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DISCRETE SPECTRUM AND ALMOST PERIODICITY

Wolfgang Arendt and Sibylle Schweiker*

Abstract. The purpose of this note is to show that solutions of first and
second order Cauchy problems with almost periodic inhomogeneity are
almost periodic on the real line whenever the spectrum of the underlying
operator is discrete.

1. INTRODUCTION

Almost periodicity plays an important role in the theory of differential
equations in Banach spaces; see, e.g., the monographs of Levitan-Zhikov [16]
and, in the framework of one-parameter semigroups, van Neerven [19] as well
as articles by Bart and Goldberg [4], Basit [7], Batty and Chill [9], Batty, van
Neerven and Rébiger [10], Chill [12], Ruess and Vu [21], Vesentini [22], VU
[24] and Arendt and Batty [1, 2].

A central result is Loomis’ theorem, which says that a bounded uniformly
continuous function of the real line R into a Banach space X with countable
spectrum is almost periodic provided that ¢y € X. Loomis proved the scalar
version [17], which was later generalised to vector-valued functions (see, e.g.,
[16, p. 92] or [1]). The result is false if ¢cg € X. We will see, though, that merely
the accumulation points in the spectrum are responsible for the failure of
Loomis’ theorem on ¢y. In fact, in Section 3 we show that a bounded uniformly
continuous function of R into a Banach space X with discrete spectrum is
almost periodic, without any further conditions on the Banach space X. This
result is due to A. G. Baskakov. We give a simple proof establishing some
further properties (see Theorem 3.4) needed in the sequel.

The main results of the paper are contained in Section 4, where first and
second order Cauchy problems on R are considered. It is shown that bounded
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uniformly continuous solutions of the first order inhomogeneous Cauchy prob-
lem on the real line

(CP) u'(t) = Aul(t) + f(¢) (teR)

with almost periodic inhomogeneity f are almost periodic provided that o(A)N
iR is discrete and —io(A) contains no accumulation points of the spectrum
of f. Similar results hold for solutions of the second order Cauchy problem
on the real line. We show in particular that a bounded Cgy-group or cosine
function is almost periodic whenever its generator has discrete spectrum.

The spectral results for functions on R can be generalized to vector-valued
functions on a locally compact Abelian group G. This is done in the last part
of the paper.

2. SOME BASic FACTS ABOUT SPECTRAL THEORY

Let u € BUC(R, X), the space of all bounded uniformly continuous func-
tions on R with values in a Banach space X. We assume throughout that
X # {0}. Recall that the spectrum of such a function can be defined in
several ways (see for example [1]).

Denote by F the Fourier transform of a function f € L'(R) which is given
by

—+oo

FNG) = [ et

—0o0

for all s € R. The Beurling spectrum of u € BUC(R, X) is defined by
spp(u) = {£€R|Ve>03f € L' (R) such that
supp(Ff) € (§ —€,§ +¢) and fxu 7 0}.
The Carleman transform of a function v € BUC(R, X) is defined as the holo-

morphic function @ on C \ iR given by

/ e Mu(t)dt if Rel > 0,
. 0

a(A) = o
—/ e Mu(t)dt if Re) < 0.

A point 1 € R is called a regular point if the Carleman transform has a holo-
morphic extension to a neighbourhood of in. Now the Carleman spectrum of

u € BUC(R, X) is defined by

spe(u) :={£ € R|{ is not regular},
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which coincides with the Beurling spectrum spg(u) [20, Prop. 0.5]. Hence we
can denote the spectrum of u simply by sp(u) := spp(u) = spc(u).

Next we recall some facts about spectral theory of bounded Cg-groups.
If A is a closed linear operator on a Banach space X, then we denote by
o(A) the spectrum, and by p(A) the resolvent set of A. For A € p(A), let
R(MA) = (A — A)"!. Now assume that A generates a bounded Cy-group
U= (U())er-

Recall that the Arveson spectrum of U is defined by

Sp(Ud) = {£€R|Ve>03f e L'(R) such that
supp(Ff) C (€ — €,& +¢€) and f(U) # 0},
where for f € L'(R) the operator f(U) € L(X) is given by

—+o0

fh)z = fOU)zdt (x € X)
and let (Ff)(s) := [T f(t)dt for all s € R. It is known that (see [13,
Theorem 8.19))

(1) iSp(U) = o (A).

