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1. Introduction

Let V:RY - [0, co] be a measurable function. There are various ways to define the
Schrédinger semigroup {Sy(¢):t = 0}, with absorbing potential ¥, on L?(R"). One
can consider the appropriate quadratic form on L?(R") (whose domain may not be
dense) in the case p = 2, and then interpolate for other values of p (see [36], etc.).
Alternatively, one can use the Feynman-Kac formula to define Sy (see [26]). Both
these methods are applicable without constraints on the size of V, provided that
one does not require S, to be a Cy-semigroup on LP(RY). In fact, S, is always
a semigroup of operators, S is strongly continuous for t > 0, and there is a subset
Zy of R¥ such that S, defines a Cy-semigroup on L?(Zy) and vanishes on
LP(RM\Z,). Various authors (see [38, 45], and the references cited therein) have
considered criteria on ¥ which ensure that 4 — V is a densely-defined operator
whose closure generates Sy, or, more generally, that S, is a Cy-semigroup on
LP(R"). Removing such constraints permits Dirichlet semigroups (the semigroups
on L?(Q) generated by (half) the Laplacian on an open subset Q of R¥ with
Dirichlet boundary conditions) to be brought within the ambit of Schrédinger
semigroups. Indeed, if Qis of class C*, and ¥ = o0 on R"\ 2, V' = 0 on Q, then Sy is
the Dirichlet semigroup.

A method commonly used to analyse Schrédinger semigroups is to approxi-
mate V' by an increasing sequence of bounded functions and then to take a limit of
the corresponding semigroups. Voigt [45, 46] has carried out this procedure in the
abstract setting of positive semigroups on LP(X). In this paper, we perform the
construction for arbitrary ¥ = 0. Apart from the increased generality, this provides
information about Dirichlet semigroups, even in the case when @ is not smooth
provided that a second limiting procedure, in the opposite direction, is carried out.
This method can also be applied to arbitrary absorbing potentials for Markov
processes (as in [15]) and strongly elliptic operators on R¥ (as in [14]). In
particular, we study holomorphy of the semigroups, obtaining an abstract theorem
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(Theorem 6.1), which can be applied to diffusion semigroups. Kato [22] showed
that the Schrddinger semigroup S, is holomorphic on L!'(RY) whenever Ve
Li,.(R¥),; we extend this to absorption-diffusion semigroups with arbitrary
non-negative potentials.

Let A be a strongly elliptic operator of second order (with some smoothness of
coefficients) with Dirichlet boundary conditions on an open subset Q of RY. It is
easy to establish that the associated semigroup on L?(Q) is holomorphic, for
1 < p < «; the original method (see [29, Sect. 7.3]) depends on some estimates
due to Agmon and involves some restrictions on €, but, for arbitrary Q, one may
use quadratic forms for p = 2 and the Stein interpolation theorem for 1 < p < 0.
However, the situation is more delicate for the semigroups on L!(2) and Co(R).
For Q sufficiently smooth, Stewart [39] showed that the semigroup on Cgy(Q) is
holomorphic (he extended this to other boundary conditions in [40]). Using
duality arguments, Amann [4] deduced the corresponding result on L'(Q) for
Q smooth and bounded (the proof given in [29] is incomplete). Our method
extends the result for L' () to arbitrary open sets ©, but it is confined to Dirichlet
boundary conditions. This is analogous to a result of Lumer and Paquet [24] who
showed that if the Laplacian generates a semigroup on Co((2), then the semigroup
is holomorphic.

The paper is organised broadly in decreasing order of generality. In Sect. 2, we
consider pseudo-resolvents R(4) and convergence of AR(4) as A — o0; subsequently,
we shall consider only pseudo-resolvents associated with degenerate semigroups,
which are introduced in Sect. 3. From Sect. 4 onwards, we specialise to the case of
degenerate semigroups on LP(X) arising from perturbing a positive C,-semigroup
T by a non-negative potential V (absorption semigroups). In Sect. 5, we specialise
further to the case when V takes only the values 0 and oo (barred semigroups). In
Sect. 6, we establish the results on holomorphic absorption semigroups on L*(X),
and in Sect. 7, we reconcile our theory with quadratic forms on L2(X). Finally, in
Sect. 8, we extend the results of [5, 6, 9] on asymptotic stability to semigroups
generated by elliptic operators with Dirichlet boundary conditions and absorbing
potentials. The discussion of Schrédinger semigroups (respectively, Dirichlet
semigroups), and their generalisations to diffusion semigroups, is found in Sects. 4,
6, 7, and 8 (resp., Sects. 5, 6, 7, and 8), as special cases of the general theory. The
reader who is interested only in these cases may therefore omit some of the earlier
sections.

We mention here some conventions of terminology and notation which we
shall adopt. The space of all bounded linear operators on a Banach space E will be
denoted by #(E), and will be considered to have the strong operator topology
unless otherwise stated. Thus T, — T means that | 7, f — Tf || » 0 for each f in E.
Integrals of #(E)-valued functions will be strongly convergent Bochner integrals.
For a (densely-defined) operator A on E, R(4, A) will denote the resolvent of
A:R(J, Ay = (Al — A)"'(Aep(A4)). When E is a Banach lattice, we shall regard
AB(E) as being ordered by the cone of positive operators; 7, T T will mean that
T.f£T 1 fnz 1, feE.Yand | T, f— Tf | = 0 (fe E). When (X, p) is a measure
space, and Y is a measurable subset of X, we shall identify LP(Y) with
{fe L(X):f(x) =0 for almost all xe X\ Y}. If V: X - [0, cv] is a measurable
function, we shall also use the symbol V for the multiplication operator
D(V) - LP(X), where D(V) = {fe L*(X):Vfe L?(X)}. We shall denote the con-
stant function with value 1 by 1, and the indicator function of ¥ by 1y . Thus, 1 will
also denote the natural projection of L?(X) onto L?(Y).
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2 Pseudo-resolvents

A pseudo-resolvent on a Banach space E is a family (R(1)),.y (Where U is as subset
of C) of bounded linear operators on X, satisfying the resolvent equation:

R(4) — R(w) = (g — HR(DR(w) (4, peU). 2.1
Let
K = {feE:R()f =0},
D =R(A)E={R(A)f:feE}.

It is easy to verify from (2.1) that K and D are independent of 4. Moreover, R(4) is
the resolvent of a densely-defined operator on E if and only if K = {0} and D is
dense in X [29, p. 36].

We shall consider pseudo-resolvents (R(4)); ., defined for 4 > w for some real
w, and satisfying the condition: sup;»,, ||AR(4}| < co. A simple example is ob-
tained by taking R(1) = A~'P, where P is any bounded projection on E. The
methods of the following proposition are rather standard [23, p. 84], [47,
Sect. VIIL.4], so we omit the proof.

Proposition 2.1 Let (R(4));>, be a pseudo-resolvent on E.
(1) If sup,s>o|AR(A) || < o0, then K n D = {0}.
(2) Suppose that, for each f in E, {AR(1)f:4 > w} is relatively weakly compact.
Then
(a) P:=1lim,_, ., AR(4) exists (in the strong operator topology),
(by E = K® D, and P is the projection of E onto D with kernel K;
(¢) R(A)|p is a resolvent on D with range D.

Corollary 2.2. Let (R(4)),> be a pseudo-resolvent on a reflexive Banach space such
that sup,. ., |AR(A)| < co. Then the conclusions of Proposition 2.1(2) hold.

Corollary 2.3. Let E be a Banach lattice with order-continuous norm, A be a closed
operator on E such that (w, 0} € p(A) and AR(A, A) =1 as 2 — o, and (R(A));> o
be a pseudo-resolvent on E such that 0 £ R(4) £ R(4, A) for all 2 > w. Then the
conclusions of Proposition 2.1(2) hold. Moreover, P is a band projection.

