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Abstract. We study sums of bisectorial operators on a Banach space X and
show that interpolation spaces between X and D(A) (resp. D(B)) are maxi-
mal regularity spaces for the problem Ay + By = x in X. This is applied to
the study of regularity properties of the evolution equation u’ + Au = f on
R for f € LP(R; X) or BUC(R; X), and the evolution equation v’ + Au = f
on [0,27] with periodic boundary condition u(0) = w(27) in LY (R; X) or
Cax(R; X).
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1. Introduction

The method of sums of operators has been first used by Da Prato and Grisvard
[13] for sectorial operators (see also [6], [9]). It gives conditions under which the
equation Ay + By = z can be solved. Here A and B are closed linear operators
on a Banach space X with domain D(A) and D(B), respectively. It is known
that in general for arbitrary € X, only the existence of a mild solution can be
guaranteed. However, when z is in an interpolation space between X and D(A)
(resp. D(B)), then the solution y is in D(A)ND(B). Moreover, one has Ay and By
belong to the same interpolation space, i.e., interpolation spaces between X and
D(A) (resp. D(B)) are maximal regularity spaces for the equation Ay + By = x.

In this paper, we are interested in the method of sums for bisectorial operators
and we establish similar results as in the case of sectorial operators. More precisely
let A and B be linear operators on X, assume that both A and B are sectorial
in two sectors (see the next section for the definition), that A and B commute
in the sense of resolvents and that o(A) and o(—B) are disjoint. Then we can
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find a curve T inside p(A) N p(—B) which separates 0(A) and o(—B), and this
is not at all obvious, see Appendix. As in the sectorial operator case, we then
define a bounded linear operator S on X by a contour integral over I' using the
resolvent of A and —B. For z € X, the element Sz is a solution of the equation
Ay + By = z in a weak sense. In particular, when D(A) + D(B) is dense in
X, there exist y, € D(A) N D(B) such that y, — Sz and Ay, + By, — «
as n — o0o. We should notice that it is known that when z € X, the equation
Ay + By = x does not necessarily have a solution y € D(A) N D(B). However,
when z is in an interpolation space D4(6,p) (resp. Dp(6,p)) between X and
D(A) (resp. D(B)), then Sz € D(A) N D(B), ASx € Da(0,p) N Dp(0,p) and
BSxz € Da(0,p) (resp. BSx € Dy(0,p) N Dp(0,p) and ASx € Dp(0,p)), this
means that D4 (6, p) and Dg(f,p) are maximal regularity spaces for the equation
Ay 4+ By = z. In our treatment of interpolation spaces we are also inspired by
Clément-Gripenberg-Hognés [9] who proved “cross regularity” extending the Da
Prato-Grisvard’s result for sectorial operators (see also [10]). A few words should
be said concerning our more complicated spectral conditions we consider and which
demand sophisticated contours. In the case of sectorial operators A and B, one
may always reduce the situation to the case where the spectra of A and —B are
situated in disjoint sectors by replacing A and B by A+ A and B + A, and this is
actually done in [13]. However, for bisectorial operators this is no longer possible.
On the other hand, the more complicated spectra occur naturally in the context of
periodic problems, see section 5. In addition, our method also allows us to prove
the spectral inclusion

o(A+ B) Co(A) +0(B)

for bisectorial operators. This relation was proved independently in [21, 8.3] and
[5] in the sectorial operators case.

In section 5, our results are applied to study regularity properties of the
evolution equation

u'(t) + Au(t) = f(1), t €R, (1.1)

where f € LP(R; X) for some 1 < p < oo (resp. BUC(R; X)), A is an invertible
linear operator on X, sectorial in two symmetric sectors Y9 = {z € C : |arg(z) —
Z| <6 or |arg(z) — 3| < 6} for some 0 < 6 < %. Since the operator % generates
the bounded translation group on LP(R; X) (resp. BUC(R; X)), for0 < 6 < %, 4
is sectorial in two symmetric sectors ¥j = {z € C : |arg(z) — 5| > 0 or |arg(z) —
37”| > 0}. Thus our abstract results can be applied to the operators % and A,
where (Af)(t) :== A(f(t)). As an immediate consequence of our maximal regularity
results applied to the operator %, we deduce that the Besov space By, (R; X) and
the space C*(R; X) of all X-valued bounded a-Hdlder continuous functions are
maximal regularity spaces for the problem (1.1), where 1 < p < 00, 1 < ¢ < o0
and 0 < o < 1. When we apply our maximal regularity results to the operator A,
we obtain that LP(R; D4 (6,p)) and BUC(R; D 4(0,000)) are maximal regularity
spaces for the problem (1.1), where 1 < p < oo and 0 < 6 < 1. Our abstract results
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can be also applied to the equation v’ + Au = f on [0, 27] with periodic boundary
condition u(0) = u(27) and we get similar results on maximal regularity spaces.

The sum method presented here is not the only one to study regularity of
(1.1) and the analogous periodic problem. Another method is based on operator-
valued multiplier theorems (see Weis [24], Denk-Hieber-Priiss [14], Schweiker [23],
[2] for the LP-case, and Amann [1], [4] for the C* and Besov-case). Some of our
results have been obtained by this other method. However, in many cases, the
multiplier method needs a geometrical condition on the underlying Banach space
(namely, the UMD-property).

2. Preliminaries

Let X be a Banach space and A : D(A) — X be a closed operator on X. We
denote by p(A) the resolvent set of A and o(A) will be the spectrum of A. For
A € p(A), we denote the resolvent (A — A)~! by R(\, A).

Let w > 0 and 0 < 0 < 27. Assume that

)

{re’? . r > w} C p(A) _
Cow = sup,s,, [[rR(re’, A)|| < oc.

Then there exists a > 0 such that {re® :r > w,0 —a < ¢ <0+ a} C p(A) and
SUD, >y - a<p<oia ITR(re®, A)|| < co. We say in this case that A is sectorial in
the sector {rew ir>w,0—a < ¢ <0+a}. When A is sectorial in two symmetric
sectors with respect to the origin, we say that it is bisectorial.

Let 0 < s <1and 1 < p < oo. Define

dt

Da(s,p) = {xeX:|t°AR(te", A)z| € LP(w, c0; ?)}
|2 Dasmy = Nl + 1t AR, A Loy, o0;82).
and
Da(s,000) = {x € Dy(s,00): tEI—Poo |t°AR(te? A)z|| = 0}
[ZlDacs,0000 = 1@ Da(s,00)-
For 1 < p < o0, we define
Da(Lp) = {reX:[tAR(e”, %] € LP(w, 00 )

i6
lzlpacs = Izl + [EA*R(te™, A2l 1oy 0;2)-

Let 0 < s <1, p€[l,o0]U{oop} ors =1, p€[l,o0], then it is easy to verify that
D (s, p) equipped with the norm ||-|| p , (s,p) is a Banach space. For different w > 0,
the different norms on D 4(s,p) are equivalent. On the other hand, if 0 < 5 < 27



302 Arendt and Hu IEOT

is such that the operator A satisfies the assumption (Hg,,), then for r > w,
|AR(re®, A)z|| = ||(re®® — A)R(re'®, A)AR(re'?, A)z|| (2.1)
< ([AR(re, A)|| + |lrR(re®, A) )| AR(re™, A)z|
< (142C.,)|[AR(re®®, A)x|.

