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Abstract
We consider a strictly elliptic operator
Au = ZD,-(a,-iju) —b-Vu+div(c-u) — Vu,
ij

where 0 < V € LY a;j € CL(RN), b,c e CL@®RN,RN). If divh < BV, dive < BV, 0 < B < 1, then a natural realization of A

generates a positive Cg-semigroup 7 in LZ(RN). The semigroup satisfies pseudo-Gaussian estimates if
bl <kiV* + ko, le] <k VE +ko,

where % <a<l.lfa= % then Gaussian estimates are valid. The constant o = % is optimal with respect to this property.
© 2007 Elsevier Inc. All rights reserved.
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0. Introduction

We consider a strictly elliptic operator of the form

N
Au = Z Di(a;jDju) —b-Vu+div(cu) — Vu
i,j=1
on L*(RV) where ajj € Cg RN), b,ce CYRN,RN)and V € Lﬁi(RN) are real coefficients. If b, ¢, V are bounded,
then this is a classical elliptic operator and semigroup properties have been studied extensively. In particular, it is
known that the canonical realization of A in L>(R") generates a positive Co-semigroup satisfying Gaussian esti-
mates (see e.g. [4,7,16] and the survey [3]). Here we are interested in the case where the drift terms b and ¢ are
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unbounded. Then one still obtains a semigroup satisfying various regularity properties if the potential V compensates
the unbounded drift. We consider the assumption

divb < BV, dive < BV (Hy)

where 0 < B8 < 1. Then we show that there is a natural unique realization A of the differential operator .4 which
generates a minimal positive semigroup 7' on L>(RV). This semigroup as well as its adjoint are submarkovian. We
say that T satisfies pseudo-Gaussian estimates of order m > 2 if T'(¢) has a kernel k; satisfying

0<ki(x,y) < Clewlt_N/zeXp{—cz(bc . ylm/t)l/m—l}

for all x,y € RY, # > 0 and some constants ¢, c¢» > 0, w € R. In the case where m = 2 we say that T satisfies
Gaussian estimates. In order to obtain such pseudo-Gaussian estimates we impose an additional growth condition on
the drift terms b and ¢, namely,

bl < k1 V* + ko, le] <k VY + ko (H>)

where % <a<l,ki,kh>20.Ifa= %, then it was proved in [2] that 7 has Gaussian estimates. The purpose of this

paper is to show on one hand that o = % is optimal for this property (Section 3). On the other hand, if % <a<l,

then we show that T still satisfies pseudo-Gaussian estimates even though 7 need not be holomorphic in that case.
Pseudo-Gaussian estimates of order m > 2 are still of interest. For instance, they imply that the realizations A, of A in
LP(RY) have all the same spectrum, 1 < p < o0, at least if m < % For elliptic operators with moderately growing
drift terms but no compensating V' such pseudo-Gaussian estimates had been obtained before by Karrmann [9]. Here
we do not study regularity properties of the operator A. For this we refer to [2,14,15]. We also mention the works by

Liskevich, Sobol and Vogt [12,13,18] where a different approximation is used and spectral properties are studied.
1. Elliptic operators with unbounded drift
In this section we define the realization of an elliptic operator with unbounded drift in L?(R"). The construction

is similar to the one in [2] but we ask for less regularity. Moreover, we establish an additional coerciveness property
which is used later to prove quasi-Gaussian estimates. We assume throughout this section that g;; € L*°(R) and

N
> g = vl (1.1)
i, j=1
for all x € RV, & e RN, where v > 0 is a fixed constant. Let b = (b1, ..., by), c = (c1,...,cy) € CLRYN ,RY), and
let VelLpy (RM). We assume in this section that
divb <V, dive < V. (Hop)

Later in Section 2 we will replace (Hp) by a stronger assumption (H;) and require more regularity on the diffusion
coefficients a;; and positivity of the potential. Define the elliptic operator

A:HL(RY) — DRV,

N
Au = Z D;(aijDju) —b - Vu +div(cu) — Vu,
ij=1

ie., foru € H' (RV)and v e D(RY) we have

loc

N N
_(Au,v)zf ZaiijuDivdx—i—/{Z(bijuv—i—cjuDjv)—i—Vuv}dx.

