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ABSTRACT Let 01,9, € IRY be two open, connected sets which are regular in

the sense of Wiener. Denote by Agj the Laplacian on Cp(f2;), j =1,2. Assume
that there exists a non-zero linear mapping U : Co(©;) = Co(£22) such that

(@) |Ufl=Ulfl  (f€Co(th)) and
(b) Uetde' =et2°U  (¢>0).

Then it is shown that €, and €, are congruent. This result complements [2]
where the Laplacian on LP was considered and U was supposed to be bijective.

-0 INTRODUCTION

Let @ c RY beanopenset. By A we denote the Dirichlet Laplacian on L%(f) .
This is a self-adjoint operator generating a contraction semigroup (etAg Jiso - If Q2
is bounded, then A§ has compact resolvent and hence L?(f}) has an orthogonal
basis {e, :n € IN} consisting of eigenvectors of A$ ;i.e.

Q
-—A2 €n = An€n ,

0< A <A< A3, le Ap=o00. Now let 23 and Q3 be two bounded open
-3

sets. We say that 2; and ), are isospectral if the operators Ag‘ and A?’
have the same sequence of eigenvalues. It was Marc Kac, who asked the following
question in his famous paper [12] of 1962:

Question (Marc Kac): Let €,,; be two bounded open, connected sets in RV
which are of class C* . Assume that 2; and 3 are isospectral. Does it follow
that 0y and Q, are congruent?
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If we have in mind that the sequence of eigenvalues is just the same as the proper
frequencies of the body, one can indeed reformulate this question by asking “Can
you hear the shape of a drum?”, which is precisely the title of Kac’s paper.

It was known already to Kac that the answer is negative if we consider the Laplace
Beltrami operator on a compact manifold instead of domains in R" . In the
Euclidean case, a counterexample to Kac’s question was given by Urakawa [21] if
dimension N > 4. For N > 2 finally, a counterexample was given by Gordon,
Webb and Wolpert [10] in 1992.

Today, very elementary descriptions of examples are given (see Berard [4], Chap-
man [6]). For example, in dimension 2, seven triangles may be put together in the
two different ways shown below to produce two polygones which are isospectral but
not congruent.

However, it seems that so far no Euclidean counterexample with smooth boundary
is known. Thus Kac’s question in the precise form he asked it, is still open.

There is another way to look at isospectral sets. Let £,,0 C IRV be open and
bounded. Then €; and €, are isospectral if and only if there exists a unitary
operator U : L*(Q;) — L?(Q2) such that

e = ettt (£>0). (0.1)

In fact, we may define U by mapping the orthonormal basis diagonalizing A.?‘
onto the one which diagonalizes Agz .

Let f € L?(Q4) . Then the function w(t,z) = (e‘A;ll F)(x) is the unique solution
of the heat equation:

u € C((0,00) x )

u(t,) € Hy(fh) .
uy(t,z) = Au(t, z) (t>0, z€Q) (0.2)
ltig’lu(t,-) = fin L23(Q) .

Thus (0.1) is equivalent to saying that U maps solutions of (0.2) to solutions.

Now observe that u(t,z) > 0 ae. if f > 0. Moreover, if we think of heat
conduction or diffusion as a physical model, then only positive solutions have a
physical meaning. So it is natural to consider mappings U which map positive
solutions to positive solutions.



Different Domains Induce Different Heat Semigroups 3

By an order isomorphism we unterstand a bijective linear mapping U : L?(Q;) —
L?(,) satisfying

Uf >0ifandonlyif f >0 (0.3)

for all f e L%(fy) .
If in (0.1) we replace the unitary operator U by an order isomorphism U , then
the following result holds {2, Corollary 3.17].

THEOREM 0.1 Let Q4,92 be two open connected sets which are regular in ca-
pacity. If there exists an order isomorphism U : L*(Q;) — L*(Q) such that (0.1)
holds, then Qy and Q3 are congruent.

