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1. Introduction and main results

Scaling plays an important role in quantum mechanics and other areas of ap-
plied mathematics. When a physicist says that ”kinetic energy scales like A2”, she
means the following. The kinetic energy operator is the negative Laplacian, so
consider the Laplacian A as a selfadjoint operator on the Hilbert space L2 (RV) .
For A > 0 let U (\) be the normalized scaling operator defined by

UNF)@)=ATf(), feL?RY), zecRV.

Then U (A) is unitary on L? (RY) and U N t=U (3). ”The Laplacian scales
like A\2” means
UNTAU (V) = X%A
holds for all A > 0, as is easy to verify.
Now we proceed somewhat formally and do not make precise statements about
domains. The operator representing multiplication by Iav% scales like AP, in the
sense that for

(Mpf) (z) = |2|F f (2), feLl?*RY), zeR",
we have
UM MU () = XM,
for all A > 0. Consequently
(1.1) v A+ S v =x(at+S
|z| |z|

holds for all A >0 and all c € R. Now let A% = A+ 5z on D(AY) =C (RY) =
D (RN) if N > 5 and D(A?) = C® (RV\{0}) =D (RV\{0}) if N < 4. Let A.
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be a selfadjoint extension of A2 for which (1.1) holds on the domain of A.. By
(1.1) the spectrum of A, is preserved by multiplication by a positive number. Also,

c I p@P .
((‘”W)“" <P>— Vel +°/RN—d

Ely
is negative for ¢ # 0 and supp(yp) shifted far away from the origin, thus, o (A.) D
(=00,0]. Thus o (4;) = (—00,0] or o(Ac) = R. If (A%|p) < 0 for all p €
C (RN\ {0}) , let — A, be the Friedrichs extension of —A2. Then U NTAU (V) =
A2A, for A > 0 and hence o (A.) = (—0o0,0].
Hardy’s inequality helps to explain how the spectrum of A, depends on c. The
usual way to express Hardy’s inequality is

/]RN [Vu (z)® dz > (N—;2)2/]RN l—uli—zli)—li dz

for all u € H},, (RN) for which the right hand side is finite. The constant (%)2
is maximal in all dimensions (including N = 2). Thus, A, is nonpositive if and
only if ¢ < (%)2 .

Thus the Cauchy problem

ou c

i i RN ¢t>

5% Au+|z|2u T € ,t>0
u(z,0) = f(z) z eRY,

is well-posed ( for f € L% (RY)) if and only if ¢ < (%)2, in which case it is
governed by a positive contraction semigroup.

It is natural to ask about L? versions of this result and about other situations
in which scaling plays a role and a critical dimension dependent constant appears.
The purpose of this paper is to answer these questions.

Our main result is as follows.

THEOREM 1.1. Let R, 1< p < oo, cER and let

B Ou c
= he— A —_——— _—
Bu = Bpcpu u ] o + ]x|2u
with  domain Dy = D (RN\{0}) if N > 2, Dy = D(0,00) if N = 1, acting on
P =1Ir (RN, || ~? da:) f N >2 and L?, = LP ((o, ), |z|? dx) if N =1;
here ;39% = V- & is the radial derivative. ~Then a suitable extension of Bpcp
generates a (Co) contraction semigroup on L if

-1 N-p-2\* 4
1.2 <W-p-2°* (=)= (—E=2) =k .
(12) C‘(Nﬂz)(pz) ( 2 )pp’ (N.p.)
If2<p<ooandc> K (N,p,B), then Byeg has no quasidissipative extension on
I”
B

Specializing Theorem 1.1 to 8 = 0 yields
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COROLLARY 1.2. Let1l <p < oo. Then

A=A+ =
||

on Dy = D (RV\{0}) if N > 2, Dy = D(0,00) if N = 1, has an m-dissipative
extension on LP if

(1.3) c< (N -2)? ("p;l) =: K (N,p);
LP=LP (RN) if N >2, L? = L? (0,00) if N =1. Forc> K (N,p),
sup {Re (Au, Jp (uv)) :u € D(4), [|ull, = 1} =00

and so A has no quasidississipative ertension, provided 2 < p.

This follows from Theorem 1.1 by taking 8 = 0; here K (N,p) = K (N, p,0)
and Jp, is the duality map of LP. Note that

K(N,2,8) = (N;j‘—é)Q.

Throughout this paper we consider real vector spaces.

ACKNOWLEDGEMENT . The authors are grateful to H. Vogt for several helpful
discussions.

