s,t€[0, 1]). We have to show that F is differentiable a.e. Considering
F — F(0) if necessary, we can assume that (0) = 0. Extend F to F* or [0, )
by letting F*(¢) = F(1) for ¢t > 1. Define r € C*[(0, 0), G) by

(1.5) ro) = L CleHFH0dt (> 0),

Then ||A*'r™A)n!|| =M for all A>0, n=0,1,2,... . Since Widder’s
theorem holds in G by assumption, we find f€ L*([0, ), G) such that

rA) = fo * e~Mf(t)dt = fo " e Mf(s)ydsdt (4> 0).

This together with (1.5) implies that F*(t) = f§ f(s)ds for all ¢ = 0 by the
uniqueness theorem for Laplace transforms. It follows from [6, II Theorem 9
(p. 49)] that F is differentiable a.e. 0

2. Resolvents as Laplace transforms

Let E be a Banach space and R: (w, )~ £(E) a function (where w €R).
We say that R is a Laplace tansform if there exists a strongly continuous
function S: [0, o) = L(E) satisfying || S(¢) || = Me* (¢t = 0) for some M =0
such that

R(A)=f: e iS(ydt (A > w).

(If we want to be more specific we say that R is the Laplace transform of .S.)
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Here we denote by [§ e “S(1)xdt (x EE, A > w) the Bochner integral which
coincides with the improper Riemann integral. By [ e ~%S(t)dt € L(E) we
understand the operator x — [ e~ 4S(¢)xdt.

THEOREM 2.1. A linear operator A or E is the infinitesimal generator of a
C,-semigroup if and only if there exists w ER such that (w, o) C p(4) (the
resolvent set of A) and R: (w, c0)— ZL(E) defined by RA)=@A—A) 'isa
Laplace transform. In that case R is the Laplace transform of the semigroup
generated by A.

The proof of Theorem 2.1 is based on the fact that the semigroup property
corresponds precisely to the resolvent equation via Laplace transformation.

ProPOSITION 2.2. Let T:[0, co)— L(E) be strongly continuous such that
| T(@) || < Me™(t =0)forsomeM,wER. Let R(A)= [§ e “T(t)dt (A > w).
Then (R(A)); > is a pseudoresolvent if and only if

(2.1) TTW)=T(s+t) (5,620
Proor. LetA,u>w. Then
(R(A)— R@)Ypu — 4

— f * U-mR(A)dt — f " U = A)eh=mie=4T(t)dt
0 0

=fm e“‘“"fwe““T(s)dsdt ——fwe“‘”)’fle”‘T(s)dsdt
0 1] 0 4]
- f © gt-nr f * =5 T(s)dsdt
0 t
=fw e‘“’fwe“(“"}"(s)dsdt
0 t

= fw e~ M fao e~"T(s + t)dsdt.
0 0
On the other hand,
RR() = f ® o f ” e~ T(s)T(2)dsdt.
0 0

So the claim follows from the uniqueness theorem for Laplace transforms. [

PrOOF OF THEOREM 2.1. Suppose that R(A)=( —A4)~! (A > w) is the
Laplace transform of T: [0, o) — L(E). Then T(s +¢) = T(s)T(¢t) (s, ¢t = 0)
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by Proposition 2.2. Consequently, 7(0) is a projection. If T(0)x = 0, then
T(t)x =T(@)T(0)x =0 for all £ >0 and so R(4)x =0 (4 > w). This implies
x =0. Hence T(0)=1I. We have shown that (7(¢)),z, is a Cy-semigroup.
Denote by B its generator. Then

(A —B)"! =f°°e-“T(t)dz (A=A @A>w)

Hence A = B. This proves one implication. The other is well known. ]

The Hille-Yosida theorem (or more precisely its extension due to Feller [9],
Miyadera [17] and Phillips [23]) asserts that a densely defined operator A is the
generator of a Cy-semigroup if and only if (w, o) C p(4) for some w ER and

(2.2) I A —w)"*'R@, A)™im! || =M

for all A>w, m=0,1,... and some M=0. (Observe that
R(A, A)™/m!=(—1)"R(A,4)™*') So in view of Theorem 2.1, the Hille-
Yosida theorem can be reformulated by saying that Widder’s theorem holds
for resolvents of densely defined linear operators. This is surprising, since
Widder’s theorem does not hold for arbitrary functions in general as we saw.
The reason why it holds for resolvents will be made clear in the following
(where a proof of the Hille~Yosida theorem based on the integrated version of
Widder’s theorem (Theorem 1.1) is given (see Theorem 4.2)).

