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1. Introduction

Throughout this paper £2 is a bounded, connected, open set in R? with boundary I". We con-
sider the (d — 1)-dimensional Hausdorff measure H on I", where d > 2 and assume throughout that
‘H(I') < oo. The purpose of this article is to define the Dirichlet-to-Neumann operator Dy on Ly(I")
under these mild assumptions on 2 and to study the semigroup (S¢)¢~o generated by —Dg on Ly(I").

For this purpose we define at first the trace in the following way. Given u € H!(£2), a function ¢ €
Lo(I") is called a trace of u if there exists a sequence (up)nen in H!(£2)NC(82) such that limy_ o U =
u in H1(£2) and limy_, o0 tn|r = @ in Ly(I"). If u € H'(£2) then we say that u has a trace if and only
if there exists a ¢ € Lp(I") such that ¢ is a trace of u. Note that we require that a trace is always in
Ly(I"). If u has a trace, then u € H1(£2), the closure of H1(£2)NC(82) in H!(£2). In general the space
H'(£2) is a proper subset of H!(£2). An example is
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{x, ) eR%: |(x, )| < 1}\ ([0, 1) x {0}),

the unit disc minus a spoke. If, however, £2 has a continuous boundary (in the sense of graphs,
see [11], Definition V.4.1), then H'(£2) = H'(£2) by the following proposition.

Proposition 1.1. Suppose $2 has a continuous boundary. Then one has the following.

(a) The space H1(£2) N C*(R2) is dense in H!(£2). So in particular H'(2) = HI ().
(b) The space H!(£2) is compactly embedded in L, ($2).

Proof. Statement (a) is in [18], Theorem 1.1.6/2 and statement (b) is in [11], Theorem V.4.17. O

In general not every u € H? (£2) has a trace (see Example 9.1).

Alternatively, an element of H!(£2) might have more than one trace (see Example 4.4). This hap-
pens if and only if the vector space {¢ € Lo(I"): ¢ is a trace of 0} of degenerate traces is non-trivial.
By [5], Lemma 4.14 there exists a Borel set I, C I" such that

{o € La(I): gisatrace of 0} = Ly ().

We say that the trace on 2 is unique if the function ¢ =0 e Lo(I") is the only trace of u =0¢c H!(£2).
This is equivalent with H(I,) = 0; i.e. if Ly(I,) = {0}. It is also equivalent with the fact that every
element of H!(£2) has at most one trace. Thus the part I}, is responsible for the obstruction for the
trace to be not unique. We will denote the complement of I, by I+ =1\ Iy, and we call it the
regular part of the boundary.

Next we define the (weak) normal derivative via Green’s formula. Let u € H'(§2) be such that
Au € Ly(82) as distribution. We say that u has a normal derivative in L, (I") if there exists a ¢ € Lo(I")

such that
/(Au)v+/Vu~Vv=/1pvdH
Q r

2

for all v e H'(§£2) N C(£2). In that case ' is unique. We set g—ﬂ ;=1 and call it the normal derivative
of u. Now we define the Dirichlet-to-Neumann operator Dg on Ly (I") as follows. Given ¢, ¢ € Ly(I"),
we say that ¢ € D(Dg) and Do = 1 if there exists a u € H'(£2) such that Au =0 as distribution, ¢
is a trace of u, the function u has a normal derivative in L,(I") and g—g = 1. Even though the function
u might not have a unique trace, we shall prove in Theorem 3.3 that the operator D¢ is well defined.
In fact, Do is a self-adjoint operator on Ly(I") and —Dg generates a positive Cp-semigroup S on
Lo (I') satisfying S;1 = 1 for all t > 0. This is true without any regularity hypothesis on £2 (besides
‘H(I') < o0). One purpose of this paper is to show that diverse properties concerning the asymptotic
behaviour of S; as t — oo are related to properties of the trace, which in fact are properties of 2,
which £ may or may not have.
Here are our main results.

A. Strong convergence of S. Define P : L,(I") — Ly(I") by P = (% fr @)1r. So P is the projection
from L,(I") onto the space of all constant functions.

Theorem 1.2. The following are equivalent.

(i) The trace on 2 is unique.
(ii) H(I,) =0.
(iii) dim(ker Do) = 1.
(iv) lim¢— oo Stp = P forall ¢ € Ly (7).
(v) Sisirreducible.
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The irreducibility of S is surprising since the boundary I' need not be connected (consider an
annulus for example). Thus this result reflects somehow that the operator Dg is not local.

B. Norm convergence of S. We emphasize that in general not every element in H (£2) has a trace and
if it has a trace, then it might not be unique. We next characterize when both properties are valid,
i.e. every element of H'(£2) has a trace and this trace is unique. This is true for example if £2 has a
Lipschitz boundary.

Theorem 1.3. The following are equivalent.

(i) limi— oo St = P in L(Ly(IN)).
(ii) There exists a ¢ > 0 such that

/|u|2<c/|w|2

r 2

forallu e H'(£2) N C(2) with [ u=0.

(iii) There exists a c > 0 such that
/|u|2<c</|w|2+f|u|2)
r 2 2
forallu e H'(2) N C($2).

(iv) Every u € H'(£2) has a unique trace.
(V) 0 ¢ 0ess(Do).

C. Compactness of the resolvent. We shall show that the operator Do has compact resolvent if and only
if every u e Al (£2) has a unique trace Tru and the map Tr: Hl(fz) — Ly(I') is compact. This implies
that the embedding jig (£2) — L(£2) is also compact. We construct, however, a bounded domain
with continuous boundary and with H(I") < oo, such that Do does not have compact resolvent (even
though the embedding H'(£2) = jag (£2) — L»(£2) is compact since the boundary is continuous).

The Dirichlet-to-Neumann operator is a well-known object occurring in many applications. In gen-
eral it is considered on domains of class C*, though, see e.g. the monograph of Taylor [21], in
particular Section 12C. Then the operator fits into the framework of pseudo-differential operators
and also semigroup properties are studied [13,12]. Our point is the very general variational definition
which allows an easy approach also for rough domains. On the other hand, the questions concerning
trace properties which we investigate here become delicate. They are the main subject of the paper.
Some of the trace properties considered here are related to investigations of the Laplace operator with
Robin boundary conditions on arbitrary domains as in [9], see also [6].

The paper is organized as follows. In Section 2 we consider the asymptotic behaviour of Markovian
semigroups. This section is independent of the Dirichlet-to-Neumann operator. In Section 3 we prove
the existence and uniqueness of the Dirichlet-to-Neumann operator on rough domains and show that
it is a self-adjoint operator which generates a Markovian semigroup. In Section 4 we prove The-
orem 1.2. In addition we give other characterizations of the uniqueness of the trace in terms of the
form associated to the Laplacian with Robin boundary conditions and in terms of the relative capacity.
In Section 5 we define the trace as a mapping and study its properties. In Section 6 we characterize
when every element of H!(£2) has a trace. Moreover, we prove Theorem 1.3. In Section 7 we charac-
terize when the map u +— u|r from (H'(2)NC(), | - 1)) into La(I7) is compact. Theorem 1.3
and the compactness of the trace can be reformulated in terms of the form associated to the Lapla-
cian with Robin boundary conditions. This is done in Section 8. Finally, in Section 9 we present two
striking examples.
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Throughout this paper the field is R and we only consider single valued operators.

A key ingredient in Section 3 is the Maz'ya inequality (5). This remarkable inequality is valid for
any open set £2 ¢ RY with finite volume, and involves the (d — 1)-dimensional Hausdorff measure on
the boundary I" of §2. This is the reason why we choose the (d — 1)-dimensional Hausdorff measure
on I'. Many statements in this paper are still valid if one has a Borel regular measure on I" for
which inequality (5) is still valid. In order not to clutter this paper we provide I with the (d — 1)-
dimensional Hausdorff measure.

The conditions that 2 be bounded and H(I') < oo are convenient in the definition of the
Dirichlet-to-Neumann operator. Otherwise one may replace the space H'(£2) N C(£2) by the space

{ue H'(2)NC(2): ulr € Ly(I)}

at many places and require that H(K) < oo for every compact K C I". For simplicity and easy read-
ability of this paper we assume throughout that £2 is bounded and H(I") < co. Some statements of
theorems need otherwise obvious modifications. For the same reason we assume that £2 is connected.

