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Maximal L?-regularity for parabolic
and elliptic equations on the line
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Dedicated to Giuseppe Da Prato on the occasion of his 70th birthday

Abstract. Let A be a closed operator on a Banach space X. We study maximal L”-regularity of the problems

u'(t) = Au(t)+ f(¢) and
u"(t) = Au(t)+ f()

on the line. The results are used to solve quasilinear parabolic and elliptic problems on the line.

1. Introduction

In the seminal paper [DPG75] of 1975 Da Prato and Grisvard studied in a systematic
way invertibility of the sum of two sectorial operators. One important example, which can
be treated in this way, is the initial value problem

{u’ =Au(t) + f(t) (t [0, 7]

20 — 0 (1.1)

where A is a sectorial operator on a Banach space X. If instead of the initial value problem
one is interested in solving the problem

u'(t) = Au(t) + f (@) (t eR) (1.2)

on the entire line then one needs to extend the results of Da Prato and Grisvard to the sum
of commuting bisectorial operators (instead of sectorial operators). This has been done in
[ABO5]. The sum method gives also results on maximal regularity, in particular in the sense
of Holder continuous functions by interpolation methods. For L?-maximal regularity Dore
and Venni [DV87] proved their famous result based on functional calculus in 1987. It could
be applied to the sum of commuting sectorial operators and in particular to the initial value
problem (1.1). In the same year 1987, Mielke [Mie87] investigated problem (1.2) on the line
and characterized maximal L?-regularity on Hilbert spaces. Our first goal in this paper is
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to extend Mielke’s results to U M D-spaces (and in particular L?-spaces, 1 < g < oo) with
the help of the recent operator-valued Fourier multiplier theorem due to Weis (see [WeiOla],
[WeiO1b], [KWO04], [DHPO1]). It turns out that problem (1.2) is maximal L?-regular (i.e.,
for each f € LP (R, X) there exists a unique solution u € W7 (R, X) N L?(R, D(A))) if
and only if A is R-bisectorial and invertible. In Section 3 we then apply the result to study
the second order problem

u"(t) = Au(t) + f(1) (1.3)

by considering a suitable system. The results on maximal L?-regularity are then used to
solve quasilinear equations of the type

u = A(u+ f and (1.4)
w = Awu+ f (1.5)

on the real line. If A(u) is an elliptic operator, then (1.4) is a parabolic and (1.5) is an elliptic
equation on a cylindrical domain. As example we consider A(u) = —m(u) A, u where A,
is the Dirichlet Laplacian on L?(€2) and m : R — R is locally Lipschitz continuous.

2. Maximal L?-regularity of the first order equation on the line

Let A be a closed operator on X. We consider the problem
u'(t) = Au(t) + f(t) (t €R). 2.1

DEFINITION 2.1. Let 1 < p < oo. Problem (2.1) is maximal L?-regular if for all
f € LP(R, X) there exists a unique u € WHP(R, X) N LP(R, D(A)) solving (2.1). Here
we consider D(A) as a Banach space for the graph norm.

Note that problem (2.1) is maximal L?”-regular if and only if the corresponding problem
with A replace by —A is so.

REMARK 2.2. Recall that W7 (R, X) consists of those functions u € L”(R, X) for
which there exists u” € L?(R, X) such that

—/u(r)<p’(t)dt = /u’(r)go(t)dt

R R

for all ¢ € D(R). Thus, if u € LP(R, D(A)) is a weak solution of (2.1), i.e., if

—/u(t)fp’(t)dt = [(Au(t) + fO))e(r)dt 2.2)
R

R
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forallg € D(R),thenu € WP(R, X) andu’ = Au+ f. Thus (2.1) is maximal L?-regular
if and only if for all f € LP(R, X) there exists a unique weak solution u € L? (R, D(A))
of (2.1).

If (2.1) is maximal L ,-regular, then it follows from the Closed Graph Theorem that there
exists a constant ¢ > 0 such that

lullwirw x) + lullLr® peay < cllfllLre.x) (2.3)

whenever f € L?(R, X) and u is the solution of (2.1).