This implies that for different 6 such that A satisfies the assumption (Hp,,), we

define the same space D4 (s,p) and equivalent norms on it whenever 0 < s < 1

and p € [1,00] U{oog}. Applying (2.1) twice we show that this is also true when

s=1land 1 <p< 0.

When w = 0, the spaces D 4(s, p) were first introduced by Grisvard [16], who
showed in particular that, when 0 < s < 1 and 1 < p < oo, then

Da(s,p) = (X, D(A))s,p (2.2)

(where D(A) is equipped with the graph norm so that it becomes a Banach space),
and when1>s" >s,ors’ =sand 1 <¢g<p<oo,

DA(S/aq) - DA(Sap) (23>
It follows that when s’ > s, 1 < p < co, we have
Da(s',p) C Da(s,o00). (2.4)

Our first task is to show that the relation (2.2) remains true when w > 0, and
(2.3) is valid when w > 0 except for some special case. Without loss of generality,
in the sequel we assume that # = 0. Let A be a closed linear operator satisfying
the assumption (Hp ) for some w > 0. Let A, := A — w. Then A, satisfies the
assumption (Ho ). Indeed, when r > 0, we have ||[rR(r, Au)| = [|(r + w)R(r +
w,A) —wR(r+w,A)|| <2Ch.

First for 0 < s < 1 and p € [1,00] U {o0p}, we compare the spaces D (s, p)
and Da,(s,p).

Lemma 2.1. For 0 < s <1 and p € [1,00] U{o0p}, we have D4(s,p) = Da,(s,p)
with equivalent norms.

Proof. We will only give the proof for 1 < p < oo, the proof for the case p = oog
is similar. Let # € Da(s,p), i.e., [[t*AR(t, A)z| € LP(w,00; ). We have to show
that [|t° AL R(t + w, A)z| € LP(0,00; ). We have

A R(w+t, A)x =t°AR(w + t, A)x — t°wR(w + t, A)x.
Since the function ||[*wR(w+t, A)z|| < wCowwiitHwH belongs to LP(0, 00; %) and the

function [[t* AR(w +t, A)z|| < (14 Co.)t*||z|| belongs to LP(0,w; &), it will suffice
to show that [[t* AR(w + t, A)z|| € LP(w, 00; &). We have for t > w

[t°AR(t, A)x — t°AR(w + t, A)z (2.5)

< [l AR(E A)YR(w + 1, AYa]) < Cou(1 + o)1)
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which belongs to LP(w, c0; 4). This together with the assumption |[t*AR(t, A)z|| €
LP(w, 00; 9) shows that |[t*AR(w + t, A)z|| € LP(w,00; 4).

Conversely, Let @ € Da,(s,p), i.c., |t*AuR(t, Ay)z| € LP(0,00; %). Then
[t5AR(w + ¢, A)z|| € LP(0,00; &) as [[t*wR(t, A)a|| < Zo8eelzl ¢ [p(0, 00; 42).
In particular, |[t*AR(w +t, A)z| € LP(w,00; ©). This together with the estimate
(2.5) implies that |[t*AR(t, A)z| € LP(w, 00; %). Thus z € D 4(s, p) and the proof
is finished. O

Lemma 2.2. We have Da(1,00) = Dy (1, 00) with equivalent norms.

Proof. For t > 0 and xz € X, we have
tA2R(t, A, )’x = tA’R(w +t,A)%x
—2wtAR(w +t, A)?x + w’tR(w + t, A)*x.

The last two terms on the right hand side are bounded on (0, 00) by the assumption
(Ho). Hence |tA2R(t, A,)?z| is bounded on (0,0) if and only if |[tA2R(w +
t, A)?z|| is bounded on (0,00). On the other hand, we have

|tA?R(w +t, A)?x — t A% R(t, A)?x||
< twA R(w +t, A2 R(t, A)x|| + ||twA?R(w + t, A)R(t, A)*z|

is bounded on (w, 00) by the assumption (Hy ). We deduce that |[tA2 R(t, A, )%z ||
is bounded on (0, 00) if and only if ||tA%2R(t, A)%x| is bounded on (w,00). The
claimed result follows. O

Remarks 2.3. (a) For0 < s <land1l < p < oo, wehave Da(s,p)=(X,D(A))sp
with equivalent norms. This follows from Lemma 2.1 and the relation (2.2).
(b) When 0 < s < ¢’ <l,or0<s=¢ <1andq < p, we have Du(s',q) C
Da(s,p). When 1 < p <ooand 0< s <1, we have Ds(1,00) C Da(s,p) N
D 4(s,000). This follows from Lemma 2.1, Lemma 2.2 and the relations (2.3)

and (2.4)

3. Sums of Bisectorial Operators

We need some preliminary results on separating curves. If Q C C is open and
K C Q is compact, then there exists a piecewise affine closed oriented path in
Q\ K surrounding K counterclockwise, see [11] or [8]. In addition to this, we need
the following more complicated lemma on the existence of a separating curve,
which is new. Its proof will be given in the appendix.

Lemma 3.1. Let a,b > 0 and R = [—a, a]+i[—b,b]. Let S,T C C be open such that
RC SUT and S°NT¢ =0, ta+i[-b,b] C S and [—a,a]x£ib CT. Then at least
one of the following two cases occurs:

(a) there exists a piecewise affine curve I'y inside SNT N R from —a — ib to

—a + ib, and another piecewise affine curve I's inside SNT N R from a + ib
to a — ib. Moreover, I'1 NT'y = (.
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(b) there exists a piecewise affine curve I'} inside SNTNR from —a—1b to a—1b,
and another piecewise affine curve T'y inside SNT N R from a+1ib to —a+ib.
Moreover, T, NT% = 0.

Let A, B be closed operators on X. Assume that there exist 0 < 04,05 < 5
and w > 0 such that

(Hy): 04 +0p > 7.

(H3): Aand B commute in the sense of resolvent, i.e. for A € p(4), p € p(B),
we have

RO\ A)R(u, B) = R(u, B)R(, A).

Qp = {larg(z)| <bp or |v —arg(z)| < 0p}
(Hs) : N{ [Re(z)| > w} C p(—B)
Cp = sup,cq, ||[2R(z,—B)| < cc.
Qa = {5 —arg(z)| <0a or|37”—arg(z)|<6‘,4}
(Hy) : N{ [Im(z)] > w} C p(A)
Ca = sup,cq, |2R(z, A)|| < co.

