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A. Bátkai, P. Csomós, B. Farkas and G. Nickel
Operator Splitting with
Spatial-temporal Discretization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

G. Berschneider and Z. Sasvári
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Preface

The present book displays recent advances in modern operator theory and contains
a collection of original research papers written by participants of the 21st Interna-
tional Workshop on Operator Theory and Applications (IWOTA) at the Technische
Universität Berlin, Germany, July 12 to 16, 2010.

IWOTA dates back to the first meeting in Santa Monica, USA in 1981, and
continued as a satellite meeting of the International Symposium on the Mathemat-
ical Theory of Networks and Systems. Nowadays, the IWOTA meetings are among
the largest conferences in operator theory worldwide. The 2010 meeting in Berlin
attracted more than 350 participants from 50 countries.

The articles collected in this volume contain new results for

– boundary value problems, inverse problems, spectral problems for
linear operators,

– spectral theory for operators in indefinite inner product spaces,
invariant subspaces,

– problems from operator ideals and moment problems,
– evolution equations and semigroups,
– differential and integral operators, Schrödinger operators, maximal

𝐿𝑝-regularity,
– Jacobi and Toeplitz operators,
– problems from system theory and mathematical physics.

It is a pleasure to acknowledge substantial financial support for the 21st In-
ternational Workshop on Operator Theory and Applications received from the
Deutsche Forschungsgemeinschaft (Germany), the National Science Foundation
(USA), the Institute of Mathematics of the Technische Universität Berlin (Ger-
many) and Birkhäuser.

September 2011, Berlin-Blacksburg-Graz-Ilmenau-Ulm
The Editors
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About the Gradient of the Conformal Radius

A.N. Akhmetova and L.A. Aksentyev

Abstract. Let 𝐷 be a simply connected domain in ℂ and 𝑅(𝐷, 𝑧) the confor-
mal radius of 𝐷 at the point 𝑧 ∈ 𝐷/{∞}. We discuss the function ∇𝑅(𝐷, 𝑧).
In particular, we prove that ∇𝑅(𝐷, 𝑧) is a quasi-conformal mapping of 𝐷 for
different types of domains.

Mathematics Subject Classification (2000). Primary 30C35; Secondary 30C62.

Keywords. Conformal radius, hyperbolic radius, gradient of the conformal
radius, quasi-conformal mapping.

1. Introduction

Let 𝐷 be a simply connected domain in ℂ. According to the Riemann mapping
theorem, there exists the conformal map 𝐹 : 𝐷 → 𝐸 = {𝜔 : ∣𝜔∣ < 1} such
that 𝐹 (𝑧) = 0 (𝑧 is fix point into 𝐷) whose inverse map 𝑓 : 𝐸 → 𝐷 satisfies

𝑓
(
𝜔+𝜁
1+𝜁𝜔

) ∣∣∣∣
𝜔=0

= 𝑧, 𝜁 ∈ 𝐸.

The quantity

𝑅(𝐷, 𝑧) =
1

∣𝐹 ′(𝑧)∣ = ∣𝑓 ′(𝜁)∣(1 − ∣𝜁∣2), 𝜁 ∈ 𝐸, (1.1)

is called the conformal radius of 𝐷 at the point 𝑧 = 𝑓(𝜁).
We study the gradient of 𝑅 defined as

∇𝑅(𝐷, 𝑧) =
∂𝑅(𝐷, 𝑧)

∂𝑥
+ 𝑖

∂𝑅(𝐷, 𝑧)

∂𝑦
= 2𝑅𝑧, 𝑧 = 𝑥+ 𝑖𝑦 ∈ 𝐷. (1.2)

F.G. Avkhadiev and K.-J. Wirths [1], [2] proved that ∇𝑅(𝐷, 𝑧) is a diffeo-
morphism of 𝐷 onto a certain domain 𝐺 (the type of 𝐺 depends on the type of
domain 𝐷).

In the papers [3], [4] we showed that the gradient of the conformal radius is
a conformal map if and only if 𝐷 is the unit disk 𝐸.

This work adds to a recent paper [1] and extends results in [3], [4] from the
point of view of quasi-conformal map.

Advances and Applications, Vol. 221, 1-10



2 A.N. Akhmetova and L.A. Aksentyev

Definition 1.1. The map ∇𝑅(𝐷, 𝑧) is called the 𝐾(𝑘)-quasi-conformal map, if
∇𝑅(𝐷, 𝑧) satisfies Beltrami equation

(∇𝑅)𝑧 = 𝜇(𝑧, 𝑧)(∇𝑅)𝑧 , (1.3)

for which

sup ∣𝜇(𝑧, 𝑧)∣, 𝑧 ∈ 𝐷 =
𝐾 − 1

𝐾 + 1
< 1 (1 ≤ 𝐾 < ∞).

2. Auxiliary results

To prove main results, we use two special cases of the principle of the hyperbolic
metrics ([5], p. 326).

Lemma 1. If a function 𝜑 is regular in the exterior 𝐸− of the unit disk 𝐸 and
𝜑(𝐸−) ⊂ 𝐸−, then the derivative of this function satisfies

∣𝜑′(𝜁)∣ ≤ ∣𝜑∣2 − 1

∣𝜁∣2 − 1
, 𝜁 ∈ 𝐸−.

An equality is attained for the function

𝜑(𝜁) = 𝑒𝑖𝛼
1 + �̄�𝜁

𝜁 + 𝑎
, 𝑎 ∈ 𝐸−,

at every point 𝜁 ∈ 𝐸−.

Lemma 2. If the function 𝜑 is regular in semi-plane 𝑃 = {𝜁 : Re 𝜁 > 0} and
𝜑(𝑃 ) ⊂ 𝑃, then for the derivative 𝜑′ the estimate

∣𝜑′(𝜁)∣ ≤ Re𝜑

Re 𝜁
, 𝜁 ∈ 𝑃,

is valid. The equality is attained for the function

𝜑(𝜁) =
𝑎𝑖𝜁 + 𝑏

−𝑐𝜁 + 𝑖𝑑
, 𝑎, 𝑏, 𝑐, 𝑑 ∈ ℝ, 𝑎𝑑 − 𝑏𝑐 > 0,

at every point 𝜁 ∈ 𝑃.

3. Main results

Let 𝐷𝛼 = {𝑧 : ∣ arg 𝑧∣ < 𝛼𝜋/2}, 𝛼 ∈ (0, 1], and 𝐷0 = {𝑧 : ∣ Im 𝑧∣ < 𝜋/2}.
Theorem 3.1. For any compact subset of a convex domain 𝐷 = 𝑓(𝐸), except
𝐷𝛼, 𝛼 ∈ [0, 1], the gradient (1.2) of the conformal radius (1.1) is a quasi-conformal
mapping.

For the angular domain 𝐷𝛼, 𝛼 ∈ (0, 1], and the strip 𝐷0 the identity∣∣∣𝑅𝑧𝑧(𝐷,𝑧)
𝑅𝑧𝑧(𝐷,𝑧)

∣∣∣ ≡ 1 is valid, and for any compact subset of 𝐷𝛼 and 𝐷0 (1.2) is a

degenerate map.
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In the class 𝑆0 of the convex functions 𝑓(𝑟𝜁), 𝜁 ∈ 𝐸, 0 < 𝑟 < 1, there is
exact estimator for the coefficient of the quasi-conformality in the form

sup
𝑓(𝜁)∈𝑆0

𝐾(𝑓(𝑟𝜁)) =
1 + 𝑟2

1− 𝑟2
.

Proof. As known ([5], p. 166), a necessary and sufficient condition of convexity of
the domain 𝐷 = 𝑓(𝐸) is

Re 𝜁
𝑓 ′′(𝜁)
𝑓 ′(𝜁)

≥ −1, 𝜁 ∈ 𝐸. (3.1)

If Φ0(𝜁) is a univalent map of the disk 𝐸 onto the semi-plane {ReΦ0 > −1},
then the function Φ−1

0

(
𝜁 𝑓

′′(𝜁)
𝑓 ′(𝜁)

)
= 𝜑(𝜁) satisfies the conditions of the Schwarz

lemma ([5], p. 319) by (3.1). It means that ∣𝜑(𝜁)∣ ≤ 1 and 𝜑(0) = 0. Therefore
𝜑(𝜁) = 𝜁𝜑(𝜁), where 𝜑(𝜁) is regular function in 𝐸, and the following inequalities
are valid

∣𝜑∣ ≤ ∣𝜁∣ =⇒ ∣𝜑∣
∣𝜁∣ ≤ 1 =⇒ ∣𝜑∣ ≤ 1.

Thus, the function 𝜑 satisfies the conditions of the extended Schwarz lemma.

Let Φ0(𝜁) =
2𝜁
1−𝜁 . Then 𝜁 𝑓

′′(𝜁)
𝑓 ′(𝜁) = Φ0(𝜑(𝜁)) = 2 𝜁𝜑(𝜁)

1−𝜁𝜑(𝜁) and hence

𝑓 ′′(𝜁)
𝑓 ′(𝜁)

= 2
𝜑(𝜁)

1− 𝜁𝜑(𝜁)
. (3.2)

We calculate the derivatives

𝑅𝑧𝑧 =
1

𝑓 ′
1− ∣𝜁∣2

2
{𝑓, 𝜁},

𝑅𝑧𝑧 =
1

∣𝑓 ′∣(1− ∣𝜁∣2)

(∣∣∣∣𝑓 ′′𝑓 ′
1− ∣𝜁∣2

2
− 𝜁

∣∣∣∣2 − 1

)
.

Due to (3.2) we write

𝑅 ∣𝑅𝑧𝑧∣ = (1− ∣𝜁∣2)2
2

∣{𝑓, 𝜁}∣ = (1− ∣𝜁∣2)2
2

∣∣∣∣∣
(
𝑓 ′′

𝑓 ′

)′
− 1

2

(
𝑓 ′′

𝑓 ′

)2
∣∣∣∣∣ = ∣𝜑′∣(1 − ∣𝜁∣2)2

∣1− 𝜁𝜑∣2 ,

𝑅 ∣𝑅𝑧𝑧 ∣ = 1−
∣∣∣∣𝑓 ′′𝑓 ′

1− ∣𝜁∣2
2

− 𝜁

∣∣∣∣2 = 1−
∣∣∣∣ 2𝜑

1− 𝜁𝜑

1− ∣𝜁∣2
2

− 𝜁

∣∣∣∣2 = (1− ∣𝜁∣2)(1 − ∣𝜑∣2)
∣1− 𝜁𝜑∣2 .

Finally, we get ∣∣∣∣𝑅𝑧𝑧𝑅𝑧𝑧

∣∣∣∣ = 1− ∣𝜁∣2
1− ∣𝜑∣2 ∣𝜑′∣.

By the extended Schwarz lemma, the equality in ∣𝜑′∣ ≤ 1−∣𝜑∣2
1−∣𝜁∣2 is attained for the

extremal function 𝜑(𝜁) = 𝑒𝑖𝛼 𝜁+𝑎1+�̄�𝜁 , ∣𝑎∣ < 1. In our case this function satisfies the

identity ∣𝑅𝑧𝑧

𝑅𝑧𝑧
∣ ≡ 1.

Let us find a function 𝑓 for which this identity is valid. We replace the
extremal function 𝜑 from the Schwarz lemma in (3.2) and decompose the right-
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hand side of last equality into partial fractions. We have

𝑓 ′′

𝑓 ′
=

2(𝜁 + 𝑎)𝑒𝑖𝛼

1 + (�̄� − 𝑎𝑒𝑖𝛼)𝜁 − 𝑒𝑖𝛼𝜁2
= −𝑒𝑖𝛼/2

2𝑡+ 2𝑎𝑒𝑖𝛼/2

(𝑡 − 𝑡1)(𝑡 − 𝑡2)

= 𝑒𝑖𝛼/2
(

𝐴

𝑡 − 𝑡1
+

𝐵

𝑡 − 𝑡2

)
,

where 𝑡 = 𝑒𝑖𝛼/2𝜁 and

𝑡1 = −𝑖 Im{𝑎𝑒𝑖𝛼/2}+
√
1− Im2{𝑎𝑒𝑖𝛼/2} ∈ ∂𝐸,

𝑡2 = −𝑖 Im{𝑎𝑒𝑖𝛼/2} −
√
1− Im2{𝑎𝑒𝑖𝛼/2} ∈ ∂𝐸,

𝑡1 ∕= 𝑡2, as Im
2{𝑎𝑒𝑖𝛼/2} ∕= 1, if ∣𝑎∣ < 1.

Solving the system {
𝐴+𝐵 = −2,
𝐴𝑡2 +𝐵𝑡1 = 2𝑎𝑒𝑖𝛼/2,

we find

𝐴 =
2𝑡1 + 2𝑎𝑒𝑖𝛼/2

𝑡1 − 𝑡2
= −1− 𝛽, 𝐵 = −2− 𝐴 = −1 + 𝛽,

𝛽 =
Re{𝑎𝑒𝑖𝛼/2}√
1− Im2{𝑎𝑒𝑖𝛼/2}

∈ ℝ.

Then integrating the formula

𝑓 ′′

𝑓 ′
= 𝑒𝑖𝛼/2

( −1− 𝛽

𝜁𝑒𝑖𝛼/2 − 𝑡1
+

−1 + 𝛽

𝜁𝑒𝑖𝛼/2 − 𝑡2

)
,

we get

ln 𝑓 ′ = ln

(
𝐶

(
𝜁𝑒𝑖𝛼/2 − 𝑡2
𝜁𝑒𝑖𝛼/2 − 𝑡1

)𝛽−1
1

(𝜁𝑒𝑖𝛼/2 − 𝑡1)2

)
,

and therefore

𝑓(𝜁) =

{
𝐶1

(
𝜁𝑒𝑖𝛼/2−𝑡2
𝜁𝑒𝑖𝛼/2−𝑡1

)𝛽
+ 𝐶2, if 𝛽 ∕= 0,

𝐶3 ln
𝜁𝑒𝑖𝛼/2−𝑡2
𝜁𝑒𝑖𝛼/2−𝑡1 + 𝐶4, if 𝛽 = 0.

(3.3)

The obtained function is a map of the unit disk onto the angular domain
with opening 𝜋𝛽 when 𝛽 ∕= 0, and onto a horizontal strip otherwise.

For noted functions the equal-sign is reached in the estimator for ∣𝜑′(𝜁)∣, and
the quasi-conformal map degenerates. Therefore we name these functions exclusive
and designate a class of convex functions without functions of an exclusive kind
(3.3) as 𝑆0.

As for any function 𝑓(𝜁) ∈ 𝑆0 the relator

max
∣𝜁∣≤𝑟

[
1− ∣𝜁∣2

1− ∣𝜑(𝜁)∣2 ∣𝜑′(𝜁)∣
]
< 1



About the Gradient of the Conformal Radius 5

is valid (where the function 𝜑 is defined from (3.2)) we get in the domain 𝐷𝑟 =
𝑓(𝐸𝑟), 𝐸𝑟 = {𝜁 : ∣𝜁∣ < 𝑟} that

𝑘1(𝑓(𝜁), 𝐸𝑟) = sup
𝑧∈𝐷𝑟

∣∣∣∣𝑅𝑧𝑧𝑅𝑧𝑧

∣∣∣∣ < 1.

It means the gradient (1.2) of the conformal radius (1.1) is a quasi-conformal map

for any compact subset of the domain 𝐷𝑟. For the class 𝑆0 we have

sup
𝑓∈𝑆0

𝑘1(𝑓(𝜁), 𝐸𝑟) = 1,

where 𝑘1(𝑓(𝜁), 𝐸𝑟) = 1 for exclusive functions which have not entered in 𝑆0.

The first part of the theorem is proved.

To proof the second part we move on to 𝑟-equipotential line and rewrite
(3.2) as

𝑟
𝑓 ′′(𝑟𝜁)
𝑓 ′(𝑟𝜁)

= 2𝑟
𝜑(𝑟𝜁)

1− 𝑟𝜁𝜑(𝑟𝜁)
.

Since

𝑅∣𝑅𝑧𝑧∣ = 𝑟2∣𝜑′(𝑟𝜁)∣(1 − ∣𝜁∣2)2
∣1− 𝑟𝜁𝜑(𝑟𝜁)∣2 , 𝑅∣𝑅𝑧𝑧∣ = (1− ∣𝜁∣2)(1 − 𝑟2∣𝜑(𝑟𝜁)∣2)

∣1− 𝑟𝜁𝜑(𝑟𝜁)∣2 ,

we have∣∣∣∣𝑅𝑧𝑧𝑅𝑧𝑧

∣∣∣∣ = 1− ∣𝜁∣2
1− 𝑟2∣𝜑(𝑟𝜁)∣2 𝑟

2∣𝜑′(𝑟𝜁)∣ ≤ 𝑟2
1− ∣𝜁∣2

1− 𝑟2∣𝜑(𝑟𝜁)∣2
1− ∣𝜑(𝑟𝜁)∣2
1− 𝑟2∣𝜁∣2 ≤ 𝑟2.

It is clear we get the sign-equal only if 𝜑(𝜁) = 𝑒𝑖𝛼𝜁 for 𝜁 = 0. Therefore we input
the coefficient

𝑘2(𝑓(𝑟𝜁), 𝐸) = 𝑟2 max
∣𝜁∣≤1

[
1− ∣𝜁∣2

1− 𝑟2∣𝜑(𝑟𝜁)∣2 ∣𝜑′(𝑟𝜁)∣
]

≤ 𝑟2,

hence the gradient ∇𝑅(𝐷𝑟, 𝑧) is a quasi-conformal map. Note that

max
𝑓∈𝑆0

𝑘2(𝑓(𝑟𝜁), 𝐸) = 𝑟2 < 1,

as for 𝑧 = ln 1+𝑟𝜁
1−𝑟𝜁 we have

𝑅(𝐷𝑟, 𝑧) = 2𝑟
1− ∣𝜁∣2

∣1− 𝑟2𝜁2∣

∣𝜇(𝜁, 𝜁)∣ = 𝑟2(1− ∣𝜁∣2)
1− 𝑟4∣𝜁∣2 ≤ ∣𝜇(0, 0)∣ = 𝑟2 = 𝑘2

(
ln
1 + 𝑟𝜁

1− 𝑟𝜁
, 𝐸

)
. □

We consider the following example in which the coefficient of quasi-conformal-

ity 1+𝑘2(𝑓(𝑟𝜁),𝐸)
1−𝑘2(𝑓(𝑟𝜁),𝐸) is less than

1+𝑟2

1−𝑟2 .
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Example. Let domain 𝐷 be the square with the mapping function ([5], p. 77)

𝑧 = 𝑓(𝜁) =

∫ 𝜁
0

𝑑𝜁

(1− 𝜁4)1/2
.

The conformal radius for the domain

𝑧 = 𝑓(𝑟𝜁) =

∫ 𝑟𝜁
0

𝑑𝜁

(1− 𝑟4𝜁4)1/2

has the view

𝑅(𝜁) =
1− ∣𝜁∣2

∣1− 𝑟4𝜁4∣1/2 ,
therefore

𝑅𝑧 =
𝑟4𝜁4 − 𝜁

4
√
1− 𝑟4𝜁4 4

√
(1− 𝑟4𝜁4)3

, 𝑅𝑧𝑧 =
3

4
√
1− 𝑟4𝜁4

𝑟4𝜁2(1− ∣𝜁∣2)
4
√
(1− 𝑟4𝜁4)5

,

𝑅𝑧𝑧 = − 1− 𝑟8∣𝜁∣6
4
√
(1− 𝑟4𝜁4)3 4

√
(1 − 𝑟4𝜁4)3

.

Finally ∣∣∣∣ (𝑅𝑧)𝑧(𝑅𝑧)𝑧

∣∣∣∣ = 3𝑟4∣𝜁∣2(1 − ∣𝜁∣2)
1− 𝑟8∣𝜁∣6 .

Then

𝑘2(𝑟) = sup
0≤∣𝜁∣≤1

∣∣∣∣𝑅𝑧𝑧𝑅𝑧𝑧

∣∣∣∣ = 𝑟4 max
0≤𝑢≤1

3𝑢(1− 𝑢)

1− 𝑟8𝑢3
= 𝑟4

3𝑢0(1− 𝑢0)

1− 𝑟8𝑢3
0

< 𝑟4,

0 < 𝑟 < 1, 0 < 𝑢0 < 1.

Note that

sup
0≤∣𝜁∣≤1

∣∣∣∣𝑅𝑧𝑧𝑅𝑧𝑧

∣∣∣∣∣∣∣∣
𝑟=1

= max
0≤∣𝜁∣≤1

3∣𝜁∣2(1− ∣𝜁∣2)
1− ∣𝜁∣6 =

3
1

∣𝜁∣2 + 1 + ∣𝜁∣2
∣∣∣∣
∣𝜁∣=1

= 1.

On the other hand,

𝑘1(𝜌) =

∣∣∣∣𝑅𝑧𝑧𝑅𝑧𝑧

∣∣∣∣∣∣∣∣
𝑟=1,∣𝜁∣≤𝜌

=
3∣𝜁∣2(1− ∣𝜁∣2)

1− ∣𝜁∣6
∣∣∣∣
∣𝜁∣≤𝜌

≤ 3𝜌2

𝜌4 + 𝜌2 + 1
,

and 𝑘2(𝑟) < 𝑘1(𝑟), as

𝑟4 <
3𝑟2

𝑟4 + 𝑟2 + 1
.

Apparently, we will have 𝑘2(𝑓(𝑟𝜁), 𝐸) < 𝑘1(𝑓(𝜁), 𝐸𝑟), 0 < 𝑟 < 1, for any
convex domain 𝐷 = 𝑓(𝐸).

Let us turn now to a class Σ0 of functions mapping 𝐸− = {∣𝜁∣ > 1} onto
domains 𝐷−, ∞ ∈ 𝐷−, which represent an exterior of some closed convex curve
and for which the surface of the conformal radius is convex downwards. Then it
holds that
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Theorem 3.2. For any compact subset of the domain 𝐷− = 𝑓(𝐸−) with finite
convex complement the gradient (1.2) of the conformal radius 𝑅(𝑓(𝐸−), 𝑓(𝜁)) is a
quasi-conformal map.

There are exact estimators of analogs of quantities for two kinds of quasi-
conformal maps.

Proof. The necessary and sufficient condition of the convexity of the boundary of

the domain 𝐷− = 𝑓(𝐸−) is (3.1). Arguing as earlier, we get 𝜁 𝑓
′′(𝜁)
𝑓 ′(𝜁) ≺ Φ0 =

2
𝜁−1 .

Then Φ−1
0

(
𝜁 𝑓

′′(𝜁)
𝑓 ′(𝜁)

)
= 𝜑(𝜁) : ∞ �→ ∞. Repeating the calculations from the proof

of the previous theorem, we have

𝜁
𝑓 ′′(𝜁)
𝑓 ′(𝜁)

= Φ0(𝜑(𝜁)) =
2

𝜑(𝜁)− 1
, (3.4)

and hence
𝑓 ′′(𝜁)
𝑓 ′(𝜁)

=
2

𝜁(𝜑 − 1)
.

Since the expression for the conformal radius is

𝑅(𝐷−, 𝑧) = ∣𝑓 ′(𝜁)∣(∣𝜁∣2 − 1), ∣𝜁∣ > 1, 𝑧 = 𝑓(𝜁), (3.5)

we estimate second derivatives. Since

1

2

𝑓 ′′

𝑓 ′
(∣𝜁∣2 − 1) + 𝜁 =

∣𝜁∣2 − 1

𝜁(𝜑 − 1)
+ 𝜁 =

∣𝜁∣2𝜑 − 1

𝜁(𝜑 − 1)
,

we use

𝑅 ∣𝑅𝑧𝑧∣ = 1−
∣∣∣∣𝑓 ′′𝑓 ′

∣𝜁∣2 − 1

2
+ 𝜁

∣∣∣∣2 = 1− ∣𝜑∣𝜁∣2 − 1∣2
∣𝜁∣2∣𝜑 − 1∣2

=
(∣𝜁∣2 − 1)(∣𝜁𝜑∣2 − 1)

∣𝜁∣2∣𝜑 − 1∣2 .

Further

{𝑓, 𝜁} = − 2

𝜁2(𝜑 − 1)
− 2

𝜑′

𝜁(𝜑 − 1)2
− 2

1

𝜁2(𝜑 − 1)2

= −2 𝜑+ 𝜁𝜑′

𝜁2(𝜑 − 1)2
= −2 (𝜑𝜁)′

𝜁2(𝜑 − 1)2
,

therefore ∣∣∣∣(𝑅𝑧)𝑧(𝑅𝑧)𝑧

∣∣∣∣ = ∣(𝜑𝜁)′∣(∣𝜁∣2 − 1)

∣𝜁𝜑∣2 − 1
.

As ∣𝜑𝜁∣ ≥ ∣𝜑∣ > 1, we use Lemma 1 for the function 𝜑𝜁, to deduce the relation

∣(𝑅𝑧)𝑧/(𝑅𝑧)𝑧 ∣ ≤ 1.

We know (Lemma 1) that the equality is attained for the extremal function

𝜁𝜑(𝜁) = 𝑒𝑖𝛼 1+�̄�𝜁
𝜁+𝑎 , where 𝜑(𝜁) is a function with a simple zero at ∞. But in ex-

pression (3.4) function 1/𝜑(𝜁) has to have a zero of the second order. Therefore
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for the class Σ0, it holds that ∣(𝑅𝑧)𝑧/(𝑅𝑧)𝑧 ∣ ∕≡ 1 and

𝑘1(𝑓(𝜁), 𝐸
−
𝑟 ) = max

∣𝜁∣≥𝑟
∣(𝜑𝜁)′∣(∣𝜁∣2 − 1)

∣𝜑𝜁∣2 − 1
< 1.

For any compact subset of a domain 𝐷−
𝑟 = 𝑓(𝐸−

𝑟 ), 𝐸−
𝑟 = {𝜁 : ∣𝜁∣ > 𝑟 > 1}, the

gradient of the conformal radius is a quasi-conformal map, and

sup
𝑓∈Σ0

𝑘1(𝑓(𝜁), 𝐸
−
𝑟 ) < 1, 1 < 𝑟 < ∞, sup

𝑓∈Σ0

𝑘1(𝑓(𝜁), 𝐸
−) = 1.

For 𝑟-equipotential line we have

𝑟
𝑓 ′′(𝑟𝜁)
𝑓 ′(𝑟𝜁)

=
2

𝜁(𝜑(𝑟𝜁) − 1)
,

which yields

1−
∣∣∣∣𝑓 ′′𝑓 ′

∣𝜁∣2 − 1

2
+ 𝜁

∣∣∣∣2 = (∣𝜁∣2 − 1)(∣𝜁𝜑(𝑟𝜁)∣2 − 1)

∣𝜁∣2∣𝜑(𝑟𝜁) − 1∣2 ,

{𝑓(𝑟𝜁), 𝜁} = −2 (𝜑(𝑟𝜁)𝑟𝜁)′𝑟𝜁
𝜁2(𝜑(𝑟𝜁) − 1)2

.

From Lemma 1 we get∣∣∣∣(𝑅𝑧)𝑧(𝑅𝑧)𝑧

∣∣∣∣ = ∣(𝜑(𝑟𝜁)𝑟𝜁)′𝑟𝜁 ∣(∣𝜁∣2 − 1)

∣𝜁∣2∣𝜑(𝑟𝜁)∣2 − 1
< 1.

Equal-sign achievement in last inequality is impossible and therefore

𝑘2(𝑓(𝑟𝜁), 𝐸
−) = max

∣𝜁∣≥1

∣(𝜑(𝑟𝜁)𝑟𝜁)′𝑟𝜁 ∣(∣𝜁∣2 − 1)

∣𝜁∣2∣𝜑(𝑟𝜁)∣2 − 1
< 1,

where sup𝑓∈Σ0 𝑘2(𝑓(𝑟𝜁), 𝐸
−) = 1 for 𝑟 ≥ 1. □

Now we consider domains 𝐷, ∞ ∈ ∂𝐷. Such domains require additional
analysis. To this end, we further split them into two separate classes. The first
class is characterized by the convexity of the equipotential lines similar to the
boundary curve, and the other by non-convexity of such lines. The first case is,
in fact, shown in Theorem 2.1. In the second case we replace the equipotential
lines defined by the circles ∣𝜁∣ = 𝑟, by the equipotential lines defined by the circles
∣𝜁 + 𝑟∣ = 1− 𝑟. The following result reflects the effect of such a change.

Theorem 3.3. For any closed finite domain from 𝐷 = 𝑓(𝐸), 𝑓(1) = ∞ (ℂ∖𝐷 –
a convex domain) the gradient (1.2) of the conformal radius is a quasi-conformal
mapping.

In particular, this statement is valid for the conformal radius 𝑅(𝑓(𝐸𝑟), 𝑓(𝜔))

for a domain 𝑓(𝐸𝑟), �̃�𝑟 = {𝜔 : ∣𝜔 + 𝑟∣ ≤ 1− 𝑟}, 0 < 𝑟 < 1.

As {𝜔 : ∣𝜔 + 𝑟∣ ≤ 1 − 𝑟} ⇔ {𝜁 : Re 𝜁 ≥ 𝜌}, 𝜌 = 1−𝑟
𝑟 , 𝜁 = 1−𝜔

1+𝜔 , it is more
convenient to speak about a surface of conformal radius

𝑅(𝑓(𝑃 ), 𝑓(𝜁)) = 2Re 𝜁∣𝑓 ′(𝜁)∣, 𝑓(𝜁) = 𝑓

(
1− 𝜁

1 + 𝜁

)
, (3.6)
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which is constructed over the semi-plane 𝑃 = {𝜁 : Re 𝜁 > 0} (corresponding
mapping functions 𝑓(𝜁) form a class Σ0(𝑃 )).

