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VECTOR-VALUED TAUBERIAN THEOREMS
AND ASYMPTOTIC BEHAVIOR
OF LINEAR VOLTERRA EQUATIONS*

WOLFGANG ARENDT! AND JAN PRUSS?

Abstract. The asymptotic behavior of the solutions of linear Volterra equations in a Banach
space X of the form

t
(*) u(t) = f(t) + / a(t — m)Au(r)d(r), t>0
0

is studied, in particular that of the resolvent S(t) for (x); here a € L} (R4) and A is a closed linear
operator in X with dense domain. A complete characterization of the existence of lim;—,¢ S(t)z = Pz
for all z € X in the sense of Abel is obtained, and the nature of the ergodic limit P is studied. By
means of vector-valued Tauberian theorems for the Laplace transform, a general result on convergence
of S(t) in the strong sense is derived. Several examples are given which illustrate this result, and
also an application to the theory of linear viscoelasticity is presented.
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1. Introduction. Let X be a Banach space, a € L} (R;), A a closed linear
operator in X with dense domain D(A), and consider the abstract linear Volterra

equation in X

(1.1) u(t) = f(t) + /0 alt — D) Au(r)dr, >0,

where f : Ry — X is continuous, Ry = [0,00). X4 denotes the Banach space D(A)
equipped with the graph norm |.|4 of A. A function u € C(R4; Xa) satisfying (1.1)
on Ry is called a strong solution of (1.1), while u € C(Ry; X) is a mild solution of
(1.1) if axu € C(R4; X4) holds and

(1.2) u(t) = f(¢) + A/O a(t — T)u(r)dr, t>0,

is satisfied on Ry. A family {S(¢)}:+>0 C B(X) of bounded linear operators in X is
called a resolvent for (1.1) if S(t) commutes with A and satisfies the resolvent equation

(1.3) St)lx=z+ /t a(t — 7)AS(r)zdr, t>0, ze€ D(A).
0

Once a resolvent S(t) for (1.1) is known to exist, it is unique, and the solution of (1.1)
is represented by the variation of parameters formula

(1.4) u(t) = % /0 S(t—1)f(r)dr, >0,
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whenever u is a mild solution of (1.1), then S * f € C'(Ry; X) and u is represented
by (1.4).

By now the question of existence of a resolvent for (1.1) has been settled for many
different classes of pairs (a, A); for a general exposition of the theory, we refer to Priiss
[33]. Here we always assume the existence of a resolvent S(t) for (1.1) which is in
addition of subexponential growth, i.e., which satisfies

(1.5) T %log 15(t)] < 0.

It is the purpose of this paper to study the asymptotic behavior of the solutions of
(1.1), in particular that of the resolvent S(t) itself. More precisely, the existence of the
limits lims,o u(t) = u(o0) and lim;—, . S(t) = P in various senses are investigated,
and the nature of the limits u(oo) and P are discussed.

Our approach is based on the theory of vector-valued Laplace transforms. A
well-known Abelian theorem shows that if lim;, o, S(t)z = Pz for all z € X, then

oo
(1.6) HO) = S0 = / S(t)eMdt, ReA>0,
0
satisfies
(1.7) A-— tlim S(t)x = )\lil’([)l_'_ AH(MANz =Pz forallze X.

Therefore it is natural to study first the existence of the Abelian limit P of S(t) as well
as its properties. This will be done in §4, where we also apply some elementary vector-
valued Tauberian theorems to deduce the convergence of S(t) in the ordinary sense
from existence of the ergodic limit P € B(X); for that, several strong assumptions on
S(t) are needed. Once the Abelian limit P € B(X) of S(t) is known to exist, it follows
easily that A—lim;_, . u(t) = u(oo) also exists whenever f(t) admits an Abelian limit
f(o0) and then u(oo) = Pf(c0) holds.

The main result of this paper, the General Convergence Theorem stated and
proved in §5, gives sufficient conditions for the strong convergence of S(t) to its ergodic
limit P as t — oo. For the special case a(t) = 1 and A the generator of a bounded Cp-
semigroup T'(¢) in X, we have S(t) = T'(¢) and the result reduces to a stability theorem
for Cyp-semigroups obtained recently by Arendt and Batty [2] and independently by
Lyubich and Phong [28]; cf. also §7. The proof of the General Convergence Theorem
relies on the complex Tauberian theory for the vector-valued Laplace transform. In
fact, it is very much inspired by the proof of Arendt and Batty [2] for the semigroup
case. However, due to the more complicated structure of the Laplace transform H(\)
of the resolvent S(t) for (1.1), i.e.,

(1.8) H\) = %(I —a(A)A)™,  ReA>0,

the Tauberian arguments involved are more delicate and differ from those employed
in the proof of Arendt and Batty [2].

Since Abelian and Tauberian theorems for the vector-valued Laplace transform
are at the heart of our approach, and since there is no coherent presentation of this
material available in the literature, we have included two sections on this matter.
Section 2 contains the basic Abelian theorem, as well as the vector-valued extension
of the classical real Tauberian theorems due to Hardy—Littlewood, Wiener, Pitt, and
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Karamata; cf. Doetsch [15] and Widder [42] for their classical statements. Complex
Tauberian theorems are presented in §3. Here a condition on the Laplace transform
f of f is given which implies convergence of f(t) (¢ — o00). A first result of this
type had been given in 1938 by Ingham [20], but recently a simple new technique of
proof due to Newman [30] has led to considerable extensions; see Korevaar [25], Allan,
O’Farrell, and Ransford [1], Arendt and Batty [2], Ransford [34], and Batty [3].

Section 6 is devoted to an elaboration of several examples and special cases of the
theory developed in §§3-5. In particular, several classes of kernels are presented, for
which the assumptions of the General Convergence Theorem reduce to boundedness
of S(t) (which is necessary for the existence of the strong limit of S(t) anyway) and
to a spectral condition that cannot be relaxed (and to some extent is also necessary).
In §7, we apply our results to the theory of linear viscoelasticity. Here we show that
if A generates a uniformly bounded cosine family and a(t) is of the form

¢
(1.9) a(t) = ag + acot +/ ay(7)dr, t>0
0

with ag, a0 > 0, a1(t) > 0 nonincreasing, loga;(t) convex, and lim; o, a1(t) = 0,
then S(t) converges strongly as t — oo if in addition N(4)* N N(A4’) = {0} and
a(t) # acot hold. This result shows that any viscoelastic fluid in a smooth domain
Q C R™ with compact boundary is asymptotically stable in the strong sense, whether
Q is bounded or not. It has been shown in Priiss [32] that viscoelastic fluids are
uniformly asymptotically stable if and only if A = PA is invertible. This is always
true for bounded domains €2, but it is in general not the case for unbounded domains;
cf. §7 for these concepts and further discussion.

2. Abelian and real Tauberian theorems. Throughout this section, (X,| |)
is a Banach space and f € L. ([0,00),X) is such that

loc

fo) = /()00 e Mf(t)dt := blinolo /: e M f(t)dt

exists for Re A > 0 (this is equivalent to sup,sq ™| fg f(s)ds| < oo for all A > 0).

DEFINITION 2.1. Let foo, € X. The function f converges to f. in the sense of
Cesaro (t — 00) if C — limy—, 00 f(t) := limy—,00(1/t) fg f(8)ds = foo, and f converges
t0 foo in the sense of Abel (t — 00) if A — limy_ o0 f(t) := limy—.op Af(A) = foo.

The following Abelian theorem is easy to prove (see [19, Thm. 18.2.1]). It will be
convenient to introduce F(t) = f(f f(s)ds as an auxiliary function.

THEOREM 2.2. Let foo, Foo € X.

(a) Iflimi o0 f(t) = foo, then C —lim—,o0 f(t) = foo-

(b) If C — limy_,o0 f(t) = foo, then A — im0 f(t) = foo-

(c) If imy—o0 F(t) = Fop, then limy_o4 f(A) = Fn.

Note that (c) is a special case of (b) since f(A) = (F)*(A\) = AF(\) (A > 0).

A result if called a Tauberian theorem if a condition on f is given under which
the converse implications of (a), (b), or (c) are valid. Such theorems are presented in
sections A, B, C, D, and E respectively. Most of these results are well known at least
in the numerical case. We include proofs here for the sake of completeness.

Our main objective is to find conditions under which Abelian convergence implies
convergence (see §D).
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A. Conditions under which C—lim;_,, f(t) = foo implies lim; o f(t) = foo-
A vector-valued function f is called feebly oscillating (when t — oo) if

lim_ |£(8) — £(s)] =0
t/s—1

(ct. [19, Def. 18.3.1], [43, Def. 8.4]).

Ezample 2.3. Assume that t|f(t)| < M for t > 7, where 7 > 0. Then F is feebly
oscillating. In fact, |F(t) — F(s)| < fst r|f(r)|(dr/r) < Mlog(t/s) for t > s> 7.

THEOREM 2.4. Assume that f is feebly oscillating and let foo, € X. If C —
im0 f(t) = foo, then lims_,o0 f(t) = foo-

Proof. We can suppose that fo, = 0. Let € > 0. There exist § > 0, ¢, > 0
such that |f(s) — f(t)| < € whenever s,t > tg, s € [t — 6t,¢t + 6t]. Hence |f(t) —

(1/26t) [{37) £(s)ds| = |(1/26) fy(t5) (F(2) — £(5))ds| < e if ¢ > to. Since

1 t(1+6)
lim —/ s)ds =0,
t—oo 20t +(1-6) f( )

we conclude lim;_,, f(t) = 0. O

B. Conditions under which A—lim;_, ., f(t) = fo implies C—lim;_,o f(t) =
foo- The following result is a particular case of [19, Thms. 18.3.3, 18.3.2].

THEOREM 2.5. Let fo, € X. Assume that f € L*([r,00); X) for some T > 0. If
A —limy o0 f(t) = foo then C —limy 00 f(t) = foo-

Proof. 1. We first assume that 7 = 0. For 8 > 0 let eg(t) = BeP¢(t > 0). Then
span {eg : 3 > 0} is dense in L'[0, 00) (in fact, if g € L°°[0, co) such that 0 = (eg, g) =
Bg(B) for all 3 > 0, then g = 0 almost everywhere by uniqueness theorem for Laplace
transforms). By hypothesis limg—oo f; €% f(as)ds = limx_o4 [y e™*f(s/N)ds =
limy_o4 A [ €7 f(s)ds = foo. Hence

alingo(eﬁ,f(a-)) = O}Elgoﬂ/o e 8 f(as)ds = algléo /0°° e“sf(%s)ds = foo = (€8, foo)

for all 8 > 0. It follows that lima—.co (R, f(a)) = foo [y~ h(t)dt for all h € L*[0,00).
Letting h = X]o,1) we obtain lim, o 1/ foa f(s)ds =limy—, o0 fol flas)ds =limgy o0
(h, f(a)) = foo-

2. If 7 > 0 the result follows by applying 1. to g(t) = f(t + 7). 0

Another result of this type involves an order condition. We assume in the following
theorem that X is an ordered Banach space with normal cone X (i.e., X is a closed
convex cone such that X, N(—X,) = {0} and X/, — X/, = X’ where X!, denotes the
dual cone; see [5] for details). For example, X may be a Banach lattice.

THEOREM 2.6. Assume that f(t) > 0 (i.e., f(t) € X4) fort > 0. If A—
lim o0 f() = foo, then C — limy—, o0 f(t) = foo-

Karamata’s proof of this result (see [43, Thm. 8.5.3]) goes through in the vector-
valued case described above. A very short and elegant proof in the scalar case is given
by Konig [24].

C. Conditions under which limy_q4 f()\) = Fy implies lim; oo F(t) = Foo-
The following theorem is due to Hardy and Littlewood in the numerical case; see [43,
Thm. 8.4.3].

THEOREM 2.7. Let Fo, € X. Assume that for some T > 0

(2.1) M = supt|f(t)| < oo.
t>r
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If limy_o4 f(A) = Fs, then limy_,, F(t) = Fx.
Proof. 1. We first assume that 7 = 0. For ¢t > 0 we have

IF(t) —f(_]t:)l = l[) f(S)[l _e—-S/t]ds_/:>° f(s)e_s/tdsl
t — e 8/t /g1 oos-—le—s/t s
SM(/oll e~*/"/s ds+/t ds)

< M[ sup t[1 —e~*/t]/s +/ e "rtdr]
0<s<t 1

oo
<M[sup (1-€e77)/z +/ e "r~1dr] < co.
0<z<1 1

Since limy_,o0 f(1/t) = Foo, it follows that F' is bounded. But A — lim;_,o, F(t) =
limy 04 f (A) = F. So it follows from Theorem 2.5 that C — limy_,o0 F(t) = Fo.
The function F is slowly oscillating (see Example 2.3). Hence lim;_,o F(t) = Foo by
Theorem 2.4.