Having in mind the previous interpretation, we may reformulate Theorem 0.1
by saying that diffusion determines the domain. We refer to {2] for the proof of
Theorem 0.1 and to Section 2 - 4 for further explanations, in particular the notion
of regularity in capacity.

The aim of the present paper is to extend Theorem 0.1 in two ways. First of all
we will prove that it holds even if we do no longer assume that U is onto. Secondly,
we will establish an analogous result where L? is replaced by a space of continuous
function.

For our arguments it will be essential that the semigroup generated by the Dirich-
let Laplacian on Cp(f2) is irreducible. We will prove this in Section 1 by using that
the semigroup actually consists of classical solutions; i.e. that (0.2) holds. Using a
classical maximum principle we then obtain irreduciblity.

1 CLASSICAL SOLUTIONS OF THE HEAT EQUATION
AND STRICT POSITIVITY

In this section we show that the heat equation always has classical solution due
to interiour elliptic regularity. This is not new (cf. [5, IX 6]), but we use this to
prove irreducibility with help of the classical strict maximum principle for parabolic
equations. This is an alternative much more elementary way in comparison with
the use of lower Gaussian bounds (see Davies [7, Theorem 3.3.5]). In addition, we
obtain not only irreducibility in L2 but also in Cp(2) which is stronger and will
be used in Section 2.

Let 2 C RY be an open set. We consider realizations of the Laplacian on L2()
which generate differentiable positive semigroups. Our aim is to show that such a
semigroup is automatically strictly positive. The concrete example we will consider
later is the Laplacian with Dirichlet boundary conditions.

Let T = (T(t))i>0 be a semigroup on a Banach space X with generator A .
Then for each k € IN , the space D(AF) is a Banach space for the norm

lllae = llell + 1Azl + ... + | A*2]] . (L.1)

The semigroup is called differentiable if T'(t)z € D(A4) forall t >0, z€ X .
In that case one has

T(-)z € C*((0,00) ; D(A™)) (1.2)
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forall ke N, meIN, z € X (seeeg. Pazy [16]).
An operator 4 on L2() is called a realization of the Laplacian, if

Af =Af  (in D))

forall f € D(A). We now show that a differentiable semigroup 7' whose generator
A is arealization of the Laplacian in L?(f)) governs a classical solution of the heat
equation. More precisely, we have the following:

THEOREM 1.1 Let T=(T(t))¢>0 be a differentiable semigroup on L%(2) whose
generator is a realization of the Laplacian. Given f € L*(Q) let

ut,z) = (T(H)f)(z) (>0, z€9).
- Then v e C*°((0,00) x ) and
u(t, ) = Ault, z) t>0,z€e0). (1.3)

We need the following two results on regularity which are easily proved with help
of the Fourier transform (see e.g., [18, Theorem 8.12.}).
By H*(f)) we denote the k-th Sobolev Space; i.e.

HYQ) = {f € L) : D*f € L*(Q) if |o] < k},

N
where a = (ai,...,an) € IV}’ denotes a multi-index and |a| = Y a; its order,
J=1
D*=D{"..DY , Dj=42,j=1,...N, No=INU{0} ={0,1,2,...} . The
local Sobolev spaces are defined by HE () = {f € L} () : D°f € L (Q) if

la] < k} . Here we consider, in the usual way, L7} .(Q) as a subspace of D(Q)’
and D® as an operator on D(2)' . We set H°(Q) = L*(Q) , HY () = L} .(Q)
for consistency.

LEMMA 1.2 Let k,m€ INo , k> & . Then Hf'™(Q) c C™(Q) . In particular,
Aﬂ]N HE() =C>(Q) .
€

Here we let C(2) = C°(Q) be the space of all continuous functions on  with
valuesin € and C*(Q) is the space of all functions which are k-times continu-
ously differentiable.