Proof. The necessary and sufficient condition of the convexity of a domain in this
case has the form

Re

(
𝑓 ′′(𝑖𝜂)
𝑓 ′(𝑖𝜂)

)
≥ 0. (3.7)

Therefore, it clearly holds
𝑓 ′′

𝑓 ′
= 𝜑, (3.8)

where 𝜑(𝜁) is a function satisfying the conditions of Lemma 2.
Next, we compute the derivatives of the conformal radius (3.6). We have

𝑅𝑧 =

√
𝑓 ′

𝑓 ′

(√
𝑓 ′(𝜁 + 𝜁)

)′
𝜁

=

√
𝑓 ′√
𝑓 ′

(
𝑓 ′′

𝑓 ′
Re 𝜁 + 1

)
,

𝑅𝑧𝑧 =

√
𝑓 ′

𝑓 ′

(
1√
𝑓 ′

(
𝑓 ′′

𝑓 ′
Re 𝜁 + 1

))′
𝜁

=

√
𝑓 ′√
𝑓 ′3

((
𝑓 ′′

𝑓 ′

)′
− 1

2

(
𝑓 ′′

𝑓 ′

)2)
Re 𝜁 =

√
𝑓 ′√
𝑓 ′3

Re 𝜁{𝑓, 𝜁}

and consequently
𝑅∣𝑅𝑧𝑧∣ = 2Re2 𝜁∣{𝑓, 𝜁}∣.

Due to (3.8) we rewrite the last expression in the form

𝑅∣𝑅𝑧𝑧∣ = 2Re2 𝜁∣𝜑′ − 𝜑2

2
∣.

Since

𝑅𝑧𝑧 =
1

𝑓 ′
√

𝑓 ′

(√
𝑓 ′
(

𝑓 ′′

𝑓 ′
Re 𝜁 + 1

))′
𝜁

=
1

2∣𝑓 ′∣

(∣∣∣∣𝑓 ′′𝑓 ′

∣∣∣∣2Re 𝜁 + 𝑓 ′′

𝑓 ′
+

𝑓 ′′

𝑓 ′

)
,

it holds

𝑅 𝑅𝑧𝑧 =

∣∣∣∣𝑓 ′′𝑓 ′
Re 𝜁 + 1

∣∣∣∣2 − 1.

By (3.8) we have

𝑅 𝑅𝑧𝑧 = ∣𝜑Re 𝜁 + 1∣2 − 1 = ∣𝜑∣2Re2 𝜁 + 2Re 𝜁 Re𝜑.

Finally we get∣∣∣∣ (𝑅𝑧)𝑧(𝑅𝑧)𝑧

∣∣∣∣ = 2Re 𝜁∣𝜑′ − 𝜑2

2 ∣
∣𝜑∣2 Re 𝜁 + 2Re𝜑

≤ Re 𝜁(2∣𝜑′∣+ ∣𝜑∣2)
∣𝜑∣2 Re 𝜁 + 2Re𝜑

≤
Re 𝜁
(
2Re𝜑
Re 𝜁 + ∣𝜑∣2

)
∣𝜑∣2Re 𝜁 + 2Re𝜑

= 1.

Let us find the function 𝑓 for which the equality ∣(𝑅𝑧)𝑧/(𝑅𝑧)𝑧 ∣ ≡ 1 is valid.
Note that the equality in the inequality

∣𝜑′ − 𝜑2/2∣ ≤ ∣𝜑′∣+ ∣𝜑∣2/2,
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is attained, when functions 𝜑′ and −𝜑2/2 have an identical arguments. Let

𝜑′ = 𝑅1𝑒
𝑖𝜃 and − 𝜑2/2 = 𝑅2𝑒

𝑖𝜃.

Then the function 𝜑′

−𝜑2/2 = 𝑅1

𝑅2
has to be a real-analytic function positive in the

half-plane. This is possible if and only if 𝑅1

𝑅2
≡ 2𝛼 > 0. The solution of the

differential equation 𝜑′
−𝜑2/2 = 2𝛼 has the form 1

𝜑 = 𝛼𝜁 + 𝑏. Among all such

functions we choose the one that maps the right half-plane on itself, namely

𝜑 = 1
𝛼𝜁+𝑖𝛽 , 𝛼, 𝛽 ∈ ℝ, 𝛼 > 0. Due to (3.8) we get 𝑓 = 𝐶1(𝛼𝜁 + 𝑖𝛽)

1+𝛼
𝛼 + 𝐶2.

For any closed domain �̄�𝜌 ⊂ �̄�, which is an image of the strip

{𝜁 : 0 ≤ Re 𝜁 ≤ 𝜌} = 𝑓−1(�̄�𝜌),

we will have

𝑘1(𝑓(𝜁), 𝑓
−1(𝐺)) = max

𝜁∈𝑓−1(𝐺)

2Re 𝜁∣𝜑′ − 𝜑2

2 ∣
∣𝜑∣2 Re 𝜁 + 2Re𝜑

≡ 𝜓(𝜌, 𝑓) ≡ 𝜓(𝜌, 𝑓) < 1, (3.9)

but
sup

𝑓∈Σ0(𝑃 )∖{𝑓(𝛼,𝜁)}
𝜓(𝜌, 𝑓) = 1.

We can concretize an estimation (3.9), having included 𝐺 in 𝑓(𝑟𝐸) for some
𝑟 ∈ (0, 1).

There is not a finite exhaustion for domain 𝑓(𝑃 ), 𝑓(𝜁) ∈ Σ0(𝑃 ), by finite
domains with convex boundaries. Therefore there is not the analog of the coefficient
𝑘2 from proofs of previous theorems. □
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The Influence of the Tunnel Effect
on 𝑳∞-time Decay

F. Ali Mehmeti, R. Haller-Dintelmann and V. Régnier

Abstract. We consider the Klein-Gordon equation on a star-shaped network
composed of 𝑛 half-axes connected at their origins. We add a potential that is
constant but different on each branch. Exploiting a spectral theoretic solution
formula from a previous paper, we study the 𝐿∞-time decay via Hörmander’s
version of the stationary phase method. We analyze the coefficient 𝑐 of the
leading term 𝑐 ⋅ 𝑡−1/2 of the asymptotic expansion of the solution with respect
to time. For two branches we prove that for an initial condition in an energy
band above the threshold of tunnel effect, this coefficient tends to zero on the
branch with the higher potential, as the potential difference tends to infinity.
At the same time the incline to the 𝑡-axis and the aperture of the cone of
𝑡−1/2-decay in the (𝑡, 𝑥)-plane tend to zero.

Mathematics Subject Classification (2000). Primary 34B45; Secondary 47A70,
35B40.

Keywords. Networks, Klein-Gordon equation, stationary phase method, 𝐿∞-
time decay.

1. Introduction

In this paper we study the 𝐿∞-time decay of waves in a star shaped network of one-
dimensional semi-infinite media having different dispersion properties. Results in
experimental physics [10, 11], theoretical physics [9] and functional analysis [5, 8]
describe phenomena created in this situation by the dynamics of the tunnel effect:
the delayed reflection and advanced transmission near nodes issuing two branches.
Our purpose is to describe the influence of the height of a potential step on the
𝐿∞-time decay of wave packets above the threshold of tunnel effect, which sheds
a new light on its dynamics.

Parts of this work were done, while the second author visited the University of Valenciennes. He
wishes to express his gratitude to F. Ali Mehmeti and the LAMAV for their hospitality.

Advances and Applications, Vol. 221, 11-24
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In this proceedings contribution we state results for a special choice of initial
conditions. The proofs in a more general context will be the core of another paper.

The dynamical problem can be described as follows:

Let 𝑁1, . . . , 𝑁𝑛 be 𝑛 disjoint copies of (0,+∞) with 𝑛 ≥ 2. Consider numbers
𝑎𝑘, 𝑐𝑘 satisfying 0 < 𝑐𝑘, for 𝑘 = 1, . . . , 𝑛 and 0 ≤ 𝑎1 ≤ 𝑎2 ≤ ⋅ ⋅ ⋅ ≤ 𝑎𝑛 < +∞.
Find a vector (𝑢1, . . . , 𝑢𝑛) of functions 𝑢𝑘 : [0,+∞) × 𝑁𝑘 → ℂ satisfying the
Klein-Gordon equations

[∂2
𝑡 − 𝑐𝑘∂

2
𝑥 + 𝑎𝑘]𝑢𝑘(𝑡, 𝑥) = 0, 𝑘 = 1, . . . , 𝑛,

on 𝑁1, . . . , 𝑁𝑛 coupled at zero by usual Kirchhoff conditions and complemented
with initial conditions for the functions 𝑢𝑘 and their derivatives.

Reformulating this as an abstract Cauchy problem, one is confronted with
the self-adjoint operator 𝐴 = (−𝑐𝑘 ⋅ ∂2

𝑥 + 𝑎𝑘)𝑘=1,...,𝑛 in
∏𝑛
𝑘=1 𝐿

2(𝑁𝑘), with a do-
main that incorporates the Kirchhoff transmission conditions at zero. For an exact
definition of 𝐴, we refer to Section 2.

Invoking functional calculus for this operator, the solution can be given in
terms of

𝑒±𝑖
√
𝐴𝑡𝑢0 and 𝑒±𝑖

√
𝐴𝑡𝑣0.

In a previous paper ([4], see also [3]) we construct explicitly a spectral represen-
tation of

∏𝑛
𝑘=1 𝐿

2(𝑁𝑘) with respect to 𝐴 involving 𝑛 families of generalized eigen-
functions. The 𝑘th family is defined on [𝑎𝑘,∞) which reflects that 𝜎(𝐴) = [𝑎1,∞)
and that the multiplicity of the spectrum is 𝑗 in [𝑎𝑗 , 𝑎𝑗+1), 𝑗 = 1, . . . , 𝑛, where
𝑎𝑛+1 = +∞. In this band (𝑎𝑗 , 𝑎𝑗+1) the generalized eigenfunctions exhibit expo-
nential decay on the branches 𝑁𝑗+1, . . . , 𝑁𝑛, a fact called “multiple tunnel effect”
in [4].

In Section 2 we recall the solution formula proved in [4]. In Section 3 we use
Hörmander’s version of the stationary phase method to derive the leading term
of the asymptotic expansion of the solution on certain branches and for initial
conditions in a compact energy band included in (𝑎𝑗 , 𝑎𝑗+1). We obtain 𝑐 ⋅ 𝑡−1/2

in cones in the (𝑡, 𝑥)-space delimited by the group velocities of the limit energies
and the dependence of 𝑐 on the coefficients of the operator is indicated. One can
prove that outside these cones the 𝐿∞-norm decays at least as 𝑡−1. The complete
analysis will be carried out in a more detailed paper.

For the case of two branches and wave packets having a compact energy
band included in (𝑎2,∞), we show in Section 4 that 𝑐 tends to zero on the side of
the higher potential, if 𝑎1 stays fixed and 𝑎2 tends to infinity. We observe further
that the exact 𝑡−1/2-decay takes place in a cone in the (𝑡, 𝑥)-plane whose aperture
and incline to the 𝑡-axis tend to zero as 𝑎2 tends to infinity. Physically the model
corresponds to a relativistic particle, more precisely a pion, in a one-dimensional
world with a potential step of amount 𝑎2 − 𝑎1 in 𝑥 = 0. Our result represents
thus a dynamical feature for phenomena close to tunnel effect, which might be
confirmed by physical experiments.
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Our results are designed to serve as tools in some pertinent applications as the
study of more general networks of wave guides (for example microwave networks
[17]) and the treatment of coupled transmission conditions [7].

For the Klein-Gordon equation in ℝ𝑛 with constant coefficients the 𝐿∞-time
decay 𝑐⋅𝑡−1/2 has been proved in [15]. Adapting their method to a spectral theoretic
solution formula for two branches, it has been shown in [1, 2] that the 𝐿∞-norm
decays at least as 𝑐 ⋅ 𝑡−1/4.

In [14] and several related articles, the author studies the 𝐿∞-time decay for
crystal optics using similar methods.

In [13], the authors consider general networks with semi-infinite ends. They
give a construction to compute some generalized eigenfunctions but no attempt
is made to construct explicit inversion formulas. In [6] the relation of the eigen-
values of the Laplacian in an 𝐿∞-setting on infinite, locally finite networks to the
adjacency operator of the network is studied.

2. A solution formula

The aim of this section is to recall the tools we used in [4] as well as the solution
formula of the same paper for a special initial condition and to adapt this formula
for the use of the stationary phase method in the next section.

Definition 2.1 (Functional analytic framework).

i) Let 𝑛 ≥ 2 and 𝑁1, . . . , 𝑁𝑛 be 𝑛 disjoint sets identified with (0,+∞). Put
𝑁 :=

∪𝑛
𝑘=1 𝑁𝑘, identifying the endpoints 0.

For the notation of functions two viewpoints are useful:
∙ functions 𝑓 on the object 𝑁 and 𝑓𝑘 is the restriction of 𝑓 to 𝑁𝑘.
∙ 𝑛-tuples of functions on the branches 𝑁𝑘; then sometimes we write 𝑓 =
(𝑓1, . . . , 𝑓𝑛).

ii) Two transmission conditions are introduced:

(𝑇0): (𝑢𝑘)𝑘=1,...,𝑛 ∈
𝑛∏
𝑘=1

𝐶(𝑁𝑘) satisfies 𝑢𝑖(0) = 𝑢𝑘(0), 𝑖, 𝑘 ∈ {1, . . . , 𝑛}.

This condition in particular implies that (𝑢𝑘)𝑘=1,...,𝑛 may be viewed as a
well-defined function on 𝑁 .

(𝑇1): (𝑢𝑘)𝑘=1,...,𝑛 ∈
𝑛∏
𝑘=1

𝐶1(𝑁𝑘) satisfies

𝑛∑
𝑘=1

𝑐𝑘 ⋅ ∂𝑥𝑢𝑘(0+) = 0.

iii) Define the Hilbert space 𝐻 =
∏𝑛
𝑘=1 𝐿

2(𝑁𝑘) with scalar product

(𝑢, 𝑣)𝐻 =

𝑛∑
𝑘=1

(𝑢𝑘, 𝑣𝑘)𝐿2(𝑁𝑘)
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and the operator 𝐴 : 𝐷(𝐴) −→ 𝐻 by

𝐷(𝐴) =
{
(𝑢𝑘)𝑘=1,...,𝑛 ∈

𝑛∏
𝑘=1

𝐻2(𝑁𝑘) : (𝑢𝑘)𝑘=1,...,𝑛 satisfies (𝑇0), (𝑇1)
}
,

𝐴((𝑢𝑘)𝑘=1,...,𝑛) = (𝐴𝑘𝑢𝑘)𝑘=1,...,𝑛 = (−𝑐𝑘 ⋅ ∂2
𝑥𝑢𝑘 + 𝑎𝑘𝑢𝑘)𝑘=1,...,𝑛.

Note that, if 𝑐𝑘 = 1 and 𝑎𝑘 = 0 for every 𝑘 ∈ {1, . . . , 𝑛}, 𝐴 is the Laplacian in the
sense of the existing literature, cf. [6, 13].

Definition 2.2 (Fourier-type transform 𝑽 ).

i) For 𝑘 ∈ {1, . . . , 𝑛} and 𝜆 ∈ ℂ let

𝜉𝑘(𝜆) :=

√
𝜆 − 𝑎𝑘

𝑐𝑘
and 𝑠𝑘 := −

∑
𝑙 ∕=𝑘 𝑐𝑙𝜉𝑙(𝜆)
𝑐𝑘𝜉𝑘(𝜆)

.

Here, and in all what follows, the complex square root is chosen in such a

way that
√
𝑟 ⋅ 𝑒𝑖𝜙 = √

𝑟𝑒𝑖𝜙/2 with 𝑟 > 0 and 𝜙 ∈ [−𝜋, 𝜋).

ii) For 𝜆 ∈ ℂ and 𝑗, 𝑘 ∈ {1, . . . , 𝑛}, we define generalized eigenfunctions 𝐹±,𝑗
𝜆 :

𝑁 → ℂ of 𝐴 by 𝐹±,𝑗
𝜆 (𝑥) := 𝐹±,𝑗

𝜆,𝑘 (𝑥) with{
𝐹±,𝑗
𝜆,𝑘 (𝑥) = cos(𝜉𝑗(𝜆)𝑥) ± 𝑖𝑠𝑗(𝜆) sin(𝜉𝑗(𝜆)𝑥), for 𝑘 = 𝑗,

𝐹±,𝑗
𝜆,𝑘 (𝑥) = exp(±𝑖𝜉𝑘(𝜆)𝑥), for 𝑘 ∕= 𝑗.

for 𝑥 ∈ 𝑁𝑘.
iii) For 𝑙 = 1, . . . , 𝑛 let

𝑞𝑙(𝜆) :=

{
0, if 𝜆 < 𝑎𝑙,

𝑐𝑙𝜉𝑙(𝜆)
∣∑𝑛

𝑗=1 𝑐𝑗𝜉𝑗(𝜆)∣2 , if 𝑎𝑙 < 𝜆.

iv) Considering for every 𝑘 = 1, . . . , 𝑛 the weighted space 𝐿2((𝑎𝑘,+∞), 𝑞𝑘), we
set 𝐿2

𝑞 :=
∏𝑛
𝑘=1 𝐿

2((𝑎𝑘,+∞), 𝑞𝑘). The corresponding scalar product is

(𝐹,𝐺)𝑞 :=

𝑛∑
𝑘=1

∫
(𝑎𝑘,+∞)

𝑞𝑘(𝜆)𝐹𝑘(𝜆)𝐺𝑘(𝜆) 𝑑𝜆

and its associated norm ∣𝐹 ∣𝑞 := (𝐹, 𝐹 )
1/2
𝑞 .

v) For all 𝑓 ∈ 𝐿1(𝑁,ℂ) we define 𝑉 𝑓 :
∏𝑛
𝑘=1[𝑎𝑘,+∞) → ℂ by

(𝑉 𝑓)𝑘(𝜆) :=

∫
𝑁

𝑓(𝑥)(𝐹−,𝑘
𝜆 )(𝑥) 𝑑𝑥, 𝑘 = 1, . . . , 𝑛.

In [4], we show that 𝑉 diagonalizes 𝐴 and we determine a metric setting in which
it is an isometry. Let us recall these useful properties of 𝑉 as well as the fact that
the property 𝑢 ∈ 𝐷(𝐴𝑗) can be characterized in terms of the decay rate of the
components of 𝑉 𝑢.
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Theorem 2.3. Endow
∏𝑛
𝑘=1 𝐶

∞
𝑐 (𝑁𝑘) with the norm of 𝐻 =

∏𝑛
𝑘=1 𝐿

2(𝑁𝑘). Then

i) 𝑉 :
∏𝑛
𝑘=1 𝐶

∞
𝑐 (𝑁𝑘) → 𝐿2

𝑞 is isometric and can be extended to an isometry

𝑉 : 𝐻 → 𝐿2
𝑞, which we shall again denote by 𝑉 in the following.

ii) 𝑉 : 𝐻 → 𝐿2
𝑞 is a spectral representation of 𝐻 with respect to 𝐴. In particular,

𝑉 is surjective.
iii) The spectrum of the operator 𝐴 is 𝜎(𝐴) = [𝑎1,+∞).
iv) For 𝑙 ∈ ℕ the following statements are equivalent:

(a) 𝑢 ∈ 𝐷(𝐴𝑙),
(b) 𝜆 �→ 𝜆𝑙(𝑉 𝑢)(𝜆) ∈ 𝐿2

𝑞,

(c) 𝜆 �→ 𝜆𝑙(𝑉 𝑢)𝑘(𝜆) ∈ 𝐿2((𝑎𝑘,+∞), 𝑞𝑘), 𝑘 = 1, . . . , 𝑛.

Denoting 𝐹𝜆(𝑥) := (𝐹−,1
𝜆 (𝑥), . . . , 𝐹−,𝑛

𝜆 (𝑥))𝑇 and 𝑃𝑗 =

(
𝐼𝑗 0
0 0

)
, where 𝐼𝑗 is the

𝑗 × 𝑗 identity matrix, for 𝜆 ∈ (𝑎𝑗 , 𝑎𝑗+1) it holds: 𝐹
𝑇
𝜆 𝑞(𝜆)𝐹𝜆 = (𝑃𝑗𝐹𝜆)

𝑇 𝑞(𝜆)(𝑃𝑗𝐹𝜆)
and

𝑃𝑗𝐹𝜆 =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

(
+, ∗, ∗, . . . , ∗, 𝑒−∣𝜉𝑗+1∣𝑥, . . . , 𝑒−∣𝜉𝑛∣𝑥)(∗,+, ∗, . . . , ∗, 𝑒−∣𝜉𝑗+1∣𝑥, . . . , 𝑒−∣𝜉𝑛∣𝑥)(∗, ∗,+, . . . , ∗, 𝑒−∣𝜉𝑗+1∣𝑥, . . . , 𝑒−∣𝜉𝑛∣𝑥)

...(∗, ∗, . . . , ∗,+, 𝑒−∣𝜉𝑗+1∣𝑥, . . . , 𝑒−∣𝜉𝑛∣𝑥)
0
...
0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
. (1)

Here ∗ means 𝑒−𝑖𝜉𝑘(𝜆) and + means cos(𝜉𝑘(𝜆)𝑥)−𝑖𝑠𝑘(𝜆) sin(𝜉𝑘(𝜆)𝑥) in the 𝑘th
column for 𝑘 = 1, . . . , 𝑗. This can be interpreted as a multiple tunnel effect (tunnel
effect in the last (𝑛 − 𝑗) branches with different exponential decay rates). For 𝜆
near 𝑎𝑗+1, the exponential decay of the function 𝑥 �→ 𝑒−∣𝜉𝑗+1∣𝑥 is slow. The tunnel
effect is weaker on the other branches since the exponential decay is quicker.

We are now interested in the Abstract Cauchy Problem

(ACP) : 𝑢𝑡𝑡(𝑡) +𝐴𝑢(𝑡) = 0, 𝑡 > 0, with 𝑢(0) = 𝑢0, 𝑢𝑡(0) = 0.

Here, the zero initial condition for the velocity is just chosen for simplicity, as we
will not deal with the general case in this contribution.

By the surjectivity of 𝑉 (cf. Theorem 2.3 (ii)) for every 𝑗, 𝑘 ∈ {1, . . . , 𝑛} with
𝑘 ≤ 𝑗 there exists an initial condition 𝑢0 ∈ 𝐻 satisfying

Condition (𝐴𝑗,𝑘): (𝑉 𝑢0)𝑙 ≡ 0, 𝑙 ∕= 𝑘, and (𝑉 𝑢0)𝑘 ∈ 𝐶2
𝑐 ((𝑎𝑗 , 𝑎𝑗+1)).

Remark 2.4.

i) We use the convention 𝑎𝑛+1 = +∞.
ii) For 𝑢0 satisfying (𝐴𝑗,𝑘) there exist 𝑎𝑗 < 𝜆min < 𝜆max < 𝑎𝑗+1 such that

supp(𝑉 𝑢0)𝑘 ⊂ [𝜆min, 𝜆max].
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iii) If 𝑢0 ∈ 𝐻 satisfies (𝐴𝑗,𝑘), then 𝑢0 ∈ 𝐷(𝐴∞) =
∩
𝑙≥0

𝐷(𝐴𝑙), due to Theo-

rem 2.3 (iv), since 𝜆 �→ 𝜆𝑙(𝑉 𝑢)𝑚(𝜆) ∈ 𝐿2((𝑎𝑚,+∞), 𝑞𝑚), 𝑚 = 1, . . . , 𝑛 for
all 𝑙 ∈ ℕ by the compactness of supp(𝑉 𝑢0)𝑚.

Theorem 2.5 (Solution formula of (ACP) in a special case). Fix 𝑗, 𝑘 ∈ {1, . . . , 𝑛}
with 𝑘 ≤ 𝑗. Suppose that 𝑢0 satisfies Condition (𝐴𝑗,𝑘). Then there exists a unique

solution 𝑢 of (𝐴𝐶𝑃 ) with 𝑢 ∈ 𝐶𝑙([0,+∞), 𝐷(𝐴𝑚/2)) for all 𝑙,𝑚 ∈ ℕ. For 𝑥 ∈ 𝑁𝑟
with 𝑟 ≤ 𝑗 such that 𝑟 ∕= 𝑘 and 𝑡 ≥ 0, we have the representation

𝑢(𝑡, 𝑥) =
1

2

(
𝑢+(𝑡, 𝑥) + 𝑢−(𝑡, 𝑥)

)
with

𝑢±(𝑡, 𝑥) :=
∫ 𝜆max

𝜆min

𝑒±𝑖
√
𝜆𝑡𝑞𝑘(𝜆)𝑒

−𝑖𝜉𝑟(𝜆)𝑥(𝑉 𝑢0)𝑘(𝜆) 𝑑𝜆. (2)

Proof. Since 𝑣0 = 𝑢𝑡(0) = 0, we have for the solution of (ACP) the representation

𝑢(𝑡) = 𝑉 −1 cos(
√
𝜆𝑡)𝑉 𝑢0

(cf. for example [1, Theorem 5.1]). The expression for 𝑉 −1 given in [4] yields the
formula for 𝑢±. □

Remark 2.6. Expression (2) comes from a term of the type ∗ in 𝐹𝜆 (see (1)) via the
representation of 𝑉 −1. A solution formula for arbitrary initial conditions which is
valid on all branches is available in [4]. This general expression is not needed in
the following.

3. 𝑳∞-time decay

The time asymptotics of the 𝐿∞-norm of the solution of hyperbolic problems is
an important qualitative feature, for example in view of the study of nonlinear
perturbations.

In [16] the author derives the spectral theory for the 3D-wave equation with
different propagation speeds in two adjacent wedges. Further he attempts to give
the 𝐿∞-time decay which he reduces to a 1D-Klein-Gordon problem with potential
step (with a frequency parameter). He uses interesting tools, but his argument is
technically incomplete: the backsubstitution (see the proof of Theorem 3.2 below)
has not been carried out, and thus his results cannot be reliable. Nevertheless, we
have been inspired by some of his techniques.

The main problem to determine the 𝐿∞-norm is the oscillatory nature of
the integrands in the solution formula (2). The stationary phase formula as given
by L. Hörmander in Theorem 7.7.5 of [12] provides a powerful tool to treat this
situation.

In the following theorem we formulate a special case of this result relevant
for us.
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Theorem 3.1 (Stationary phase method). Let 𝐾 be a compact interval in ℝ, 𝑋 an
open neighborhood of 𝐾. Let 𝑈 ∈ 𝐶2

0 (𝐾), Ψ ∈ 𝐶4(𝑋) and ImΨ ≥ 0 in 𝑋. If there

exists 𝑝0 ∈ 𝑋 such that ∂
∂𝑝Ψ(𝑝0) = 0, ∂2

∂𝑝2Ψ(𝑝0) ∕= 0, and ImΨ(𝑝0) = 0, ∂
∂𝑝Ψ(𝑝) ∕=

0, 𝑝 ∈ 𝐾 ∖ {𝑝0}, then∣∣∣ ∫
𝐾

𝑈(𝑝)𝑒𝑖𝜔Ψ(𝑝)𝑑𝑝 − 𝑒𝑖𝜔Ψ(𝑝0)

[
𝜔

2𝜋𝑖

∂2

∂𝑝2
Ψ(𝑝0)

]−1/2

𝑈(𝑝0)
∣∣∣ ≤ 𝐶(𝐾) ∥𝑈∥𝐶2(𝐾) 𝜔−1

for all 𝜔 > 0. Moreover 𝐶(𝐾) is bounded when Ψ stays in a bounded set in 𝐶4(𝑋).

Theorem 3.2 (Time-decay of the solution of (ACP) in a special case). Fix 𝑗, 𝑘 ∈
{1, . . . , 𝑛} with 𝑘 ≤ 𝑗. Suppose that 𝑢0 satisfies Condition (𝐴𝑗,𝑘) and choose
𝜆min, 𝜆max ∈ (𝑎𝑗 , 𝑎𝑗+1) such that

supp(𝑉 𝑢0)𝑘 ⊂ [𝜆min, 𝜆max] ⊂ (𝑎𝑗 , 𝑎𝑗+1).

Then for all 𝑥 ∈ 𝑁𝑟 with 𝑟 ≤ 𝑗 and 𝑟 ∕= 𝑘 and all 𝑡 ∈ ℝ+ such that (𝑡, 𝑥) lies in
the cone described by√

𝜆max

𝑐𝑟(𝜆max − 𝑎𝑟)
≤ 𝑡

𝑥
≤
√

𝜆min

𝑐𝑟(𝜆min − 𝑎𝑟)
, (3)

there exists 𝐻(𝑡, 𝑥, 𝑢0) ∈ ℂ and a constant 𝑐(𝑢0) satisfying∣∣∣𝑢+(𝑡, 𝑥) − 𝐻(𝑡, 𝑥, 𝑢0)𝑡
−1/2
∣∣∣ ≤ 𝑐(𝑢0) ⋅ 𝑡−1 , (4)

where 𝑢+ is defined in Theorem 2.5, with

∣𝐻(𝑡, 𝑥, 𝑢0)∣ ≤
(2𝜋𝑐𝑘

𝑐𝑟

)1/2
𝜆3/4
max ⋅ max𝑣∈[𝑣min,𝑣max]

√∣(𝑎𝑟 − 𝑎𝑘)𝑣 + 𝑎𝑟∣(∑
𝑙≤𝑟

√
𝑐𝑙
√
(𝑎𝑟 − 𝑎𝑙)𝑣min + 𝑎𝑟

)2 ⋅ ∥(𝑉 𝑢0)𝑘∥∞,

where 𝑣min :=
𝑎𝑟

𝜆max − 𝑎𝑟
and 𝑣max :=

𝑎𝑟
𝜆min − 𝑎𝑟

.

Remark 3.3. i) Note that (3) is equivalent to

𝑣min ≤ 𝑣(𝑡, 𝑥) := 𝑐𝑟(𝑡/𝑥)
2 − 1 ≤ 𝑣max . (5)

ii) The hypotheses of Theorem 3.2 imply that 𝑗 ≥ 2.
iii) An explicit expression for 𝐻(𝑡, 𝑥, 𝑢0) is given at the end of the proof in (8).
iv) We have chosen to investigate only 𝑢+ in this proceedings article, since the

expression for 𝑢− does not possess a stationary point in its phase. Hence, one
can prove that its contribution will decay at least as 𝑐𝑡−1. A detailed analysis
will follow in a forthcoming paper.