2. If 7 > 0 the result follows from 1. by considering f(t+7) instead of f(t). O

D. Conditions under which A —lim;, f(t) = foo implies lim;_,o f(t) =
foo. Since )\13‘()\) = f()\), any Tauberian theorem of type D yields one of type C.
Conversely, if f € C([r,00),X) we can apply a result of type C to the function
f/(t + 7) and obtain a Tauberian theorem of type D.

Following an idea of Batty [3] we apply instead Tauberian theorems of type C to
the function f5 defined by

(2.2) fo(t) = (F(t+6) - f(¥)/6  (£20)

for some 6 > 0. The following implications hold.
LEMMA 2.8. Let foo € X, 6 > 0.

(i) tll,ngo f(t) = foo
v
t+6
(it) tlim f(8)ds = foob
t :[I 1 ')
(i) Jim /0 Fo(s)ds = foo — 3 /0 f(s)ds
ll ')
) Jlim i) = f = [ f(5)ds
(3
(v) A= Jim f(t) = fo

Proof. Since |(1/8) J{** f(s)ds— fool = |(1/8) J;™* (f(s) = foo)ds| < sup,; |f(5)~
fool, (i) implies (ii), and (ii) is equivalent to (iii) since fot fs(s)ds = (1/9) tt+6 f(s)ds—
(1/6) f2 f(s)ds.
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By Theorem 2.2(c), (iii) implies (iv). Since

R 1 R eMd 8
(2.3) Fs) = (X~ A - & /0 = f(s)ds,

(iv) is equivalent to (v). O
Let foo € X. We say, f is B-convergent to f, or simply write B —lim;_, o, f(t) =
foo, if (ii) of Lemma 2.8 holds for all § > 0. A vector-valued function f is called
slowly oscillating (when t — oo) if
lim_|£(2) - £(s)| = 0.

t,8—00
t—s—0

PROPOSITION 2.9. Let foo € X.
(a) If B —lims—oo f(t) = foo, then A —limy_,o0 f(t) = foo-
(c) If f is slowly oscillating then B — lim;_, f(t) = foo tmplies lim; o f(t) =

foo-
Proof. (a) and (b) follow from Lemma 2.8. Assume that B — lim;_,o0 f(t) = foo-
Then

o - 1 t+6
TlfO — ful <TISO 3 [ F6)as
t

1 [t —
=Eml; [ GO s@)isl < Jm aup

O = FE)
Hence if f is slowly oscillating, we obtain lim; ..o |f(t) — foo| = O by letting 6 | 0.
]

Every feebly oscillating function is slowly oscillating (this is obvious from the
definitions); moreover, f is slowly oscillating whenever there exists 7 > 0 such that
f =g+ h, where g € UC(|r,00); X) (the space of all uniformly continuous functions
on [r,00) with values in X), and h € L*([r,00); X) converges to zero as t — oo.

Remark. In order that B — lim; o f(t) = foo it suffices that (ii) holds for all
6 € (0,80) for some &y > 0. In fact, if (ii) holds for § > 0 and > 0 it does so for
6 +n.

Now we are able to deduce from Theorem 2.7 the following Tauberian theorem of
type D.

THEOREM 2.10. Let foo € X. Assume that for some § > 0

(2.4) Tlim  sup #f(t) — f(s)] < .
=00 t<5<t+6

If A—limy o0 f(t) = foo then limi— o f(t) = foo-

Proof. Assumption (2.4) implies that fs satisfies (2.1) for § > 0 small enough and
also that f is slowly oscillating. Since A — lim;—, o0 f(t) = foo, it follows that (iv) of
Lemma 2.8 is satisfied. We conclude (iii) from Theorem 2.7 so that B—lim;_,, f(t) =
foo- Hence lim;_, o, f(t) = foo by Proposition 2.9. O

Note that (2.4) is satisfied whenever f € C([r,00), X) and |tf'(t)| < M fort > ;
in fact, | f(t) — f(s)| = | [ f'(r)dr| < Mlog(s/t) < M(s—t)/t for t < s.

Applying Theorem 2.10 to F' we obtain an improvement of Theorem 2.7.
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COROLLARY 2.11. Let Fo, € X. Assume that for some 6 > oo
46
(2.5) T / P (r)|dr < oo.
—00 t

If limy_yo4 f(X) = Fuo, then lim;_c F(t) = Fo.
Proof. We have

t+6
lim sup ¢t|F(t) — F(s)| < lim t/ |f(s)|ds
<t+é t—oo Jy

t—00 <

t+6
< tlim / s|f(s)|ds < 0.

Hence F satisfies (2.4) and the conclusion follows from Theorem 2.10. 0
E. Power series. Let p(z) = Y o> a,2™ be a power series, where a, € X, which
converges for |z| < 1. Defining f € L ([0, 00); X) by

(2.6) f)=a, iftenn+1)

the preceding results yield Tauberian theorems for p. In fact,

~ —_ e_>‘ ot
(2.7) fo) = (1 3 ) > ane™"  (Re A>0).
n=0

From Theorem 2.7 Hardy’s theorem can be obtained.

THEOREM 2.12. Assume that sup{n|a,| : n € No} < oo, and let b, € X. If
lim,11 p(2) = boo, then D oo g an = boo.

The special case when lim,,_,., na, = 0 had been proven by Tauber [38] (in the
scalar case) and was the starting point of Tauberian theory.

In the case of power series, theorems of type C and D are equivalent. In fact,
let b, = > p_,ak, or equivalently, ap = by, an = by — by—1 (n = 1,2---). Then
q(2) = 307 o bp2™ has the same radius of convergence as p(z). The formula for the
Cauchy product yields

1 oo o0 oo oo
re DI CED D BUSED DS C RS
k=0 k=0 =0 k=0

that is,
Zakzk =(1-2) Zbkzk (lz| < 1).
k=0 k=0

Thus A — limp 00 by = limyp1 (1 — 2) Yo biz® = lim,11 Y e akz® whenever one
of the limits exists. So we obtain the following.

COROLLARY 2.13. Let b, € X be such that sup{n|b, — bp—1| : n € N} < co0. If
A — lim,_,o b, = by, then lim,_, o by, = bo.

3. Complex Tauberian theorems. We assume throughout this section that
f € L} .(]0,00); X) is such that

F) = Jim / e (bt = / oM p(tyat
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exists for Re A > 0. In this section we consider conditions on f (rather than on f) in
order to establish Tauberian theorems. The following theorem (of type C, see §2) is
a variant of [2, Thm. 4.1].

THEOREM 3.1. Let foo € X. Assume that f € L°°([r,00); X) for some 7 > 0
and that (f(A) — Fso)/A has a continuous extension to C4\iE, where E C R is a
closed null set and 0 ¢ E. If for all R > 0

t

(3.1) M(R) := sup sup exp(—ins) f(s)ds| < oo,
mi<n 120 70

then lim;_, o, F'(t) = Fo.

Here and in the sequel we let F(t) = fot f(s)ds, Cy ={A € C: Re X >0}, and
C, the closure of C,. Note that the hypothesis implies that f()\) has a continuous
extension to C,\iE and that f(0) = F.. In particular, A — lim;_,co F(t) = Feo.

The proof of [2, Thm. 4.1] works for Theorem 3.1 as well if the basic estimate
Lemma 5.2 which will be proved in §5 is used instead of [2, Lemma 3.1].

For E = () Theorem 3.1 is a version of a theorem due to Ingham [20]. A very
short and elegant proof based on an ingenious contour argument due to Newman [30]
is given by Korevaar [25]. In [2] the technique of Newman and Korevaar has been
extended in order to treat singularities in i R. Whereas in [2] it is assumed that f has
a holomorphic extension to C\iE, our slightly more general version is more natural
in view of the applications to Volterra equations we have in mind (see §5).

We give several comments on Theorem 3.1, starting with the case when E = ().

Remark 3.2. Quantitative estimates. Korevaar’s argument actually yields the
following more precise result. Assume that f € L*°([r,00); X) for some 7 > 0 and

that Fi, € X such that (f(A) — Fi)/A has a continuous extension to C4 Ui[—R, R)
where R > 0. Then

— 2 ——
(3.2) T |F(8) = Fool < 3 T | (1))
Proof. In fact, Korevaar shows (a special case of Lemma 5.2 below)

e 2
(3) TR |F(2) ~ Fol < 7 5up 1£(0)]

Applying this to g(t) = f(t+s) with s > 7, we have §(A) = e*[f(\) — [7 e=>" f(r)dr]
(Re A > 0) so that (§(A) — Goo)/A has a continuous extension to C; U ¢[—R, R] with
Goo = Foo — [ f(r)dr. Hence, by (3.3)

t+s
I _— 2
lim |F(t) — Fo| = lim | f(r)dr — F| = lim |G(t) — Goo| < sup =|f(2)]-
t—o0 t—oo Jq t—o00 t>s R

Letting s — oo yields (3.2). O
Quantitative estimates in the case E # () are given in Batty [3].
Remark 3.3. Convergence of the Laplace integral at regular points. Assume that

lim;_,o |f(t)| = 0. If f has a holomorphic extension to C, U U, where U is a neigh-
borhood of in € iR, then

(3.4) flin) = /0 " e f(s)ds = Jim, /O e f(s)ds.
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To see this, it suffices to replace f(t) in (3.2) by e~*" f(t).

Remark 3.4. Riesz’s theorem on power series [40, Thm. 7.3]. Let a, € X be such
that lim, 0 |an| = 0 and let p(z) = 377 jan2™ (|2| < 1). If p has a holomorphic
extension to DUU (D = {z € C: |2| < 1}) where U is an open neighborhood of
20 € T':= {2 € C: |z| = 1}, then p(2) = limy_c0 211:;0 an2y. This is obtained by
applying (3.4) to the function f defined by (2.6).

Next we establish a complex Tauberian theorem of type D. The following is a
variant of [3, Cor. 2.6].

THEOREM 3.5. Assume that f is slowly oscillating, let foo € X, and suppose that

F(A) = (foo/A) has a continuous extension to C.\iE, where E C R is a closed null
set such that 0 € E. If for all R > 0,

¢
(3.5) M(R):= sup sup| [ exp(—ins)f(s)ds| < oo,
neEN[-R,R] t20 Jo

then limy o0 f(t) = foo-

Remark. The assumption implies that A — lim; o f(t) = foo-

Proof. The function fs defined by (2.2) is eventually bounded for § > 0 sufficiently
small. Let ¢ := foo — (1/6) f(f f(s)ds. Then by (2.3),

FoN) = /A = (@0 = 1f) = E2 [ e p(s)ds — &
8 D= 5x\e 2 J, & TWETY

= 5@ = D0 - 224 [ @ 1) -1 fusn

A 6 g=hs _q X _1 b
—ET/O f—)\—f(s)ds—e 5Y; /Of(s)ds.

Since the functions (1/6))(e* — 1), [(1/6X)(e*® — 1) — 1]/, and (e~ — 1)/ are
entire, it follows that (fs(\) — c¢)/) has a continuous extension to C\iE. Moreover,

/0 exp(—ins) fs(s)ds

= \6‘1 /Ot exp(—ins)(f(s +68) — f(s)ds

5+t t
=61 /5 expin(6 — s)f(s)ds — /0 exp(—ins)f(s)ds

<36~'M(R) forallnec EN[-R,R).

It follows from Theorem 3.1 that lim;_, o fot fs(s)ds = c¢. Hence B—lim;_, o0 f(t) = foo
by Lemma 2.8. It follows from Proposition 2.9(c) that lim; o0 f(2) = foo- 0

Remark 3.6. (a) If in Theorem 3.5, instead of f slowly oscillating, we merely
assume that fs € L*°([r,00); X) for all § > 0, then we obtain B — lim;_, f(t) = foo

(b) However, if f is not slowly oscillating, then f does not converge in general,
even if f is bounded. An example is the function f(t) = T(t)y from [2, proof of Ex.
2.5]. The function f is bounded and f has a holomorphic extension to C,. However,
f(t) does not converge for t — oo.