For an element x € X, the Arveson spectrum of x with respect to U is defined
by

sp¥(z) = {£€R|Ve>03f € L'(R) such that
supp(Ff) € (§ —€.§ +¢) and f(U)z # 0}.

From the definitions it follows that this coincides with the Arveson spectrum
of the group U, given by U,(t) := U(t)|x,, where X, = span{U(t)z|t € R}.
Hence by (1) we have

(2) isp” () = iSp(Us) = o(A,),

where A, is the generator of U,.

Now consider a special Cgy-group, the shift group & = (S(¢))ier on
BUC (R, X) defined by (S(¢t)u)(s) := us(s) = u(s +t). Denote by B its
generator; then the domain of B consists of all u € BUC(R, X) N C*(R, X)
such that v € BUC(R, X ) and Bu = u'.

Let BUC, := span{S(t)ult € R} and denote by S, = (S.(t)):cr the shift
group on BUC, with generator B,. Then B, is the part of B in BUC, and
by [1, (2.4)] and (2) we have
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(3) isp(u) = o(B,) = iSp(S.).

In the following, let AP(R, X) be the space of all almost periodic functions
on R with values in the Banach space X. For the definition and various
characterisations we refer to [16]. In particular, it is known that

APR,X) =span{e, ®z|n € R,z € X},

where (e, ® z)(s) = ez, s € R.
For u € BUC(R,X), define the reduced spectrum of uw with respect to
AP(R, X)) by (see [1])

spap(u) = {£€R|Ve>03f € L'(R) such that
supp(Ff) C (€ —¢,&+¢€) and fxu¢g AP(R,X)}.

As before we consider the shift group S on BUC(R,X). Since S leaves
AP(R, X) invariant, we can define the quotient group S = (S(t));er on Y :=
BUC(R,X)/AP(R, X) by

S(tya = (S(t)u)

for all t € R and u € BUC(R, X), where ~: BUC(R,X) — Y denotes the
quotient mapping. The generator of S is denoted by B.

Again we let Y; be the closed linear span of the orbit {S(¢)a|t € R} in Y
and we denote by S; = (S,(t))ier the restricted group on Y; with generator
B;.

Proposition 2.1. For u € BUC(R, X) we have with the above notations

ispap(u) = o(By).

Proof. Let f € L*(R) and u € BUC(R, X). Then

—+oo

(fxu)(t) = _ f(s)u(t — s)ds

—+oo

= | fs)(S(s)u)(t)ds = (f-(S)u)()
for all t € R, where f_(s) := f(—s). Hence f*u € AP(R,X) if and only
if f_(S)u € AP(R,X), which is equivalent to f_(S;) = 0 in £(Yz). Since

Ff_ = Ff, we have spap(u) = Sp(S;) and the claim follows from (1). [
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Since the spectrum of the generator of a bounded group on a Banach space
different from {0} is never empty (see [18, A-III 7.6] or [19, Lemma 2.4.3]), we
obtain as a consequence (see also [7, Prop. 2.5]) the following.

Corollary 2.2. Let u € BUC(R,X). Then u € AP(R, X) if and only if
spap(u) = 0.

A slight generalization of the previous considerations is the following. Let
G be a closed, translation-invariant subspace of BUC(R, X). In the same way
as before we can define the reduced spectrum of u € BUC(R, X) with respect

to G by
spg(u) = {¢£€R|Ve>03f € L'(R) such that
SUpD(F) C (€ — 6,6 +¢) and [ +u & G}.

Note that spg(u) C spap(u) if AP(R,X) C G. Since G is closed and translation-

invariant, we can consider the quotient group S on Y := BUC(R, X)/G defined

by S(t)i := (S(t)u), where™: BUC(R, X) — Y denotes the quotient mapping.
Then we obtain by the same proof as in Proposition 2.1 that

(4) ispg (u) = o(Ba),

where B is the generator of the group Sz = (S (t))ser on Yy = span{S(t)ut €
R}. And as in Corollary 2.2, we have for functions u € BUC(R, X) that u € G
if and only if spg(u) = 0.