2. Hardy’s inequality and the inverse square potential

The aim of this section is to study the semigroup generated by A + ﬁ; for
suitable c. We let Dy =D (RN\ {0}) .

THEOREM 2.1. (Hardy’s Inequality)

One has
2 2
(_N__Z) % da:S/qul2 dz
2 |z|

for all u € Dy. The constant (N—Z_z)z is optimal.

Here the integral is taken over RY if N > 2 and over (0,00) if N = 1.
Theorem 2.1 is well-known. We give a proof of the inequality for the conve-
nience of the reader.

PROOF. Let u € Dy, u real.
a) Let N > 3. Then

o 4 9
— — dX
A o (Az)

= —2/1001_/,()\33) Vu(Az) -z dA.

u(z)?



54 WOLFGANG ARENDT, GISELE RUIZ GOLDSTEIN, AND JEROME A. GOLDSTEIN

Hence
::: de = / / Am)v (\z) - z dA do
=_2/1 H(y)V()ifzd,\
= 2 [ o i
= —N2+2 / ulz(fl,)w(y)'m w
< N2_2( e ) ([1vur &)’
Hence,

1

( ulia'c) m) < (%) (/|Vu(a:)|2 da:)i

b) For N=1, u € Dy,

u(z)? = /1 iu (Az)?
o dx
Now use the same arguments as in part a). il

For N=1, Dy is dense in H} (R\ {0}) = {v € H* (R) : u (0) = 0} , which makes
sense since H} (R) C C (R). By considering even functions in H (R\ {0}), we can
write the one dimensional Hardy inequality as

A ( ) dr > - 1 / 22 dx
for all u € H := H§ (0,00) .

From now on, integrals (as in (2.1)) will be over RY if N > 2 and over (0, c0)
if N=1. And for N = 1, Dy will henceforth denote D (0, 00) .

If N = 1, then Dy is dense in H} which makes sense, since H} (0,00) C
C%0,00). If N > 2, then Dy is dense in H! (RN) (cf. [3, Lemma 2.4]). Con-
sequently, the inequality remains true for all v € H* (RY) if N > 3 and for all
u € H} (0,00) if N = 1.

We now sketch why the constant in Hardy’s inequality is optimal. Let z € RY
(x>0 if N=1) and let r = |z|. Fore > 0,a >0, b >0, let

—e=bpd  if 0<r<e
if e<r<l1
if 1<r<2
if 2<r.

|
e

¢(r) =

oN 3 o
|
S

Then, letting 1 (z) = ¢ (r) and using |V4|> = (¢')?, we can show that, given § > 0,

/|v¢|2 < [(¥)2+5] l%’;
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provided that €, a, and b are suitably chosen. (We may choose b = 0 for N > 3,

but b > 0 is necessary for N = 1,2.) In fact, given ¢ > (_1\/_2—_2)2 and M > 0, we
may choose ¢, a, b so that ‘

' 2
SV —c [ 1y <
S

To see how to choose ¢, a, b in this way ( in a much more general setting), see
[10].

In the following we use the notion of positive linear forms. Given a real Hilbert

space H, a positive form on H is a bilinear mapping a : D (a) X D (a) — R such
that

—M.

a(z,y) = a(y,z) z,y € D(a)
and
a(z,z) >0 z € D(a).
Here D (a) is a subspace of H, the domain of the form a. The form is called

1
closed if D (a) is complete for the norm |jul|, = (||u”§{ +a(u, u)) * . The form

is called closable if the continuous extension of the injection D (a) — H to the
completion D (@) of D (a) is injective. In that case a has a continuous extension
a: D (a) x D (a) — R that is a positive closed form.

If a is a closed densely defined positive form on H, the associated operator A
on H is defined by

D (A) = {u € D (a) : there is a v € H such that

a(u,¢) = (v] )y forall p € D (@)},
Au=w.

The operator A is selfadjoint and form positive. Thus -A generates a (Cp) con-
traction semigroup (e—tA) >0 OB H.

In the following we let L? := L? (RY) if N > 2 and L? = L?(0,00) if N =1.

If H = L?, then the semigroup e~ 4 is submarkovian (ie. 0 < f < 1
implies 0 < e™*4f < 1) if and only if v € D (a) implies u A1 € D (a) and
a(u/\ 1, (u— 1)+) > 0. In that case ”e—tAf“p < |Ifll, for all f e L? N L2
Now for c € R, consider the positive form a. on L? given by

2

ac (u,v) = [ Vu-Vou da:—c/l;l'?dx,

D (a) = H}, where H} := H} (RN) if N > 2 and Hj := Hj (0,00) if N=1. We
investigate the question: ”For which real c is the form a. closed or closable”?