RN i,j=1 RN Jj=1

We define the maximal operator Apay in LZ(RY) by
D)= € L2(R) 0 HL(BY), Au < L2(RY)),
Amaxtt = Au.
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Now we describe the minimal realization of A in L2(RM) as follows.

Theorem 1.1. There exists a unique operator A on L>(RN) such that

(a) AC Amax;
(b) A generates a positive Cy-semigroup T on L2(RN);
(c) if B C Amax generates a positive Co-semigroup S, then T (t) < S(t) forallt > 0.

We call A the minimal realization of A in L2(RM).
When giving the proof we also establish important properties of A and of 7.

Proposition 1.2 (Coerciveness). One has D(A) C H'(RN) and
—(Aulu) = vul?,, (1.2)
forallu € D(A).

Proposition 1.3 (Ultracontractivity). The semigroup T and its adjoint are submarkovian. Moreover T is ultracontrac-
tive, namely

||T(t)||[’(L1’Lo<>) gcvt_N/z (t >0)s (13)

where ¢, > 0 depends only on the space dimension and the ellipticity constant v.

Recall that a Co-semigroup S on L2(RN) is called submarkovian if S is positive and
ISOf| <Iflloc &> 0),
for all f € LN L2 If B is an operator on L>(RY) we let

I|Bllzr,Lay:= sup [Bflly-
Iflp<1
felL?

Since T and T* are submarkovian, it follows from the Riesz—Thorin Theorem that
17Ol pry <1 @ 20),

forall 1 < p < oo.

The remainder of this section is devoted to the proofs of Theorem 1.1 and Propositions 1.2, 1.3. As in [2] we ap-
proximate the operator A by realizations of .4 on balls whose radii go to co. However, here we do not study regularity
properties of A and we restrict ourselves to the Hilbert space case L2(RN ) (whereas L? (RY) was considered in [2]).
Our assumptions on V and a;; are more general than in [2]. Denote by B, = {x € RM: |x| < r} the ball of radius
r > 0. The bilinear form

N N
ay(u,v) :=/ Z a,-ijuD,-vdx—l—/{Z(bijuv—i—cjuDjv)—i—Vuv dx

B =l 5 L=l

is continuous on H(; (B,). We show that
ar(u,u)>v/|Vu|2dx (1.4)
Br

for all u € HOl (By). Infact, letu € HOl (B;). Then
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N
1
ar(u,u)>v/|Vu|2dx+/{Z(bj—i—c,-)EDjuZ_,_Vuz}dx
B, /=l

B,

b
:v/|Vu|2dx+/<—div ;“C +V)u2dx2vf|Vu|2dx.
B, B,

B,

In view of Poincaré’s inequality, (1.4) implies that a, is coercive. Denote by —A, the associated operator on
L?(B,). Then A, generates a Co-semigroup 7, on L?(B,). Since u € HO1 (B,) implies that u™,u~ € HO1 (B,) and
a(u™t,u™) = 0 the semigroup T, is positive by the first Beurling—Deny criterion on forms [16, Theorem 2.6]. Since a,
is coercive, T, is contractive [16, Chapter 1]. Next we show that for 0 <r; <

T (1) < Ty (1), (L.5)
or, equivalently,
RG. An) SROWAL) (1> 0). (1.6)

Here we identify L%(B,) with a subspace of L?(RY) and extend an operator B on L%(B,) to L2(RY) by defining it
as 0 on L2(B,)t = {u € LERN): u|p, = 0}. Similarly, we may identify H& (By,) with a subspace of HO1 (By,), see
[5, Proposition IX.18].

Proof of (1.6). Let0< f € L>?(RY), A >0, u; = R(, Ay)) f, us = R(A, Ay,) f. We want to show that u; < u. One
has by definition of A,, A,,,

/ukv—i—/ Za,]DukD v—i—/ZbDukv—i—/Zc,D vuk—l—/Vukv—ffv

By, By, i,j=1 By, i=1 By, i=1 By, By,

for all v € HJ(B,,), k = 1,2. Since up > 0 one has (u; — u)™ < uy, hence (u; — uz)™ € H}(B,,). Taking v =
(uy —up)t and subtracting the two identities we obtain

N N
A /(ul —u)(ur —u)t + / Z aijDi(uy —uz) - Dj(ui —ux)t + f ZbiDi(l/ll —u2)(ur —uz)™