Proof. Let feE.. Then 0 £ AR(A)f < AR(4, A)f. Moreover, {AR(4, A)f: 1 > w}
is relatively (norm) compact, so {AR(4)f:1 > w} is relatively weakly compact
[2, Theorem 13.8]. Hence {AR(4)f:4> w} is relatively weakly compact for
all f in E, so the hypothesis of Proposition 2.1(2) is satisfied. Moreover,
0<P=Ilim.,AR (})£lim;,,AR(4, A)=1, so P is a band projection
[2, Theorem 3.10]. O

Remark. Let E = LP(X) for some o-finite measure space (X, pu), 1 Sp<oo. If
P is any positive bounded projection on E, and R(4) = A~ ' P, then D = D = PE.
Since any closed sublattice F of E is the range of a positive contractive projection
[35, Chap. III, Theorem 11.4], F is the (closed) range space D of a positive
pseudo-resolvent. However, it has been shown in [8] that if (R(4));>, is a
positive resolvent on E, then D is a band, so D = L?(Y) for some measurable subset
Y of X.
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3 Degenerate semigroups

Let E be a Banach space. For the purposes of this paper, we shall use the term
semigroup to mean a strongly continuous map T:(0, «0) —» #(E), such that
T(s + t) = T(s)T(t). Further, we shall say that T is continuous if T(0):= lim, , 7(t)
exists (in the strong operator topology).

For any semigroup T, there are constants M and w such that || 7(¢) | £ Me®* for
allt = 1. Ifj"(l) | T(@®) || dt < oo, then we can define R(2) = [o" e~ * T(t)dt(4 > w). It is
routine to verify that (R(4));s, 18 a pseudo-resolvent (see [4, Theorem 3.17]).

Now suppose that T is continuous. Then 7(0) is a bounded projection, and
TOYT(t)= T®)TO) = T() for all t > 0 [19, Theorem 10.5.5]. Thus E = E, ® E,,
where Eg = (I — T(0))E, E; = T(O)E, T|g, = 0 and T, is a Cq-semigroup. More-
over, R(A)=R(4, A,)T(0), where A; is the generator of T,
SUPzsw+1 | AR(A)] < o0, and AR(1) » T(0) as 1 — oo.

The following proposition and its proof are analogous to Proposition 2.1 (see
{34, Lemma 1], [23, Sect. 7.1, Theorem 1.11]).

Proposition 3.1. Let T be a semigroup on E, and suppose that, for each f in E,
{T(t) f:0 < t < 1} is relatively weakly compact. Then T is continuous.

Corollary 3.2. Let T be a semigroup on a reflexive space such that
Supo <, <1 1T || < 0o0. Then T is continuous.

Corollary 3.3. Let T be a semigroup on a Banach lattice E with order-continuous
norm, and suppose that there is a Cy-semigroup S on E such that 0 £ T(t) £ S(2)
(¢ > 0). Then T is continuous, and T(0) is a band projection.

Proof. This follows from Proposition 3.1 in the same way as Corollary 2.3 followed
from Proposition 2.1. O

We have remarked above that any continuous semigroup provides a pseudo-
resolvent, via the Laplace transform. For converse results, one should assume the
Hille-Yosida condition:

sup{[[(i — @y R |:n2 1,1> 0} < o . (3.1)

It was shown in [4, Theorem 6.2] that if E has the Radon-Nikodym property,
(R(4)),>. sastisfies (3.1), and R(A) = R(4, A) for some operator A:D(A4) — E (with
D(4) not necessarily dense), then there is a semigroup 7 on E with
sup;soe | T(t)| < oo and R(4) = |y e~ T(¢)dt. However, T may not be con-
tinuous [4, Example 6.4].

Proposition 3.4. Let (R(4)); >, be a pseudo-resolvent on E satisfying the Hille-Yosida
condition (3.1), and suppose that either

(1) E is reflexive,
or

(2) E is a Banach lattice with order-continuous norm, and there is a closed
operator A on E such that (o', ) © p(4) for some ' > w, 0 £ R(1) £ R(4, 4)
(A> ), and AR(1, A)—> I as A - 0.
Then there is a continuous semigroup T on E such that sup,»qe” || T(t)|| < oo and
R(A) = {5 e *T@t)dt (2> w).

Proof. By Corollary 2.2 or 2.3, AR(A))—» P as A— o0, where P is a bounded
projection, R(A})P = R(A), and R(A)|g, is a resolvent on E,:= PE. By the
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Hille-Yosida-Phillips Theorem, there is a Cy-semigroup 7; on E, such that
R(Wg, = [¢ e Ty(t)dt and sup,»oe™ || T(t)| < co. Define T(t) f = T, (t) Pf(f€E).
Then T has the required properties. [

4 Absorption semigroups

From now on, our Banach space E will be L?(X) for some o-finite measure space
(X, ) and some 1 < p < o0, T={T(t):t 2 0} will be a given positive Co-semi-
group on L?(X), A will be the generator of T, and o will be the type (growth bound)
of T: w = lim,_ , t " 'log| T(t)||. Occasionally, we may write e for 7'(z).

Let V:X = [0, o] be a measurable function. Our objective is to associate
a semigroup Ty, known as an absorption semigroup [45, 46], with T and V, in such
a way that T, can loosely be regarded as being “generated” by A — V. For V' in
L™(X), there is no problem about this, as A — V is defined as an operator with
D(A — V) = D(A), and it generates a Cy-semigroup 7y on LP(X), by the theory of
bounded perturbations. We shall obtain our (degenerate) semigroups by approxi-
mating ¥ pointwise by an increasing sequence (V,) in L*(X), and taking the limit,
as n— oo, of the Cy-semigroups generated by 4 — V,. Thus our strategy is similar
to [45, 46], but the context differs in that we consider only non-negative potentials
¥, we make no constraints on the size of ¥, and we do not expect our limiting
semigroup to be a Cy-semigroup on L?(X).
Lemma 4.1. Let(V,,),(lZ,)be two sequences in L*(X) such that V, T V, V.1 Vaeas
n—co. For A>w, lim,,,R(A, A —V,) and lim,_, ,R(1, A — 17,,) exist and are
equal. Moreover, for t > 0, lim,.,, Ty (t) and lim,_, ,, Ty, (¢) exist and are equal.
Proof. The Trotter product formula Ty (t) = lim,., ,(7(t/r)e """y shows that
Ty, () 2 0.Since 4 — V,, =(4 — V,11) + (Va1 — V), the Trotter product formula
also shows that T(¢) = Ty, () = Ty, ,(t) 2 0, and hence R(4, 4) Z R(4, A — V,} =
R(A,A—V,;1)=Z0 (A>w). By the monotone convergence theorem,
lim, .., R(A, A — V,) and lim,, ., Ty (t) exist. Similarly, lim,.,R(1, 4 — V,) and
lim,. , Ty, (t) exist.

For any fixedm, |V, A 17,,, < I7m|| foralln,and ¥, A 17,,, T V,, pointwise a.c.
and hence as operators on L?(X) as n — co. For large 4,

oo

R(A, A=V, A V) =R(A A) Z (Vo A V)R(A A)Y > R(L, A — V)

as n— oo, and Ty, .y, ()— TV {t/y by the Trotter-Kato Theorem. But
R(LA—-V)ER(LA -V, A Vo) T (t)<TV AV, (1), 5O
lim R(A, A—-V,)SR(4LA ) lim T, (t) < Ty, (t) .
Letting m —» oo and then interchanging V, and 17,,, the result follows. [
Now define

() = lim Ty, (1) (¢>0),

n—=> o

R(ALA—-V)=1lm R(LA-V,) (A>w),

n—> w0
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where (V,) is any increasing sequence in L*(X); such that V, T V. Lemma 4.1
shows that these definitions are independent of the choice of sequence (V,), and it is
easily checked that 0 < 7, () £ T(t) and Ty (s + 1) = Ty () T (t) (s, t > 0). Since
Ty is strongly measurable, it is strongly continuous for ¢t > 0 [19, Theorem 10.2.3],
so Ty is a semigroup in our terminology. By Corollary 3.3, 7} is a continuous
semigroup and 7y(0) is a band projection, so there is a measurable subset X, of
X such that T,(0) = 1,. Writing X5 = X\ Xy, Ty| 1oy = 0, Tvlmx yis a Co-
semigroup on L”(XV) and R(4, A — V) f= R(4, Ay)1y, f, where Ay is 'the gener-
ator of this Cy-semigroup. We could alternatively use Corollary 2.3 and the results
of [11] to derive these properties of 7j. The generator Ay is the graph limit of
(A — V,) in the following sense [11]:

D(4y) = { fe L?(Xy): there exist (f,) in D(A), g in L?(Xy)
such that || f, — fll, >0, | Af, — Vo fu — g, 0},
Avf=g.

