
DOI: 10.1007/s00209-005-0858-x

Math. Z. 252, 687–689 (2006) Mathematische Zeitschrift

Addendum

Vector-valued holomorphic functions revisited

Wolfgang Arendt1, Nicolai Nikolski2

1 Universität Ulm, Abteilung Angewandte Analysis, D-89069 Ulm, Germany
(e-mail: arendt@mathematik.uni-ulm.de)
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One of the statements, Corollary 3.7, in [1] is erroneous. In fact, the hypothesis
thatW is a separating subspace ofX′ has to be replaced by the stronger hypothesis
that W is almost norming. The arguments are implicitely in [1]. We give precise
statements and proofs. LetX be a Banach space andW a separating subspace of the
dual space X′ ofX, i.e., for all x ∈ X \ {0} there exists ϕ ∈ W such that ϕ(x) �= 0.
Then we may identify X with a subspace of W ′, the dual space of W . To say that
W is almost norming means by definition that

‖x‖W := sup{|ϕ(x)| : ϕ ∈ W, ‖ϕ‖ ≤ 1}

is an equivalent norm on X. This is equivalent to saying that X is closed inW ′. By
a result of Davis and Lindenstrauss [1, Remark 1.2] each separating subspace of
X′ is almost norming if and only if dimX′′/X < ∞. Now we first formulate and
prove the corrected version of [1, Corollary 3.7].

Theorem 1. Let� ⊂ C be open and connected. LetA ⊂ � have a limit point in�
and let h : A → X be a function. Assume that there exist c ≥ 0, an almost norming
subspaceW ofX′ and a family {Hϕ : ϕ ∈ W } of holomorphic functions on� such
that

Hϕ(z) = 〈ϕ, h(z)〉 (ϕ ∈ W, z ∈ A)
and

|Hϕ(z)| ≤ c‖ϕ‖ (ϕ ∈ W, z ∈ �) .
Then h has a holomorphic extension to � with values in X.

Used Distiller 5.0.x Job Options
This report was created automatically with help of the Adobe Acrobat Distiller addition "Distiller Secrets v1.0.5" from IMPRESSED GmbH.
You can download this startup file for Distiller versions 4.0.5 and 5.0.x for free from http://www.impressed.de.

GENERAL ----------------------------------------
File Options:
     Compatibility: PDF 1.2
     Optimize For Fast Web View: Yes
     Embed Thumbnails: Yes
     Auto-Rotate Pages: No
     Distill From Page: 1
     Distill To Page: All Pages
     Binding: Left
     Resolution: [ 600 600 ] dpi
     Paper Size: [ 595 842 ] Point

COMPRESSION ----------------------------------------
Color Images:
     Downsampling: Yes
     Downsample Type: Bicubic Downsampling
     Downsample Resolution: 150 dpi
     Downsampling For Images Above: 225 dpi
     Compression: Yes
     Automatic Selection of Compression Type: Yes
     JPEG Quality: Medium
     Bits Per Pixel: As Original Bit
Grayscale Images:
     Downsampling: Yes
     Downsample Type: Bicubic Downsampling
     Downsample Resolution: 150 dpi
     Downsampling For Images Above: 225 dpi
     Compression: Yes
     Automatic Selection of Compression Type: Yes
     JPEG Quality: Medium
     Bits Per Pixel: As Original Bit
Monochrome Images:
     Downsampling: Yes
     Downsample Type: Bicubic Downsampling
     Downsample Resolution: 600 dpi
     Downsampling For Images Above: 900 dpi
     Compression: Yes
     Compression Type: CCITT
     CCITT Group: 4
     Anti-Alias To Gray: No

     Compress Text and Line Art: Yes

FONTS ----------------------------------------
     Embed All Fonts: Yes
     Subset Embedded Fonts: No
     When Embedding Fails: Warn and Continue
Embedding:
     Always Embed: [ ]
     Never Embed: [ ]

COLOR ----------------------------------------
Color Management Policies:
     Color Conversion Strategy: Convert All Colors to sRGB
     Intent: Default
Working Spaces:
     Grayscale ICC Profile: 
     RGB ICC Profile: sRGB IEC61966-2.1
     CMYK ICC Profile: U.S. Web Coated (SWOP) v2
Device-Dependent Data:
     Preserve Overprint Settings: Yes
     Preserve Under Color Removal and Black Generation: Yes
     Transfer Functions: Apply
     Preserve Halftone Information: Yes