DEFINITION 2.3. An operator A is called bisectorial if

iR\ {0} C 0(A) and sup |[[sR(is, A)| < oo.
SER\ {0}

If the set
{sR(is, A) : s € R\ {0}}

is even R-bounded, then we call A R-bisectorial.

THEOREM 2.4. Assume that X is a UM D-space. Let 1 < p < oo. The following
assertions are equivalent.

(i) Problem (2.1) is maximal LP-regular;
(i) A is R-bisectorial and invertible.

If X is a Hilbert space, then a family of operators in £(X) is R-bounded if and only if it
is bounded and thus, A is R-bisectorial if and only if A is bisectorial. In the Hilbert space
case Theorem 2.4 is due to Mielke [Mie87] who also proved that in arbitrary Banach spaces
maximal L?”-regularity implies that A is bisectorial and invertible. If X is not isomorphic
to a Hilbert space, then R-boundedness is strictly stronger than boundedness (see [AB02]).
We refer to [CPSWO00]. [KWO04], [DHPO1], [WeiO1la], [WeiO1b] for more information on
R-boundedness and the definition of UM D-spaces. The proof of Theorem 2.4 is based
on the vector-valued Fourier transform. The implication (ii) = (i) is due to Schweiker
[Sch00]. It follows from Weis’ multiplier theorem. For the converse implication we use
the result by Clément-Priiss that each operator-valued L”-Fourier multiplier is R-bounded
[CPO1], [KWO04]. We now give a detailed proof of Theorem 2.4.

By S(R, X) we denote the Schwartz space of all smooth rapidly decreasing functions
on R with values in X. The Fourier transform

SR, X) - SR, X)
fef
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given by
for = [ pwar
R

is an isomorphism. Denote by S'(R, X) = L(S(R), X) the space of all tempered distribu-
tions. Then the Fourier transform F on S’ (R, X) is defined by

(Fu,p) = (u,9) weSR,X),¢ecSMR)).
If we identify S(R, X) with a subspace of §’(R, X) by letting

(u, p) = /u(t)tp(t)dt (p € SR)) .

R

forall u € S(R, X), then u = Fu,i.e.,
/ u(®)(t)dt = [ 0(s)g(s)ds (2.4)
R R

forall u € SR, X),p € S(R). Thus F : S'(R, X) — S'(R, X) is an isomorphism

extending the isomorphism u > i on S(R, X). We refer to [Am95] for all these properties.

Next we characterize solutions by the Fourier transform. Let
FIDR, X):={f e SR, X): f € DR, X)}
where D(R, X) is the space of all infinitely differentiable functions ¢ : R — X of compact

support.

PROPOSITION 2.5. Assume that iR C o(A). Let 1 < p < oco. Let f € F~'D(R, X)
andu € LP (R, D(A)). The following assertions are equivalent.

() ue WLP(R, X) and u is a solution of (2.1);
(i) u € SR, D(A)) and ii(s) = R(is, A)f(s) (s € R).

Proof. (ii) = (i). One has ii’(s) = isii(s) and Au(s) = Aii(s) hence (1’ — Au)"(s) =
f(s) foralls € R. Consequently, u’ — Au = f.
(i) = (ii). Letu € LP(R, D(A)) N W1P(R, X) be a solution of (2.1). Recall that

WUP(R, X) € Co(R, X) :={u : R — X : uiscontinuous and lim u(r) = 0} .

|t]— 00
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Let ¢ € S(R). Then
[ (s)R(is, A) f(s)ds =
R

lim [ @(s)R(is, A) f f(e Stdrds =
l’l*)OOR n

lim [@(s)R(is, A) ] W' (1) — Au(t))e ' dtds =
n—)OOR

—n

lim [ (s)R(is, A){f e B isu(t) — Au(t)]dt + u(n)e™" — u(—n)e's"}ds =
n—>oop “n

n
lim [ @(s) [ e 'u(t)dtds =
R

N
n “n
n

: —ist —
nlingo_j;l u(t)H{(p(s)e dsdt =

Ju()@(r)dt .