PROPOSITION 2.2. Let c < (#)2 Then the form a. given by D (a.) = H},

ac(u,v)=/Vu‘Vv dx—c/;?dx,

is positive and closed.
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PROOF. Let g =c¢ (1\’—2_2)_2 < 1. Then by Hardy’s inequality

q{/IVu|2 da:— (_]Y2;2>2/|—;% d:c}+(1—q)/|Vu|2 dz

(1-q) / Vul? de.

ac (u)

v

Thus, ac (u,u) + |[ul|22 > (1 —q)|lul|3: . This shows that [Ill, is equivalent to
-l B

For the critical constant we have the following result.

PROPOSITION 2.3. For cy = (N——) N # 2, the form a., is closable.

PROOF. Define the symmetric operator B on L? by D (B) = D,

Bu=Au+ cNLz.
||
It is well known that the form b given by b (u,v) = — (Bul|v);2, D (b) = D(B) is
closable (and the operator associated with b is called the Friedrichs extension of
b). Observe that b(u,v) = acy (u,v) for u, v € Dy. Since Dy is dense in Hj, it
follows that H} C D (b) and acy = bon H§ x H}. This shows that a., is closable
and ., =b. I

We next show that a, is not closed. For simplicity we consider only the case
N = 3. Then the critical constant is c3 = ‘—11. We show that

(2.2) D(a;) ¢ I° (R?).

On the other hand, by Sobolev embedding, H} C L®. Consequently H is a proper
subspace of D ('d—

i

PROPOSITION 2.4. The form ay is not closed and (2.2) holds.

PROOF. Let n € D (R®) be a test function such that 0 <n < 1landn=1in

a neighborhood of 0. Let u(z) = |z| "% . Then u € L? (R%), but u ¢ L& (R).
Let ue (z) = |z #*° 5. Then u. € H} and u, — u in L2.

Since ay is closable, it suffices to show that a1 (ue, — Ue,) — 0 as gy,

€2 — 0. Let & > 0 such that n(z) =1 for |z|] < 4.
It suffices to show that

1 _ 2
clere) = [ A1Vl )P - 2 3m) bs o
|e|<6 4 |z
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as €1, €2 — 0+ . We compute

1 2
dc(e1,e2) =/ 4 [(—— +€1) |z|** — (—l +52) |x|€2} |z| 7% dz
le1<8 2 2

= [ a(lal - 21al = 4 1af) 1o da
|z|<é
= [ _{a+d) e+ @)t el
|z|<8
+/ {—25152 |z|71F%2 4 (—e2 + €3) ]xlzez} lz| ™2 dz
|z|<6
6
= / {(—e1+e})r* 1 + (61 + &2) r 271} dr
0

5
+/ {—2e1e0r1 727t 4 (g3 + £5) r*2 71} dr
0 .

4261 E1E2 §2e2
= — 2 geitez _ 9 ~1°2 geiter _ 2
(—e1+€3) 2 + P + (—&2 +€3) 253
1 €1 €1E2 1 I
— -4 4 Slg2e | seiter 9 gertez _ — 22 y T2 g2
2 + 2 + €1+ €2 2 + 2

_—) O
ase; [ 0,e210. 10

Next we consider the associated operators and semigroups. In particular, we
will show that the critical constant cy = (#)2 is also optimal to associate a

semigroup to the operator A + ﬁ; in a reasonable way.

We denote by —A. the operator associated with a. for ¢ < ( #)2 and with

a; for c = (%)2 Then A, is given by

(2.3) Au=Au+ %u
||

on

D (A.) = {ueH&:Au+ ﬁu€L2}
z

in case ¢ < (%)2 , and

D(A,) = {u € D (acy) : Au+ |—c|—2u € LZ}
z

in the critical case. Here Au+ =y is understood in the sense of D,. This follows
immediately from the definition of the associated operator.