3. Integrated semigroups and their generators

The main reason why generators of Cy-semigroups are of great interest is
that the associated Cauchy problem admits a unique solution for a large set of
initial values. For that, however, it is not essential that R(4, 4) is a Laplace
transform; we will consider the weaker condition that R(A, 4)/A" is a Laplace
transform forsomen =0, 1, 2, ... . At first we analyze this condition and give
some consequences. In Section 4, as an extension of the Hille-Yosida theorem,
a characterization of those operators verifying the condition is given as an
immediate consequence of Theorem 1.1 (the integrated version of Widder’s
theorem). The Cauchy problem is considered in Section 5.

Let (7(t)),» by a Cy-semigroup with generator 4. There exist M, w ER such
that || 7(f) | < Me" (t 20). For n€N let

3.1) S"(t)=f(:(t—-s)"“/(n—~1)!T(s)ds (t 2 0).
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Then for A > w,
(3.2) R4, A)A" = fw e M S"(t)dt (A >max{w,0}).
4]

(In fact, R(, A) = [¢ e *T(t)dt (A > w). Integrating by parts n-times yields
(3.2).]

We are going to consider the class of operators for which A — R(4, A)/A"isa
Laplace transform of some function S: {0, c0) — £(F). Similar to Proposition
2.7 one expects that the resolvent equation corresponds to some functional
equation for S.

THEOREM 3.1. Let S:[0, 0)— L(E) be strongly continuous such that
| S@) || <Me* (¢t =0) for some M,wER. Let nEN and

(3.3) R() = f e MS()dt (> w).
0
Then (R(A, A));>, is a pseudoresolvent if and only if

S(@)S(s) = 1U(n — 1)![ [Teri=nisear— [T+ —r)"“S(r)ds]
t 0
-4 (5,1 2 0).

Proor. LetA,u>w, A # u. Since
RAVAR(u)/u" = fo " e fo ® e~mS(1)S(s)dsdt,
it suffices to prove that
Vi — A)A~"u""(R(A) — R(n))

3.5) =J;w e ¥ fow e *1/(n—1) J:H'(s +t —r)""1S(r)drdsdt

— fw e fw e 1/(n—1) fs(s +t—r)""'S(r)drdsdt.
0 0 0

Then the claim follows from the uniqueness theorem for Laplace transforms.
But

(—A)""A7"u " (R@A) — R@) =p~"(u — 2) " (RAYA" — R(u)/u")
+ = )T = ATR@I
Replacing R(4) by R(A)/A" in the proof of Proposition 2.2 one obtains that

(3.6)
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(= 1)~ ROYA — R = [ e [ emmste + sydsat.
0 0
Integrating n times by parts one obtains

p" = A)TREAYAT = Ru)/p")

=fwe”’fwe‘”‘fs 1/(n — DI —r)"~'S(r + t)drdsdt
0 0 0

=f°° e“’fwe““ftﬂ U(n — Di(s + £ — r)*='S(r)drdsdt.
0 0 t

This is the first term on the right side of (3.5). It remains to compute the second
term in (3.6).

=) " = AT IR/

— __( E ﬁ._(kH)/t_("—k))R(/l)//t"

k=0
n—1 @
=- 3y /1“"“)f uk—re 1S (s)ds
=0 0

k

n—1 © 5
=— 3 /1“"“’f e"“f (s — )" Y (n —k — D)IS(r)drds
k=0 0 0

" e~ HtkIkedt fm e fs(s —r)"*=Y(n — k — 1)IS(r)drds
0 0

i

n—1
-2
k=0
[} w0 s n—1 n__l L
=—f e““f e“"“f 1/n—1) Y ( )(s—r)'* k=1tkS(r)drdsdt
0 0 0 k—o\ Kk

= — fw e"“fw e *1/(n— 1) fs(t + 5 —r)""1S(r)drdsdt.
0 0 0
This is the second term on the right side of (3.5). O

Note that condition (3.4) implies

(3.7) SHSGE)=S(s)S@¢) (5,6 =0)
and
(3.8) SHSO=0 (¢ =0).

DerFINITION 3.2. Let nE€N. A strongly continuous family (S(¢)),z0C
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ZL(E) is called n-times integrated semigroup if (3.4) is satisfied and S(0) = 0.
Moreover, (S(2)),z, is called non-degenerate if S(t)x = 0 for all ¢ = 0 implies
x = 0. Finally, (S(2)),»¢ is called exponentially bounded if there exist M, w ER
such that || S(z) || = Me™ forallt =z 0.