Proof. We divide the proof in five steps.
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First step: Substitution. Realizing the substitution 𝑝 := 𝜉𝑟(𝜆) =
√
𝜆−𝑎𝑟
𝑐𝑟

in the

expression for 𝑢+ given in Theorem 2.5 leads to:

𝑢+(𝑡, 𝑥) = 2𝑐𝑟

∫ 𝑝max

𝑝min

𝑒𝑖
√
𝑎𝑟+𝑐𝑟𝑝2𝑡𝑞𝑘(𝑎𝑟 + 𝑐𝑟𝑝

2)𝑒−𝑖𝑝𝑥(𝑉 𝑢0)𝑘(𝑎𝑟 + 𝑐𝑟𝑝
2)𝑝 𝑑𝑝

with 𝑝min := 𝜉𝑟(𝜆min) and 𝑝max := 𝜉𝑟(𝜆max).

Second step: Change of the parameters (𝑡, 𝑥). In order to get bounded parameters,
we change (𝑡, 𝑥) into (𝜏, 𝜒) defined by

𝜏 =
𝑡

𝜔
and 𝜒 =

𝑥

𝜔
with 𝜔 =

√
𝑡2 + 𝑥2,

following an argument from [16]. Thus the argument of the exponential in the
integral defining 𝑢+ becomes:

𝑖𝜔(
√

𝑎𝑟 + 𝑐𝑟𝑝2𝜏 − 𝑝𝜒) =: 𝑖𝜔𝜑(𝑝, 𝜏, 𝜒).

Note that 𝜏, 𝜒 ∈ [0, 1] for 𝑡, 𝑥 ∈ [0,∞).

Third step: Application of the stationary phase method. Now we want to apply
Theorem 3.1 to 𝑢+ with the amplitude 𝑈 and the phase Ψ defined by:

𝑈(𝑝) := 𝑞𝑘(𝑎𝑟 + 𝑐𝑟𝑝
2)(𝑉 𝑢0)𝑘(𝑎𝑟 + 𝑐𝑟𝑝

2)𝑝, Ψ(𝑝) := 𝜑(𝑝, 𝜏, 𝜒), 𝑝 ∈ [𝑝min, 𝑝max].

The functions 𝑈 and Ψ satisfy the regularity conditions on the compact interval
𝐾 := [𝑝min, 𝑝max] and Ψ is a real-valued function. One easily verifies, that for 𝜏 ∕= 0

Ψ′(𝑝) =
𝑐𝑟𝑝√

𝑎𝑟 + 𝑐𝑟𝑝2
𝜏−𝜒 = 0 ⇐⇒ 𝑝 = 𝑝0 :=

√
𝑎𝑟𝜒2

𝑐𝑟(𝑐𝑟𝜏2 − 𝜒2)
=

√
𝑎𝑟𝑥2

𝑐𝑟(𝑐𝑟𝑡2 − 𝑥2)
,

and that this stationary point 𝑝0 belongs to the interval of integration [𝑝min, 𝑝max],
if and only if (𝑡, 𝑥) lies in the cone defined by (3). Furthermore, for 𝑝 ∈ ℝ

∂2Ψ

∂𝑝2
(𝑝) =

∂2𝜑

∂𝑝2
(𝑝, 𝜏, 𝜒) = 𝜏

𝑐𝑟𝑎𝑟
(𝑎𝑟 + 𝑐𝑟𝑝2)3/2

∕= 0 .

Thus, Theorem 3.1 implies that for all (𝑡, 𝑥) satisfying (3) there exists a constant
𝐶(𝐾, 𝜏, 𝜒) > 0 such that∣∣∣𝑢+(𝑡, 𝑥)−𝑒−𝑖𝜔𝜑(𝑝0,𝜏,𝜒)

(
𝜔

2𝑖𝜋

∂2𝜑

∂𝑝2
(𝑝0, 𝜏, 𝜒)

)−1/2

𝑈(𝑝0)︸ ︷︷ ︸
(∗)

∣∣∣ ≤ 𝐶(𝐾, 𝜏, 𝜒)∥𝑈∥𝐶2(𝐾) 𝜔
−1

for all 𝜔 > 0.
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Fourth step: Backsubstitution. We must now control the dependence of 𝐶(𝐾, 𝜏, 𝜒)
on the parameters 𝜏, 𝜒. To this end, one has to assure that Ψ = 𝜑(⋅, 𝜏, 𝜒) stays in a
bounded set in 𝐶4(𝑋), if 𝜏 and 𝜒 vary in [0, 1], where we choose𝑋 = (𝑝𝑚, 𝑝𝑀 ) such
that 0 < 𝑝𝑚 < 𝑝min < 𝑝max < 𝑝𝑀 < ∞. This follows using the above expressions

for ∂𝜑∂𝑝 ,
∂2𝜑
∂𝑝2 and

∂3𝜑

∂𝑝3
(𝑝, 𝜏, 𝜒) = − 3𝑎𝑟𝑐

2
𝑟𝑝

(𝑎𝑟 + 𝑐𝑟𝑝2)5/2
𝜏 ,

∂4𝜑

∂𝑝4
(𝑝, 𝜏, 𝜒) = −3𝑎𝑟𝑐

2
𝑟(𝑎𝑟 − 4𝑝2𝑐𝑟)

(𝑎𝑟 + 𝑐𝑟𝑝2)7/2
𝜏

for 𝑝 ∈ 𝑋 . Thus Theorem 3.1 implies that there exists a constant 𝐶(𝐾) > 0 such
that 𝐶(𝐾, 𝜏, 𝜒) ≤ 𝐶(𝐾) for all 𝜏, 𝜒 ∈ [0, 1].

To evaluate (∗) we observe that 𝑝0 =
1√
𝑐𝑟

√
𝑎𝑟

𝑐𝑟(𝑡/𝑥)2−1 . This implies

𝜉𝑙(𝑎𝑟 + 𝑐𝑟𝑝
2
0) =

√
(𝑎𝑟 + 𝑐𝑟𝑝20)− 𝑎𝑙

𝑐𝑙
=

1√
𝑐𝑙

√
(𝑎𝑟 − 𝑎𝑙) (𝑐𝑟(𝑡/𝑥)2 − 1) + 𝑎𝑟√

𝑐𝑟(𝑡/𝑥)2 − 1

and thus

𝑞𝑘(𝑎𝑟 + 𝑐𝑟𝑝
2
0) =

𝑐𝑘𝜉𝑘(𝑎𝑟 + 𝑐𝑟𝑝
2
0)

∣∑𝑛𝑙=1 𝑐𝑙𝜉𝑙(𝑎𝑟 + 𝑐𝑟𝑝20)∣2

=
√
𝑐𝑘
√

𝑐𝑟(𝑡/𝑥)2 − 1

√
(𝑎𝑟 − 𝑎𝑘) (𝑐𝑟(𝑡/𝑥)2 − 1) + 𝑎𝑟∣∣∣∑𝑛𝑙=1

√
𝑐𝑙
√
(𝑎𝑟 − 𝑎𝑙) (𝑐𝑟(𝑡/𝑥)2 − 1) + 𝑎𝑟

∣∣∣2 .

Finally,

∂2𝜑

∂𝑝2
(𝑝0, 𝜏, 𝜒) = 𝜏

𝑐𝑟𝑎𝑟
(𝑎𝑟 + 𝑐𝑟𝑝20)

3/2
= 𝜏

(
𝑐𝑟𝜏

2 − 𝜒2
)3/2

(𝑎𝑟𝑐𝑟)1/2𝜏2

= 𝜏(𝑐𝑟𝑎𝑟)
−1/2

(
𝑐𝑟(𝑡/𝑥)

2 − 1

(𝑡/𝑥)2

)3/2

.

Combining these results and using 𝜔𝜏 = 𝑡 we find

(∗) =
(

𝜔

2𝑖𝜋

∂2𝜑

∂𝑝2
(𝑝0, 𝜏, 𝜒)

)−1/2

𝑞𝑘(𝑎𝑟 + 𝑐𝑟𝑝
2
0) 𝑝0 (𝑉 𝑢0)𝑘(𝑎𝑟 + 𝑐𝑟𝑝

2
0)

= (2𝑖𝜋)1/2𝑡−1/2(𝑐𝑟𝑎𝑟)
1/4

(
(𝑡/𝑥)

2

𝑐𝑟 (𝑡/𝑥)
2 − 1

)3/4

× √
𝑐𝑘
√

𝑐𝑟(𝑡/𝑥)2 − 1

√
(𝑎𝑟 − 𝑎𝑘) (𝑐𝑟(𝑡/𝑥)2 − 1) + 𝑎𝑟∣∣∣∑𝑙√𝑐𝑙
√
(𝑎𝑟 − 𝑎𝑙) (𝑐𝑟(𝑡/𝑥)2 − 1) + 𝑎𝑟

∣∣∣2
× 1√

𝑐𝑟

√
𝑎𝑟

𝑐𝑟(𝑡/𝑥)2 − 1
(𝑉 𝑢0)𝑘(𝑎𝑟 + 𝑐𝑟𝑝

2
0)

= (2𝑖𝜋)1/2𝑎3/4𝑟 𝑐1/4𝑟 ℎ1(𝑡, 𝑥) ℎ2(𝑡, 𝑥) (𝑉 𝑢0)𝑘(𝑎𝑟 + 𝑐𝑟𝑝
2
0) 𝑡−1/2
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with

ℎ1(𝑡, 𝑥) :=

( (
𝑡
𝑥

)2
𝑐𝑟
(
𝑡
𝑥

)2 − 1

)3/4

, ℎ2(𝑡, 𝑥) :=

√
(𝑎𝑟 − 𝑎𝑘)

(
𝑐𝑟(

𝑡
𝑥)

2 − 1
)
+ 𝑎𝑟∣∣∣∑𝑙√𝑐𝑙

√
(𝑎𝑟 − 𝑎𝑙)

(
𝑐𝑟(

𝑡
𝑥 )

2 − 1
)
+ 𝑎𝑟

∣∣∣2 .
Fifth step: Uniform estimates. It remains to estimate ℎ1(𝑡, 𝑥)ℎ2(𝑡, 𝑥)(𝑉 𝑢0)𝑘(𝑎𝑟 +
𝑐𝑟𝑝

2
0) uniformly in 𝑡 and 𝑥, if (𝑡, 𝑥) satisfies (3). To this end we note that the

function 𝑏 �→ 𝑏

𝑐𝑟𝑏 − 1
is a decreasing function on (1/𝑐𝑟,+∞). Thus the maximum

of ℎ1 for (𝑡, 𝑥) satisfying (3) is attained at
𝑡
𝑥 =
√

𝜆max

𝑐𝑟(𝜆max−𝑎𝑟) . This implies

ℎ1(𝑡, 𝑥) ≤
( 1

𝑐𝑟𝑎𝑟
𝜆max

)3/4
for (𝑡, 𝑥) satisfying (3). (6)

Let us now estimate ℎ2. For a fixed 𝑣 in [𝑣min, 𝑣max], we denote by 𝐼1 the set of
indices 𝑙 such that (𝑎𝑟 − 𝑎𝑙)𝑣 + 𝑎𝑟 ≥ 0 and 𝐼2 = {1, . . . , 𝑛} ∖ 𝐼1.
Then, for any 𝑣 in [𝑣min, 𝑣max] we have {1, . . . , 𝑟} ⊂ 𝐼1 (since 𝑣min > 0) and∣∣∣∑

𝑙

√
𝑐𝑙
√
(𝑎𝑟 − 𝑎𝑙)𝑣 + 𝑎𝑟

∣∣∣2
=
(∑
𝑙∈𝐼1

√
𝑐𝑙
√
(𝑎𝑟 − 𝑎𝑙)𝑣 + 𝑎𝑟

)2
+
∣∣∣∑
𝑙∈𝐼2

√
𝑐𝑙
√
(𝑎𝑟 − 𝑎𝑙)𝑣 + 𝑎𝑟

∣∣∣2
≥
(∑
𝑙≤𝑟

√
𝑐𝑙
√
(𝑎𝑟 − 𝑎𝑙)𝑣 + 𝑎𝑟

)2
≥
(∑
𝑙≤𝑟

√
𝑐𝑙
√
(𝑎𝑟 − 𝑎𝑙)𝑣min + 𝑎𝑟

)2
.

Thus, (5) implies

∣ℎ2(𝑡, 𝑥)∣ ≤
max𝑣∈[𝑣min,𝑣max]

√∣(𝑎𝑟 − 𝑎𝑘)𝑣 + 𝑎𝑟∣(∑
𝑙≤𝑟

√
𝑐𝑙
√
(𝑎𝑟 − 𝑎𝑙)𝑣min + 𝑎𝑟

)2 . (7)

Putting everything together, the assertion of the theorem is valid for

𝐻(𝑡, 𝑥, 𝑢0) := 𝑒−𝑖𝜑(𝑝0,𝑡,𝑥)(2𝑖𝜋)1/2𝑎3/4𝑟 𝑐1/4𝑟 𝑐
1/2
𝑘 ℎ1(𝑡, 𝑥) ℎ2(𝑡, 𝑥) (𝑉 𝑢0)𝑘(𝑎𝑟 + 𝑐𝑟𝑝

2
0) .
(8)

Finally the right-hand side of estimate (4) is derived from the inequality

𝐶(𝐾, 𝜏, 𝜒)∥𝑈∥𝐶2(𝐾) 𝜔−1

≤ 𝐶(𝐾)
∥∥𝑝 �→ 𝑞𝑘(𝑎𝑟 + 𝑐𝑟𝑝

2)(𝑉 𝑢0)𝑘(𝑎𝑟 + 𝑐𝑟𝑝
2)𝑝
∥∥
𝐶2([𝑝min,𝑝max])

𝑡−1. (9)

The 𝐶2-norm is finite, since the involved functions are regular on the compact set
[𝑝min, 𝑝max]. □
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4. Growing potential step

For this section we specialize to the case of two branches 𝑁1 and 𝑁2 and, for
the sake of simplicity, we also set 𝑐1 = 𝑐2 = 1. We show that, choosing a generic
initial condition 𝑢0 in a compact energy band included in (𝑎2,∞), the coefficient
𝐻(𝑡, 𝑥, 𝑢0) in the asymptotic expansion of Theorem 3.2 tends to zero, if the poten-
tial step 𝑎2−𝑎1 tends to infinity. Simultaneously the cone of the exact 𝑡

−1/2-decay
shrinks and inclines toward the 𝑡-axis.

Theorem 4.1. Let 0 < 𝛼 < 𝛽 < 1 and 𝜓 ∈ 𝐶2
𝑐 ((𝛼, 𝛽)) with ∥𝜓∥∞ = 1 be given.

Setting 𝜓(𝜆) := 𝜓(𝜆 − 𝑎2), we choose the initial condition 𝑢0 ∈ 𝐻 satisfying

(𝑉 𝑢0)2 ≡ 0 and (𝑉 𝑢0)1 = 𝜓. Furthermore, let 𝑢+ be defined as in Theorem 2.5.

Then there is a constant 𝐶(𝜓, 𝛼, 𝛽) independent of 𝑎1 and 𝑎2, such that for
all 𝑡 ∈ ℝ+ and all 𝑥 ∈ 𝑁2 with√

𝑎2 + 𝛽

𝛽
≤ 𝑡

𝑥
≤
√

𝑎2 + 𝛼

𝛼

the value 𝐻(𝑡, 𝑥, 𝑢0) given in (8) satisfies∣∣𝑢+(𝑡, 𝑥)− 𝐻(𝑡, 𝑥, 𝑢0) ⋅ 𝑡−1/2
∣∣ ≤ 𝐶(𝜓, 𝛼, 𝛽) ⋅ 𝑡−1

and ∣∣𝐻(𝑡, 𝑥, 𝑢0)
∣∣ ≤ √

2𝜋

√
𝛽(𝑎2 + 𝛽)3/4√

𝑎2
√
𝑎2 − 𝑎1 + 𝛽

.

Proof. Note that it is always possible to choose the initial condition in the indicated
way, thanks to the surjectivity of 𝑉 , cf. Theorem 2.3 ii).

The constant 𝐶(𝜓, 𝛼, 𝛽) has been already calculated in Theorem 3.2. It re-
mains to make sure that it is independent of 𝑎1 and 𝑎2 and to prove the estimate
for ∣𝐻(𝑡, 𝑥, 𝑢0)∣.

We start with the latter and carry out a refined analysis of the proof of
Theorem 3.2 for our special situation. Using the notation of this proof, (8) yields∣∣𝐻(𝑡, 𝑥, 𝑢0)

∣∣ = √
2𝜋𝑎

3/4
2 ℎ1(𝑡, 𝑥)

∣∣ℎ2(𝑡, 𝑥)
∣∣ ⋅ ∥(𝑉 𝑢0)1∥∞.

By (6) and 𝜆max = 𝑎2 + 𝛽 we find

ℎ1(𝑡, 𝑥) ≤ (𝑎2 + 𝛽)3/4

𝑎
3/4
2

and, investing the definition of ℎ2 together with (5), we have∣∣ℎ2(𝑡, 𝑥)
∣∣ = ∣∣∣∣

√
(𝑎2 − 𝑎1)((𝑡/𝑥)2 − 1) + 𝑎2(√

(𝑎2 − 𝑎1)((𝑡/𝑥)2 − 1) + 𝑎2 +
√
𝑎2
)2 ∣∣∣∣

≤ 1√
(𝑎2 − 𝑎1)((𝑡/𝑥)2 − 1) + 𝑎2

≤ 1√
(𝑎2 − 𝑎1)𝑣min + 𝑎2

.
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Putting in the definitions of 𝑣min and afterwords 𝜆max and rearranging terms, this
leads to ∣∣ℎ2(𝑡, 𝑥)

∣∣ ≤ √
𝛽√

𝑎2
√
𝑎2 − 𝑎1 + 𝛽

.

Since ∥(𝑉 𝑢0)1∥∞ = ∥𝜓∥∞ = ∥𝜓∥∞ was set to 1, we arrive at the estimate∣∣𝐻(𝑡, 𝑥, 𝑢0)
∣∣ ≤ √

2𝜋(𝑎2 + 𝛽)3/4
√
𝛽√

𝑎2
√
𝑎2 − 𝑎1 + 𝛽

.

Going again back to Theorem 3.2 for the constant 𝐶 we have by (9)

𝐶 = 𝐶(𝐾)
∥∥𝑈(𝑝)∥𝐶2(𝐾),

where
𝑈(𝑝) = 𝑝𝑞1(𝑎2 + 𝑝2)(𝑉 𝑢0)1(𝑎2 + 𝑝2), 𝑝 ∈ 𝐾,

and
𝐾 = [𝑝min, 𝑝max] = [𝜉2(𝑎2 + 𝛼), 𝜉2(𝑎2 + 𝛽)] = [

√
𝛼,
√

𝛽].

Thus, the constant 𝐶(𝐾) is independent of 𝑎1 and 𝑎2 and we can start to estimate
the 𝐶2-norm of 𝑈 :

𝑈(𝑝) = 𝑝𝜓(𝑎2 + 𝑝2)
𝜉1(𝑎2 + 𝑝2)

∣𝜉1(𝑎2 + 𝑝2) + 𝜉2(𝑎2 + 𝑝2)∣2 = 𝑝𝜓(𝑝2)

√
𝑎2 − 𝑎1 + 𝑝2(√

𝑎2 − 𝑎1 + 𝑝2 + 𝑝
)2

= 𝑝𝜓(𝑝2)
𝑓(𝑝)

(𝑓(𝑝) + 𝑝)2

where 𝑓(𝑝) :=
√

𝑎2 − 𝑎1 + 𝑝2. For the function 𝑈 itself we find

∣𝑈(𝑝)∣ ≤
√

𝛽∥𝜓∥∞ 1

𝑓(𝑝)
=

√
𝛽√

𝑎2 − 𝑎1 + 𝑝2
≤

√
𝛽√

𝑎2 − 𝑎1 + 𝛼
≤

√
𝛽√
𝛼
.

Calculating the derivatives is lengthy, but using 𝑓 ′(𝑝)𝑓(𝑝) = 𝑝, one finds constants
𝐶1 and 𝐶2 depending only on 𝜓, 𝛼 and 𝛽 with

∣𝑈 ′(𝑝)∣ =
∣∣∣(𝑝𝜓(𝑝2))′ 𝑓(𝑝)

(𝑓(𝑝) + 𝑝)2
+ 𝑝𝜓(𝑝2)

𝑝2 − 𝑝𝑓(𝑝)− 2𝑓(𝑝)2

𝑓(𝑝)(𝑓(𝑝) + 𝑝)3

∣∣∣
≤ 𝐶1

( 1

𝑓(𝑝)
+
2𝑝2 + 4𝑝𝑓(𝑝) + 2𝑓(𝑝)2

𝑓(𝑝)(𝑓(𝑝) + 𝑝)3

)
≤ 𝐶1

( 1

𝑓(𝑝)
+

2

𝑓(𝑝)2

)
≤ 𝐶1

( 1√
𝛼
+
2

𝛼

)
and in a similar manner

∣𝑈 ′′(𝑝)∣ =
∣∣∣(𝑝𝜓(𝑝2))′′ 𝑓(𝑝)

(𝑓(𝑝) + 𝑝)2
+ 2
(
𝑝𝜓(𝑝2)

)′ 𝑝2 − 𝑝𝑓(𝑝)− 2𝑓(𝑝)2

𝑓(𝑝)(𝑓(𝑝) + 𝑝)3

+ 𝑝𝜓(𝑝2)
5𝑓(𝑝)4 + 8𝑝𝑓(𝑝)3 − 4𝑝3𝑓(𝑝)− 𝑝4

𝑓(𝑝)3(𝑓(𝑝) + 𝑝)4

∣∣∣
≤ 𝐶2

( 1√
𝛼
+
4

𝛼
+

5

𝛼3/2

)
. □
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Remark 4.2.

i) In the situation of Theorem 4.1, we have∣∣𝐻(𝑡, 𝑥, 𝑢0)
∣∣ ≤ √

2𝜋(𝑎2 + 𝛽)3/4
√
𝛽√

𝑎2
√
𝑎2 − 𝑎1 + 𝛽

∼
√
2𝜋𝛽 𝑎

−1/4
2 as 𝑎2 → +∞.

ii) Suppose that 𝜓(𝜇) ≥ 𝑚 > 0 for 𝜇 ∈ [𝛼′, 𝛽′] with 𝛼 < 𝛼′ < 𝛽′ < 𝛽. Then one
can show that ∣∣𝐻(𝑡, 𝑥, 𝑢0)

∣∣ ≥ √
2𝜋𝛼 𝑎

−1/4
2 𝑚.

for (𝑡, 𝑥) satisfying √
𝑎2 + 𝛽′

𝛽′
≤ 𝑡

𝑥
≤
√

𝑎2 + 𝛼′

𝛼′

if 𝑎2 is sufficiently large. Thus the coefficient of 𝑡−1/2 behaves exactly as

const ⋅ 𝑎−1/4
2 (in particular it tends to zero) as 𝑎2 → +∞.

iii) The cone in the (𝑡, 𝑥)-plane, where 𝑢+ decays as const ⋅ 𝑡−1/2 is given by√
𝛽

𝑎2 + 𝛽
≤ 𝑥

𝑡
≤
√

𝛼

𝑎2 + 𝛼
.

Clearly it shrinks and inclines toward the 𝑡-axis as 𝑎2 → +∞. One can prove
that outside this cone, 𝑢+ decays at least as 𝑡−1. This exact asymptotic
behavior of the 𝐿∞-norm might be experimentally verified.

iv) Note that (4) also implies that∣∣𝑢+(𝑡, 𝑥)
∣∣ ≤ ∣∣𝑢+(𝑡, 𝑥)− 𝐻(𝑡, 𝑥, 𝑢0)𝑡

−1/2 +𝐻(𝑡, 𝑥, 𝑢0)𝑡
−1/2
∣∣

≤ 𝐶(𝜓, 𝛼, 𝛽)𝑡−1 +
∣∣𝐻(𝑡, 𝑥, 𝑢0)

∣∣𝑡−1/2

≤ 𝐷(𝜓, 𝛽, 𝑎1, 𝑎2)𝑡
−1/2

for (𝑡, 𝑥) in the cone indicated there, if 𝑡 is sufficiently large.
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Some Classes of Operators
on Partial Inner Product Spaces

Jean-Pierre Antoine and Camillo Trapani

Abstract. Many families of function spaces play a central role in analysis, such
as 𝐿𝑝 spaces, Besov spaces, amalgam spaces or modulation spaces. In all such
cases, the parameter indexing the family measures the behavior (regularity,
decay properties) of particular functions or operators. Actually all these space
families are, or contain, scales or lattices of Banach spaces, which are special
cases of partial inner product spaces (pip-spaces). In this paper, we shall give
an overview of pip-spaces and operators on them, defined globally. We will
discuss a number of operator classes, such as morphisms, projections or certain
integral operators. We also explain how a pip-space can be generated from a
*-algebra of operators on a Hilbert space and we prove that, under natural
conditions, every lattice of Hilbert spaces is obtained in this way.

Mathematics Subject Classification (2000). 46C50, 47A70, 47B37, 47B38.

Keywords. Partial inner product spaces, function spaces, operators, homo-
morphisms.

1. Introduction

When dealing with singular functions, one generally turns to distributions, most
often to tempered distributions. In the latter case, one is in fact working in the
triplet (Rigged Hilbert space or RHS)

𝒮(ℝ) ⊂ 𝐿2(ℝ, 𝑑𝑥) ⊂ 𝒮×(ℝ), (1.1)

where 𝒮(ℝ) is the Schwartz space of smooth functions of fast decay and 𝒮×(ℝ)
is the space of tempered distributions, taken as antilinear continuous functionals
over 𝒮(ℝ), so that the embeddings in (1.1) are linear (we restrict ourselves to one
dimension, for simplicity, but the argument is general).

The problem with the triplet (1.1) is that, besides the Hilbert space vectors,
it contains only two types of elements, “very good” functions in 𝒮 and “very bad”
ones in 𝒮×. If one wants a fine control on the behavior of individual elements, one

Advances and Applications, Vol. 221, 2 -5 46
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has to interpolate somehow between the two extreme spaces. In the case of the
Schwartz triplet (1.1) a well-known solution is given by a chain of Hilbert spaces,
the so-called Hermite representation of tempered distributions [14].

In fact, this is not at all an isolated case. Indeed many function spaces that
play a central role in analysis come in the form of families, indexed by one or several
parameters that characterize the behavior of functions (smoothness, behavior at
infinity, . . . ). The typical structure is a chain of Hilbert or (reflexive) Banach
spaces. Let us give two familiar examples.

(i) The Lebesgue 𝐿𝑝 spaces on a finite interval, e.g., ℐ = {𝐿𝑝([0, 1], 𝑑𝑥),
1 ⩽ 𝑝 ⩽ ∞}:

𝐿∞ ⊂ ⋅ ⋅ ⋅ ⊂ 𝐿𝑞 ⊂ 𝐿𝑟 ⊂ ⋅ ⋅ ⋅ ⊂ 𝐿2 ⊂ ⋅ ⋅ ⋅ ⊂ 𝐿𝑟 ⊂ 𝐿𝑞 ⊂ ⋅ ⋅ ⋅ ⊂ 𝐿1, (1.2)

where 1 < 𝑞 < 𝑟 < 2. Here 𝐿𝑞 and 𝐿𝑞 are dual to each other (1/𝑞 + 1/𝑞 = 1),
and similarly 𝐿𝑟 and 𝐿𝑟 (1/𝑟+ 1/𝑟 = 1). By the Hölder inequality, the (𝐿2) inner
product

⟨𝑓 ∣𝑔⟩ =
∫ 1

0

𝑓(𝑥) 𝑔(𝑥) 𝑑𝑥 (1.3)

is well defined if 𝑓 ∈ 𝐿𝑞, 𝑔 ∈ 𝐿𝑞. However, it is not well defined for two arbitrary
functions 𝑓, 𝑔 ∈ 𝐿1. Take for instance, 𝑓(𝑥) = 𝑔(𝑥) = 𝑥−1/2 : 𝑓 ∈ 𝐿1, but 𝑓𝑔 =
𝑓2 ∕∈ 𝐿1. Thus, on 𝐿1, (1.3) defines only a partial inner product. The same result
holds for any compact subset of ℝ instead of [0,1].

(ii) The scale of Hilbert spaces1 built on the powers of a positive self-adjoint
operator 𝐴 ⩾ 1 in a Hilbert space ℋ0. Let ℋ𝑛 be 𝐷(𝐴𝑛), the domain of 𝐴𝑛,
equipped with the graph norm ∥𝑓∥𝑛 = ∥𝐴𝑛𝑓∥, 𝑓 ∈ 𝐷(𝐴𝑛), for 𝑛 ∈ ℕ or 𝑛 ∈ ℝ+,
and ℋ−𝑛 = ℋ×

𝑛 (conjugate dual):

ℋ∞(𝐴) :=
∩
𝑛

ℋ𝑛 ⊂ ⋅ ⋅ ⋅ ⊂ ℋ2 ⊂ ℋ1 ⊂ ℋ0 ⊂ ⋅ ⋅ ⋅

⋅ ⋅ ⋅ ⊂ ℋ−1 ⊂ ℋ−2 ⋅ ⋅ ⋅ ⊂ ℋ−∞(𝐴) :=
∪
𝑛

ℋ𝑛. (1.4)

Note that here the index 𝑛 could also be taken as real, the link between the two
cases being established by the spectral theorem for self-adjoint operators. In this
case also, the inner product of ℋ0 extends to each pair ℋ𝑛,ℋ−𝑛, but on ℋ−∞(𝐴)
it yields only a partial inner product. The following examples are standard:

∙ (𝐴p𝑓)(𝑥) = (1 + 𝑥2)𝑓(𝑥) in 𝐿2(ℝ, 𝑑𝑥).

∙ (𝐴m𝑓)(𝑥) = (1− 𝑑2

𝑑𝑥2 )𝑓(𝑥) in 𝐿2(ℝ, 𝑑𝑥): Sobolev spaces 𝐻𝑠(ℝ), 𝑠 ∈ ℤ or ℝ.

∙ (𝐴osc𝑓)(𝑥) = (1 + 𝑥2 − 𝑑2

𝑑𝑥2 )𝑓(𝑥) in 𝐿2(ℝ, 𝑑𝑥).