The semigroup e*4c may be described as the limit of the semigroups defined
by the cut-off potentials. Denote by A, the generator of the Gaussian semigroup
on LP :=[LP (IRN ) for N > 2 and the Laplacian with Dirichlet boundary conditions
on LP := L?(0,00) if N =1,1<p < oo (cf. [8Theorem 1.4.1]). Then —A; is
associated with ag. Let Acx =Az2+c¢ (;17 A k) for k € N. Then

(2.4) 0 < ether < gtherir,
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Ifc < (_1_\1_2—_2)2, then it follows from the monotone convergence theorem for

forms [18, S14] that

(2.5) klim ether = gthe strongly in L2 |
—00

PROPOSITION 2.5. If ¢ > (252), then

lim “etAC"c
k—o0

=00 fort > 0.

IL(LZ)

PRrOOF. For a selfadjoint operator A on a Hilbert space H one has ”etA“ ) =

et*(4) where s (A) = sup {(Aulu) : u € D(A), |lulz =1}. This follows from the
spectral theorem. In our situation

s(Ac,k)=sup{—/|V'u|2das+c/|u|2 <# /\k) dz:u € D(A2), |ulg. =1}.
z

It follows from the optimality of the constant ¢y in Hardy’s inequality that
s(Ack) — ooask — ocoifec>cen. I

Another way of looking at semigroups associated with the operator A + '?CF is

to consider the minimal operator A. min on L? given by
c
Acmin (u) = Au+ EFU

D(Ac,min) = Dy.

THEOREM 2.6. Let N > 5.

a) Letc < (-]%)2 . Then A, generates a positive (Cy) semigroup on L? which
is minimal among all positive (Cp) semigroups generated by an extension of Ac min.

b) Ifc> (#)2 , then no extension of Acmin generates a positive (Co) semi-
group on L2

For the proof we need the following.

LEMMA 2.7. Let N > 5. Then Dy is a core of Az (the Laplacian on L? (RV)).

PROOF. It is well-known that D (R¥) is a core. Let u € D (RY). Let n €
C' (R) be such that 0 < n < 1, n(r) = 1 for |r| > 2, n(r) = 0 for r < 1, and
let i (x) = n(k|z|). It is easy to see that mxu — w and A (npu) — Au in
L?(RY). n

PROOF OF THEOREM 2.6. Let B be the generator of a positive (Cp) semigroup

e!B such that Acmin C B. Consider the semigroup T (t) = et(Bmc(ﬁfAk)) for
¢> 0. Then 0 < Ty (t) < T (t). It follows from [2] or [22] that limg_,00 T (¢) =
Tw (t) exists strongly and defines a (Cp) semigroup whose generator we call By.
Let v € Dy. Then there exists ko such that Byv = Awv for all k > ky. Since

t
Tk (t)v—v =/ Ty, (s) Bv ds,
0
letting £ — oo we see that

Too(t)v—v=/0tT°o(s)Bv ds.
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Thus, v € D (Bw) and Byv — Av. Since N > 5, Dy is dense in H? (RN) =
D (Aj3). Thus A, coincides with By, on a core. Consequently, Ay = B,,. Thus

ethz < et(B—c(lﬁ’Ak)) for all k. It follows that et4ex < !B for all k. Now
Proposition 2.5 implies that ¢ < (-]%)2 , and from (2.5) it follows that et4e < etB
fort>0. 8 }

By a result of Kalf, Schmincke, Walter and Wiist [12], Dy is a core of A, iff
c< (N_2—_2_)2 — 1; see also [18] for dimension N = 5.

3. The Caffarelli-Kohn-Nirenberg inequality and associated semigroups

Let § € R, L2 := L2 (]RN, || ~# da:) if N> 2 and L3 := L2 ((o, o), |z|7? dac)
if N =1. Note that L% C L, (RV\{0}) if N > 2 and L} C L7, (0,00) if N = 1.
Thus, L% C D, where Dy = D (R¥\{0}) if N > 2 and Dy = D (0,00) if N = 1.
We let H}, := {u € H' (R") : supp u is compact and 0 ¢ supp u} if N > 2 and
H}, :={u € H* (0,00) : supp u is compact, supp u C (0,00)} if N =1.