For convenience we call a Cy-semigroup also O-times integrated semigroup.

Let (S(2)),20 be an n-times integrated semigroup, where n € N. Assume in
addition that (S(2)), >, is exponentially bounded. Define R(4) by (3.3) (4 > w).
Then ker R(2) is independent of A > w (by the resolvent equation). Hence by
the uniqueness theorem R(A) is injective if and only if (S(¢)),, 1s non-
degenerate. In that case there exists a unique operator 4 satisfying {w, «) C
p(A4) such that R(4)= (4 —4) ! for all A > w. This operator is called the
generator of (S(t)), 0.

Usually, the given object is the operator. Thus for n €N U {0}, an operator
A is the generator of an n-times integrated semigroup if and only if (a, o) C
p(A) for some a €R and the function A — (1 — 4) ~!/A"is a Laplace transform.
By the result of Section 2, for the case n =0 this is consistent with the
definition of the generator of a C;-semigroup.

PRrROPOSITION 3.3. Let A be the generator of an n-times integrated semi-
group (S(2)),z0 (where n €EN U {0}). Then for all x€D(A), t 20,

3.9) S(t)xeD(A) and AS(t)x = S()Ax
and
(3.10) S(t)x = (*/nt)x + fo ' S(s)Axds.

Moreover, [§ S(s)xds€D(A) forall x€E, t Z0 and
3.11) y f S(s)xds = S(1)x — ("/n)x.
0

PrOOF. There exist w, M =0 such that [|S(t)]] = Me” (t=0) and
R(A, A)= [§ A"e “S(t)dt (A > w). Fix p €Ep(A). Then

fw e~ HS(E)R (W, A)x dt = 2~"R(A, A)R(u, A)x
0
— "R, AYR(A, A)x

=f®e““R(,u,A)S(t)xdt foralli>w, x€E.
Q
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By the uniqueness theorem it follows that
(3.12) R(u, A)S(1) =S(Ru,4)  u€Ep(4),tz0).

This implies (3.9). Let x€D(A4). Then forall A > w,
fw Artle= X inlx dt = x
0
=AR(A,A)x — R(A, A)Ax

=fwl"“e""S(t)xdt —fwi"e"’S(t)Axdt
0 0
- f ¥ am e S (1)x dt

0

_ f ml"“e“’flS(s)Ax dsdt.
0 0

Thus (3.10) follows from the uniqueness theorem.
In order to prove (3.11) let x€FE, t Z 0, A > w. Then by (3.9), (3.10) and
(3.12),

f’S(s)xds=/IR(/I,A)ftS(s)xds —ftS(s)AR(A,A)xds
0 0 0

=AR(4,A4) ft S($)xds — SR, A)x + (1*/nYR(A, A)x.
0
Hence [§ S(s)xds € D(4) and
% — A) f S(s)xds =2 f S(s)x ds — S(t)x + (*/n)x.
0 0
This implies (3.11). 0O
CoroLLARY 3.4. Forall x €E one has S(t)x ED(A) (t = 0). Moreover, let
XEE. Then S(.)x is right-sided differentiable in t = 0 if and only if S(t)x €
D(A). In that case
AS(Dx + (" (n — DDx  ifn >0,
(3.13) (dlds ;- )S(s)x =
AS(t)x ifn=0.

Proor. Forall x€E, t = 0 one has
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S()x =1im(l/h)fl+hS(s)xds eb)
hio I

(by Proposition 3.3). The second assertion directly follows from (3.11) since 4
1s closed. 0O
4. Characterization of generators of integrated semigroups

The following theorem immediately follows from Corollary 1.2.

THEOREM 4.1. Let n€ENU {0}, wER, M = 0. 4 linear operator A is the
generator of an (n + 1)-times integrated semigroup (S(t)), zo satisfying

(4.1) lim sup = (1/) || S¢ + h) — S(1) || S Me (1 20)
hi0

if and only if there exists a = max{w, 0} such that (a,x) C p(4) and
| A —w)H[R@A, ANA"®|| =M

“2) forallA>a, k=0,1,2,....

Now let the equivalent conditions (4.1) and (4.2) be satisfied. Because of
(4.1), the set F, of all x € E such that S( . )x € C![(0, ), E) is a closed subspace
of E. It follows from Proposition 3.3 that F:=D(4) C F,. For x€F let
T(xX)x:=d/dt S()x (t = 0). Then T(t)x €F (as a consequence of Corollary
3.4). Thus we obtain a strongly continuous family (7°(¢)), », of linear operators
on F. It follows from (4.1) that || T(t) || = Me* (¢ = 0). Let Axbe the part of 4
in F (i.e., Apx = Ax for xED(Af):= {x ED(A): AxEF}). Then (a, ©) C
p(Ar) and R(4, A) ¢ (4 > a). Moreover,

Ru,AF)x=f°°1"+'e-“3(z)xdt=f°°,1"e—“T(z)xdt (1> a, xEF).
0 0

We have proved the following.