(Hs): 0(A)No(—B) = 0.

Then there exist 2 — 0p < 6 < 64, a,b > 0 such that arctan(d) = 2, {z € (C
larg(2)| < 0 or | —arg(z)] < 0} N{z € C: |Re(z)| > a} C p(=B), {z

S arg | < 50 ot B —arg(0] < E -0} o€ € Tm(o)] =) & pd)
and o(A) No(—B)N R =0, where R := {z € C: |Re(z)| < a,|Im(z)| < b}. By
Lemma 3.1, there exist a piecewise affine curve I'y inside RN p(A4) N p(—B) from
a + ib to a — ib, another piecewise affine curve I'y inside RN p(A) N p(—B) from

—a —ib to —a + ib satisfying I'y N Ty = @ or, there exist a piecewise affine curve
I} inside RN p(A) N p(—B) from a + ib to —a + ib, another piecewise affine curve
T, inside RN p(A) N p(—B) from —a — ib to a — ib satisfying '} NT% = (). Assume
in the rest of this paper that we are in the first case (the argument for the second
case is similar).

Let T's be a closed piecewise affine curve inside R N p(A) N p(—B) and the
region limited by T'y, T2, {t+ib: —a <t <a} and {t —ib: —a <t < a} such
that the part of o(A) inside the region limited by T'y, T's, {t+ib: —a <t <a}
and {t —ib: —a <t < a} is contained in the region limited by I's and the region
limited by I's is contained in p(—B). Let I'y be a piecewise affine closed curve inside
RN p(A) N p(—B) and the region limited by 'y and {a + it : —b < ¢t < b}, such
that the part of o(—B) inside the region limited by T'; and {a + it : —b <t < b}
is contained in the region limited by I'y and the region limited by I'y is contained
in p(A). Let T's be a piecewise affine closed curve inside RN p(A) N p(—B) and
the region limited by I's and {—a + it : —b < ¢ < b}, such that the part of o(—B)
inside the region limited by I's and {—a + it : —b < ¢ < b} is contained in the
region limited by I's and the region limited by I's is contained in p(A). We extend
Iy from ooe to a + ib, and from a — ib to coe~*, extend I's from —a + ib to
00e ™9 and from ooe’®=™) to —a — ib. So we have the following figure:
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Let ' = Uizlf‘k be the closed Jordan curve oriented as in the figure. We can
assume that 0 ¢ T (if this is not the case, we may take a small perturbation of T,
this is possible as p(A) Np(—B) is open in C). Then I" C p(A) N p(—B) and by the
assumption (Hs) and (Hy4), we have

C!y = sup||zR(z, A)|| < oo (3.1)
zel
Cps =sup ||zR(z,—B)|| < oo. (3.2)
zel
We define )
§= L / R(z, A)R(z, — B)d-. (3.3)
21 r

By (3.1), (3.2) and the fact that I' C p(A) N p(—B), S is linear and bounded on
X. We will see that for z € X, Sz is the solution of the equation Ay + By = x in
a weak sense.

Remark 3.2. Let A and B be two operators satisfying (Hy)-(Hs). For z € X, it
is clear that the integrals fFR(z7A)x% and fFR(z7—B)xdz—z converge. An easy
application of the Residue Theorem shows that when 0 is in the region limited by
T', we have

2mi z

d 1 d
— R(z,A)x—Z =0, /R(z7 —B)x—z =B 2.
2mi Jp z r

When 0 is not in the region limited by I', we have
1 d 1 d
—/R(@A)x—z = A lg, —_/R(z,—B)x—Z =0,
r z 2mi Jp z

27
where the curve I is completed at infinity by identifying the points coe?, coe!(m=?)

and the points coe™, coe?(?—7),

Proposition 3.3. Let A and B be two operators satisfying (Hy)-(Hs). Then S is
linear and bounded from X to D4(1,00) (and to Dp(1,00)).
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Proof. Let y € X, x = Sy. Then for large ¢,

1 22
B%R(t, B)*x = Tm/FmR(z,A)R(z, —B)ydz. (3.4)
Indeed,
B?R(t,B)’x = (BR(t,B))z (3.5)

= x—2tR(t,B)x +t*R(t, B)*x
We have by the resolvent identity and Cauchy’s theorem

1
R(t,B)x = 5 R(z,A)R(z,—B)R(t, B)ydz (3.6)
mJr
1 dz
= 5= FR(z,A)R(z,—B)yt+z
1 dz
— A)R(t,B
tomi ) R(z, A)R(t, B)y——
1 dz
= — A -B
57 R(Z, JR(z, —Bly——

for large t > 0, as t+z # 0 when t is large enough and so the function M

is analytic in the region limited by I', where the path I' is completed at mﬁnlty by
identifying the points coe?, coe’ (™= 9)7 and the points coe ™, ooe’®=™) . A similar
computation shows that when ¢ is large enough we have

1 dz
R(t,B)*z = i )i R(z,A)R(z, B)ym
We deduce from (3.5) that
R
2mi Jp (t+ 2)?
when ¢ is large enough. By (3.1) and (3.2),
CaCxtlyll

B%R(t, B)*z R(z, A)R(z, —B)ydz,

tB2R(t, B)? < = d
ItB*R(t Bzl < oo | ==z
CAC’ Iyl / Idzl
- <C
717 < Clvl

is bounded for large ¢ > 0, where I'; = {z/t :z € I'} and C is a constant. This
shows that S is linear and bounded from X to Dp(1, c0). A similar argument shows
that S is linear and bounded from X to D4(1,00) and finishes the proof. O

By Remarks 2.3 and Proposition 3.3, if A and B satisfy the assumptions
(H1)-(Hs), then for 0 < 8 < 1 and p € [1,00] U{o0p}, the operator S is linear and
bounded from X to D(6,p) and to Dp(6,p).

In the following lemma, we will see that when 0 < 6 < 1,1 < p < oo and
x € Da(0,p) + Dp(0,p), the equation Ay + By = x is solvable with solution
y € D(A) N D(B).
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Lemma 3.4. Let A and B be two operators satisfying (Hy)-(Hs). Let 0 < 6 < 1,
1 <p<ooandy € Dy@,p)+ Dp(0,p). Then x = Sy € D(A) N D(B) and
(A+ B)Sy =y.

Proof. We will only give the proof for y € Dg(0,p), the proof for y € D4(6,p)
is similar. Let y € Dp(0,p) be fixed. Since Dg(0,p) C Dp(0,00), the function
|2| BR(z, —B)y is bounded when z € T is far enough from 0. By (3.1) and (3.2)
this implies that x = Sy € D(B) and

Ba / R(z, A)BR(z, — B)yd-. (3.7)
27rz

To show that x = Sy € D(A), we use the equality

R(z,—B)y = (y — BR(z,—B)y)/=.