1A discrete chain of Hilbert spaces {ℋ𝑛}𝑛∈ℤ is called a scale if there exists a self-adjoint operator
𝐵 ⩾ 1 such that ℋ𝑛 = 𝐷(𝐵𝑛), ∀𝑛 ∈ ℤ, with the graph norm ∥𝑓∥𝑛 = ∥𝐵𝑛𝑓∥. A similar definition
holds for a continuous chain {ℋ𝛼}𝛼∈ℝ.
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(The notation is suggested by the operators of position, momentum and harmonic
oscillator energy in quantum mechanics, respectively.) Note that both ℋ∞(𝐴p) ∩
ℋ∞(𝐴m) and ℋ∞(𝐴osc) coincide with the Schwartz space 𝒮(ℝ)and ℋ−∞(𝐴osc)
with the space 𝒮×(ℝ) of tempered distributions.

However, a moment’s reflection shows that the total order relation inherent
in a chain is in fact an unnecessary restriction, partially ordered structures are
sufficient, and indeed necessary in practice. For instance, in order to get a better
control on the behavior of individual functions, one may consider the lattice built
on the powers of 𝐴p and 𝐴m simultaneously. Then the extreme spaces are still 𝒮(ℝ)
and 𝒮×(ℝ). Similarly, in the case of several variables, controlling the behavior of
a function in each variable separately requires a nonordered set of spaces. This is
in fact a statement about tensor products (remember that 𝐿2(𝑋 × 𝑌 ) ≃ 𝐿2(𝑋)⊗
𝐿2(𝑌 )). Indeed the tensor product of two chains of Hilbert spaces, {ℋ𝑛} ⊗ {𝒦𝑚}
is naturally a lattice {ℋ𝑛 ⊗ 𝒦𝑚} of Hilbert spaces. For instance, in the example
above, for two variables 𝑥, 𝑦, that would mean considering intermediate Hilbert
spaces corresponding to the product of two operators,

(
𝐴m(𝑥)

)𝑛(
𝐴m(𝑦)

)𝑚
.

Thus the structure to analyze is that of lattices of Hilbert or Banach spaces,
interpolating between the extreme spaces of a RHS, as in (1.1). Many examples can
be given, for instance the lattice generated by the spaces 𝐿𝑝(ℝ, 𝑑𝑥), the amalgam
spaces 𝑊 (𝐿𝑝, ℓ𝑞), the mixed norm spaces 𝐿𝑝,𝑞𝑚 (ℝ, 𝑑𝑥), and many more. In all these
cases, which contain most families of function spaces of interest in analysis and in
signal processing, a common structure emerges for the “large” space 𝑉 , defined as
the union of all individual spaces. There is a lattice of Hilbert or reflexive Banach
spaces 𝑉𝑟, with an (order-reversing) involution 𝑉𝑟 ↔ 𝑉𝑟, where 𝑉𝑟 = 𝑉 ×

𝑟 (the
space of continuous conjugate linear functionals on 𝑉𝑟), a central Hilbert space
𝑉𝑜 ≃ 𝑉𝑜, and a partial inner product on 𝑉 that extends the inner product of 𝑉𝑜
to pairs of dual spaces 𝑉𝑟, 𝑉𝑟.

Moreover, many operators should be considered globally, for the whole scale
or lattice, instead of on individual spaces. In the case of the spaces 𝐿𝑝(ℝ), such
are, for instance, operators implementing translations (𝑥 �→ 𝑥 − 𝑦) or dilations
(𝑥 �→ 𝑥/𝑎), convolution operators, Fourier transform, etc. In the same spirit, it is
often useful to have a common basis for the whole family of spaces, such as the
Haar basis for the spaces 𝐿𝑝(ℝ), 1 < 𝑝 < ∞. Thus we need a notion of operator
and basis defined globally for the scale or lattice itself.

This state of affairs prompted A. Grossmann and one of us (JPA), some time
ago, to systematize this approach, and this led to the concept of partial inner
product space or pip-space [1, 2, 3]. However, the topic has found a new interest
in recent years, in particular through developments of signal processing and the
underlying mathematics. Thus the time had come for reviewing the whole subject,
which we achieved in the recent monograph [5], to which we refer for further
information. The aim of this paper is to present briefly this formalism of pip-
spaces. In a first part, the structure of pip-space is derived systematically from
the abstract notion of compatibility and then particularized to some examples.
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In a second part, operators on pip-spaces are introduced. In particular, several
classes of operators, such as morphisms, projections or certain integral operators,
are discussed at some length. Most of the contents is based on our monograph [5],
but some new results are included.

2. Partial inner product spaces

2.1. Basic definitions

Definition 2.1. A linear compatibility relation on a vector space 𝑉 is a symmetric
binary relation 𝑓#𝑔 which preserves linearity:

𝑓#𝑔 ⇐⇒ 𝑔#𝑓, ∀ 𝑓, 𝑔 ∈ 𝑉,

𝑓#𝑔, 𝑓#ℎ =⇒ 𝑓#(𝛼𝑔 + 𝛽ℎ), ∀ 𝑓, 𝑔, ℎ ∈ 𝑉, ∀𝛼, 𝛽 ∈ ℂ.

As a consequence, for every subset 𝑆 ⊂ 𝑉 , the set 𝑆# = {𝑔 ∈ 𝑉 : 𝑔#𝑓, ∀ 𝑓 ∈ 𝑆} is
a vector subspace of 𝑉 and one has

𝑆## = (𝑆#)# ⊇ 𝑆, 𝑆### = 𝑆#.

Thus one gets the following equivalences:

𝑓#𝑔 ⇐⇒ 𝑓 ∈ {𝑔}# ⇐⇒ {𝑓}## ⊆ {𝑔}#
⇐⇒ 𝑔 ∈ {𝑓}# ⇐⇒ {𝑔}## ⊆ {𝑓}#.

(2.1)

From now on, we will call assaying subspace of 𝑉 a subspace 𝑆 such that 𝑆## = 𝑆
and denote by ℱ(𝑉,#) the family of all assaying subsets of 𝑉 , ordered by inclusion.
Let 𝐹 be the isomorphy class of ℱ , that is, ℱ considered as an abstract partially
ordered set. Elements of 𝐹 will be denoted by 𝑟, 𝑞, . . ., and the corresponding
assaying subsets 𝑉𝑟, 𝑉𝑞, . . .. By definition, 𝑞 ⩽ 𝑟 if and only if 𝑉𝑞 ⊆ 𝑉𝑟. We also
write 𝑉𝑟 = 𝑉 #

𝑟 , 𝑟 ∈ 𝐹 . Thus the relations (2.1) mean that 𝑓#𝑔 if and only if there
is an index 𝑟 ∈ 𝐹 such that 𝑓 ∈ 𝑉𝑟, 𝑔 ∈ 𝑉𝑟. In other words, vectors should not
be considered individually, but only in terms of assaying subspaces, which are the
building blocks of the whole structure.

It is easy to see that the map 𝑆 �→ 𝑆## is a closure, in the sense of uni-
versal algebra, so that the assaying subspaces are precisely the “closed” subsets.
Therefore one has the following standard result.

Theorem 2.2. The family ℱ(𝑉,#) ≡ {𝑉𝑟, 𝑟 ∈ 𝐹}, ordered by inclusion, is a com-
plete involutive lattice, i.e., it is stable under the following operations, arbitrarily
iterated:

∙ involution: 𝑉𝑟 ↔ 𝑉𝑟 = (𝑉𝑟)
#,

∙ infimum: 𝑉𝑝∧𝑞 ≡ 𝑉𝑝 ∧ 𝑉𝑞 = 𝑉𝑝 ∩ 𝑉𝑞, (𝑝, 𝑞, 𝑟 ∈ 𝐹 )
∙ supremum: 𝑉𝑝∨𝑞 ≡ 𝑉𝑝 ∨ 𝑉𝑞 = (𝑉𝑝 + 𝑉𝑞)

##.

The smallest element of ℱ(𝑉,#) is 𝑉 # =
∩
𝑟 𝑉𝑟 and the greatest element is

𝑉 =
∪
𝑟 𝑉𝑟 . By definition, the index set 𝐹 is also a complete involutive lattice; for

instance,
(𝑉𝑝∧𝑞)# = 𝑉𝑝∧𝑞 = 𝑉𝑝∨𝑞 = 𝑉𝑝 ∨ 𝑉𝑞.



Operators on Partial Inner Product Spaces 29

Definition 2.3. A partial inner product on (𝑉, #) is a Hermitian form ⟨⋅∣⋅⟩ defined
exactly on compatible pairs of vectors. A partial inner product space (pip-space) is
a vector space 𝑉 equipped with a linear compatibility and a partial inner product.

Note that the partial inner product is not required to be positive definite.

The partial inner product clearly defines a notion of orthogonality: 𝑓 ⊥ 𝑔 if
and only if 𝑓#𝑔 and ⟨𝑓 ∣𝑔⟩ = 0.

Definition 2.4. The pip-space (𝑉,#, ⟨⋅∣⋅⟩) is nondegenerate if (𝑉 #)⊥ = {0}, that
is, if ⟨𝑓 ∣𝑔⟩ = 0 for all 𝑓 ∈ 𝑉 # implies 𝑔 = 0.

We will assume henceforth that our pip-space (𝑉,#, ⟨⋅∣⋅⟩) is nondegenerate.
As a consequence, (𝑉 #, 𝑉 ) and every couple (𝑉𝑟, 𝑉𝑟), 𝑟 ∈ 𝐹, are dual pairs in
the sense of topological vector spaces [9]. We also assume that the partial inner
product is positive definite.

Now one wants the topological structure to match the algebraic structure,
in particular, the topology 𝜏𝑟 on 𝑉𝑟 should be such that its conjugate dual be 𝑉𝑟:
(𝑉𝑟[𝜏𝑟 ])

× = 𝑉𝑟 , ∀𝑟 ∈ 𝐹 . This implies that the topology 𝜏𝑟 must be finer than the
weak topology 𝜎(𝑉𝑟 , 𝑉𝑟) and coarser than the Mackey topology 𝜏(𝑉𝑟 , 𝑉𝑟):

𝜎(𝑉𝑟, 𝑉𝑟) ⪯ 𝜏𝑟 ⪯ 𝜏(𝑉𝑟 , 𝑉𝑟).

From here on, we will assume that every 𝑉𝑟 carries its Mackey topology 𝜏(𝑉𝑟 , 𝑉𝑟).
This choice has two interesting consequences. First, if 𝑉𝑟[𝜏𝑟 ] is a Hilbert space or
a reflexive Banach space, then 𝜏(𝑉𝑟 , 𝑉𝑟) coincides with the norm topology. Next,
𝑟 < 𝑠 implies 𝑉𝑟 ⊂ 𝑉𝑠, and the embedding operator 𝐸𝑠𝑟 : 𝑉𝑟 → 𝑉𝑠 is continuous
and has dense range. In particular, 𝑉 # is dense in every 𝑉𝑟.

From the previous examples, we learn that ℱ(𝑉,#) is a huge lattice (it is com-
plete!) and that assaying subspaces may be complicated, such as Fréchet spaces,
nonmetrizable spaces, etc. This situation suggests to choose an involutive sublat-
tice ℐ ⊂ ℱ , indexed by 𝐼, such that

(i) ℐ is generating:

𝑓#𝑔 ⇔ ∃ 𝑟 ∈ 𝐼 such that 𝑓 ∈ 𝑉𝑟, 𝑔 ∈ 𝑉𝑟 ; (2.2)

(ii) every 𝑉𝑟, 𝑟 ∈ 𝐼, is a Hilbert space or a reflexive Banach space;
(iii) there is a unique self-dual assaying subspace 𝑉𝑜 = 𝑉𝑜, which is a Hilbert

space.

In that case, the structure 𝑉𝐼 := (𝑉, ℐ, ⟨⋅∣⋅⟩) is called, respectively, a lattice of
Hilbert spaces (LHS) or a lattice of Banach spaces (LBS). Both types are particular
cases of the so-called indexed pip-spaces [5]. By this, one means the structure
obtained from a pip-space by imposing only condition (i) above. Actually, the two
concepts are closely related. Given an indexed pip-space 𝑉𝐼 , it defines a unique
pip-space, namely, (𝑉,#ℐ , ⟨⋅∣⋅⟩), with ℱ(𝑉,#ℐ) the lattice completion of ℐ (the
converse is not true). And a pip-space is a particular indexed pip-space for which
ℐ happens to be a complete involutive lattice.
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In this context, the behavior of a given vector 𝑓 ∈ 𝑉 is characterized by the
set j(𝑓) := {𝑟 ∈ 𝐼 : 𝑓 ∈ 𝑉𝑟}. Then the relation (2.2) means that 𝑓#𝑔 if and only if

j(𝑓) ∩ j(𝑔) ∕= ∅, where j(𝑓) := {𝑟 : 𝑟 ∈ j(𝑓)}. Hence we have

{𝑔}# =
∪

{𝑉𝑟 : 𝑟 ∈ j(𝑔)} and {𝑔}## =
∩

{𝑉𝑟 : 𝑟 ∈ j(𝑔)}.

Note that 𝑉 #, 𝑉 themselves usually do not belong to the family {𝑉𝑟, 𝑟 ∈ 𝐼},
but they can be recovered as

𝑉 # =
∩
𝑟∈𝐼

𝑉𝑟, 𝑉 =
∑
𝑟∈𝐼

𝑉𝑟.

In the LBS case, the lattice structure takes the following form

∙ 𝑉𝑝∧𝑞 = 𝑉𝑝 ∩ 𝑉𝑞, with the projective norm

∥𝑓∥𝑝∧𝑞 = ∥𝑓∥𝑝 + ∥𝑓∥𝑞 ;
∙ 𝑉𝑝∨𝑞 = 𝑉𝑝 + 𝑉𝑞, with the inductive norm

∥𝑓∥𝑝∨𝑞 = inf
𝑓=𝑔+ℎ

(∥𝑔∥𝑝 + ∥ℎ∥𝑞) , 𝑔 ∈ 𝑉𝑝, ℎ ∈ 𝑉𝑞.

These norms are usual in interpolation theory [8]. In the LHS case, one takes
similar definitions with squared norms, in order to get Hilbert norms throughout.

2.2. Examples

2.2.1. Sequence spaces. Let 𝑉 be the space 𝜔 of all complex sequences 𝑥 = (𝑥𝑛)
and define on it:

∙ a compatibility relation by 𝑥#𝑦 ⇐⇒∑∞
𝑛=1 ∣𝑥𝑛 𝑦𝑛∣ < ∞;

∙ a partial inner product ⟨𝑥∣𝑦⟩ =∑∞
𝑛=1 𝑥𝑛 𝑦𝑛.

Then 𝜔# = 𝜑, the space of finite sequences, and the complete lattice ℱ(𝜔,#)
consists of all Köthe’s perfect sequence spaces [9]. They include all ℓ𝑝-spaces (1 ⩽
𝑝 ⩽ ∞),

ℓ1 ⊂ ⋅ ⋅ ⋅ ⊂ ℓ𝑝 ⋅ ⋅ ⋅ ⊂ ℓ2 ⋅ ⋅ ⋅ ⊂ ℓ𝑝 ⋅ ⋅ ⋅ ⊂ ℓ∞ (1 < 𝑝 < 2). (2.3)

Of course, duality reads, as usual, ℓ𝑝# = ℓ𝑝 where 1/𝑝+ 1/𝑝 = 1. This pip-space
also contains the LHS of weighted Hilbert spaces ℓ2(𝑟),

ℓ2(𝑟) =

{
(𝑥𝑛) ∈ 𝜔 : (𝑥𝑛/𝑟𝑛) ∈ ℓ2, i.e.,

∞∑
𝑛=1

∣𝑥𝑛∣2 𝑟−2
𝑛 < ∞

}
, (2.4)

where 𝑟 = (𝑟𝑛), 𝑟𝑛 > 0, is a sequence of positive numbers. The family possesses
an involution, namely, ℓ2(𝑟) ↔ ℓ2(𝑟) = ℓ2(𝑟)× where 𝑟𝑛 = 1/𝑟𝑛 and the central,
self-dual Hilbert space is ℓ2. These assaying subspaces of 𝜔 constitute a lattice,
and indeed a generating, noncomplete sublattice of ℱ(𝜔,#).
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2.2.2. Lebesgue spaces. Take the chain of Lebesgue 𝐿𝑝 spaces on a finite interval
Λ ⊂ ℝ, ℐ = {𝐿𝑝(Λ, 𝑑𝑥), 1 ⩽ 𝑝 ⩽ ∞}, already described in the introduction:

𝐿∞ ⊂ ⋅ ⋅ ⋅ ⊂ 𝐿𝑝 ⊂ ⋅ ⋅ ⋅ ⊂ 𝐿2 ⊂ ⋅ ⋅ ⋅ ⊂ 𝐿𝑝 ⊂ ⋅ ⋅ ⋅ ⊂ 𝐿1, 1 < 𝑝 < 2. (2.5)

This is a chain of Banach spaces, reflexive for 1 < 𝑝 < ∞.
On the other hand, the spaces 𝐿𝑝(ℝ) no longer form a chain, no two of them

being comparable. We have only 𝐿𝑝 ∩ 𝐿𝑞 ⊂ 𝐿𝑠, for all 𝑠 such that 𝑝 < 𝑠 < 𝑞.
Hence we have to take the lattice generated by ℐ = {𝐿𝑝(ℝ, 𝑑𝑥), 1 ⩽ 𝑝 ⩽ ∞}, by
intersection and direct sum, with projective, resp. inductive norms. In this way,
one gets a nontrivial LBS. See [5, Sec. 4.1.2] for a thorough analysis.

2.2.3. Spaces of locally integrable functions. Consider 𝑉 = 𝐿1
loc(𝑋, 𝑑𝜇), the space

of all measurable, locally integrable functions on a measure space (𝑋,𝜇). Define
on it

∙ a compatibility relation by 𝑓#𝑔 ⇐⇒ ∫𝑋 ∣𝑓(𝑥)𝑔(𝑥)∣ 𝑑𝜇 < ∞
∙ a partial inner product ⟨𝑓 ∣𝑔⟩ = ∫

𝑋
𝑓(𝑥)𝑔(𝑥) 𝑑𝜇.

Then 𝑉 # = 𝐿∞
𝑐 (𝑋, 𝑑𝜇) consists of all essentially bounded measurable functions

of compact support. The complete lattice ℱ(𝐿1
loc,#) consists of all Köthe function

spaces [5, Sec. 4.4]). Here again, typical assaying subspaces are weighted Hilbert
spaces

𝐿2(𝑟) :=

{
𝑓 ∈ 𝐿1

loc(𝑋, 𝑑𝜇) :

∫
𝑋

∣𝑓 ∣2𝑟−2𝑑𝜇 < ∞,

with 𝑟±1 ∈ 𝐿2
loc(𝑋, 𝑑𝜇), 𝑟 > 0 a.e..

}
Duality reads [𝐿2(𝑟)]# = 𝐿2(𝑟), with 𝑟(𝑥) = 𝑟−1(𝑥). These spaces form a gener-
ating, involutive, noncomplete sublattice of ℱ(𝐿1

loc,#).

3. Operators in pip-spaces

3.1. Definitions

Definition 3.1. Let 𝑉𝐼 and 𝑌𝐾 be two nondegenerate indexed pip-spaces (in par-
ticular, two LHSs or LBSs). Then an operator from 𝑉𝐼 to 𝑌𝐾 is a map from a
subset 𝒟(𝐴) ⊂ 𝑉 into 𝑌 , such that

(i) 𝒟(𝐴) = ∪𝑞∈d(𝐴) 𝑉𝑞, where d(𝐴) is a nonempty subset of 𝐼;

(ii) For every 𝑟 ∈ d(𝐴), there exists 𝑢 ∈ 𝐾 such that the restriction of 𝐴 to 𝑉𝑟 is
a continuous linear map into 𝑌𝑢 (we denote this restriction by 𝐴𝑢𝑟);

(iii) 𝐴 has no proper extension satisfying (i) and (ii).

We denote by Op(𝑉𝐼 , 𝑌𝐾) the set of all operators from 𝑉𝐼 to 𝑌𝐾 and, in
particular, Op(𝑉𝐼) := Op(𝑉𝐼 , 𝑉𝐼). The continuous linear operator 𝐴𝑢𝑟 : 𝑉𝑟 → 𝑌𝑢
is called a representative of 𝐴. In terms of the latter, the operator 𝐴 may be
characterized by the set j(𝐴) = {(𝑟, 𝑢) ∈ 𝐼 × 𝐾 : 𝐴𝑢𝑟 exists}. Indeed, if (𝑟, 𝑢) ∈
j(𝐴), then the representative 𝐴𝑢𝑟 is uniquely defined. Conversely, if 𝐴𝑢𝑟 is any
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continuous linear map from 𝑉𝑟 to 𝑌𝑢, then there exists a unique 𝐴 ∈ Op(𝑉, 𝑌 )
having 𝐴𝑢𝑟 as {𝑟, 𝑢}-representative. This 𝐴 can be defined by considering 𝐴𝑢𝑟 as a

map from 𝑉
#

to 𝑌 and then extending it to its natural domain. Thus the operator
𝐴 may be identified with the collection of its representatives,

𝐴 ≃ {𝐴𝑢𝑟 : 𝑉𝑟 → 𝑌𝑢 : (𝑟, 𝑢) ∈ j(𝐴)}.
By condition (ii), the set d(𝐴) is obtained by projecting j(𝐴) on the “first coordi-
nate” axis. The projection i(𝐴) on the “second coordinate” axis plays, in a sense,
the role of the range of 𝐴. More precisely,

d(𝐴) = {𝑟 ∈ 𝐼 : there is a 𝑢 such that 𝐴𝑢𝑟 exists},
i(𝐴) = {𝑢 ∈ 𝐾 : there is a 𝑟 such that 𝐴𝑢𝑟 exists}.

The following properties are immediate:

∙ d(𝐴) is an initial subset of 𝐼: if 𝑟 ∈ d(𝐴) and 𝑟′ < 𝑟, then 𝑟 ∈ d(𝐴), and
𝐴𝑢𝑟′ = 𝐴𝑢𝑟𝐸𝑟𝑟′ , where 𝐸𝑟𝑟′ is a representative of the unit operator.

∙ i(𝐴) is a final subset of 𝐾: if 𝑢 ∈ i(𝐴) and 𝑢′ > 𝑢, then 𝑢′ ∈ i(𝐴) and
𝐴𝑢′𝑟 = 𝐸𝑢′𝑢𝐴𝑢𝑟.

∙ j(𝐴) ⊂ d(𝐴)× i(𝐴), with strict inclusion in general.

Operators may be defined in the same way on a pip-space (or between two pip-
spaces), simply replacing the index set 𝐼 by the complete lattice 𝐹 (𝑉 ).

Since 𝑉 # is dense in 𝑉𝑟, for every 𝑟 ∈ 𝐼, an operator may be identified with a
separately continuous sesquilinear form on 𝑉 #×𝑉 #. Indeed, the restriction of any
representative 𝐴𝑝𝑞 to 𝑉 # × 𝑉 # is such a form, and all these restrictions coincide.
Equivalently, an operator may be identified with a continuous linear map from 𝑉 #

into 𝑉 (continuity with respect to the respective Mackey topologies).

But the idea behind the notion of operator is to keep also the algebraic
operations on operators, namely:

(i) Adjoint: every 𝐴 ∈ Op(𝑉𝐼 , 𝑌𝐾) has a unique adjoint 𝐴× ∈ Op(𝑌𝐾 , 𝑉𝐼), de-
fined by the relation

⟨𝐴×𝑥∣𝑦⟩ = ⟨𝑥∣𝐴𝑦⟩, for 𝑦 ∈ 𝑉𝑟 , 𝑟 ∈ d(𝐴), and 𝑥 ∈ 𝑉𝑠, 𝑠 ∈ i(𝐴),

that is, (𝐴×)𝑟𝑠 = (𝐴𝑠𝑟)
∗ (usual Hilbert/Banach space adjoint).

It follows that 𝐴×× = 𝐴, for every 𝐴 ∈ Op(𝑉𝐼 , 𝑌𝐾): no extension is allowed,
by the maximality condition (iii) of Definition 3.1.

(ii) Partial multiplication: Let 𝑉𝐼 , 𝑊𝐿, and 𝑌𝐾 be nondegenerate indexed pip-
spaces (some, or all, may coincide). Let 𝐴∈Op(𝑉𝐼 ,𝑊𝐿) and 𝐵∈Op(𝑊𝐿,𝑌𝐾).
We say that the product 𝐵𝐴 is defined if and only if there exist 𝑟 ∈ 𝐼, 𝑡 ∈ 𝐿,
𝑢 ∈ 𝐾 such that (𝑟, 𝑡) ∈ j(𝐴) and (𝑡, 𝑢) ∈ j(𝐵). Then 𝐵𝑢𝑡𝐴𝑡𝑟 is a continuous
map from 𝑉𝑟 into 𝑌𝑢. It is the {𝑟, 𝑢}-representative of a unique element of
𝐵𝐴 ∈ Op(𝑉𝐼 , 𝑌𝐾), called the product of 𝐴 and 𝐵. In other words, 𝐵𝐴 is
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defined if and only if there is a 𝑡 ∈ i(𝐴)∩ d(𝐵), that is, if and only if there is
continuous factorization through some 𝑊𝑡:

𝑉𝑟
𝐴→ 𝑊𝑡

𝐵→ 𝑌𝑢, i.e. (𝐵𝐴)𝑢𝑟 = 𝐵𝑢𝑡𝐴𝑡𝑟. (3.1)

If𝐵𝐴 is defined, then 𝐴×𝐵× is also defined, and equal to (𝐵𝐴)×∈Op(𝑌𝐾 ,𝑉𝐼).

It is worth noting that, for a LHS/LBS, the domain 𝒟(𝐴) is always a vector
subspace of 𝑉 (this is not true for a general pip-space). Therefore, in that case,
Op(𝑉𝐼 , 𝑌𝐾) is a vector space and Op(𝑉𝐼) is a partial *-algebra [4].

3.2. Regular operators

Definition 3.2. An operator 𝐴 ∈ Op(𝑉𝐼 , 𝑌𝐾) is called regular if d(𝐴) = 𝐼 and
i(𝐴) = 𝐾 or, equivalently, if 𝐴 : 𝑉 # → 𝑌 # and 𝐴 : 𝑉 → 𝑌 continuously for the
respective Mackey topologies.

This notion depends only on the pairs (𝑉 #, 𝑉 ) and (𝑌 #, 𝑌 ), not on the
particular compatibilities on them. Accordingly, the set of all regular operators
from 𝑉 to 𝑌 is denoted by Reg(𝑉, 𝑌 ). Thus a regular operator may be multiplied
both on the left and on the right by an arbitrary operator.

Of particular interest is the case 𝑉 = 𝑌 , then we write simply Reg(𝑉 ) for
the set of all regular operators of 𝑉 onto itself. In this case 𝐴 is regular if, and
only if, 𝐴× is regular. Clearly the set Reg(𝑉 ) is a *-algebra.

3.3. Morphisms

Definition 3.3. An operator 𝐴 ∈ Op(𝑉𝐼 , 𝑌𝐾) is called a homomorphism if

(i) for every 𝑟 ∈ 𝐼 there exists 𝑢 ∈ 𝐾 such that both 𝐴𝑢𝑟 and 𝐴𝑢𝑟 exist;
(ii) for every 𝑢 ∈ 𝐾 there exists 𝑟 ∈ 𝐼 such that both 𝐴𝑢𝑟 and 𝐴𝑢𝑟 exist.

Equivalently, for every 𝑟 ∈ 𝐼, there exists 𝑢 ∈ 𝐾 such that (𝑟, 𝑢) ∈ j(𝐴) and
(𝑟, 𝑢) ∈ j(𝐴), and for every 𝑢 ∈ 𝐾, there exists 𝑟 ∈ 𝐼 with the same property.

The definition may also be rephrased as follows: 𝐴 : 𝑉𝐼 → 𝑌𝐾 is a homomor-
phism if

pr1(j(𝐴) ∩ j(𝐴)) = 𝐼 and pr2(j(𝐴) ∩ j(𝐴)) = 𝐾, (3.2)

where j(𝐴) = {(𝑟, 𝑢) : (𝑟, 𝑢) ∈ j(𝐴)} and pr1, pr2 denote the projection on the first,
resp. the second component.2

We denote by Hom(𝑉𝐼 , 𝑌𝐾) the set of all homomorphisms from 𝑉𝐼 into 𝑌𝐾
and by Hom(𝑉𝐼) those from 𝑉𝐼 into itself.

Proposition 3.4. Let 𝐴 ∈ Hom(𝑉𝐼 , 𝑌𝐾). Then, 𝑓 #𝐼 𝑔 implies 𝐴𝑓 #𝐾𝐴𝑔.

Proof. By the assumption, there exists 𝑟 ∈ 𝐼 such that 𝑓 ∈ 𝑉𝑟, 𝑔 ∈ 𝑉𝑟 . Let 𝑢 ∈ 𝐾
be such that (𝑟, 𝑢) ∈ j(𝐴) and (𝑟, 𝑢) ∈ j(𝐴). Then 𝐴𝑓 ∈ 𝑌𝑣 and 𝐴𝑔 ∈ 𝑌𝑢. Hence
𝐴𝑓 and 𝐴𝑔 are compatible. □

2Contrary to what is stated in [5, Def. 3.3.4], the condition (3.2), which is the correct one, does
not imply j(𝐴) = 𝐼 ×𝐾 and j(𝐴×) = 𝐾 × 𝐼.
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The following properties are immediate.

Proposition 3.5. Let 𝑉𝐼 , 𝑌𝐾 , . . . be indexed pip-spaces. Then:
(i) Every homomorphism is regular.
(ii) 𝐴 ∈ Hom(𝑉𝐼 , 𝑌𝐾) if and only if 𝐴

× ∈ Hom(𝑌𝐾 , 𝑉𝐼).
(iii) The product of any number of homomorphisms (between successive pip-

spaces) is defined and is a homomorphism.
(iv) If 𝐵 is an arbitrary operator and 𝐴 is a homomorphism, then the two products

𝐵𝐴 and 𝐴𝐵 are defined.
(v) If 𝐴 ∈ Hom(𝑉𝐼 , 𝑌𝐾), then j(𝐴×𝐴) contains the diagonal of 𝐼 × 𝐼 and j(𝐴𝐴×)

contains the diagonal of 𝐾 × 𝐾.

A scalar multiple of a homomorphism is a homomorphism. However, the sum
of two homomorphisms may fail to be one. Of course, if 𝐴1 and 𝐴2 in Hom(𝑉𝐼)
are such that both j(𝐴1) and j(𝐴2) contain the diagonal of 𝐼 × 𝐼, then their sum
does, too; consequently it belongs to Hom(𝑉𝐼). This happens, in particular, for
projections, that we shall study in Section 3.3.4.