The most interesting classes of closed, translation-invariant subspaces of
BUC(R, X) are the following:

(i) the space AP(R, X);

(ii) the space W(R, X) of all weakly almost periodic functions in the sense
of Eberlein:

W(R,X) = {ue BUCR,X)|{S(t)ult € R} is relatively weakly
compact in BUC(R, X)};

(iii) the space WAP(R, X)) of all weakly almost periodic functions:

WAPR,X) := {ue BUC(R,X)|z' oue AP(R) for all ' € X'};
(iv) the space E(R, X) of all uniformly ergodic functions:

ER,X):={ue BUCR,X) | li?ga/ e~ S(t)udt exists in BUC (R, X)};
a 0
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(v) the space TE(R, X) of all totally uniformly ergodic functions:

TER,X) :={ue€ BUC(R,X)|e"u € E(R,X) Vn € R};

(vi) the space AAP(R, X) of all asymptotically almost periodic functions:

AAPR,X) :=Cy(R, X) & AP(R, X).
Remark that the space AP (R, X) is included in all these spaces.

3. DISCRETE SPECTRUM

In this section we will show that a function v € BUC(R, X) is almost
periodic provided that the spectrum sp(u) of u is discrete, i.e., sp(u) consists
only of isolated points.

An important result in the spectral theory of almost periodic functions
is Loomis’ well-known theorem [17], which Loomis proved in the scalar case,
whereas the vector-valued version (see for example [16, p. 92] and [1, Theorem
3.2]) is a consequence of Kadets’ theorem ([14] or [16, p. 86]).

Theorem 3.1 (Loomis). Let w € BUC(R,X) and assume that sp(u) is
countable. Then u € AP(R, X) provided that co € X.

The following example (compare with [16, p. 81]) shows that Theorem 3.1
fails on ¢, the space of all convergent sequences. Note that ¢ is isomorphic to
Cop.

Example 3.2. Let u € BUC(R,c) given by
u(t) == (et en-
Then u ¢ AP (R, c), but sp(u) = {1|k € N} U{0} is countable.

Lemma 3.3. Let u € BUC(R, X) and assume that n € R is an isolated
point of sp(u). Then u = ug + uy, where ug = e, @ x for some x € X and
1 & sp(u1).

Proof. Since 7 is an isolated point of sp(u), there exists a function ¢ €
L'(R) with F1 =1 in a neighbourhood of  and F1 = 0 in a neighbourhood
of sp(u) \ {n}. Then we can write

u= (ux)+ (u—u*xt) =:uy+ us.
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It follows from the definition of the Beurling spectrum (see also [6, 4.1.4])
that sp(uo) C sp(u) Nsupp(F¢) = {n} and sp(u1) C sp(u) Nsupp(l — F¢) =
sp(u) \ {n}. Hence uy = e, ® x for some x € X and n & sp(uy). [

With the same notations as in Section 2, we have the following

Theorem 3.4. Let u € BUC(R, X) and assume that ) € spap(u). Then
n is an accumulation point of sp(u).

Proof. Assume that 7 is an isolated point of sp(u). Then by Lemma 3.3
we have
U = Uy + Uy,

where ug = e, ® x € AP(R, X) and 1 & sp(u;). Hence the closed linear spans
Y, and Yy, of the orbit of the elements u, respectively %y, in the quotient space
Y = BUC(R, X)/AP(R, X) coincide. It follows that

Since 0(By,) € 0(B,,) and isp(u;) = o(B,,), we obtain from Lemma 3.3 that
in € 0(By) = ispap(u) (by Proposition 2.1), which is a contradiction. [

From this we deduce immediately the following result [8, Theorem 8, p.
78].

Corollary 3.5. Let u € BUC(R, X) and assume that sp(u) is discrete.
Then u € AP(R, X).

Proof. Since sp(u) does not have accumulation points, it follows from
Theorem 3.4 that spap(u) = 0. Hence u € AP(R, X) by Corollary 2.2. [ |

Remark 3.6. The proof of Corollary 3.5 we present here is designed for
the further development in Section 4. However, a more direct argument is
possible: Let u € BUC(R, X). Take an approximate unit p, € L'(R) (n € N)
such that Fp, has compact support and p, *u — u (n — o0) in BUC(R, X).
Then sp(p, * u) C supp(Fp,) Nsp(u). Thus if sp(u) is discrete, p, * u has
finite spectrum. This implies that p, * u is a trigonometric polynomial, and
hence u € AP(R, X).