Thus
dz

1

2m/R (z, A)y— — —_/R(@A)BR(z,—B)y;.
The first term is 0 (when 0 is not in the region limited by I') or A~!y (when 0 is
in the region hmlted by T') by Residue Theorem. Thus it belongs to D(A). Here
the path T' is completed by identifying the points coe'?, ocoe’™ % and the points
ooe™ . 00e®=™) . The second term also belongs to D(A) as

[AR(z, A)BR(z, —B)y/z| < W

for some constant C' > 0 independent from z. Hence z € D(A) and by Remark 3.2
and (3.7)

dz 1 dz
Az = —A Ay—+— | B —B)y—
v = g [ReAWT 4 o [ BRG B
1
— — | R(2,A)BR(z,—B)ydz =y — Buz.
211 r
Therefore (A + B)Sx = x. O

It is clear from the definition that D(A) C Da(0,p) and D(B) C Dg(0,p)
whenever 0 < 8 < 1 and 1 < p < oo. Thus we have following corollary

Corollary 3.5. Let A and B be two operators satisfying (Hy )-(Hs). For x € D(A)+
D(B), we have Sx € D(A)N D(B) and (A+ B)Sz = x.

Even though for € X, the equation Ay + By = x does not necessarily have
a solution y € D(A) N D(B), the following result shows that when D(A) + D(B)
is dense in X, then Sx is a solution of Ay + By = z in a weak sense: there exist
yn € D(A) N D(B) such that y,, — Sz and Ay,, + By, — x as n — oo.

Theorem 3.6. Let A and B be two operators satisfying (Hy)-(Hs). Then A+ B is
closable. Furthermore when D(A) + D(B) is dense in X, if we denote the closure
of A+ B by L, then0 € p(L) and L™' = S.
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Proof. Let x, € D(A) N D(B), y € X be such that z,, — 0 and Az, + Bx, — y
as n — oo. By Corollary 3.5, we have S(A + B)x,, = x,,. We deduce that Sy = 0.
Now let i € p(A) which is not empty by assumption, then by the assumption (Hs)
and Corollary 3.5

R(p,A)y = (A+B)SR(u, Ay
= (A+ B)R(u, A)Sy = 0.

Here we use the fact that R(u, A)y € D(A) so that we can apply Corollary 3.5.
This implies that y = 0. Therefore A+ B is closable. When D(A) + D(B) is dense
in X, the facts that 0 € p(L) and L=! = S follow immediately from Corollary
3.5. d

Theorem 3.6 can be transformed into a result on spectral inclusion. For sec-
torial operators this had been done before independently by [21, 8.2] and [5, Ap-
pendix]. In the following we omit the assumption (Hs) that o(4) No(—B) = 0.

Corollary 3.7. Suppose that A and B are operators satisfying assumptions (Hi )-
(Hy). Assume furthermore that D(A)+ D(B) is dense in X. If 0(A) 4+ o(B) # C,
then A+ B is closable and o(A+ B) C o(A) + o(B).

Proof. Let A € C\ (0(A) + o(B)). Then A — X and B satisfy assumptions (Hj)-
(Hs). Thus A + B — X is closable and its closure is invertible by Theorem 3.6.
Hence A + B is closable and A+ B — A = A+ B — )\ is invertible. O

4. Strict Solutions in Interpolation Spaces

Our next aim is to show that for 0 < 6 <1, p € [1,00] U {oop} and x € Da(0, p)
(resp. Dp(0,p)), we have Sx € D(A) N D(B), ASz,BSx € Ds(0,p) and ASz €
Dg(0,p) (resp. ASz,BSxz € Dg(0,p) and BSx € Dy4(0,p)). Thus the spaces
D (6,p) and Dp(0, p) are maximal regularity spaces for the equation Ay+ By = x.
The proof of this result is similar to that for sectorial operators given by Da Prato
and Grisvard [13] (see also [6] [9]).

Theorem 4.1. Let A and B be two operators satisfying (Hy)-(Hs). Let 0 < 6 < 1,
p € [1,00]U{oop} and y € Dp(6,p) (resp. Da(0,p)). Then BSy € Da(6,p) N
DB(avp)v AS?J € DB(G,p) (resp. AS?J € DA(gap) mDB(gap)v BS?J € DA(eap))

Proof. We will only give the proof for y € Dg(6,p) and 1 < p < oo, the proof
for the other case is similar. Let y € Dg(0,p) and x = Sy, by Lemma 3.4, x €
D(A) N D(B). Then by (3.6)

1 z
BR(t,B)x = R e zR(z, A)R(z,—B)ydz
Thus
1
BR(t,B)Bz = —— | ——R(z, A)BR(z, —B)yd>. (4.1)
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An elementary computation shows that there exists C' > 0 such that when z € '
and when ¢ is big enough, we have |t + z| > C(t +r), where z = re?®. By (3.1) and
(3.2), we have

Cc', [(t°|BR(z,—B
[t BR(t, B)Bz| < =4 | BR(z, )yllldz|
2 r |t—|—z|
c’y t0
< d
S %0 oy PPN

where ¢(z) := |BR(z, —B)y||. Let I be the part of I" inside R, and I'" be the
part of I outside R, . Then by (3.1)

0
| e < o
which is a function in LP(v/a? + b2, +o0; %), where C” is a constant independent
from t. We divide I into four parts I = U{_, T, where I'{ = {re? : r >
Vaz + 02}, T4 = {re7 . r > Va2 + b2}, T% = {re’®™ . r > Va2 + b2} and
I = {Tei(”_e) > m} Let o(r) := r?||BR(re®, —B)y|| if » > Va2 + b2
and ¢(r) := 0 otherwise. Then

tG oote,,,—e
/F o(2)ldz| = / o(r)dr = hx lt)

/1/t+|Z| t+r

where h(t) = 1t_it and the convolution is for functions defined on the group Ry of

multiplication equipped with the Haar measure %. By Young’s theorem
([ * 90||Lp(0,+oo;%) < ||h||L1(0,+oo;%)H‘PHLP(O,-s-oo;%) < ||h||L1(0,oo,%)||y||DB(9,p)'

Similar computations can be also done for the paths 'y, T'J and T} and thus we
have shown that Bx € Dg(0,p). Since Ax = y — Bx, we also have Az € Dg(0,p).
To show that Bz € Da(0,p), we use

) it .
AR(it, A)R(z, A) = P Z,tR(zt, A) — P itR(z’ A)
and (3.7), then we get
. R(it, A) it
A A)Bx = ’ B —-B
R(it, A)Bzx i /1“2 e R(z,—B)ydz
1 z

Dy Mo Z,tR(z, A)BR(z,—B)ydz.