The definition of homomorphisms just given is tailored in such a way that one
may consider the category PIP of all indexed pip-spaces, with the homomorphisms
as morphisms (arrows) [6, 11]. This language is useful for defining particular classes
of morphisms, such as monomorphisms, epimorphisms and isomorphisms.

3.3.1. Monomorphisms. We define monomorphisms according to the language of
general categories, namely,

Definition 3.6. Let 𝑀 ∈ Hom(𝑊𝐿, 𝑌𝐾). Then 𝑀 is called a monomorphism if
𝑀𝐴 = 𝑀𝐵 implies 𝐴 = 𝐵, for any two elements of 𝐴,𝐵 ∈ Hom(𝑉𝐼 ,𝑊𝐿), where
𝑉𝐼 is any pip-space.

Then we have the following

Proposition 3.7. [5, Prop. 3.3.9] If every representative of 𝑀 ∈ Hom(𝑊𝐿, 𝑌𝐾) is
injective, then 𝑀 is a monomorphism.

Clearly, if 𝑀 is an injective monomorphism, then every representative is
injective. However we don’t know whether every monomorphism in the category
PIP is injective. In other words, the converse of Proposition 3.7 is open: Does there
exist monomorphisms with at least one non-injective representative?

Typical examples of monomorphisms are the inclusion maps resulting from
the restriction of a support. Take, for instance, 𝐿1

loc(𝑋, 𝑑𝜇), the space of locally
integrable functions on a measure space (𝑋,𝜇)(Example 2.2.3). Let Ω be a measur-
able subset of 𝑋 and Ω′ its complement, both of nonzero measure, and construct
the space 𝐿1

loc(Ω, 𝑑𝜇). Given 𝑓 ∈ 𝐿1
loc(𝑋, 𝑑𝜇), define 𝑓 (Ω) = 𝑓𝜒Ω, where 𝜒Ω is

the characteristic function of 𝜒Ω. Then we obtain an injection monomorphism
𝑀 (Ω) : 𝐿1

loc(Ω, 𝑑𝜇) → 𝐿1
loc(𝑋, 𝑑𝜇) as follows:

(𝑀 (Ω)𝑓 (Ω))(𝑥) =

{
𝑓 (Ω)(𝑥), if 𝑥 ∈ Ω,
0, if 𝑥 ∕∈ Ω,

𝑓 (Ω) ∈ 𝐿1
loc(Ω, 𝑑𝜇).
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If we consider the lattice of weighted Hilbert spaces {𝐿2(𝑟)} in this pip-space,
then the correspondence 𝑟 ↔ 𝑟(Ω) = 𝑟𝜒Ω is a bijection between the corresponding
involutive lattices.

3.3.2. Epimorphisms. This is the notion dual to monomorphisms.

Definition 3.8. Let 𝑁 ∈ Hom(𝑊𝐿, 𝑌𝐾). Then 𝑁 is called an epimorphism if 𝐴𝑁 =
𝐵𝑁 implies 𝐴 = 𝐵, for any two elements 𝐴,𝐵 ∈ Hom(𝑌𝐾 , 𝑉𝐼), where 𝑉𝐼 is any
pip-space.

Then we have the following result, dual to Proposition 3.7

Proposition 3.9. If every representative of 𝑁 ∈ Hom(𝑊𝐿, 𝑌𝐾) is surjective, then
𝑁 is an epimorphism.

Proof. With the same notation as above, we have 𝐴𝑁 −𝐵𝑁 = 0, thus (𝐴−𝐵)𝑁
is well defined, i.e., there exist 𝑟 ∈ 𝐼, 𝑢 ∈ 𝐾, 𝑙 ∈ 𝐿 such that (𝑢, 𝑟) ∈ j(𝐴 − 𝐵) and
(𝑙, 𝑢) ∈ j(𝑁). Hence

(
(𝐴 − 𝐵)𝑁

)
𝑟𝑙
= (𝐴 − 𝐵)𝑟𝑢𝑁𝑢𝑙 = 0. Since 𝑁𝑢𝑙 : 𝑊𝑙 → 𝑌𝑢

is surjective, it follows that (𝐴 − 𝐵)𝑟𝑢𝑓 = 0, ∀ 𝑓 ∈ 𝑌𝑢. Thus 𝐴 = 𝐵, since the
restriction to 𝑌𝑢 determines completely the operator 𝐴 − 𝐵. □

Here too, we may ask whether there exist epimorphisms with at least one non-
surjective representative.

Again, typical examples of epimorphisms are the restriction maps to a subset
of the support. Take the same example as above, 𝑉 = 𝐿1

loc(𝑋, 𝑑𝜇). Then the

projection map 𝑃 (Ω) : 𝐿1
loc(𝑋, 𝑑𝜇) → 𝐿1

loc(Ω, 𝑑𝜇) defined by 𝑃 (Ω)𝑓 = 𝑓𝜒Ω, 𝑓 ∈
𝐿1
loc(𝑋, 𝑑𝜇) is an epimorphism. Notice that 𝑃 (Ω)𝑀 (Ω) = 1Ω, but 𝑀 (Ω)𝑃 (Ω) ∕= 1𝑋 .

3.3.3. Isomorphisms. In a Hilbert space, a unitary operator is the same thing as an
(isometric) isomorphism (i.e., a bijection that, together with its adjoint, preserves
all inner products), but the two notions differ for a general pip-space.

We say that an operator 𝑈 ∈ Op(𝑉𝐼 , 𝑌𝐾) is unitary if 𝑈×𝑈 and 𝑈𝑈× are
defined and 𝑈×𝑈 = 1𝑉 , 𝑈𝑈× = 1𝑌 , the identity operators on 𝑉, 𝑌 , respectively.
We emphasize that a unitary operator need not be a homomorphism, in fact it is
a rather weak notion, and it is insufficient for group representations. Indeed, given
a group 𝐺 and a pip-space 𝑉𝐼 , a unitary representation of 𝐺 into 𝑉𝐼 should be a
homomorphism 𝑔 �→ 𝑈(𝑔) from 𝐺 into some class of unitary operators on 𝑉𝐼 , that
is, one should have 𝑈(𝑔)𝑈(𝑔′) = 𝑈(𝑔𝑔′) and 𝑈(𝑔)× = 𝑈(𝑔−1) for all 𝑔, 𝑔′ ∈ 𝐺. In
addition, we expect that the operators 𝑈(𝑔) always preserve the structure of the
representation space. Therefore, in the present case, 𝑈(𝑔) should map compatible
vectors into compatible vectors, and this leads us to the notion of isomorphism.

Definition 3.10. An operator𝐴∈Op(𝑉𝐼 ,,𝑌𝐾) is an isomorphism if𝐴∈Hom(𝑉𝐼 ,𝑌𝐾)
and there is a homomorphism 𝐵 ∈ Hom(𝑌𝐾 , 𝑉𝐼) such that 𝐵𝐴 = 1𝑉 , 𝐴𝐵 = 1𝑌 ,
the identity operators on 𝑉, 𝑌 , respectively.

Of course, every isomorphism is a monomorphism as well.
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To give an example, take 𝑉 = 𝐿2
loc(ℝ

𝑛, 𝑑𝑥), the space of locally square in-
tegrable functions, with 𝑛 ⩾ 2. Let 𝑅 be the map (𝑅𝑓)(𝑥) = 𝑓(𝜌−1𝑥), where
𝜌 ∈ SO(𝑛) is an orthogonal transformation of ℝ𝑛. Then 𝑅 is an isomorphism of
𝐿2
loc(ℝ

𝑛, 𝑑𝑥) onto itself, 𝑅× is one, too, but j(𝑅) does not contain the diagonal
of 𝐼 × 𝐼. For instance, the assaying subspace 𝑉𝑟 = 𝐿2(𝑟), 𝑟±1 ∈ 𝐿∞, is invariant
under 𝑅 only if the weight function 𝑟 is rotation invariant. Note that, in addition,
𝑅 is unitary, in the sense that both 𝑅×𝑅 and 𝑅𝑅× are defined and equal 1𝑉 .

Combining the two notions, we arrive at a good definition of a unitary group
representation.

Definition 3.11. Let 𝐺 be a group and 𝑉𝐼 a pip-space. A unitary representation of
𝐺 into 𝑉𝐼 is a homomorphism of 𝐺 into the unitary isomorphisms of 𝑉𝐼 .

It is worth emphasizing that the two notions of monomorphism and epi-
morphism are not sufficient for defining isomorphisms. Instead, we need that of
(co)retraction. Let 𝐴 ∈ Hom(𝑉𝐼 , 𝑌𝐾). Then 𝐴 is called a coretraction if there is
a homomorphism 𝐵 ∈ Hom(𝑌𝐾 , 𝑉𝐼) such that 𝐵𝐴 = 1𝑉 . Dually, 𝐴 is called a
retraction if there is a 𝐵 ∈ Hom(𝑌𝐾 , 𝑉𝐼) such that 𝐴𝐵 = 1𝑌 . The interest of these
notions lies in the following result [11].

Proposition 3.12.

(i) If 𝐴 ∈ Hom(𝑉𝐼 , 𝑌𝐾) is a coretraction and is also an epimorphism, then it is
an isomorphism.

(ii) If 𝐴 ∈ Hom(𝑉𝐼 , 𝑌𝐾) is a retraction and is also a monomorphism, then it is
an isomorphism.

(iii) If 𝐴 is both a retraction and a coretraction, then it is an isomorphism.

3.3.4. Orthogonal projections. In the case of a Hilbert space, projection operators
play a fundamental role. Thanks to the bijection between orthogonal projections
and orthocomplemented subspaces, they provide the correct notion of “subob-
jects”, namely closed (Hilbert) subspaces. As such, they are essential for the study
of group representations and operator algebras (von Neumann algebras). A sim-
ilar situation may be achieved in pip-spaces. In the general case [5], the partial
inner product is not required to be positive definite, but it is supposed to be
nondegenerate. Here we will restrict ourselves to the case of a LHS/LBS.

Definition 3.13. An orthogonal projection on a nondegenerate indexed pip-space
𝑉𝐼 is a homomorphism 𝑃 ∈ Hom(𝑉𝐼) such that 𝑃

2 = 𝑃× = 𝑃 . A similar definition
applies in the case of a LBS or a LHS 𝑉𝐼 .

It follows immediately from the definition that an orthogonal projection j(𝑃 )
contains the diagonal 𝐼×𝐼, or still that 𝑃 leaves every assaying subspace invariant.
Equivalently, 𝑃 is an orthogonal projection if 𝑃 is an idempotent operator (that
is, 𝑃 2 = 𝑃 ) such that {𝑃𝑓}# ⊇ {𝑓}# for every 𝑓 ∈ 𝑉 and ⟨𝑔∣𝑃𝑓⟩ = ⟨𝑃𝑔∣𝑓⟩
whenever 𝑓#𝑔.

On the other hand, assume we have a direct sum decomposition of 𝑉 into
two subspaces, 𝑉 = 𝑊 ⊕ 𝑍, meaning 𝑊 ∩ 𝑍 = {0},𝑊 + 𝑍 = 𝑉 . For any 𝑓 ∈ 𝑉 ,
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write its (unique) decomposition as 𝑓 = 𝑓𝑊 + 𝑓𝑍 , 𝑓𝑊 ∈ 𝑊, 𝑓𝑍 ∈ 𝑍. Then we say
that 𝑊 is an orthocomplemented subspace if there exists a vector subspace 𝑍 ⊆ 𝑉
such that 𝑉 = 𝑊 ⊕ 𝑍 and

(i) {𝑓}# = {𝑓𝑊 }# ∩ {𝑓𝑍}# for every 𝑓 ∈ 𝑉 ;
(ii) if 𝑓 ∈ 𝑊, 𝑔 ∈ 𝑍 and 𝑓#𝑔, then ⟨𝑓 ∣𝑔⟩ = 0.

Condition (i) means that the compatibility # can be recovered from its restriction
to 𝑊 and 𝑍.

Armed with these two notions, we may now state the fundamental result.

Proposition 3.14. A vector subspace 𝑊 of the nondegenerate pip-space 𝑉 is ortho-
complemented if and only if it is the range of an orthogonal projection:

𝑊 = 𝑃𝑉 and 𝑉 = 𝑊 ⊕ 𝑊⊥ = 𝑃𝑉 ⊕ (1− 𝑃 )𝑉.

In fact, this proposition (which applies also in the nonpositive case) may be
reformulated in topological terms ([5, Sec. 3.4.2]). Things simplify in the case of
a LHS/LBS 𝑉𝐼 = {𝑉𝑟}. For each 𝑟 ∈ 𝐼, write 𝑊𝑟 = 𝑊 ∩ 𝑉𝑟 and 𝑊𝑟 = 𝑊 ∩ 𝑉𝑟.
Then, if 𝑊 is orthocomplemented, it follows that, for each 𝑟 ∈ 𝐼, 𝑊𝑟 = 𝑃𝑟𝑟𝑉𝑟 is a
closed subspace of 𝑉𝑟 with dual 𝑊𝑟 and 𝑉𝑟 = 𝑊𝑟 ⊕ 𝑊⊥

𝑟 , but vectors of 𝑊𝑟 need
not be compatible with those of 𝑊⊥

𝑟 . If they are, they are mutually orthogonal.
The following result is remarkable.

Proposition 3.15. A finite-dimensional vector subspace 𝑊 of the nondegenerate
pip-space 𝑉 is orthocomplemented if and only if 𝑊 ∩ 𝑊⊥ = {0} and 𝑊 ⊂ 𝑉 #.

Of course, if the partial inner product is definite (i.e., 𝑓#𝑓 and ⟨𝑓 ∣𝑓⟩ = 0
imply 𝑓 = 0), the condition 𝑊 ∩ 𝑊⊥ = {0} is superfluous.

We conclude this section by an example, actually the same as before, in
𝑉 = 𝐿1

loc(𝑋, 𝑑𝜇). Take again any partition of 𝑋 into two measurable subsets, of
nonzero measure, 𝑋 = Ω ∪ Ω′. Then 𝑉 is decomposed in two orthocomplemented
subspaces:

𝑉 = 𝐿1
loc(Ω, 𝑑𝜇Ω)⊕ 𝐿1

loc(Ω
′, 𝑑𝜇Ω′),

where 𝜇Ω, 𝜇Ω′ are the restrictions of 𝜇 to Ω, resp. Ω′. The orthogonal projection 𝑃Ω

is the operator of multiplication by the characteristic function 𝜒Ω of Ω. Similarly,
𝑃Ω′ = 1 − 𝑃Ω is the operator of multiplication by 𝜒Ω′ . We notice that the projec-
tion 𝑃Ω essentially coincides with the epimorphism 𝑃 (Ω) introduced above. In this
particular case, of course, we have that 𝑃Ω𝑓#𝑃Ω′𝑓 for every 𝑓 ∈ 𝐿1

loc(𝑋, 𝑑𝜇).
The same discussion can be made about the LHS of weighted Hilbert spaces

𝐿1
loc(𝑋, 𝑑𝜇) = {𝐿2(𝑟)}.

4. Examples of operators

4.1. General operators

4.1.1. Regular linear functionals. Let 𝑉 be arbitrary. Notice that ℂ, with the
obvious inner product ⟨𝜉∣𝜂⟩ = 𝜉𝜂, is a Hilbert space. Hence both Op(ℂ,V) and
Op(V,ℂ) are well defined and anti-isomorphic to each other. Elements of Op(V,ℂ)
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are called regular linear functionals on 𝑉 . They are given precisely by the func-
tionals

⟨𝑔∣ : 𝑓 �→ ⟨𝑔∣𝑓⟩, 𝑓 ∈ {𝑔}# =
∪

{𝑉𝑟 : 𝑟 ∈ j(𝑔)}.
Indeed, for every 𝑓 ∈ 𝑉 , define a map ∣𝑓⟩ : ℂ → 𝑉 by ∣𝑓⟩ : 𝜉 �→ 𝜉𝑓. The
correspondence 𝑓 �→ ∣𝑓⟩ is a linear bijection between 𝑉 and Op(ℂ, 𝑉 ). Clearly,
j(∣𝑓⟩) = {𝑒}× j(𝑓), where 𝑒 denotes the unique element of the index set of the pip-

space ℂ. Then, the adjoint of ∣𝑓⟩ is ⟨𝑓 ∣ as defined above. Hence j(⟨𝑓 ∣) = j(𝑓)×{𝑒}

4.1.2. Dyadics. Using the fact that ⟨𝑔∣ ∈ Op(𝑉,ℂ) is defined exactly on {𝑔}#, one
verifies that:

∙ The product (⟨𝑔∣)(∣𝑓⟩) is defined if and only if 𝑔#𝑓 , and equals ⟨𝑔∣𝑓⟩. This
follows also from the condition (3.1) on the partial multiplication, since

i(∣𝑓⟩) ∩ d(⟨𝑔∣) = j(𝑓) ∩ j(𝑔).

∙ The product 𝑃𝑓𝑔 := ∣𝑓⟩⟨𝑔∣ is always defined; it is an element of Op(𝑉 ), called
a dyadic. Its action is given by:

∣𝑓⟩⟨𝑔∣ (ℎ) = ⟨𝑔∣ℎ⟩𝑓, ℎ ∈ {𝑔}#.

The adjoint of ∣𝑓⟩⟨𝑔∣ is ∣𝑔⟩⟨𝑓 ∣. One constructs in the same way operators between
different spaces and finite linear combinations of dyadics.

Concerning the domain of a dyadic, we have j(𝑃𝑓𝑔) = {(𝑟, 𝑢) : 𝑔 ∈ 𝑉𝑟} =

j(𝑔)×𝐼. Thus j(𝑃𝑓𝑔) = j(𝑔)×𝐼 and j(𝑃𝑓𝑔)∩ j(𝑃𝑓𝑔) =
(
j(𝑔)∩ j(𝑔)

)×𝐼. From this we

conclude immediately that 𝑃𝑓𝑔 is a homomorphism if and only if j(𝑔) ∩ j(𝑔) = 𝐼,
that is, 𝑓 and 𝑔 belong to 𝑉 #.

Now, taking 𝑓 = 𝑔, we obtains the projector 𝑃𝑓 on the one-dimensional
subspace generated by 𝑓 . This corroborates Proposition 3.15 and the fact that
the orthocomplemented subspaces, that is, the range of orthogonal projections,
are pip-subspaces (“subobjects” in the category PIP). The converse is true in the
case of a LBS/LHS but, in a general indexed pip-space, there might be subobjects
which are not orthocomplemented [6].

4.1.3. Matrix elements. One can continue in the same vein and define matrix ele-
ments of an operator 𝐴 ∈ Op(𝑉 ): The matrix element ⟨𝑓 ∣𝐴∣ℎ⟩ is defined whenever(
j(𝑓) × j(ℎ)

) ∩ j(𝐴) is nonempty. However, one has to be careful, there might be
pairs of vectors ℎ, 𝑓 such that ⟨𝑓 ∣𝐴ℎ⟩ is defined, but ⟨𝑓 ∣𝐴∣ℎ⟩ is not. This may hap-
pen, for instance, if 𝐴ℎ is defined and 𝐴ℎ = 0. We see here at work the definition
of the product of three operators.

4.2. Integral operators on 𝑳𝒑 spaces

In this section, we discuss some properties of integral operators of the form

(𝐴𝐾𝑓)(𝑥) =

∫ 1

0

𝐾(𝑥, 𝑦)𝑓(𝑦)𝑑𝑦
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acting on the LBS (1.2) of 𝐿𝑝-spaces on the interval [0,1]. We let the kernel 𝐾
belong to different spaces of functions on the square 𝑄 = [0, 1]× [0, 1]. The nature
of the operator 𝐴𝐾 clearly depends on the behavior of the kernel 𝐾.

The simplest situation occurs when 𝐾 is an essentially bounded function on
𝑄. Assume indeed that ess sup(𝑥,𝑦)∈𝑄 ∣𝐾(𝑥, 𝑢)∣ = 𝑀 < ∞. Then, if 𝑓 ∈ 𝐿𝑝([0, 1]),

∣(𝐴𝐾𝑓)(𝑥)∣ ⩽ 𝑀∥𝑓∥𝑝 a.e., which means that 𝐴𝐾 maps every 𝐿𝑝 into 𝐿∞([0, 1]).
𝐴𝐾 is totally regular, that is, it maps every 𝐿𝑝-space continuously into itself.

Let us now suppose that 𝐾 has the property

∥𝐾∥(𝑠,𝑟) :=
(∫ 1

0

(∫ 1

0

∣𝐾(𝑥, 𝑦)∣𝑟𝑑𝑦
)𝑠/𝑟

𝑑𝑥

)1/𝑠

< ∞

for some 𝑟, 𝑠 ⩾ 1.
This condition is satisfied, in particular, if 𝐾(𝑥, 𝑦) ∈ 𝐿𝑚(𝑄), 𝑚 ⩾ 1, since

by Fubini’s theorem the integral
∫ 1
0 ∣𝐾(𝑥, 𝑦)∣𝑚𝑑𝑦 exists for almost every 𝑥 ∈ [0, 1]

and ∫ 1

0

[∫ 1

0

∣𝐾(𝑥, 𝑦)∣𝑚𝑑𝑦

]
𝑑𝑥 =

∫
𝑄

∣𝐾(𝑥, 𝑦)∣𝑚𝑑𝑥𝑑𝑦.

Coming back to the general case, define

𝑘(𝑥) =

[∫ 1

0

∣𝐾(𝑥, 𝑦)∣𝑟𝑑𝑦
]1/𝑟

.

Then 𝑘(𝑥) is finite for almost every 𝑥 ∈ [0, 1], 𝑘(⋅) ∈ 𝐿𝑠([0, 1]) and ∥𝑘∥𝑠 = ∥𝐾∥(𝑠,𝑟).
Let now 𝑓 ∈ 𝐿𝑟([0, 1]). The integral∫ 1

0

𝐾(𝑥, 𝑦)𝑓(𝑦)𝑑𝑦

is defined for all 𝑥 such that 𝑘(𝑥) is finite. We check that the function

𝑔(𝑥) =

∫ 1

0

𝐾(𝑥, 𝑦)𝑓(𝑦)𝑑𝑦

belongs to 𝐿𝑠([0, 1]). Indeed, by the Hölder inequality we have∣∣∣∣∫ 1

0

𝐾(𝑥, 𝑦)𝑓(𝑦)𝑑𝑦

∣∣∣∣𝑠 ⩽ (∫ 1

0

∣𝐾(𝑥, 𝑦)∣𝑟𝑑𝑦
)𝑠/𝑟

⋅
(∫ 1

0

∣𝑓(𝑦)∣𝑟𝑑𝑦
)𝑠/𝑟

= 𝑘(𝑥)𝑠∥𝑓∥𝑠𝑟
and

∥𝑔∥𝑠𝑠 =
∫ 1

0

∣∣∣∣∫ 1

0

𝐾(𝑥, 𝑦)𝑓(𝑦)𝑑𝑦

∣∣∣∣𝑠 𝑑𝑥 ⩽
∫ 1

0

𝑘𝑠(𝑥)𝑑𝑥 ⋅ ∥𝑓∥𝑠𝑟.
In conclusion, the operator

(𝐴𝐾𝑓)(𝑥) =

∫ 1

0

𝐾(𝑥, 𝑦)𝑓(𝑦)𝑑𝑦, 𝑓 ∈ 𝐿𝑟([0, 1]), 𝑟 ⩾ 𝑚,
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is a bounded linear operator from 𝐿𝑟([0, 1]) into 𝐿𝑠([0, 1]) and, a fortiori, from
𝐿𝑚([0, 1]) into 𝐿𝑞([0, 1]), whenever 𝑚 ⩾ 𝑟 and 𝑞 ⩽ 𝑠. Let now

𝛾(𝐾) := {𝑟 ⩾ 1; ∥𝐾∥(𝑠,𝑟) < ∞ for some 𝑠 ⩾ 1} and 𝑟𝑜 := sup 𝛾(𝐾).

Then ∪
𝑞>𝑟𝑜

𝐿𝑞([0, 1]) ⊆ 𝐷(𝐴𝐾).

If 𝑟𝑜 ∈ 𝛾(𝐾), then 𝐿𝑟𝑜([0, 1]) ⊂ 𝐷(𝐴𝐾) too.

Assume that 𝑟𝑜 = ∞ with respect to 𝑦 for almost every 𝑥 ∈ [0, 1] (this means
that 𝐾 belongs to the Arens algebra 𝐿𝜔([0, 1]) with respect to 𝑥). In this case,
𝐷(𝐴𝐾) = 𝐿1([0, 1]) =

∪
𝑝⩾1 𝐿

𝑝([0, 1]), so that 𝐴𝐾 is everywhere defined, but it
need not be a homomorphism.

However, the following elementary example shows that, in general, 𝐴𝐾 is not
everywhere defined on 𝐿1([0, 1]). Take 𝐾(𝑥, 𝑦) = 𝑥−1/2𝑦−1/3, (𝑥, 𝑦) ∈ 𝑄, 𝑥𝑦 ∕= 0.
Then ∥𝐾∥(𝑠,𝑟) < ∞ for 1 ⩽ 𝑟 < 3 and 1 ⩽ 𝑠 < 2. Now consider the function

𝑓(𝑥) = 𝑥−2/3. Then 𝑓 ∈ 𝐿1([0, 1]), but

(𝐴𝐾𝑓)(𝑥) =

∫ 1

0

1

𝑥1/2𝑦1/3
𝑓(𝑦)𝑑𝑦 =

∫ 1

0

1

𝑥1/2𝑦
𝑑𝑦 = ∞, ∀𝑥 ∈ (0, 1].

Finally, assume that 𝐾 ∈ 𝐿𝜔(𝑄). In this case 𝐾 ∈ 𝐿𝑚(𝑄), for every 𝑚 ⩾ 1.
From the previous discussion, it follows that 𝐴𝐾 is a bounded linear operator from
𝐿𝑝([0, 1]) into 𝐿𝑚([0, 1]) for every 𝑚 such that 𝑚 ⩽ 𝑝. Since this is true for every
𝑚 ⩾ 1, it follows that 𝐴𝐾 is totally regular and a homomorphism.

A complete characterization of the domain of 𝐴𝐾 , in the general case, goes
beyond the framework of this paper and we hope to discuss it again in a future
work.

5. LHS generated by O*-algebras

Up to now, we have studied operators on a pip-space. Now we want to invert
the perspective and explain how a pip-space can be generated by a *-algebra of
(unbounded) operators on a Hilbert space.

Letℋ be a complex Hilbert space and 𝒟 a dense subspace ofℋ. We denote by
ℒ†(𝒟,ℋ) the set of all (closable) linear operators𝐴 such that𝐷(𝐴) = 𝒟, 𝐷(𝐴*) ⊇
𝒟. The map 𝐴 �→ 𝐴† = 𝐴∗ ↾𝒟 defines an involution on ℒ†(𝒟,ℋ), which can be
made into a partial *-algebra with respect to the so-called weak multiplication [4];
however, this fact will not be used in this paper. A subset 𝒪 of ℒ†(𝒟,ℋ) is called
an O-family (and an O*-family, if it is stable under involution).

Let ℒ†(𝒟) be the subspace of ℒ†(𝒟,ℋ) consisting of all elements which leave,
together with their adjoints, the domain 𝒟 invariant. Then ℒ†(𝒟) is a *-algebra
with respect to the usual operations. A *-subalgebra 𝔐 of ℒ†(𝒟) is called an
O*-algebra.
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Let 𝒪 be an O*-family in ℒ†(𝒟,ℋ). The graph topology 𝑡𝒪 on 𝒟 is the locally
convex topology defined by the family {∥ ⋅ ∥, ∥ ⋅ ∥𝐴; 𝐴 ∈ 𝒪} of seminorms, where
∥𝜉∥𝐴 := ∥𝐴𝜉∥, 𝜉 ∈ 𝒟. If the locally convex space 𝒟[𝑡𝒪] is complete, then 𝒪 is said
to be closed. See our monograph [4, Sec. 2.2] or [13] for a detailed discussion.

An O*-algebra, or even an O-family 𝒪, generates also a RHS having 𝒟 as
smallest space. More precisely, let 𝒪 be an O-family on 𝒟. For any 𝐴 ∈ 𝒪, we write
𝑅𝐴 = 1 + 𝐴∗𝐴, where 𝐴 is the closure of 𝐴. Each 𝑅𝐴 is a self-adjoint, invertible
operator, with bounded inverse. The graph topology t𝒪 on 𝒟 can also be defined
by the family of norms

𝑓 ∈ 𝒟 �→ ∥(1 +𝐴∗𝐴)1/2𝑓∥ = ∥𝑅1/2
𝐴 𝑓∥, 𝐴 ∈ 𝒪.

Let 𝒟× be the conjugate dual of 𝒟[t𝒪], endowed with the strong dual topology
t×𝒪. The RHS

𝒟[t𝒪] ↪→ ℋ ↪→ 𝒟×[t×𝒪],

where ↪→ denotes a continuous embedding with dense range, will be called the
RHS associated to 𝒪.

As is customary, the domain 𝐷(𝐴) of the closure of 𝐴 can be made into a
Hilbert space, to be denoted by ℋ(𝑅𝐴), when it is endowed with the graph norm
∥𝑓∥𝑅𝐴 := ∥𝑅1/2

𝐴 𝑓∥. Then 𝐷(𝐴) = 𝐷(𝑅
1/2
𝐴 ) = 𝑄(𝑅𝐴), the form domain of 𝑅𝐴.

The conjugate dual of ℋ(𝑅𝐴), with respect to the inner product of ℋ, is
(isomorphic to) the completion of ℋ in the norm ∥𝑅−1/2

𝐴 ⋅ ∥; we denote it by
ℋ(𝑅−1

𝐴 ). Thus we have

ℋ(𝑅𝐴) ↪→ ℋ ↪→ ℋ(𝑅−1
𝐴 ). (5.1)

The operator 𝑅
1/2
𝐴 is unitary from ℋ(𝑅𝐴) onto ℋ, and from ℋ onto ℋ(𝑅−1

𝐴 ).
Hence 𝑅𝐴 is the Riesz unitary operator mapping ℋ(𝑅𝐴) onto its conjugate dual
ℋ(𝑅−1

𝐴 ), and similarly 𝑅−1
𝐴 from ℋ(𝑅−1

𝐴 ) onto ℋ(𝑅𝐴).
From (5.1) it follows that for every𝐴 ∈ 𝒪,ℋ(𝑅𝐴) andℋ(𝑅−1

𝐴 ) are interspaces
in the sense of Definition 5.4.4 of [5].