4. CAUCHY PROBLEMS

Throughout this section let A be a closed, linear operator on a Banach
space X. In the following we consider first and second order Cauchy problems.
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First we consider the first order inhomogeneous Cauchy problem on the
real line:

(CP)  w'(t) = Au(t) + f(t) (t€R),

where f: R — X is continuous.
By a mild solution of (CP) we understand a continuous function v : R — X
such that [} u(s)ds € D(A) and

u(t) — u(0) = A/Otu(s)ds 4 /Otf(s)ds

for all £ € R.
For f € BUC(R, X), denote the accumulation points of sp(f) by sp’(f),
ie.,

sp'(f) == {n € sp(f) | 3(Mn)nen S sp(f) \ {n} such that limn, = n}.

For the proof of the next theorem we first use the Laplace-transform argument
of [1, Theorem 4.3]. But here an additional argument is needed since we do
not assume that ¢g Z X.

Theorem 4.1. Letuw € BUC(R, X) be a mild solution of (CP) and assume
that o(A) NiR is discrete as a subset of iR. Let f € AP(R, X) with isp’(f) N
o(A)=0. Thenu e AP(R, X).

Proof. Since u is a solution, we obtain from (CP) by taking Laplace trans-
forms

(5) w(A) = R(A, A)u(0) + R(X, A) f(N)

for ReA # 0 and X\ € p(A), where @ is the Carleman transform defined in
Section 2. It follows that

(6) isp(u) C (o(A) NiR) Uisp(f).
By the proof of [1, Theorem 4.3], we obtain
ispap(u) C o(A) NiR.
By Theorem 3.4, we deduce from this
(7) ispap(u) C (o(A) N17R) M isp ().

On the other hand, since by hypothesis o(A) N iR is discrete, assertion (6)
implies that

sp’(u) C sp'(f).
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Hence by (7), ispap(u) C o(A) Nisp’(f) = 0. This implies by Corollary 2.2
that u € AP(R, X). ]

Note that in Theorem 4.1 we merely need that o(A) NiR is discrete in iR,
but o(A) N R is allowed to contain limit points of o(A).

From [1, Proposition 4.2] (see also [4, 2. Theorem]), we obtain the following
corollary.

Corollary 4.2. Let A be the generator of a bounded Cy-group on a Banach
space X and assume that o(A) is discrete. Then

X = X,p :=span{zx € D(A)|3In € R such that Az = inz}

and the Cy-group is almost periodic.

Theorem 4.1 is in some sense the best possible result. This is shown by
the following example where A = 0.

Example 4.3. Define f € AP(R,c) by f(t) := (%e%t)k,eN. Note that
sp(f) = {3k € N} U {0}; thus sp’(f) = {0} has nonempty intersection with
the spectrum of the operator A = 0. The function u € BUC(R, ¢) given by
u(t) = (et!), oy is a solution of

() = Au(t)+ f(H)  (teR),
(see also Example 3.2). But u ¢ AP(R,c).

Let us now consider closed, translation-invariant subspaces G of BUC(R, X)
where AP(R, X) is included in G. For example, the weakly almost periodic
functions, the uniformly ergodic functions and the totally uniformly ergodic
functions belong to this class (see Section 2).

By a slight modification of the proof, we obtain the following generalization
of Theorem 4.1.

Theorem 4.4. Let G C BUC(R, X) be a closed, translation-invariant
subspace of BUC (R, X) containing AP(R, X), and suppose f € G. Assume
that o(A) NiR is discrete and that isp'(f) No(A) = 0. Let u € BUC(R, X) be
a mild solution of (CP). Then u € G.

Proof. Tt follows from (6) that isp(u) C (6(A) NiR) Uisp(f). And hence,
since (o(A) NiR) is discrete, we obtain

(8) sp’(u) € sp'(f).
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Now we consider the quotient space Y := BUC(R, X)/G with the induced
shift group S and generator B. Then we obtain as in the proof of [1, Theorem
4.3] that R(\, B)u = (R(\, A) ou). It follows (by (4)) that

9) ispg(u) = 0(Bgz) C o(A) NiR.

Since AP(R,X) C G, we have that spg(u) C spap(u) and spap(u) C sp’(u)
by Theorem 3.4. So by (8) and (9) we conclude that spg(u) C (o(A) NiR) N
sp’(f) = 0. Tt follows that u € G. [

Remark 4.5. It is interesting to compare Theorem 4.1 with the following
stronger result [1, Theorem 4.3] which holds if ¢y € X: Assume that o(A)NiR
is countable. Let u € BUC(R, X) be a solution of (CP). If f € AP(R,X),
then u € AP(R, X). In contrast to Theorem 4.4, this result does not extend
to more general spaces than AP(R,X). We give an example in the scalar
case. Let G = TE(R). Then there exists f € G such that u(t) = fot f(s)ds
is bounded, but uw ¢ G. Thus, if we choose A = 0, then u € BUC(R) is a
solution of (CP), but u ¢ G. Such f can be defined by

1 : w2
) = Tﬂcos\/f 1ft27,
0 ift<z.
Then

2

sinvt—sin T ift > T,
u(t) =
0 ift <7

It has been shown in [10, Example 4.2] that this function is not totally uni-
formly ergodic.