R

Recall that we may identify L? (R, D(A)) with a subspace of §’(R, D(A)) by letting

(v, 0) = / v(t)e(t)dt

R

forv € LP(R, D(A)), ¢ € S(R). Thus, the identity above, says that Fu = R(i-, A)f(-) €
D(R, D(A)). Hence u € S(R, D(A)). O

Next we formulate a special case of Weis” multiplier theorem.
We need the notion of operator-valued multipliers. For our purposes it suffices to consider
C°°-functions.

DEFINITION 2.6. Let X, Y be Banach spaces, 1 < p < oo. A function M €
C®[R, L(X,Y)) is an LP(R, X) — LP(R, Y) multiplier if there exists a bounded oper-
ator T : LP(R, X) — LP(R, Y) such that for all f € F~!D(R, X)

Tf e SR, Y)and (Tf) (s) = M(s) f(s) (s eR). (2.5)

Note that the operator is uniquely determined by (2.5) since F~!'D(R, X) is dense in
LP (R, X).

The following operator-valued version of Michlin’s Theorem is due to Weis [WeiOla],
see also [KWO04].

THEOREM 2.7. Let X, Y be UM D-spaces. Let M € C®°(R, L(X,Y)) such that the
sets

(M(s) :s €R} and {sM'(s):s € R}
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are both R-bounded in L(X,Y). Then M is an LP(R, X) — LP(R, Y) multiplier for
1<p<oo

Proof of Theorem 2.4. (ii))=(1) Assume that iR C p(A) and that the set {sR(is, A) :
s € R} is R-bounded. Consider the mapping M € C*°(R, L(X, D(A))) given by M(s) =
R(is, A). We show that M satisfies the hypothesis of Theorem 2.7. For this we have to show
that {N(s) : s € R}and {sN'(s) : s € R} are R-boundedin £(X) where N(s) = AR(is, A).
Since N(s) = isR(is, A) — I and sN'(s) = isR(is, A) + s2R(is, A)?, this follows from
the assumption and the fact that the composition of R-bounded sets in R-bounded [KW04,
1.2.8 p.88]. By Theorem 2.7 there exists a bounded operator

T:LP(R,X)— LP(R, D(A))
such that for f € F7'DR, X),u := Tf € SR, D(A)) and #i(s) = R(is, A)f(s). By
Proposition 2.5 it follows that « is a solution of (2.1). Moreover,

lullLr®.pay < ITI I e x)-
Now let f € LP(R, X) be arbitrary. Then there exist f, € F~'D(R, X) such that f, — f
in L?(R, X). Letu, = Tf,. Thenu, — uin LP (R, D(A)). For ¢ € D(R), one has

~ [ w0 = [ A0+ 0o,

R R

Letting n — oo shows that u is a weak solution of (2.1). By Remark 2.1 it follows that
u € WHP(R, X). We have shown existence. It remains to prove uniqueness. For this let
ue WhP(R, X) N LP(R, D(A)) such that

u'(t) = Au(t) a.e.

Note that u € Co(R, X). Consider the Carleman transform i of u given by

?e’“u(l)dt (Rer > 0)
in=1° ,
— [ e Mu(t)dt (Rer <0).

t
Then u : C\ iR — X is holomorphic. Let x = u(0). Then fu(s)ds € D(A) and
0

t
u) = x + Afu(s)ds for all t > 0 since u’(t) = Au(t) a.e. It follows that for A €

0
o(A)\ iR, u(A) € D(A) and u(A) = R(A, A)x. Since iR C p(A), it follows that i has an
entire extension. By [Prii93, Proposition 05, p. 22] this implies that u = 0.
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(i) = (ii) Assume that Problem (2.1) is maximal L”-regular. Then, by Mielke’s result
[Mie87, Satz 2.2.] (see also the comments following Theorem 2.4), one has iR C o(A). In
view of Remark 2.2 the Closed Graph Theorem shows that there exists a bounded operator
T : LP(R,X) — LP(R, D(A)) such that for f € LP(R, X), the function u = Tf
is the solution of (2.1). If f € F~ID(R, X), then it follows from Proposition 2.5 that
Tf € S(R, D(A)) and (Tf)"(s) = R(s, A)f(s) (s € R). Thus the function M
with values in £(X, D(A)) given by M(s) = R(is, A) is an LP(R, X) — L?(R, D(A))
multiplier. It follows from a result of Clément-Priiss [CPO1], see also [KW04, 3.13], that
the set {M(s) : s € R} C L(X, D(A)) is R—bounded. Since A : D(A) — X is an
isomorphism, the set {AM(s) : s € R} C L£(X) is R—bounded. This implies the claim
since AM(s) = isR(is, A) — 1. O

3. The second order problem

Let A be a closed operator on a Banach space X.