LEMMA 1.3 Let u,f € L2 () such that Au = f in D(Q) . Then u €

loc

H} () . Moreover, if f € HE_(Q), then uwe HEF2(Q) .
It is not difficult to see that for k€ Ny ,

HY ) ={feHL.(Q):D;fe H. (), j=1,...,N}. (1.4)

loc

Proof of Theorem 1.1. Let w C Q) be open, bounded such that @ C Q. Since A
is a realization of the Laplacian, it follows from Lemma 1.2 that D(A¥) C HZk ()
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forall k€ IN . Let p> & : Thenfor 2k >p, H2(Q) C C*7(Q) . Let wC N
be open and bounded such that w C Q. For g:Q — €, we denote by j(g) the
restriction of g to @ . It follows from the closed graph theorem that j defines
a bounded operator from D(A*) into C?*~P(w) . Hence by (1.2), for f € L*(Q)
we have joT()f € C™((0,00) , C*~P(@)) forall k, me IN, 2k > p. This
implies that u(-, -) € C™((0,00) X w) . O

We recall the classical strict parabolic maximum principle, see e.g. [8, V § 5, 3.4,
p. 1081].

PROPOSITION 1.4 Let 7>0. Let QC RY be open and connected. Let

u € C*(0,7) x Q) NC([0,7] x Q) such that
w(t, ) = Ault, z) te(0,7), z€eq.

Assume that there exist zo € Q, to € (0,7] such that

u(to, o) = max u(t,z) .
2€EN

Then u s constant.

From this we can now deduce that every semigroup generated by a realization of
the Laplacian is automatically strictly positive whenever it is positive.

THEOREM 1.5 Let @ C RN be open and connected. Assume that T = (T(t))e>o0
is a differentiable positive semigroup whose generator A is a realization of the
Laplacian. Then T(t)f € C®(Q) forall t >0, f€ L?>(Q); andif 0< f €
L*(Q), f#0, then

(T()f)(z)>0 (1.5)
forall zeQ,t>0

Proof. It follows from Theorem 1.1 that the function u given by wu(t,z) =
(T(t)f)(x) isin C*°((0,00) x Q) and satisfies the heat equation (1.3). Assume
that f>0. Then wu(t,z) >0 forall ¢>0, z € Q by hypothesis. Assume that
there exists to. > 0, o € ¥ such that u(ty,z0) = 0. Let w be open bounded,
connected such that @ C . The strict maximum principle applied to —u shows
that u(t,z) =0 for all ¢t e (0,%p], z € w. Now a simple connectedness argument
shows that u(t,z) =0 for all t€(0,t0], z€ N . Since f= hmu( Y in L2()
it follows that f =0. O

REMARK 1.6 (Irreducibility) A positive semigroup T on a Banach lattice E
is called irreducible if for all f € Ey , f#0 andall ¢ € E! , ¢ # 0 there
exists t > 0 such that (T'(¢)f, ) > 0. If in addition T is holomorphic then it
is automatically true that (T'(t)f , ¢) > 0 for all ¢t > 0 (see [15, C-III Theorem
3.2]. Theorem 1.5 implies in particular that the semigroup T considered here is
irreducible.
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REMARK 1.7 Of course there do exist realizations of the Laplacian which do
not generate a positive semigroup. For example, let 4 on L2?(0,1) be given by

D(A) = {f € H¥0,1) : f(0) = =f(1), f'(0) = —f'(1))} , Af = f". Then A
generates a semigroup which is not positive (cf. [1, 3.4], [15, p. 255)).