Next we consider the case where 0 € E. For simplicity we assume f,, = 0. We
let Lip([r,00),X) = {f : [r,00) — X : f is Lipschitz continuous }.
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THEOREM 3.7. Assume that f € Lip([r,0); X), for some 7 > 0. Suppose that

f (\) has a continuous extension to C.\iE, where E is a closed null set, 0 € E, and
that for each R > 0

(3.6) M(R):= sup sup
neEN[-R,R] t>0

/0 exp(—ins) f(s)ds| < oo.

Then lim;_,o f(t) = 0.

Remark. Since 0 € E, condition (3.6) implies that C' — lim;—,, f(t) = 0.

Proof. We first show that f € L°([r,00);X). There exists L > 0 such that
|f(@®) = f(s)| < L|t — s| for all s,t > 7. Let ¢ € X', |p| < 1. Then, by the Taylor
expansion for F(t) = fot f(r)dr in s > 7, we have

s+1 d
(F(s+1),0) = (P o)+ (F6) )+ [ (s+1-n) (), o)

Hence

s+1 d
K (s), o) < KF (s +1),90)] + |(F(s), ¥)| +/s (5 +1=m)[—(f(r), o)ldr

s+1
< 2M(O)+L/ (s+1—r)dr <2M(0) + £

Fix u € R\E and define g(t) = e**'f(t). Then g € Lip([r,00);X) and §(A) =
F(A —ip)(Re X > 0). Hence §()\) has a continuous extension to C4\iE’ where E' =
E + pu. Moreover, for ' = n+ p € E' N [—R, R] we have |f0 exp(—in's)g(s)ds| =
|f0t exp(—ins) f(s)ds| < M(R + |u|) for all ¢ > 0. Since 0 ¢ E’, the assertion follows
from Theorem 3.5. O

Applying Theorem 3.5 to power series we obtain a variant of a result due to Allan,
O’Farrell, and Ransford [1]. Welet D={2 € C:|z|<1},and T = {2z € C:|z| = 1}.

THEOREM 3.8. Let b, € X be such that sup{|b,| : n € No} < oo and set
p(z) = Yoo o bp2™ for |2| < 1. Assume that p has a continuous extension to D\F,
where F' C T is a closed null set.

If sup,cpsupyen | Egzo bp2"| < 00, then lim, o by = 0.

Remark. The hypothesis of the theorem directly implies A — lim,,_,o b, = 0 if
1¢ Fand C — limpo0 by = limp 0o 1/n Y p o b = 0if 1 € F.

Proof. Replacing b,, by b, w™"™ for some w € 1"\F if necessary, we may assume
that 1 ¢ F. Let f(t) = by, for t € [n,n+1). Then f(\) = [(1 —e™*)/A] 02 0 bne™A"
has a continuous extension to C,\iE where E = {n € R: e~ € F}. Moreover, for
t € [n,n+1) we have fo exp(—ins) f(s)ds = > _ bm exp(—inm) (1 — exp(—in))/in +
by, exp(—inn)(1 — exp(—in(t — n)))/in, so that (3.5) is satisfied (since 0 ¢ E).
follows from Theorem 3.5 and Remark 3.6 that lim,_, o b, = lim, _,o f:+1 f(s)ds =

It is implied by Riesz’s theorem (Remark 3.4) that in the situation of Theorem
3.8 we have p(z) = > " bn2" for all regular z € T' (and this is precisely what is
shown in [1], assuming that p has a holomorphic extension to D\F).

An immediate consequence of Theorem 3.8 is the Katznelson—Tzafriri theorem
(which actually was the motivation of the work by Allan, O’Farrell, and Ransford

(11)-
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THEOREM 3.9. (Katznelson—Tzafrifi 22).) Let T € L(X) such that sup,~q |T"| <
oo and o(T)NT C {1}. Then limy,_o |(T —I)T™| = 0. -

Proof. Let p(2) = Y oo o(T — I)T"2™ = (T — I)(I — 2T)71,|2| < 1. Since
Sup,,>o | Zf:’zo(l —T)T"| = supysg [I — TN*1| < oo, the hypotheses of Theorem 3.8
are satisfied for b, = (I — T)T™ and F = {1}. O

We are going to prove a continuous version of the Katznelson—Tzafriri theorem.
Formally, it is expected that (T™),>o has to be replaced by (T'(t))i>0 and T — I =
(T(1) — I)/1 by A, the generator of (T'(t));>0. We make this more precise. A Cp-
semigroup (T'(t))¢>0 on X is called eventually differentiable if there exists 7 > 0 such
that T(1)X C D(A). Note that then T'(t)X C D(A) and AT (t) € L(X) for all t > 7.

THEOREM 3.10. Let (T'(t))¢>0 be a bounded, eventually differentiable semigroup
with generator A. The following are equivalent.

(it) o(A) NiR C {0}.

Proof. Let M = sup;~ |T(t)]. Assume that (ii) holds and that 7 > 0 such that
T(7)X C D(A). Then T(t)X C D(A?) for all t > 27. Let f : [0,00) — L(X) be given
by F(t) = AT(t + 27). Then

°d
/fj d—rf(’f')d’l"

/ ) T(r)A%T(27)dr

17 (@) — f(s)l =

/ AT (r + 27)dr
¢

< M|A*T(27)||s - t], st >0,

so that f is Lipschitz continuous. Moreover, f (A) = R(\, A)AT(27) has a continuous
extension to C\{0}. Since |f0t f(8)ds| =|T(t+27)-T(t)| <2M (t > 0), it follows
from Theorem 3.7 that lim;_, o |AT'(t)| = lim;—,o0 | f(¢)| = 0.

Conversely, assume that (i) holds. (a) We show that Aet* € o(AT(t)) for all t > 7
whenever A € 0(A) NiR. In fact, let A € 0(A4) NiR; then A € 0,(A) U o.(A) since
A is a boundary point of p(A). Hence, there exist z, € D(A), |z,| = 1 such that
lim; 00 |(A — A)z,| = 0. Consequently,

(A — AT (t))zn, = MM — T(t))xn + T(t)(A — Ay,
= el /t e MT(8)(A — A)znds + T()(\ — Az, — 0,
0

as n — oo. Thus Ae* € o(AT(t)) for t > 7.

(b) Let n € R be such that in € 0(A). Then by (a), ine™ € o(AT(t)) for t > 7.
Consequently, |n| = |ine!™| < |AT(t)| — 0 as t — oo, i.e., n = 0. o

As another application of Theorem 3.7 we obtain the following result which in
some sense is complementary to Theorem 3.10.

THEOREM 3.11. Let U(t) be Co-group with generator A and suppose that
sup;>o |U(t)z] < oo for all x € Do := Np>oD(A™). If 0(A) NiR C {0}, then
Ut) =1 for allt € R.

Proof. Let ¢ € Dy, and f(t) = AU(t)x = U(t)Az. Then f is Lipschitz continuous
since |f(t)—f(s)| = |f:(d/dr)U(r)Amdr| = |fst U(r)A2zdr| < |t—s|sup,>q |U(r)A2z],
and |f(;t f(s)dr| = |U(t)z—z| is bounded for ¢ > 0. For Re A > 0 we have f(\) € D(A)
and (A — A)f(\) = Az. Hence f(\) = (A — A)~1Az whenever X € g(A), Re A > 0.
This shows that f()) has a continuous extension to C.\{0}. It follows from Theorem
3.7 that lim; o, U(t) Az = lim; o f(t) = 0.
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So far we have shown that lim;_,., U(t)Az = 0 for all z € D,. We will deduce
from this that Az = 0 for all x € D, and hence A = 0 since D, is a core. In fact, D,
is a Fréchet space for the topology defined by the norms p,(z) = |z|+|Az|+- - -+|A"z|,
n € NU {0}. We show that there exists k € N such that

3.7) [U(t)z| < kpx(z)

for all z € Dy, t € R. If this is false, there exist z,, € Dy, t,, € R such that
Pm(Tm) =1 and |U(tm)Zm| > m, m € N. Let Yy = {z € Do : |U(t)z| < kpk(z) for
all t € R}. Then Y} is closed in Do, and Ug>oYx = Doo. So by Baire’s theorem there
exists k € N such that Y, has a nonempty interior; i.e., we find a € Do, € >0, £ >k
such that pe(a — z) < € implies |U(t)z| < kpg(x) for all ¢ € R. Consequently,

m - €/pe(xm) — |U(tm)al < €/pe(xm)|U(tm)Tm| — |U(tm)al < |U(tm)(a — €/pe(Tm)Tm]
< kpr(a — (¢/Pe(@m))Tm) < k(pr(a) + epr(Tm)/Pe(Tm))
< k(pr(a) +€) since £ > k,

hence,

em < pe(@m)k(pi(a) + ) + U (tm)al] < P (@m) k(pr(a) + €) + |U(tm)al]
= k(pr(a) +€) + [U(tmal] for all m > £.

But (U(tm)a)m>o is bounded in X, a contradiction. So (3.7) is proved.
Let z € Do,. Then by (3.7)

|Az| = |U(-t)U(t)Az| < kpi(U(t)Az)
= k{|U(t)Az| + |U(t)A%z| + - -- + [U(t) A* 2|} -0 ast — co.
Hence Az = 0 for all z € D. O

4. Real ergodic theorems for Volterra equations. Throughout the remain-
der of the paper, we make the assumptions of the Introduction. In particular, (S(t)):>0
denotes the resolvent governing (1.1). Recall that we assume

sup [e S (t)| < oo
£>0

for all A > 0. By S(\) = Jo” e *tS(t)dt, Re A > 0, we denote the Laplace transform
of S(t). In addition, we assume that the (complex—valued) kernel a € L] (R;) is
Laplace transformable, i.e., there exists a > 0 such that [~ e=**|a(t)|dt < co. We

let a(X) = [;° e Ma(t)dt (Re A > a). If (1.3) holds, then the closedness of A implies

(4.1) /Ot a(t —s)S(s)zds € D(A) and St)z=z+ A/Ot a(t — s)S(s)z ds

for all x € X. Moreover, due to the assumptions above we have the following propo-
sition.

PROPOSITION 4.1. (a) 4()\) has a meromorphic extension to Cy.

(b) a(X) # 0 on Cy if A is unbounded.

(€) AS(A) = (I — a(N\)A)~! for all X € C such that X is not a pole of a.
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We refer to [33] for the proof of (4.1) and Proposition 4.1.

COROLLARY 4.2. If & has a pole in C,, then R(A) is closed and X = N(A) &
R(A).

Remark. Here R(A) := {Az : x € D(A)} denotes the range and N(A) := {x €
D(A) : Az = 0} the kernel of A.

Proof. Assume that Ao € Cy is a pole of a of order n; then 1/a()\) maps a
neighborhood of A¢ onto a neighborhood of zero. It follows from Proposition 4.1(c)
that there exists € > 0 such that V := {z € C: 0 < |2| < €} C o(A). Moreover,
l((1/a(X)) — A)7Y = |a(A)AS(N)| < const |a(\)| near Ag. Hence |(z — A)~ Y| <
const/|z| (z € V). Thus zero is at most a pole of order 1 of (2 — A)~!. Now the claim
follows from [41, Chap. VIIL§]. 0

In order to study the asymptotic behavior of the resolvent, we use the following
terminology.

DEFINITION 4.3. The resolvent S is called (a) uniformly (strongly, weakly) Abel-
ergodic if limy_o4 AS()\) = P exists in the uniform (respectively, strong, weak) oper-
ator topology;

(b) uniformly (strongly, weakly) Cesaro-ergodic if lim;_, o, 1/t fot S(s)ds = P exists
uniformly (respectively, strongly, weakly);

(c) uniformly (strongly, weakly) ergodic if lim;_,o, S(t) = P exists uniformly (re-
spectively, strongly, weakly).

Notation. We shall use the abbreviation (i,J)-ergodic where ¢ runs through the
symbols u, s, w with obvious meaning, and J runs through A, C, E. Then the
following implication scheme holds.

(v, 4) <« (u,0) < (w,E)

4 4 I
(s,4) <« (5,0) <« (s,F)
4 I 4

(w,4) < (w,C) < (w,E)

Our goal is to characterize (, J) ergodicity of S(t) in terms of the operator A and the
kernel a; or, at least, to find sufficient conditions. We need the following.
PROPOSITION 4.4. Let B be a densely defined linear operator on X, p, € C such
that limy, o0 |pn| = 00, 1/pn € o(B) and sup,>o |( — pnB)~Y| < co. Then
(a) N(B) N R(B) = {0}.
(b) The following are equivalent.
(i) limp—oo(I — unB)~! = P emists strongly,
(i) limy— 00 (I — pnB)~! = P exists weakly;
(iii) N(B)® R(B) = X;
(iv) N(B)* N N(B') = {0}.
If this is the case, then P is the projection onto N(B) along R(B).
(c) If X is reflexive, the equivalent conditions of (b) are automatically satisfied.