DEFINITION 3.1. The operator A is called sectorial if (—00,0) C ©(A) and

sup |[L(A + A7 < oo. If the set {A(A + A)~! : A > 0} is even R—bounded, then
>0
we call A R—sectorial.

Our aim is to study the equation
u”(t) = Au(®) + (1) (t eR). 3.D

We might treat problem (3.1) in a similar way as the first order problem in Section 2.
But we prefer to write (3.1) as a system and to apply the results of Section 2. It turns out
that in this way stronger regularity properties are obtained.

REMARK 3.2. Clément and Guerre-Delabriere [CG98] prove results on the equivalence
of maximal L?-regularity for the first and the second order problem on a bounded interval
with initial values.

Assume that A is densely defined sectorial and invertible. Then —A!/? generates a
bounded holomorphic Cp-semigroup. In particular, A'/? is sectorial as well and invert-
ible. We consider V := D(A!/?) as a Banach space with the graph norm. Then A!/2 :
D(A'/?) — X is anisomorphism. Consider the Banach space X = V x X and the operator
A on X given by

0 1
A=<A 0), D(A) =D(A) xV
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PROPOSITION 3.3. If A is R-sectorial, then A is R-bisectorial.

Proof. a) Let A € C such that A> € 9(A). Then one easily checks that A € o(A) and

2 2
R(A,A):(AR(A ,A) R ,A)) .

AR(\2, A) AR(\2, A)

In particular, iR C o(A). In order to show that A is bisectorial, we let A = is and we have
to show that s2(s? + A)~!is bounded in £(V) , s(s> + A)~lin L(X, V), sA(s>+ A)~!
in £(V, X) and s2(s> + A)~! in £(X) uniformly in s € R. The last assertion follows from
the hypothesis. Recall that A'/? : V — X is an isomorphism with inverse A~!/?. Thus
the first assertion follows from the last one since A~!/? commutes with the resolvent. The
second and third assertion signify, that sA2(s%2 + A)~ ! is bounded in £(X) uniformly in
s € R. This follows from the moment inequality [Paz83, p.7]

IAY2y)12 < 4M?| Ayl |yl

(y € D(A)) where M = sup [le "4 || zx). If A is R-sectorial, then we have to show R-
>0
boundedness of the four families above. For the first and the fourth this follows directly as

before. For the second and third one, one has to prove R-boundedness of the set {s A 172 (s2 +
A)’1 .5 € R} in £(X) which is [KWO01, Lemma 10]. O

Now we can apply Theorem 2.4 to the R-bisectorial operator A and we obtain the
following result.

THEOREM 3.4. Assume that X is a UM D-space, and that A is R-sectorial and invert-
ible. Let 1 < p < oc. Then for each f € LP(R, X) there is a unique u € W>P (R, X) N
WLP(R, V)N LP(R, D(A)) solving (3.1).

Proof. Since V is isomorphic to X also V and X = V x X are UM D-spaces. Consider
the function (0, f) € L?(R, X). By Theorem 2.4, there exists a unique u = (uy, ua) €
WLP(R, X) N LP(R, D(A)) such that

ui ! ui 0
=4(0)+ (5):
(Hz) uz f
Thusu; € WEP(R, VINLP (R, D(A)), up € WHP(R, X)NLP (R, V) andu| =uy, u)) =

Aui + f. Consequently, u; € W>P(R, X) and u{ = u, = Auy + f. Uniqueness follows
from Theorem 2.4 or by Proposition 3.5 below. O

Using the Carleman Transform as in Section 2 we obtain actually the following stronger
uniqueness result.