Brl Brl ij=1 Brl i=1

N
+fZCiDi(M1—M2)+(u1—u2)+/V(ul—uz)(ul—uz)+=

B, =1 By,

Since D;(uy — u2)(uy — uz)* = D;(u1 — uz)* (uy — uz)™ this gives

bi
A /(m —up)™ + / v|V(u1 —u2)+| dx + / { Z( ! +C1)D (uy —u2) ™+ V(g —ux)™§ <0.
B’l Brl B’l
The third term equals
b
f (— div % + V)(IM —ux) " dx
By,

which is > 0 by the hypothesis (Hy). Thus (1] — u2)™ <0, hence u; < up on B,,. O

Next we show that

liTm T.() f =T f (1.7)

exists in L2(RY) for all f € L>(R") and defines a positive contraction Co-semigroup whose generator we denote
by A.
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Proof of (1.7). (a) Let 0 < f € L>(R"). Since T,@)f <T,@)f for 0 <ry <rpand |T,() fll2 < | fll2, the
limit in (1.7) exists in LZ(RY). It follows that T'(¢) is a positive contraction and T'(t + s) = T (t)T (s) for 5,1 > 0.
In order to show that T is strongly continuous, let 0 < f € DERY). Let 1, 30, f =T(ty)f. We have to show
that f, — f in L>(RY) as n — oo. Let r > 0 such that supp f C B,. Observe that 0 < g, := T, (t,) f < fu.
Since T, is strongly continuous, lim,_.« g, = f. Moreover, || f;|l2 < || f|l2. Hence limsup,_, . Igx — f,,||% =

limsup,_, o {llgnll3 + Il full5 — 2(gnl fu)2} < limsup, {211 £1I3 — 2(gnlgn)2} =0. O

We mention that, by dominated convergence as in [1, Section 3.6], property (1.7) implies that

RO A)f = lim RO A f (1.8)
r1Too
forall A > 0, f € L2(R"N). Next we show that
D(A) c H'(RY) and v/|w|2dx<(—Au|u) (1.9)
RN

for all u € D(A). Moreover,
A C Amax- (1.10)

(a) We prove (1.9). Let f € L2(R), u, = R(1, A,,) f, u = R(1, A) f where r, 1 co. Then u,, — u in L>(R") by
(1.8). Since u, — A, uy, = fandu — Au= f in L2(Brn), it follows that

Apun — Auin L*(RV).
By (1.4) we have

vf Vitn|? dx < —(Ay, ttnun).
RN
Since —(A,, unlu,) — (—Au | u) as n — oo, it follows that
vlimsup/ [Viun|? dx < (—Aulu). (1.11)
n— o0

RN

Thus (i,)nen is bounded in H'(RV). Considering a subsequence, we may assume that u,, — u weakly in H'(RV).
Let h = (hy,...,hy) € L>(RN)" such that |4 < 1. Then by (1.11),

172
/Vu-hdx: lim | Vi, hdx < Tim ( /|wn|2> < [ (Auluy/v]'.
n—oo

RN

n—oo
RN RN
Hence
1/2 12
( /|Vu|2dx> = sup /Vu-hdx< [—(Au|u)/v] 2,
heL2@®RN)N
RN Sihthst EY

Thus (1.9) is proved.
(b) In order to prove (1.10) we keep the notations of (a) and have to show that u € D(Amax) and Au = Amaxu. Let
v e D(RY). Then

N N
(—A,nun|v)=/ Za,-ijunDivdx—{—/{Z(biju,,v—i—cjunDjv)—i—Vunv dx.

gy b=l gy Ui=1

Since u;, — u weakly in H'(RN) and A up — Auin L2(RN), it follows that (—Au|v) = (Au|v).
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Next we show the minimality property in Theorem 1.1. Assume that S is a positive semigroup whose generator B
satisfies B C Apmax. Then

0<T@) <SSt (t=0). (1.12)

Proof of (1.12). We have to show that

R(A,A) < R(, B) (1.13)
for A > O sufficiently large. Let r > 0; because of (1.8) it suffices to show that

R, A;) < R(A, B). (1.14)

Let f € LZ(RN) f>0,u1=RM, A)f,uy=R(, B)f. Then0<u; € H} (B),0<us € 1OC(RN) We have to
show that u; < uy. Since B C Apyax we have Auy — Auy = f in D(B,)’, and also Aup — Auy = f in D(B,) by the
definition of A,. Hence