2 INTERTWINING LATTICE HOMOMORPHISMS ON L2
Let © ¢ RM be an open set. By A we denote the Dirichlet Laplacian on
L*(Q) ;ie.
D(AY) = {f € Hy(?): Af € L*(Q)}, AT = Af .
Then A$ is a form negative operator which generates a positive contraction semi-
group T = (etAg)tzo on L2(f).
By cap(F) = inf{|jul|3, : v > 1 on a neighborhood of F} we denote the

capacity of a subset F of RN . Then cap defines an outer measure on RV .
An open subset 2 of RV is called regular in capacity if

cap(B(z,7)\ Q) >0
for all z € 92, r > 0. Note that Q is regular in capacity whenever it is
topologically regular, ie. ) = Q. But also the set
Q= B(0,1) \ {(z1,0) : z; > 0} C IR?

is regular in capacity.
The aim of this section is to prove the following result which extends Theorem
0.1 mentioned in the introduction.

THEOREM 2.1 Let 4,0 C RN be open, connected and regular in capacity.
Assume that there exists a linear operator U : L?(9) — L*(Q3) such that U # 0
and

(0) [Ufl=Ulfl (feLl*);
(b) Ues' =83’y (t>0).

Then Q) is congruent to Qy . More precisely, there exist an isometry 7 : RN —
RN and a constant ¢ >0 such that 7(f) =Q and

(UHy) =cf(r(y) (y€ Q) (2.1)
for all f e L%(0) . '

Here a mapping 7 : RN — R" is called an isometry if there exist an orthogonal
matrix B and a vector b€ RN such that 7(y) = By+b forall y € RY . Two
open sets 1) and §» are called congruent if there exists an isometry such that
7(Qy) = Q; . In that case it is easy to see that

Uf=for
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defines a unitary operator satisfying (a) and (b).
Note that the regularity assumption in Theorem 2.1 cannot be omitted. This is
made clear in the following remark,

REMARK 2.2 Let Q Cc RN be an open set. Then there exists a unique open
set (1 which is regular in capacity such that Q D Q and cap(f2\ Q) = 0. This
implies in particular that L*(Q) = L2(9) and A = A (see [2] for the proofs).
Now, if © is not regular in capacity, then we have Q # Q, and (a) and (b) are
satisfied for U the identity operator.

Proof of Theorem 2.1. It follows as in {2, (2.16)] that UD(Q1) € C®(Q;) and
that

_ | M) f(r(y) ve
wow ={ "W ved 22)
for all f € D(Q), where Q) C Q, is open, 7 : Q5 = 1, isometric on each
component of {1y and h: ) — (0,00) is constant on each component of € .
Moreover, as in [2, (3.10)] one sees that U induces a continuous operator from
H(Qy) into HY(Q). Nowlet 0 < f € D), g = e®Uf. Then g €
C>(Q3) and g(y) >0 forall yeQ,.

On the other hand ¢ = Ue‘A?If in H}(Q). Let k = e"A?lf. Then k €
H{(Q1) . Let k, € D(Qy) such that k, — k in H(Q,). Then Uk, — Uk
in H{(f) and so q.e. after extraction of a suitable subsequence. But Uk =g .
Hence Uk, — g q.e. Since Uk(y) =0 for y € Q,\ 0}, it follows that g(y) =0
qe. on 3\, . Since g is strictly positive it follows that cap(Q2\ ) =0. By
[2, Proposition 3.10}, it follows that ) is connected. Thus 7 is an isometry and
h equal to a constant ¢ > 0. It follows from (2.1) and density that

Uf)y) = cf(r(y)) (2.3)
a.e. on Uy forall fe L?(Q). Note that Q3 := 7(f);) is an open subset of
which is regular in capacity. If suffices to show that cap(Q; \ 23) = 0 in order to
deduce that 7(Q;) = Q . Consider the mapping V : L}(Q,) — L%(3) given by
Vg=clgor™! . Let W:L*) — L?*(Q3) be givenby W =V oU . Then

We'Ag1 = emgaW (t>0)
and
(Wiz) = f(=z)

forall € Q3 andall f€D(Q). But Wfe H{(Q3). Hence f =0 on 0Q;\ 03
q.e. forall fe€ D(Q) . This implies that cap(f \ 13) =0, by [2, (3.7)]. a