First of all, we show that, to any such family (𝒪,𝒟), there corresponds a
canonical LHS. In a standard fashion, the spaces ℋ(𝑅𝐴) generate, by set inclusion
and vector sum, a lattice of Hilbert spaces, all dense in ℋ. For any 𝐴,𝐵 ∈ 𝒪, let
us define:

𝑅𝐴∧𝐵 := 𝑅𝐴 ∔𝑅𝐵,

𝑅𝐴∨𝐵 := (𝑅−1
𝐴 ∔𝑅−1

𝐵 )−1,
(5.2)

where ∔ denotes the form sum, so that the operators on the left-hand side are
indeed self-adjoint.

Remark 5.1. The left-hand side of the preceding equations should be read as
symbols for denoting the right-hand side: indeed, this does not mean that there
exist operators 𝐴 ∧ 𝐵,𝐴 ∨ 𝐵 defined on 𝒟 for which the required equalities hold.
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For the corresponding Hilbert spaces, one has:

ℋ(𝑅𝐴∧𝐵) = ℋ(𝑅𝐴) ∩ ℋ(𝑅𝐵),
ℋ(𝑅𝐴∨𝐵) = ℋ(𝑅𝐴) +ℋ(𝑅𝐵),

(5.3)

where the first space carries the projective norm, the second the inductive norm.
In addition, the norms corresponding to 𝑅𝐴 and 𝑅𝐵 are consistent on ℋ(𝑅𝐴∧𝐵),
since the operators 𝑅𝐴, 𝑅𝐵 are closed.

Doing the same with the dual spaces ℋ(𝑅−1
𝐴 ), one gets another lattice, dual

to the first one. The conjugate duals of the spaces (5.3) are, respectively:

ℋ(𝑅−1
𝐴∧𝐵) = ℋ(𝑅−1

𝐴 ) +ℋ(𝑅−1
𝐵 ),

ℋ(𝑅−1
𝐴∨𝐵) = ℋ(𝑅−1

𝐴 ) ∩ ℋ(𝑅−1
𝐴 ).

(5.4)

We will denote by ℛ the set of all positive self-adjoint operators 𝑅±1
𝐴 :

ℛ = ℛ(𝒪) := {𝑅±1
𝐴 : 𝐴 ∈ 𝒪}.

Definition 5.2. Given the O-family 𝒪 on 𝒟 and the corresponding set of (Riesz)
operators ℛ = ℛ(𝒪), we define Σℛ as the minimal set of self-adjoint operators
containing ℛ and satisfying the following conditions:

(c1) for every 𝑅 ∈ Σℛ, 𝑅−1 ∈ Σℛ;
(c2) for every 𝑅,𝑆 ∈ Σℛ, 𝑅∔ 𝑆 ∈ Σℛ.
Then the set Σℛ is said to be an admissible cone of self-adjoint operators if, in
addition,

(c3) 𝒟 is dense in every ℋ(𝑅), 𝑅 ∈ Σℛ.

In particular, all the operators 𝑅±1
𝐴∧𝐵, 𝑅

±1
𝐴∨𝐵 belong to Σℛ, so that every ele-

ment𝑅 ∈ Σℛ is the Riesz operator of the dual pair of Hilbert spacesℋ(𝑅),ℋ(𝑅−1).
Note also that the norms corresponding to any 𝑅,𝑆 ∈ Σℛ are consistent, since all
operators in Σℛ are closed.

Then the family Σℛ obtained in this way generates an involutive lattice of
Hilbert spaces ℐ(Σℛ) indexed by self-adjoint operators. We have the following
picture:

𝒟 ⊆ 𝑉 # =
∩
𝑅∈Σℛ

ℋ(𝑅) =
∩
𝐴∈𝒪

ℋ(𝑅𝐴) ⊂
〈
ℋ(𝑅𝐴), 𝐴 ∈ 𝒪

〉
⊂ ℋ ⊂ ⋅ ⋅ ⋅ (5.5)

⋅ ⋅ ⋅ ⊂
〈
ℋ(𝑅−1

𝐴 ), 𝐴 ∈ 𝒪
〉

⊂ 𝑉 :=
∑
𝐴∈𝒪

ℋ(𝑅−1
𝐴 ) =

∑
𝑅∈Σℛ

ℋ(𝑅),

where
〈ℋ(𝑅𝐴), 𝐴 ∈ 𝒪〉 denotes the lattice generated by the operators 𝑅𝐴 ac-

cording to the rules (5.3), and similarly for the other one. Actually, this lattice is
peculiar, in the sense that each space ℋ(𝑅𝐴) is contained in ℋ and each space
ℋ(𝑅−1

𝐴 ) contains ℋ.
Remark 5.3. The spaceℋ(𝑅𝐴) does not determine the operator𝑅𝐴, or𝐴, uniquely.
Indeed one sees easily that ℋ(𝑅𝐴) = ℋ(𝑅𝐵) wherever 𝑅1/2

𝐴 𝑅
−1/2
𝐵 is bounded with

bounded inverse.
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Following the definition given in Section 2.1, the lattice ℐ(Σℛ) = {ℋ(𝑅), 𝑅 ∈
Σℛ} is a LHS with central Hilbert space ℋ and total space 𝑉 =

∑
𝐴∈𝒪 ℋ(𝑅−1

𝐴 ).
Thus we may state

Theorem 5.4. Let 𝒪 be a family of closable linear operators on a Hilbert space
ℋ, with common dense domain 𝒟. Assume that the corresponding set Σℛ is an
admissible cone. Let ℐ(Σℛ) be the lattice of Hilbert spaces generated by 𝒪, as in
Eq. (5.5). Then

(i) 𝒪 generates a pip-space, with central Hilbert space ℋ and total space 𝑉 =∑
𝐴∈𝒪 ℋ(𝑅−1

𝐴 ), where ℋ(𝑅−1
𝐴 ) is the completion of ℋ with respect to the

norm ∥(1 +𝐴∗𝐴)−1/2 ⋅ ∥. The compatibility is
𝑓#𝑔 ⇐⇒ ∃𝑅 ∈ Σℛ such that 𝑓 ∈ ℋ(𝑅), 𝑔 ∈ ℋ(𝑅−1) (5.6)

and the partial inner product is

⟨𝑅1/2𝑓 ∣𝑅−1/2𝑔⟩ℋ. (5.7)

(ii) The lattice ℐ(Σℛ) itself is a LHS, with central Hilbert space ℋ, with respect
to the compatibility (5.6)and the partial inner product (5.7) inherited from
the pip-space of (i).

(iii) One has 𝑉 # =
∩
𝐴∈𝒪 ℋ(𝑅𝐴), where ℋ(𝑅𝐴) is 𝒟(𝐴) with the graph norm

∥(1 +𝐴∗𝐴)1/2 ⋅ ∥, and 𝒟 ⊆ 𝑉 #.

By this construction, the space 𝑉 # acquires a natural topology tℛ, as the
projective limit of all the spaces ℋ(𝑅), 𝑅 ∈ ℛ (or, equivalently, 𝑅 ∈ Σℛ). With
this topology, 𝑉 # is complete and semi-reflexive, with dual 𝑉 . However the Mackey
topology 𝜏(𝑉 #, 𝑉 ) may be strictly finer than the projective topology. On the dual
𝑉 , on the contrary, the topology of the inductive limit of all the ℋ(𝑅), 𝑅 ∈ ℛ,
coincides with both 𝜏(𝑉, 𝑉 #) and 𝛽(𝑉, 𝑉 #), i.e., 𝑉 is barreled.

If the family 𝒪 ≡ {𝐴𝑖} is finite, then 𝑉 # is the Hilbert space ℋ(𝑅𝐶) with
𝑅𝐶 = 1 +

∑
𝑖𝐴

∗
𝑖 𝐴𝑖. If 𝒪 is countable, 𝑉 # is a reflexive Fréchet space (and then

𝜏(𝑉 #, 𝑉 ) coincides with 𝑡𝑅). Otherwise 𝑉 # is nonmetrizable.

The most interesting case arises when we start with a ∗-invariant family
𝒪 of closable operators, with a common dense invariant domain 𝒟. For then 𝒪
generates a *-algebra 𝔐 of operators on 𝒟, i.e., an O*-algebra. We equip 𝒟 with
the graph topology t𝔐 defined by𝔐. Then all the operators 𝐴 ∈ 𝔐 are continuous
from 𝒟 into 𝒟. The domain 𝒟 need not be complete in the topology t𝔐. In any

case, its completion �̃�(𝔐) coincides with the full closure �̂�(𝔐) :=
∩
𝐴∈𝔐 𝐷(𝐴),

and we have 𝑉 # = 𝒟(𝔐). In other words, we can assume from the beginning that

the *-algebra 𝔐 is fully closed, i.e., 𝒟 = �̂�(𝔐).

Theorem 5.5. Let 𝔐 be an O∗-algebra on the dense domain 𝒟 ⊂ ℋ. Then 𝔐
generates a pip-space structure and a LHS structure on 𝑉 =

∑
𝐴∈𝔐 ℋ(𝑅−1

𝐴 ). The

subspace 𝑉 # =
∩
𝐴∈𝔐 ℋ(𝑅𝐴) is the completion �̂�(𝔐) of 𝒟 in the 𝔐-topology and
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�̂� ⊆ Reg(𝑉 ), where �̂� is the full closure of 𝔐 and Reg(𝑉 ) denotes the set of
regular operators on 𝑉 .

Now, we ask the following question: Given a LHS 𝑉𝐼 := (𝑉, ℐ, ⟨⋅∣⋅⟩), under
which conditions does there exist an O-family 𝒪 on 𝑉 # such that 𝑉𝐼 := (𝑉, ℐ, ⟨⋅∣⋅⟩)
coincides with the LHS generated by 𝒪? The following statement generalizes a
result by Bellomonte and one of us (CT) for inductive limits of contractive families
of Hilbert spaces [7].

Theorem 5.6. Let 𝑉𝐼 := {𝑉𝑟} be a LHS such that every 𝑟 is comparable with 𝑜.
Then the following statements hold true.

(i) For every 𝑟 ∈ 𝐼, there exists a linear operator 𝐴𝑟 with domain 𝑉 #, closable
in 𝑉𝑜 (the central Hilbert space) such that 𝑉𝑟 is the completion ℋ(𝑅𝐴𝑟 ) of
𝑉 # with respect to the norm ∥𝜉∥𝐴𝑟 = ∥(𝐼 +𝐴∗

𝑟𝐴𝑟)
1/2𝜉∥𝑜, 𝜉 ∈ 𝑉 #.

(ii) The family 𝒪 = {𝐴𝑟, 𝑟 ∈ 𝐼, 𝑟 ⩾ 0} is directed upward by 𝐼 (i.e., 𝑜 ⩽ 𝑟 ⩽ 𝑠
⇔ 𝐴𝑟 ⊆ 𝐴𝑠).

(iii) 𝑉 # =
∩
𝑟∈ℐ ℋ(𝑅𝐴𝑟) and 𝑉 =

∪
𝑟∈𝐼 𝑅𝐴𝑟ℋ(𝑅𝐴𝑟 ) is the conjugate dual of 𝑉

#

for the graph topology t𝒪. The inductive topology on 𝑉 coincides with the
Mackey topology 𝜏(𝑉, 𝑉 #).

Proof. (i): Since, for 𝑟 ⩾ 𝑜, 𝑉𝑟 ⊂ 𝑉𝑜, the inner product ⟨⋅∣⋅⟩𝑟 of 𝑉𝑟 can be viewed
as a closed positive sesquilinear form defined on 𝑉𝑟 × 𝑉𝑟 ⊂ 𝑉𝑜 × 𝑉𝑜 (up to an
isomorphism) which, as a quadratic form on 𝑉𝑟, has 1 as greatest lower bound.
Then there exists a selfadjoint operator 𝐵𝑟 with dense domain 𝐷(𝐵𝑟) in 𝑉𝑜, with
𝐵𝑟 ⩾ 1, such that 𝐷(𝐵𝑟) = 𝑉𝑟 and

⟨𝜉∣𝜂⟩𝑟 = ⟨𝐵𝑟𝜉∣𝐵𝑟𝜂⟩𝑜, ∀ 𝜉, 𝜂 ∈ 𝑉𝑟 .

Since 𝑉 # is dense in 𝑉𝑟, 𝑉 # is a core for 𝐵𝑟 and, hence, also for the operator
(𝐵2
𝑟 − 1)1/2. We define 𝐴𝑟 = (𝐵2

𝑟 − 1)1/2 ↾ 𝒟. The proofs of (ii) and (iii) follow
then from simple considerations. In particular, the fact that the inductive topology
of 𝑉 coincides with the Mackey topology 𝜏(𝑉, 𝑉 #) is well known (see [12, Ch. IV,
Sec. 4.4] or [5, Sec. 2.3]). □

6. Conclusion

Most families of function spaces used in analysis and in signal processing come
in scales or lattices and in fact are, or contain, pip-spaces. The (lattice) indices
defining the (partial) order characterize the properties of the corresponding func-
tions or distributions: smoothness, local integrability, decay at infinity, etc. Thus it
seems natural to formulate the properties of various operators globally, using the
theory of pip-space operators, in particular the set j(𝐴) of an operator encodes its
properties in a very convenient and visual fashion. In addition, it is often possible
to determine uniquely whether a function belongs to one of those spaces simply
by estimating the (asymptotic) behavior of its Gabor or wavelet coefficients, a real
breakthrough in functional analysis [10].
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A legitimate question is whether there are instances where a pip-space is
really needed, or a RHS could suffice. The answer is that there are plenty of exam-
ples, among the applications enumerated in Chapters 7 and 8 of our monograph
[5]. We may therefore expect that the pip-space formalism will play a significant
role in Gabor/wavelet analysis, as well as in mathematical physics.

Concerning the applications in mathematical physics, in almost all cases, the
relevant structure is a scale or a chain of Hilbert spaces, which allows a finer
control on the behavior of operators. For instance: (i) The description of singu-
lar interactions in quantum mechanics; (ii) The formulation of the Weinberg-van
Winter approach to quantum scattering theory; (iii) Various aspects of quantum
field theory, such as the energy bounds or Nelson’s approach to Euclidean field
theory. Details and references may be found in [5, Chap. 7].

Coming back to quantum mechanics, the notation for operators introduced
in Section 4.1 coincides precisely with the familiar Dirac notation. It allows a
rigorous formulation of the latter, more natural that the RHS formulation, and
its extension to quantum field theory. In addition, it provides an elegant way of
describing very singular operators, thus providing a far-reaching generalization
of bounded operators. It allows indeed to treat on the same footing all kinds of
operators, from bounded ones to very singular ones. By this, we mean the following,
loosely speaking. Take

𝑉𝑟 ⊂ 𝑉𝑜 ≃ 𝑉𝑜 ⊂ 𝑉𝑠 (𝑉𝑜 = Hilbert space).

Three cases may arise:

∙ if 𝐴𝑜𝑜 exists, then 𝐴 corresponds to a bounded operator 𝑉𝑜 → 𝑉𝑜;

∙ if 𝐴𝑜𝑜 does not exist, but only 𝐴𝑜𝑟 : 𝑉𝑟 → 𝑉𝑜, with 𝑟 < 𝑜, then 𝐴 corresponds
to an unbounded operator, with domain 𝐷(𝐴) ⊃ 𝑉𝑟 ;

∙ if no 𝐴𝑜𝑟 exists, but only 𝐴𝑠𝑟 : 𝑉𝑟 → 𝑉𝑠, with 𝑟 < 𝑜 < 𝑠, then 𝐴 corresponds
to a singular operator, with Hilbert space domain possibly reduced to {0}.
The singular interactions (𝛿 or 𝛿′ potentials) are a beautiful example [5, Sec.

7.1.3].

As for the applications in signal processing, all families of spaces routinely
used are, or contain, chains of Banach spaces, which are needed for a fine tuning
of elements (usually, distributions) and operators on them. Such are, for instance,
𝐿𝑝 spaces, amalgam spaces, modulation spaces, Besov spaces or coorbit spaces.
Here again, a RHS is clearly not sufficient. See [5, Chap. 8] for further details.
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From Forms to Semigroups

Wolfgang Arendt and A.F.M. ter Elst

Abstract. We present a review and some new results on form methods for
generating holomorphic semigroups on Hilbert spaces. In particular, we ex-
plain how the notion of closability can be avoided. As examples we include the
Stokes operator, the Black–Scholes equation, degenerate differential equations
and the Dirichlet-to-Neumann operator.
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Introduction

Form methods give a very efficient tool to solve evolutionary problems on Hilbert
space. They were developed by T. Kato [Kat] and, in a slightly different language
by J.L. Lions. In this article we give an introduction based on [AE2]. The main
point in our approach is that the notion of closability is not needed anymore. In
the language of Kato the form merely needs to be sectorial. Alternatively, in the
setting of Lions the Hilbert space 𝑉 , on which the form is defined, no longer needs
to be continuously embedded in the Hilbert space 𝐻 , on which the semigroup acts.
Instead one merely needs a continuous linear map from 𝑉 into 𝐻 with dense range.

The new setting is particularly efficient for degenerate equations, since then
the sectoriality condition is obvious, whilst the form is not closable, in general, or
closability might be hard to verify. The Dirichlet-to-Neumann operator is normally
defined on smooth domains, that is, domains with at least a Lipschitz boundary.
The new form method allows us to consider the Dirichlet-to-Neumann operator
on rough domains. Besides this we give several other examples.

This presentation starts by an introduction to holomorphic semigroups. In-
stead of the contour argument found in the literature, we give a more direct argu-
ment based on the Hille–Yosida Theorem.

Advances and Applications, Vol. 221, -47 69
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1. The Hille–Yosida Theorem

A 𝐶0-semigroup on a Banach space 𝑋 is a mapping 𝑇 : (0,∞) → ℒ(𝑋) satisfying

𝑇 (𝑡+ 𝑠) = 𝑇 (𝑡)𝑇 (𝑠) (𝑡, 𝑠 > 0)

lim
𝑡↓0

𝑇 (𝑡)𝑥 = 𝑥 (𝑥 ∈ 𝑋) .

The generator 𝐴 of such a 𝐶0-semigroup is defined by

𝐷(𝐴) := {𝑥 ∈ 𝑋 : lim
𝑡↓0

𝑇 (𝑡)𝑥 − 𝑥

𝑡
exists}

𝐴𝑥 := lim
𝑡↓0

𝑇 (𝑡)𝑥 − 𝑥

𝑡
(𝑥 ∈ 𝐷(𝐴)) .

Thus the domain 𝐷(𝐴) of 𝐴 is a subspace of 𝑋 and 𝐴 : 𝐷(𝐴) → 𝑋 is linear. One
can show that 𝐷(𝐴) is dense in 𝑋 . The main interest in semigroups lies in the
associated Cauchy problem

(CP)

{
�̇�(𝑡) = 𝐴𝑢(𝑡) (𝑡 > 0)
𝑢(0) = 𝑥 .

Indeed, if 𝐴 is the generator of a 𝐶0-semigroup, then given 𝑥 ∈ 𝑋 , the function
𝑢(𝑡) := 𝑇 (𝑡)𝑥 is the unique mild solution of (CP); i.e.,

𝑢 ∈ 𝐶([0,∞);𝑋) ,

𝑡∫
0

𝑢(𝑠) 𝑑𝑠 ∈ 𝐷(𝐴)

for all 𝑡 > 0 and

𝑢(𝑡) = 𝑥+𝐴

𝑡∫
0

𝑢(𝑠) 𝑑𝑠

𝑢(0) = 𝑥 .

If 𝑥 ∈ 𝐷(𝐴), then 𝑢 is a classical solution; i.e., 𝑢 ∈ 𝐶1([0,∞);𝑋), 𝑢(𝑡) ∈ 𝐷(𝐴) for
all 𝑡 ≥ 0 and �̇�(𝑡) = 𝐴𝑢(𝑡) for all 𝑡 > 0. Conversely, if for each 𝑥 ∈ 𝑋 there exists a
unique mild solution of (CP), then 𝐴 generates a 𝐶0-semigroup [ABHN, Theorem
3.1.12]. In view of this characterization of well-posedness, it is of big interest to
decide whether a given operator generates a 𝐶0-semigroup. A positive answer is
given by the famous Hille–Yosida Theorem.

Theorem 1.1 (Hille–Yosida (1948)). Let 𝐴 be an operator on 𝑋. The following are
equivalent.

(i) 𝐴 generates a contractive 𝐶0-semigroup;
(ii) the domain of 𝐴 is dense, 𝜆−𝐴 is invertible for all 𝜆>0 and ∥𝜆(𝜆−𝐴)−1∥≤1.
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Here we call a semigroup 𝑇 contractive if ∥𝑇 (𝑡)∥ ≤ 1 for all 𝑡 > 0. By 𝜆 − 𝐴
we mean the operator with domain 𝐷(𝐴) given by (𝜆 − 𝐴)𝑥 := 𝜆𝑥 − 𝐴𝑥 (𝑥 ∈
𝐷(𝐴)). So the condition in (ii) means that 𝜆 − 𝐴 : 𝐷(𝐴) → 𝑋 is bijective and
∥𝜆(𝜆−𝐴)−1𝑥∥ ≤ ∥𝑥∥ for all 𝜆 > 0 and 𝑥 ∈ 𝑋 . If 𝑋 is reflexive, then this existence
of the resolvent (𝜆 − 𝐴)−1 and the contractivity ∥𝜆(𝜆 − 𝐴)−1∥ ≤ 1 imply already
that the domain is dense [ABHN, Theorem 3.3.8].

Yosida’s proof is based on the Yosida-approximation: Assuming (ii), one easily
sees that

lim
𝜆→∞

𝜆(𝜆 − 𝐴)−1𝑥 = 𝑥 (𝑥 ∈ 𝐷(𝐴)) ,

i.e., 𝜆(𝜆 − 𝐴)−1 converges strongly to the identity as 𝜆 → ∞. This implies that

𝐴𝜆 := 𝜆𝐴(𝜆 − 𝐴)−1 = 𝜆2(𝜆 − 𝐴)−1 − 𝜆

approximates 𝐴 as 𝜆 → ∞ in the sense that

lim
𝜆→∞

𝐴𝜆𝑥 = 𝐴𝑥 (𝑥 ∈ 𝐷(𝐴)) .

The operator 𝐴𝜆 is bounded, so one may define

𝑒𝑡𝐴𝜆 :=

∞∑
𝑛=0

𝑡𝑛

𝑛!
𝐴𝑛𝜆

by the power series. Note that ∥𝜆2(𝜆 − 𝐴)−1∥ ≤ 𝜆. Since

𝑒𝑡𝐴𝜆 = 𝑒−𝜆𝑡𝑒𝑡𝜆
2(𝜆−𝐴)−1

,

it follows that

∥𝑒𝑡𝐴𝜆∥ ≤ 𝑒−𝜆𝑡𝑒𝑡∥𝜆
2(𝜆−𝐴)−1∥ ≤ 1 .

The key element in Yosida’s proof consists in showing that for all 𝑥 ∈ 𝑋 the family
(𝑒𝑡𝐴𝜆𝑥)𝜆>0 is a Cauchy net as 𝜆 → ∞. Then the 𝐶0-semigroup generated by 𝐴 is
given by

𝑇 (𝑡)𝑥 := lim
𝜆→∞

𝑒𝑡𝐴𝜆𝑥 (𝑡 > 0)

for all 𝑥 ∈ 𝑋 . We will come back to this formula when we talk about holomorphic
semigroups.

Remark 1.2. Hille’s independent proof is based on Euler’s formula for the expo-
nential function. Note that putting 𝑡 = 1

𝜆 one has

𝜆(𝜆 − 𝐴)−1 = (𝐼 − 𝑡𝐴)−1 .

Hille showed that

𝑇 (𝑡)𝑥 := lim
𝑛→∞

(
𝐼 − 𝑡

𝑛
𝐴

)−𝑛
𝑥

exists for all 𝑥 ∈ 𝑋 , see [Kat, Section IX.1.2].
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2. Holomorphic semigroups

A 𝐶0-semigroup is defined on the real half-line (0,∞) with values in ℒ(𝑋). It is
useful to study when extensions to a sector

Σ𝜃 := {𝑟𝑒𝑖𝛼 : 𝑟 > 0, ∣𝛼∣ < 𝜃}
for some 𝜃 ∈ (0, 𝜋/2] exist. In this section 𝑋 is a complex Banach space.

Definition 2.1. A 𝐶0-semigroup 𝑇 is called holomorphic if there exist 𝜃 ∈ (0, 𝜋/2]
and a holomorphic extension

𝑇 : Σ𝜃 → ℒ(𝑋)

of 𝑇 which is locally bounded; i.e.,

sup
𝑧∈Σ𝜃

∣𝑧∣≤1

∥𝑇 (𝑧)∥ < ∞ .

If ∥𝑇 (𝑧)∥ ≤ 1 for all 𝑧 ∈ Σ𝜃, then we call 𝑇 a sectorially contractive holomorphic
𝐶0-semigroup (of angle 𝜃, if we want to make precise the angle).

The holomorphic extension 𝑇 automatically has the semigroup property

𝑇 (𝑧1 + 𝑧2) = 𝑇 (𝑧1)𝑇 (𝑧2) (𝑧1, 𝑧2 ∈ Σ𝜃) .

Because of the boundedness assumption it follows that

lim
𝑧→0
𝑧∈Σ𝜃

𝑇 (𝑧)𝑥 = 𝑥 (𝑥 ∈ 𝑋) .

These properties are easy to see. Moreover, 𝑇 can be extended continuously (for
the strong operator topology) to the closure of Σ𝜃, keeping these two properties.
In fact, if 𝑥 = 𝑇 (𝑡)𝑦 for some 𝑡 > 0 and some 𝑦 ∈ 𝑋 , then

lim
𝑤→𝑧 𝑇 (𝑤)𝑥 = lim

𝑤→𝑧 𝑇 (𝑤 + 𝑡)𝑦 = 𝑇 (𝑧 + 𝑡)𝑦

exists. Since the set {𝑇 (𝑡)𝑦 : 𝑡 ∈ (0,∞), 𝑦 ∈ 𝑋} is dense the claim follows. In the

sequel we will omit the tilde and denote the extension 𝑇 simply by 𝑇 . We should
add a remark on vector-valued holomorphic functions.

Remark 2.2. If 𝑌 is a Banach space and Ω ⊂ ℂ open, then a function 𝑓 : Ω → 𝑌
is called holomorphic if

𝑓 ′(𝑧) = lim
ℎ→0

𝑓(𝑧 + ℎ)− 𝑓(𝑧)

ℎ

exists in the norm of 𝑌 for all 𝑧 ∈ Ω and 𝑓 ′ : Ω → 𝑌 is continuous. It follows as
in the scalar case that 𝑓 is analytic. It is remarkable that holomorphy is the same
as weak holomorphy (first observed by Grothendieck): A function 𝑓 : Ω → 𝑌 is
holomorphic if and only if

𝑦′ ∘ 𝑓 : Ω → ℂ
is holomorphic for all 𝑦′ ∈ 𝑌 ′. In our context the space 𝑌 is ℒ(𝑋), the space
of all bounded linear operators on 𝑋 with the operator norm. If the function 𝑓
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is bounded it suffices to test holomorphy with fewer functionals. We say that a
subspace 𝑊 ⊂ 𝑌 ′ separates points if for all 𝑥 ∈ 𝑌 ,

⟨𝑦′, 𝑥⟩ = 0 for all 𝑦′ ∈ 𝑊 implies 𝑥 = 0 .

Assume that 𝑓 : Ω → 𝑌 is bounded such that 𝑦′ ∘ 𝑓 is holomorphic for all 𝑦′ ∈ 𝑊
where 𝑊 is a separating subspace of 𝑌 ′. Then 𝑓 is holomorphic. This result is due
to [AN], see also [ABHN, Theorem A7]. In particular, if 𝑌 = ℒ(𝑋), then a bounded
function 𝑓 : Ω → ℒ(𝑋) is holomorphic if and only if ⟨𝑥′, 𝑓(⋅)𝑥⟩ is holomorphic for
all 𝑥 in a dense subspace of 𝑋 and all 𝑥′ in a separating subspace of 𝑋 ′.

We recall a special form of Vitali’s Theorem (see [AN], [ABHN, Theorem A5]).

Theorem 2.3 (Vitali). Suppose Ω ⊂ ℂ is connected. For all 𝑛 ∈ ℕ let 𝑓𝑛 : Ω →
ℒ(𝑋) be holomorphic, let 𝑀 ∈ ℝ and suppose that

a) ∥𝑓𝑛(𝑧)∥ ≤ 𝑀 for all 𝑧 ∈ Ω and 𝑛 ∈ ℕ, and;

b) Ω0 := {𝑧 ∈ Ω : lim𝑛→∞ 𝑓𝑛(𝑧)𝑥 exists for all 𝑥 ∈ 𝑋} has a limit point in Ω,
i.e., there exist a sequence (𝑧𝑘)𝑘∈ℕ in Ω0 and 𝑧0 ∈ Ω such that 𝑧𝑘 ∕= 𝑧0 for
all 𝑘 ∈ ℕ and lim

𝑘→∞
𝑧𝑘 = 𝑧0.

Then

𝑓(𝑧)𝑥 := lim
𝑛→∞ 𝑓𝑛(𝑧)𝑥

exists for all 𝑥 ∈ 𝑋 and 𝑧 ∈ Ω, and 𝑓 : Ω → ℒ(𝑋) is holomorphic.