Maximal L?-regularity for parabolic and elliptic equations 781

PROPOSITION 3.5. Let A be an operator such that iR C o(A). Letu € W2P(R, X)N
LP(R, D(A)) such that

u' = Au .
Thenu = 0.
Proof. Observe that u € C'(R, X) and u, u’ € Co(R, X). Let
x =u(0),y =u'(0) .
t t
Then u(r) = x +ty + [(t — s)u” (s)ds. Hence u(t) = x +ty + A [(t — s)u(s)ds. Thus
0 s

the Carleman Transform  of u (see the proof of Theorem 2.4) satisfies

y . Au(d)
w2t e

) = -+

> =

for A € C\ iR. Hence ii(A) = R(A2, A)(Ax + y) for A € o0(A) \ iR. Since iR C g(A), it
follows that & has an entire extension. Hence u = 0, as in Theorem 2.4. O

As a corollary we obtain the following interpolation result.

COROLLARY 3.6. Let X be a UM D-space, 1 < p < oo and assume that A is R-
sectorial and invertible. Then

W2P (R, X) N LP(R, D(A)) — WIP(R, V).

Proof. Letu € W>P(R, X) N LP(R, D(A)). Let f = u” — Au. By Theorem 3.4 there
exists v € W2P(R, X) N WP (R, V) N LP(R, D(A)) such that v/ — Av = f. It follows
from Proposition 3.5 that u = v. O

REMARK 3.7. (elliptic equations). It depends on the hypotheses on A whether (3.1) is
an elliptic or a hyperbolic problem. But Theorem 3.4 is suitable for elliptic problems.
For example, let 1 < p,g < coandlet A = —A, + I on L4(RN) with domain
D(A) = W24(RM). Then A is R-sectorial. Theorem 3.4 asserts that the operator L
on LP(R, L1(RY) given by Lu = u — u” — Au with domain

D(L) = W»P(R, LRV n whP(R, wh4@®RN)) N LP (R, W>4(RY))

is invertible. This is a result on maximal regularity for the Laplacian on RV *1,
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4. Quasilinear parabolic equations

Let X, D be a Banach space such that D is continuously and densely imbedded into X,
we write D :l—> X. Letl < p < 0o. We consider the maximal regularity space

MR, = W"“P(R, X) N LP (R, D)
equipped with the norm

lullarr, = llullwire x) + lullLr@ by »
and the trace space

Trp :={u(0):u € MR}
which becomes a Banach space for the norm

xll7r, = inf{llullyr, : u(0) = x} .
Then

D—Trp— X.
In fact, by [Lun95, p. 20],

Tr,=(X,D)1 p
17/9

1 _
where i ++=1.

1
p
LEMMA 4.1. Letu € MRy. Thenu € Co(R, Trp,) and

lu@lirr, < lullmr, (teR). 4.1)

Proof. Let u € MR,. Fort € R define v; € MR, by v/(s) = u(s +t). Thus
u(t) = v,(0) € Try and |u()irr, < llvelmr, = lullsrr,- Moreover,

lu(®) —u(to)lrr, < llvr — v llmr, = 0

ast — t, since the translation group is continuous on L? (R, X) and L? (R, D). It remains
to show that [u(t)|l7-, — 0 as || — oco. Let & : R — R be a test function such that
®(t) = 1for|t| < 1. Let &,(¢t) = ®(t —n), n € Z. Then by the Dominated Convergence
Theorem, || ®pullyr, — 0as |n| — oo. Since forz € (n —1,n+ 1), lu@®lr,, =
I(Pru)@)l7r, < lIPrullmr, the claim follows.
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< r} the closed ball of radius r in T'rp.