It follows from the construction that if V' = Va.e., then Ty = Ty, and if V < I7(a.e.),
then T, 2 Ty. The monotone convergence theorem shows that

R(4, A~ V)= lim R(4, A= V,) = lim | e T, (t)dt

n—o n—>w 0O

8

= [ e M Ty()dt (> ).

[=]

The Dominated Convergence Theorem shows that

lim R(A4,A—V,) = [ e *Ty(t)dt = R(4, Ay)ly, 4.1)
n—roo (1]
whenever Re 4 > w.

The reader should be warned that R(/4, A — V') is not necessarily the resolvent
of an operator 4 — V. Moreover, the set Xy is determined only up to null sets.
Thus an inequality of the form 7;,(0) < 1y (where Y is a measurable subset of X)
means that X\ Y is null, or equivalently, LP(X,) < L#*(Y).

Proposition 4.2. Let V,: X — [0, co] be measurable functions such that V, T V a.e.
as n— . Then Ty, (t) | Tv(t) (t > 0) and R(A, A—V,) | R(AL A—-V)(A>w)as
n - 00.

Proof. Let feLP(X),. Since (Ty,(¢)f) is a decreasing sequence in LP(X),, it
converges in norm to its pointwise infimum, and
lim Ty, (6) f=inf inf Ty, , i (O f= inf inf Ty, , o ) f=i0f Ty . (0 f = T, (D S,

n k k n k

where Lemma 4.1 is used for the third equality. The other equality is similar. [

If F is a subspace of LP(X), the disjoint complement F* of F is LP(Y) where Y is
the largest (up to null sets) measurable subset of X such that each f in F vanishes
a.c. in Y. Similarly, F+, the band generated by F, is LP(Y) where Y is the smallest
measurable subset such that each f in F vanishes a.e. in Y*. The following simple
result extends [45, Proposition 2.9].
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Proposition 4.3. For any [ in D(A)nD(V), f= T,(0)fe D(Ay) < L*(Xy) and
Ay f=Ty(0)Af— Vf Hence (D(A)nD(V))** < L¥(Xy) = THO)L?(X). If
(DAY N D(V))* = {0}, then Ty is a Cy-semigroup on L?(X).

Proof. Let > o, g =(Al — (A — V))f. Let (V,) be a sequence in L*(X) increasing
to V.Theng=(A — A+ V,)f+(V—V,)f. s0

R(LA=V)g=f+R(LA=-VIV=V)f.

But [|R(4,A—=V)| = R4 A and [(V-V,)fl|->0 as n—o0, so
f=R(A, A—V)g=R(A Ay)Ty(0)ge D(A,) = LP(Xy). Since Ty (0) is a band pro-
jection, all the results follow. [

The converses of Proposition 4.3 do not hold. In Example 7.2, we will show that
it is possible that D(4) " D(V) = {0}, but Ty is a Cy-semigroup. Nevertheless, the
next proposition does establish an upper bound for 7y(0).

Proposition 4.4. Let Wy = {xe X:¥(x) < oo}. Then T,(0) £ 1y, .
Proof. Let M = W = {xe X:V(x) = o0}, and put

_jo (xeM)
=10 xewy) .

Then V z y, so T,(0) £ T,(0).
Take 4 > w. For f in L?(X),

R(A, A)f — R(A4, A —nly)f=nR(4, A)1yR(L A —nly)f.

Thus, if g, = R(4, A)1,,R(4, A — nly) f, then ng, > R(4, A)f — R(4, 4 — ) f, so
g»— 0, and R(4, A)1,,R(4, A — y) f = 0. Hence, 1,R(4, A — ) f = 0. Since T,(0) is
the projection of LP(X) onto the closure of the range of R(4, A — y), it follows that
1), Ty(0) £ 1, T,(0) = O, so the result is proved. O

Proposition 4.4 establishes the inclusion: LP(Xy) = Ty (0)LP(X) = L(EWy).
This inclusion may be strict (see Example 4.7}, but equality does hold in the
norm-continuous case. (By saying that T is norm-continuous, we mean that
t+ T(t) is continuous in the operator norm on [0, oo ).)

Corollary 4.5. Suppose that T is norm-continuous. Then LP(Xy)= LP(Wy),
D(Ay)=D(V) and Ay f =1y, Af— Vf (feD(V)).

Proof. Since D(A} = L¥(X)and D(V) = L¥(W}), this follows from Propositions 4.3
and 44. O

Now let V, VX — [0, o] be measurable functions. We can use the construc-
tion of this section to form the (degenerate) continuous semigroup T;, which is
a Cy-semigroup on LP(Xy) and vanishes on LP(X$). We can then repeat the
construction to form the continuous semigroup (7} )y, which will be a Cy-semi-
group on part of L?(X,} and vanish on L?(X{). Similarly, we can construct

R(A, Ay — I71) on L*(Xy)

R(i,(A—V)—V):z{O on L7(X$)

}= fe M (Tywde,
0
where 171 = I7|XV.

Proposition 4.6. Let V, V:X — [0, «0] be measurable functions. Then (Ty)y =
Ty ey, and R(J,(A—~V)—=V)=R(LA—(V—=V))(L>w)
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Proof. Firstly, suppose that Ve L*(X). Let(V,) be a sequence in L*(X ) increasing
to_ V. Choose o> such that | V| [|R(4,A)|=qg<1 For 1>,
171 IR(, A= V,)| < g, 50

RALA—(Vo+ V) =R A—V,)I— VR, A= V,))!

—R(LA-V) Y (FRO A= V)Y .

r=0

This series is uniformly convergent in n, so, letting n — oo,

R(LA—(V+V)=R(LA-V) f (VR(4, A — V)Y .

r=0

For f in L*(Xy), R(4, A — V) f= R(1, Ay)f, s0

R(L A~V +V)f=R(LA) Y (VR4 A S

r=0
=R(4L Ay — V) f=R(4L(A- V)= TV)f.
For f in L*(X%):, OSR(ALA—(V+V)fSR(ALA—V)f=0, and R(/
(4 — V) Vyf=0, by definition. Thus, R(4,(4A—V)~— ) R(A, A —

V+ V)) whenever Ve L®(X ). This holds for A > 44, and hence for 4 > w by
analytic continuation.

Now, consider a general V,and let (V,) be a 1 sequence in L (X ) increasing to V.
Then R(4LA—-(V+ V)| R(ALA—(V+ V)) by Proposition 4.2, and
R(A,(A—-V)— V) I R(A,(A—=V)— V) from the definition. Hence

R(ALA—(V+ V) =1lim R(LA—-(V+ V)

n—w

= 1lim R(4L(A— V)= V)=R(L(A—-V)=V).

n—> o

The fact that (Ty )y = Ty .y follows from uniqueness of Laplace transforms (or
directly by taking suitable limits in the Dyson-Phylips formula). O

Example 4.7. Let X = R (with Lebesgue measure), and 7 be the translation
semigroup:

(TONHX) =fx+1).
For Vin L*(R), the perturbed semigroup is given by:

x+t

(T f)x) = eXp<— § V@) dS)f(x +1).
It follows, on taking a limit, that this formula holds for arbitrary V' = 0. Thus

x+é
XV={xeR: { V(sds < o0 for some(3>0}.

It is not difficult to give a direct proof that V(x) < oo for almost all x in Xy, thus
verifying Proposition 4.4.
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Let V:R - [0, c0) be any measurable function with finite values which is not
integrable over any open interval in R. (For example, let {g,:n =1} be an
enumeration of Q, choose 6, > 0, ¢, > 0 such that Z:‘;lén < 00, €0, = O as
n— oo, and let I, = (¢, — 6,, ¢» + 6,), V =32, ¢, 1;,; since limsup,.. , I, is nul,
V(x) < oo a.e) Then Ty =0, and Xj is empty. This shows that the inclusion in
Proposition 4.4 may be strict.

Example 4.8 (Feller semigroups). Let X be a second countable, locally compact,
Hausdorff space, and u be a stictly positive Radon measure on X. Recall that
a Feller semigroup is a positive, contractive, Cy-semigroup 7 on Cy(X). For any
Feller semigroup 7, there is a strong Markov process Z = {Z(t):t = 0} with
right-continuous paths in X such that

(T f)(x) = EX[f(Z(@0)] (4.2)

[16, Chap. 4], [44, Chap. 2], [15, Sect. 2]. Here, E* denotes expectation with
respect to the probability measure P* corresponding to the process starting at x.
We shall assume that 7 interpolates to give Cg-semigroups on each
LP(X)(1 £ p < o0); this is automatic in the symmetric case [15, Proposition 2.5].
These semigroups will also be denoted by T; (4.2) remains valid for [ in
LP(X).