The first integral is 0 for large t > 0, as z — it # 0 when ¢ > 0 is large enough and
%’;B) is analytic in the region limited by I', where the path T"
is completed by identifying coe®, coe~* and the points coe’™=9) | coei =) We
conclude that

so the function

1
AR(it, A)Br = —— | -
27t Jrz — it

R(z,A)BR(z,—B)ydz.
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We see that the right-hand side of this equality only differs from the right-hand
side of (4.1) by —it instead of ¢, so the same argument shows that Bx € D4(6,p).
O

When y € Dg(6,p), the conclusion BSy € D4(6,p) is the so called “cross-
regularity”. For sectorial operators, the corresponding cross-regularity has been
established in [9] (see also [10] [12]).

Theorem 4.1 can be reformulated by saying that A and B induce operators
on interpolation spaces which have a closed sum. Recall, if C' is an operator on X
and Y is a Banach space continuously imbedded into X, then the part Cy of C' in
Y is defined by D(Cy) ={y € D(C)NY : Cy €Y} and Cyy = Cy.

Corollary 4.2. Let A and B be two operators satisfying (Hi)-(Hs). Let 0 < 6 <
1, pe[l,00]U{oog} and Y = Dx(0,p) or Y = Dg(60,p). Denote by Ay and By
the parts of A and B in'Y. Then Ay + By is invertible.

A similar proof as in [13, Theorem 3.14] shows the following result which gives
a sufficient condition for the equation Ay + By = x to be solvable with solution
y € D(A) N D(B) when X is a Hilbert space.

Theorem 4.3. Let H be a Hilbert space, A and B be two closed operators in H
satisfying the assumptions (Hy )-(Hs ). Assume that there exists 0 < 0 < 1 such that
Da(0,2) = Ds+(0,2) or Dp(0,2) = Dp«(0,2), and D(A) and D(B) are dense in
X. Then the sum A+ B is closed. Moreover 0 € p(A+ B) and (A+ B)™' = S.

By the Remarks 2.3, we have D4(0,2) = (H,D(A))p2 and Da-(6,2) =
(H,D(A"))p,2. Thus Theorem 4.3 implies that when D(A) = D(A*), we have
Da(6,2) = Da+(0,2), therefore the sum A + B is closed and not only closable.

5. Applications

Let X be a Banach space and let A : D(A) — X be a closed operator. Assume
that A generates a bounded strongly continuous semigroup 7} on X. Then by [17],
[18], for 0 < § < 1 and 1 < p < 00, we have

Da(f,p)={zeX: |t7%T, — Iz| € LP(0, +oo; %)}, (5.1)

and

2] 4+ 11t (Te = Dl oo, 400;2 (5.2)
is an equivalent norm on D4 (#,p). This is in particular the case when A generates
a bounded strongly continuous group on X.

Now consider the Banach space ¥ := LP(R; X) for 1 < p < oo ( resp.
BUC(R; X) the space of X-valued bounded and uniformly continuous functions
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defined on R equipped with the supremum norm || - || ), and let B the operator
on Y defined by
Bf = f
DB) = {feY: fleY}

Then B is the generator of the translation group on Y defined by (T;.f)(s) = f(t+s)
for t,s € R. Since ||T¢|| =1 for ¢t € R, we have for 0 < a < 7/2

Q, ={2€C\{0}: |g —arg(z)| > « and |377T —arg(z)] > a} C p(—=B), (5.3)

and

sup ||zR(z,—B)| < co. (5.4)
2€Qq

When Y = LP(R; X), by (5.1) for 0 < 8 <1 and 1 < ¢ < 0o we have

+oo
Dp0.0) = (e V@ X): [ ) —SORT <) 69)

with usual convention when ¢ = co. By (5.2), an equivalent norm on Dg(,q) is
defined by
dt

+oo
I+ () - 1Ol

This shows that Dp(f,q) is precisely the X-valued Besov space Bf ,(R; X) (see
[1] and [15]).
When p = 2 and X is a Hilbert space, we have

i/, (5.6)

Bf o= ~f
D(B) = {fel’®X): f e L*(RX)},
thus D(B) = D(B*). Therefore for 0 < 0 < 1
Dp(0,2) = Dp-(0,2) = B ,(R; X). (5.7)
When Y = BUC(R; X), for ¢ =00 and 0 < 6 < 1, by (5.1)
Dp(0,00) = {f € BUC(R; X) : iggt‘9|\f(t+ ) = F)llee < o0} (5.8)

is precisely the space Cf(R;X) of X-valued bounded and #-Holder continuous
functions defined on R. By (5.2), an equivalent norm on Dp(6, 00) is given by

£ lloo +supt=?(| £ (¢ +-) = F()loo-
t>0

Let A be an invertible operator on X. Assume that there exists 0 < 8 < &
such that

h={zeC: |5 —arg(z)| < for |5 —arg(2) < B}U{0} C p(4)  (5.9)

and
sup ||zR(z, A)|| < oo. (5.10)

’
2€Qy
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Define the operator A on Y = LP(R; X) (resp. BUC(R; X)) by
AN = A(f@®), (teR)
D(A) := LP(R;D(A))
(resp. D(A)) := BUC(R;D(A))),

where D(A) is equipped with the graph norm so that it becomes a Banach space.
For 0 < 0 < 1, when Y = LP(R; X)), by Fubini’s theorem we have

Similarly when Y = BUC(R; X)), we have
D4(0,00) = BUC(R; X) N B(R; D4 (0, 0)). (5.12)

where B(R; D 4(6, 00)) denotes the space of all bounded D 4 (6, co)-valued functions
defined on R. For p = oog, we have D 4(0,000) = BUC(R; D4(6,000)). See [10]
and [7] for the proofs of similar results. Finally, we see by (5.3), (5.4), (5.9) and
(5.10) that A and B satisfy the assumptions (H;)-(Hs).

Now consider the evolution equation

u +Au=f (5.13)

on R, where f € LP(R; X) (resp. f € BUC(R; X)). We want to find a solution
u € WHP(R; X) N LP(R; D(A)), where WhP(R; X) = {f € LP(R; X) : f' €
LP(R; X)} is the first Sobolev space (resp. u € BUCY(R; X) N BUC(R; D(A)),
where BUCY(R; X) := {f € BUC(R; X) : f' € BUC(R;X)}). If such solution
exists, we say that it is a strict solution of (5.13). It is known that in general such
solution does not exist.

An immediate application of Theorem 4.3 and (5.7) gives the following: when
X is a Hilbert space, A a closed operator satisfying (5.9) and (5.10) such that D(A)
is dense in X, then for each f € L?(R;X), there exists a unique strict solution
u € WH2(R; X)NL%(R; D(A)) of (5.13). This is not new. In fact Mielke [19] showed
that for f € LP(R; X), the solution u is in WHP(R; X)NLP(R; D(A)), 1 <p < o0
(see also Corollary 3.2.10 in [23]). For general Banach spaces, one has to assume
that the operator-valued function ¢t — it R(it, A) is Rademacher bounded on R to
ensure that a strict solution exists in the case Y = LP(R; X) (see Schweiker [23,
Theorem 3.2.8]).