Now we want to give a simple characterization of holomorphic sectorially
contractive semigroups. Assume that 𝐴 is a densely defined operator on 𝑋 such
that (𝜆 − 𝐴)−1 exists and

∥𝜆(𝜆 − 𝐴)−1∥ ≤ 1 (𝜆 ∈ Σ𝜃) ,

where 0 < 𝜃 ≤ 𝜋/2. Let 𝑧 ∈ Σ𝜃. Then for all 𝜆 > 0,

(𝑧𝐴)𝜆 = 𝑧𝐴𝜆
𝑧

is holomorphic in 𝑧. For each 𝑧 ∈ Σ𝜃, the operator 𝑧𝐴 satisfies Condition (ii) of
Theorem 1.1. By the Hille–Yosida Theorem

𝑇 (𝑧)𝑥 := lim
𝜆→∞

𝑒(𝑧𝐴)𝜆𝑥

exists for all 𝑥 ∈ 𝑋 and 𝑧 ∈ Σ𝜃. Since 𝑧 �→ 𝑒(𝑧𝐴)𝜆 = 𝑒𝑧𝐴𝜆/𝑧 is holomorphic,
𝑇 : Σ𝜃 → ℒ(𝑋) is holomorphic by Vitali’s Theorem. If 𝑡 > 0, then

𝑇 (𝑡) = lim
𝜆→∞

𝑒𝑡𝐴𝜆/𝑡 = 𝑇𝐴(𝑡)

where 𝑇𝐴 is the semigroup generated by 𝐴. Since 𝑇𝐴(𝑡+𝑠) = 𝑇𝐴(𝑡)𝑇𝐴(𝑠), it follows
from analytic continuation that

𝑇 (𝑧1 + 𝑧2) = 𝑇 (𝑧1)𝑇 (𝑧2) (𝑧1, 𝑧2 ∈ Σ𝜃) .
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Thus 𝐴 generates a sectorially contractive holomorphic 𝐶0-semigroup of angle 𝜃
on 𝑋 . One sees as above that

𝑇𝑧𝐴(𝑡) = 𝑇 (𝑧𝑡)

for all 𝑡 > 0 and 𝑧 ∈ Σ𝜃. We have shown the following.

Theorem 2.4. Let 𝐴 be a densely defined operator on 𝑋 and 𝜃 ∈ (0, 𝜋/2]. The
following are equivalent.

(i) 𝐴 generates a sectorially contractive holomorphic 𝐶0-semigroup of angle 𝜃;
(ii) (𝜆 − 𝐴)−1 exists for all 𝜆 ∈ Σ𝜃 and

∥𝜆(𝜆 − 𝐴)−1∥ ≤ 1 (𝜆 ∈ Σ𝜃) .

We refer to [AEH] for a similar approach to possibly noncontractive holo-
morphic semigroups.

3. The Lumer–Phillips Theorem

Let 𝐻 be a Hilbert space over 𝕂 = ℝ or ℂ. An operator 𝐴 on 𝐻 is called accretive
or monotone if

Re(𝐴𝑥∣𝑥) ≥ 0 (𝑥 ∈ 𝐷(𝐴)) .

Based on this notion the following very convenient characterization is an easy
consequence of the Hille–Yosida Theorem.

Theorem 3.1 (Lumer–Phillips). Let 𝐴 be an operator on 𝐻. The following are
equivalent.

(i) −𝐴 generates a contraction semigroup;
(ii) 𝐴 is accretive and 𝐼 +𝐴 is surjective.

For a proof, see [ABHN, Theorem 3.4.5]. Accretivity of 𝐴 can be reformulated
by the condition

∥(𝜆+𝐴)𝑥∥ ≥ ∥𝜆𝑥∥ (𝜆 > 0, 𝑥 ∈ 𝐷(𝐴)) .

Thus if 𝜆 + 𝐴 is surjective, then 𝜆 + 𝐴 is invertible and ∥𝜆(𝜆 + 𝐴)−1∥ ≤ 1. We
also say that 𝐴 is 𝑚-accretive if Condition (ii) is satisfied. If 𝐴 is 𝑚-accretive and
𝕂 = ℂ, then one can easily see that 𝜆 + 𝐴 is invertible for all 𝜆 ∈ ℂ satisfying
Re𝜆 > 0 and

∥(𝜆+𝐴)−1∥ ≤ 1

Re𝜆
.

Due to the reflexivity of Hilbert spaces, each 𝑚-accretive operator 𝐴 is densely
defined (see [ABHN, Proposition 3.3.8]). Now we want to reformulate the Lumer–
Phillips Theorem for generators of semigroups which are contractive on a sector.

Theorem 3.2 (Generators of sectorially contractive semigroups). Let 𝐴 be an oper-
ator on a complex Hilbert space 𝐻 and let 𝜃 ∈ (0, 𝜋2 ). The following are equivalent.

(i) −𝐴 generates a holomorphic 𝐶0-semigroup which is contractive on the sec-
tor Σ𝜃;

(ii) 𝑒±𝑖𝜃𝐴 is accretive and 𝐼 +𝐴 is surjective.
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Proof. (ii)⇒(i). Since 𝑒±𝑖𝜃𝐴 is accretive the operator 𝑧𝐴 is accretive for all 𝑧 ∈ Σ𝜃.
Since (𝐼+𝐴) is surjective, the operator 𝐴 is 𝑚-accretive. Thus (𝜆+𝐴) is invertible
whenever Re𝜆 > 0. Consequently (𝐼+𝑧𝐴) = 𝑧(𝑧−1+𝐴) is invertible for all 𝑧 ∈ Σ𝜃.
Thus 𝑧𝐴 is 𝑚-accretive for all 𝑧 ∈ Σ𝜃. Now (i) follows from Theorem 2.4.

(i)⇒(ii). If −𝐴 generates a holomorphic semigroup which is contractive on
Σ𝜃, then 𝑒𝑖𝛼𝐴 generates a contraction semigroup for all 𝛼 with ∣𝛼∣ ≤ 𝜃. Hence
𝑒𝑖𝛼𝐴 is 𝑚-accretive whenever ∣𝛼∣ ≤ 𝜃. □

If 𝐴 is self-adjoint, then both conditions of Theorem 3.2 are valid for all
𝜃 ∈ (0, 𝜋2 ) and the semigroup is holomorphic on Σ𝜋

2
.

4. Forms: the complete case

We recall one of our most efficient tools to solve equations, the Lax–Milgram
lemma, which is just a non-symmetric generalization of the Riesz–Fréchet repre-
sentation theorem from 1905.

Lemma 4.1 (Lax–Milgram (1954)). Let 𝑉 be a Hilbert space over 𝕂, where 𝕂 = ℝ
or 𝕂 = ℂ, and let 𝑎 : 𝑉 × 𝑉 → 𝕂 be sesquilinear, continuous and coercive, i.e.,

Re 𝑎(𝑢) ≥ 𝛼∥𝑢∥2𝑉 (𝑢 ∈ 𝑉 )

for some 𝛼 > 0. Let 𝜑 : 𝑉 → 𝕂 be a continuous anti-linear form, i.e., 𝜑 is contin-
uous and satisfies 𝜑(𝑢+ 𝑣) = 𝜑(𝑢)+𝜑(𝑣) and 𝜑(𝜆𝑢) = 𝜆𝜑(𝑢) for all 𝑢, 𝑣 ∈ 𝑉 and
𝜆 ∈ 𝕂. Then there is a unique 𝑢 ∈ 𝑉 such that

𝑎(𝑢, 𝑣) = 𝜑(𝑣) (𝑣 ∈ 𝑉 ) .

Of course, to say that 𝑎 is continuous means that

∣𝑎(𝑢, 𝑣)∣ ≤ 𝑀∥𝑢∥𝑉 ∥𝑣∥𝑉 (𝑢, 𝑣 ∈ 𝑉 )

for some constant 𝑀 . We let 𝑎(𝑢) := 𝑎(𝑢, 𝑢) for all 𝑢 ∈ 𝑉 .

In general, the range condition in the Hille–Yosida Theorem is difficult to
prove. However, if we look at operators associated with a form, the Lax–Milgram
Lemma implies automatically the range condition. We describe now our general
setting in the complete case. Given is a Hilbert space 𝑉 over 𝕂 with 𝕂 = ℝ or
𝕂 = ℂ, and a continuous, coercive sesquilinear form

𝑎 : 𝑉 × 𝑉 → 𝕂 .

Moreover, we assume that 𝐻 is another Hilbert space over 𝕂 and 𝑗 : 𝑉 → 𝐻 is a
continuous linear mapping with dense image. Now we associate an operator 𝐴 on
𝐻 with the pair (𝑎, 𝑗) in the following way. Given 𝑥, 𝑦 ∈ 𝐻 we say that 𝑥 ∈ 𝐷(𝐴)
and 𝐴𝑥 = 𝑦 if there exists a 𝑢 ∈ 𝑉 such that 𝑗(𝑢) = 𝑥 and

𝑎(𝑢, 𝑣) = (𝑦∣𝑗(𝑣))𝐻 for all 𝑣 ∈ 𝑉 .
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We first show that 𝐴 is well defined. Assume that there exist 𝑢1, 𝑢2 ∈ 𝑉 and
𝑦1, 𝑦2 ∈ 𝐻 such that

𝑗(𝑢1) = 𝑗(𝑢2) ,

𝑎(𝑢1, 𝑣) = (𝑦1∣𝑗(𝑣))𝐻 (𝑣 ∈ 𝑉 ), and,

𝑎(𝑢2, 𝑣) = (𝑦2∣𝑗(𝑣))𝐻 (𝑣 ∈ 𝑉 ) .

Then 𝑎(𝑢1 − 𝑢2, 𝑣) = (𝑦1 − 𝑦2∣𝑗(𝑣))𝐻 for all 𝑣 ∈ 𝑉 . Since 𝑗(𝑢1 − 𝑢2) = 0, taking
𝑣 := 𝑢1 − 𝑢2 gives 𝑎(𝑢1 − 𝑢2, 𝑢1 − 𝑢2) = 0. Since 𝑎 is coercive, it follows that
𝑢1 = 𝑢2. It follows that (𝑦1∣𝑗(𝑣))𝐻 = (𝑦2∣𝑗(𝑣))𝐻 for all 𝑣 ∈ 𝑉 . Since 𝑗 has dense
image, it follows that 𝑦1 = 𝑦2.

It is clear from the definition that 𝐴 : 𝐷(𝐴) → 𝐻 is linear. Our main result
is the following generation theorem. We first assume that 𝕂 = ℂ.

Theorem 4.2 (Generation theorem in the complete case). The operator −𝐴 gen-
erates a sectorially contractive holomorphic 𝐶0-semigroup 𝑇 . If 𝑎 is symmetric,
then 𝐴 is selfadjoint.

Proof. Let 𝑀 ≥ 0 be the constant of continuity and 𝛼 > 0 the constant of coer-
civeness as before. Then

∣ Im 𝑎(𝑣)∣
Re 𝑎(𝑣)

≤ 𝑀∥𝑣∥2𝑉
𝛼∥𝑣∥2𝑉

=
𝑀

𝛼

for all 𝑣 ∈ 𝑉 ∖ {0}. Thus there exists a 𝜃′ ∈ (0, 𝜋2 ) such that

𝑎(𝑣) ∈ Σ𝜃′ (𝑣 ∈ 𝑉 ) .

Let 𝑥 ∈ 𝐷(𝐴). There exists a 𝑢 ∈ 𝑉 such that 𝑥 = 𝑗(𝑢) and 𝑎(𝑢, 𝑣) = (𝐴𝑥∣𝑗(𝑣))𝐻
for all 𝑣 ∈ 𝑉 . In particular, (𝐴𝑥∣𝑥)𝐻 = 𝑎(𝑢) ∈ Σ𝜃′ . It follows that 𝑒±𝑖𝜃𝐴 is
accretive where 𝜃 = 𝜋

2 − 𝜃′. In order to prove the range condition, consider the
form 𝑏 : 𝑉 × 𝑉 → ℂ given by

𝑏(𝑢, 𝑣) = 𝑎(𝑢, 𝑣) + (𝑗(𝑢)∣𝑗(𝑣))𝐻 .

Then 𝑏 is continuous and coercive. Let 𝑦 ∈ 𝐻 . Then 𝜑(𝑣) := (𝑦∣𝑗(𝑣))𝐻 defines a
continuous anti-linear form 𝜑 on 𝑉 . By the Lax–Milgram Lemma 4.1 there exists
a unique 𝑢 ∈ 𝑉 such that

𝑏(𝑢, 𝑣) = 𝜑(𝑣) (𝑣 ∈ 𝑉 ) .

Hence (𝑦∣𝑗(𝑣))𝐻 = 𝑎(𝑢, 𝑣) + (𝑗(𝑢)∣𝑗(𝑣))𝐻 ; i.e., 𝑎(𝑢, 𝑣) = (𝑦 − 𝑗(𝑢)∣𝑗(𝑣))𝐻 for all
𝑣 ∈ 𝑉 . This means that 𝑥 := 𝑗(𝑢) ∈ 𝐷(𝐴) and 𝐴𝑥 = 𝑦 − 𝑥. □

The result is also valid in real Banach spaces. If 𝑇 is a 𝐶0-semigroup on a
real Banach space 𝑋 , then the ℂ-linear extension 𝑇ℂ of 𝑇 on the complexification
𝑋ℂ := 𝑋⊕𝑖𝑋 of 𝑋 is a 𝐶0-semigroup given by 𝑇ℂ(𝑡)(𝑥+𝑖𝑦) := 𝑇 (𝑡)𝑥+𝑖𝑇 (𝑡)𝑦. We
call 𝑇 holomorphic if 𝑇ℂ is holomorphic. The generation theorem above remains
true on real Hilbert spaces.
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In order to formulate a final result we want also allow a rescaling. Let 𝑋 be
a Banach space over 𝕂 and 𝑇 be a 𝐶0-semigroup on 𝑋 with generator 𝐴. Then
for all 𝜔 ∈ 𝕂 and 𝑡 > 0 define

𝑇𝜔(𝑡) := 𝑒𝜔𝑡𝑇 (𝑡) .

Then 𝑇𝜔 is a 𝐶0-semigroup whose generator is 𝐴 + 𝜔. Using this we obtain now
the following general generation theorem in the complete case.

Let 𝑉,𝐻 be Hilbert spaces over 𝕂 and 𝑗 : 𝑉 → 𝐻 continuous linear with
dense image. Let 𝑎 : 𝑉 × 𝑉 → 𝕂 be sesquilinear and continuous. We call the form
𝑎 𝑗-elliptic if there exist 𝜔 ∈ ℝ and 𝛼 > 0 such that

Re 𝑎(𝑢) + 𝜔∥𝑗(𝑢)∥2𝐻 ≥ 𝛼∥𝑢∥2𝑉 (𝑢 ∈ 𝑉 ) . (4.1)

Then we define the operator 𝐴 associated with (𝑎, 𝑗) as follows. Given 𝑥, 𝑦 ∈ 𝐻
we say that 𝑥 ∈ 𝐷(𝐴) and 𝐴𝑥 = 𝑦 if there exists a 𝑢 ∈ 𝑉 such that 𝑗(𝑢) = 𝑥 and

𝑎(𝑢, 𝑣) = (𝑦∣𝑗(𝑣))𝐻 for all 𝑣 ∈ 𝑉 .

Theorem 4.3. The operator defined in this way is well defined. Moreover, −𝐴
generates a holomorphic 𝐶0-semigroup on 𝐻.

Remark 4.4. The form 𝑎 satisfies Condition (4.1) if and only if the form 𝑎𝜔 given by

𝑎𝜔(𝑢, 𝑣) = 𝑎(𝑢, 𝑣) + 𝜔(𝑗(𝑢)∣𝑗(𝑣))𝐻
is coercive. If 𝑇𝜔 denotes the semigroup associated with (𝑎𝜔, 𝑗) and 𝑇 the semi-
group associated with (𝑎, 𝑗), then

𝑇𝜔(𝑡) = 𝑒−𝜔𝑡𝑇 (𝑡) (𝑡 > 0)

as is easy to see.

5. The Stokes operator

In this section we show as an example that the Stokes operator is selfadjoint and
generates a holomorphic 𝐶0-semigroup. The following approach is due to Monniaux
[Mon]. Let Ω ⊂ ℝ𝑑 be a bounded open set. We first discuss the Dirichlet Laplacian.

Theorem 5.1 (Dirichlet Laplacian). Let 𝐻 = 𝐿2(Ω) and define the operator Δ𝐷

on 𝐿2(Ω) by

𝐷(Δ𝐷) = {𝑢 ∈ 𝐻1
0 (Ω) : Δ𝑢 ∈ 𝐿2(Ω)}

Δ𝐷𝑢 := Δ𝑢 .

Then Δ𝐷 is selfadjoint and generates a holomorphic 𝐶0-semigroup on 𝐿2(Ω).

Proof. Define 𝑎 : 𝐻1
0 (Ω) × 𝐻1

0 (Ω) → ℝ by 𝑎(𝑢, 𝑣) =
∫
Ω

∇𝑢∇𝑣. Then 𝑎 is clearly

continuous. Poincaré’s inequality says that 𝑎 is coercive. Consider the injection 𝑗
of 𝐻1

0 (Ω) into 𝐿2(Ω). Let 𝐴 be the operator associated with (𝑎, 𝑗). We show that
𝐴 = −Δ𝐷. In fact, let 𝑢 ∈ 𝐷(𝐴) and write 𝑓 = 𝐴𝑢. Then

∫
Ω

∇𝑢∇𝑣 =
∫
Ω

𝑓𝑣 for all
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𝑣 ∈ 𝐻1
0 (Ω). Taking in particular 𝑣 ∈ 𝐶∞

𝑐 (Ω) we see that −Δ𝑢 = 𝑓 . Conversely, let
𝑢 ∈ 𝐻1

0 (Ω) be such that 𝑓 := −Δ𝑢 ∈ 𝐿2(Ω). Then
∫
Ω

𝑓𝜑 =
∫
Ω

∇𝑢∇𝜑 = 𝑎(𝑢, 𝜑) for

all 𝜑 ∈ 𝐶∞
𝑐 (Ω). This is just the definition of the weak partial derivatives in 𝐻1(Ω).

Since 𝐶∞
𝑐 (Ω) is dense in 𝐻1

0 (Ω), it follows that
∫
Ω

𝑓𝑣 = 𝑎(𝑢, 𝑣) for all 𝑣 ∈ 𝐻1
0 (Ω).

Thus 𝑢 ∈ 𝐷(𝐴) and 𝐴𝑢 = 𝑓 . Now the theorem follows from Theorem 4.2. □

For our treatment of the Stokes operator it will be useful to consider the
Dirichlet Laplacian also in 𝐿2(Ω)𝑑 = 𝐿2(Ω)⊕ ⋅ ⋅ ⋅ ⊕ 𝐿2(Ω).

Theorem 5.2. Define the symmetric form 𝑎 : 𝐻1
0 (Ω)

𝑑 × 𝐻1
0 (Ω)

𝑑 → ℝ by

𝑎(𝑢, 𝑣) =

∫
Ω

∇𝑢∇𝑣 :=

𝑑∑
𝑗=1

∫
Ω

∇𝑢𝑗∇𝑣𝑗 ,

where 𝑢 = (𝑢1, . . . , 𝑢𝑑). Moreover, let 𝑗 : 𝐻
1
0 (Ω)

𝑑 → 𝐿2(Ω)𝑑 be the inclusion. Then
𝑎 is continuous and coercive. The operator 𝐴 associated with (𝑎, 𝑗) on 𝐿2(Ω)𝑑 is
given by

𝐷(𝐴) = {𝑢 ∈ 𝐻1
0 (Ω)

𝑑 : Δ𝑢𝑗 ∈ 𝐿2(Ω) for all 𝑗 ∈ {1, . . . , 𝑑}} ,

𝐴𝑢 = (−Δ𝑢1, . . . ,−Δ𝑢𝑑) =: −Δ𝑢 .

We call Δ𝐷 := −𝐴 the Dirichlet Laplacian on 𝐿2(Ω)𝑑.

In order to define the Stokes operator we need some preparation. Let 𝒟(Ω) :=
𝐶∞
𝑐 (Ω)

𝑑 and let 𝒟0(Ω) := {𝜑 ∈ 𝒟(Ω) : div𝜑 = 0}, where div𝜑 = ∂1𝜑1+⋅ ⋅ ⋅+∂𝑑𝜑𝑑
and 𝜑 = (𝜑1, . . . , 𝜑𝑑). By 𝒟(Ω)′ we denote the dual space of 𝒟(Ω) (with the
usual topology). Each element 𝑆 of 𝒟(Ω)′ can be written in a unique way as
𝑆 = (𝑆1, . . . , 𝑆𝑑) with 𝑆𝑗 ∈ 𝐶∞

𝑐 (Ω)
′ so that

⟨𝑆, 𝜑⟩ =
𝑑∑
𝑗=1

⟨𝑆𝑗 , 𝜑𝑗⟩

for all 𝜑 = (𝜑1, . . . , 𝜑𝑑) ∈ 𝒟(Ω).
We say that 𝑆 ∈ 𝐻−1(Ω) if there exists a constant 𝑐 ≥ 0 such that

∣⟨𝑆, 𝜑⟩∣ ≤ 𝑐 (

∫
∣∇𝜑∣2) 12 (𝜑 ∈ 𝒟(Ω))

where ∣∇𝜑∣2 = ∣∇𝜑1∣2+ ⋅ ⋅ ⋅+ ∣∇𝜑𝑑∣2. For the remainder of this section we assume
that Ω has Lipschitz boundary. We need the following result (see [Tem, Remark
1.9, p. 14]).

Theorem 5.3. Let 𝑇 ∈ 𝐻−1(Ω). The following are equivalent.

(i) ⟨𝑇, 𝜑⟩ = 0 for all 𝜑 ∈ 𝒟0(Ω);
(ii) there exists a 𝑝 ∈ 𝐿2(Ω) such that 𝑇 = ∇𝑝.
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Note that Condition (ii) means that

⟨𝑇, 𝜑⟩ =
𝑑∑
𝑗=1

⟨∂𝑗𝑝, 𝜑𝑗⟩ = −
𝑑∑
𝑗=1

⟨𝑝, ∂𝑗𝜑𝑗⟩ = −⟨𝑝, div𝜑⟩ .

Now the implication (ii)⇒(i) is obvious. We omit the other implication.
Consider the real Hilbert space 𝐿2(Ω)𝑑 with scalar product

(𝑓 ∣𝑔) =
𝑑∑
𝑗=1

(𝑓𝑗 ∣𝑔𝑗)𝐿2(Ω) =

𝑑∑
𝑗=1

∫
Ω

𝑓𝑗𝑔𝑗 .

We denote by

𝐻 := 𝒟0(Ω)
⊥⊥ = 𝒟0(Ω)

the closure of 𝒟0(Ω) in 𝐿2(Ω)𝑑. We call𝐻 the space of all divergence free vectors in
𝐿2(Ω)𝑑. The orthogonal projection 𝑃 from 𝐿2(Ω)𝑑 onto 𝐻 is called the Helmholtz
projection. Now let 𝑉 be the closure of 𝒟0(Ω) in 𝐻1(Ω)𝑑. Thus 𝑉 ⊂ 𝐻1

0 (Ω)
𝑑 and

div 𝑢 = 0 for all 𝑢 ∈ 𝑉 . One can actually show that

𝑉 = {𝑢 ∈ 𝐻1
0 (Ω)

𝑑 : div 𝑣 = 0} .

We define the form 𝑎 : 𝑉 × 𝑉 → ℝ by

𝑎(𝑢, 𝑣) =

𝑑∑
𝑗=1

(∇𝑢𝑗 ∣∇𝑣𝑗)𝐿2(Ω) (𝑢 = (𝑢1, . . . , 𝑢𝑑), 𝑣 = (𝑣1, . . . , 𝑣𝑑) ∈ 𝑉 ) .

Then 𝑎 is continuous and coercive. The space 𝑉 is dense in 𝐻 since it contains
𝒟0(Ω). We consider the inclusion 𝑗 : 𝑉 → 𝐻 . Let 𝐴 be the operator associated
with (𝑎, 𝑗). Then 𝐴 is selfadjoint and −𝐴 generates a holomorphic 𝐶0-semigroup.
The operator can be described as follows.

Theorem 5.4. The operator 𝐴 has the domain

𝐷(𝐴) = {𝑢 ∈ 𝑉 : ∃𝜋 ∈ 𝐿2(Ω) such that −Δ𝑢+∇𝜋 ∈ 𝐻}
and is given by

𝐴𝑢 = −Δ𝑢+∇𝜋 ,

where 𝜋 ∈ 𝐿2(Ω) is such that −Δ𝑢+∇𝜋 ∈ 𝐻.

If 𝑢 ∈ 𝐻1
0 (Ω)

𝑑, then Δ𝑢 ∈ 𝐻−1(Ω). In fact, for all 𝜑 ∈ 𝒟(Ω),

∣⟨−Δ𝑢, 𝜑⟩∣ = ∣−⟨𝑢,Δ𝜑⟩∣ =
∣∣∣∣ 𝑑∑
𝑗=1

∫
Ω

∇𝑢𝑗∇𝜑𝑗

∣∣∣∣ ≤ ∥𝑢∥𝐻1
0(Ω)𝑑∥𝜑∥𝐻1

0(Ω)𝑑 .

Proof of Theorem 5.4. Let 𝑢 ∈ 𝐷(𝐴) and write 𝑓 = 𝐴𝑢. Then 𝑓 ∈ 𝐻 , 𝑢 ∈ 𝑉 and
𝑎(𝑢, 𝑣) = (𝑓 ∣𝑣)𝐻 for all 𝑣 ∈ 𝑉 . Thus, the distribution −Δ𝑢 ∈ 𝐻−1(Ω) coincides
with 𝑓 on 𝒟0(Ω). By Theorem 5.3 there exists a 𝜋 ∈ 𝐿2(Ω) such that −Δ𝑢+∇𝜋 =
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𝑓 . Conversely, let 𝑢 ∈ 𝑉 , 𝑓 ∈ 𝐻 , 𝜋 ∈ 𝐿2(Ω) and suppose that −Δ𝑢 +∇𝜋 = 𝑓 in
𝒟(Ω)′. Then for all 𝜑 ∈ 𝒟0(Ω),

𝑎(𝑢, 𝜑) =

∫
Ω

∇𝑢∇𝜑 =

∫
Ω

∇𝑢∇𝜑+ ⟨∇𝜋, 𝜑⟩ = (𝑓 ∣𝜑)𝐿2(Ω)𝑑 .

Since 𝒟0(Ω) is dense in 𝑉 , it follows that 𝑎(𝑢, 𝜑) = (𝑓 ∣𝜑)𝐿2(Ω)𝑑 for all 𝜑 ∈ 𝑉 .
Thus, 𝑢 ∈ 𝐷(𝐴) and 𝐴𝑢 = 𝑓 . □

The operator 𝐴 is called the Stokes operator. We refer to [Mon] for this
approach and further results on the Navier–Stokes equation. We conclude this
section by giving an example where 𝑗 is not injective. Further examples will be
seen in the sequel.

Proposition 5.5. Let �̃� be a Hilbert space and 𝐻 ⊂ �̃� a closed subspace. Denote by

𝑃 the orthogonal projection onto 𝐻. Let 𝑉 be a Hilbert space which is continuously

and densely embedded into �̃� and let 𝑎 : 𝑉 ×𝑉 → ℝ be a continuous, coercive form.

Denote by 𝐴 the operator on �̃� associated with (𝑎, 𝑗) where 𝑗 is the injection of 𝑉

into �̃� and let 𝐵 be the operator on 𝐻 associated with (𝑎, 𝑃 ∘ 𝑗). Then

𝐷(𝐵) = {𝑃𝑤 : 𝑤 ∈ 𝐷(𝐴) and 𝐴𝑤 ∈ 𝐻} ,

𝐵𝑃𝑤 = 𝐴𝑤 (𝑤 ∈ 𝐷(𝐴), 𝐴𝑤 ∈ 𝐻) .

This is easy to see. In the context considered in this section we obtain the
following example.

Example 5.6. Let �̃� = 𝐿2(Ω)𝑑, 𝐻 = 𝒟0(Ω) and 𝑉 := 𝐻1
0 (Ω)

𝑑. Define 𝑎 : 𝑉 ×𝑉 →
ℝ by

𝑎(𝑢, 𝑣) =

∫
Ω

∇𝑢∇𝑣 .

Moreover, define 𝑗 : 𝑉 → �̃� by 𝑗(𝑢) = 𝑢. Then the operator associated with
(𝑎, 𝑗) is 𝐴 = −Δ𝐷 as we have seen in Theorem 5.2. Now let 𝑃 be the Helmholtz
projection and 𝐵 the operator associated with (𝑎, 𝑃 ∘ 𝑗). Then

𝐷(𝐵) = {𝑢 ∈ 𝐻 : ∃𝜋 ∈ 𝐿2(Ω) such that

𝑢+∇𝜋 ∈ 𝐷(Δ𝐷) and Δ(𝑢 +∇𝜋) ∈ 𝐻}
and

𝐵𝑢 = −Δ(𝑢+∇𝜋) ,

if 𝜋 ∈ 𝐿2(Ω) is such that 𝑢 + ∇𝜋 ∈ 𝐷(Δ𝐷) and Δ(𝑢 + ∇𝜋) ∈ 𝐻 . This follows
directly from Proposition 5.5 and Theorem 5.3. The operator 𝐵 is selfadjoint and
generates a holomorphic semigroup.



From Forms to Semigroups 59

6. From forms to semigroups: the incomplete case

In the preceding sections we considered forms which were defined on a Hilbert
space 𝑉 . Now we want to study a purely algebraic condition considering forms
whose domains are arbitrary vector spaces. At first we consider the complex case.
Let 𝐻 be a complex Hilbert space. A sectorial form on 𝐻 is a sesquilinear form

𝑎 : 𝐷(𝑎)× 𝐷(𝑎) → ℂ ,

where 𝐷(𝑎) is a vector space, together with a linear mapping 𝑗 : 𝐷(𝑎) → 𝐻 with
dense image such that there exist 𝜔 ≥ 0 and 𝜃 ∈ (0, 𝜋/2) such that

𝑎(𝑢) + 𝜔∥𝑗(𝑢)∥2𝐻 ∈ Σ𝜃 (𝑢 ∈ 𝐷(𝑎)) .

If 𝜔 = 0, then we call the form 0-sectorial. To a sectorial form, we associate an
operator 𝐴 on 𝐻 by defining for all 𝑥, 𝑦 ∈ 𝐻 that 𝑥 ∈ 𝐷(𝐴) and 𝐴𝑥 = 𝑦 :⇔ there
exists a sequence (𝑢𝑛)𝑛∈ℕ in 𝐷(𝑎) such that

a) lim
𝑛→∞ 𝑗(𝑢𝑛) = 𝑥 in 𝐻 ; b) sup

𝑛∈ℕ

Re 𝑎(𝑢𝑛) < ∞; and

c) lim
𝑛→∞ 𝑎(𝑢𝑛, 𝑣) = (𝑦∣𝑗(𝑣))𝐻 for all 𝑣 ∈ 𝐷(𝑎).