3 THE CONGRUENCE PROBLEM WITH RESPECT TO Cy(0)
Let © C RN be an open non-empty set. We consider the Dirichlet Laplacian AY

on

Co(f)) = {feC(): foralle >0 thereexists K C § compact such
that f(z) = 0 whenever z € Q\ K} ;
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i.e. the operator A§ is given by
DAY ={f € Co() : Af € Co(N)}, ATf =Af.
Here Af is a distribution. Since Co(9) C L} () € D(Q)', the definition has a

loc
sense. Note that D(A) ¢ C?(Q) since the Laplacian does not satisfy maximal
regularity on spaces of continuous functions.
It has been investigated in [3] under which conditions A is generator of a

Cy -semigroup. The result uses classical notions of Potential Theory.

DEFINITION 3.1 a) Let z € 8Q . A barrier is a function w € C(Q0 B) such
that Aw <0 in DANB) , w(z) =0, w(z) >0 for all z € (AN B)\ {z}
where B = B(z,r) is a ball centered at z .

b) Q ist regular (in the sense of Wiener) if at each point z € 9Q there cxists a
barrier.

Every open subset of IR is regular. In higher dimension, if the boundary of Q
is locally Lipschitz, then Q is regular. But, for example, if N > 2, then for every
z€Q, N\ {z} is not regular. A bounded open set § is regular if and only if the
Dirichlet problem is well-posed; i.e. for all ¢ € 0} there exists u € C() such
that u,, = ¢ and

Au=0in D() .

Now we describe when Afl generates a semigroup (by which we always mean a
Co-semigroup) . The following characterization is proved in (3, Section 3].
THEOREM 3.2 Let Q C RN be open. The following conditions are equivalent.

(i) Q is regular (in the sense of Wiener).

(i) o(AT)#0;

(i) A generates a holomorphic semigroup.

In that case, the semigroup T(t) = etdd generated by A§} is positive and contrac-
tive. o
Moreover, T is consistent with the semigroup (e'®2)i>0 on L*(Q) ; ie. for

feCo()N L) we have
AT f =BT f (> 0). (3.1)

It follows from Theorem 1.5 that the semigroup (emé1 )i>o is strictly positive:

THEOREM 3.3 Let Q C RN be open and regular (in the sense of Wiener). Let
0< feCo(N). Then

(DS f)(z) >0 forallz €Q, t>0. (3.2)

Here we use the notation

f>0 & f(z)20 foral z€0Q;
f>0 & f>0 and fF#0.
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Next we consider two open subsets €, of RN . A linear operator U :
Co()) = Cp(Qy) is called a lattice homomorphism if

[Uf] = Ulf| for all f € Co(Q), (3.3)

where |f|(z) =|f(z)] (z€ ).

If U is an order isomorphism (ie. U is bijective, U >0 and U~! >0),
then U is clearly a lattice homomorphism (see [19] for more details). Note that
every lattice homomorphism U is disjointness preserving, i.e.

f-g=0implies (Uf)-(Ug) =0 (3.4)

for all f,g € Co(Yy) .

In fact, if f-g =0, then inf{|f|,|g|} = 0. This implies inf{U|f|,Ulgl} =0. .
Hence

Wil WWgl = UIf])- Ulgh) =0.
Now we prove the first result on congruence. The space Co(2) is easier to handle
than LP-gpaces since point evaluations are continuous.

PROPOSITION 3.4 Let Q,,9Qy C RN be open and connected. Let U : Co(9;) —
Co(23) be a bounded operator such that

(a) f-g=0 implies (Uf)-(Ug)=0 forall f,g e D(Yy);
(b) for all y € Qy there exists f € Co() such that (Uf)(y) #0;
(¢) AUf=UAf foroll f e D).

Then there ezist a constant ¢ € C\{0} and an isometry 7: RN — RN satisfying
7(2) = 0 such that

(UN) =cf(r(y) (y€ )
for all f € Co(R2) . In particular, Q1 and Qo are congruent.