(d) Assume that the equivalent conditions of (b) hold. Then the following are
equivalent.

(i) R(B) s closed,

(i) limp—oo (I — pnB)™t = P in L(X);

(iii) limp—oo(I — unB)™2 = P in L(X).
This result is well known; we refer to [41, Chap. VIII.4] and [19, Chap. XVIII]. We
add the analogous properties of (I — u,B)™! at zero.
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PROPOSITION 4.5. Let B be an operator on X, 0 # p, € C such that 1/u,, €
o(B), limp o0 ftn = 0 and sup, 5 |(I — pnB) 7| < 0.
(a) The following are equivalent.
(i) D(B) is dense in X;
(ii) limp— oo (I — i B) ™Y = I strongly;
(iii) limy oo (I — o B) ™ = I weakly.
(b) The following are equivalent.
(i) D(B) = X;
(i) limp—o0o(I — pnB)™t =TI in L(X);
(iii) limy—oo(I — pnB)~2 =1 in L(X).
For the proof we refer to [19, Chap. XVIII].
Strong and weak Abel ergodicity of the resolvent S(T') of (1.1) are characterized
as follows.
THEOREM 4.6. The following are equivalent.
(i) S(t) is strongly Abel ergodic.
(it) S(t) is weakly Abel ergodic.
(iii) (a) |AS(N)| is bounded on (0,1];
(b) im0+ @a(A) =: (0) exists in CU {oo};
(c) N(A)L N N(A") = {0} if a(0) = oo.
Moreover, if these equivalent conditions are satisfied, then limx_.o AS(\) =
(I —a(0)A)~! in L(X) if 0 # a(0) € C, limy_o4+ AS(A) = I strongly if a(0) = 0,
and limy_,g /\S'!/\) = P strongly if 4(0) = oo, where P denotes the projection onto
N(A) along R(A). If X is reflexive, then (c) in (iii) can be omitted.
Proof. (ii) = (iii). Assume that w — limy_o4 AS(A)z =
w — limy_,04+ (I — a(A\)A)~1z = Pz for all z € X. Then

(4.2) sup |(I —a(M\)A)~! < oo.
A€(0,1)

Choose a sequence A, — 0 such that p, = a@(\p) — feo € CU {00}. We distinguish
three cases.

Case 1. 0 < |ptoo| < 00.

Then, by (4.2), uz} € 0(A) and P = (I — pooA) ™! = limp—00 (I — pn )7t in L(X).

Case 2. poo =0.

Then lim, o (I — u,A)~! = I strongly by Proposition 4.5.

Case 3. oo = 00.

It follows from Proposition 4.4 and 4.5, that (I — u,A)~! — P strongly, where P
is the projection onto N(A) along R(A).

Now suppose that there exists another sequence X/, — 0 such that a(\,)) — ul, #
Poos Poo € CU{o0}. Since A # 0, the limit operators P and P’ are different. But this
is impossible since P = limy_,04 AS(A\) = P’. This shows that 4(0) := limy_,o4 a()\)
exists in CU{oo}. We have proved (iii). It follows from Propositions 4.4 and 4.5 that
(iil) implies (i). o

From the preceding proof, we also obtain the following characterization of uniform
Abel ergodicity.

- THEOREM 4.7. S(t) is uniformly Abel ergodic if and only if the following four
conditions hold.

(a) |AS(N)| is bounded on (0,1];

(b) limy o4+ a(X) =: 4(0) exists in CU {oo};

(c) if a(0) = oo then R(A) is closed and X = N(A) @ R(A);
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(d) a(0) # 0 if A is unbounded.

COROLLARY 4.8. Suppose that (Ao — A)~! is compact for some Ay € o(A). We
assume that a(0) # 0 if A is unbounded. If S(t) is (w, A)-ergodic, then S(t) is (u, A)-
ergodic.

Proof. This follows from Theorem 4.7 and Theorem 4.6 since R(A) is closed
because of the compactness of (A9 — A)71. a

It is instructive to classify Abel ergodicity by the limits of a(\) as A — 0+.
Assume that @(0) = limy_,04+ a(A) € CU {oo} exists.

Case 1. a4(0) = 0. Then

(a) S(t) is (u, A)-ergodic iff A is bounded; and

(b) S(t) is (s, A)-ergodic iff (I —a(\)A)~! is bounded for A — 0+.

The ergodic limit then is P = I.

Case 2. a(0) # 0,00. Then S(t) is (u, A)-ergodic iff it is (s, A)-ergodic iff
(I —a(X\)A)™! is bounded for A — 0+ iff a(0)~! € p(A).

The ergodic limit then is P = (I — a(0)A)~!.

Case 3. 4(0) = co. Then

(a) S(t) is (u, A)-ergodic iff limy_o4|(I — a(A)A)~!| < oo, N(A)L NN (4') = {0}
and R(A) is closed;

(b) S(t) is (s, A)-ergodic iff limy—_,o4|(I —a(A\)A)~!| < 0o, and N(A)* NN(A') =
{0}.

The ergodic limit P is then the projection onto N(A) along R(A).

In particular, we obtain the following necessary conditions.

COROLLARY 4.9. If A —lim;_, S(t) = 0 strongly, then limy_,04 4(A) = oo and
0¢op(A)Uoy(A).

Proof. For the second assertion observe that Az = 0 implies S(t)z = = (t > 0)
and so z = 0. This shows N(A) = 0. Hence N(A4’) = N(A)L N N(A’) = {0}. Thus
0 ¢ op(A)Uop(A). 0

Next, we consider Cesaro ergodicity.

THEOREM 4.10. (a) If S(t) is bounded and (w, A)-ergodic, then S(t) is (s,C)-
ergodic.

(b) Suppose that X is an ordered Banach space with normal and generating cone.
If S(t) >0 (t > 0) and S(t) is (w, A)-ergodic, then S(t) is (s, C)-ergodic.

Proof. This follows from Theorem 2.5 and 2.6. 0

Finally, we consider ergodicity of S(t). We say that S(¢) is a bounded analytic
resolvent if there exists a bounded, analytic extension of S to a sector £(6) = {z :
| arg z| < 0} for some 6 € (0,7/2).

Remark 4.11. Equation (1.1) is governed by a bounded analytic resolvent if and
only if the following conditions are satisfied for some 6 € (0, 7/2).

(a) & admits a meromorphic extension to (6 + 7/2).

(b) @(X) # 0 if A is unbounded and 1/a(A) € o(A) for all A € (0 + w/2) with
a(A) #0.

(¢) |(I — a(X)A)~1| is bounded on (6 + 7/2).

We refer to [33] for a proof.

In the semigroup case (a(t) = 1) the notion of bounded analytic resolvent coincides
with that of a bounded analytic semigroup.

PROPOSITION 4.12. Assume that S is a bounded analytic resolvent. Then there
exists M > 0 such that

t|S'(t)| <M forallt >0
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(see [33, Cor. 2.1] for a proof).

THEOREM 4.13. Assume that S(t) is a bounded analytic resolvent. If S(t) is
weakly Abel ergodic, then S(t) is strongly ergodic. Moreover, S(t) is even uniformly
ergodic, if in addition (Ao — A)™1 is compact for some Ao € o(A).

Proof. 1t follows from Theorem 4.6 that S(t) is (s, A)-ergodic, and by Corol-
lary 4.8 that S is (u, A)-ergodic if (Ao — A)~! is compact for some Ao € o(A4). Let
f(@t) = S(#) (¢t = 0). Then f : (0,00) — L(X) is analytic and bounded, hence
f € L*°([0,00); £(X)). Moreover, lim;—_,«t|f'(t)] < co (by Proposition 4.12). So the
claim follows from Theorem 2.10. O

Ezample 4.14. Consider the kernel a(t) = t*~1 /T'(a) where o € (0, 2] and assume
that (1.1) is well posed. For o = 1 this means that A generates a Cp-semigroup, for
a = 2, that A generates a cosine function. We assume again that sup,~q |e"*S(t)| <
oo for all A > 0. Since a(A) = A~%, it follows that £(al) C o(A). Moreover,
limy_o4 @(A) = 0o and AS(A) = (I—A~2A4)~! = A*(A\*— A)~L. Thus Abel ergodicity
is the same for all a € (0, 2]:

(a) S(t) is (s, A)-ergodic iff sup ,¢ (g,1 |4(u—A) 1| < 0o and N(A')NN(A)*+ = {0}.

(b) S(t) is (u, A)-ergodic iff (a) holds and R(A) is closed.

In order to characterize strong ergodicity we assume a < 2 and X(0) C o(A),
lu(p — A)71| < M on () for some 0 € (a,7/2,7). Then (1.1) is governed by a
bounded analytic resolvent (Remark 4.11). If N(A’) N N(A)* = {0}, it follows from
Theorem 4.13 that lim;—, ., S(t) = P strongly, where P is the projection onto N(A)
along R(A).

Finally, we consider Volterra equations on L>® = L*(Q, X, u), where (Q, %, 1)
denotes a positive measure space; this Banach space plays an exceptional role.

THEOREM 4.15. If X = L, then the well-posedness of (1.1) implies that A is
bounded.

Remark. Conversely, if A is bounded, then (1.1) is well posed for every kernel.

Theorem 4.15 is due to Lotz [26] in the case a(t) = 1, where A is the generator of
a Cp-semigroup (see also [29, A-I1.3]); for the special case of contraction semigroups
it was obtained independently by Coulhon [11]; and for positive semigroups it is due
to Kishimoto and Robinson [23].

The reasons for the phenomenon expressed in Theorem 4.15 are two properties of
X = L*°, namely,

(DP) z, —»0 in (X,0(X,X’')) and 2z, -0 in(X',0(X',X"))
imply (zn,z;,) — 0

and

(G) z, -0 in (X',o(X',X)) impliesz, -0 in (X',o(X’,X"))

(see [36, Chaps. I11.9.7 and 11.10.4]). The first property is called the Dunford—Pettis
property; a space satisfying the second is called a Grothendieck space. For further
details on the background in geometry of Banach spaces, we refer to [26] (see also
(27], [12]).

The key of the proof of Theorem 4.5 is the following result due to Lotz [26, Thm.
2.

LEMMA 4.16. Let X satisfy (G) and (DP). Suppose T,, € L(X) is such that
lim,—00 Ty, = 0 strongly and lim,, o T/, = 0 strongly. Then lim,,_,, |T2| = 0.
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Using this lemma we obtain the following general result which contains Theorem
4.15 as a special case.

THEOREM 4.17. Assume that X satisfies (G) and (DP). Let B be an operator on
X and (1n) be a sequence in C\{0} such that 1/p, € o(B), SUp,>o |(I—pnB)™Y < 00
and lim,_,o |ptn| = 0. If D(B) = X, then B is bounded.

Proof. Let J, = (1 — u,B)~1. Then lim,_, J,, = I strongly by Proposition 4.5.
Hence, (X', X) — lim,,, J,2' = 2’ and so by (G), o(X', X") — limy 00 J,&' = 2’
for all 2’ € X’. It follows from Proposition 4.5 that lim,_,. J), = I strongly. Now we
deduce from Proposition 4.16 that lim,_, |(Jn — I)?| = 0 which implies D(B) = X
by Proposition 4.5. 0

Next we consider ergodicity of (1.1) in L*°.

THEOREM 4.18. If X = L™ and S(t) is weakly Abel ergodic, then S(t) is uni-
formly Abel ergodic.

Remark. Since by our general assumption (1.1) is well posed, A is bounded in the
situation of Theorem 4.18 (by Theorem 4.15).

We first show the following,.

THEOREM 4.19. Assume that X satisfies (G) and (DP). Let B be an operator
on X such that 1/, € o(B) for a sequence (u,) C C such that lim,_,o0 |pn| = 00. If
limy, 00 (I — pnB)™! = P weakly, then lim,, oo (I — pp,B)~! = P in L(X).