For r > 0 denote by U, := {x € Trp : x|/,
Letrg > 0 and

A:U, — LD, X)
a Lipschitz continuous function, i.e.,
IA(x) — AWz, x) < Lllx = yllrr, 4.2)

forall x, y € U, and some constant L > 0. We assume that problem (2.1) with A = A(0)
satisfies maximal LP-regularity, i.e. forall g € L? (R, X) there is a unique u € M R, such
that

W =A0u+g. (4.3)

Denote by M the norm of the solution operator g € LP(R, X) > u € MR),. Let F :
R x U, — X be a continuous function such that

IF@E 0 < hi@llxllzr, and 4.4
[F(t,x) — F@t, ylix < ha@®llx — ylirr, 4.5)
forallt € R, x, y € U, where hy, hy € LP(R) such that

IBillLray < M~Y ol ey < M7

THEOREM 4.2. Under these hypotheses there exist a radius 0 < r < ropand § > 0
such that for each f € LP(R, X) with || fllLr@w x) < 0 there exists a uniqgue u € MR,
with |lullmr, < r satisfying

W' (@) = Aw@®)ut) + F(t,u@)) + f(@) ae. telR. 4.6)

Proof. Choose0 < r <rgsuchthat LMr+M||hlpr < land2LMr+ M| ha|lr < 1.
Let§ = r(M~' — Lr — |hy|zr). Let f € LP(R, X) such that lfllerr,x)y < 8. Let
v € MRp, |[vlmr, < r. Consider the function

g(@) = (A(w(1) — AONv(@) + F@, v(1) + f(©) .

We claim that g € LP(R, X) and M|l gllLr@ x) < r. In fact, since by Lemma 4.1, v €
Co(R, Trp), one has A(v(-)) — A(0) € C(R, L(D, X)). Thus g is measurable and

leOllx = LIvOllzrr, lvOllp + i @ONvOl7r, + I1f Ollx -

Since by Lemma 4.1, [[v(®)ll7,, < [vlimr, < r, it follows that

A

Miglirex)y = M{LrlvllLee py + IhilLe -7 + 8}
ML + |lhi e - 7 +3)

r.

IA

IA
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Denote by ®(v) := u the solution of (4.3) for the inhomogeneity g. Then |u|ygr, <

P —

M\ gllLrr x) < r. Thus ® maps the set C := {v € MR, : [vllmr, < r}into itself. We
show that @ is a strict contraction. In fact, let u; = ®(vy) , up = ®(v2), vy, vy € C.
Then u| — uy is the solution of (4.3) for the inhomogeneity

g(t) = (A(v2(0)) — A(0) (V1 (1) — v2(2)) — (A(v1(F) — A(v2(2))v1 (1)
+ F(t,v1(0) — F(t,02(0)) .

As before we estimate

lur —uzllmr, < MlgllLr®.x)

< M{Lr|lvi — va2llLr@®.p) + Lllvi — v2llmr, -
lvillLr e,y + lh2llr - vz —villmr,}
< M{Q2Lr + ||h2liLr Hlvi — v2llmr,, -

Thus @ is a strict contraction. By Banach’s Fixed Point Theorem there exists a unique fixed
point u € C of ® which is exactly the claim. O

COROLLARY 4.3. Assume that A : Uy, — L(D, X) is Lipschitz continuous and A(0)
satisfies maximal LP-regularity on the real line. Then there exist 0 < r <rgand$ > 0
such that for each f € LP(R, X) with || fllLr@®,x) < 0 there exists a uniqgue u € MR,

satisfying

{ lullmr, <r and @7

u'(t) = Aw()u(t) + f (@) ae teR.

REMARK 4.4. In the case of initial value problems existence results for quasilinear
equations based on maximal regularity have been obtained by Clément and Li [CL93].
They prove that a solution exists on some time interval [0, 7'] for sufficiently small time 7.
Here we consider solutions on the entire line and we have to assume that the inhomogeneity
f is sufficiently small.

As application we consider a quasilinear heat equation.

Let @ c RY be an open set. Assume that Q is contained in a strip, i.e., there exist
Jo €{l,---N},c¢ > Osuchthat |x;| < cforallx € Q. Let ] < p < co. Consider the
space

MR := W'PR, L9(Q)) N LP(R, D(A,)) .

THEOREM 4.5. Assume that % <1- % Let m : R — R be Lipschitz continuous
on bounded sets such that m(0) > 0. Then there exist v > 0,8 > 0 such that for all
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f e LP(R, L9(Q)) with || fllLrr,L9()) =< O there exists a unique u € MR satisfying
lullper < r such that

W' =m)Aqu+f on RxQ. (4.8)
Here the Dirichlet Laplacian A, on L2 (€2) is defined by

D(A2) = {u € HJ(RQ): Au € Lr(Q)
Aou = Au.