Finally we consider the second order inhomogeneous Cauchy problem on
the real line:

u’(t) = Au(t) + f(t) t € R,
SRt A

where f is a continuous function on R with values in X.

Recall that a continuous function v : R — X is called a mild solution of

(CPy) if [5(t — s)u(s)ds € D(A) and

u(t) =z +ty+ A/Ot(t — s)u(s)ds + /Ot(t —s)f(s)ds (t € R).
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Theorem 4.6. Let uw € BUC(R, X) be a mild solution of (CPy), where
o(A)N(—o0, 0] is discrete. Assume that f € AP(R, X) and that {n € R|—n* €
o(A)}Nsp'(f) =0. Then u € AP(R, X).

Proof. Taking Laplace transform we obtain from (CP;) that a(\) =

N

AR(AN?, A)z + R(N*, A)y + R(A?, A) f(\) for Re X # 0 and A\? € p(A). Hence

(10) sp(u) € {n € R| —n’ € o(A)} Usp(f).

As in the proof of [1, Theorem 4.5], we obtain that
(11) spap(u) C {u €R| —p* € o(4)}.

Now suppose that 7 € spap(u). Then by (11),n € {u € R| — u? € o(A)} and
by Theorem 3.4, n is an accumulation point of sp(u). Since o(A4) N (—o0, 0]
is discrete, it follows from (10) that n € sp’(f). Hence n € {u € R| — p? €
o(A)} Nsp'(f), which is a contradiction. We conclude that spap(u) = 0 and
so u € AP(R, X) by Corollary 2.2. [ ]

With the help of [1, Proposition 4.8], we obtain the following corollary
from Theorem 4.6.

Corollary 4.7. Let A be the generator of a bounded cosine function on a
Banach space X. Assume that o(A) is discrete. Then the eigenvectors of A
are total in X, i.e.,

X =span{z € D(A)|3n € R such that Az = —n’z}
and the cosine function is almost periodic.

For closed, translation-invariant subspaces of BUC(R, X), we obtain the
following generalization of Theorem 4.6. We omit the proof, which is similar.

Theorem 4.8. Let G C BUC(R,X) be a closed, translation-invariant
subspace of BUC(R, X) containing AP(R,X), and suppose f € G. Assume
that o(A) N (—o0, 0] is discrete and that {n € R| —n* € o(A)} Nsp/'(f) = 0.
Let u e BUC(R, X)) be a mild solution of (CP,). Then u € G.

5. ALMoST PERIODIC FUNCTIONS ON GROUPS

In this section we consider the space BUC(G, X) of all bounded uniformly
continuous functions defined on a locally compact Abelian group G with values
in a Banach space X. Denote by G the dual group of G.
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For u € BUC(G, X), we define the spectrum of u as follows

sp(u) :=hulll, = {x € G| (Ff)(x) =0Vf € L},

where I, = {f € L'(G)|f*u = 0} and (Ff)(x) = [, x(s)f(s)ds is the Fourier
transform of f € L'(G). Here x(s) denotes complex conjugation in C. For
G = R, this definition of the spectrum coincides with the one given in Section
2.
Now consider the shift representation S : G — L(BUC(G, X)) which is
defined by
(S(t)u)(s) :=u(s+1)

forallt,s € G.
Recall that the Arveson spectrum of a strongly continuous group represen-
tation is defined as follows (see [3]):

Sp(S) = {x € G| (Ff)(x) =0 Vf € Is},

where (Ff)(x) := [, x(s)f(s)ds. Here Is = {f € L*(G)|f(S) = 0}, where
f(S) € L(BUC(G, X)) is defined by f(S)u = [, f(s)S(s)uds for all u €
BUC(G, X).