Proof. By Proposition 4.4 we have X = N(B)@® R(B). We can assume N(B) =0
and P = 0. Moreover, since J,, := (I — pu, B)~! — 0 strongly, it follows that J/,z' — 0
for o(X’, X) and so by (G) for o(X’, X") for all ' € X’'. It follows from Proposition
4.4 that lim,,_, o JJ, = I strongly. Thus lim,,_,o |J2| = 0 by Lemma 4.16. This implies
R(B) = X by Proposition 4.4(d). 0

Proof of Theorem 4.18. Assume that S(t) is (w, A)-ergodic on L. If a(0) € C,
then S(t) is (u, A)-ergodic by Theorem 4.7 (note that A is bounded). If 4(0) = oo,
then S is (u, A)-ergodic by Theorem 4.19. 0

Remark. Lotz [26] investigates ergodic properties of discrete semigroups (T™)n>0
where T is a bounded linear operator on L.

5. A general convergence theorem for Volterra equations. This section
contains the main theorem which is based on the complex methods introduced in §3.

We assume throughout that a is a kernel as described in §4, A is a linear closed
densely defined operator and that the Volterra equation (1.1) is well posed and gov-
erned by the resolvent S(t), which is bounded.

Then we know in particular that ¢ has a meromorphic extension to C. For later
purposes (§§6 and 7) we set

o(a) := {ip: p € R,a has a continuous extension to C; Ui[u — €, 1 + €]

5.1
6-1) with values in C U {oo} for some € > 0}

and still denote by a the continuous extension of & to C U g(a).
In this section, though, we assume throughout that

(5.2) o(a) =iR.

Moreover, we assume that S(t) is strongly Abel ergodic, and set

(5.3) Jim, M0 =Q
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Remark. Since by assumption S(t) is bounded, this is automatically satisfied if
X is reflexive (see Thm. 4.4).

From Theorem 4.6, we know the following. If a(0) € C, then Q = (I — a(0)A)~};
if a(0) = oo, then X = N(A) ® R(A) and Q = P, the projection onto N(A) along
R(A). The following “resolvent set g(a, A) of (a, A)” plays an important role.

o(a, A) := {in €iR: there exists € > 0 such that +[(1 — a(A\)A)™! — Q]
(5.4)
has a strongly continuous extension to C; Ui[n —¢€,n+ e]} .

Now we are able to formulate the General Convergence Theorem. It is valid for
arbitrary kernels (satisfying (5.2)). In the forthcoming sections it will be shown that,
for many interesting classes of kernels, hypotheses (H2) and (H3) are automatically
satisfied so that (H1) remains to be verified in order to conclude that S(t) is strongly
ergodic. Note that in the reflexive case (H1) reduces to a condition on the spectral
behavior of (a, A) on iR : the singular set ¢E has to be countable and 1/a(in) & o,(A’)
whenever 1 € E such that a(in) # 0,00 (by o,(A’) we denote the point spectrum of
the adjoint A’ of A).

THEOREM 5.1. Assume (5.2), (5.3), and suppose the following three hypotheses
are satisfied.

The singular set iE := iR\ p(a, A) is countable and p € E\{0}, a(ip) # 0,00
(H1) implies R(I — a(in)A) = X; u € E\{0}, a(ip) = oo implies X = N(A) @
R(A).

For all p € E there erists C(u) > 1 such that |f(;' e 3 (a x S(s) —
(H2) a(ip)S(s))Azds| < C(u)lz|a for all x € D(A) if a(ip) € C, and
| fot e"™s5(s) Az ds| < C(u)|z|a for all x € D(A) if a(ip) = oo.

(H3) There exist T > 0, M > 0 such that |S'(t)z| < M|z|a (z € D(A), t > 1),
and |S(t)] < M (t > 0).

Then lim;—.o, S(t)z = Qx for all x € X, where @ = (I — a(0)A)~! if 4(0) € C,
and Q is the projection onto N(A) along R(A) if 4(0) = co.

We start with the following estimate which is a variant of [2, Lemma 3.1].

LEMMA 5.2. Let f : [0,00) — X be measurable, |f(t)| < Mo (t > 0). Let R > 0.
Assume that f(A)/A (which is defined for Re A > 0) has a continuous extension to
Cy Ui([-R, R\Uj—1 (& — €5,&5 +€;)) where & € R, ¢; > 0 such that the intervals
(& — € & +€) (j = 1---n) are pairwise disjoint and 0 & U;_,[&; — €;,&5 + €] C
(=R, R). Furthermore, suppose that for j =1,---,n there exist n; € (§; — €;,&; + €;)
such that

t
M; = sup| [ exp(-ings)f(s)dsl <0 (G =1:+m)

Then,

n

— 2Mo 17 3 H"
(55) tl_l_)l’ng/ f(S)dSl < TO a; + 12 Mj(ﬁj bjk,
° N
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where
a; = (1+ € (R~ &) 72)E(E — €)™
(5.6) bik = (1 + (16 — &l — &) )R — k)™t (K #4);
8 = ;65 (1€ — &) 7H(EF — )7
Proof. We modify the proof of [2, Lemma 3.1] in the following way, keeping the
notation used there (cf. also [25 2.2]). The paths 7; are replaced by straight lines on

the imaginary axis (7 =0,---,n). Applying (a slight extension of) Cauchy’s theorem

to g(A) = f(X), we have O = —(1/27rz) f,y h(2)(g(z)/z)et*dz. Moreover, g; being entire
implies

i 1 tzdz
| 16)s =0 = 5 /lzl:Rhu)gt(z)e &

and
0= / h(z)g:(2)e
227” lz—in;|=¢; Jau(e)e”

Summing up, we obtain

/0 f(s)ds = 2_175 / h(z)(g¢(2) — g(z))etz%

|z|=R
Rez>0

"1

. h()(au(2) — g())et* L

N
3
~

Jj=1 |z—inj|=ej
Rez>0

n

I e N LS CE

J=1 |zl=R
Rez<0
n
1 2 02
+ Z 5 / h(z)ge(2)e™ —
Jj=1 Rez<0
lz—injl=e;

Now the third term converges to zero (¢ — 0o) by the Riemann—Lebesgue lemma; the
other estimates are given in [2, Lemma 3.1]. 0

We put Lemma 5.2 in a different form (corresponding to Tauberian theorems of
type D) keeping the definition (5.6) throughout this section.
LEMMA 5.3. Let ¢ € L} ([0,00), X) N C*([r,00), X) where T > 0. Assume that
@(X) has a continuous eztension to K := Cy Ui([-R,R\Uj=1(n; — €505 + €;))
where 173 € R, €; > 0 such that the intervals (n; — €;,m; + €;) are pairwise disjoint
(G=1---n) and 0 ¢ U;_,[n; — €j,m; + ¢;] C (—R, R). Suppose that

No := sup " ()] + (1) < 00

and

~-—sup|/ =l (s)ds| + |p(r)| < 00, forj=1,--,n



TAUBERIAN THEOREMS AND ASYMPTOTIC BEHAVIOR 431

Then,

_ 2N n n n
A Jo(t)] < To ITas+12) " Ny6; I bse-
j=1 =1 k=

k#j

Proof. (a) We assume that 7 = 0. Let f(t) = ¢'(t) + ¢(0)exp(—t). Then
FV/A = ¢(A) — ©(0)/(1 + A) has a continuous extension to K. Moreover, |f(t)| <
' ()] + [¢(0)] < No (t > 0) and | fy exp(—in;s)f(s)ds| = | [y exp(—in;s)¢'(s)ds +
©(0) f(f exp(—in;s) exp(—s)ds| < N; (¢t > 0), j = 1---n. Since fot f(s)ds = (t) —
©(0) exp(—t) one has lim;_, o |¢(t)| = lims— 0o fot f(s)ds|. So the claim follows from
Lemma 5.2.

(b) If 7 > 0 is arbitrary we apply (a) to ¥(t) = ¢(t + 7). 0

Proof of Theorem 5.1. Since S(t)z = x on N(A) we can assume that P = Q = 0in
the case when a(0) = co. Choose vy € o(A) and let L = (19— A)~ L. Let 0 < o € R\E
be fixed. Let R > pg such that +R ¢ E. We set Eg = EN[uo — R, o + R]. For every
ordinal «, we define inductively subsets FE, of E in the following way. Suppose that
Ej has been defined for all 8 < a. We let E, be the set of all cluster points of E,_;,
if o has a predecessor a — 1, and E, = ﬂﬂ<a Eg if not.

For p € E, u # 0 we define

1—a(ip)A, o

T Cw) if Ja(ip)| < 1
B(u) = A

(d_(i—u_) - A) tp/C(p) if |a(ip)| > 1,

where C(p) is the constant from hypothesis (H2), and

{ A if a4(0) = oo
B(0) =
1-a(0)A if a(0) e C.

We shall prove the following.
Inductive statement. If p; € E,, €5 >0 (j =1,---,n) such that (u; — €;, p; + €5)
are pairwise disjoint,

Eo C | J(uj —€j,m5+€) and po & | s — €5, 15 + €] C (o — R, pio + R),
j=1 Jj=1

then
—_— 2No|Uz| =
(67 Jm|(St) - QLUz| < % [[ o +12_ ColUszl6; [ b

=1 j=1 k=1
J 7 oy

for all z € D(A™), where

U=
j

B;; Uj= I I Bi, Bj = B(u;);
1 k=1
k#j

n n
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the constants a;, 6;, bjx are given by (5.6), and Cy, Ny are constants which will be
defined below and do not depend on u;, €;.
It is part of the inductive statement that

55) T (S() - Q)al < 2221

for all z € X if E, = (0 (which is (5.7) with the convention that the empty product is
1 and the empty sum zero).

Once the inductive statement has been established, the theorem is proved as
follows. Since E, is compact and countable, E, is either empty or contains isolated
points, so that E, = 0 or E,41 # E,. Thus it follows that for some a (at most w,),
E, = 0. Hence, (5.8) holds. We can choose 0 < R ¢ E U —FE arbitrarily large. Thus
lim; 0 |(S(t) — Q)Lx| = 0 for all € X. Since R(L) = D(A) is dense in X and S(t)
is bounded the claim follows.

It remains to prove the inductive statement.

(1) a=0. Let pj € Ep, €; > 0 such that

n n
Eo C |J (s — €15+ €5) and po & | J (15 — €5 5 + €] C (4o — R, pto + R),
j=1 j=1

according to the statement. Let y € X and set ¢(t) = e~"*0(S(t) — Q)Ly (t > 0).
We verify that ¢ satisfies the hypotheses of Lemma 5.3 (after specification of y).
For Re A > 0 we have

1

Lo + A 1~ (1 —a(\+ipo)A)~! — Q)Ly.

A+ g

QLy =

P() = S(A+ipo) Ly —

Set m; = pj —po ( =1,--+,n). Then 0 ¢ U7_[n; — €,7; + €] C (—R, R) and $(})
has a continuous extension to C Ui([—R, R\ U;_,(n; — €15 + ¢€;))-
Setting C, = |L| 4+ |AL| we have |Ly|a < Cr|y|- We have

¢'(t) = —ipo exp(—ipot)(S(t) — Q) Ly + exp(—inot)S' (t)Ly.
Using (H3), we obtain
(5.9) l' ()] + lo(T)| < Nolyl (¢ >7)

with No = po(M + |Q[)|L| + MCyr + (M +|Q|)|L].

Now let y = Uz = B;U;x where z € D(A"™), and observe that |n;| = |u;—po| < R,
hence |pj| < R+ po. Moreover, since C(p) > 1, it follows from the definition of B(u)
that

(5.10) |B(w)L| < |ulCL (0# p € E);

in particular,
(5.11) |B;L| < (R+ po)Cr  if puj # 0.
Due to (1.1), hypothesis (H2) implies

/0 e#58(s)(1 - a(im) Az ds| < C()lzla  (z € D(A))
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if p € E\{0} and a(iu) € C. Consequently, it follows from (H2) that
t
[ e s@Byds
0

We estimate f: e~ tHis ' (s)ds.
Case 1. p; #0, ie., n; = pj — po # —po-

/ exp(—1in;s)¢’(s)ds

t t
= —in/ exp(—ip;s)(S(s) —Q)Lyds+/ exp(—ip;s)S'(s)Ly ds

(5.12)

<|ullyla (y € D(A), ne E\{0}).

— —ito [ exp(~ip;5)(S(s) — Q)Lyds + exp(—inst)S(t) Ly

¢
—exp(—ip;7)S(T) Ly + ip; / exp(—ip;s)S(s)Lyds

t
= i(kj — po) / exp(—ifu;8)S(s) Ly ds + 22 (exp(—ip;7) — exp(—ip;t))QLy
0 Hj
+ exp(—ipot) S(t) Ly — exp(—ip;7)S(T) Ly

=il = o) [ exp(-inso)S(e)Ly ds.