B

Consider the unitary operator U : L} — L§, u — |z|”  u. It maps H}, onto

H},. Consider the Dirichlet form
a(u,v) =/Vu-V'u dz

on L3 with domain Hgy. We transport the Dirichlet form by U to the space L3 by

defining
b(u,v) = /V(|w|-§u) ~V(|alc(_g v) dz
= a(Uu,Uv)

for u,v € H},. Then we have

(3.1) b(u, v) = / Vu-Volz| ™ dz
A=) () e

PROOF OF (3.1). Let u, v € HY,. Then
b(u,v)

/v CROBICRDOK:

-(£)-1 B —(£)-1 _
/(—gm (%) St %vu>-(—§m ® S+l ng> de

2
= /Vu-VleI_ﬂd:c+ %/uvkcl_ﬂ_z dw—g/Ixrﬂ_Zx-V(uv) dz

2 2
_ -2 N -2 -
Jrwouarran{(S2) - (5} e

for all u,v € Hg,.
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since by integration by parts,

—g/lmrﬂ_zmv(uv) dw=—§ ([3+2)/|z|_ﬁ_2uv dx+§N/%|z|_ﬂ dz.

Now by Hardy’s inequality,
—2-8\2 2
/ Vul? 2| dz— (N—z—ﬂ> / U el da
2 ||

()
= a (|x|—‘[22 u, |z -3 u) — <H> /—2 dz > 0.
2 ||
Thus, we have proved the following.

THEOREM 3.1. One has

—92_8\2 2
(CKN) (i_j__ﬁ) / #m-ﬂ do < / Vul? |o? do
T

for all u,v € H},, with optimal constant.

This is the Caffarelli-Kohn-Nirenberg inequality [7] which we have deduced
from Hardy’s inequality by similarity. Note that the case of N = 2 is included
here.

Now for ¢ € R we consider the form b. on L?, given by

be (u,v) z/Vu-V'v |z|~# d:v—c/u'v lz| ™7 da
with domain D (b;) = H},. Then by Theorem 3.1 the form b, is positive iff ¢ <
()
5 .
N-2-5)>
THEOREM 3.2. Let 8 € R and let ¢ < (—_2;[’) . Then the form b, is closable

and Dy is a form core. Let —B,. be the operator on L% associated with be. Then
Do C D(B.) and

B Ou U

- + cC——=

lz| Or " |x|?

for all u € Dy. The operator B. generates a positive (Cy) semigroup on Lf, which
18 submarkovian iff ¢ < 0.

(3.2) B.u = Au —

PRrROOF. Letting § = — (%)2 + (N—_zzi)Z we have, by (3.1), bs = b and -
more generally, ‘
(3.3) ac—s (Uu, Uv) = b, (u,v)
for all u,v € H},. Since UDy = Dy, it follows from the results of Section 2 that b,
is closable and Dy is a form core. It follows from (3.3) that
B.=U"1'4.sU

and so
eth — U—letAc_sU
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for t > 0. In particular, e*Be > 0.
Let u € Dy, v = Au — %g—‘; + cﬁg. Integration by parts shows that

be (u, ) = — / vple| ™ de

for all ¢ € Dy. Hence, u € B, and B.u = v.
Finally we show that e‘Be is submarkovian iff ¢ < 0. Let u € H},. It follows
from [9, p.152] that (u A1) sgn u € H}, and

Dj ((Jul A1) sgn u) = Dju 1|(u<1}
where sgn u = I_:l 1{uz0y. Thus
bo (LA |u|) sgn uw, (1A |ul)sgn u)
= /|Vu|2 1l{|u|<1} |a:|_ﬁ dz < bp (u,u).

It follows from [17, Theorem 2.6, Theorem 2.14] that (e*5°),_  is submarkovian.

If ¢ > 0, then the semigroup e*Be is not submarkovian. In fact, let u € Dy
be such that (u—1)* # 0. Then D; (u— 1)t = Dju liu>1y and Dj (uA1l) =
Dju . 1{u<1}. Thus

bc(u/\l, (u—1)+) = /V(uAl)-V((u—1)+)
_c/-————(UAl) (-1 |z|_ﬁ dz

|

-t
= —c/%|m|ﬂdz<0.
z

Thus etB is not submarkovian by [17, Corollary 2.17]. I
Next we want to describe the domain of b.. We denote by
H}, ={ue Lf; :Djue Lf,, i=1,.,N}
the weighted Sobolev space where Dju is understood in the sense of D,. Then Hj
is a Hilbert space for the scalar product

(U|U)H;, = (u|v)L% +/Vu~Vv |z| ™ da.