With the restrictions that we use throughout this paper (£2 bounded and connected, (d — 1)-
dimensional Hausdorff measure H on I and H(I") < oo) we have many interesting domains. For
example, let C = ﬂfj‘;o C, C [0, 1] be the generalized Cantor set with Cyp = [0, 1] and for any n € Ny
construct C,,1 by removing the central open interval of length 2=2"~1 from any interval of C,. So
C1 =10, 21U[3, 1], etc. Then 0 < H(C x C) < 0. Let £2 = ((—1,2) x (—1,2))\ (C x C). Then £2 is open,
bounded, connected and H(32) < oco. Nevertheless, I" = 352 is not rectifiable by [2], Example 2.67.
A slightly simpler example is the set ((—1,2) x (—1,2)) \ (C x {0}).

2. Asymptotic behaviour of Markovian semigroups

In this section we put together some asymptotic properties of Markovian semigroups. At first we
consider a self-adjoint semigroup, i.e. a semigroup consisting of self-adjoint operators.

Proposition 2.1. Let S be a contractive Cy-semigroup of self-adjoint operators on a Hilbert space H. Then
Psf = lim Stf
t—o00
exists for all f € H and Ps is the orthogonal projection onto ker A, where — A denotes the generator of S.

Proof. By the spectral theorem we may assume that H = Ly(Y), D(A) = {f € Lo(Y): mf € Ly(Y)}
and Af =mf for all f € D(A), where (Y, X, i) is a locally finite measure space and m: Y — [0, c0)
is a measurable function. Then ker A = {f € L,(Y): f=0ae.on Y \ Yo}, where Yo =m~1({0}). The
orthogonal projection Ps onto ker A is given by Ps f =1y, f. Moreover, S;f =e~"™f for all ¢t > 0 and
f € La(Y). Now the claim follows from the Lebesgue dominated convergence theorem. O

Next we consider a finite measure space (I, X', i). A Markov operator T on Lp(I") is an operator
satisfying Tl =1 and Tf >0 for all f € L,(I") with f > 0. As a consequence TLo(I") C Loo(I")
and T® :=T|;_(r) is contractive. If T is a self-adjoint Markov operator on Ly(I"), then T is con-
tractive for the Li-norm. Hence for all p € [1, 00] there exists a unique T® ¢ L(Lp(Y)) such that
TW f=Tf for all feLy(Y)NLy(Y). Moreover, |T® | z,y) < 1. The operator T is the adjoint
of the operator T,

A Co-semigroup S on Ly(I") is called irreducible if for each I'; € X with

SeLa(I') C L2 (1)

for all t > 0 it follows that w(/7) =0 or w(I"\ I'1) =0. Here, and in the sequel, we let Ly(I7) =
{felyY): f=0ae.on "\ I7}. A Markov semigroup on L(I") is a Cp-semigroup S on Ly(I") such



2104 W. Arendt, A.EM. ter Elst / J. Differential Equations 251 (2011) 2100-2124

that S; is a Markov operator for all ¢t > 0. In that case (S;p))bo is a positive contractive Co-semigroup
on Lp(I") for all p € [1, 00). Moreover, R1 C ker A, where —A is the generator of S.

Proposition 2.2. Let S be a self-adjoint Markov semigroup on Ly(I"). Then S is irreducible if and only if
ker A = R1, where —A is the generator of S.

Proof. ‘=". This follows from [19], Section C-III, Proposition 3.5(c).

‘<'. Let I1 € X be such that S¢L,(I'1) C Lo(I7) for all t > 0. Set I := "\ I'1. Then Ly(I3) =
Ly (I')* and since S; is self-adjoint, it follows that S;Ly(I%) C Ly(I) for all t > 0. Now ip+1p =
1r =Sy =S¢l + S¢lp, by assumption. Moreover, Stlr; € La(Ty) vanishes outside I for all
j€{1,2}. Hence S¢1p, =1, for all t > 0. This implies that 1, € ker A. Since kerA =R1, by as-
sumption, it follows that u(I7) =0 or u(l3)=0. O

Next we show that a self-adjoint Markov semigroup is irreducible if and only if it converges to an
equilibrium. For all f € L1(I") define

1
Pf=m<rff)llr- (1)

Then P defines a positive contractive projection on L,(I") for all p € [1, co].

Theorem 2.3. Let S be a self-adjoint Markov semigroup on Ly (I"). The following are equivalent.

(i) S isirreducible.
(ii) There exists a p € [1, oo) such that lim;_, o Sfp)f =PfinLy(I") forall feLy(I).
(iii) Forall p € [1, 00) one has lim¢_ Sgp)f =PfinLy(I) forall feLy(I).

Proof. ‘(i) = (ii). We prove statement (ii) for p = 2. If S is irreducible, then ker A = R1 by Propo-
sition 2.2, where —A is the generator of S. Then the operator P defined in (1) is the orthogonal
projection onto ker A. Then statement (ii) follows from Proposition 2.1.

‘(ii) = (iii). Let p € [1,00) and suppose that lim;_, 5§P>f =Pf in Lp(I") for all felL,(I). If
felp(r) then ISV f — Pl < (u()» " 1S® f — Pf|, for all ¢ > 0. Therefore lim;_ oo S f = Pf
in L{(I"). Since Ly(I") is dense in Ly(I") and {P} U {Sf”: t > 0} are uniformly bounded in £(L{(I"))

it follows that lim;_, Sfl)f =Pf in L1(I") for all f e L{(I).
Finally, let g € (1, 00). If f € Loo(I") then by interpolation

[s75 = Prly < IS f = PrITISEO S = PrI " < IS £ = P (20 1e)

where 6 = % So lim¢_s oo Sﬁq)f = Pf in Lg(I"). Since Loo(I") is dense in Lq(I") the claim follows as
before.

‘(iii) = (i) Let f € ker A. Then S;f = f for all t > 0. Consequently f = Pf € R1;. We have shown
that ker A=R1 . It follows from Proposition 2.2 that S is irreducible and (i) is valid. O

If A is a self-adjoint operator, then 0 ¢ oess(A) means by definition that 0 is not an accumulation
point of o (A) and ker A is finite dimensional. Thus if S is a self-adjoint irreducible Markov semigroup
with generator —A then it follows from Proposition 2.2 that 0 ¢ ogess(A) if and only if there exists
an € > 0 such that o (A) N[0, &) = {0}. In the next theorem we reformulate this by saying that S;
converges in the operator norm as t — oo.
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Theorem 2.4. Let S be a self-adjoint irreducible Markov semigroup on L, (I") with generator — A. The following
are equivalent.

(i) 0 ¢ Tess(A).
(i) lim_ 00 S¢ = P in L(La(I)).
(iii) There exists an & > 0 such that ||S¢ — P|l £,y < e ¢ forall t > 0.

In that case one also has lim¢_, oo Si”) =Pin L(Lp(I")) forall p € (1, 00).

Proof. ‘(i) = (iii)’. We consider the situation in the proof of Proposition 2.1, which was obtained via a
unitary transformation. Since S is irreducible one has dimker A = 1. Then the hypothesis 0 ¢ 0ess(A)
implies that there exists an & > 0 such that o (A) N[0, &) = {0}. Then m(y) > ¢ for a.e. y e Y \ Y.
Thus

ISt = Pllzavy) = ISt = Pllicaaovivoy = 6™ ||Loc(y\yo) <e ™ (2)

for all t > 0.

‘(iii) = (ii). It is trivial.

(ii) = (i). The space Hy = (I — P)(L2(J")) is invariant under S and lim¢_, ||S¢|l c(H,) = 0. By the
spectral theorem, this implies as in (2) that lim¢_ o ||€_tm||[_oc(y\y0) = 0. Hence there exists an € > 0
such that m(y) > ¢ for a.e. y € Y \ Yo. Again by the spectral theorem this implies (i).

Finally we assume that (ii) is valid. Let p € (1, 2). Let 6 € (0, 1) be such that % = % + # Then
1-0
L(La (1)

1-6

®
| S¢? L(Ly(I)

st s =P <2’|s? - |

0
- P”c(Lp(r)) < ” - P“L(L](I")) “

for all t > 0 since S is a contraction semigroup. Therefore lim;_, oo Sﬁp) =P in L(Lp(I")). The proof
for p € (2, 00) is similar, or follows by a duality argument. O

The harmonic oscillator on a weighted space (see [10], Theorem 4.3.6) shows that the last assertion
is not true, in general, for p =1 even if A has compact resolvent.