Hence,

/ t exp(—in;s)¢'(s)ds

T

¢
<R / exp(—ip;8)S(s)B;LU;x ds
0

+2|%0—||Q||BjLijl + 2M|B; LU;z| + RrM|B; LU;z|
J

< R|p;|.|LU;x| o + 2p0|Q|CL|Ujz| + 2M (R + po)Cr|Ujz|

+RTM(R + po)C|Ujz|,
by (5.12), (5.10), and (5.11). Setting
Cy := R(R+ po)CL + 210|Q|CL + 2M (R + po)CrL + RTM(R + po)Cl,

we obtain

¢
(5.13) /exp(—injs)cp'(s)ds < C1|Ujz|.

Case 2. p; = 0; that is, 9; = —po. Then,

t ¢ ¢
/ e_znjsgol(s)d3=—il»1«0/ (S(s)-Q)Lyds-l-/ S'(s)Lyds

= —ipo / (S(s) — Qds + S(t)Ly — S(r) Ly + o / "(S(s) — Q) Ly ds.
0 0
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We must distinguish two cases. (a) If 4(0) = oo, then Q =0 and B; = A, y = AUjz.
Then,

¢ ¢
/ exp(—1in;8)¢’(s)ds| < po / S(s)ALUjx ds| + 2M|ALU;x| + potM|ALU ;x|
,. 0

< }LoC(O)ILUj:BIA + 2MCL|U]‘.’L'| + ;LoTMCLIUjdtl

by (H2). Hence, lf: exp(—in;s)y’(s)ds| < Co|Ujz| if we set Cy = (uoC(0)CL +
2MCy, +/10TMCL) if 0 € E and &(0) = 00.

(b) If 4(0) € C, then Q@ = (I —a(0)A)™1, B; = Q7 %, y = Q" 'U;z and so
(S(s) — @)Ly = (S(@~" - DLV = (S(:)(I — 4(0)4) — Iz = S(s)LU;o -
LUz — a(0)S(s)ALU;x = A(a * S)(s) LU,z — a(0)S(s)ALUjx by (4.1). Thus,
< 1o

/ exp(—in;s)¢’(s)ds /0 ((a* S)(s) — a(0)S(s))ALU;x ds| + 2M|Q~ ' LU, z|

+ho(M +1Q))|Q ™ LUjz|
< poC(0)| LU z| 4 + 2M|(I — &(0)A) L||Ujz| + po7(M + |Q)|(I — a(0)A)L{|U;|
by (H2). Hence, If: exp(—in;s)¢’(s)ds| < Co|Ujz| (t > 7) if we set

Cs = poC(0)Cr + 2M|(I — a(0)A)L| + por(M +1Ql) + por(M + [Q)|(I — a(0)A)L|
in the case 0 € E, a(0) € C. So far, we have proved that

t
/ <pl(s) eXP(—injs)ds < C3|ij|> .7 = 1) RN () t>T1
r

if we put Cs := 0 in the case where 0 ¢ F and C3 = max{Cy, Cz} (see (5.13)). Finally,
we let

MCy, if 0 € E,a(0) = 0o
Ci={ (M+|Q)(I-a(0)A)L| if0e€E,a(0)eC
0 if0¢E

Cs = (M + |QI)(R + po)CL
Cs = max{Cy,Cs}.
Then |¢(7)| < Cs|Ujz| (j =1---n). In fact, if p; # 0, then
lo(7)| < (M +|Q1)|B;LUjz| < Cs|Ujal;
if u; = 0 and a(0) = oo, then Q =0, B; = A, y = AUjx, and so |p(7)| < M|LAU;z| <

MCL|U;jz| = C4|Ujz|; if p; = 0 and 4(0) € C, then Q@ = (I — a(0)4)~, y = Q~'U;z
and so

le(r)] < (M + QDI — a(0)A)L||Ujz| = Cy|Ujz|.
Letting Cp := max{Cs, Cs}, we finally have

t
/ & (5) exp(—in;s)ds| + |o(r)] < ColU;z]
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(4 =1,---,n). In view of (5.9), now the claim (5.7) follows from Lemma 5.3. This
proves the inductive statement for o = 0.

(2) Let a be an ordinal greater than zero and assume that the inductive statement
holds for all ordinals 3 < a. We show the statement to hold for a. Let (p;—¢;, uj+¢€;)
(4 =1,---,n) be disjoint intervals such that po & U7, [1; —€;, pi+€;] C (po— R, o+
R) and E C Q= U5 (ks — €, 15 + &)

Case 1. a—1 does not exist. Then E, = Ng<aFp. Since ) is open and Ep
compact, it follows that Eg C Q for some 8 < a. So (5.7) follows trivially from the
inductive hypothesis.

Case 2. o — 1 exists. Since E, is the set of all accumulation points of E,_1,
Ea-—l\Ea is ﬁnitea say Ea—l\Ea = 1MHn+1," " 1ll/'n+p}' Let € > 0, j=n+ L---,n+p
be small enough so that po & UjZT[u; — €5, 15 + €j] C (po — R, po + R). Since
Eq-1 C Uj2P(u; — €j, 15 + €;), we conclude from the inductive hypothesis for a — 1
that

92 olVyI n+p n+p n+p
H aj + 122 ColVjyl6; H bjk

k#:

Tm |S(1) — Q)LVy| <

for all y € D(A™*P), where

n+p n+p
V= HB], V; = HBk’ Bj=B(u;) (G=1--n+p).

k#z

Letting ¢; | 0 for j =n+1,---,n 4 p, we obtain

(5.14) Tm|(S(t) ~ QLVy| < 2(No/R)|Vy| Ha] + 12200“/32/[5] H bjk.

=1 1
Jj= Jj= k;ég

Letting W = H B;, U = H B;,U; = H By, we can rewrite (5.14) as
j=n+1
k#a

Jm |(S(2) ~ QLUWy| < 2(No/R)IUW3| [ a;
(5.15) =
+122C0|U Wyl6; H bjx  (y € D(A™P)).

3=t k#a
Now the operators B;(j =n+1,---,n+ p) commute and have dense range by (H1).
This implies that W D(A™*?) is dense in (D(A™);| | ), where |z|an := |z| + |Az| +
-+ + |A™z| for £ € D(A™). Thus, given z € D(A"™) we find y,, € D(A™*P) such
that limy, oo |[Wym — z|a» = 0, hence lim, oo UWyym, = Uz in (D(A),| |4)- Setting
Y = Ym in (5.15), we obtain (5.7) by letting m — oo. This completes the proof of
Theorem 5.1. 0

6. Some examples and illustrations. In this section we want to discuss sev-
eral examples of kernels a(t) and operators A to which the General Convergence The-
orem applies and also to present conditions on the kernel a(t) such that assumptions
(H2) and (H3) of Theorem 6.1 are satisfied.
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We begin with the semigroup case a(t) = 1, t > 0. Then the resolvent S(t)
satisfying

(6.1) St)=I+A / t a(r)S(t —TYdr,  t>0,
0

is the semigroup generated by A, i.e., S(t) = e4. Therefore the relation S’(t)z =
S(t)Az shows that (H3) is trivially satisfied whenever the semigroup is bounded. To
verify (H2), observe that a(A) = 1/; hence, 4(0) = oo and a(ip) € C otherwise. For
# = 0 we obtain

t t
/ S(r)Azdr = / S'(r)zdr = S(t)z — =, t>0,
0 0
and so (H2) is valid for p = 0. If y # 0 we get, via an integration by parts,
t t T
/ e " ((a * S)(1) — a(in)S(1)) Az dr = / e T (/ S(s)ds — iS(’r)) Azdr
0 0 0
1 .
_ i, )
me (z — S(t)x);

hence, (H2) is valid for all u € R. Since E = o(A) N iR, (H1) becomes (op(A) U
ap(A)) NiR C {0} and N(A)* N N(A’) = {0}. Thus, the General Convergence
Theorem reduces for the case a(t) = 1 to the following version of the stability theorem
of Arendt and Batty [2], and Lyubich and Phong [28].

COROLLARY 6.1. Suppose A generates a bounded Cy-semigroup in X, let o(A) N
iR be countable, o,(A’) NiR C {0}, and assume N(A): N N(A’) = {0}. Then
limy_, o0 S(t)x = Px for each x € X, where P denotes the projection onto N(A) along
R(A).

Next we show that condition (H2) for yu # 0 is satisfied for a large class of kernels,
provided the resolvent S(t) is known to be bounded. We denote by BV (R.) the space
of all functions a : R — R of bounded variation, which are left-continuous and such
that a(t) =0 for t < 0.

PROPOSITION 6.2. Suppose that the resolvent S(t) of (1.1) is bounded, let a(t) be
of the form

n
(6.2) at) =Y a(t), >0,
k=0
where
ag,tag € LI(R+) and fork=1,---,n,
(63) e Wi M'(Ry), ay "V € BV(Ry), /0 t|dagt ™V (t)] < oo.

Then o(a) D iR\{0}, a(ip) € C for all p € R\{0}, and for each p € R\{0} there is
constant c(u), such that

(6.4) /0 e~ih3[(q x §)(s) — a(i)S(s)| Az da

<c(ulzla,  z€D(A).
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If n = 0 the assertions also hold for u = 0.

Proof. Adding suitable constants to the functions of bounded variation by (t) =
a}ck_l)(t), we may assume ak)(O) =0forall 0 <i<k-—2<mn-—2 Letb(t) =
f(f ao(7)dr. The familiar formula

dbe(A) = (da )N (A) = Near(d), ReA>0, k=1,---,m,
by (6.2) yields the representation

(6.5) a(\) = f:ibk(,\),\-k, Re A > 0.

Since by € BV(R4.), k=0, ---,n, (6.5) shows that 4(\) admits a continuous extension
at least to C;\{0}; hence, we obtain g(a) D iR\{0} and a()\) € C for all A € C;\{0}.
Integrating by parts k times leads to

t t k-1 . .
/0 e (apxS)(1)dr = (iu)_k/O e T (dby*S) (T)dT —e Z(ag)*S)(t)(iu)_’_l;

Jj=0

hence, summation over k gives

/0 e=7[(a x S)(r) — a(ip)S(r)| Az dr

=Y (i)™ [ b« 5)(7) - onlim)S()Awdr
k=0 0

(6.6) o ke
—e"# 3" S (0 * 8)(t)(ip) I Az
k=1 j=0
= 3 (i) K (T(t) - e *#*Ri(t)) Az,
k=0

where
6.7) T(t) = /O =7 [(dby % S)(r) — dbi(ip)S(r)|dr
and
(68) Ri(t) =Y (@ x8)®),  Ro(t)=0.

i=k

To estimate Tj(t), we write

Ti(t) = /0 e T /OT dby (1T — 8)S(s)dr —/0 e~ dby, (i) S (1) dr

t t
= / S(s)e~ e (/ dby (T — 5)e” () _ dbk(iu)> ds,
0

s

t o
- / S(s)e~ e ( dbk(r)e_i'“'> ds
0 t—s
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Hence,

ol <M [ [ ianirias =1 ([ [astanon+ [ [ asianncr)
=01 (¢ [Tt + [ riaonrl) < [ rlanu(o)l = b <

where M = sup, > |S(7)|. To derive a bound on the R (t), we expand (ay * S)(t) into
a Taylor series up to order k,

k-1

; hi - [tth t+h—1)kt
(ax*S)(t+h) — (arxS)() = Y _(al *S)H) 7 + / (dbx *S)(T)ﬁ dr.
j=0 . t .
Summing over k, we obtain with (6.1)
TN (gD B~
S(t+h)x — S(t)x = ; ;(ak * SAw)(t)G—_—T)—!
DLt (t+h—7)F1
+ / dby x SAz)(1)——-—~  dT.
S [ @rsann gy
Since S(t) is bounded and b € BV (R, ) the polynomials
n j—l n X n j—l
IAQEDY hf, S al ™54z | = ZRj_l(t)Arc,h_—'

are bounded, uniformly for 0 < A < 1, ¢ > 0; but this implies the existence of a
constant C' > 0 such that

(6.9) |Rk(t)Az| < C|z|a, =€ D(A), k=1,---,n.

The proof is now complete. 0
A special case of Proposition 6.2 will be used in §7, namely, the following.

COROLLARY 6.3. Suppose that the resolvent S(t) for (1.1) is bounded; let a(t) be
of the form

t
(6.10) a(t) = by + boot +/ b1(s)ds, t>0,
0

where by, bso > 0 are constants and by € L}OC(R_,_) is nonnegative, nonincreasing, and
convex. Then p(a) D iR\{0}, d(in) € C for all p € R\{0} and (6.4) holds for each
p € R\{0}.