We will see that a solution of (5.13) in a weaker sense always exists and it is
given by Sf, where S is defined by the integral (3.3) using .4 and B.

When Y = BUC(R; X), for f € BUC(R; X), a function u € BUC(R; X) is
called a strong solution of (5.13) if, there exist u,, € BUC*(R; X)NBUC(R; D(A))
such that u, — u and Au, +u), — f in BUC(R; X) as n — oo. Since A and
B satisty the assumptions (Hp)-(Hs), this is equivalent to say that u € D(L) and
u = L~ f where L is the closure of A+ B. By Theorem 3.6, we have 0 € p(L) (note
that D(B) = BUC(R; X) is dense in BUC(R; X), in particular D(A) + D(B) is
dense in BUC(R; X)), therefore for every f € BUC(R; X), a strong solution of
(5.13) exists and it is unique.
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For f € BUC’(R' X), a function u € BUC(R; X) is said to be a mild solution
of (5.13) if, fo s)ds € D(A) and

u(t) — u(0) + / ds—/f

for all t € R. We claim that any strong solution of (5.13) is a mild solution. Indeed,
Let f € BUC(R; X) and let u € BUC(R; X)) be a strong solution of (5.13). There
exist u, € BUCY(R; X) N BUC(R; D(A)), such that u, — u and (A + B)u, — f
in BUC(R; X) as n — oo. For each n € N, we have u}, + Au, = (A + B)u,.
Integrating on the interval [0, t] leads

Un () — un(0) + A/ un(8)ds = / {(A+ B)un}(s)ds

Letting n — oo, the closedness of A implies that fo s)ds € D(A) and

u(t) — u(0) + A/o u(s)ds = /0 f(s)ds

for ¢ € R. Thus u is a mild solution of (5.13). It is actually shown by Schweiker
[22, Theorem 1.1] that under the additional assumption that D(A) is dense in X,
for every f € BUC(R; X), the mild solution of (5.13) exists and it is unique.

When Y = LP(R; X), for f € LP(R; X), a function v € LP(R; X) is said to
be a strong solution of (5.13) if, there exist u,, € WP(R; X) N LP(R; D(A)) such
that v, — v and u), + Au,, — f in LP(R; X) as n — oo. Since A and B satisfy
the assumptions (Hj)-(Hs), this is equivalent to say that uw € D(L) and u = L=1f,
where L is the closure of A+ B. By Theorem 3.6, we have 0 € p(L) (note that
D(B) = WhP(R; X) is dense in LP(R; X), in particular D(A) + D(B) is dense in
LP(R; X)), therefore for every f € LP(R; X), a strong solution of (5.13) exists and
it is unique.

For f € L?(R; X), a function v € LP(R; X) is said to be a mild solution of
(5.13) if, there exists € X and a € R, such that fo s)ds € D(A) and

u(t)—|—x—|—A/a u(s)dSZ/a f(s)ds

for almost all ¢ € R. We claim that any strong solution of (5.13) is a mild solution.
Indeed, let f € LP(R; X) and let uw € LP(R; X) be a strong solution of (5.13). Then
there exist u,, € WHP(R; X) N LP(R; D(A)) such that u,, — u and (A+ B)u,, — f
in LP(R; X) as n — oo. For all n € N and almost all s € R, we have

ul (8) + Aun(s) = (A+ B)uy(s). (5.14)

Since there exists a subsequence w,, of u, which converges almost a.e. on R,
without loss of generality we can assume that w,(a) converges to some element
x € X for some a € R as n — co. Integrating (5.14) on the interval [a, t] leads

Un(t) — up(a) + A/ Up(8)ds = / [(A+ B)uy](s)ds

a
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for almost all t € R. Letting n — oo, then by the closedness of A we have
f; u(s)ds € D(A) and

u(t) — x—|—A/atu(s)d5 = /atf(s)ds

for almost all t € R. Thus w is a mild solution of (5.13). Moreover, we remark that
by [20, Theorem 1.2] at most one mild solution exists.

Immediate applications of Corollary 3.5 and Proposition 3.3 together with
the relations (5.6), (5.8), (5.11) and (5.12) give the following result.

Theorem 5.1. Let X be a Banach space and let A be a closed operator on X
satisfying (5.9) and (5.10). Then

1) If1 <p<ooand f € WHP(R; X) + LP(R; D(A)), then the unique strong
solution u of (5.13) is in WHP(R; X)NLP(R; D(A)), i.e. u is a strict solution.

2) If f € BUCY(R; X) + BUC(R; D(A)), then the unique strong solution u of
(5.13) is in BUCY(R; X) N BUC(R; D(A)), i.e. u is a strict solution.

3) If1<p<oocand f € LP(R; X), then the unique strong solution u of (5.13)
is in B ,(R; X)NLP(R; DA(f,p)) for 0 <0 <1 and1<q< oo.

4) If f € BUC(R;X), then the unique strong solution u of (5.13) is in
CY(R; X) N BUC(R; D 4(0,000)) for 0 <0 < 1.

An immediate application of Theorem 4.1 and the relations (5.6), (5.8), (5.11)
and (5.12) give the following result.

Theorem 5.2. Let X be a Banach space and let A be a closed operator on X
satisfying (5.9) and (5.10). Then

HDIf0<d<1, 1<p<oo,1<qg<ooandfe Bf,’q(R?;X), then the
unique strong solution u of (5.13) is a strict solution and it satisfies ', Au €
B ,(R; X).

2) If0< 0 <1,1<p<ooand f e LP(R;Da(0,p)), then the unique strong
solution u of (5.13) is a strict solution and it satisfies v’ € LP(R; D 4(0,p)),
Au € LP(R; DA(6,p)) N BY(R; X).

3) If0< 0 <1 and f € C{(R; X), then the unique strong solution u of (5.13)
is a strict solution and it satisfies u' € Cf(R; X) N B(R; D (0, 000)), Au €
C!(R; X).

4) If 0 < 6 <1 and f € BUC(R; D4(0,000)), then the unique strong solution
u of (5.13) is a strict solution and it satisfies v’ € BUC(R;D4(0,00)),
Au € BUC(R; DA(6, 500)) N CY(R; X).

Next we consider the periodic boundary conditions. Let X be a Banach space,
1 < p < co. Consider the Banach space Y = L5 _(R; X) (resp. C2,(R; X)) the space
of X-valued, 2m-periodic measurable functions f on R such that

2m d
= ([ 15O 507 < o0

™
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(resp. the space of X-valued and 27-periodic continuous functions f on R equipped
with the norm || f|loc = sup,eg || f(2)]]). It is clear that Y equipped with the norm

I Il (xesp. || - |loo) becomes a Banach space.
Now consider the operator B on Y defined by
Bf = f
D(B) = {feY: fleY}.