3. The Dirichlet-to-Neumann operator on arbitrary domains

In this section we will define the Dirichlet-to-Neumann operator Dg on Ly(I") as a self-adjoint
operator, and we will show that —Dg generates a Markov semigroup.

Definition 3.1. Let u € H'(£2) and ¢ € L(I"). We say that ¢ is a trace of u if there exist u,up, ... €
H(£2) N C(£2) such that lim,_, o up =u in H'(£2) and lim,_, oo u|; = ¢ in Ly(I").

It is well possible that there are different elements of L»(/") such that they are both a trace of the
same element of H!(£2) (see Section 4). Clearly if u € H1(£2) has a trace then u € H!(£2).

Note that the space {v|: v e D(RY)} is dense in C(I") by the Stone-Weierstrak theorem for the
uniform norm and therefore it is also in L(I") since H is Borel regular (see [14], Theorem 2.1.1).
Hence {v|r: H1(£2) N C($2)} is dense in Ly(I").

Next we define the normal derivative j—ﬂ by the Green’s formula as follows (cf. [4,3] for the case
that £2 has a Lipschitz boundary). If u € Lq joc(£2), then we denote by Au € D(£2) the distributional
Laplacian applied to u.

Definition 3.2. Let u € H'(£2) be such that Au € L,(£2). We say that u has a normal derivative in
Ly (I") if there exists a ¥ € Lo(I") such that



2106 W. Arendt, A.EM. ter Elst / J. Differential Equations 251 (2011) 2100-2124

[(Au)v—i—/Vu-Vv:/wv (3)
2 r

2

for all v € H1(£2) N C(£2). In that case v is uniquely determined by (3), we write d—:j =1 and call
the normal derivative of u.

Now we are able to define the Dirichlet-to-Neumann operator Dg on Lp(I"). It is part of the
following theorem that the operator Dy is well defined, even though an H!($2)-function might have
different functions in Ly(I") as a trace.

Theorem 3.3. There exists an operator Do on Ly (I") such that the following holds. Given ¢, v € Lo(I") one
has ¢ € D(Do) and Dog = v if and only if there exists a u € H' () satisfying

o Au=0,
e @ isatrace of u, and, ‘
e u has a normal derivative in Ly(I") and 3—3 =

Moreover, the operator Dy is positive and self-adjoint.

Here and in the sequel we always consider the operator A in the distributional sense.
For the proof of Theorem 3.3 we will need a generation theorem proved recently in [5] which is
valid for arbitrary sectorial forms (without any closability condition). We recall a special case of it.

Theorem 3.4. Let D(a) be a real vector space and let a : D(a) x D(a) — R be bilinear symmetric such that
a(u) :=a(u,u) >0 forallu € D(a). Let H be a (real) Hilbert space and let j : D(a) — H be linear with dense
image. Then there exists an operator A on H such that for all ¢, ¥ € H one has ¢ € D(A) and Ap = if and
only if there exists a sequence uq, Uy, ... € D(a) such that

(@) limy m— oo a(un — um) =0,
(b) limp— o0 j(up) =@ in H, and,
(€) limp—, o0 a(un, v) = (¢, j(v))p forall v € D(a).

Moreover, A is positive and self-adjoint.
Proof. See [5], Theorem 3.2 and Remark 3.5. O

We call A the operator associated with (a, j). Note that the operator A in Theorem 3.4 is well defined
and it turns out that this will be the reason why the operator D¢ is well defined.

Besides Theorem 3.4, for the proof of Theorem 3.3, we need the following remarkable inequality
due to Maz'ya. It was Daners [9] who showed how this inequality can be used efficiently for elliptic
and parabolic problems. It follows from Example 3.6.2/1 and Theorem 3.6.3 in [18] and (24) in [6]
that there exists a constant cj, > 0 such that

(/|u|‘I)2/q <c34(/|Vu|2+/|u|2) (4)
2 2 r

for all u € H'(£2) N C(£2), where q = dZTd]. Here we use that H is the (d — 1)-dimensional Haus-

dorff measure on I" and that £ has finite volume. As a consequence one deduces another Maz'ya
inequality: There exists a constant cy; > 0 such that
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‘/wﬂ<cm(/ﬁvm?+fuﬁ) (5)
2 2 r
for all u € H1(£2) N C(2).

Inequality (4) implies the following important compactness property (see [18], Corollary 4.11.1/3).
It only requires that £2 has finite volume.

Proposition 3.5. The space H' (§2) N C(£2) with norm

wV=/WW+fwP
2 r

is compactly embedded into Ly (£2).

In the proof of Theorem 3.3 we need the form ¢ with form domain D(¢) = H'(£2) N C(§2) given
by

£(u, v) :/Vu -Vv.

2

The form ¢ is used throughout this paper.

Proof of Theorem 3.3. Let H = Ly(I"). Let j: D(¢) — Ly(I") be defined by j(u) = u|r. Then clearly j
has dense range. Denote by A the operator associated with (¢, j) in the sense of Theorem 3.4. We
shall show that A has the properties of Dy.

Let @, € La(I7).

Assume that ¢ € D(A) and Ag = . Then there exists a sequence uq, uy,... € D(¢) such that
limy m— o0 [ IV(Un — tm)[? =0, liMp—o0 Un | = ¢ in Lo(I") and

n—oo

lim Vun-Vv:/WV (6)
2 T

for all v e D(¢). It follows from Maz'ya's inequality (5) that (uy)nen is a Cauchy sequence in H!(£2).
Let u :=limy_, o0 Uy in H!(£2). Then ¢ is a trace of u, by definition. Moreover, by (6) we have

([VU-VV=F/1//V

for all v € D(¢). Taking v € C2°(£2) we see that Au = 0. Consequently,

/(Au)v—i—waVv:ft//v
r

2 2

for all v € D(¢). Therefore u has a normal derivative in Ly(/") and 3—5 = by Definition 3.2.

Conversely, suppose there exists a u € H!(£2) such that Au =0, the function ¢ is a trace of u, the
function u has a normal derivative in Ly (I") and g—ﬁ = 1. Then there exist u1, uy, ... € D(£) such that
limn_y oo tn = u in H1(2) and limp— oo Unlr = @ in Ly(I). It follows that limp m— oo £(Un — Um) =0
and, since Au =0,



2108 W. Arendt, A.EM. ter Elst / J. Differential Equations 251 (2011) 2100-2124

lim £(uy, v) = lim /Vun~Vv=/Vu~Vv=/Vu~Vv+/(Au)v=[wv
n—o0o n—o0o
Q r

2 2 2

for all v € D(£) by the definition of g—ﬂ Hence ¢ € D(A) and Ap = .
Therefore the operator with the properties of D is well defined and equals A. In particular Dy is
positive and self-adjoint. This completes the proof of Theorem 3.3. O

In the proof of Theorem 3.3 we also proved the following important fact, which will be used later.
Proposition 3.6.If j : D(¢) — Lo (I") is defined by j(u) = u|, then Dg is the operator associated with (¢, j).
We now show that the semigroup generated by —Dg is Markovian.

Proposition 3.7. The Co-semigroup S on L, (I") generated by —Dg is Markovian, i.e. St > 0and S¢1lp =1
forallt > 0.

Proof. First we prove that S is positive. Let Ly(I")+ = {¢ € Lo(I"): ¢ > 0} be the positive cone in
Lo(I"). The orthogonal projection from Ly(I") onto Lp(I")4 is given by ¢ — ¢t. Let u e HI(£2) N
C(£2). Then u* € D(¢) and j(u™) = (j(u))*. Moreover, £(u*,u —ut) =—tut,u")=— [, V") -
V(™) =0 since V(u*) =1~oVu and V(u™) = —Ljy0;Vu by [17], Lemma 7.6. Hence S is positive
by Remark 3.12 in [5].

Since 1 € D(Dg) and Dol =0 it follows that S;1 =1, forallt>0. O

4. Uniqueness of the trace and irreducibility

Recall that

{p € La(IN): gisatrace of 0} = Ly (I).