For the proof we need classical regularity properties of the Laplacian. They will
be used in the following form.

LEMMA 3.5 Let Q@ C R™ beopen, ke NU{0}, g€ C(Q) . If Age C*(Q),
then g € CFH1(Q) .

Proof. We recall that for a distribution » € D(Q)', if Au € LP(Q) for some
p> N, then u € C'()) (see e.g. [8, Chapter II, § 3, Proposition 6]). Thus
the assertion of the lemma holds for & = 0. Assume that it holds for some k €
IV U {0} . Assume that Ag € C**1(Q). Then g € C'() (by the case k = 0)
and ADjg= D;Ag € C¥(Q) . Hence Djg € C*+1(Q) by the inductive hypothesis
(j=1,...,N). We have shown that g € C**+2(Q) . O

Proof of Proposition 8.4. 1. We show that UD(Q;) € C*°(2:) . Let k € INU{0} .
Then

UD(Q) C C¥(,) (3.5)
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for k =0. Assume that (3.5) holds for some k. Let f € D(};). Then AUf =
UAf € C¥(Q,) . Hence Uf € C*1(Q,) by the lemma.

2. Let y € Qy . Then ¢(f) = (Uf)(y) defines a functional ¢ € Co(Q)"\ {0} . It
follows from assumption b) that supp ¢ is a singleton. Thus, there exist 7(y) €
and h(y) € €\ {0} such that o(f) = h(y)f(7(y)) forall fe Co(R;) .

3. Now the proof of (2, Proposition 2.4] shows that h is constant h =c¢ # 0 and
7:Q = Q) is an isometry. We denote its isometric extension to R still by 7.
It remains to show that 7(€Q;) =, .

4. We show that 7(0€;) C 00 . Let yo € 90y . Assume 7(yo) € Qy . Take
Yn € Q9 such that “lix}n Yn = Yo . Choose f € D(Qy) such that f(r(yo)) =1.

Then TllerlO(Uf)(y,I) = nli—lblo,o cf(r{yn)) = ¢ # 0. This contradicts the fact that
Uf € Co() .

5. The set 7(€2) is open. Since by 4., 9(7(R2)) = 7(89%) C 90 , it follows
that 7(2y) is relatively closed in Q; . Since € is connected, we conclude that
’I‘(Qz) = 91 . ) ) a

Condition b) cannot be omitted in Proposition 3.6. In order to see this, it suffices
to choose ) = (0,1) C IR = Q, and to take for U the embedding from Cy(0,1)
into Co(IR) .
It is surprising that we can omit b) if we strengthen the intertwining condition
slightly. For that we will suppose that Af' and AJ? are generators. We recall
the following easy description of intertwining operators.

PROPOSITION 3.6 Let A; be the generator of a semigroup T; on a Banach
space E; , j=1,2. Let U € L(Ey, E,) . The following are equivalent:

() UTi(t) =T()U (t>0);
(it) UD(A)) C D(43) and AUz =UAyz for all x € D(A,)) .

Assuming Wiener regularity and the intertwining property we can now show that
condition b) of Proposition 3.4 is automatically satisfied. The key argument is strict
positivity in the sense of Theorem 3.3.

THEOREM 3.7 Let Q,,Q; C RN be open, connected and reqular (in the sense
of Wiener). Let U : Co(h) — Co(22) , be a lattice homomorphism, U # 0, such
that

Uetds' = et2*y (£ >0) . (3.6)

Then there exist a constant ¢ > 0 and an isometry 7 : RN — RN satisfying
() = QO such that

UH) =cf(r(y)) (y€ Q)
for all f e Co(h) .
REMARK 3.8 By Proposition 3.6, condition (3.6) is equivalent to saying that for
v, f € CO(QI)
Av = fin D() = AUv =Uf in D(Q,)" . (3.7)
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which is stronger than condition (c) of Proposition 3.4.