/(ul —uz)vdx~|—/ Z a;jjDj(uy —uz)D; vdx—i—/z biDj(uy —u)v+cj(u —uz)Dj v)

B, i,j=1 B J= 1
+/V(u1—u2)vdx=0
B,

for all v € D(B,). This identity remains true for v € H (B;) by passing to the limit. Since uy > 0 one has
(w1 —uz)T <uy, hence (u; —u2)t e H (B,). Choosing v = (1| — u3)™ in the identity above we obtain

f(ul—uz)” fZauD(ul uz)tDj(uy —uz)t dx

B, B, L= 1
N
+/Z biDj(ui —ux)"(ur —u2)t +c¢;jDj(ur —uz)t(uy —uz)+)dx+fV(u1 —up)dx
B, J=1 B,
=0.
Consequently
+2 +12 . (btc +2
A (up —up)™dx+v |V(u1 —u3) } dx + —div > +V )y —u)“dx <0.
By B, B,

Since —div(b%) + V > 0 this implies that (u; — u2)* =0;ie,u; <up. O

The proofs of Theorem 1.1 and Proposition 1.2 are complete.
We now show that 7" is submarkovian. Because of (1.7), it suffices to show that 7} is submarkovian. By the second
criterion of Beurling—Deny—Ouhabaz on forms (see [16]) this is equivalent to

ar(unl,w=17%)>0 (1.15)
for all u € Hy (B).

Proof of (1.15). Since D;j(u A1) = Djuly<1y, Dj((u — DT = Djulys1yand Dju =0 a.e. on {u = 1}, one has

N
ar(uAl, (u—17%) =f{ch(uA DDju—DY+V@Al@u-— 1)+}dx

RN Jj=1
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N
:/{chpj(u—1)++V(u—1)+ dx

RN j=1
= /(—divc—}— VYu—1DTdx>0
RN

in view of the hypothesis (Hy). O

Next we show that the adjoint semigroup T* = (T (¢)*);>0 is generated by the minimal realization of the adjoint
differential operator A* which is defined by replacing a;; by a;; and by interchanging b and c, i.e.

N
A*u="Y" Di(ajiDju) +cVu — divbu) = Vu (1 € Hy,). (1.16)
ij=1

Lemma 1.4. The minimal realization in L*>(RYN) of A* is the adjoint A* of A.

Proof. The adjoint —A? of —A, is associated with the form a defined on H, (B,) x H_ (B,) by
ar(u,v) =ar(v,u).

The semigroup generated by A’ is the adjoint 7,* of 7. Let B be the minimal realization of A* in L*(RV) and S the
semigroup generated by B. Then

S f= liTm T, f=TWMO"f
forall f e L2RN). O

As a consequence, we deduce that also 7* is submarkovian. Finally, we have to show ultracontractivity. We use
the following criterion (cf. [6,19], [3, Section 7], [17]).

Proposition 1.5. For each § > O there exists a constant cs > 0 such that the following holds. Let S be a Cy-semigroup
on L>(RN) such that S and S* are submarkovian. Assume that the generator B of S satisfies

(a) D(B)C H'(RY);
(b) (=Bulu) =8lull?, (€ D(B));
(© (=B*ulu) =>8lul}, (u € D(B¥)).

Then
IS 1 poey S cst™% @ >0), (1.17)

The proof of Proposition 1.5 is based on Nash’s inequality

2+4+4/N 4/N
5N < e llull? llully (1.18)

for all u € H'(RV) and some constant ¢y > 0, and one may choose ¢5 = (%)N/z.
Proof of Proposition 1.5. (i) D(B) N L' is dense in L' N L%, In fact, the semigroup S extrapolates to a Co-
semigroup on L! (see [8], [3, Section 7.2]). Hence for f € L'nL?, AR(M,B)f — fin L' and in L? as A — co. But
AR(A, B) f € D(B).