Then B is the generator of the translation group on Y defined by (T3 f)(s) = f(t+s)
for ¢, s € R. A simple computation shows that R\ iZ C p(B) and for 0 < o < 7/2

Q,={z€C: |g —arg(z)| > « and |377T —arg(z)| > a} C p(B), (5.15)
sup ||zR(z, B)|| < oo. (5.16)
2EQq

When Y = L5 (R; X), by (5.1) for 0 < § <1 and 1 < ¢ < oo we have

+oo
Do(O.0) = {f € LB X): [ 0+~ FOIT <o) (517)

with usual convention when ¢ = co. By (5.2), an equivalent norm on Dp (6, q) is
defined by
dt

2w
I+ (o) = FOI T

This shows that Dg(6, q) is precisely the X-valued periodic Besov space Bf,’q(']l‘; X)
(see [3]).
When p = 2 and X is a Hilbert space, we have

e, (5.18)

Bf o= —f
D(B) = {fel3(R;X): f € L3 (R:X)} = Wy (R; X).
In particular, we have D(B) = D(B*). Therefore for 0 < § < 1
Dp(0,2) = Dp-(0,2) = BS 5(T; X). (5.19)
When YV = O, (R; X), for ¢ = oo and 0 < 6 < 1, by (5.1)
Dp(0,00) = {f € Con(R; X)) : ﬁglgt_el\f(ﬂr ) = fO)lleo < 00} (5.20)

is the space CY_(R; X) of X-valued 27-periodic and -Hdlder continuous functions
defined on R. By (5.2), an equivalent norm on Dg(6, 00) is given by

1 Flloe +supt=?Lf(t+-) = f()lloo-
t>0

Let A be a linear invertible operator on X. Assume that ¢Z C p(A) and
sup,,ez [[nR(in, A)|| < oo. Then there exists 0 < # < & and w > 0 such that

4= {15~ arg(a)l < Bor |5 —arg(=)| < B} N {|Tm(z)] > w} € p(4) (5:21)
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and
sup ||zR(z, )| < . (5.22)

Z€Qy
Define the operaor A on Y = L8 (R; X) (resp. Car(R; X)) by
(ANE) = A(f(#), (eR)
D(A) L3 (R; D(A))
(resp. D(A)) C2-(R; D(A))),

where D(A) is equipped with the graph norm so that it becomes a Banach space.
For 0 < 6 <1, when Y = Lf_(R; X), by Fubini’s theorem we have

Da(0,p) = Lo (R; D a(6, p))- (5.23)
Similarly when Y = Co,(R; X), we have
D(0,00) = Cor (R; X) N B(R; D 4(6, 0)), (5.24)

where B(R; D4 (6, 00)) denotes the space of all bounded D 4 (6, 00)-valued functions
defined on R. We have also D 4(0,000) = Caor(R; D4(0,000)). See [7] and [10] for
the proof of a similar results. Finally, it is easy to verify that A and B satisfy the
assumptions (Hy)-(Hs).

Now consider the evolution equation with periodic boundary condition

u+Au=f, u(0)=u(2m) (5.25)

on [0, 27|, where f € LY _(R; X) (resp. f € Cor(R; X)). We want to find solution
uw e WP(R; X) N L5 _(R; D(A)), where WP(R; X) == {f € [5_(R;X) : f e
LB (R; X)} is the first periodic Sobolev space (resp. u € C3.(R; X)NCayr(R; D(A)),
where C3_(R; X) := {f € Cor(R; X) : f € Car(R; X)}). If such solution exists, we
say that it is a strict solution of (5.25). It is known that in general such solution
does not exist. An immediate application of Theorem 4.3 and (5.19) gives the
following: when X is a Hilbert space, A a closed operator on X satisfying (5.21)
and (5.22) such that D(A) is dense in X, then for f € L2 (R; X), there exists a
unique strict solution w of (5.25). This can be also obtained by using Theorem 2.3 in
[2]. For general Banach spaces, one has to assume that the set {inR(in, A) : n € Z}
is Rademacher bounded in the case Y = L} _(RR; X) for the equation (5.25) to have
a strict solution [2]. We will see that a solution in a weak sense always exists and
it is given by Sf, where S is defined by the integral (3.3) using the operators .4
and B.

When Y = Ca(R; X)), for f € Cor(R; X), a function u € Car(R; X) is called
a strong solution of (5.25) if, there exist u,, € C3,.(R; X )N C2:(R; D(A)) such that
u, — u and Au, +ul, — f in Co,(R; X) as n — oo. Since A and B satisfy the
assumptions (Hy)-(Hs), this is equivalent to say that w € D(L) and v = L™1f,
where L is the closure of A 4+ B. By Theorem 3.6, we have 0 € p(L). Note that
D(B) = C3_(R; X) is dense in Oy, (R; X). In particular D(A) + D(B) is dense in
Cor(R; X). Therefore for every f € Car(R; X), a strong solution of (5.25) exists
and it is unique.
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For f € CQ,T(R' X), a function u € Ca,(R; X) is said to be a mild solution of
(5.25) if, fo s)ds € D(A) and

) —u(0 +A/ ds-/f

for all t € R. A similar argument as in the BUC-case on the line shows that each
strong solution of (5.25) is a mild solution. Moreover, mild solutions are unique
(cf. [2]).

When Y = L} _(R; X), for f € L% _(R; X), a function v € L5 _(R; X) is said to
be a strong solution of (5.25) if, there exist u,, € WP (R; X) N LE_(R; D(A)) such
that u, — u and ul, + Au, — f in L5 _(R;X) as n — oo. Since A and B satisfy
the assumptions (Hj)-(Hs), this is equivalent to say that v € D(L) and u = L=1f,
where L is the closure of A+ B. By Theorem 3.6, we have 0 € p(L). Note that
D(B) = W,(R; X) is dense in L5_(R; X). In particular D(A)+ D(B) is dense in
L% (R; X). Therefore for every f € Lb (R; X), a strong solution of (5.25) exists
and it is unique.

For f € L _(R; X), a function u € L (R X) is said to be a mild solution of
(5.25) if, there exists x € X, such that fo s)ds € D(A) and

+x+A/ ds—/f

for almost all ¢ € R. A similar argument as in the LP-case on the real line shows
that each strong solution of (5.25) is a mild solution. Moreover, mild solutions are
unique (cf. [2]).

Immediate applications of Corollary 3.5 and Proposition 3.3 together with
the relations (5.18), (5.20), (5.23) and (5.24) give the following result.

Theorem 5.3. Let X be a Banach space and let A be a closed operator on X
satisfying iZ C p(A) and suppez|nR(in, A)|| < co. Then

1) If1<p<ooand f € W, ’p(R X)+ LY _(R; D(A)), then the unique strong
solution u of (5.25) is in WP (R; X) N Lp ~(R; D(A)), i.e. uis a strict solu-
tion.