For Vin L*®(RY), the perturbed semigroup Ty is given by the Feynman-Kac
formula:

(L () f)x) = E [eXp ( — [ V(Z(s))ds >f(Z(t))] : (4.3)

1t follows, on taking a limit, that the Feynman-Kac formula is valid for arbitrary
V =z 0. With the aid of Blumenthal’s Zero-One Law, it is easily seen that

Xy = {xeX:P"[f V(Z(s))ds < o for somet>0] = 1}
0

(see [26]). Thus Proposition 4.4 expresses the fact that V(x) < oo for almost all
points x such that ﬁ) V(Z(s))ds < oo for small ¢ if the process starts at x.

In the case when X = R" (with Lebesgue measure), and 7T is the Gaussian
semigroup: (T(t) f)(x) = (f*p,}(x), where p, denotes the Gaussian kernel:
p(x) = Qnt) M2 1x1%2 then Z is N-dimensional Brownian motion, and the
generator A is given by: A =3}4,, where 4, is the Laplacian on L?(R") with
appropriate domain. The Feynman-Kac formula (4.3) shows that it is consistent
with the literature ([26, 36, 9, 45, 15] etc.) to call Ty, a Schrédinger semigroup when
T is the Gaussian semigroup, and a generalized Schrédinger semigroup when T is
a Feller semigroup. Readers who prefer to define Schrédinger semigroups via
quadratic forms should turn to Sect. 7.

Example 4.9 (Elliptic operators). Let X = R¥ and u be Lebesgue measure. Con-
sider a real strongly elliptic operator

N N
A= 3 a;DDi+ ¥ bDi+c, (4.4)

i,j=1 i=1
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or

N N

A=Y Dia;D)+ Y bD;+c, 4.5)
i,j=1 P i=1

Here, D; is the partial derivative: D, f = Ff—, the coeflicients a;;, b;, b;, ¢ are real

14

functions in L®(RY), and there is a constant 7 > 0 such that

N N
Y oay()&E 2y Y &2 (xeRY, EeR). 4.6)
iLj=1 i=1

Without essential loss of generality, we assume that a;; = a;. If the coefficients
a;; are Lipschitz continuous, then (4.4) and (4.5) are equivalent, but if g;; are not
differentiable, then (4.5) has only a formal sense. Nevertheless, there is a quadratic
form a, associated with A:

D(ao) = W'?*(R"),

N N
ag(f) = Z jaij(Dif)(Djf_) - Z jb/i(Dif)f- Ic|f|2 .

i,j=1

The (non-symmetric) Beurling-Deny criteria [25, 28, Sect. 4] can be applied to
show that there is a positive semigroup 7 on L?(R") which interpolates to provide
positive semigroups on each L?(RY) for 2 < p < oo. If the coefficients b; are
Lipschitz continuous, then duality arguments show that T also interpolates to
LP(R) for 1 < p < 2. This also occurs if a;e W**(RY) and b, ce L*(R") [33,
Chap. V, Theorem 2.7]. We shall write 4, for the generator of 7 on L?(R")
whenever this exists. If a;e W2 (R"), then 4, is the closure of the operator
A defined by (4.4) with D(4) = C®(R¥) [33, Chap. V, Theorem 2.7]. Further details
of the quadratic form approach are given in Section 7, but here we relate this
example to Example 4.8.

In many cases, A is associated with a diffusion process Z, a strong Markov
process with continuous paths, and 7T is given by (4.2). This occurs in the
symmetric case if ¢ < 0, or, more generally if each b; is Lipschitz continuous
and ¢ is sufficiently negative, as a, is a regular Dirichlet form with the
local property [17, 25]. Then the discussion of Example 4.8 is applicable, and 7}
is given by (4.3), even though T may not define a Feller semigroup on Co(RY).
Sufficient conditions on the coefficients for this last property are given in [16,
Theorem 1.6, p. 370; 15, Example 2.12], etc. We shall call T the diffusion
semigroup associated with A4, and T, an absorption-diffusion semigroup. By exten-
sion, we shall also use this terminology in all cases when T defines a semigroup on
LP(R¥).

When A = 44, then T is the Gaussian semigroup, and 7y is the Schrédinger
semigroup as in Example 4.8.

Remark. Example 4.9, and the forthcoming discussion of elliptic operators in
Example 5.6, Proposition 5.7, Theorem 6.2, and Section 7, can be extended to the
case when X is a second countable, connected, Lie group, # is left Haar measure,
and D; is the left regular representation of some chosen basis of the Lie algebra. The
necessary semigroup properties are given in [7, 33].



Absorption semigroups 437
5 Barred semigroups

As in Sect. 4, we take as given a positive Cy-semigroup 7 on LP(X)(1 < p < w0)
with generator A. Let Y be a measurable subset of X, Y* = X\ Y, and

_joo (xeY9)
Trelx) = 0 (xeY).

When V = yy., we shall write Ty, Ay, and Y*, instead of 7y, 4y, and X, respec-
tively. We shall call Ty a barred semigroup, as the potential yy. represents a form of
barrier to the semigroup (see Examples 5.4 and 5.5).

By construction and Proposition 4.4, 0 < Ty (t) £ T(¢), Y*\ Y is null, and Ty(¢)
maps LP(X) into L?(Y) and vanishes on LP(Y*). If (D(4) n L?(Y))* = LP(Y*), then
1y. = Ty(0) = 1y, by Proposition 4.3.

Proposition 5.1. With respect to the ordering of operators on L*(X), Ty is the largest
semigroup S such that (a) 0 < S(t) £ T(t) and (b) S(t) maps LP(X) into LP(Y) (t > 0).

Proof. Let S be any semigroup such that 0 < S(t) £ T(r) and S(t) maps L?(X) into
L*(Y). For fin LP(X)},,n =1,

0SSO f=LSOfS Ly TOfSe ™" T(t)f.
Thus

S@Of=St/m"f< (e T(t/m)"f .

Letting m — o, the Trotter product formula gives: S(t) f < T,,,,.(t) f, and letting
n— o, we obtain S(t)f £ Ty(t)f. O

A variant of Proposition 5.1 is that Ty is the largest semigroup S such that (a)
0 £ 8(t) £ T(¢) and (b) S(t)|Le(rey = O (t > 0). It follows from Proposition 5.1, or its
variant, that Tyl s, is the largest semigroup S on LP(Y) such that
0=SO)f=T@®)f (>0, feL?(Y).)

In the present context, Proposition 4.3 and Corollary 4.5 can be interpreted in
the following way.

Proposition 5.2. Let fe D(A) N LP(Y). Then fe D(Ay) < LP(Y*), and Ay f = 14, Af.
If T is norm-continuous, then Ty(0)= 1y, Tyli»y, is norm-continuous, and
Ay f= 1y Af for all f in LP(Y).

The multiplication operator e~ **" can naturally be interpreted as the projection
1y of Y?(X) onto LP(Y). Thus the following result is a Trotter product formula for
the perturbation — yy. of A. We do not know whether the corresponding formula
holds for arbitrary absorptions V. However, if p = 2 and A is negative-definite and
self-adjoint, then the formula does hold. This will follow from Proposition 7.1 and
Kato’s Theorem [13, Theorem 4.36; 21].

Theorem 5.3. For any measurable subset Y of X,

Ty f = lim (1, T/m)Y f= lim (TQ/m1,)Y f(e >0, fe LA(X))

n—o n-— oo

Proof. We may suppose that f= 0. Let £ > 0. There exists k such that || Ty(r) f
~ (0 f <&, where T, = Tiy,.. By the Trotter product formula for bounded
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perturbations, there exists N such that [[(e ™' T(t/n))"f — Ti(t) f|| < ¢ whenever
n 2 N. Since Ty(t) = 1, T(¢) for all ¢,

0< (w(%))"f— T f < < gk T<£>>nf— T
Hence
(s

< 2¢
whenever n = N. This establishes one equality, and the other can be proved
similarly. [

<

’ + 1 L) f— Ty(0) f]

Example 5.4. Let X = R and T be the translation semigroup of Example 4.7. Then
Y* = {xeR:(x, x + 6)\ Y is null for some ¢ > 0},

fix+1 if(x,x+ \Y is null ,
0 otherwise .