Then (e A2),20 is a symmetric submarkovian Co-semigroup. Hence there exists a consistent
extrapolation Co-semigroup (e’27),>¢ on L4(£2). Since the semigroup (e'27),> is positive
and contractive, it follows that —A, is R-sectorial by [WeiO1b, 4d]. In fact the R-sectorial
angle is smaller than 7 /2, thus — A is R-bisectorial in the sense of Definition 2.3. It follows
from Poincaré’s inequality [DL88, IV § 7 p. 125] that the spectral bound s(A>) is negative;
in particular 0 € o(A;). Since the semigroup (e’ Az)tzo has a Gaussian upper bound, the
spectrum of A, is the same as the one of Aj, (see [Are94], [Kun99] or [Are04, 7.4.6]).
Thus 0 € o(A,). It follows from Theorem 2.4 that Problem (2.1) is maximal L”-regular
for A = m(0)A, and hence also for Ag = m(0)A,. Now let X = L9(Q2), D = D(Ay)
endowed with the norm

Ivlip == llAgvllx -

LetTr, = (X, D) 1.p be the trace space as above. Since we do not assume any regularity

P
of the boundary of 2, the domain D of A, is not a Sobolev space, in general. Instead of
Sobolev embedding theorems we use ultracontractivity of the semigroup ('), in order
to prove the following embedding.

LEMMA 4.6. If 35 < 1 — -, then
Trp = Loo().

Proof. By the embedding properties of real interpolation spaces [Tri78, p. 25] and the
relation of domains of fractional powers of sectorial operators and the real interpolation
spaces [Tri78, p.101 (3)] we have for 0 < 6 < # =1- %,

(Lg(@). D)1, , > D((=49)").

Now recall that

N
2

1
le™" 2|l ppa.pooy < et Zae®  (t >0)



786 W. ARENDT and M. DUELLI J.evol.equ.

for some ¢ > 0, w < 0 since ¢/® < G (t), where G denotes the Gaussian semigroup on

L4 (RN), (cf.[Are04, Section 7.3], [Dav89]). Since

[e¢)
1
(_Aq)—e — %\/Ie—le—lAth
0

we deduce that (=AD" (L1(Q)) C L®(Q) if 6 > % (integrability at zero). Since
D((—Aq)e) is the range of (—Aq)_e we have proved that Tr, C L*(2). It follows from
the Closed Graph Theorem that the embedding is continuous. O

Proof of Theorem 4.5. We consider the function A : Tr, — L(D, X) given by A(v) =
m(v)A,. We show that A is Lipschitz continuous on bounded sets. Then the claim follows
from Corollary 4.3. By Lemma 4.6, there exists ¢ > 0 such that

IvllLe < cllvlizr, (weTry).

Let r > 0. There exists L > 0 such that |m(s) — m(t)| < L|s — t]| if |s|, |t] < ¢ - r. Thus,
if vy, v2 € Trp such that ||v1||T,p <r, ||vz||T,p <r,thenforu € D

I(A(v1) — A(w2)ullx < lIm(v1) —m2)llLo) | AguellLa

L|vi —vallpeellullp <

IA

A

Lelvr —vallzr, llullp -

We have shown that

A1) — A2z, x) < Lellvr — vallzy,

whenever [|vi 77, < 7, [v2li7s, <r. O

REMARK 4.7. Theorem 4.5 remains valid if we replace —A, by an elliptic operator
A, with measurable coefficients. Let a;; € L°°(S2) such that

N
> aijEE; = algl* (€ €RY)

i, j=1

x —a.e.,where a > 0. Let A, be the operator associated with the closed form

N
a(u, v) =/ Z ajjDiuD jvdx
o ij=l
with form domain H(} (). Then — A, generates a holomorphic Cy-semigroup (e~'42),>
which allows Gaussian upper bounds (see [Ouh04], [AtE97], [Are04]). Hence the Co-

semigroup extrapolates in a consistent way to Co-semigroups (e ~"44),~o on L4($2) for
1 <g <o0.If1 < g < 00, then Theorem 4.5 holds for the operator — A, instead of A,.