CoROLLARY 4.2. If A satisfies the equivalent conditions of Theorem 4.1,
then the part of A in D(A) is the generator of an n-times integrated semigroup.

In the case when D(A) is dense, we obtain the following characterization.

THEOREM 4.3. Let A be a densely defined operator such that (a, ©) C p(4)
for some az0. Let n€ENU (0}, M =0, wE(— 0, a)]. The following as-
sertions are equivalent.
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(i) A generates an n-times integrated semigroup (T(t)),5, satisfying
N T@) || =Me”(t=0).
(i) || (A = w) ' [R@A, AYA" IOk | =M forallA>a,k=0,1,2,....

REMARK. The case n = 0 in Theorem 4.3 is the Hille-Yosida theorem.

COROLLARY 4.4. If a densely defined operator A generates an n-time
integrated semigroup, then its adjoint A’ generates an (n + 1)-times integrated
semigroup.

Proor. This follows immediately from Theorems 4.1 and 4.3 since
R(A,AY =R(%, 4"). 0

ReMARk. Theorem 4.3 has been obtained by Neubrander [21] by a differ-
ent proof (namely by extending Kisynski’s proof of the Hille-Yosida theorem
[13, p. 358] to the case n > 0 (see also the proof of {7, Theorem 2.1.1])).

REMARKS. (a) Relation to distribution semigroups. Densely defined opera-
tors satisfying condition (ii) of Theorem 4.3 have also been considered by Sova
[26]. In particular, it follows from [26, Theorem 3.2] that a densely defined
operator A is the generator of an exponential distribution semigroup (in the
sense of Lions [16]) if and only if A generates an n-times integrated semigroup
(8(£)),20 for some n EN U {0}. One can show that in that case the distribution
semigroup 7 is given by

T@)=(—-1" fom ¢"(1)S(t)dt for all ¢ € 2(0, w0).

(b) Complex characterization. 1t follows from Lions [16, Théoréme 6.1]
that a densely defined operator 4 is the generator of an n-times integrated
semigroup for some n EN U {0} ifand only if thereexist w Z0,m EN, M = 0
such that {A:ReA>w} Cp(4) and || R(4,A4)| =M1+ |A|™) whenever
Rel>w.

(c) Examples. Besides the examples for exponential distribution semi-
groups given in the literature (see Fattorini [7] and Krein-Khazan [14] for
further references) interesting new examples have recently been given by
Kellermann [12] using explicitly the integrated semigroup for the construction.
For example, the operator /A (where A denotes the Laplace operator) with
maximal (distributional) domain generates a 3-times integrated semigroup on
the spaces L°(RY) (1 = p = w), C®(R") and Cy(R") if N =3 and a once
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integrated semigroup if N = 1. However, it is well known that iA does not
generate a Cy-semigroup on any of these spaces other than L*(RY).

Further examples are given by Neubrander [21]. For every n €N he
constructs an operator A which generates an n-times integrated semigroup but
not an (n — 1)-times integrated semigroup.

We conclude this section by considering resolvent positive operators

(cf. [1]).

COROLLARY 4.5. Let E be an ordered Banach space with normal and
generating cone (in particular, E may be a Banach lattice or a C*-algebra). Let
A be an operator on E such that (a, ) C p(A) for somea€R and R(A,A)= 0
forall 2 >a.

Then A is the generator of a twice integrated semigroup. If D(A) is dense,
then A generates a once integrated semigroup.

The proof is based on the following lemma.

LEMMA 4.6. Let A be an operator and A Ep(A). Then for all m EN,

4.3) (= DM [R@A, AA)™Im! = 3 A*R(A, A)<T.
k=0
ProoF. This is immediate by developing [R(4, A)/A, A)/A]" and using
that ( — D*R(A, A)®/k! = R(A, A)**1. 0o

PrOOF OF COROLLARY 4.5. Considering 4 — a instead of A if necessary,
we may assume that [0, co) C p(4) and R(4, A) = 0 for all A = 0. Then for all
meN,

(4.4) $ JR(A, A<+ = R(0, A) — A"R(4, A)"R(0, A)
k=0

as one easily deduces from the resolvent equation by induction. Consequently,
0=ZP_oA*R(A, R)**' = R(0, 4). We obtain by (4.3) that condition (4.2) is
satisfied for » = 1 and w = 0. So the claim follows from Theorems 4.1 and 4.2.