Define the translation-invariant space BUC,, := span{S(t)ult € G} gen-
erated by v € BUC(G, X) and denote by S, : G — L(BUC,) the induced
shift representation on BUC,,. Since the ideal I, is translation-invariant, one
has that

sp(u) = Sp(Su)-

To be complete, we include a short proof of Loomis’ theorem which is
analogous to the one given in [1] for G = R. However, here in the general case,
we cannot use resolvents. We need the following generalization of Kadets’
theorem ([14] or [16, p. 86]) for groups, which is due to Basit (see [5]).

Theorem 5.1 (Basit). Let f € BUC(G, X) with S(t)f — f € AP(G,X)
for allt € G and assume that co € X. Then f € AP(G, X).

Here AP(G, X)) denotes the set of all almost periodic functions on G with
values in the Banach space X, where a function u € BUC(G, X) is said to be
almost periodic if the set {S(t)ult € G} is relatively compact in BUC(G, X)
(see for example [15]). This definition is equivalent to (see [25, §35])

AP(G,X)=span{x®z|x € G,z € X},

where (x®x)(s) := x(s)z for all s € G and the closure is taken in BUC(G, X).
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Finally, recall that a closed subset M of a topological group is called scat-
tered if every closed subset contains an isolated point. In the case G = R this
is equivalent to the countability of M.

Theorem 5.2 (Loomis). Let w € BUC(G,X) and assume that sp(u) is
scattered. If co € X, then u € AP(G, X).

Proof. Assume that u ¢ AP(G, X). Then the closed linear span Y; of the
orbit {S(t)u|t € G} in the quotient space Y = BUC(G, X)/AP(G, X) is non-
trivial, where™ denotes the quotient mapping and S the induced representation
on Y, as before. It follows that the induced representation S; : G — L(Y3)
is nontrivial. Hence its spectrum Sp(S;) is nonempty (see [3, Theorem 2.5])
and scattered as a closed subset of Sp(S,) = sp(u). Therefore there exists an
isolated point x € Sp(Sy) which belongs to the point spectrum Sp,(Ss) ([3]
or [11, Proposition 4.1]), i.e., there exists g € BUC, \ AP(G, X) with

for all ¢ € G. This means that S(t)g — x(t)g € AP(
Now define h € BUC(G, X) by h(s) := x(s)g(s), where x
conjugation in C. Then we have

((S(h) =h)(s) = h(s+1t) —h(s) = x(s +)g(s +1) — x(s)g(s)
= x(s+1)(g(s +1) = x(t)g(s))

) for all t € G.
s) denotes complex

= x(s +1) (S(t)g — x(t)g)(s)

(
for all t,s € G. Hence S(t)h — h € AP(G,X) for all t € G. From Basit’s
theorem, it follows that h € AP(G,X) and so g € AP(G,X), which is a
contradiction. ]

From the proof we see that it is actually enough that Sp(Sy) is scattered.
It is easy to see that in the case G = R one has spap(u) = Sp(Sz).

In the following we omit the condition ¢y € X from Loomis’ theorem.
Again merely the accumulation points of the spectrum of a function u €
BUC(G, X) are responsible for the failure of Theorem 5.2 on c¢.

Since the Banach algebra L'(G) is regular, the proofs of Lemma 3.3 and
Proposition 3.4 can be carried over to the general case. We omit the details.

Proposition 5.3. Let u € BUC(G,X). Then the following hold:

(i) If x € sp(u) is an isolated point of sp(u), then u = ug + u; where
=x®x for some x € X and x & sp(uy).
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(i) If x € Sp(Sa), then x is an accumulation point of sp(u).

As a consequence of Proposition 5.3, we obtain the following spectral con-
dition for vector-valued almost periodic functions on a locally compact Abelian
group G. The proof is similar to that of Corollary 3.5.

Corollary 5.4. Let w € BUC(G,X) and assume that sp(u) is discrete.
Then u € AP(G,X).

Following the same lines as for the case G = R, we finally consider a
strongly continuous representation U of a locally compact Abelian group in a
Banach space X.

Theorem 5.5. Assume that one of the following two conditions is satis-

fied:
(a) co € X and Sp(U) is scattered or
(b) Sp(U) is discrete.
Then U is almost periodic, i.e., U(.)r € AP(G,X) for allz € X.
Proof. This follows from Theorem 5.2, respectively Corollary 5.4, since

sp(U(.)z) C Sp(U) for z € X as is easily seen from the definitions of the
spectra. ]

Finally we remark that as for the case G = R, theArepresentation U is
almost periodic if and only if X = span{z € X |3x € G such that U(t)z =
x(t)z vVt € G}.
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