Note that if H(I3) > O then the space I5 is non-atomic since d > 2 (see [15], Exercise 264Yg). Hence
dim Ly (I,) = oo if H(I) # 0.

If ¢ € Ly(Ip), then with the choice u =0 one has Au =0 as distribution, ¢ is a trace of u and
g—]‘j = 0. Therefore it follows from the definition of the operator Dy that ¢ € ker Dg. Thus L,(I},) C
ker Dg. We next characterize ker Dg. In the proof we use that £2 is connected.

Proposition 4.1. One has ker Dg = Rl + Ly (Ip). Hence if H(I,) = 0, then 0 € o (Do) with multiplicity 1
and if H(I,) > 0, then 0 € oy (Do) with infinite multiplicity.

Proof. Let ¢ € ker Dg. By Theorem 3.3 there exists a u Hl(Q)Nsuch that Au=0, ¢ is a trace of u

and 0 is the normal derivative of u. Then u has a trace, so u € H!(£2). Moreover, fQ Vu-Vv =0 for

all v e H'(£2) N C(£2). Approximating u by elements in H'(£2) N C(R2) gives [, |Vul?> =0. Since £ is

connected, one deduces that u is constant. So ker Dg C R1 + L, (I,). The reverse inclusion is clear. O

Proof of Theorem 1.2. Theorem 1.2 is a consequence of Theorem 2.3 and Propositions 2.2 and 4.1. O
If £2 is a Lipschitz domain, then H!(£2) = H!(£2) and there exists a ¢ > 0 such that

2 2
/|u| <C”u”Hl(9)
r
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Fig. 1. An example of a domain where H(I5) > 0. In fact, the whole gray rectangle belongs to .

for all u € H'(£2) N C(£2). This implies in particular that the trace on £2 is unique. For general £ it
follows immediately from this result that the trace on £2 is unique whenever there exists a Borel set
A c I' with H(I" \ A) =0 such that for each point z € A there exists an r > 0 such that B(z,r)N TI"
is a Lipschitz graph with B(z,r) N £2 on one side.

There is another characterization for the uniqueness of the trace on §2 which involves the relative
capacity on £2. If A C 2 is any set, then the relative capacity of A with respect to £2 is introduced in
(6] by

capgp A = inff ||u||f{1(m: u € H'(£2) and there exists an open V c R? such
that ACcVandu>1laeon2nV}.
We emphasize that the norm | - [|y1(g) is used in the definition of relative capacity, not merely the

seminorm u — ||Vul||r, ). The usual capacity of the set A is equal to capgd(A), which is a refinement
of the measure of a set. If capgra(A) =0 then also |A| =0, but the converse is false. For background
information on capga, or more general for capacity associated with Dirichlet forms, we refer to [7],
Section 1.8. The relative capacity capg(A) takes into account the one-sided effect of 2 if A C 32.
Obviously capg (A) < capgd(A), but surprisingly it is possible that capg (A) = 0 whilst capga(A) > 0.
An example is the grey rectangle in Fig. 1 (see Example 4.4). For more information on relative capacity
we refer to [6], where the first example of this kind was constructed.

Now another characterization for the uniqueness of the trace on 2 can be given in terms of the
Laplacian on £2 with Robin boundary conditions and also in terms of the relative capacity. Define the
form ag with domain D(ag) = H'(§2) N C(2) by

aR(u,v)=/Vu-Vv+fuv.
Q r

Then D(ag) is a pre-Hilbert space with norm ||u||gR =ag(u) + ||u||%2(m. Our second characterization
of uniqueness of the trace is as follows.
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Proposition 4.2. The following conditions are equivalent.

(i) The trace on 2 is unique.
(ii) The form ag is closable.
(iii) For every Borel set B C I" with capg B =0 one has H(B) = 0.

Proof. ‘(i) = (ii). Let uq,uy,... € D(ag) be a Cauchy sequence in D(ag) with limu, =0 in Ly(£2).
Then uq, uy, ... is a Cauchy sequence in H'(§2) and ui|;, uz|r, ... is a Cauchy sequence in Ly(I").
Hence u :=limuy, exists in H!(£2) and ¢ :=limuy|; exists in Ly(I"). Then u = 0 since limu, =0 in
L,(£2). But the trace on £2 is unique. So ¢ =0 and consequently limag (u,) = 0. We have shown that
ag is closable.

‘(i) = (i). Let uy,up,... € H'(2)NC(2), ¢ € Ly(I") and suppose that limu, =0 in H!(£2) and
limup|r =@ in Ly(I"). Then uq, uy, ... is a Cauchy sequence in D(agr). Moreover, limu, =0 in L(£2)
and ag is closable. Therefore limag (u,) = 0. This implies that limuy|r =0 in L(I") and ¢ =0.

‘(i) < (iii)". This is Theorem 3.3 in [6]. O

The regular part of the boundary I3 can also be described in a different way. One says that H is
admissible if Property (iii) of Proposition 4.2 holds. (In [6] different measures on I were considered,
not just the (d — 1)-dimensional Hausdorff measure H as in this paper. For consistency with [6] we
continue to use the phrase “H is admissible’.) If H is not necessarily admissible, then there always
exists a maximal admissible subset of I". More precisely, the following is valid.

Proposition 4.3. There exists a Borel set S C I" such that

(a) capp(I"'\ S) =0and
(b) if B C I is a Borel set with capg B =0, then H(BN S) =0.

Proof. See Proposition 3.6 in [6]. O

It follows immediately from these two properties that the set S in Proposition 4.3 is H-unique, i.e.
if S1 is another Borel set satisfying (a) and (b), then H(S1AS) = 0. If follows from the last paragraph
of Section 3 in [6] that the regular part I} equals S up to H-equivalence, i.e. H(I+AS) =0.

In [6], Proposition 5.5 it is shown that always H([I}) > 0, without any regularity assumption on the
boundary (besides H(I") < co). Moreover, in [6], Example 4.3, an example of a bounded connected
open subset 2 ¢ R3 is given such that H(I") < co and H([}) > 0. A slightly easier example is as
follows, which is a modification of an example at the end of Section 3 in [8]. It also has the property
that H1(£2) = H'(£2).

Example 4.4. For all (xg, yo) €[0,1] x [0,1] and r > 0 let

C(x0,yo;1) = {(x, y,2) e R?: |(x— X0,y — yo)| <rand z €0, 1]}

be the closed cylinder with axis parallel to the z-axis, radius r, height 1 and standing on (X, ¥, 0).
Let

oo n—1
Q2= Int(([O, 11x0,11x-1,0)ulJJ C<2—n’ g; 4n))_

n=1k=1

(See Fig. 1.) Then £ is bounded, connected and H(I") < oo. We first show that {0} x [0, 1] x
[0, 1] C Iy, which implies that the trace on £2 is not unique.
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For all m € N define u,; € H1(£2) N C(£2) by

Uun(x,y,2) = (0 \ (BmZ) A 1)]]_[072—m+4—m](x).

Then ||Um||f41(9 < YR (@2 4+ 32m4-2m) for all m e N, so limup =0 in H'(£2). Since 0 <
um < 1 for all m € N it follows from the Lebesgue dominated convergence theorem that limup|,y =
140}x[0,11x[0,1] in Ly(I"). So 1{0)x[0,1]x[0,1] is a trace of 0 and {0} x [0,1] x [0,1] C [y, up to H-
equivalence.

Finally we show that H!(22) = H1(2). Let v € HI(2) N Loo(£2). Define vy := v(1 — up) for all
m € N. Then v; has a support in a subdomain of £2 with a Lipschitz boundary. So v, € HY(%2). Clearly
Sup, ||vum||H1(Q) < 0o. Therefore the sequence v1, vy,... has a weakly convergent subsequence in
ﬁl(Q). Moreover, limvu, =0 in Ly($2) and therefore lim v, = v weakly in L,(§2). Hence v € ﬁl(Q).
Since H!(£2) N Loo(£2) is dense in H'(£2) by [16], Theorem 1.4.2(iii), it follows that H!(2) ¢ H1(£).
Thus H1(2) = H(2).

In the above example not every element u € g ($£2) has a trace. We do not know whether universal
existence of a trace implies its uniqueness. More precisely, suppose that every element of H!(£2) has
a trace. Does this imply that the trace on £2 is unique?