D (E;) is the completion of Dy with respect to the norm

1

2
2
(1t?, +bw))” =l

Thus, D (b;) is the closure H}, of Do in Hj . It follows from Fatou’s Lemma
that (CKN) remains true for all u € Hj,. As in the proof of Proposition 2.2, one

2
deduces that for 0 < ¢ < (N;zz_ﬁ) , one has D (b;) = Hp, and

‘ 2
E(u,v):/Vu-Vv |z| ™ dz —c %M_ﬁ dz.
T

‘We summarize these facts as
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PROPOSITION 3.3. One has D (b) = Hj, and
2 2
N—-2- U - -
(CKN) (_—2—[’) /l—F o] ? dz < /|w|2 o ? da
T

2 —
for allwe Hy,. If0<c< (XZ2)", then D (be) = Hjp
For N > 3 and B8 # N — 2, we have the following

PROPOSITION 3.4. If N >3 and B # N — 2, then H} = || H' = H},.

PROOF. Let u € Hl, v = |$L‘|%’U. Then v € L and D v = glxl-—l —Lu—i-

|a:|g Dju in Dy. Tt follows from Hardy’s inequality that |z| 1y € L%. Hence
DveLﬁandvGHﬁ

Conversely, letv € Hﬂ, u=|z|” 7 0. Thenu € L? and Dju = —% |x|_é 1 Zigy4
z|” g Djv. It follows from (CKN) that |$| 1y e L2 Sincewv € H}, one has
z|_g Djv € L?. Thus, Dju € H™.

We have shown that Hj = |x| 2 H'. The above computation also shows that

Tz]

_B8
||'v||Htlj and “|z| Zy ‘Hl are equivalent norms on Hj. Since |z|”2 Dy = Dy and

since Dy is dense in H! it follows that Dy is also dense in H é ]

Next we consider realizations of the semigroup (etBC) on Lfé = LP (]RN , |z|_ﬁ dx)

if N>2and LY, := LP ((0, ), |z|7? dx) if N =1. Here p € [1,00) will have to

be restricted to a certain interval containing 2.
Let us write B = By Since (etB ) >0 is submarkovian, there exists a consistent

()
(=)
t>0

of (Cp) semigroups on L%, 1 < p < oo with B® = B. Consider the bounded
B

potentials
Vi (z) = inf -LZ,k .
|z

Then ! (B”+:) j5 5 (Co) semigroup on L for all ¢ >0, 1 < p < oo . Moreover,

family

O < et(B(p)+CVk) < et(B(p)-}-ch_;.l)‘

N 2
Now let ¢ < (—%‘ﬁ) . Let 1 <p_(c) <2< ps (c) < oo be such that

4 (N-2-p3\2
[p_<c),p+<c)]={pep,oo]:cgﬁ(T) }
Note that 1 < p_(c) < p+ (c) < o0 if ¢>0, and p_(c) =1, p4 (c) = o0 if ¢ < 0.
Observe that p € [p_ (c),p+ (c)] iff p’ € [p— (¢),p+ (¢)]. By Bemin We denote the
operator given by D (Be,min) = Do ,
B Ou c

B.u=Auy— 224
¢,min¥ u |z| or + |.’1:|2u
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which acts on all Lz, 1<p<oo.
THEOREM 3.5. Let p € [p— (¢),p+ ()], p < oo. Then Ty (t) := stronglim
k—s 00

(B ) egists in L (Lg) and defines a (Co) semigroup Tp,c on LY. Its generator
ng ) is an extension of Bemin- In addition B£2) = B,.
It clearly follows from Theorem 3.5 that the semigroup T, . are consistent, i.e.,

Tp, (t) f Tq c (t) f

forallt>0, f € Lp n Lﬂ, p—(¢) £p,q < p;(c). For the proof of Theorem 3.5 we
will use the followmg simple argument for increasing semigroups referring to Voigt
[22], [23] for further information and developments.

PROPOSITION 3.6. Let Ty be (Co) contraction semigroups on LP,1<p < oo,
such that 0 < Ty (t) < Ti41 (t). Then T (t) f = klim T (t) f exists for all f € LP,

t > 0, and defines a (Cp) semigroup T.