(Ty(0) flx) = {

If vY= R\Unl,,, where I, is as in Example 4.7, then Y has finite measure, but
Ty =0, Y* is empty.

Example 5.5. Let T be a Feller semigroup as in Example 4.8. Then
Y* = {xe X : P [there exists t > 0 such that Z(s)e Y for almost all s £ t] =1} .

In the context of Brownian motion on R, this set ¥* arises in the Kac approach to
potential theory [12, 42, 18]. Our notation agrees with [ 187, but conflicts with [42].
In the language of [42], Y* is the set of points which are strongly exterior irregular
for Y. Proposition 4.4 includes the semigroup proof [18] that Y*\Y is null (see
also [12, Theorem 9.3, Corollary 9.6; 42, p. 833; 9, Proposition 5.17). The semigroup
Ty is given by:

(Ty(0) f)(x) = E*[ f(Z() Yiz(5)e ¥ for atmostann s ] - (5.1

Now, take Y to be an open subset 2 of X. Then Q@ < Q*, so L?(Q) = L#(2*), and
T, is a Cy-semigroup on LP(Q). Moreover, there is a related Cy-semigroup T4 on
L7(Q), given by the formula:

(T2 /)% = E*[f(ZO)z9eororanssal - (5:2)

It is clear from (5.1) and (5.2) that TH(t) £ Tp(t) and Ty.(t) £ To(t) and
TH () < TH() if @ = Q. (The first two of these statements also follow from
Proposition 5.1) If each point of € is regular for Q° in the sense of [ 10, Definition
11.17, then Q* = Q. Following [42, 18], we shall say that Q° is Kac-regular for Z if
P*[Z(1p)e2*] =0 for all x in Q, where 15 = inf{t = 0: Z(t)e Q°}. If Q° is Kac-
regular, then a straightforward application of the strong Markov property shows
that T4 = Ty, (see [18]).

Now suppose that Z has continuous paths (for a sufficient condition, see [16,
Proposition 2.9, p. 1717). Let (,) be an increasing sequence of open subsets of
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Q such that Q, < Q and Q = UnQ,,‘ Then it is clear from (5.1), (5.2) and the
continuity of paths that

To(t) f=sup T, (1) f (feLP(Q)+,t > 0). (5.3)

Let A% , and A, , be the generators of T and Ty, respectively. It follows from the
monotone convergence theorem that

R(AL A f= [ e ¥ T fdr = lim [ e *Ty (1) fdt = lim R(A, Ag, )10, f,
0

n—>o O n—co

(54)

for A > 0 and for all f in L?(Q), and hence for f in LP(Q).
We have shown that T is given by a double limiting procedure:

TH(#) = lim Hm Ty, (2) . (5.5)
no>w k- w
This has also been established in [15, Theorem 4.3]. If V:Q — [0, co] is measur-
able, we can apply the construction of Sect. 4 to obtain the absorption semigroup
T4, = (T%)y; this is also given by a double limit:
Tov(t)f=(THy () f= lim lim Ty, (1) f

= k>

= E[GXP<‘ _f V(Z(s))ds)f(Z(t)) 1zearor alls§t]] . (5.9

where V(x) = k(xe ), Vul(x) = V(x) A k(xe,) (see, [15, Theorem 4.4]).

Example 5.6. Let 4 be an elliptic operator as in Example 4.9, T be the associated
diffusion semigroup on LP(RY), and Q be an open subset of R". If each bj is
Lipschitz continuous and c is sufficiently negative, then 4 is associated with
a diffusion process Z with continuous paths, T, is defined by (5.1), and T4 by (5.2)
or (5.5). Then T4 is the semigroup associated with the operator A with Dirichlet
boundary conditions on Q (see [36, Theorem 21.1; 29, Sect. 7.3; 16, Theorem 1.4, p.
368; 15, Sect. 4] and Sect. 7 of this paper). For arbitrary ¢ in L*(R¥), T4 may be
defined by (5.5), or equivalently by letting S(} = ¢~ T(t) for a large constant A,
forming S$, and then putting TH(t) = e* Sh(t). For arbitrary coefficients, T% may
be defined by (5.5). (Although it is not clear that this is independent of the choice of
(€2,), we shall see in Sect. 7 that this is so if each Q, is bounded.) We shall call
T% and T, the Dirichlet diffusion semigroup and the pseudo-Dirichlet diffusion
semigroup associated with 4 on Q, and we shall again denote their generators on
LP(Q) by A% , and A, , respectively. When V: Q2 — [0, co] is measurable, we shall
call T4 ,, given by (5.6), the Dirichlet absorption-diffusion semigroup associated
with 4 and V on Q.

Suppose that A is given in the form (4.5) where g;; and b; are Lipschitz
continuous on Q. Then the adjoint A* is defined as an elliptic operator on C*(£).
Let Ag, ,,max be the maximal operator on L?(Q2) associated with A, defined in the
distributional sense:

D(Aq, p.max) = { f€ LP(2): there exists g in LP(Q) such that
A%, f) = {9, 9> (9eCI(Q)}
Aﬂ,p.maxf= g,
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where {-,-)> denotes the standard duality. _

If Q is of class C?2, then each point of 09 is regular for Q¢ with respect to the
diffusion process associated with 4, so T, = T'%. If, in addition, 2 is bounded and
the coeflicients of 4 are sufficiently smooth, then

D(A%, ) = WHQ)n WP Q) (1 < p < ),
D(Aﬂ,l) = W(l)‘l(Q) M D(AQ,p,max) >
A‘!il,pf= AQ,p,maxf(fED(A?l,p)a 1 é P < OO)

[29, Sect. 7.3] (see also [43]). In the absence of any assumption on £, we can
casily establish the following information about A4, , and 4% ,. Recall that if
a;;€ W2 (RM), then A, is the closure in LP(R") of the operator 4 defined by (4.4)
on CX(R") [33, Chap. V, Theorem 2.7], so W*?(R") < D(4,).

Proposition 5.7. Let A be a real strongly elliptic operator of order 2 on R¥ with
coefficients a;; in W ©(R"), bje W12 (R"), ce L°(RY), and T be the associated
semigroup on LP(RY). Let Q be any open subset of RY. Then

(1) D(Ap) N LP(Q) == D(AQ p) = D(AQ,p,max) s

(2) W(Z)’p(Q) = D(A?E,p) =t D(A.Q,p,max)-
Moreover, Ag ,and A% , are the restrictions of Ag, pmax t0 their respective domains.

Proof. (1) The first inclusion is given by Proposition 5.2.

Let feD(Ag,), A>w, and g=Af— Ag ,f Then f=R(LA,— xo)g=
lim,,  f,, where f, = R(4, A, — nlg.)geD(4,). Hence if, — A, f, + nlgf, =g
Let ¢ e CX(Q). Then

Letting n — oo,

Thus feD(Aq, p.max) and

A!E,p,maxf= = "{f_ g= A.Q,pf'

(2) Let (R2,) be an increasing sequence of open sets such that ©, < Q, a0 = Q.
Let A > w.

Let feCP(Q). For large n, supp f < Q,. Let g = Af — Af = Af — Ap, , /. by (1).
Hence f= R(4, AQn.p)g — R(4, A?),p)ga by (5.4), so f= R(4, A?’),p)QED(A‘}l,p) and
A% o f = Af — g = Af. It follows on taking closures that W3 7(Q) = D(45,,).

Now, let feD(Ab,,),g = if — A% ,f By (54, f=R(}, A% )g = lim,-... 1,
where f, = R(4, Ag,, ;) 1g,9. Let e CX(8). For large n, (1) gives

Letting n — o, it follows that fe D(Ag, p.max) a0d Ag, pmaxf = A6 pf- O

Remark. It should be noted that the results of this section are valid in a more
general framework. Let E be a Banach lattice with order-continuous norm, T be
a positive Cy-semigroup on D with generator 4, and P be a band projection on E.
We can define the degenerate semigroup T,(f) = lim,., , """~ Then T} is
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a continuous positive semigroup, 7T,(0) is a band projection with 7,(0) < P, and
Tp(t) = lim,_, ,(PT(t/n))". If T is norm-continuous then 7} is also norm-continu-
ous, and Tp(t) = P4 P.