5. Mapping properties of the trace

Let H}{(Q) be the set of all u € H!(£2) for which there exists a ¢ € Ly(I") such that ¢ is a trace

of u. Obviously, H'(£2) N C(£2) C H},(£2). It follows from the definition of the space H}, (£2) and the
set I} that there exists a unique and well-defined map

Tr: Hy,(2) = Lo(I7)

such that Tru is a trace of u for all u e H;_((.Q). Then Tru =u|p ae forallu e H(£2) N C(£2). We
identify L, (I7) in a natural way with the subspace of Ly (I") of all functions which vanish H-a.e. on
I,. Let cpr > 0 be the constant as in the Maz'ya inequality (5). Let u € H}L((.Q). Since Tru is a trace of

u there exists a sequence (up)peN in H'(£2)NC(£2) such that limu, =u in H'(£2) and lim up|lr =Tru
in Lo(I"). Applying (5) to u, and taking the limit n — oo gives

/|u|2<cM(/|Vu|2+/|Tru|2) (7)
2 Q I

for all u € H] (£2). Hence one can define the norm || - I3, (s2) oD H1 (£2) by

lull?y o = [ Vul®>+ | [Trul.
H3,(2)

2 Iy

Obviously Tr: H}{(SZ) — Ly(I}) is continuous. On the other hand, we emphasize that in general the

map Tr: (H;_((.Q), I - lg1(2)) = L2(I3) is not continuous. A counter example is in [9], Remark 3.5(f).
It follows from (7) that the norm || - ||H;1(_Q) is equivalent to the norm

172
ur (Il g + 1 Trulf, )
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In particular H%i (£2) is a Hilbert space with inner product

(u,v)H;_‘(Q):/Vu~Vv+/TruTrv
Q Iy

and H}{(SZ) is continuously embedded in L, ($2).

The aim of this section is to study the map Tr. Before doing so, in the following remark, we show
how the space H}{(.Q) can be used to give an alternative description of the Dirichlet-to-Neumann
operator.

Remark 5.1. The space D(¢) has the norm

1/2
ur> (/Wulz—f-/lulz) .
Q r

First we describe the completion of D(¢). Define & : D(¢) — 1-1;1(9) @ Ly(Ip) by @) = (u, ulp,).
Then @ is an isometry with dense range. Therefore the space H;{(.Q) @ Ly(Ip) is ‘the’ completion of

D(¢) and we identify D(¢) with &#(D(¢)) in the natural manner. Define the form ¢ with form domain
D(f) = H},(2) & La(I) by

Z((u,ga),(v,zp)):/Vu‘Vv (8)

2

and define the map j: H1 (22) @ Ly(I%) — La(I") by j(u,¢) =Tru + ¢. Then £ and j are the con-
tinuous extensions of ¢ and j, where j: D(£) — Ly(I") is defined by j(u) = u|r. Therefore Dg is the
operator associated with (@, ]’) by [5], Proposition 3.3. Hence if ¢, € Lo(I"), then ¢ € D(Do) and
Dog = ¢ if and only if there exists a u € H}_[(Q) @ Ly(I,) such that j(u) =¢ and

L, vy = (V. J) 9)

for all v e H;{(.Q) @ Ly(I,). The latter follows from [5], Theorem 2.1. Then it follows immediately
from (9) that the range of D is contained in Ly (7).

We will need the following apparently weaker description of the trace.

Lemma 5.2. Let u € Ly(£2) and ¢ € Ly(I"). Suppose there exist uq,uy,... € H1(£2) N C(£2) such that
limuy = u weakly in L»($2), limun|r, = ¢|r; weakly in Ly(I7) and sup [[unlly1 (o) < oo. Then u € H}{(.Q)
and ¢ is a trace of u. In particular, Tru = ¢1r,.

Proof. The sequence uj, Uy, ... is bounded in H!(£2) and the sequence uilr, u2lr, ... is bounded
in Ly(I7). Therefore the sequence u1,us,... is bounded in H%_((SZ). Since the unit ball is weakly
compact it follows that, after passing to a subsequence if necessary, the sequence u1, uy, ... is weakly
convergent in H}, (£2). So u € H}, (£2). Since the map Tr is bounded from H} (£2) into Ly(I7), it is
also weakly continuous. Hence Tru =limTru, =limuy|r, = ¢|r, weakly in Ly(I7). So @15, =¢|r; is
a trace of u. Moreover, ¢1r, is a trace of 0. Then ¢ is a trace of u. O

We collect some algebraic properties of the trace.
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Proposition 5.3.

(@) Ifue H}L{(.Q) N Loo($2), then Tru € Loo(I7) and || Tru||s < ||U]lco. Moreover, there exist uq, uy, ... €
H'(£2) N C(82) such that ||un]lso < lUlleo for all n €N, limu, = u in H'(2) and limuy, | = Tru in
Ly(I).

(b) The space H}{(Q) N Loo($2) is an algebra and Tr(uv) = (Tru)(Trv) forallu, v € H;{ (82) N Lo (£2).

Proof. ‘(a). There exist uy, uy, ... € H'(£2) N C($2) such that limu, =u in H'(£2) and limuy|r =Tru
in Ly(I"). For all n e N set v, = (=M) vV u, AM € H(£2) N C(2), where M = ||u||oo. Then limv, =
(=M)VuAM=u in H'(£2). Moreover, lim vy|r = (—=M) Vv (Tru) AM in Ly(I"). So (—=M) v (Tru) AM
is a trace of u and Tru = ((—M) v (Tru) AM)1r, = (—=M) Vv (Tru) A M. Then |Tru| < M a.e. Note that
IValloo < lltu]loo for all n € N.

‘(b). Let u, v € H},(£2) N Loo(£2). By statement (a) there exist u1, uz, ..., vq, V2, ... € H(2)NC(2)
such that limu, = u in HY(2), limuy|r = Tru in Ly(I"), limv, = v in HY(2), limv,|r = Trv in
Ly(I"), and, moreover, ||unlloo < [[U]loo and ||Valloo < IV]loo for all n € N. Then u,v, € H'(§2) N C(£2)
for all n € N and

||UnVn||H1(Q) < ||un||H1(_Q)||Vn||oo + ||Un||oo||Vn||1-11(Q) < ||Un||H1(_Q)||V||oo + ||u||oo||Vn||H1(_Q)

for all n € N. So sup [|unvnllyi(p) < oo. Moreover, limupvy = uv in Ly(2) and lim(upva)|r =
(Tru)(Trv) in Ly(I"). Therefore Lemma 5.2 implies that uv € H%_((Q) and Tr(uv) = (Tru)(Trv). O

The next lemma is a reformulation of Proposition 3.5.

Lemma 5.4. The space H}{(Q) is compactly embedded in Ly ($2).

Proof. Let B={u e H'(2)NC(2): [, |Vul?>+ [} |u|* <2}. By Proposition 3.5 there exists a set K C
L2(£2) which is compact in Ly(£2) such that BC K. Let u € H}{ (£2) and suppose that \|u||H;{<_Q) <1

There are uq,uy,... € H(£2) N C(§2) such that limu, = u in H(2) and limuy|r = Tru in Ly(I).
Then u, € B C K for large n and limu, =u in Ly(£2). Soue K. O

Clearly Hé(.Q) Cfue H%_((.Q): Tru = 0}. If £2 is a Lipschitz domain, then the converse is valid
(see [1], Lemma A 6.10). We next give sufficient conditions for the converse inclusion, which allow £2
to have a cusp.

Proposition 5.5. Suppose there exists a closed subset K of I" such that cap, K =0and forallz e I \ K there
exists an r > 0 such that B(z,r) N I is a Lipschitz graph with B(z, r) N §2 on one side. Then

{ueH}(2): Tru=0} = H}(£2).