O

Using a vetor-valued version of Bernstein’s theorem, it had been shown in
[1] that a resolvent positive operator (i.e., an operator satisfying the hypoth-
eses of Corollary 4.5) on certain spaces generates a once integrated semigroup
even if its domain is not dense. The class of spaces in question includes all
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Banach lattices with order continuous norm but not the space C(K)
(K compact). This is shown by the following example which we owe to H.
Kellermann.

ExampLE 4.7. Let E=C[—1,0]XR and A be given by D(4)=
C'[— 1,01 X {0} and A( f, 0)= (f",— f(0)). Then p(4)=Cand R(4, A) f, c)=
(g, 0) with g(x) = e™[[2 e~ *f(y)dy + c] (A ER). Hence 4 is resolvent positive.
Let ¢, €C[ — 1, 0] be given by e;(x) = e~ (A >0, x €[ — 1, 0]). Then (e, 0) =
R(A, A)0, 1). One has e, = [ A%¢~*kdt where k,€C[—1,0] is given by
k(x)=0if x + ¢t =0and k,(x) = x + t otherwise. If 4 were the generator of a
once integrated semigroup, than ¢;/A4 would be a Laplace transform. Hence
k: [0, 0)— C[— 1, 0] would be differentiable. But (d/dt)k,(x) is not con-
tinuous in x if t€(— 1, 0).

5. The Cauchy problem

Let A be an operator on E, u,€FE, f€C([0, b], E) (where b >0). By a
solution of

u(t)=Au@)+ f(t)  (t€[0, b))
P(u()sf)

u(0) = uo
we understand a function u € C'([0, b], E) satisfying u(t)ED(A) (¢t €[0, b))
such that the equations in P(u, f) hold.
Assume now that A4 is the generator of an n-times integrated semigroup

(S(1)); 0, where nE€N U {0}. We first show that there exists at most one
solution of P(u,, f). Consider the function v € C([0, b), E) given by

(.1) v(0) = S0 + f "S(s) it —5)ds.

PROPOSITION 5.1. If there exists a solution u of P(u,, f), then vE
C"+l[(0’ b], E) and U= v(")_

ProoF. Let 0=t =<b. For s€[0, t] let w(s)=S(t — s)u(s). Since u(s)e
D(A) by hypothesis, we obtain from (3.10) that

wi(s)=—(t —5)" " '(n — Dlu(s) — St — s)Au(s) + S(t — s)u'(s)
=—(@—5)""Un—-Duls)+St—s5)f(s) (EO,1¢].

Hence
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S(Huy = w(0) — w(t)

= —fol w(s)ds

=f‘(z —$)"Y(n — Dlu(s)ds —f’S(z — $)f(s)ds
4] 4]

=f[(t—s)"“/(n—1)!u(s)ds—f[S(s)f(t—s)ds (LE[0, b]).
0 0

Consequently,

v(t)=f0t(t—s)"“‘/(n—l)!u(s)ds (tE[0, b]). O

In order to show that a solution exists one merely has to verify that
veC"t0, bl

THEOREM 5.2. IfveEC"*Y0, b), then u:=v" is a solution of P(u,, ).

REMARK. We do not require that u,€D(A). This follows automatically
from the hypothesis.

The proof of Theorem 5.2 is based on the following lemma.

LeMMA 5.3. Forevery t Z 0 one has [§ v(s)ds € D(4) and
(52) 4 f "ys)ds = v(t) — (" Ity — f =Pt frdr (LE[0, b).
0 0
ProoF. By Fubini’s theorem we have
fo fo S(s) f(r — s)dsdr = fo fs S(s) f(r — s)drds
=ftf‘—sS(s)f(r)drds
0 0

=J: LI_rS(s)f(r)dsdr.

The integrand is in D(A4) by Proposition 3.3, and using (3.11) one obtains

y f "y(s)ds = S — (¢"/n")t + L 1S = 1) () = (¢ = r)" ! f()ldr. O

PROOF OF THEOREM 5.2. Assume that vE C"*!, Since 4 is closed, we may
differentiate (5.2) (n + 1)-times and obtain
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AvO() = vEEN(E) — k=T n — k — 1)l

(5.3) ,

_ f (t — Py =*=1(n — k — D)} f(r)dr
0

fork=0,1,...,n— 1 and v™(t)ED(4) and
(5.9) AVt = vt () — f(1) (t€[0, b)).