PROOF. The strong limit exists by the Beppo Levi Theorem. Then T (t) €
L(LP)and T (t+s) =T (t) T (s) for t,s > 0. It remains to prove strong continuity.
Let t, | 0,0 < f € LP. We have to show that f, :=T (t,) f — f as n — oo.
Let gn :== Ty (tn)f. Then 0 < g, < fp and g, — f as n — oco. Moreover,

lgnllze < UIfllze -
a) Let p=1. Then

[tn=0) ot [gndo= [ otz <Ifln

Since (fr, — gn) > 0and [ g, dz — || f|| 1, it follows that || fn — gnll 2 = [ (fn — gn)
dr — 0 as n — co. Since g, — f in L*, also f,, — f in L.

b) Let 1 < p < oo. It suffices to show that each subsequence of (f,) has a
subsequence converging to f in LP. Since L? is reflexive, we may assume that f,
converges weakly to a function h € L? (consider a subsequence otherwise). Since
9n < fn and g, — f it follows that f < h. Hence ||f||;, < ||h|l;». Since LPis
uniformly convex, this implies that f, converges strongly to h. It follows that
IPllLe < |Ifllze - Since f < h, this implies that f = h. I

2
PROOF OF THEOREM 3.5. Let p € [p— (¢),p4+ (9)], ie. ¢ < & (N—‘Zz—‘@> )

We show that B® + ¢V, is d1s51pat1ve foral ke N. Let u € D (B (”)) ‘We have
to show that

<B(”)u + cViu, [ufP ! sgn u> <0.
By a result of Liskevich-Semenov [17, Theorem 3.9] one has u [ulg—1 € D (b) and
4 _ B_ B_
(p) p-1 < = z—1 31
(B®u, [uff ™ sgn u) < 0 (wlul®" ulul ).
Hence by (CKN) in Proposition 3.3,

_ 4 (N=2-8\" [|uf
(») p—1 < | — -B
<B u, |ul’”" sgn u> S ( 5 ) 2 |2 |z|™" dz.



64 WOLFGANG ARENDT, GISELE RUIZ GOLDSTEIN, AND JEROME A. GOLDSTEIN

Since

c<Vku, [ulP~* sgn u> c/ — [ufP " sgn u |z|” F iz
lol?>4 lzl

= ¢ [ul |z| 7 dz
e} [al® ’

and the claim follows. By Proposition 3.6, there exists a (Cy) semigroup T, on
LY such that Tep (t) = . Enmet(B ®+evi) strongly. Denote the generator of T,

by B®). Let u € Dy. Then there exists ko € N such that u(z) = 0 if |zf?
Hence

(B(P) + c‘/'k) u = (B(p) + cﬁ) u = Bc,minu =:v
T

for all k£ > kg.
Observe that

t
(B +eVi),, _ o, =/ S(B®+eVi)y ds
0
for all k > ky. Passing to the limit as K — oo, we obtain
t
Tep (t)u—u=/ Tep(s)vds (£>0).
0

This implies that u € D (Bép )) and ng ) = v. We have shown that B¢ min C ng ).
It follows from the convergence theorem for an increasing sequence of closed positive
forms [18,Theorem S.14, p.373] that B® =B,. 1

Finally, we describe the behavior of ng ) by rescaling. For A > 0, the operator
U, given by

N=B
(Uxf) (@) =277 f(Az)
is an isometric isomorphism on Lg which is unitary if p = 2. Moreover, U\H}, =
H}, and

(3.4) be (Unu, Unv) = X2b, (u,v)

for all u,v € H}, (as one easily shows). 1t follows that U, \D (bc) =D (b, ) and that
(3.4) remains valid for all u,v € D (b;). This implies that

(3.5) UxB,l =XB, (A>0)
by the definition of the associated operator. This implies that
(3.6) Ure!BEUTL = B (1> 0)
for all A > 0. By consistency it follows that
(3.7) UnetBE U = XBE (¢ 0)
2
for all A > 0, p € [p— (c),p+ ()], p < 0o, whenever ¢ < (W
From these rescaling properties we deduce the following result on the spectrum.
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PROPOSITION 3.7. (a) For p = 2 one has o (B;) = (—00,0] for all c <
2

(N—2—ﬂ)

5 .

N—2-8)\° (»)

(b) Letc< (—_,_,:é) . Then o (Bcp )OR = (—00,0], for allp € [p_ (¢) ,p+ (c)],
P < oo.

PROOF. (a) It follows from (3.5) that o (B.) = A%0 (B,) for all A > 0. Since

- 0 (B¢) # 0, the claim follows.
(b) Let p € [p—(c),p+(c)], p < co. We first show that a( 5”’) # 0.