6 Holomorphic semigroups

In this section, we suppose that p =1, and that T is a positive, contractive,
holomorphic, semigroup on L!(X). We shall show that the absorption semigroup
Ty associated with a measurable function V: X — [0, oo] is also holomorphic and
we shall apply this to (pseudo) Dirichlet diffusion semigroups.

Theorem 6.1. Suppose that T is a positive, contractive, holomorphic, semigroup on
LYX), and V:X — [0, oo] is measurable. Then Ty |Lix,) is also holomorphic.

Proof. Since T is holomorphic, there are positive constants ¢, r such that
IRCG,A)] S 7 Re 2> 0,141 > 1), (6.1)

where A is the generator of T [27, A-II, Theorem 1.14].

First, suppose that Ve L*(X),. We adapt the argument of [22]. Let fe D(4),
Re A > 0. Since T is contractive, A is dissipative, so

(Re((signf)Af), 1) <0,
where (-, - > denotes the duality between L*(X) and L*(X) [27, A-11.2]. Thus

(AL — A+ V)fIl 2 {Re((signf)(A] — A+ V)f), 1)

= (Relf] + VIfl, 1) — (Re((sign f) 4f), 1)
Z ReDI S+ 11VSI
z Vil

By (6.1), if Re 4 > 0 and | 4| > r, then

A S el = AfI SclAl = A+ V)L + [VA) < 2(M - A+ V)f],

SO

IR(A,A4—V)g| < ‘2761 lgll (g€ L*(X),Red > 0,14 > 1) . (6.2)

Now, consider a general ¥ = 0. We complete the argument with a variant of
resolvent convergence for holomorphic semigroups (see [11]). Taking a sequence
(V,) in L*(X) increasing to V, applying (6.2) to V,, and taking the limit as n — oo, it
follows from (4.1) that (6.2) is valid for all ¥ = 0. Restricting to g in L'(Xy), it
follows that

2
IR(, 4y)] < |71£I (Red> 0,]4] > r). (6.3)
Hence A, generates a holomorphic semigroup 7;, [27, C-II, Theorem 1.14]. U

The fact that the right-hand side of (6.3) is independent of ¥ implies that there is
an angle « > 0, independent of ¥, such that T, generates a holomorphic semigroup
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of angle (at least) a, with bounds independent of ¥. (This is easily seen by examining
the proof of [27, C-II, Theorem 1.14], but the maximal angle « will depend on V' in
general.) This fact will also be relevant to the discussion of the Dirichlet diffusion
semigroups in the following result. For V in L1 (R"), Kato [22] proved that the
Schrodinger semigroup Sy is holomorphic on L'(RY). For Q of class C?, the
Dirichlet diffusion semigroup T§ associated with a strongly elliptic operator is
known to be holomorphic [3]. Our result removes these constraints on ¥ and Q.

Theorem 6.2. Let A be a real strongly elliptic operator of order 2 on RY with
a;€ W (RY), b,e WH*(RY), ce L (RY), and T be the associated diffusion semi-
group on LP(RYN)(1 < p < ). For any potential V = 0, the asbsorption-diffusion
semigroup Ty is holomorphic on LP(Xy). For any open subset Q of R", the pseudo-
Dirichlet diffusion semigroup Ty and the Dirichlet diffusion semigroup T% are holo-
morphic on LP(Q).

Proof. By adding a constant to A, we may assume that 7 is contractive on L*(R™).

For p = 2, the results are standard because in the symmetric case the semi-
groups are associated with positive forms (see Section 7), and in the general case the
first-order terms are a small perturbation [7, p. 385]. Alternatively, holomorphy
may be derived from an appropriate sector condition for quadratic forms (see [1,
11,25]). Since the semigroups interpolate on the LP-spaces, it follows from the Stein
Interpolation Theorem as in [31, Theorem X.557 that the semigroups are holomor-
phic for | < p < co. Alternatively, once holomorphy is established for p =1, it
follows for other p by duality and interpolation, if each b; is Lipschitz continuous.

Consider the case p = 1. The diffusion semigroup T is holomorphic on L!*(R")
[33, Chap. 5, Theorem 2.7]. It follows from Example 4.9 and Theorem 6.1 that Ty is
holomorphic on L!(X ). In particular, Ty, is holomorphic. Moreover, (6.2) shows
that

2c
IR(4, Ay — Yae)gll £
1]
where c, r are constants independent of Q. Now, if we take Q2 fixed, and (©2,) to be an
increasing sequence of open sets with Q, € Q and U,€2, = @, then it follows from
(5.4) and (6.4) that, for g in L*(€),|A] > r, and Re 1 > 0,

(geL*RY),|A| > r,Re 1l > 0), (6.4)

IR(4 A%, )gll = im |R(4, Ag, 1)g] = lim |R(% A1 — xo5)gll < <X

noo n 4]

||g||,

so the semigroup T'%, generated by A, ;, is holomorphic.

Corollary 6.3. Let S be the Gaussian semigroup on LP(R¥)(1 < p < o). For any
potential V = 0, the Schridinger semigroup Sy is holomorphic on LP(Xy). For any
open subset Q of RY, the pseudo-Dirichlet semigroup Sq and the Dirichlet semigroup
S4 are holomorphic on LP(R¥).

7 Quadratic forms
Let A be an elliptic operator as in Example 4.9, and 7 be the associated diffusion

semigroup. We saw that we could define the absorption-diffusion semigroup by the
limiting procedure of Sect. 4, and we reconciled this with the Feynman-Kac
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formula (4.3). In Example 5.6, we defined Dirichlet diffusion semigroups by a sec-
ond limiting procedure, and we reconciled this with the formula (5.2). An accepted
alternative method of defining absorption-diffusion semigroups and Dirichlet
diffusion semigroups is to consider the appropriate quadratic form on L%(R¥) or
L*(Q), verify that it satisfies the Beurling-Deny criteria, and deduce that it is
associated with a positive semigroup which interpolates to each LP-space. In this
section, we show that this method is consistent with the previous definitions. This
will then complete proofs of Theorem 6.2 and other properties, which are com-
pletely free of probabilistic considerations. Since both approaches to absorption-
diffusion and Dirichlet diffusion semigroups provide interpolating semigroups, it
suffices to establish consistency for p = 2, where we use the convergence theory of
quadratic forms. For general absorption semigroups, the lack of a suitable theorem
for convergence “from below” for non-symmetric forms confines us to the symmet-
ric case.

We show first that the absorption semigroups associated with a C,-semi-
group arising from a quadratic form are themselves associated with quadratic
forms.

Suppose then that p = 2. Let a be a closed non-negative form on L?(X) with

domain D(a), and let — A be the associated self-adjoint operator on D(a). We
adopt the convention that a(f) = oo for f in L?(X )\ D(a). Define linear operator
on L*(X) by:

Jha)f=(A—A'Pf, UO)f=e"Pf(feL*(X),2>0,t>0),

where P, is the orthogonal projection of L%(X) onto D(a). These form a pseudo-
resolvent and a continuous semigroup on L?(X). The Beurling-Deny criteria [32,
Sect. XIII.12, Appendix 1] (applied to the restriction of a to D(a)) show that U, 2 0
if and only if a(| f|) < a(f) for all f in L*(X); under these conditions, U, inter-
polates to form positive contraction semigroups on each LP(X) if and only if
a(f A 1)< a(f)forall fin L3(X)..

Now suppose that a, is a given closed non-negative form with dense domain in
L*(X) such that U,, > 0. We shall write — A for the self-adjoint operator asso-
ciated with a,, and T for the corresponding semigroup: T(f) = "4 = U,,(t). Let
V:X - [0, o] be measurable, and define a closed non-negative form b, by:
by(f)=[VIfI>. Then a,:=a,+b, is a closed non-negative form with
D(ay) = D(ag) " D(by) = {feD(ao): [ V| f|* < c0}. We can therefore associate
with V" a pseudo-resolvent J(4, ay) and a degenerate semigroup U, .

Proposition 7.1. In the notation above, U,,(t) = Ty(t) (t > 0) and J(4 ay) =
R(A4, A — V)(A > 0). Hence L*(Xy) = D(ay).