Relation (5.4) shows that u : = v\ satisfies the differential equation. Moreover,
if n =0, then S(0) = I and so u(0) = v(0) = u,. If n > 0, then S(0) = 0 and so
v(0) = 0. It follows from (5.3) that v¥(0) = 0 for k < n, and fork =n — 1 one
obtains v™(0) = u, + Av?®~0) = u,. So u(0) = u, in any case. O

Now we obtain the following sufficient condition on fand u, for the existence
of a solution of P(uy, f).

ProposITION 5.4. If fE€C"([0, b), E) and uy€D(A), u, := Auy + f(0)E
D(A), uy:=Au, + f(0)EDA), ..., Uy, =Au + fPO)EDWA), ..., u,=
Au,_,+ f™(0)ED(A), then P(u,, f) has a unique solution.

PrOOF. By (3.10) we obtain that vEC! and
v(t)=t"""(n — Dy + S()Auy, + S(¢t) f(0) + f' S(s) f/(t — s)ds.
0

Using the hypothesis Au, + f(0)ED(4) we obtain by (3.10) that vEC>.
Repeating the argument we finally obtain that vEC"*![0, b] and the claim
follows from Theorem 5.2. O

ReEMARK. If n > 0, merely a regularity assumption on fis not sufficient to
obtain solutions even if i, = 0. For example, assume that n = 1 but 4 is not the
generator of a Cy-semigroup. Then there exists x €E such that S(. )x is not
continuously differentiable. Let 4, =0 and f(¢) = x (t €[0, b]). Then v(¢) =
[§ S(s)xds (¢t €[0, b]). But u(t) = v’(t) = S(t)x is not continuously differenti-
able.

If A is an operator satisfying condition (4.1), then 4 generates an
(n + 1)-times integrated semigroup on E and an n-times integrated semigroup
on F=D(A) So if F # E one may improve Proposition 5.4. We merely
consider the case n = 0.

PROPOSITION 5.5. Let A be a linear operator such that (w, ) C p(A4) for
some wER and
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(5.5) sup{ | [(w —DRA, A" [|:A>0,n=0,1,2,...} <c0.
Let fE€CY0, b). If u,€ED(A) and

(5.6) Auy + f(0)ED(A),

then the problem P(u,, f) has a unique solution.

ProOF. We have to show that v € C2, where vis given by (6.1). By (3.10) we
have

V(1) = Sy + 1o + S() f(0) + L 'S(s) 1t — 5)ds.

Since A4 generates a Cy-semigroup on D(4), S(. )(4u, + f(0)) is continuously
differentiable. Consequently, v/ € C. O

REMARK. (a) If u is a solution of P(i, f), then

Aug+ fI0) = u'(0) = li.rgl 1=\ (u(t) — u(0)) ED(A).

So condition (5.6) is also necessary.

(b) Proposition 5.5 has been proved by Da Prato-Sinestrari [5] with
different methods.

(c) If A is an operator satisfying p(4) # & such that the homogeneous
probem has a unique solution for every #,€D(4) (and not only those
uyED(A) satisfying Auy,ED(A)), then D(A4) is dense (see [20, A-II,
Corollary 1.2]).

6. The Hille-Yosida theorem on spaces with Radon-Nikodym property

Let 4 be a not densely defined operator satisfying the Hille-Yosida con-
dition

(6.1) JAR@, A" | =M (A>a,m=0,1,2,...)

where we assume that 0 < a, (a, ©) C p(4). Then by Theorem 4.1 A4 is the
generator of a once integrated semigroup (S(¢)),»o.- The part Ar of 4 in
F:=D(A) is the generator of a Cy-semigroup (7(¢)),», on F. For x € F we have
S(t)x = [§ T(s)xds (¢ zZ 0). However, for x €E \ F the function S(.)x is not
differentiable at O [in fact, if (d/dt),,-o S(t)x exists, then by (3.13),
x = (d/dt),;—o S(t)x ED(A)]. It can even happen, that S( . )x is not differenti-
ableatany ¢ =0 forall x€EE\F.
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ExAMPLE 6.1. Let E = Cy( — «¢, 0] and A4 be given by
D(A)={f€E N C(— x, 0]: f(0)=0}, Af= 1.
Then (0, oc) C p(4) and

(R(A, A N(x)=¢e* fo e ®f(s)ds (A>0).

Hence ||AR(A,R)| =1 (A>0). It is easy to see that 4 generates the inte-
grated semigroup (S(?)), =, given by

X

+tf(s)ds fort = —x,
SON0 =17
f f(s)ds fort > — x.