Proof. We may assume that K # . Let u € H;{(.Q) and suppose that Tru = 0. We may assume that
u is bounded. _

Let £ > 0. We first prove that there exists a ¥ € H!(£2) such that 0 < ¢ < 1 ae,, 1Yl <&
and u(1—vy) € H(l)(.Q). Define the measure p on the Borel o -algebra of £2 by t(A) = |AN$2|. Define
the form h on Ly(§2, w) with form domain D(h) = H1(£2) and h(v, w) = [, Vv-Vw. Then h is a
regular Dirichlet form on Ly(£2, ) and H!(£2) N C(2) is a special standard core for h in the sense
of [16]. Moreover, the relative capacity is just the capacity in [16] with respect to the Dirichlet form
h on Ly(£2, ). For all me N let

_ 1
Km = {xe.Q: dx,K) < —}.
m
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Then K, is compact, K1 D K2 D ... and (;_; Km = K. So by [16], Theorem 2.1.1 there exists an
m e N such that capg, K,y < &. Next, by [16], Lemma 2.2.7(ii) there exists a ¥ € H!(£2) N C(£2) such

that 1k, <¢¥ <1 and ||¢||f{1(m < ¢. It is an elementary exercise to see that there exists an open set

2’ in RY with Lipschitz boundary such that 2\ Ky, C 2’ C 2. Let I'' = 9(2). If x€ &2/, then x € £2.
If x¢ 32 UKy, then x€ 2\ Ky € £2'. So I'" € I' U K. By Proposition 5.3(a) there exist uq,ua, ... €
H'(£2) N C(82) such that ||un]leo < |[U]leo for all n €N, limu, =u in H'(£2) and limu,|r =Tru =0 in
Lo(I"). For all n € N define vy = (up(1 —¥))|z € HY(£2')NC(2") and define v = (u(1 — ¥))|g- Then

/|vn|2=f|un<ﬂ—1/f)yz<f|un<n—w>|2+/|un(n—w>|2</|un|2.
r’ r’ r r

Km

So limvp|r = 0 in Lp(I). Moreover, limv, = v in L2(2) and sup|valyigy <
sup [[up(L — ¥)lly1(e) < oo. So by Lemma 5.2 it follows that Tro v = 0. Since £2’ has a Lipschitz
boundary it follows that v € H}(2") C H}(£2). Then u(1 — ) € H}(£2).

Let n € N. By the above there exists a ¥, € H'(£2) such that 0 < Yo <1 ae, [[Ynlpie) < % and
u(l —ynp) € Hg)(Q). Then sup |Ju(l — wn)”H},m) <sup flu(l — wn)”Hl(Q) < o00. So n— u(l — vy,) has

a weakly convergent subsequence in Hé(.Q). Alternatively,

1
luymllz < lullocl¥nll g1y < H”u”oo
forallneN, so limu(1l — vy) =u in Ly(£2). Therefore u € H})(.Q). O

6. Existence of a trace on H! (2)

Recall that the trace Tr is defined on the subspace H}_[(.Q) of Fll(Q) and that in general the
norm on H%{(SZ) is strictly larger than the norm induced from 1711(9). In this section we characterize
whether every element of H 1(£2) has a trace.

We say that §2 has property (P) if there exists a ¢ > 0 such that

[lu=waf <c [ ui
2 2

for all u e H1(£2) N C(£2), where (U)o = \:lz_| [ u is the average of u on £2.

Let 55 be the part of the operator Do in the space L,(I}). Then 55 is a positive self-adjoint
operator on Ly([7).

Theorem 6.1. The following conditions are equivalent.

(i) H ()= H1(£2) as sets, i.e. every element of H! (2) has a trace.

(ii) There exists a c > O such that [} [ul?> <c [ |Vul? forallu € H'(£2) N C(2) with Jru=0.
(iiii) There exists a ¢ > 0 such that [}, ul? <c(f IVul® + [o |ul?) forallu e H'(£2) N C(£2).
(iv) 0 ¢ Uess(ﬁz))-

Moreover, if one of these equivalent conditions holds, the space HI(Q)is compactly embedded in L,($2) and
£2 has property (P).
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Proof. ‘(i) = (iii). If (i) is valid, then the norms on the spaces H1 (2) and H'(£2) are equivalent by
the closed graph theorem. Since Tr is continuous on HJ 3 (£2) this 1mp11es that (iii) is valid.

‘(iii) = (i)’. One always has H}_[(Q) C H1(Q). Therefore the implication follows from Lemma 5.2.
(ii) = (iii)". Define F : (D(£), || - ly1(e2)) — R by

F(u):/u

Iy

We first prove that F is continuous. In order to prove this, it suffices to show that ker F is closed in
(D), Il - g1 (e2))- Let ug, uz, ... ekerF, u € D(¢) and suppose that limu, =u in H'(£2). Then for all
e > 0 there exists an N € N such that fg |V (up — um)|? < e for all n,m > N. If c > 0 is as in (11) it
follows that fr |un — um|? < ce for all n,m > N, where we used that fl“r (Up — Um) = F(up —up) =

for all n,m € N. So the sequence uilr,uz2ln, ... is a Cauchy sequence in Lp(/7). Hence uq,up,...
is Cauchy sequence in H1 4 (§2). Since the space Hl #(§2) is a Hilbert space, the Cauchy sequence con-

verges. Therefore there ex1sts aiieH! #(§2) such that limu, = in H] #(§2). Then limuy, = it in Ly(£2),
sou=1ie H}H(Q) But Tr is contmuous on H! 7 (). So limTruy _Tru in Ly(I7). Then

/u = (Tru, jlrr)Lz(Fr) = lim(Trun, ]l[})]_z(pr) =lim F(un) =0
I

So ker F is closed and F is continuous. Hence there is a ¢’ > 0 such that |(u|p,)1~,|2 <c HullH](Q) for

all u € H1(£2) N C(£2), where (@ = W fn ¢ denote the average of ¢ for all ¢ € L1(I7). Finally,
let u € H1(£2) N C(£2). Then
2 2
+/|(U|1})n

/|u|2 =/!u— Wlr)r,

Iy Iy I

C/|VU|2+|(U|Fr)F,|2H(ﬂ)< (c+c’H<n))</|Vu|2+/|u|2>
2 2 2
and (iii) is valid.

If (i) is valid, then H!(£2) is compactly embedded in L,(£2) by Lemma 5.4. Since £2 is connected,
it follows that £2 has property (P).
‘(iii) = (ii). If ¢ > 0 is as in (iii), then

/lu— wlrn | </|u— wel <c</|w|2+/|u— <u>g|2)
2 2

r I

for all u € H'(£2) N C(£2). Since £2 has property (P), the implication (iii) = (ii) follows.
‘(ii) = (iv). Suppose (iv) is not yglid. Then 0 € 0ess(Do). It follows’\from Proposition 4.1 that
for all n € N there exists a ¢, € D(Dp) such that fn ¢n =0 and 0 < (Do@n. ¥n)1,17) < %]n |@on)?

Next there exists a unique u, € H1 (£2) such that Tru, = ¢n Q and fg Vuy - Vv = (Do@n, Trv) 1,y =

(Dogn. Tt V)1, for all v e H] (9) Therefore [, |Vun|? = (Do@n, ¢n)io(ry) < x [r | Trug|?. So (ii) is
not valid. Therefore (ii) = (1v)

(iv) = (ii). Let £¢ and ZC be the closed positive symmetric forms associated with Do and Do Since
0 ¢ 0ess(Do) it follows from Proposition 4.1 that there is a j > 0 such that Ec(ga) > /Lfn l@|? for all

¢ € D({) with fl‘r @ =0. So by [5], Theorem 2.5 it follows that £(u) = £c(Tru) = fc(Tru) > ,ufrr | Tru|?
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for all u e (kerTr)+ c H1 2(§2), where the orthoplement is in the Hilbert space Hl »(£2) and 7 is as
in (8). Now let u € H1 (.Q) with fr Tru =0. Write u = uq1 + up with uy € (kerTr)l and uy € kerTr.

Then fﬂ Tru; = 0. Moreover, £(u1, uz) = (U1, ”2)H;¢(.Q> = 0. Therefore
E(u) = Cuy) + Luz) > C(uy) > /|Tru1|2=u/|Tru|2.

o (ii) is valid. This completes the proof of the theorem. O
Theorem 1.3 characterizes when every element of m (£2) has a unique trace.

Proof of Theorem 1.3. If (i) or (v) is valid then the semigroup S is irreducible by Theorem 1.2 and
Proposition 4.1. Therefore (i) < (v) follows from Theorem 2.4.

‘(v) = (ii). If (v) is valid, then the trace on £2 is unique. Then (ii) follows from Theorem 6.1.

