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Introduction

The present Volume 3 (2003) of JEE is devoted to Philippe Bénilan.
It consists entirely of invited contributions. Several of them were presented at the

conference “Journées d’Analyse Non-Linéaire” which was organized in the French Jura in
October 2000 on the occasion of his 60th birthday.

Philippe Bénilan died on February 17, 2001. He was a most original and charismatic
mathematician who had a deep and decisive impact on the theory of Evolution Equations.
He was one of the founders of this journal.

Here we describe some of his essential contributions. They reflect an important part of
the development of Nonlinear Analysis and the Theory of Evolution Equations.

At the beginning of his œuvre stands a work which became a bestseller in the domain:
His Thèse d’Etat at the University of Paris Orsay in 1972 under the supervision of Haı̈m
Brézis and Jacques Deny with the title: “Equations d’évolution dans un espace de Banach
quelconque et applications”. Here he proved his famous theorem on the uniqueness of mild
solutions (“bonnes solutions” in French) for the evolution equation governed by a (non-
linear multivalued) accretive operator in an arbitrary Banach space. In the early seventies,
it was a great challenge to understand how the well-known theory of strongly continuous
semigroups of linear operators in Banach spaces (e.g. the Hille-Yosida theorem) could be
extended to nonlinear operators. In the case of Hilbert spaces there was a complete theory (of
maximal monotone operators) which could even be extended to uniformly convex spaces.
However, nearly everything went wrong in general Banach spaces, even in spaces such as L1

and L∞, which are natural for many models. In particular, no notion of solution was known
which was suitable for the Cauchy problem u′(t) + Au(t) = f (t) governed by a “good”
(i.e. accretive) operator on such spaces. The notion of mild solution is “simply” defined as
the uniform limit of the implicit Euler approximation scheme of the differential equation.
The uniqueness result of Philippe Bénilan shows that this limit is independent of the pro-
cess of approximation. Existence of such solutions was provided by the (equally famous)
Crandall-Liggett Theorem under an additional surjectivity hypothesis (m-accretivity) which
asserts that the exponential formula (I + t/nA)−n converges strongly on the closure of the
domain of the operator A.

His Thèse d’Etat contains further very interesting abstract results, for example another
deep extension of the Hille-Yosida Theorem to the nonlinear framework. Whereas in
Hilbert space there is a perfect bijection between nonlinear contraction semigroups and
m-accretive operators, a whole bunch of counterexamples were produced in that period to
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show that such results are not true in general Banach spaces. Now Philippe Bénilan showed
that there is a bijective correspondance between the set of all m-accretive operators and the
solutions of the complete evolution equation u′(t) + Au(t) = y where y is an arbitrary
element of the Banach space.

Concrete applications were also presented in his thesis. He shows in particular how
the abstract framework can be applied to two popular nonlinear equations, namely the
conservation law

u + divφ(u) = ψ(u),

and the porous medium equation

ut − ��(u) = v on ]0, T [×�, ∂�(u)/∂ν = β(u) on ]0, T [×∂�.

The right m-accretive operators governing these two equations are described in detail. It is
absolutely remarkable that their definition is based on the notion of entropic solution in the
sense of Kruzhkov.

Already his thesis gives the flavour of his favorite way of doing mathematics: to go back
and forth from an abstract theory to concrete applications and models. Behind this is his
deep need of understanding the basic ideas and the generality of an approach leading to the
solution of a particular problem. As a leitmotiv he would typically ask: “What is the right
abstract framework?”

Philippe Bénilan devoted much of his scientific activity to the problem of finding a good
definition of solutions for nonlinear partial differential equations, which turned out to be
surprisingly delicate. He introduced the notion of entropic solution for elliptic equations
of the type

diva(·, u, Du) = f.

One knows, that even in the linear case, if the coefficients are merely bounded, the dis-
tributional solutions are not unique. For the p-Laplacian uniqueness of the solutions with
initial value in L1 is still an open problem. The framework of entropic solutions, though,
leads to a well-posed problem (it is related to the notion of renormalized solution introduced
independently by P. L. Lions and F. Murat in the spirit of the type of solutions considered
by R. Di Perna and P. L. Lions for the Boltzmann equation). Meanwhile Bénilan’s results
have been extended to diverse versions of the very nonlinear parabolic equation

b(u)t − diva(·, u, Du) = f.