Proof. We may assume lim;_, o, by (t) = 0, changing b, otherwise. Let to > 0 and

b (t) - by (t()) for t < ty,
for t > to,

0 for t < to,
c3(t) =
by (t()) -b (t) for t > to,

al(t) =
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and define ag(t) = 0,

t
ax(t) = bo + f a(r)dr, >0,
0

az(t) = (boo +b1(t0))t, ¢t >0,

as(t) = — /: cs(7)dr, t>0.

Obviously, a(t) = a1(t) + az2(t) + as(t), a1 € BV(R4) and da; = by + ¢ (t)dt has all
moments since its support is compact; az € WL1(Ry), a2 = beo + b1 (to) € BV (Ry)
and daz = (boo + b1(t0))é also has all moments. a3 belongs to W'li’cl (Ry) since by
is nonincreasing and convex, and d3(t) = —és(t) for t > to, ds(t) = 0, for t < to;
moreover, by convexity, —¢s(t) is nonincreasing for ¢ > t, and nonnegative, hence
ds € BV(R4+)NLY(R4) and in particular déis admits a finite first moment, since d3(t)
is nondecreasing, as integration by parts shows. 0

The argument at the end of the proof of Proposition 6.2 also yields (H3), i.e.,
boundness of S’(t)xz, whenever S(t) is bounded and a(t) is of the form (6.2), (6.3)
with ap = 0. More precisely, we have the following.

PROPOSITION 6.4. Suppose the resolvent S(t) for (1.1) is bounded; let a(t) be of
the form

n
(6.11) a(t) = Z ax(t), t>0,
k=1
where
(6.12) a € WESMIRy), o™V e BV(Ry), k=1,---,n.

Then there is a constant C > 0, such that
(6.13) |S'(t)z]| < Clz|a for allxz € D(A), t>0.

Proof. Equation (6.1) yields for z € D(A)

S'(t)x = i(dk * SAz)(t) + (day x SAz)(t) = Ra(t) Az + (da; * SAz)(t), t>0,
k=2

where Ry (t) is given by (6.8). Since a; € BV (R, ), estimate (6.9) yields the assertion.
Observe that for the proof of (6.9) no moment condition was used. 0

For the applications in §7 we shall need the following special case of Proposition
6.4.

COROLLARY 6.5. Suppose the resolvent S(t) for (6.1) is bounded; let a(t) be of
the form

t
(6.14) a(t) = bo + beot + / bu(r)dr, >0,
0

where by, bss > 0 and by € L _(Ry) is nonnegative and nonincreasing. Then there is
a constant C > 0 such that

(6.15) |S'(t)z| < C|z|a for allz € D(A), t>0.
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Proof. We may assume lim;_,, b1 (t) = 0. Define

a1(t) = by +/0 e (7)dr, az(t) = (boo + b1 (o))t — /0 cs3(r)dr,

where ¢ (t) and c3(t) are defined as in the proof of Corollary 6.3. Then a; € BV (Ry)
and a2 = boo + b1(to) — c3(t) € BV (R ); hence Proposition 6.4 applies and yields
(6.15). O

Observe that in Proposition 6.4 we have to assume that the non-BV part of
ao(t) of a(t) in decomposition (6.2) is absent. This clearly restricts its applicability;
however, in case ag # 0, Estimate (6.13) cannot be expected. In general, S(t)z need
not be differentiable at all. In this case, we must use the structure of ag(t) and A
directly to obtain a bound on S’(t).

The verification of (H2) for 1 = 0 is more difficult. If n = 0 in Proposition 6.2
then g(a) = iR, a(in) € C for all 4 € R and (6.4) remains valid for g = 0 as the proof
given there shows (in fact, no integration by parts is needed). On the other hand,
if n > 1 then generically @(0) = oo as (6.5) shows (only one of the (/i\bk(O) = b(o0),
k=1,---,n must be nonzero for 4(0) = 0o); then we have to prove that

¢
(6.16) U(t)Az = / S(r)Az dr, t>0,
0
is bounded by the graph norm |z|4 of z. Since by (6.1) we obtain the relations
N _ 1 _ A _ 1 A

for the Laplace transform of U(t)Axz, we see that U(t)Az will be bounded if there
is k € BV(R,), such that dk(\) = (Aa(\))~, or if there is £ € BV(R,) such that
(/1\8()\) = (A%2a()\))~! and S’(t)z is bounded. It should be clear that more information
on the kernel a(t) must be available in order to achieve this, rather than just an

expansion of the form (6.2) and (6.3). In §7 it will be shown how this can be done.
Let us summarize.

PROPOSITION 6.6. Suppose that the resolvent S(t) for (1.1) is bounded, and

assume either of the following. (a) There is k € BV (R4) such that (\a(\))~! = dk(N),
A>0, e,

(kxa)(t) =t, t>0.
(b) There is £ € BV(R,) such that (A2a(\))~1 = d(\), A > 0, i.e.,
(€% a)(t) = t?/2, t>0,

and, in addition, suppose that (6.13) holds.
Then 0 € g(a), 4(0) = oo, and there is a constant C > 0 such that
(6.17)

t
/ S(T)Azdr| < Clz|a for allz € D(A), t>0.
0

Consider now the cosine case, i.e., a(t) = t and A generating a bounded strongly
continuous cosine family C(t). Then we have S(t) = C(t), t > 0, a(t) is of the
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form (6.2), (6.3) and also of the form (6.11), (6.12). Since A24(A) = 1 = d¢(\)
with £(A) = 1 for t > 0, Propositions 6.2, 6.4, and 6.6 imply that (H2) and (H3) of
the General Convergence Theorem are satisfied. Since o(A) C (—o0,0] (H1) becomes
o(A) countable and 0,(A’) C {0}, N(4)*NN(A’) = {0}. Thus we have the following.

COROLLARY 6.7. Suppose A generates a bounded, strongly continuous cosine
family C(t) in X, assume o(A) is at most countable, o,(A") C {0} and N(A)' N
N(A') = {0}. Thenlim;_,o, C(t)x = Pz for allz € X, where P denotes the projection
onto N(A) along R(A).

We conclude this section with an example which is such that none of the results
of this section can be applied, although (H1), (H2), and (H3) hold, and so the General
Convergence Theorem can still be used.

Ezxample 6.8. Let X be a Hilbert space, A a dissipative operator in X such that

o(A) D iR, and let a(t) = cos(t), ¢ > 0. We claim that the resolvent S(t) of (1.1)
satisfies

(6.18) tlim S(t)x =z forallz e X.

To prove this we will apply the General Convergence Theorem of §5. Observe first
that a(\) = A(A\%2 +1)71; hence a(t) is not of the form (6.2), (6.3) in view of the poles
A = =i of a(A). For the Laplace transform of S(t), we obtain

(6.19) AS(A) = (A+1/A)A+1/A—A4)"1, ReA>0, A#£0,

which exists on C,\{0}, since A is dissipative and g(4) D iR, and the function
@(A) = A+ 1/ maps C;\{0} onto C,. Furthermore, (6.19) yields

(6.20) Jim MMz = lim r(r— A)'z=z forallze X.

The set of singularities E of (a, A) consists only of the point zero and so we only
have to prove that S(t), S'(t)A~!, and V(t) = 1 (a * S)(t) are bounded (existence
of S(t) follows, e.g., from the paper of Grimmer and Priiss [18] since a(0+) > 0 and
a(t) is smooth). Let x € D(A) and put u(t) = V(t)z; then it is easy to see that u(t)
satisfies

(6.21) v =Au —u+z, u(0) = «/(0) = 0.

Take the inner product of (6.21) with «'(¢) and integrate to the result
¢
WOF +lu) = < Jaf + 2 [ (40/(5)u/(s))ds < Jof?,
0
since A is dissipative and u»(0) = »'(0) = 0. But this means

(6.22) l(a* 8)(t)z|® + |V (t)z — x|® < |z|?, t>0,

i.e., V(t) and (a*S)(t) are both bounded. Similarly, u(t) = S(t)z, € D(A?) satisfies
(6.21) with initial values u(0) = z and u/(0) = Ax; therefore, the same argument yields

(6.23) IS’ (t)z|*> + |S(t)x — z|> < |Az|2,  t>0,

i.e., S'(t)A~! is bounded by 1 and so S(t) = S'(t)A~1 + V(¢) is bounded as well.
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7. Applications to viscoelasticity. Let ! C R™ be a domain with compact
and smooth boundary 92 that is occupied by a linear incompressible viscoelastic fluid.
Assuming the fluid at rest for ¢ > 0, its velocity field u(¢, x) is governed for ¢ > 0 by
the following problem

w(t, ) = fot Au(t — 7,z)da(r) — Vp(t, z) + g(t, )

(7.1) (Vou)(t,z) =0 forzeQ, t>0,
. u(t,z) =0 forz € 892, t>0,
u(0,z) = up(z) for x € Q.

Here p(t, ) denotes the (also unknown) hydrostatic pressure; g(t, z) a (given) external
force field, uo(z) the (given) initial velocity field (induced by a é-perturbation at time
t = 0); A,V, Vo designate the Laplacian, gradient, divergence with respect to the
x-variables, respectively. The stress relazation modulus da(t) of a linear viscoelastic
material is of the general form

¢
(7.2) a(t) = ap + acot + / a1(s)ds, t>0,
0

where a9, a0 > 0 are constants, and a;(£) > 0 is nonincreasing and of positive type,
lim;_,» a1 (¢) = 0; for a viscoelastic fluid we even have a,, = 0 and a; € L*(Ry).

For the derivation of (7.1), the properties of the kernel da(t), and more on the
physical background of viscoelasticity, we refer to the monographs of Christensen [9],
Renardy, Hrusa, and Nohel [35], and Pipkin [31].

Equation (7.1) can be rewritten as an abstract Volterra equation in a Banach
space X of the form (1.1), i.e.,

(7.3) u(t) = /0 a(t — 7)Au(r)dr + f(t), t >0,

where A denotes a closed linear operator in X with dense domain D(A) and f €
C(R4, X). In fact, we may choose X = LZ(Q; R™), the space of all divergence-free L2-
vector fields, A = PA, the Stokes operator with D(A) = W22(Q; R*) W2 (Q;R™)N
X (P denotes the Helmholtz projection in L#(Q;R™)) and f : R, — X is defined by
f(t) = uw + fot g(s)ds. It is well known that the Stokes operator is self-adjoint and
negative semidefinite, and hence gives rise to a bounded cosine family in X.

For the Helmholtz projection and the properties of the Stokes operator mentioned
above, as well as others, we refer to the paper by Giga and Sohr [17], and to the
monograph of Temam [39].

Existence of the resolvent in the general case relevant for the theory of viscoelas-
ticity was first obtained in a Hilbert space setting by Carr and Hannsgen [7].

PROPOSITION 7.1. Let X be a Hilbert space, A self-adjoint and negative semidef-
inite and let a(t) be of the form (7.2) with ap,ax > 0, a1(t) > 0 nonincreasing and of
positive type with a; € Li (Ry) and lim;_. a;1(t) = 0. Then (7.3) admits a resolvent
S(t) such that |S(t)] <1 on Ry.

Actually, Carr and Hannsgen assumed in addition that a,(t) is convex; however,
for existence this is not needed. The proof of Proposition 7.1 relies on the spectral de-
composition of self-adjoint operators in Hilbert spaces and estimates on the solutions
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s(t; 1) of the scalar equations

(7.4) s(t) + u/ot a(t—71)s(r)dr=1, t>0, p>0.

A different approach was introduced in Priiss [32].

PROPOSITION 7.2. Let X be a Banach space, A the generator of a bounded cosine
family C(t) in X, a(t) of the form (7.2) with ap,ac0 > 0, a1 € L} (Ry), a1(t) > 0
nonincreasing and log ay(t) convez, lim¢_, a1(t) = 0. Then (7.3) is governed by a
bounded resolvent S(t).

The proof of this result is based on the complete monotonicity of the functions
h(\,7) = exp(—7/a(X\)*/2)/(Aa())'/?) with respect to A > 0, for each fixed T > 0, on
the representation formula

(7.5) SO = /0 T o(r( ), A0,

and on the generation theorem for resolvents due to Da Prato and Iannelli [13] and
Grimmer and Priiss [18].

Here we are interested in the asymptotic behavior of the resolvent S(t). Before
we quote some known results, let us introduce the following definition.