‘(ii) = (iii)’. This is similar to the proof of (ii) = (iii) in the proof of Theorem 6.1.

‘(iii) = (iv)’. This is trivial.

‘(iv) = (v). If (iv) is valid, then the trace on §2 is unique. Then (v) follows from Theorem 6.1. O

7. Compact trace

In the previous section we investigated when the trace is bounded from H 1(£2) into Ly(I"). Now
we want to characterize when the trace is compact.

Proposition 7.1. The following are equivalent.

i) The Dirichlet-to-Neumann operator Doy has a compact resolvent.

(ii) The map j: D(£) — Ly(I") defined by j(u) =u|r is compact where D(¢) carries the H'-norm.
(iii) The trace on £2 is umque and the map Tr is compact (from H] 3,(£2) into Ly(I)).

(iv) Every elementin m (£2) has a unique trace and the map Tr : H (§82) — Lo(I") is compact.

Proof. ‘(i) < (ii)'. Let £, be the closed positive symmetric form on Ly(I") associated with Dg. Then
Do has compact resolvent if and only if the embedding from D(¢.) into Ly(I") is compact. Let V be
the completion of D(¢), where D(¢) has the (usual) norm u + ([, [Vul? + [, [u[*)'/?. Let j:V —
Ly(I") be the continuous extension of the map j. Then D(£.) = j((ker j)1), with the quotient norm of
(l<er])L by [5], Theorem 2.5. Therefore the embedding from D(£c) into Lo(I") is compact if and only
if ”(kemi (kerj) — Lo(I") is compact. The latter map is compact if and only lfj is compact and
clearly that is equivalent with the compactness of the map j.

‘(i) = (iv). If Do has compact resolvent then 0 ¢ oess(Do). Hence every element of ITI](.Q) has a
unique trace by Theorem 1.3. Moreover, the norms on H'(2) and H;_‘(.Q) are equivalent. So by (ii)
the map Trlyi@)nc@) - (HY(2)nC(2), |- l712)) = L2(I") is compact. Then (iii) follows by density.

‘(iv) = (iii) = (ii). This is trivial. O

Corollary 7.2. If the Dirichlet-to-Neumann operator Do has compact resolvent, then HY(9)is compactly em-
bedded in L(£2).

We will see in Example 9.4 that the compactness of the embedding of H!(£2) in L,(£2) does not
suffice to ensure that the Dirichlet-to-Neumann operator has compact resolvent.
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8. Robin boundary conditions for the Laplacian

Finally we wish to consider Robin boundary conditions with a possibly negative measure. For all
B € R define the symmetric densely defined form ag by

aﬁ(u,v):/VwVv—,B/uv
r

Q
with form domain D(ag) = H'(£2) N C(£2).
Proposition 8.1.
(a) Every element of H! (£2) has a unique trace if and only if there exists a > 0 such that the form ag is
lower bounded.

(b) The map Tr is compact if and only if for all B > O the form ag is lower bounded.

’

Proof. Statement (a) is easy, by Theorem 1.3(iii) < (iv), so it remains to prove statement (b). ‘ = ".
This is as in [3], Proposition 2.2. ‘<". Let uq,uy,... € H%(.Q) and suppose that limu, = 0 weakly
in H}L{(.Q). We shall show that limTru, =0 in Ly(I"). Let € > 0. There exists an M > 0 such that
fg |Vun|? < M for all n € N. Note that ﬁ1(9) = H;{ (£2), with equivalent norms, by statement (a) and
Theorem 6.1. Choosing 8 = % it follows from the assumption that there exists a ¢ > 0 such that

&
/|Tru|2< M/|Vu|2+cf|u|2
r 2 2

first for all u € H!(£2) N C(£2) and then by continuity for all u € H!(£2). Then

[ e <o clunl?, o (10)
r

for all n € N. Since the embedding of the space H]H(.Q) into L,(£2) is compact by Lemma 5.4, one de-
duces that limu, = 0 strongly in L,(£2). Therefore one deduces from (10) that limsup || Tru, ”%2(1") <e
and the proposition follows. O

We suppose for the remaining part of this section that every element of H!(£2) has a unique trace.
Let

Bo = sup{B > 0: the form ag is lower bounded} € (0, oo].

One has By = oo if §2 is a Lipschitz domain, but in general By < oo, see Example 9.4. It follows that
ag is lower bounded for all 8 € (—oo, fo). Let R® be the associated operator.

Proposition 8.2. Let # € (—oo, fo) and u, f € Ly(£2). Then u € D(R®) and R®u = f if and only if u €
HY(£2), —Au = f, u has a normal derivative in L,(I") and g—i‘} =pBTru.

Proof. ‘= ". Let B1 € (B, o). Then ag, is lower bounded, so there exists a y; > 0 such that ag, (u) >
- ||u||§2(9) for all u e H'(£2) N C(2). Then By [ [ul> < [ IVul? +y1 [, [ul?> and
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(ﬂ1—ﬁ)/lu|2</IVUIZ—ﬂfIUI2+)/1/|u|2=aﬂ(u)+V1/Iulz (11)
I 2 r 2 2

for all u e H'(£2) N C(£2). There exists a Cauchy sequence u1,uy, ... in D(ag) such that limu, =u
in Lp(2) and limag(un, v) = (f, V)1, for all v e H'(£2) N C(2). Then supag(uy) < oo and
sup [, [un|? < 0. So by (11) also sup [, [us|?> < co and subsequently sup |, |[Vuy|? < 00. SO (Up)nen
is bounded in H'(£2) and (un|;)ney is bounded in Ly(I"). Without loss of generality we may assume
that the sequence (up)ney is Weakly convergent in H!(£2) and (un|r)nen is weakly convergent in
Ly(I). Since limu, = u in Ly(£2) it follows that u € H1(£2). Then u € H}{(Q) by Lemma 5.2. There-
fore u € H'(£2) by Proposition 8.1(a) and Theorem 6.1. Then

/Vu~Vv —ﬁ/(Tru)v: lim a,g(un,v):/fv
n—oo
Q r Q
for all v e H1(£2) N C(£2). Therefore —Au = f, u has a normal derivative in Ly(I") and g—ﬁ =pBTru.

‘<. There exist u1, uz,... € H'(§) N C(£2) such that limu, =u in H'(£2) and limu,|r = Tru in
Lo (I"). It follows from the definition of g—g that

nangoaﬂ(un,v):/Vu-Vv—ﬂ/(Tru)v:/fv
Q r Q

for all v e H(£2) N C($2). Moreover, limu, = u in L»(£2) and uj,uz,... is a Cauchy sequence in
D(ag). Soue D(R®) and RPu=f. O

If B e (—o0,pBo) then R® has compact resolvent by Lemma 5.4 and [5], Lemma 2.7. This has
consequences for the Dirichlet-to-Neumann operator.

Proposition 8.3.If 8 € (0, fo), then dimker(Do — BI) < oo and o (Do) N[0, B] is finite.

Proof. Let N e N, B1,...,8nv € (0, 8] and ¢4, ..., on be an orthonormal system in Ly (") such that
Do@n = Bnen for all n € {1,...,N}. Then ¢, € L,(I}) since B, #0. For all ne€ {1,...,N} let u, €
H}H(SZ) be the unique element such that Tru, = ¢, and

/Vun-Vv=ﬂn/<pnTrv
r

2

for all v € H},(£2). Then
/Vun - Vum = Bn / On®Pm = Bndnm
2 r

and

(un, um)H;{(Q) = (Bn+ Ddnm
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for all n,m € {1,..., N}. Therefore uq,...,uy is linearly independent in H;{(Q). Let aq,...,ay € R.
Then
N N N
ag <Zanun) = Z Oanlm(/ Vu, - Vg — ﬁ/fpnfpm) = Z |05n|2(,3n - pB) <0.
n=1 n,m=1 Q T n=1

Therefore

span{uy, ..., un} C {u € H},(£2): ag(u) < 0}.

Since R has a compact resolvent, the right hand space is finite dimensional. This proves the propo-
sition. O

9. Examples

In this section we give two striking examples of connected bounded open sets with a continuous
boundary such that the Dirichlet-to-Neumann operator does not have compact resolvent. In both ex-
amples the trace on £2 is unique. In one example every element of H'(£2) has a trace, in the other
one not. If £2 has a continuous boundary, then the space H'(£2) is compactly embedded in Ly(£2)
by Proposition 1.1(b). Therefore 2 has the (Neumann type) Poincaré property, which is in this case
property (P).