Hence for ¢ > 0 we have

fix+0 forx = —1¢,
(d/ds)); -, (S(s) Nx) =
0 forx>—1t,

This is a continuous function in x only if f(0) = 0. Hence forany ¢ =0, S(.) f
is differentiable at ¢ if and only if f€ED(4) = C( — oo, 0).

However, if E has the Radon-Nikodym property, then S(. )x is differenti-
able at every 1 > 0 for all x €E. In fact, the following holds.

THEOREM 6.2. Let E be a Banach space with Radon-Nikodym property.
Let A be a (not densely defined) operator on E such that (a, ) C p{A4) for some
a = 0 and such that the Hille-Yosida condition (6.1) holds.

Then there exists a semigroup (T (1)), which is strongly continuous fort > 0
and satisfies || T(t) || =M (t > 0) such that
(6.2) R(,A)= f e M T (> a).

0
Moreover, the once integrated semigroup (S(t)), 5 generated by A is given by

(6.3) S(1) = fo " T(s)ds.

REMARKS. (a) The integrals (6.2) and (6.3) have to be understood strongly,
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as Bochner integrals or equivalently Riemann integrals which are improper in
0 and in oc in (6.2) and in 0 in (6.3).

(b) We have lim,,, T(t)x =x if and only if x€D(4). In fact, if
lim, o T(f)x = x, then (d/dt),,.o S(t)x =x which implies x ED(A) (see
above). The converse is clear since (7(t),r),z is a Cy-semigroup on F = D(4).

For the proof we need the following lemma.

LEMMA 6.3. Let a>0 and N C (0, a] be a set of measure zero such that
S,t¢N,s+t=aimplys+t&EN.ThenN=g.

ProOOF. Suppose that there exists b € N. Without loss of generality we can
assume that b = a. Let x€(0, a]\ N. Then a — x €N by assumption. Conse-
quently (0,a]\NCa—N. Hence (0,a]l=0,a]\NUNC(@—-N)UN,
This is impossible since (@ — N) U N has measure 0. a

ProOOF OF THEOREM 6.2, By Theorem 4.1 there exists a strongly conti-
nuous integrated semigroup (S(¢)), >, satisfying
IS@)=SE) | =Mt —s|
such that R(A, 4) = f T e S(dt (A > w).
1]

We show that S(¢)x is continuously differentiable at every ¢ >0 for every
xX€E.

Let x€E. Consider E,:=span{S(¢)x: ¢t = 0}. Then E; is separable. Let
{x,: n €N} be total in E,. Since E, has the Radon-Nikodym property, the set

N:={t€[0, x): S(. )x, is not differentiable at 7 for some n EN}

has measure zero. Since the difference quotients of S(f) are uniformly
bounded, a 3¢-argument shows that [0, c) C N = {t €[0, «): S(. )y is differ-
entiable at ¢ for all y EE,}.

For t EN we let To(t)y = (d/dr),, . S(r)y (y EEy). Clearly, y — Ti(t)y defines
a linear operator Ti(?) on E; satisfying || To(¢) || =M (¢t € N). We claim that

(6.4) s,t¢Nimpliess +t¢€N and Ty(s +1)y =T(s)To(t)y (VEE)).

In fact, S(s)S(t)y = [§*! S(r)ydr — [§ S(r)dr — [§{ S(r)dr (y € Ey) by Theorem
3.1. Differentiating with respect to ¢ yields

SE)To(t)y=8S(s+1t)y (t&N,y€EE).
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Consequently, for t &N, S(r + 1)y = S(r)Ty(t)y + S(¢)y is differentiable at
r = swhenever s € Nand (d/dr),, - . .S(r)y = To(s)To(t)y (¢, sEN,y EEp). We
have shown (6.4) to hold. It follows from the preceding lemma that N C {0}.

Since x €F was arbitrary, we now know that S(¢)x is differentiable at all
t >0 for all x€EE and T(t)x := (d/dr),,-.S(r)x defines a semigroup (7(¢)),o
on E. Moreover, T(.)x is weakly measurable and separable-valued (x €F).
Hence (7(2)),» is strongly continuous at ¢ >0 by [11, 10.2.3]. Furthermore,
I T || =M@ >0)and S(t)x = [§ T(s)xds (x EE, t Z 0). Thus

R, A)x = f * de~HS(1)xdt = f * e~ T(t)xdt
1] 0

(by integration by parts). O

We point out that on a reflexive space every operator satisfying the Hille-
Yosida condition (6.1) automatically has dense domain (see e.g. [29, VIL.4
Corollary 1’ (p. 218)]). On spaces with Radon-Nikodym property this is no
longer true, in general. The following example is due to H. P. Lotz.