Proof. Let (V,) be a sequence in L*(X), increasing to V. Then U, (f) = '™~
= Ty, (t), by the theory of quadratic forms and bounded perturbations. Moreover,
ay, <ayp, <...,and ay(f) = lim,- . ay, (f). The result therefore follows from the
theory of convergence of forms [13, Theorem 4.32; 30, Theorem S14, p. 373]. O

If a is a closed sectorial form and V' = yqo. for some measurable subset Y of X,
then Proposition 7.1 remains valid. The application of the convergence theory of
forms is replaced by a comparison of the Kato-Simon version of the Trotter
product formula for sectorial forms [21, p. 194] with the version of the Trotter
product formula given in Theorem 5.3 above.



444 W. Arendt and C.J.K. Batty
Now suppose that 4 is a symmetric strongly elliptic operator on R". Formally,

N
A= z D;(a;;Dy) ,
ij=1
where a;; are real functions in L*(R"), 4;; = aj;, and (4.6) holds. (We can ignore any
term of order 0, as it forms a bounded perturbation.) The associated quadratic form
a, is:

N
D(ao) = W"2RY), ao(f)= Y. [ay;D.S)D;]). (7.1)
i,j=1
Proposition 7.1 shows that our definition of absorption-diffusion semigroups in
Example 4.9 is consistent with their definition by means of the quadratic form
ay for p = 2 and interpolation for other values of p. Moreover,

L*(Xy) = W"2R") " D(by).
In particular, if Q is open and [, ¥(x)dx < oo, then L*(Q) = L*(X). This should
be compared with Proposition 4.3, which shows that L*(X}) © L*(Wy).

Example 7.2. Let N = 2, and A = 4. Then there exists V:R"Y — [0, o) such that
V is nowhere locally integrable, but T,(0)=1 [41]. In the case N =2,
D(4,) = D(4;) = W*2(R"Y) < Co(R?). Hence D(A,) n D(V) = {0}, but Ty isa Cy-
semigroup on L2(R?). Thus the inclusion in Proposition 4.4 may be strict.

Let Q be an open subset of R¥, 4 be a symmetric strongly elliptic operator, and
V = yq.. Proposition 7.1 shows that the pseudo-Dirichlet diffusion semigroup
T, on L*(Q) defined in Example 5.6 is associated with the form a, where
Diag) = WHRERY) N L*(Q), ag(f) = ao(f)(feD(ag)). Let (€2,) be an increasing
sequence of bounded open sets such that Q, < Q, UnQ,, = Q. The decreasing
sequence of forms (ap, ) has limit b:

D(b) = D(ag,) = W' 2RY) n ) L2(Q,),  b(f) = ao(f) (fe D(b)),

and the closure of b is the form a% associated with A with Dirichlet boundary
conditions:

D(ag) = W52(Q), ab(f) =ao(f) (feD(af))

(see [14, Theorem 2.1.6]). The convergence theory of forms (a routine extension of
{30, Theorem S16, p. 373] to forms which are not densely-defined) shows that
U,a(t) = lim,_., Ty, (t). Comparing this with (5.3) shows that our definition of the
Dirichlet diffusion semigroups 7% in Example 5.6 is consistent with the alternative
definition by means of the form a$ for p = 2 and by interpolation for other values
of p. Moreover, knowing (by interpolation) that (5.3) holds for all p is sufficient for
the proof of Theorem 6.2, so we have completed a non-probabilistic proof of the
holomorphy of absorption-diffusion semigroups and Dirichlet diffusion semi-
groups defined on L?(£2) by means of symmetric forms. For Dirichiet diffusion
semigroups, the argument may be extended to the non-symmetric case, using the
remark foliowing Proposition 7.1 and the theorem for convergence “from above”
for sectorial forms {whose domains need not be dense) [20, Theorem 3.6, p. 455]).

Note that if Q° is Kac-regular, then T% = Ty, so ah = a, and W12RY)
L*(Q) = W'2(Q) (see [18, Theorem 2.1]).
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8 Asymptetic stability

Let A= va j=1 Dila;;D;) be a symmetric strongly elliptic operator on RY, and T be
the corresponding diffusion semigroup on LP(R), so that T is associated with the
quadratic form a, given by (7.1). Let Q be an open subset of RY, 17:Q — [0, o0] be
measurable, and T, = (T'4), be the corresponding Dirichlet absorption-diffu-
sion semigroup, associated with the form a ,:

D(ady) = {fe WH3(Q):[ VP < 0},
abv(f) =2 )+ VIS

We shall discuss the asymptotic behaviour of T, firstly whether it is exponenti-
ally stable on LP(Q), that is: || T, ()| — 0 as t > co. Since T, and hence T4 y, is
ultracontractive, and its kernel p, satisfies a Gaussian upper bound [14], an
argument of Simon [37] shows that this condition is independent of p. Hence
T% , is exponentially stable if and only if there is a constant ¢ > 0 such that

apv(fN)zcflfIP (feWs?(Q).

The strong ellipticity condition (4.6) implies that this condition on @ is independent
of A. In the case when A is the Laplacian and Q = R", exponential stability was
characterised in [5; 9, Sect. 4], and it is routine to modify the arguments for general
Q. We recall the following notions.

Let & be the class of all Borel sets F in R" such that

sup P*[B(s)eF forall s<t] =1,

xeRY
where B is Brownian motion on R¥. This condition is independent of £ (0 < t < o)
[9, Proposition 4.2]. An open set @ belongs to . if and only the Dirichlet
semigroup S is not exponentially stable on L?(€2') (independent of p), or equiva-
lently, Poincaré’s inequality fails, that is,

inf { [| VfI*:feC2@),fIf1?=1}=0.

The methods of [ 5, 9] establish the following. Many other variants of condition (2)
may also be read off from {9].

Theorem 8.1. Let A = foj:  Di(a;;D;) be a symmetric strongly elliptic opetator on

RY with bounded coefficients, Q be an open subset of R¥, and V:Q — [0, oo](be
measurable. The following are equivalent:

(1) T4 v is exponentially stable on LP(Q);

(2) fV(x)dx = oo for all (closed) sets F in % contained in Q.
If Ve L} (Q), then these conditions are equivalent to:

() [ V(x)dx = oo for all open sets Q' in F contained in Q.

Now let Z be a diffusion process associated with A, with continuous paths.
Define classes %, and #, of Borel sets by:

FeF, < sup P'[Z(s)eFforalls<t] =1,
xeRY

Fed, = sup P*[Z(s)eF for almost all s <t] = 1.

xeRY
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Similar considerations to those above show that
Fe#Z 4<> Ty 1s not exponentially stable on L*(F)
<> Ty is not exponentially stable on L*(F)
<inf{ag(f): fe WHERM) ALY (F), [ /1P =1} =0,

and that this last condition is independent of A. Since the kernel of T"has Gaussian
bounds, the argument of [9, Proposition 5.1] (see also Example 5.5) shows that
Fe#,<FuNe%, for some null set N. Thus in Theorem 8.1, it is possible to
replace # by %, or F,.

Now suppose that A4 is not symmetric, but is associated with a diffusion process
Z with continuous paths. We also suppose that the coefficients are sufficiently
smooth to ensure that the kernel satisfies Gaussian upper and lower bounds (see
[33, Chap. V]). Quadratic form methods are no longer suitable; in particular, it is
not clear that exponential stability is independent of p, nor that %, is independent
of A. Nevertheless, it is possible to follow the arguments of [9], replacing Brownian
motion by Z, and explicit formulae for p, by Gaussian bounds, to obtain the
following.

Theorem 8.2. Let A be a real strongly elliptic operator on RY associated with
a diffusion process, and with sufficiently smooth bounded coefficients. Let Q be an
open subset of RY, and V:Q — [0, co] be measurable. The following are equivalent:
(1) T4y is exponentially stable on L* (%)
(2) j V(x)dx = oo for all (closed) sets F in & 4 contained in L.
If Ve L, (Q), then these conditions are equivalent to:
(3) JoV(x)dx = oo for all open sets Q in F, contained in Q.

If the adjoint operator A* is associated with a diffusion process, then exponen-
tial stability of T4 y is characterised by conditions (2) and (3) of Theorem 8.2 with
%, replaced by F 4.