In fact, if o (ng )) = (), then it follows from Weis’ Theorem [4, Theorem 5.3.6]
that w (B,Sp )) = —o00, where w denotes the growth bound (or type) of the semi-
group generated by ng ). But then it follows from the Riesz-Thorin Theorem that
) (Béz) = —00, which is impossible by (a).
The spectral bound

s (Bg‘”)) = sup {Re,u UEOo (ng))}
is finite. It follows from (3.7) and (a) that s ( é”)) =0and (—00,0] C o (Bé”)) 1

REMARK 3.8. We refer to [21], [20], [16] and [1] for results on p-independence
of the spectra of consistent semigroups. In general the spectrum of the generator
of a symmetric submarkovian semigroup may depend on p € [1,00). An interesting
example is the Neumann Laplacian on irregular domains (see Kunstmann [14]).

2
Finally, we show that the constant % (N_:;;ﬁ) in Theorem 3.5 is optimal.

For 8 = 0 this result has been proved by Vogt [21, Example 3.31].

2
THEOREM 3.9: Let 2 < p < o0, % + r% =1, and let ¢ > % (N_Zz_ﬁ> . Then
the operator Be min is not quasidissipative. Thus no extension of B, min generates
a (Co) semigroup T on LY satisfying ||T (t)|| £(zz) < e“t for t > 0 and for some
w € R.

Recall that an operator A on a Banach space X is dissipative iff
lz| < ||z —tAz| e D(A), t>0.

An operator A is quasidissipative iff A — wI is dissipative for some w € R. Let U :
X — X be an isometric isomorphism. Then this characterization of dissipativity
shows that A is dissipative iff UAU ! is dissipative. If A is dissipative, then also
AA is dissipative for all A > 0, and A — w is dissipative for all w > 0. Conversely,
let w > 0 and assume that AA — w is dissipative for all A > 0. Then it follows that
A is dissipative.

PrOOF OF THEOREM 3.9. Let w > 0. Assume that B min — w is dissipative

in Lf,. Let A > 0, ﬁ; = const - Uy, where the constant is chosen in such a way that
—~ ~ ~_1
U, is an isometric isomorphism on Lg. Then A2 B min —w = Ux (Be,min — w) Uy

is dissipative. Since A > 0 is arbitrary, it follows that B, min is dissipative.
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Thus, we merely have to prove that B, nin is not dissipative in L’[;. Let us
assume that B, min is dissipative. Let u € Dy. It follows that

(3.8) 0> <Au l'Hl gu c|;|2, [ulP~* sgn u> .

We compute, since p > 2,
<Au, [ulP~" sgn u> = /Au (|u|p_1 sgn u) B

— [ Vel G- Dol da
N s
[ Dl sgn e () ol
j=1

- —@-1) / IVl (2P~ 2| de

/l o sgnu|u|p e da.

Thus it follows from (3.8) that

c :u:2 lz| P dz = <| |2,|u|p sgnu>

IN

(r-1) / IVul? [ufP 2 |z|? da.

In order to rewrite the last expression we compute

Vjulf = 2l v,
|u
hence
2|2 p2 p—2 2
|V (] = 2 = (vl

So we obtain

ul? _ 4 2|2
c/% |z A dxgp(p—l)/‘vwz

lz| ™" da.

Hence

lz|7? dz

(3.9) : : o ? dz < — /’Vuz

for u € Doy. By replacing u by A x u where {)\:},. is a Friedrichs mollifier, we
deduce that (3.9) remains true for all u € HjyN LY. Here we again use that p > 2.
Let r = £. We define

on(s)=sAns" (s>0), up=yppou.

1
Then u; € Hy,. So (3.9) implies

Inl a:_ﬂw——— u 2|7 dz.
(3.10) o el o = 1ol 1 a
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Letting n — oo, since [Vu,|? < %2 [Vul|* for all n € N, we deduce that

2
_ 4 _
(3.11) c/—:u:2 |z A dﬂnSp—p,‘/[Vu(2 |z| P dz
z

for all uw € Hjy N LY. Applying (3.11) to u A n instead of u and letting n — oo,
we see that (3.11) remains true for all u € Hgy,. Finally, applying (3.11) to |u]
instead of u it follows that (3.11) holds for all u € H};. Now Theorem 3.1 implies

2
N—2—
cs b (20)

2
We remark that even though for 0 < ¢ < (—A—I#) the interval [p_ (¢), p4 (c)]

is optimal for obtaining quasicontractive (equivalently, contractive) extrapolating
semigroups to L for all p € [p_ (c), p+ (c)] , one might still have extensions which
are not quasicontractive. In fact, for 8 = 0, it is shown by Vogt [21, Example

3.31] that for p € (Nl—\’_—zp_ (), 5p+ (c)) , and N > 3, such an extrapolation

semigroup on LP (RN ) exists.
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