Proof. By the second part of the proof of Proposition 3.4 the operator U is of

the form b Fr ) a
_ [ M) ye
whw={ § v\
where Q) = {y € Q2 : 3 f € Co(1) , Uf(y) # 0}, h: Q) - (0,00) and
7:Qy — Q are functions. Let 0 < f € Co(£2y) such that Uf > 0. By Theorem
3.3 we have . o
(Ue'®e” F)(y) = (e U f)(y) >0

for all y € Qy, where ¢t > 0. This implies that §; = Q) . Thus condition b) in
Proposition 3.6 is satisfied and the claim follows. O

We conclude this section showing by a counterexample that Theorem 3.7 is not
true if we replace Dirichlet boundary conditions by periodic boundary conditions,
even if U is an order isomorphism.

EXAMPLE 3.9 Consider the Banach lattice E = {f € C{~1,1]: f(-1) = f(1)}
with supremum norm and let A be the operator on E given by D(A) = {f €
C*[-1,1]: f®(=1) = fO(1) for k=0,1,2}, Af = f”. Then A generates a
semigroup 7 . Let U : E — E be given by

fl—-y) if 0<y<l1

(Uf)(y)={ f(=1-y) if —-1<y<0.

Then UT(t) =T @)U (t > 0) even though U is not composition by an isometry.

Proof. The operator given Bf = f', D(B) = {f € ENnC'[-~1,1] : f'(-1) =
f'(1)} generates the shift group on E . Hence A = B? generates a holomorphic
semigroup T . One easily sees that UD(A) = D(A) and AUz = UAz (z €
D(4)). O

4 APPENDIX: REGULARITY IN THE SENSE OF WIENER
AND REGULARITY IN CAPACITY

Let 2 be an open set in RY . We say that Q is regular in measure (resp.,

in capacity) if for all 2 € 90 and all r >0, |9\ B(z,7)] > 0 (resp., cap(§)\

B(z,7)) > 0). Here |F| denotes the Lebesgue measure of a measurable set F
[+

in RN . It is clear that toplogical regularity (i.e. Q= ) implies regularity in

measure, and regularity in measure implies regularity in capacity.

EXAMPLE 4.1 Let B = B(0,1) be the euclidean unit ball in IR?. Then Q =
B\ {(z1,0) : 0 <z, < 1} is regular in capacity but not regular in measure.

The reason why these notions of regularity are introduced in [2] is the following.
Consider L2(f)) as a subspace of L2(IRM) by extending functions by 0 out of
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Q. Then L*(y) = L*(€,) if and only if |Q) A | = 0. This in turn, implies
that ; = Q; if @ and O, are regular in measure. Here Q,,0Q C R" are
open sets.

|0 AQy| =0, then A?‘ = Agg if and only if cap(Q A Q) =0, and this
in turn implies that Q; =, whenever ©; and Q are regular in capacity (sec

[2D)-

REMARK 4.2 The condition “regular in measure” did occur in different context
(under different name). It seems to be a crucial condition for smooth approximation
in Sobolev spaces (cf. [20]). For example, if Q@ C IR? is open, bounded and
star-shaped, then regularity in measure is sufficient for C*®(Q0) being dense in
Wke(Q) (k€ N, 1< p< o), see [20, Theorem BJ. It is also a necessary
condition in special situations (see [20, Theorem C and Example 1]).

Next we show that regularity in the sense of Wiener implies regularity in capacity.
Our proof is based on the results of [3].

PROPOSITION 4.3 Let Q C RN be an open set which is reqular in the sense of
Wiener. Then §} is regular in capacity.