(ii)) Now we modify the proof of [4, Proposition 3.8] to show that

N N/4
HS(r)szs(;SN) VA1 (1.19)
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forall f e D(B)NL'. Let f € D(B)NL'. Then, by (1.18)

25 1S 1IN
—St BS@)f|S(t S@) fIB*S(t < =26|8(¢ 21<——7.
SO f5=(BS®FIS@) f) + (S@) fIB*S) ) [l <=2 SO
Hence
d 2\=2/N _ 2(=2/N-1) d 1 45 1
—(|S S S(t > .
dt(” 0 f]3) ” Oy = ” ( )f“2 NCN ||S(t)f||4/N New 7™

Integrating, we obtain

v 451
S > —
(Isor1)” > "New eIy

which implies (1.19).
It follows from (i) that (1.19) remains true for f € L'nL2.
(iii) Applying (b) to S* instead of S shows that

N N/4
[s*®1l, < (%SN) NS (1.20)
(f € L'n Lz). Hence
N N/4
IS f] < ( 4?) VA ) (1.21)

(f € L> N L™). Concluding, for f € L' N L?,

||S(t)f||00=H (;) ( ) fH (NCN>N/4<%>_N/4

—N/2
=cst V2 fIll. O

S(%)f < [<ﬁ2N>N/4(§)_N/T||fn1

Proposition 1.5 implies the ultracontractivity property (1.3) with ¢, = (@)N /2 since by (1.9) and Lemma 1.4 the
hypotheses (a), (b), (c) in Proposition 1.5 are satisfied for the operator B = A. Thus the proofs of Theorem 1.1 and
Propositions 1.2, 1.3 are complete.

2. Pseudo-Gaussian estimates

Let T be a positive Co-semigroup on L>(RY). We say that T satisfies pseudo-Gaussian estimates of type m > 2 if
there exist real constants c¢; > 0, ¢; > 0, w € R and a measurable kernel k; € LOO(RN x RN ) satisfying

_m Im—1
0<k(x,y) < cle‘“er/zexp<—M> @.1)
x, y-a.e. for all ¢+ > 0 such that
(T f)(x)= sz(x, fydy (2.2)
]RN

x-a.e. forallt >0, f € LZ(RN). If m =2, then we say that T satisfies Gaussian estimates.
In fact, the Gaussian semigroup satisfies such an estimate for m = 2. It is the best case as the following monotonicity
property shows.

Proposition 2.1. Let by, by > 0 and let my > my > 2 be real constant. Then there exists w > 0 such that

|Z|m1 1/(m—1) |Z|m2 1/(my—1)
exp(—b1< p > ><exp<—b2< p ) )e"” (2.3)

forallzeRN,t>0.
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Proof. We have to find a constant w such that
1/(my—1) m
|z|™ |z|™2
_ = < —phy—
by ( ; < bzt—l/(mz—l) + wt.
Let

filx) = bzxmz/(rnz—l)t—l/(mz—l) _ blxml/(m—l)[—l/('nl—l) (x>0,

ma

where ¢ > 0. Since < M f;(00) = —00. Moreover, f;(0) < 0. Let x > 0 such that f/(x) =0. Then

mo—1 mi—1’
m 1 m 1
b2 2 _me’l t my—1 — bl 1 _xm171 t mp—1 X
mypy — 1 mi — 1
1 1 ) S | L. . .
Hence o (7)"2~" =a (7)™ ". Thus g—f = (¥)™1 m-T. This implies that x = B¢ for some g > 0 independent of

t > 0. Thus maxy.o fi (y) = f;(Bt) = l;zt — I;lt where l;z, l;l € R are constants. Choose w > I;z — 51. O

Pseudo-Gaussian estimates can be established with the help of a version of Davies’ trick which goes as follows.
Let

Wi={y e CORY)NL®([RY): I1Dj¥lloc <1, IDiDj¥lloo <1, i, j=1,....N}.
Let S be a positive Co-semigroup on L2(RY). For ¢ € R, ¥ € W we denote by S¢ the Cy-semigroup given by
Se) f=e?V S (e f). (2.4)

We keep in mind that S€(¢) also depends on ¥/, but the estimates should not. In fact, we have the following.