It was most surprising and illuminating that the entropic solutions coincide with the abstract
mild solutions for accretive operators in Banach spaces.
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Going back in time, we have to mention the famous article of Aronson-Bénilan [13]
from 1979 where it is shown that the positive solutions of the porous medium equation
ut = �um in R

N satisfy the pointwise inequality

ut ≥ −cu/t, (1)

for a certain constant c. This very precise estimate was a breakthrough at the time. In fact,
it signifies a regularization effect. For example, it implies that

‖ut (t)‖L1 ≤ ĉ

t
‖u(0)‖L1 , (2)

an estimate which in the linear case is equivalent to the analyticity of the semigroup. The
Aronson-Bénilan paper was the starting point for numerous works on such regularizing
effects for nonlinear equations, and also for the investigation of the regularity of solutions.
A direct consequence of the pointwise estimate (1) is that ut is a measure, this leads to many
other nice regularity properties. Surprisingly, these pointwise inequalities remain valid for
equations governed by an arbitrary homogeneous m-accretive operator A (i.e. A satisfies
A(λu) = λmAu with m �= 1). This was shown later by Bénilan and Crandall [17]. The
result yields very strong regularization effects if the underlying space is L∞, for example.

We have seen above, that L1 is the right space for many examples. Philippe Bénilan
particularly liked and mastered this space, which shows at the same time good and bad
behaviour in the class of general Banach spaces. And indeed, he showed us the important
role the space L1 plays in the theory of non-linear partial differential equations. Most
popular is his article [8] jointly with H. Brézis and M. G. Crandall on this subject. In
the same spirit he solved a large number of open questions for solutions of nonlinear
equations with a measure as initial value. One has also to mention his recent papers joint with
S. N. Kruzhkov [73], [79], and Andreianov and Kruzhkov [92] on the conservation law with
merely continuous non-linearity. Finally, he gave essential contributions to understanding
the role of the space L∞ exploiting the maximum principle for nonlinear equations.

It is indeed difficult to give an account on an œuvre going deeply into so many different
areas of Nonlinear Analysis. Let us add a (non-exhaustive) list of key words and equations
corresponding to contributions of Philippe Bénilan not mentioned so far: the Lie-Trotter
product formula [22], [31], the equation u′′ + Au = f [72], completely m-accretive oper-
ators [53], T -accretivity [44], Kato’s inequality [55], the equation ut + Aβu = 0 [10],
the equation ut + βAu = 0 [18], the equation ut + max Aiu = f [19], Thomas-Fermi
equations [58], reaction diffusion systems [57], [61], [82], asymptotic behaviour
of the equation ut = �pum as m tends to ∞ [51], [68], [74], [91], the equation
ut = a(·, u, ϕ(·, u)x)x [70], [71], the equation ut = α(u)�u + |Du|2 + F(u) [76],
Schrödinger semigroups [54], and many more.

Philippe Bénilan wrote important contributions to the fundamental treatise edited by
Dautray-Lions [26], [27], [28], [39], [40], [41], [50]. In particular, his contribution [25],
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[50]: “The Laplacian”, is a very successful modern treatment of Potential Analysis via the
systematic use of distributions.

Let us come back to the initial subject, nonlinear semigroups on Banach spaces. One can
say that under the essential influence of Philippe Bénilan it became a fascinating and very
elegant theory which is best documented in his treatise “Nonlinear Evolution Equations
Governed by Accretive Operators” jointly with M. G. Crandall and A. Pazy [93]. Bénilan’s
book is famous and widely quoted in the community “Evolution Equations”, an apparent
contradiction since it is not published and not even finished. We greatly hope that this will
be done very soon.

The high esteem Philippe Bénilan obtained all over the mathematical community is not
only due to his outstanding mathematical oeuvre, but also to his extraordinary personality.
He gave the highest value to human relations and he immersed himself completely and with-
out any reserve in all his activities. Characteristic for him is the abundance of international
contacts and the popularity which he acquired all over the world.

The community of Evolution Equations and Nonlinear Analysis lost a great mathemati-
cian and a wonderful colleague.

The scientific committee of this special volume,

Haı̈m Brézis (President), Wolfgang Arendt, Louise Barthélemy, Michael Crandall,
Jose Carillo, J. Ildefonso Diaz, Jerome A. Goldstein, Michel Pierre,

Juan Luis Vazquez.
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