We can also consider the question of strong stability of 7% , on L*(€), as in [6],
[9, Sect. 3]. Although quadratic form methods are not applicable, there are
technical complications concerning the Gaussian bounds in the non-symmetric
case, so we confine our statement to the symmetric case. Let &, be the class of all
Borel subsets of R¥ whose complements are transient for Z, so

Fe& <sup P [Z(s)eF foralls=0]=1.

xeR¥

For an open set Q'
Qé¢&,Th)f>0ae (t— o, fe L°(Q'))
<TG @O fIl >0 (t— oo, feL1(Q),

where the last line depends on the symmetry of A. Following the method of [9,
Sect. 3], using the Gaussian upper and lower bounds, we obtain the following.

Theorem 8.3. Let A = Zﬁjz . Dila;;D;) be a symmetric strongly elliptic operator on
RY with bounded coefficients, Q be an open subset of RY, and V:Q — [0, o] be
measurable.

(a) If N=1o0r2and V= 0 (on a set of positive measure), then
[ Tav®)flli >0 (t— oo, feLl(Q). 8.1
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(b) If N = 3, then (8.1) holds if and only lfj"F V) dx = oo for all (closed) sets

|N 2
V()

F in &4 contained in Q. If Ve Ll .(Q), then it suﬁ‘ices that jF ] 5 dx = oo for all

open sets F in &4 contained in Q.

References

1. Albeverio, S., Ma, Z.-M., Rockner, M.: Non-symmetric Dirichlet forms and Markov processes
on general state spaces. C.R. Acad. Sci. Paris Sér. A 314, 77-82 (1992)
2. Aliprantis, C.D., Burkinshaw, O.: Positive operators. New York: Academic Press 1985
3. Amann, H.: Dual semigroups and second order linear elliptic boundary value problems. Isr. J.
Math. 45, 225-254 (1983)
4. Arendt, W.. Vector-valued Laplace transforms and Cauchy problems. Isr. J. Math. 59,
327-352 (1987)
5. Arendt, W., Batty, CJ.K.: Exponential stability of a diffusion equation with absorption. J.
Diff. Int. Eqn,, to appear
6. Arendt, W., Batty, C.J K., Bénilan Ph.: Asymptotic stability of Schrédinger semigroups on
L'(R¥). Math. Z. 209, 511-518 (1992)
7. Arendt, W, Batty, C.JK., Robinson, D.W.: Positive semigroups generated by elliptic oper-
ators on Lie groups. J. Oper. Theor. 23, 369-407 (1990)
8. Arendt, W., Bénilan, Ph.: Inégalités de Kato et semi-groupes sous-markoviens. Rev. Mat.
Univ. Compl. Madrid, to appear
9. Batty, C.J.K.: Asymptotic stability of Schrédinger semigroups: path integral methods. Math.
Ann. 292, 457-492 (1992)
10. Blumenthal, R.M., Getoor, R.K.: Markov processes and potential theory. New York:
Academic Press 1968
11. Cannon, J.T.: Convergence criteria for a sequence of semigroups. Appl. Anal. 5, 23-31 (1975)
12. Ciesielski, Z.: Lectures on Brownian motion, heat conduction and potential theory. Math.
Inst., Aarhus Univ,, 1965
13. Davies, E.B.: One-parameter semigroups. London: Academic Press 1980
14. Davies, E.B.: Heat kernels and spectral theory. Cambridge: Cambridge Univ. Press 1989
15. Demuth, M., Casteren van, J.A.: On spectral theory of selfadjoint Feller generators. Rep.
Math. Phys. 1, 325-414 (1989)
16. Ethier, S.N., Kurtz, T.G.: Markov processes. New York: Wiley 1986
17. Fukushima, M.: Dirichlet forms and Markov processes. Tokyo: Kodansha 1980
18. Herbst, LW., Zhao, Z.: Sobolev spaces, Kac regularity and the Feynman-Kac formula. Sem.
Stochastic Processes (Princeton, 1987), Prog. Prob. Stat. 154, 171191, Basel: Birkhduser 1988
19. Hille, E., Phillips, R.S.: Functional analysis and semigroups. Am. Math. Soc. Coil. Publ,
Providence, R.I, 1957
20. Kato, T.: Perturbation theory for linear opeators, 2nd ed. Berlin Heidelberg New York:
Springer 1976
21. Kato, T.: Trotter’s product formula for an arbitrary pair of self-adjoint contraction semi-
groups, in: Topics in functional analysis Gohberg 1., Kac M., (eds.) pp. 185-195. New York
Academic Press 1978
22. Kato, T.: L*-theory of Schrédinger operators, in: Aspects of positivity in functional analysis.
Nagel R., Schlotterbeck U., Wolff M. (eds.) pp. 63-78. North-Holland: Amsterdam 1986
23. Krengel, U.: Ergodic theorems. Berlin: de Gruyter 1985
24. Lumer, G., Paquet, L.. Semi-groupes holomorphes, produit tensoriel de semi-groupes et
équations d’évolution, in: Sém. de Théorie du Potentiel, No. 4 (Lect. Notes Math. vol. 713)
Berlin Heidelberg New York: Springer 1977/78
25. Ma, Z.M., Réckner, M.: An introduction to the theory of non-symmetric Dirichlet forms
(to appear)
26. McKean, H.P.. — 4 plus a bad potential. J. Math. Phys. 18, 1277-1279 (1977)
27. Nagel, R. (ed.): One-parameter semigroups of positive operators. (Lect. Notes Math. vol.
1184) Berlin Heidelberg New York: Springer 1986



448 W. Arendt and C.J.K. Batty

28. Ouhabaz, E.-M.: L®-contractivity of semigroups generated by sectorial forms. J. Lond. Math.
Soc. (to appear)

29. Pazy, A.. Semigroups of linear operators and applications to partial differential equations.
Berlin Heidelberg New York: Springer 1983

30. Reed, M., Simon B.: Methods of modern mathematical physics I: Functional analysis, revised
ed. New York: Academic Press 1980

31. Reed, M., Simon, B.: Methods of modern mathematical physics II: Fourier analysis, self-
adjointness. New York: Academic Press 1985

32. Reed, M., Simon, B.: Methods of modern mathematical physics IV: Analysis of operators.
New York: Academic Press 1978

33. Robinson, D.W.: Elliptic operators and Lie groups. Oxford Univ. Press 1991

34. Sato, R.: A note on a local ergodic theorem, Comm. Math. Univ. Carolinae 16, 1-11 (1975)

35. Schaefer, H.H.: Banach lattices and positive operators, Berlin Heidelberg New York:
Springer 1974

36. Simon, B.: Functional integration and quantum physics, New York: Acasdemic Press, 1979

37. Simon, B.: Brownian motion, L? properties of Schrédinger operators, and the localization of
binding. J. Funct. Anal. 35, 215-229 (1980)

38. Simon, B.: Schrédinger semigroups. Bull. Am. Math. Soc. 7, 447-526 (1982)

39. Stewart, H.B.: Generation of analytic semigroups by strongly elliptic operators. Trans. Am.
Math. Soc. 199, 141-162 (1974)

40. Stewart, H.B.: Generation of analytic ssemigroups by strongly elliptic operators under general
boundary conditions. Trans. Am. Math. Soc. 259, 229-310 (1980)

41. Stollmann, P., Voigt, J.: A regular potential which is nowhere in L. Lett. Math. Phys. 9,
227-230 (1985)

42. Stroock, D.: The Kac approach to potential theory: Part L. J. Math. Mech. 16, 820-852 (1967)

43. Tanabe, H.: On semilinear operators of elliptic and parabolic type, in: Functional analysis and
numerical analysis, Japan-France Seminar, Tokyo and Kyoto, 1976, H. Fujita (ed.) pp.
455-463. Japan Soc. Promotion Science, Tokyo, 1978

44, Van Casteren, J.A.: Generators of strongly continuous semigroups, (Res. Notes Math. 115)
Boston: Pitman 1983

45. Voigt, J.. Absorption semigroups, their generators, and Schrodinger semigroups. J. Funct.
Anal. 68, 167205 (1986)

46. Voigt, J.. Absorption semigroups. J. Oper. Theory 20, 117-131 (1988)

47. Yosida, K.: Functional analysis 6th ed. Berlin Heidelberg New York: Springer 1980

Note added in proof. Non-linear absorption semigroups have been studied recently by Ph.
Bénilan and P. Wittbold: Absorption non-lificaire. J. Funct. Anal., to appear.