Maximal L?-regularity for parabolic and elliptic equations 787

Also differential operators with lower order terms with Dirichlet or other boundary
conditions may be considered as in [Ouh04], [AtE97], [Are04]. Then Theorem 4.5 remains
valid if the O-th order term is chosen such that the semigroup is exponentially stable.
Gaussian estimates are valid if the domain has the extension property and they imply that
A satisfies maximal L?-regularity.

5. Quasilinear elliptic equations on the line

In this paragraph we consider a second order quasilinear equation
u' =AW, u)u+ F(t,u,u) + f() (t eR), (5.1

on a Banach space X. A similar problem on an interval with initial values instead of the
real line has been studied by Chill and Srivastava [CS05]. Here we obtain existence and
uniqueness results on the entire line for a small inhomogeneity f instead of for small time
intervals (as in [CS05]).

Let D be a Banach space such that D o> X. Let 1 < p < oo. Define the maximal
regularity space
MR, = W*P(R, X) N LP(R, D)
equipped with the norm
lullmr, = lullwr e x) + lullLe @ D).
The trace space
Trp = {(u(0),u’(0)) : u € MR}
is a Banach space for the norm

I (x0, xDl7r, = inf{|lullmr, : u(0) = xo, u’(0) = x1}.

LEMMA 5.1. Let p € (1, o0), % + pi = 1. Then

Trp < (X, D)1 , x X. (5.2)
p/s

Proof. Let u € MR),. Then in particular, u € WLP(@R, X) N LP(R, D) and u’ €
WLP(R, X). The claim now follows from [Lun95, p- 20]. O

LEMMA 5.2. Letu € MR,. Then (u,u’) € Co(R, Tr),) and

@@, u'O)Tr, < lullmr,  ( €R). (5.3)
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Proof. The proof of Lemma 4.1 carries over to this case. O

Forr > 0 letU, := {xp, x1) € Trp : ||(x0, x1)||T,p <r}. Letrg > 0 and let

AU, — L(D, X)

be Lipschitz continuous. We suppose that the second order problem (3.1) for A(0) has
maximal L”-regularity, i.e., for all f € L?(R, X) there is a unique u € M R, such that

u’(t) = AOu(t) + f(1) (teR).
Denote by M the norm of the operator f € L’ (R, X) > u € MR,. Let F : RxU,, —» X
be continuous such that
I1F(, x0, xD)llx < ki) (xo, xD)l7r, (5.4
I F (2, x0, x1) — F(t, yo, yDllx = ha() [ (x0, x1) — (yo. YDl 77, (5.5)
for all (xo, x1), (yo, ¥1) € Ury, t € R where iy, hp € L?(R) such that

Ihille <M~ Nkl < M7

THEOREM 5.3. Under the above assumptions there exist 6 > 0,0 < r < ro such that
forall f e LP(R, X) with || fllLr,x) < & there exists a unique u € MR, satisfying
lullmr, < r such that

u’(t) = Aw@), ' O)u(t) + F(t,u(t), u' () + f() ae. teR.

The proof is analogous to the one of Theorem 4.2.

COROLLARY 54. Let A : U, — L(D, X) be Lipschitz continuous. Assume that
the second order problem (3.1) for A(0) has maximal LP-regularity. Then there exist
8 > 0,0 < r < rg such that for each f € LP(R, X) with || fllLr@,x) < 8 there exists a
unique u € MRy, of norm ||\ullmr, < r satisfying

w' =Aw®), ' OHu@)+ ft) teR ae.

Applying Corollary 5.4 to the same operator-valued function as in Section 4 we obtain

the following. Let & C RY be open and contained in a strip. Let 1 < p, g < oo such that

% <1- ﬁ. Let m : R — R be Lipschitz continuous on bounded sets.

THEOREM 5.5. Under these assumptions there exists § > 0 such that for all f €
LP(R, L1(2)) of norm || f | Lrr,La(@)) < O there exists a unique

u e WH(R, L9(2)) N LY (R, D(Ay)) N Co(R, L™()
such that

U +m)Au=f on RxQ.
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