2) If f € O (R; X)+Cor(R; D(A)), then the unique strong solution u of (5.25)
is in O3 _(R; X) N Car(R; D(A)), i.e. u is a strict solution.

3) If1<p<ooandfe Ll (R;X), then the unique strong solution u of (5.25)
is in Bf (T; X) N LY (R; Da(0,p)) for 0 <0 <1 and1<q< oo.

4) If f € Con(R; X), then the unique strong solution u of (5.25) is in
CY (R; X) N Cax(R; Da(H,000)) for 0 < 0 < 1.

An immediate application of Theorem 4.1 and the relations (5.18), (5.20),
(5.23) and (5.24) give the following result.

Theorem 5.4. Let X be a Banach space and let A be a closed operator on X
satisfying (5.21) and (5.22). Then
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1) If0<f<1,1<p<ooand f € Bf,’q(’IF; X), then the unique strong solution
u of (5.25) is a strict solution and it satisfies u’', Au € ng(']l‘;X).

2) If0<f0<1,1<p<ocoand fe€ Ly (R;Da(0,p)), then the unique strong
solution u of (5.25) is a strict solution and satisfies u' € L5 _(R; Da(6,p)),
Au e B (T; X) N LY (R; Da(0,p)).

3)If0 < 0 <1 and f € CY_(R;X), then the unique strong solution u of
(5.25) is a strict solution and satisfies u' € CY_(R; X) N B(R; DA(6,c0)),
Au € CY(R; X).

4) If0< 0 <1and f e Cor(R;Da(h,00)), then the unique strong solution
u of (5.25) is a classical solution and it satisfies u' € Car(R; D 4(0,00)),
Au € Cgﬂ,(l& X) N Cgﬂ—(R; DA(Q, OOO))

6. Appendix: Proof of the Separating Curve Lemma

Here we give a proof of Lemma 3.1. Recall that R = [—a,a] + i[-b,b]. The sets
S, T C C are open such that R C SUT, SNT¢ = (), +a+i[—b,b] C S, [—a,a]+ib C
T.
Let m € N be large, §1 = 2a/m, d3 = 2b/m, ar, = —a + kb1, by = —b+
kdéy (k=0,1,--- ,m). We will consider curves in the grid
G = Ul o{(ar + i[=b,b]) U ([—a,a] + ibg)}.

The number m is chosen so large that

[—a,—a+ 1] xi[-b,—=b+ ] CT (6.1)

[a,a—él] X i[b7b—52] cT (62)

(02 4 62)Y/2 < dist(S° N R, T° N R). (6.3)

We will consider curves in the grid G. Such a curve I' can be presented by a

finite sequence of vectors 71, - ,7, in the grid G such that the end point of
coincides with the initial point of yx41, where k =1,2,--- ,n — 1.

Such a curve will be called admissible, if the following three conditions are
satisfied.

(C1) Direction on the boundary OR of R : Each vector points upwards on
—a+i[—b,b], to the right on [—a, a] —ib, downwards on a + i[—b, b] and to the left
on [—a,al + ib.

(C2) Closedness to T : Let ~y;, be one of the vectors of I'. Consider the closed
rectangle Q; to the left of 4, and the rectangle @, to the right of +;. Here “left”
and “right” are understood with respect to the direction of ;. For example, if
points to the right and has end point ¢+id, then Q,. = [c— 01, ¢] +i[d—d2,d]. Then
we ask that Q; NT° # () whenever Q; C R and @Q, N T° = () whenever Q,. C R.

(C3) Left trun condition : Let ~y be a vector of T'. Consider Q,, Q; as above
and let @l be the closed rectangle above @; (following the direction of ;) and @l
the closed rectangle above ;. For example, if ~y; is pointing upwards and has end
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Y

a+ bi

................................................

Y bZ a o

point ¢+ id, then @T = [¢,c+61] +i[d,d + d2]. Assume that Q;, Q., @b @T C R.
Assume that Q; N T¢ = 0 and Q, NT¢ # 0. Then 441 points to the left.

Note that in the situation described in (C3) also a right turn would lead to a
prolongation satisfying (C2). Condition (C3) asks the curve to turn left whenever
it can. It makes the successor unique.

Now we establish several properties of admissible curves.

(P1) Unique Prolongation. Let I be an admissible curve whose end point is
not —a + ib or a — ib. Then IT" has a unique prolongation.

In order to prove this property we have to check all possible cases of the
position of the last vector ~; of T

Case 1: The end point ¢ + id of 7, lies in the interior of R. Consider the
rectangles Q;, Q,, Qi Q, corresponding to v as defined in (C2) and (C3). Four
cases may occur:

Case 1.1 @l NT¢ = and @T NT°¢ = (. Then we let v,41 point to the left
side.

Case 1.2 Q;NT¢ = 0 and Q, N T¢ # (). Then we let v441 point to the left
side (according to (C3)).

Case 1.3: QN T # 0 and Q, NT° = (. Then we let v4,1 point upwards.

Case 1.4: QiNT # () and Q, NT¢ # (. Then we let v441 point to the right.

In each of these cases 11 satisfies condition in (C2) and the choice of y;41
is compulsory.

Case 2: The end point ¢+ id of v lies on OR. One checks in a similar way as
for the Case 1 that for each of the four segments composing R and each of the
two possible position of «y, (namely, pointing to the boundary or lying entirely in
the boundary), there exists a unique prolongation.
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(P2) Unique Predecessor: Considering the same cases as in (P1), one checks
that a given vector whose initial point is different from —a — ib or a + ib has at
most one predecessor.

(P3) Admissible Curves Do Not Cross and Do Not Joint: Property (P2) shows
that two different admissible curves cannot immerge to one curve. Condition (C3)
implies that two admissible curves cannot cross. We remark however that they
may touch in an isolated point as described in (C3).

(P4) Each Admissible Curve I' Lies in S NT: Recall that +a +i[—b,b] C S
and [—a,a]£ib C T. Conditions (C1) and (C2) imply that I' C T In order to show
that I C S consider a vector «y; of I' and the associated rectangle Q;. If Q; ¢ R,
then 7 lies in +a + i[—b,b] C S. If Q; C R, then Q; NT° # () by condition (C2).
Now the choice (6.3) of the grid implies that @; C S and so v; C S.

Now we prove the existence of the curves described in the lemma. Let 'y be
the admissible curve of maximal length starting at —a — b with the first vector
pointing upwards (which lies in T'N S by condition (3.1)). Then by (P1) T'; has
the endpoint —a+ib or a —ib. Analogously, we consider the admissible curve I's of
maximal length starting at a + ib with the vector pointing downwards. Since the
two curves I'y and I'y cannot cross, the endpoint of I'y is a — b if the endpoint of
I’y is —a+1ib, and the endpoint of I'y is —a + b if the endpoint of I'y is a —ib. The
curves I';y and I's may touch in a finite number of points. A small perturbation
leads to disjoint curves. This finishes the proof of Lemma 3.1
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