ExXAMPLE 6.4. The James space J consists of all sequences x = (X )yen 1N ¢
for which there exists a constant d = 0 such that

(6.5) (|xpl—xp2[2—|- ]sz—xp3|2+ cee 4 |xp,. _xp,|2)”2§d

for all » €N and all natural numbers 1 = p, < p,< ... < p,. It is a Banach
space if the norm || x |} is defined as the infimum of all constants d such that
(6.5) holds (see [15, Example 1.d.2 (p. 25)]).

Let E =J + Re C ¢, where ¢ denotes the space of all convergent sequences
and e the constant-1 sequence. Then E, with respect to the product norm, is a
Banach space with the Radon-Nikodym property.

Define 4 on E by (Ax), = — kx, (k €N) with maximal domain; i.e., D(4) =
{(xE€E:(— kxyken€FE}. Then (0, o0) C p(4), the Hille-Yosida condition
(6.1) is satisfied, but D(A4) is not dense.

ProoOF. Since the space of all finite sequences is dense in J, the space E is
separable. Moreover, E is isomorphic to J” (see [15]), and so E has the Radon-
Nikodym property as a separable dual space.

It is obvious from the definition that *CJ and || x || 2| x ||, for all
x €I

We define an auxiliary operator A, on ¢ given by (4.x), = — kx, with
domain D(4,) = {x Ec: limy_, — kx; exists). Then (— 1, o) C p(4.) and
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(R, A)x) =@A + k)" 'x, (kEN, A > — 1). Consequently, R(A, 4, )E C I’ C
J (A > —1). The operator A is the part [22, Definition 10.3] of 4. in E. Since
R(4, A,) leaves E invariant, it follows that (— 1, o) C p(4) and R(4,4)=
R(4,A,)g (A > —1). Similarly, let 4, be the part of 4,in J. Then (— 1, o0) C
pdy)and R(A, 4;) = R(4, A,.),,(A > — 1). We show that 4, is the generator of a
bounded C;-semigroup on J. This implies

(6.6) sup{ || AR, A) || :A>0,n=0,1,2,...} <.

In fact, for x €J, t Z 0let T,(t)x = (e~ "x,),en. Thenfort >0, T(t)xEL CJ
for all x €J and T;(¢) is a bounded operator on J (as is easy to see by the closed
graph theorem). Let ¢ E€J’. Then ¢ €% and =2, x,¢, = (X, ¢) exists for all
x €J (since the unit vectors form a Schauder basis in J). Moreover,

e "%, 0, = (Ty(t)x,¢)  (t>0).

1

I D8

n

By Abel’s classical theorem it follows that lim,_, (7,(¢)x, ¢) = (x, ¢). Thus
(T,(1)),0 is weakly continuous in 0 and so a Cy-semigroup [2, Proposition
1.23].
Since for e > 0, sup, >, || T,(£)x || =2 sup,», || T,(¢)x ||, < oo forallx €J, it
follows from the uniform boundedness principle that (7;(¢)),» is bounded.
Let B be the generator of (7,(¢)),»0. Let x €J. Then for 4 > 0 one has

(R(4, B)x), = f: e Mekxdt =(A+ k) 'xe =R@A,4,)x)  (KEN).
Hence R(A, B) = R(4, 4;). This implies that B = 4,.

In view of (6.6) it remains to show that sup{ || (AR(4,4))% ||:4 >0,
n=0,1,2,...} <oo in order to obtain (6.5).

It follows immediately from the definition of J that every decreasing
sequence x EcyisinJand || x | =2x,. Hence

LR, A)e || = | A + k)fex | 2.

Finally, since D(4) = R(1,A)E C[>CJ and e¢J = J, the domain of 4 is
not dense in E. O

REMARK. It is not difficult to verify Theorem 6.2 in the concrete example.
Of course, here T(¢) is given by T(¢)x = (e ""x,),en for all x EE.
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7. Concluding remarks

The technique developed here can also be used for the Cauchy problem of
second order. In fact, it is not difficult to show that an operator A4 is the
generator of a cosine function ([8], [10, Chap. 2, Sec. 7, 8] if and only if
(a, ) C p(4) for some a =0 and the function A —R(A% A)/A: (a'?, ©)—
Z(E)is a Laplace transform. By similar arguments as in the proof of Theorem
4.3 one obtains the characterization theorem due to Sova (see [8] or [10, 8.3])
from Corollary 1.2.
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