DEFINITION 7.3. Suppose (7.3) admits a resolvent S(t).

(i) Equation (7.3) is called uniformly asymptotically stable if there is ¢ € L*(R;)N
Co(R) such that |S(t)| < ¢(t) on R;.

(ii) Equation (7.3) is called asymptotically stable if S(t)x — 0 as t — oo for each
z e X.

Carr and Hannsgen [7] obtained the following result.

THEOREM 7.4. Let the assumptions of Proposition 7.1 be satisfied, and assume
in addition that a; € C'(0,00) and that —a1(t) is nonincreasing and convez. If A is
invertible and a(t) # acot, then (7.3) is uniformly asymptotically stable.

Observe that A must necessarily be invertible if (7.3) is uniformly asymptotically
stable. In fact, if 0 € o(A), then |u(u — A)~| > 1 for each u € g(A); on the other
hand, S(-)z € L'(Ry,X) for each z € X implies that S(A) = (1/A\)(I — a(A\)A)™!
is uniformly bounded for Re A > 0, i.e., M > |S()\)| > 1/|A| which is impossible.
Also a(t) # acot is necessary for uniform asymptotic stability, since otherwise S(t) =
C(y/acct) where C(t) denotes the cosine family generated by A; but cosine families
are never integrable.

There is a similar result for the situation of Proposition 7.2; see Priiss [32].

THEOREM 7.5. Let the assumptions of Proposition 7.2 be satisfied. Then (7.3) is
uniformly asymptotically stable if and only if a(t) # act and A is invertible.

In the case A = PA, the Stokes operator in L2(£2;R™), A is invertible if the
domain  C R” is bounded; thus Theorems 7.4 and 7.5 show that viscoelastic fluids
with (sufficiently) convex stress relaxation moduli are always uniformly asymptotically
stable, unless they are purely elastic, i.e., da(t) = acodt.

However, for unbounded domains €2, the operator A = PA will in general not be
invertible and so (7.3) is not uniformly asymptotically stable. As a consequence of
our General Convergence Theorem and the results in §7, in this situation (7.3) will
still be asymptotically stable, as the next theorems show.

THEOREM 7.6. Let the assumption of Proposition 7.2 be satisfied, and assume in
addition a(t) # acet and N(A): N N(A') = {0}. Then limy_, S(t)z = Pz for each
z € X, where P denotes the projection onto N(A) along R(A).
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Proof. (a) By Proposition 7.2 there is a resolvent S(¢) for (7.3) which is bounded
on R;. Since log-convex functions are convex, we see that Corollaries 6.3 and 6.5
apply; hence, g(a) D iR\{0} and (H2) holds for x # 0, and also (H3) is satisfied.

(b) We next compute the set E of singularities of S()). Since A generates a
bounded cosine family, we have o(A) C (—00,0]. Convex functions are of positive
type; hence, a(\) & (—o0,0] for Re A > 0. Therefore, E C {0} will follow if we show
that Im a(iu) # 0 for 4 € R, p # 0. Since ta;(t) < fot a1(r)dr — 0 ast — 0, via an
integration by parts, we obtain with u > 0,

(7.6) — pIm a(ip) = ao + Re aq1(ip) = ag +p~* / (—a1(t)) sin(ut)dt > 0,
0

since a1 (¢) is nondecreasing and convex (hence also absolutely continuous on (0, c0)).
Equality in (7.6) can only hold in case ag = 0, and —a; (¢) is constant on each of the
intervals (2kmp=1;2(k + 1)wp~1); but this cannot happen since a4 (t) is log-convex by
assumption and is nontrivial, for otherwise, a(t) = axt. Thus, E C {0} holds.

(c) We next show 0 € p(a) and (H2) for 4 = 0. This will be done with the help
of the following result.

LEMMA 7.7. Let a(t) satisfy the assumptions of Proposition 7.2 and define g(\) =
a(\)~/2 for Re A > 0. Then there are k, £ € BV(Ry) such that

(7.7) dk(X) = fi(;()»’ de(\) = dk(\)g(\)/A, Re A >0.

The proof of Lemma 7.7 is based on Bernstein’s theorem and the Wiener-Levy
theorem; see Priiss [32, pp. 341-342].

Observe that Lemma 7.7 yields 0 € g(a) and @(0) = oo, since dk()) is continuous
on Cy, a(A) = (1/dk()) — 1)? and limy_,04 a(\) = &(0) = oo.
Now let U(t) = fot S(r)dr; then for x € D(A), we have

(UAZ)"(A) = A"E8(A) Az = A"2(I — a(M\)A) LAz = A~ 2g(M\)2(g(\)? — A) 1Az
and
(S =D "Nz = a(MNANI T —a(V)A) = A"TA(g(N)? - A) L,
as well as
SNz = A8N)z — z = 4N AT — a(\)A) "z = A(g(\)? — A) "z
These relations and the identity
A72g(N)% = A71dl(A) (1 + dk(N)) + de(A)?,  Re A >0,
yield
UM\ Az = de(A)2(8) (N)z + de(N) (1 + dk(N)) (S — )N (N
hence,

U(t)Az = (df x dlx S")(t)x + (dl + de * dk) * (S — I)(t)z.
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Since the measures df and dk are bounded, we obtain from the boundedness of
S(t) and S’(t) on D(A) the desired bound on U(t)Az, i.e., (H2) holds.

(d) Finally, the assumption N(A)L N N(A’) = {0} implies AS(\) — P strongly
as A — 0+ by Theorem 4.6; hence, the General Convergence Theorem applies and
the proof is complete. 0

The proof of Theorem 7.6 shows that boundedness of U(t) Az is the difficult thing
to prove. This turns out to be even more difficult in the situation of Proposition 7.1,
where the assumptions on a;(t) are weaker so that, in general, Bernstein’s theorem
can no longer be employed. We want to discuss this case now in some detail. So
suppose that X is a Hilbert space, A negative semidefinite, and let a(t) be of the form
(7.2) with ag, a0 > 0, a1 € L{,.(R}) nonnegative, nonincreasing of positive type, and
lim;—, o0 a1 (t) = 0; let us exclude the cosine case a(t) = acot which has already been
discussed in §6.

Proposition 7.1 shows the existence and boundedness of the resolvent S(t), Corol-
lary 6.5 yields the boundedness of S’(t) on D(A). That is, (H3) holds, and since
limy_o4 &(A) = @(0) = oo, we obtain limy_os AS(A\)z = Pz for all £ € X where
P denotes the orthogonal projection onto N(A). By means of the decomposition
a1(t) = az2(t) + as(t), where

(7.8) az(t) = (a1(t) — ai(to))+, and as(t) = min(a1(t), a1(to))
for t > 0, az(t) = as(t) = 0 for t < 0 as before, we obtain
(7.9) a(A) = ao/A + oo /A2 + G(A\) /A + dag(A\) /A%,  Re A >0,

and therefore, o(a) D iR\{0}, a(ip) € C for all p € R, p # 0.
Since a;(t) is nonincreasing, it follows that for p # 0

u2Re a(ip) = —aoo + pIm a1 (ip) < 0

and even strictly if a; (t) is also continuous on (0, 00) or in case a,, > 0. On the other
hand, we have for u # 0

—pIm a(ip) = ag + Re a1(ip) >0,
since a;(t) is of positive type and even strictly if ag > 0. Therefore, we have
Bo = B\{0} = {u € R\{0} : Re (i) = —ao, a(ip) ™" € o(A4) or a(is) = 0}
Thus, the spectral assumption (H1) reduces to
(7.10) E, is at most countable, and u € E, implies a(ip) ™ € o,(A).

Observe that Eg = 0 if ap > 0 or if Re ;1 (ip) # 0 for all p # 0.

By Proposition 6.2 and Corollary 6.3, it is also not difficult to verify (H2) for
u € Ey; in fact, either — f0°° tda;(t) < oo or a; convex will be sufficient; note, however,
that the former is equivalent to a; € L*(R.) since a;(t) > 0 is nonincreasing.

We turn now to the question whether 0 € g(a) and whether U(t) Az = fot S(r)Az dr
is bounded on D(A). The first two cases will be a consequence of Proposition 6.6.

Case 1. ax > 0 (a “solid”). This one is easy. In fact, if ao, > 0, then
g1(A) = (M\%2a(\))~! is bounded and completely monotonic for A > 0, since ai(t)
is nonincreasing. Therefore, by Bernstein’s theorem there is a function £ € BV (R.)
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such that g;(\) = df()\) for ¢ > 0. Proposition 6.6 then implies 0 € g(a), @(0) = co
and boundedness of U(t)Az on D(A).
Case 2. axo =0, ag > 0, a; € L*(Ry) ( “viscous fluid”). Here we use

1 1 -1 ai(A)
= = = —_—— > .
92(/\) )\&()\) ag + &1(1\) %o (1 ag + dl(/\)) ’ Re A 0

Since a; € L'(R;) is of positive type, Re é1(A) > 0 for Re A > 0, and so ag + G1(\)
does not vanish on C,. By the Paley-Wiener theorem there is a function r € L(R,.)
such that

g2(\) = a5 (1 —=#()\)), Re)>0,

and so assumption (a) of Proposition 6.6 is satisfied; therefore, 0 € g(a), a(0) = oo,
and U(t)Az is bounded on D(A).

Case 3. ax = ag = 0, a; € L'(Ry) (a “rigid fluid”). We assume in addition
that a; is absolutely continuous on (0, 00) in this case. As before, decompose a; (t) =
az(t) +as(t), where az, as are as in (7.8) and to > 0 is small enough for a = ag(0+) =
a1(to) > 0. Since

S(t)x — & = (a1 x UAz)(t)
and
S'(t)x — (ag * SAz)(t) = (das * UAz)(t) = aU(t) Az + (a3 * U Az)(t),
we obtain
U\ Az = (a+a1(A) + (a3) (V)" 1S (t)z — z + S’ (t)z — (ag * SAz)(£)) ().

By boundedness of S(t)z, S'(t)z, and S(t)Az on D(A), and since az € L*(Ry), it is
sufficient to show that

A — (s i et (1Y)
g3(\) = (@ +a1(A) + (a3)"(A) ™! = (@ +b(\) ™ (1 a+13(,\)>

is the Laplace transform of a bounded measure.

By assumption, Re a1(X\) > 0 for Re A > 0 and a,(0) = f;° a1(t)dt > 0; on the
other hand, |(a3)"(\)] < a3(0+) = « since az(t) < 0 on (0,00), and equality only
holds for A = 0. Therefore, b(A) = a1(\) + (a3)(A) # —a for Re A > 0, and so by
the Paley-Wiener theorem there is a function r € L*(R,), such that

93s(\) =711 —#(N)) = dk()), ReA>0,

where k(t) = a7 1(1 - f(f r(1)dr) belongs to BV(R4). Thus, U(t)Az is bounded on
D(A), 0 € p(a), and @(0) = oo follow in this case easily from (7.9).

Case 4. axo =0, a; € L*(R4). If a; is not integrable then we cannot apply the
Paley—Wiener theorem directly to show that the functions g;(A) in Case 2 and Case
3 above are Laplace transforms of bounded measures. However, it is enough to know
that for every a > 0 there is r, € L'(R4) such that

a1 ()

fa(A) = ata)

Re A >0,
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holds. Obviously, this is enough in case ag > 0; put a = ag to see this. If ap = 0,
rewrite gs(A) as

P S O s (a3)"(N)dka(N)
gs(\) = 1(1 L+ ) 03 )

where dka(A) = (o + a1(A))~! = a~1(1 — #o(})), and apply Paley-Wiener to this
representation.

Shea and Wainger [37] have shown that if in addition a;(t) is convex such r, €
L'(R,) exist; see also Jordan, Staffans, and Wheeler [21]. It is clear that then we
also have 0 € g(a).

We summarize this in the following theorem.

THEOREM 7.8. Let the assumptions of Proposition 7.1 be satisfied. In addition
we assume that one of the following conditions is satisfied: (a) ax > 0;

(b) a1 € LY(Ry), and either a; is absolutely continuous on (0,00) or ag > 0;

(c) a1(t) is convez on (0,00).

Moreover, suppose that the spectral condition (7.10) is satisfied. Then lims_,o S(t)z =
Pz for each x € X, where P denotes the orthogonal projection onto N(A).

Finally, we want to mention that for a; convex, Re @1 (ip) = 0 if —a1(t) is constant
on each of the intervals (2kmp~1,2(k + 1)mu~!); in particular, Ey = 0 if —aq(¢) is
nonincreasing and continuous on (0, c0).
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