We do not know, however, whether the trace on £ is unique if £2 has continuous boundary.

In the first example we explicitly give an element of H'(£2) which does not have a trace.

Example 9.1. Let

2={xyeR*:0<x<land —x* <y <x*}.

Clearly the set §2 is open, connected and the 1-dimensional Hausdorff measure of the boundary of
£2 is finite. Also £2 has a continuous boundary. Therefore H!(£2) = H!(£2) and H'(£2) is compactly
embedded in L,($2) by Proposition 1.1. Moreover, the trace on £2 is unique since I" \ {(0, 0)} is locally
Lipschitz. Define u: 2 — R by u(x, y) = % Then u € H!(£2). Since

1
2 2
/|u(x, XM)|7V1+ (4x3) " dx = oo,
0
it follows that u does not have a trace. In particular the Dirichlet-to-Neumann operator does not have
compact resolvent by Proposition 7.1.
It follows that the semigroup S generated by —Dg is not compact. Therefore S; does not have a

bounded kernel for all t > 0. Hence S; does not map L(I") into Lo (I"). Since S is submarkovian, this
implies that S is not ultracontractive.

The next estimate is used in Example 9.4, but is also of independent interest.

Lemma 9.2. Let e1, e; € R? with |le|| = |lez|| = 1 and |(e1, e3)| # 1. Let a, b > 0 and set

2 ={se; +tey: s€(0,a)andt € (0,b)}.
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Then

a
/‘”(591)\2d5< %(%/IUIZ—H)/IVUIZ)
—
5 v1—1l(e1,e2)l s ps

forallu e HY(2) N C(£2).
Proof. Let s € (0,a) and t € (0, b). Then

t
u(sep) =u(se; +tey) —/ez - (Vu)(sey +rep)dr
0

and therefore

b
lu(sen)|” < 2u(ser + tey)|? +2t/|(Vu)(se1 +rey)|*dr.
0

Hence integrating with respect to t over (0, b) and dividing by b yields

b
|u(se1)|2 < §/|u(se1 ~|—tez)|2dt+b/|(Vu)(se1 +rez)|2dr
0 0

and

a b a

b
/|u(se1)| ds < %//|u(se1+tez)| dtds-{—b// (Vu)(se1~|—re2)| drds
00

0
VI ler.e)l 62)|2< /|u' +b/'vu'>

by a change of variables. O

Lemma 9.3. Let a € (0, 1]. Define

2={kxy) eR*: 0<y<aand |x| <a®—ay}.

Let V={ueHY(2)NC(): u|lfaz,azl><{0} =0}. Then

L {”Tr“”Lz(m
AN

eV\{O
3 llul? M }}

HY(2)
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Proof. Define u: £2 — [0, 00) by u(x, y) =y. Then u € V. Moreover, [, u|* = %, Jo IVul? =a® and
fr | Trul? = %a3v1 + a2. Therefore ||Tru||%2(r) > %||u||f{1(9). This proves the first inequality.
Next let u € V and t € [0, a]. Then u(a® —at, t) = fot uy(a® —at, s)ds. So

t t
lu(@® —at, t)]* < t/l(Vu)(a2 —at,s)[*ds <<1/|(W)(a2 —at,s)|"ds.
0 0

Hence

a

a t
\/1+a2/|u(a2—at,t)|2dt<a\/1+a2//|(Vu)(a2—at,s)|2dsdt
00

0

=v1+a? / [Vu|?,
24

where 2, = £ N ((0,00) x R). So [~ |Trul> <+1+a? [, |Vul?, and the lemma follows. O

We next give an example of an open connected bounded set £2 in R? with continuous boundary,
such that every element of H'(£2) has a unique trace, H!(£2) is compactly embedded in L,(£2), but
the Dirichlet-to-Neumann operator does not have compact resolvent.

Example 9.4. Let 290 =(—1,1) x (—1,0) and for all n € N let

2n={(xy)eR: 0<y<azand [x—27" <a? —any}.

where a, =47". Let £ =|J;2 £2n. (See Fig. 2.) Then £2 is open, connected, the boundary is continu-
ous and H(I") < oo.

We show that every element of H1(2) has a unique trace by showing that Condition (iii) of
Theorem 1.3 is valid. Since the set §2g is Lipschitz, it has the extension property. Therefore there exists
a linear map E : H'(£29) N C(£20) — H'(R?) N C(R?) and a constant cg > 0 such that (Eu)|g, =u and

IIEulli,l(Rz) < cEIIuIIf,1(@ for all u € H'(20) N C(£2).
Let u € H'(2) N C(£2). Set v =u|g and w = Ev. Then w € H'(R?) N C(R?) and (u — w)|g €

H(£2,) N C(£2,) with (u — W)|[2—La§,z—”+aﬁ]x(0} =0 for all n € N. Then
/|u|2</|u|2+ / |u|2</|u|2+2 / lu—wl?+2 / lwi?. (12)
r 39820 '\d£2 9820 '\d52g '\

We estimate the three terms in (12).
First, it follows from Lemma 9.2 that

2 2 2
/ |u| gg”“”[.[l(go)gs”””].[](_@)
9820
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Fig. 2. The domain in Example 9.4.

Secondly, by Lemma 9.3 one deduces that

o0 o0
2 [ w-w?<2) [u-wP<a) u-wi g,
n=1

\as =130,

2 2 2
< 4”“ - W”Hl(g) < 8”””[.,1(9) + 8||W||H1(9)
But
2 2 2 2
”W”Hl(ﬂ) < ”W”Hl(]RZ) < CE”V”HI(_QO) < CE”u”Hl(Q)'
So

2 / ju—wP <81+ o)l -

I'\ds2

Therefore it remains to estimate the last term fr\arzo |w|? in (12). Let n € N and set

(an, 1) +t%(1, —1):s€(0,apy/1+a2)andt € (0, 1)}.

.Q’:{(Z’"—a,%,o)—f-s

1
V1+d?

Let ;" = 852, N ((—00,27M) x (0, 00)). Then I}" =382/ N ((—00,27™) x (0, 00)) and it follows from
Lemma 9.2 that

2 2

o
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and therefore, again by disjointness,

o0

Z/ W <AIW I gy < 4celul o)

n=1
r

A similar estimate is valid on the right top boundary of 9£2,,. Combining these partial estimates with
(12) one deduces that

/|u|2<(16+24c5)||u||i,](m.
r

So by Theorem 1.3 every element of Fll(g) has a unique trace.
For all n € N define u, € H'(£2) N C(2) by ux(x, y) = y]l_(Tn(x, y). Then it follows from (the proof

of) Lemma 9.3 that || Trun||f2<m > %Hunlﬁ_ﬂ(m. Since the norms on H'(£2) and H}, (£2) are equiva-

lent and the functions uq, uy, ... have disjoint support, it follows that Tr is not compact. Therefore
the Dirichlet-to-Neumann operator does not have a compact resolvent. Nevertheless, since §2 has a
continuous boundary, the space H'(£2) is compactly embedded in L,(§2) by Proposition 1.1.

Note that as in Example 9.1 the semigroup S is not ultracontractive. Hence there does not exists
a q > 2 such that Tru € Lg(I") for all u e H'(£2). Indeed, otherwise by the closed graph theorem
there exists a ¢ > 0 such that | TruL,r) < clullyy (g, for all u e H'(2)=H},(2). Let t > 0 and

@ € Ly(I'). Then S;¢ € D(Dg), so by Remark 5.1 there exists a u € H(£2) such that Tru = S;¢ and
/VU -Vv = (DOStgo,Trv)Lz(p)
Q

for all v e H1(£2). Then

ISe@l? ) < Allull?
Pl s H} (2)

:c2</ |Vu|? + ||Tru||%2(r)>
2

=2((DoSt. St 1,y + I1Se9l13, )
1
< c2<1 - ;) el (-

But this implies that S is ultracontractive by [20], Lemma 6.1, which is a contradiction. Thus there is
no q > 2 such that Tru € Ly(I") for all u € H(£2).
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