ADVANCED ----------------------------------------
Options:
     Use Prologue.ps and Epilogue.ps: No
     Allow PostScript File To Override Job Options: Yes
     Preserve Level 2 copypage Semantics: Yes
     Save Portable Job Ticket Inside PDF File: No
     Illustrator Overprint Mode: Yes
     Convert Gradients To Smooth Shades: No
     ASCII Format: No
Document Structuring Conventions (DSC):
     Process DSC Comments: No

OTHERS ----------------------------------------
     Distiller Core Version: 5000
     Use ZIP Compression: Yes
     Deactivate Optimization: No
     Image Memory: 524288 Byte
     Anti-Alias Color Images: No
     Anti-Alias Grayscale Images: No
     Convert Images (< 257 Colors) To Indexed Color Space: Yes
     sRGB ICC Profile: sRGB IEC61966-2.1

END OF REPORT ----------------------------------------

IMPRESSED GmbH
Bahrenfelder Chaussee 49
22761 Hamburg, Germany
Tel. +49 40 897189-0
Fax +49 40 897189-71
Email: info@impressed.de
Web: www.impressed.de

Adobe Acrobat Distiller 5.0.x Job Option File
<<
     /ColorSettingsFile ()
     /AntiAliasMonoImages false
     /CannotEmbedFontPolicy /Warning
     /ParseDSCComments false
     /DoThumbnails true
     /CompressPages true
     /CalRGBProfile (sRGB IEC61966-2.1)
     /MaxSubsetPct 100
     /EncodeColorImages true
     /GrayImageFilter /DCTEncode
     /Optimize true
     /ParseDSCCommentsForDocInfo false
     /EmitDSCWarnings false
     /CalGrayProfile ()
     /NeverEmbed [ ]
     /GrayImageDownsampleThreshold 1.5
     /UsePrologue false
     /GrayImageDict << /QFactor 0.9 /Blend 1 /HSamples [ 2 1 1 2 ] /VSamples [ 2 1 1 2 ] >>
     /AutoFilterColorImages true
     /sRGBProfile (sRGB IEC61966-2.1)
     /ColorImageDepth -1
     /PreserveOverprintSettings true
     /AutoRotatePages /None
     /UCRandBGInfo /Preserve
     /EmbedAllFonts true
     /CompatibilityLevel 1.2
     /StartPage 1
     /AntiAliasColorImages false
     /CreateJobTicket false
     /ConvertImagesToIndexed true
     /ColorImageDownsampleType /Bicubic
     /ColorImageDownsampleThreshold 1.5
     /MonoImageDownsampleType /Bicubic
     /DetectBlends false
     /GrayImageDownsampleType /Bicubic
     /PreserveEPSInfo false
     /GrayACSImageDict << /VSamples [ 2 1 1 2 ] /QFactor 0.76 /Blend 1 /HSamples [ 2 1 1 2 ] /ColorTransform 1 >>
     /ColorACSImageDict << /VSamples [ 2 1 1 2 ] /QFactor 0.76 /Blend 1 /HSamples [ 2 1 1 2 ] /ColorTransform 1 >>
     /PreserveCopyPage true
     /EncodeMonoImages true
     /ColorConversionStrategy /sRGB
     /PreserveOPIComments false
     /AntiAliasGrayImages false
     /GrayImageDepth -1
     /ColorImageResolution 150
     /EndPage -1
     /AutoPositionEPSFiles false
     /MonoImageDepth -1
     /TransferFunctionInfo /Apply
     /EncodeGrayImages true
     /DownsampleGrayImages true
     /DownsampleMonoImages true
     /DownsampleColorImages true
     /MonoImageDownsampleThreshold 1.5
     /MonoImageDict << /K -1 >>
     /Binding /Left
     /CalCMYKProfile (U.S. Web Coated (SWOP) v2)
     /MonoImageResolution 600
     /AutoFilterGrayImages true
     /AlwaysEmbed [ ]
     /ImageMemory 524288
     /SubsetFonts false
     /DefaultRenderingIntent /Default
     /OPM 1
     /MonoImageFilter /CCITTFaxEncode
     /GrayImageResolution 150
     /ColorImageFilter /DCTEncode
     /PreserveHalftoneInfo true
     /ColorImageDict << /QFactor 0.9 /Blend 1 /HSamples [ 2 1 1 2 ] /VSamples [ 2 1 1 2 ] >>
     /ASCII85EncodePages false
     /LockDistillerParams false
>> setdistillerparams
<<
     /PageSize [ 576.0 792.0 ]
     /HWResolution [ 600 600 ]
>> setpagedevice