Proof. Let 0 be open, regular in capacity such that cap(\ Q) = 0 (see [2,
Proposition 3.18]). Then L*(Q) = L*(Q) and Af = A§. Now assume that
Q# Q. Choose z € INNQA. Let 0 < f € Co(Q) N L2(N) . Then by {3,

(3.3)) (e!2% f) = e!22f . Tt follows from Theorem 1.5 that % f € C=(Q) and
(€32 f)(2) > 0. But e!d% f € C®() and €87 f = ¢!A2 f . This contradicts that
¢4 € Co() . ]

There is a remarkable criterion due to Wiener which describes regularity. Assume
that N > 3. Then §} is regular in the sense of Wiener if and only if

iw’“"—?) cap (B(2,279)\ ) = o (4.1)

i=1

for every point z € 00} .

Thus Wiener’s criterion is a quantitative version of regularity in capacity. One
can also see from Wiener’s criterion that regularity implies regularity in capacity
(note however that here N > 3) . Every open set in JR® which satisfies the exterior
cone condition (meaning that for each z € 8 there exists a cone in R*\ Q2 with
vertex z) is regular. But there exist cusps which are not regular (see {14, p. 288]).
Such a cusp gives an example of an open set in IR (or higher dimension) which
is regular in capacity but not in the sense of Wiener.

In dimension N = 2 the situation is more complicated. In fact, it is known that
? ¢ IR? is regular whenever for each z € OQ there exists a continuous, injective
function f:[0,1] = R?>\ Q such that f(0) =2 (see[11, p. 173}).

Here is an example of a set in JR? which is not regular in the sense of Wiener
but regular in capacity (and even topologically regular).
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PROPOSITION 4.4 Let B be the open unit ball in IR? and let
A ——
Q =B\ (| B(an,m) U{0}) (4.2)
n=1

where an = (@n,0), an >0, lim a, =0, ay+r, >0 are chosen such that the
n—00

closed balls B(an,rn) are disjoint. Thus Q is open and regular in capacity (and
even topologically). However, one can choose r, >0 such that Q0 is not regular.

We are grateful to Charles Batty for the following probabilistic proof. Some
preparation concerning Brownian motion and potential theory is needed (see [17]
for example). Let © C RN be an open, bounded set. By {B;:t >0} we denote
the Brownian motion and by P? the Wiener measure (z € R") . Then regularity
can be characterized in terms of Brownian motion in the following way (see [17]).

PROPOSITION 4.5 The set Q1 is regular if and only if
P*37>0:B(s)€eQVse(0,7)]=0 (4.3)
for all © €99 .

REMARK 4.6 a) Condition (4.3) says that Brownian motion starting at z €
0} has to leave immediately ) with a positive probability (equivalently with
probability 1). ‘

b) To see the relation with the Dirichlet problem we mention that for f € C(9f)

u(z) = E*[f(Br,)]  (z€9) (4.4)

defines a harmonic function on Q. Here 7q = inf{t > 0: By ¢ 2} is the first exit
time. If (4.3) is satisfied, then lim u(z) = f(z) for all z € Q. Thus u is the
z€EN

solution of the Dirichlet problem. 0O

We mention that for N >2 and z€ RV\{0},t>0
P°[B(s) =z forsome 0 < s<t]=0. (4.5)

Now we can prove the proposition.

Proof of Proposition 4.5. We fix a sequence a, J 0. Let a, = (a,,0). Let
t>0. Then f,.(r) = P°[B(s) € B(ay,r) for some s <t| is decreasingin r >0,
and by (4.5), lim,o fo(r) = 0. This allows us to choose r, > 0 satisfying the
requirements of the proposition and such that f,(r,) < 27" forall n € IN . Thus
o0
P°[B(s) € U B(an,rs) for some s < t] < Y P°[B(s) € B(zn,r,) for some
neiN

n=1

s <t} < 1. Consequently, P°[37>0:B(s) € Q forall se (0,7)] > P°[B(s) € Q2
for all s € (0,#)] > 0. Thus (4.3) is violated. O

Of course, the example is also valid in higher dimensions than 2.
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