Proposition 2.2. Let m > 2 be a real constant. Assume that there exist ¢ > 0, w € R, such that

=
|se@ HL(LI,LOO) et N2eetiren (2.5)
forallp e R,y e W,t > 0. Then S satisfies pseudo-Gaussian estimates of order m.
We recall the Dunford—Pettis criterion which says that an operator B on L>(R") is given by a measurable kernel
ke L¥(@RN x R") if and only if || Bl £ .1 1) < 0. In that case,
&l oo N xmyy = I1Bll 21, 1.0)-

Proof of Proposition 2.2. This is a modification of [4, Proposition 3.3]. It follows from the Dunford—Pettis criterion
applied to the operator S(¢) that S(¢) is given by a measurable kernel k. Consequently, S€(¢) is given by the kernel
KO(t, x, y) = k(t, x, y)e@W =¥
Since by the Dunford—Pettis criterion again one has
KO(t,x, y) < ot~ N2+,
it follows that
k(t,x,y) < ct™N/2e@ e 10 (=¥ (x)

for all o € R. Now, d(x, y) = sup{/(x) — ¥ (y): ¥ € W} defines a metric on RY which is equivalent to the given
metric, see [17, pp. 200-202]. Hence d(x,y) < Blx — y|forall x, y € R and some B > 0. Thus

k(l, X, y) < ct_N/zeWIermt_me_ﬂ

a.e. Choosing

_<ﬂ|x—y|>ﬁ
o= (B
tom
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we obtain
1
_ oly —x|™ | T
k(t,x,y) <ct Nﬂe“”exp{—%}
m 1 m
where ¢y = Bmn-T(m~ m-1 —m~ m-1), 0O

Now we have to consider a stronger hypothesis than (Hp), namely
divb < BV, dive < BV (Hy)

for some constant 0 < 8 < 1. We also need a condition on the growth of the drift terms b and ¢ with respect to V
(assumed nonnegative), namely

V=20, |bl<kiV¥+ky, lcl<kiV¥+k, (H2)
where % Lo <1, ky, ky >0, as well as some more regularity on the diffusion coefficients:
ajj € Cg(RN). (H3)

The following result extends [2, Theorem 5.2] from the case o = % (i.e.,m=2)to % < o < 1. Note however, that in

contrast to the situation when a = % if ¢ > % then the operator —A is not associated with a form and the semigroup
T may not be holomorphic (see [2, Section 6] and Section 3 below).

Theorem 2.3. Let A be the minimal realization of the elliptic operator whose coefficients satisfy (1.1), (Hy), (H2)
and (H3). Let T be the semigroup generated by A. Then T satisfies a pseudo-Gaussian estimate of order m =

l—o”
Proof. Let o € R, ¢ € W. It is obvious that
TO(t) f = lim T2 (¢) f.
rtoo
Thus the generator A€ of T€ is the minimal realization of the elliptic operator .42 with coefficients

e _ ...
a;; = aij,

N
b =b; — Qzaiﬂﬂj,
j=1

N
Q
o =ci+o ) ai
i,j=1

N N N
ve=v—g® Z aijYiv; +szﬂﬁi - QZCilﬁi,
i,j=1 i=1 i=1
where ¥; = D;r, cf. [4, Lemma 3.6]. We will find w € R such that for
We=Ve+(140")w
one has
divb® < We, dive? < WO, (2.6)
where w is independent of ¢ € R and y € W. Then Proposition 1.3 applied to A — (1 + 0™)w implies that
1Tz ) < eyt N2eeU4e™t (¢ 5 (), (2.7)
Then Proposition 2.2 proves the claim. In order to prove (2.6) we proceed in several steps. We first show that

oVE < eV + (1 —a)e ™0™ (2.8)
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for all ¢ > 0. In fact, let g = é, % =1- % and recall that m = ﬁ = p. Then by Holder’s inequality
1 o 11 1 o m m 1/a
oV*® —QV e< ——0oP +-V¥el =(1 —a)e™ +aVe'/“,
per q

Next we show that there exists w; € R such that
BV < VO +wi(l+0") (2.9)
for all o e R, ¥ € W, where B € (0, 1) is the constant in (H). In fact, by (H3) and (2.8),

Ve >V —k3o? —ksoV® — kso

>V —k30® —kse?aV — k3(1 — a)e ™™ — ka0

> BV —wi(1+0")

for suitable constants k3, kgw; where € > 0 is chosen such that 8 =1 — k3el/?q. Now we show (2.6). One has by (2.9),

N
dive® =divb —o Y Dj(a;j¥))
i,j=1
< BV + ka0
<Ve+wi(140™) +kso
<Ve+w(l+o™)

for all o € R, ¢ € W where ks, @ are suitable constants. The estimate for div ¢? is the same. O

Remark 2.4. It is obvious from the definition that a semigroup S satisfies (pseudo-) Gaussian estimates if and only if
(e“'s () >0 does so for some w € R. Thus in Theorem 2.3 we may replace condition (H;) by the weaker condition

divb < BV + 8/, dive < BV +p (H))

where 0 < 8 < 1, B/ € R and the result remains valid.