688 W. Arendt, N. Nikolski

Proof. Define the mappingH : � → W ′ by 〈H(z), ϕ〉 = Hϕ(z).Then‖H(z)‖ ≤ c

for all z ∈ �. It follows from [1, Theorem 2.2] thatH is holomorphic. SinceX is a
closed subspace ofW ′ and H(z) ∈ X for all z ∈ A it follows from the Uniqueness
Theorem [1, Theorem 2.2] that H(z) ∈ X for all z ∈ �. �

Next we show that in Theorem 1 one may not replace almost norming by the weaker
property of separating in general.

Theorem 2. Let W ⊂ X′ be a separating subspace which is not almost norming.
Then there exists a functions f : D → X such that ϕ ◦ f is holomorphic for all
ϕ ∈ W ,

|ϕ(f (z))| ≤ c‖ϕ‖ for all z ∈ D, ϕ ∈ W
and some constant c ≥ 0. But f is not holomorphic.

Proof. Since W is separating, X is a subspace of W ′ and the embedding is con-
tinuous. However, X is not closed in W ′ since W is not almost norming. By [1,
Theorem 1.6] there exists a function g : D → X which is not holomorphic such
that g : D → W ′ is holomorphic. Then g is not holomorphic on rD with values in
X for some 0 < r < 1. Define f (z) = g(rz) (z ∈ D). Then f : D → X is not
holomorphic. But f as a function with values in W ′ is holomorphic and bounded.
Hence |ϕ(f (z))| ≤ c‖ϕ‖ for all ϕ ∈ W , z ∈ D and some c ≥ 0. �


We emphasize that [1, Corollary 3.8] is correct as it is formulated. The Krein-
Smulyan Theorem can be used to show that the weak hypothesis of separating does
suffice here.

We recall the statement:

Corollary. Let Y be a Banach space continuously embedded intoX. Let f : � →
X be holomorphic. Assume that for each z ∈ � there exists an open bounded set
ω ⊂ � such that z ∈ ω, ω̄ ⊂ � , f (v) ∈ Y for all v ∈ ∂ω, and sup

v∈∂ω
‖f (v)‖

Y
<

∞. Then f (z) ∈ Y for all z ∈ � and f is holomorphic if it is considered as a
function with values in Y .

Proof of the Corollary. Let A = {z ∈ � : f (z) ∈ Y }. ThenW := {ϕ ∈ Y ′ : ∃ fϕ :
� → C holomorphic such that fϕ(z) = ϕ(f (z)) for all z ∈ A} is a subspace of Y ′
which contains the separating space {ψ|Y : ψ ∈ X′}. Thus W is σ(Y ′, Y )-dense in
Y ′. We claim thatW = Y ′. By the Krein-Smulyan Theorem it suffices to show that

W1 := {ϕ ∈ W : ‖ϕ‖ ≤ 1} is σ(Y ′, Y )− closed .

Let (ϕi) be a net in W1 converging to ϕ with respect to σ(Y ′, Y ). It follows from
the maximum principle and the hypothesis that (fϕi (z))i∈I is locally bounded.
Now Vitali’s Theorem [1, Theorem 2.1] implies that lim

i
fϕi (z) = g(z) exists for

all z ∈ � and defines a holomorphic function g : � → C. Clearly, g(z) =
lim
i
ϕi(f (z)) = ϕ(f (z)) whenever z ∈ A. Thus ϕ ∈ W1. We have shown thatW =

Y ′. It follows from the maximum principle and the hypothesis that sup
z∈ω̄

|fϕ(z)| ≤
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‖ϕ‖ sup
z∈∂ω

‖f (z)‖Y whenever ω is open, ω̄ ⊂ � and ∂ω ⊂ A. Now we can apply

Theorem 1 above. �
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