As application we obtain a result on p-independence of the spectrum. Assume that assumptions (1.1) and (Hp)
are satisfied. Let A be the minimal realization of the elliptic operator 4. Then A generates a Cp-semigroup 7 on
L2(RN) and T as well as T* are submarkovian. As a consequence there exists a consistent family T, = (T, (¢));>0 of
semigroups on L” (R") such that T» = T. Here T, is a Cy-semigroup if 1 < p < o0 and T is a dual Cp-semigroup.
We denote by A, the generator of 7, 1 < p < 00.

Corollary 2.5. Assume that (1.1), (Hy), (H>) and (H3) are satisfied. Assume that o < N+2 . Then o (Ap) =0 (A) for
all p € [1, o0]. Here 1 3 S a < 1 is the constant occurring in hypothesis (Hz).

Proof. This follows from a result of Karrmann [9, Corollary 6.2] which in turn is a consequence of a result of
Kunstmann [10, Theorem 1.1]. O

The restriction
N+2
2N

is due to the fact that Karrmann proves spectral p-independence in the case of quasi-Gaussian estimates of order m if
m< N— We do not know whether these conditions are optimal.

o<
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3. An example

In order to show that Theorem 2.3 is optimal we consider the one-dimensional example
Au=u"—x3u + |x|"u,

where y > 2. Then condition (H {) is satisfied (see Remark 2.4). Let A be the minimal realization of .4 in L(R) and
let T be the semigroup generated by A. If y > 6, then it follows from Theorem 2.3 that T satisfies Gaussian estimates.
If 6 > y > 3, then Theorem 2.3 says that T satisfies pseudo-Gaussian estimates of order m = % We show that T
does not satisfy Gaussian estimates in that case.

Proposition 3.1. Let 3 <y < 6. Then T does not satisfy Gaussian estimates.
Proof. Assume that 7 (¢) is given by a kernel k; satisfying
1 . :
0<ki(x, y) < cre” —e 2P, (3.1
NG

Consider the operator I, € £(L?) given by
X —n

A )’
where A, =n3"#,y < B <6. Then

I Taulla = Vanlully  (u € L*(R))
and (I;'u)(x) = u(Anx + n). Define the semigroup 7,, on L>(R) by

(Iyu)(x) =u<

To(t) =1, ' T(rat) 1,
where r,, = n~P . It follows from the Trotter—Kato Theorem that

Jim T,0) f =S5O f (3.2)

for all f € L%(R) where S is the shift semigroup given by (S(t)u)(x) = u(x —t) (see [2, Proposition 6.4]) One has
for f € L2(R)

T,(t) f(x) = (T(rnt)(lnf))(n + Apx)
=/kmz<n+xnx,y>f<y;”>dy
J n

- / Dk 1+ A 1 Any) £ () dy
R

= /kz"(x, »Nf)dy
R
where k' (x, y) = Apky, (n 4+ Apx,n 4+ Any). By (3.1) we obtain

k' (x,y) < n3Pepe®n 1 el =P/l
rpt

— 3B @ Lefcznﬁfﬂ v/t
t

Denoting by G = (G(t));>0 the Gaussian semigroup, this implies that for 0 < f € L2(RN),

(T () £) (x) < ce”™ (G (t f4can®P) ) (x).
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Thus
S f = lim T,() f < lim ce® ™ G(t/4cn®P) f =c1 f.
n—0o0 n—oo

This is a contradiction. O

Remark 3.2. It was shown in [2, Proposition 6.4] that for 2 < y < 6, the semigroup 7 is not holomorphic. It seems not
to be known whether Gaussian estimates for positive semigroups imply holomorphy. They do not without positivity
assumption as Voigt’s example

Au=u"+ix

on L%(R) shows (see Liskevich and Manavi [11] for more details).
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