It is part of the next theorem that the operator 𝐴 is well defined (i.e., that 𝑦
depends only on 𝑥 and not on the choice of the sequence satisfying a), b) and c)).
We only consider single-valued operators in this article.

Theorem 6.1. The operator 𝐴 associated with a sectorial form (𝑎, 𝑗) is well defined
and −𝐴 generates a holomorphic 𝐶0-semigroup on 𝐻.

The proof of the theorem consists in a reduction to the complete case by
considering an appropriate completion of 𝐷(𝑎). Here it is important that in The-
orem 4.2 a non-injective mapping 𝑗 is allowed. For a proof we refer to [AE2,
Theorem 3.2].

If 𝐶 ⊂𝐻 is a closed convex set, we say that 𝐶 is invariant under a semi-
group 𝑇 if

𝑇 (𝑡)𝐶 ⊂ 𝐶 (𝑡 > 0) .

Invariant sets are important to study positivity, 𝐿∞-contractivity, and many more
properties. If the semigroup is associated with a form, then the following criterion,
[AE2, Proposition 3.9], is convenient.

Theorem 6.2 (Invariance). Let 𝐶 ⊂ 𝐻 be a closed convex set and let 𝑃 be the
orthogonal projection onto 𝐶. Then the semigroup 𝑇 associated with a sectorial
form (𝑎, 𝑗) on 𝐻 leaves 𝐶 invariant if and only if for each 𝑢 ∈ 𝐷(𝑎) there exists
a sequence (𝑤𝑛)𝑛∈ℕ in 𝐷(𝑎) such that

a) lim
𝑛→∞ 𝑗(𝑤𝑛) = 𝑃𝑗(𝑢) in 𝐻;

b) lim sup
𝑛→∞

Re 𝑎(𝑤𝑛, 𝑢 − 𝑤𝑛) ≥ 0; and

c) sup
𝑛∈ℕ

Re𝑎(𝑤𝑛) < ∞.
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Corollary 6.3. Let 𝐶 ⊂ 𝐻 be a closed convex set and let 𝑃 be the orthogonal
projection onto 𝐶. Assume that for each 𝑢 ∈ 𝐷(𝑎), there exists a 𝑤 ∈ 𝐷(𝑎) such
that

𝑗(𝑤) = 𝑃𝑗(𝑢) and Re 𝑎(𝑤, 𝑢 − 𝑤) ≥ 0 .

Then 𝑇 (𝑡)𝐶 ⊂ 𝐶 for all 𝑡 > 0.

In this section we want to use the invariance criterion to prove a generation
theorem in the incomplete case which is valid in real Hilbert spaces. Let 𝐻 be a
real Hilbert space. A sectorial form on 𝐻 is a bilinear mapping

𝑎 : 𝐷(𝑎)× 𝐷(𝑎) → ℝ ,

where 𝐷(𝑎) is a real vector space, together with a linear mapping 𝑗 : 𝐷(𝑎) → 𝐻
with dense image such that there are 𝛼, 𝜔 ≥ 0 such that

∣𝑎(𝑢, 𝑣)− 𝑎(𝑣, 𝑢)∣ ≤ 𝛼(𝑎(𝑢) + 𝑎(𝑣)) + 𝜔(∥𝑗(𝑢)∥2𝐻 + ∥𝑗(𝑣)∥2𝐻)
(𝑢, 𝑣 ∈ 𝐷(𝑎)) .

It is easy to see that the form 𝑎 is sectorial on the real space 𝐻 if and only if the
sesquilinear extension 𝑎ℂ of 𝑎 to the complexification of 𝐷(𝑎) together with the
ℂ-linear extension of 𝑗 is sectorial in the sense formulated in the beginning of this
section.

To such a sectorial form (𝑎, 𝑗) we associate an operator 𝐴 on 𝐻 by defining
for all 𝑥, 𝑦 ∈ 𝐻 that 𝑥 ∈ 𝐷(𝐴) and 𝐴𝑥 = 𝑦 :⇔ there exists a sequence (𝑢𝑛) in
𝐷(𝑎) satisfying

a) lim
𝑛→∞ 𝑗(𝑢𝑛) = 𝑥 in 𝐻 ;

b) sup
𝑛∈ℕ

𝑎(𝑢𝑛) < ∞; and

c) lim
𝑛→∞ 𝑎(𝑢𝑛, 𝑣) = (𝑦∣𝑗(𝑣))𝐻 for all 𝑣 ∈ 𝐷(𝑎).

Then the following holds.

Theorem 6.4. The operator 𝐴 is well defined and −𝐴 generates a holomorphic
𝐶0-semigroup on 𝐻.

Proof. Consider the complexifications 𝐻ℂ = 𝐻 ⊕ 𝑖𝐻 and 𝐷(𝑎ℂ) := 𝐷(𝑎) + 𝑖𝐷(𝑎).
Let

𝑎ℂ(𝑢, 𝑣) := 𝑎(Re𝑢,Re 𝑣) + 𝑎(Im𝑢, Im 𝑣) + 𝑖(𝑎(Re𝑢, Im 𝑣) + 𝑎(Im𝑢,Re 𝑣))

for all 𝑢 = Re𝑢+ 𝑖 Im𝑢, 𝑣 = Re 𝑣+ 𝑖 Im 𝑣 ∈ 𝐷(𝑎ℂ). Then 𝑎ℂ is a sesquilinear form.
Let 𝐽 : 𝐷(𝑎ℂ) → 𝐻ℂ be the ℂ-linear extension of 𝑗. Let

𝑏(𝑢, 𝑣) = 𝑎ℂ(𝑢, 𝑣) + 𝜔(𝐽(𝑢)∣𝐽(𝑣))𝐻ℂ
(𝑢, 𝑣 ∈ 𝐷(𝑎ℂ)) .

Then

Im 𝑏(𝑢) = 𝑎(Im𝑢,Re𝑢)− 𝑎(Re𝑢, Im𝑢),

Re 𝑏(𝑢) = 𝑎(Re𝑢) + 𝑎(Im 𝑢) + 𝜔(∥𝑗(Re𝑢)∥2𝐻 + ∥𝑗(Im𝑢)∥2𝐻) .
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The assumptions imply that there is a 𝑐 > 0 such that ∣ Im 𝑏(𝑢)∣ ≤ 𝑐Re 𝑏(𝑢) for
all 𝑢 ∈ 𝐷(𝑎ℂ). Consequently, 𝑏(𝑢) ∈ Σ𝜃, where 𝜃 = arctan 𝑐. Thus the operator 𝐵
associated with 𝑏 generates a 𝐶0-semigroup 𝑆ℂ on 𝐻ℂ. It follows from Corollary
6.3 that 𝐻 is invariant. The part 𝐴𝜔 of 𝐵 in 𝐻 is the generator of 𝑆, where
𝑆(𝑡) := 𝑆ℂ(𝑡)∣𝐻 . It is easy to see that 𝐴𝜔 − 𝜔 = 𝐴. □

Remark 6.5. It is remarkable, and important for some applications, that Condition
b) in Theorem 6.1 as well as in Theorem 6.4 may be replaced by

b′) lim
𝑛,𝑚→∞ 𝑎(𝑢𝑛 − 𝑢𝑚) = 0 .

For later purposes we carry over the invariance criterion Corollary 6.3 to the
real case.

Corollary 6.6. Let 𝐻 be a real Hilbert space and (𝑎, 𝑗) a sectorial form on 𝐻 with
associated semigroup 𝑇 . Let 𝐶 ⊂ 𝐻 be a closed convex set and 𝑃 the orthogonal
projection onto 𝐶. Assume that for each 𝑢 ∈ 𝐷(𝑎) there exists a 𝑤 ∈ 𝐷(𝑎) such
that

𝑗(𝑤) = 𝑃𝑗(𝑢) and 𝑎(𝑤, 𝑢 − 𝑤) ≥ 0 .

Then 𝑇 (𝑡)𝐶 ⊂ 𝐶 for all 𝑡 > 0.

We want to formulate a special case of invariance. An operator 𝑆 on a space
𝐿𝑝(Ω) is called

positive if
(
𝑓 ≥ 0 a.e. implies 𝑆𝑓 ≥ 0 a.e.

)
and

submarkovian if
(
𝑓 ≤ 1 a.e. implies 𝑆𝑓 ≤ 1 a.e.

)
.

Thus, an operator 𝑆 is submarkovian if and only if it is positive and ∥𝑆𝑓∥∞ ≤
∥𝑓∥∞ for all 𝑓 ∈ 𝐿𝑝 ∩ 𝐿∞. A semigroup 𝑇 is called submarkovian if 𝑇 (𝑡) is sub-
markovian for all 𝑡 > 0.

Proposition 6.7. Consider the real space 𝐻 = 𝐿2(Ω) and a sectorial form 𝑎 on 𝐻.
Assume that for each 𝑢 ∈ 𝐷(𝑎) one has 𝑢 ∧ 1 ∈ 𝐷(𝑎) and

𝑎(𝑢 ∧ 1, (𝑢 − 1)+) ≥ 0 .

Then the semigroup 𝑇 associated with 𝑎 is submarkovian.

Recall that 𝑢 ∧ 𝑣 := min(𝑢, 𝑣) and 𝑣+ = max(𝑣, 0).

Proof. The set 𝐶 := {𝑢 ∈ 𝐿2(Ω) : 𝑢 ≤ 1 a.e.} is closed and convex. The orthogonal
projection 𝑃 onto 𝐶 is given by 𝑃𝑢 = 𝑢 ∧ 1. Thus 𝑢 − 𝑃𝑢 = (𝑢 − 1)+ and the
result follows from Corollary 6.6. □

We conclude this section with a remark concerning closable forms.

Remark 6.8 (Forget closability). In many text books, for example [Dav], [Kat],
[MR], [Ouh], [Tan] one finds the notion of a sectorial form 𝑎 on a complex Hilbert
space 𝐻 . By this one understands a sesquilinear form 𝑎 : 𝐷(𝑎)×𝐷(𝑎) → ℂ where
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𝐷(𝑎) is a dense subspace of 𝐻 such that there are 𝜃 ∈ (0, 𝜋/2) and 𝜔 ≥ 0 such
that 𝑎(𝑢) + 𝜔∥𝑢∥2𝐻 ∈ Σ𝜃 for all 𝑢 ∈ 𝐷(𝑎). Then

∥𝑢∥𝑎 := (Re 𝑎(𝑢) + (𝜔 + 1)∥𝑢∥2𝐻)1/2

defines a norm on 𝐷(𝑎). The form is called closed if 𝐷(𝑎) is complete for this norm.
This corresponds to our complete case with 𝑉 = 𝐷(𝑎) and 𝑗 the inclusion. If the
form is not closed, then one may consider the completion 𝑉 of 𝐷(𝑎). Since the
injection 𝐷(𝑎) → 𝐻 is continuous for the norm ∥ ∥𝑎, it has a continuous extension
𝑗 : 𝑉 → 𝐻 . This extension may be injective or not. The form is called closable
if 𝑗 is injective. In the literature only for closable forms generation theorems are
given, see [AE2] for precise references. The results above show that the notion of
closability is not needed.

In this special setting it is easy to give the proof of Theorem 6.1. There exists
a unique continuous sesquilinear form �̃� : 𝑉 × 𝑉 → ℂ such that �̃�(𝑢, 𝑣) = 𝑎(𝑢, 𝑣)
for all 𝑢, 𝑣 ∈ 𝐷(𝑎). Since the form 𝑎 is sectorial, it follows that �̃� is 𝑗-elliptic

(see (4.1)). Let 𝐴 be the operator associated with (�̃�, 𝑗) from Theorem 4.3. Let
𝑥, 𝑦 ∈ 𝐻 and suppose that 𝑥 ∈ 𝐷(𝐴) and 𝐴𝑥 = 𝑦. By assumption there exists
a sequence (𝑢𝑛)𝑛∈ℕ in 𝐷(𝑎) such that lim𝑢𝑛 = 𝑥 in 𝐻 , supRe 𝑎(𝑢𝑛) < ∞ and
lim 𝑎(𝑢𝑛, 𝑣) = (𝑦∣𝑣)𝐻 for all 𝑣 ∈ 𝐷(𝑎). Then (𝑢𝑛)𝑛∈ℕ is bounded in 𝑉 , so passing
to a subsequence if necessary, it is weakly convergent, say to 𝑢 ∈ 𝑉 . Then �̃�(𝑢, 𝑣) =
lim �̃�(𝑢𝑛, 𝑣) = (𝑦∣𝑣)𝐻 for all 𝑣 ∈ 𝐷(𝑎). Hence by density, �̃�(𝑢, 𝑣) = (𝑦∣𝑗(𝑣))𝐻 for

all 𝑣 ∈ 𝑉 . So 𝑥 = 𝑗(𝑢) ∈ 𝐷(𝐴) and 𝐴𝑥 = 𝑦. Therefore 𝐴 is well defined and 𝐴 is

an extension of 𝐴. It is easy to show that also 𝐴 is an extension of 𝐴. So 𝐴 = 𝐴
and −𝐴 generates a holomorphic semigroup.

It is clear that one needs to consider approximating sequences in the definition
of the operator 𝐴 in the incomplete case. Just consider the trivial form 𝑎 = 0 with
𝐷(𝑎) a proper dense subspace of 𝐻 . Then the associated operator is the zero
operator.

There is a unique correspondence between sectorially quasi contractive holo-
morphic semigroups and closed sectorial forms (see [Kat, Theorem VI.2.7]). One
looses uniqueness if one considers forms which are merely closable or in our gen-
eral setting if one allows arbitrary maps 𝑗 : 𝐷(𝑎) → 𝐻 with dense image. However,
examples show that in many cases a natural operator is obtained by this general
framework.

7. Degenerate diffusion

In this section we use our tools to show that degenerate elliptic operators generate
holomorphic semigroups on the real space 𝐿2(Ω). We start with a 1-dimensional
example.

Example 7.1 (Degenerate diffusion in dimension 1). Consider the real Hilbert
space 𝐻 = 𝐿2(𝑎, 𝑏), where −∞ ≤ 𝑎 < 𝑏 ≤ ∞, and let 𝛼, 𝛽, 𝛾 ∈ 𝐿∞

loc(𝑎, 𝑏) be real
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coefficients. We assume that there is a 𝑐1 ≥ 0 such that

𝛾− := max(−𝛾, 0) ∈ 𝐿∞(𝑎, 𝑏) and 𝛽2(𝑥) ≤ 𝑐1 ⋅ 𝛼(𝑥) (𝑥 ∈ (𝑎, 𝑏)) .

We define the bilinear form 𝑎 on 𝐿2(𝑎, 𝑏) by

𝑎(𝑢, 𝑣) =

𝑏∫
𝑎

(
𝛼(𝑥)𝑢′(𝑥)𝑣′(𝑥) + 𝛽(𝑥)𝑢′(𝑥)𝑣(𝑥) + 𝛾(𝑥)𝑢(𝑥)𝑣(𝑥)

)
𝑑𝑥

with domain

𝐷(𝑎) = 𝐻1
𝑐 (𝑎, 𝑏) = {𝑢 ∈ 𝐻1(𝑎, 𝑏) : supp𝑢 is compact in (𝑎, 𝑏)} .

We choose 𝑗 : 𝐻1
𝑐 (𝑎, 𝑏) → 𝐿2(𝑎, 𝑏) to be the inclusion map. We next show that the

form 𝑎 is sectorial, i.e., there exist constants 𝑐, 𝜔 ≥ 0, such that

∣𝑎(𝑢, 𝑣)− 𝑎(𝑣, 𝑢)∣ ≤ 𝑐(𝑎(𝑢) + 𝑎(𝑣)) + 𝜔(∥𝑢∥2𝐿2 + ∥𝑣∥2𝐿2) (7.1)

(𝑢, 𝑣 ∈ 𝐷(𝑎)) .

For the proof of (7.1) we use Young’s inequality

∣𝑥𝑦∣ ≤ 𝜀𝑥2 +
1

4𝜀
𝑦2

twice. Let 𝑢, 𝑣 ∈ 𝐷(𝑎). On one hand we have for all 𝛿 > 0,

∣𝑎(𝑢, 𝑣)− 𝑎(𝑣, 𝑢)∣ = ∣
𝑏∫
𝑎

𝛽(𝑢′𝑣 − 𝑢𝑣′)∣ ≤
𝑏∫
𝑎

𝛿𝛽2(𝑢′2 + 𝑣′2) +
1

4𝛿
(𝑢2 + 𝑣2) .

On the other hand, for all 𝑐, 𝜔, 𝜀 > 0 one has

𝑐(𝑎(𝑢) + 𝑎(𝑣)) + 𝜔(∥𝑢∥2𝐻 + ∥𝑣∥2𝐻)

=

𝑏∫
𝑎

𝑐𝛼(𝑢′2 + 𝑣′2) + 𝑐𝛽(𝑢′𝑢+ 𝑣′𝑣) + (𝑐𝛾 + 𝜔)(𝑢2 + 𝑣2)

≥
𝑏∫
𝑎

(𝑐𝛼 − 𝜀𝛽2)(𝑢′2 + 𝑣′2)− 𝑐2
1

4𝜀
(𝑢2 + 𝑣2) + (𝑐𝛾 + 𝜔)(𝑢2 + 𝑣2)

≥
𝑏∫
𝑎

(𝑐𝛼 − 𝜀𝛽2)(𝑢′2 + 𝑣′2) + (𝜔 − 𝑐∥𝛾−∥𝐿∞ − 𝑐2

4𝜀
)(𝑢2 + 𝑣2) .

Therefore (7.1) is valid if (𝑐𝛼 − 𝜀𝛽2) ≥ 𝛿𝛽2 and (𝜔 − 𝑐∥𝛾−∥𝐿∞ − 𝑐2

4𝜀 ) ≥ 1
4𝛿 . Since

𝛽2 ≤ 𝑐1𝛼 one can find 𝛿, 𝜀, 𝑐, 𝜔 such that the conditions are satisfied.
Thus 𝑎 is sectorial. As a consequence, if 𝐴 is the operator associated with

(𝑎, 𝑗), then it follows from Theorem 6.4 that −𝐴 generates a holomorphic 𝐶0-
semigroup 𝑇 on 𝐿2(Ω). Moreover, 𝑇 is submarkovian by Proposition 6.7.
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The condition 𝛽2 ≤ 𝑐1𝛼 shows in particular that {𝑥 ∈ (𝑎, 𝑏) : 𝛼(𝑥) = 0} ⊂
{𝑥 ∈ (𝑎, 𝑏) : 𝛽(𝑥) = 0}. This inclusion is a natural hypothesis, since in general an
operator of the form 𝛽𝑢′ does not generate a holomorphic semigroup.

A special case is the Black–Scholes Equation

𝑢𝑡 +
𝜎2

2
𝑥2𝑢𝑥𝑥 + 𝑟𝑥𝑢𝑥 − 𝑟𝑢 = 0 ,

with 𝜎 ∈ ℝ and 𝑟 ∈ 𝐿∞(ℝ), together with the condition that 𝑟 = 0 if 𝜎 = 0. This
one obtains by choosing 𝐻 = 𝐿2(0,∞),

𝑎(𝑢, 𝑣) =

∞∫
0

(
𝜎2

2
𝑥2𝑢′𝑣′ + (𝜎2 − 𝑟)𝑥𝑢′𝑣 + 𝑟𝑢𝑣

)
and 𝐷(𝑎) = 𝐻1

𝑐 (0,∞).

It is not difficult to extend the example above to higher dimensions.

Example 7.2. Let Ω ⊂ ℝ𝑑 be open and for all 𝑖, 𝑗 ∈ {1, . . . , 𝑑} let 𝑎𝑖𝑗 , 𝑏𝑗, 𝑐 ∈ 𝐿∞
loc(Ω)

be real coefficients. Assume 𝑐− ∈ 𝐿∞(Ω), 𝑎𝑖𝑗 = 𝑎𝑗𝑖 and there exists a 𝑐1 > 0 such
that

𝑐1𝐴(𝑥) − 𝐵2(𝑥) is positive semidefinite

for almost all 𝑥 ∈ Ω, where

𝐴(𝑥) = (𝑎𝑖𝑗(𝑥)) and 𝐵(𝑥) = diag(𝑏1(𝑥), . . . , 𝑏𝑑(𝑥)) .

Define the form 𝑎 on 𝐿2(Ω) by

𝑎(𝑢, 𝑣) =

∫
Ω

( 𝑑∑
𝑖,𝑗=1

𝑎𝑖𝑗(∂𝑖𝑢)(∂𝑗𝑣) +

𝑑∑
𝑗=1

𝑏𝑗(∂𝑗𝑢)𝑣 + 𝑐𝑢𝑣
)

with domain
𝐷(𝑎) = 𝐻1

𝑐 (Ω) .

Then 𝑎 is sectorial. The associated semigroup 𝑇 on 𝐿2(Ω) is submarkovian.

This and the previous example incorporate Dirichlet boundary conditions. In
the next one we consider a degenerate elliptic operator with Neumann boundary
conditions.

Example 7.3. Let Ω ⊂ ℝ𝑑 be an open, possibly unbounded subset of ℝ𝑑. For all
𝑖, 𝑗 ∈ {1, . . . , 𝑑} let 𝑎𝑖𝑗 ∈ 𝐿∞(Ω) be real coefficients and assume that there exists
a 𝜃 ∈ (0, 𝜋/2) such that

𝑑∑
𝑖,𝑗=1

𝑎𝑖𝑗(𝑥)𝜉𝑖𝜉𝑗 ∈ Σ𝜃 (𝜉 ∈ ℂ𝑑, 𝑥 ∈ Ω) .

Consider the form 𝑎 on 𝐿2(Ω) given by

𝑎(𝑢, 𝑣) =

∫
Ω

𝑑∑
𝑖,𝑗=1

𝑎𝑖𝑗(∂𝑖𝑢)(∂𝑗𝑣)
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with domain 𝐷(𝑎) = 𝐻1(Ω). Then 𝑎 is sectorial. Let 𝑇 be the associated semi-
group. Our criteria show right away that 𝑇 is submarkovian. Therefore 𝑇 extends
consistently to a semigroup 𝑇𝑝 on 𝐿𝑝(Ω) for all 𝑝 ∈ [1,∞], the semigroup 𝑇𝑝 is
strongly continuous for all 𝑝 < ∞ and 𝑇∞ is the adjoint of a strongly continuous
semigroup on 𝐿1(Ω). It is remarkable that even

𝑇∞(𝑡)1Ω = 1Ω (𝑡 > 0) .

For bounded Ω this is easy to prove, but otherwise more sophisticated tools are
needed (see [AE2, Corollary 4.9]).

We want to mention an abstract result which shows that our solutions are
some kind of viscosity solutions. This is illustrated particularly well in the situation
of Example 7.3.

Proposition 7.4 ([AE2, Corollary 3.9]). Let 𝑉,𝐻 be real Hilbert spaces such that
𝑉 ↪→

𝑑
𝐻. Let 𝑗 : 𝑉 → 𝐻 be the inclusion map. Let 𝑎 : 𝑉 ×𝑉 → ℝ be continuous and

sectorial. Assume that 𝑎(𝑢) ≥ 0 for all 𝑢 ∈ 𝑉 . Let 𝑏 : 𝑉 × 𝑉 → ℝ be continuous
and coercive. Then for each 𝑛 ∈ ℕ the form

𝑎+
1

𝑛
𝑏 : 𝑉 × 𝑉 → ℝ

is continuous and coercive. Let 𝐴𝑛 be the operator associated with (𝑎+
1
𝑛𝑏, 𝑗) and

𝐴 with (𝑎, 𝑗). Then

lim
𝑛→∞(𝐴𝑛 + 𝜆)−1𝑓 = (𝐴+ 𝜆)−1𝑓 in 𝐻

for all 𝑓 ∈ 𝐻 and 𝜆 > 0. Moreover, denoting by 𝑇𝑛 and 𝑇 the semigroup generated
by −𝐴𝑛 and −𝐴 one has

lim
𝑛→∞𝑇𝑛(𝑡)𝑓 = 𝑇 (𝑡)𝑓 in 𝐻

for all 𝑓 ∈ 𝐻.

The essence in the result is that the form 𝑎 is merely sectorial and may be
degenerate. For instance, in Example 7.3 𝑎𝑖𝑗(𝑥) = 0 is allowed. If we perturb by
the Laplacian, we obtain a coercive form

𝑎𝑛 : 𝐻
1(Ω)× 𝐻1(Ω) → ℝ

given by

𝑎𝑛(𝑢, 𝑣) = 𝑎(𝑢, 𝑣) +
1

𝑛

∫
Ω

∇𝑢∇𝑣 .

Then Proposition 7.4 says that in the situation of Example 7.3 for this perturbation
one has lim𝑛→∞(𝐴𝑛 + 𝜆)−1𝑓 = (𝐴+ 𝜆)−1𝑓 in 𝐿2(Ω) for all 𝑓 ∈ 𝐿2(Ω).
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8. The Dirichlet-to-Neumann operator

The following example shows how the general setting involving non-injective 𝑗 can
be used. It is taken from [AE1] where also the interplay between trace properties
and the semigroup generated by the Dirichlet-to-Neumann operator is studied. Let
Ω ⊂ ℝ𝑑 be a bounded open set with boundary ∂Ω. Our point is that we do not
need any regularity assumption on Ω, except that we assume that ∂Ω has a finite
(𝑑− 1)-dimensional Hausdorff measure. Still we are able to define the Dirichlet-to-
Neumann operator on 𝐿2(∂Ω) and to show that it is selfadjoint and generates a
submarkovian semigroup on 𝐿2(Ω). Formally, the Dirichlet-to-Neumann operator
𝐷0 is defined as follows. Given 𝜑 ∈ 𝐿2(∂Ω), one solves the Dirichlet problem{

Δ𝑢 = 0 in Ω
𝑢∣∂Ω = 𝜑

and defines 𝐷0𝜑 = ∂𝑢
∂𝜈 . We will give a precise definition using weak derivatives. We

consider the space 𝐿2(∂Ω) := 𝐿2(∂Ω,ℋ𝑑−1) with the (𝑑−1)-dimensional Hausdorff
measureℋ𝑑−1. Integrals over ∂Ω are always taken with respect to ℋ𝑑−1, those over
Ω always with respect to the Lebesgue measure. Throughout this section we only
assume that ℋ𝑑−1(∂Ω) < ∞ and that Ω is bounded.

Definition 8.1 (Normal derivative). Let 𝑢 ∈ 𝐻1(Ω) be such that Δ𝑢 ∈ 𝐿2(Ω). We
say that

∂𝑢

∂𝜈
∈ 𝐿2(∂Ω)

if there exists a 𝑔 ∈ 𝐿2(∂Ω) such that∫
Ω

(Δ𝑢)𝑣 +

∫
Ω

∇𝑢∇𝑣 =

∫
∂Ω

𝑔𝑣

for all 𝑣 ∈ 𝐻1(Ω) ∩ 𝐶(Ω). This determines 𝑔 uniquely and we let ∂𝑢∂𝜈 := 𝑔.

Recall that for all 𝑢 ∈ 𝐿1
loc(Ω) the Laplacian Δ𝑢 is defined in the sense of

distributions. If Δ𝑢 = 0, then 𝑢 ∈ 𝐶∞(Ω) by elliptic regularity. Next we define
traces of a function 𝑢 ∈ 𝐻1(Ω).

Definition 8.2 (Traces). Let 𝑢 ∈ 𝐻1(Ω). We let

tr(𝑢) =
{
𝑔 ∈ 𝐿2(∂Ω) : ∃ (𝑢𝑛)𝑛∈ℕ in 𝐻1(Ω) ∩ 𝐶(Ω) such that

lim
𝑛→∞𝑢𝑛 = 𝑢 in 𝐻1(Ω) and

lim
𝑛→∞𝑢𝑛∣∂Ω = 𝑔 in 𝐿2(∂Ω)

}
.

For arbitrary open sets and 𝑢 ∈ 𝐻1(Ω) the set tr(𝑢) might be empty, or
contain more than one element. However, if Ω is a Lipschitz domain, then for
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each 𝑢 ∈ 𝐻1(Ω) the set tr(𝑢) contains precisely one element, which we denote by
𝑢∣∂Ω ∈ 𝐿2(∂Ω). Now we are in the position to define the Dirichlet-to-Neumann
operator 𝐷0. Its domain is given by

𝐷(𝐷0) :=
{
𝜑 ∈ 𝐿2(∂Ω) : ∃𝑢 ∈ 𝐻1(Ω) such that

Δ𝑢 = 0, 𝜑 ∈ tr(𝑢) and
∂𝑢

∂𝜈
∈ 𝐿2(∂Ω)

}
and we define

𝐷0𝜑 =
∂𝑢

∂𝜈

where 𝑢 ∈ 𝐻1(Ω) is such that Δ𝑢 = 0, ∂𝑢∂𝜈 ∈ 𝐿2(∂Ω) and 𝜑 ∈ tr(𝑢). It is part of
our result that this operator is well defined.

Theorem 8.3. The operator 𝐷0 is selfadjoint and −𝐷0 generates a submarkovian
semigroup on 𝐿2(∂Ω).

In the proof we use Theorem 6.4. Here a non-injective mapping 𝑗 is needed.
We also need Maz’ya’s inequality. Let 𝑞 = 2𝑑

𝑑−1 . There exists a constant 𝑐𝑀 > 0
such that (∫

Ω

∣𝑢∣𝑞
)2/𝑞

≤ 𝑐𝑀

( ∫
Ω

∣∇𝑢∣2 +
∫
∂Ω

∣𝑢∣2
)

for all 𝑢 ∈ 𝐻1(Ω) ∩ 𝐶(Ω). (See [Maz, Example 3.6.2/1 and Theorem 3.6.3] and
[AW, (19)].)

Proof of Theorem 8.3. We consider real spaces. Our Hilbert space is 𝐿2(∂Ω). Let
𝐷(𝑎) = 𝐻1(Ω) ∩ 𝐶(Ω), 𝑎(𝑢, 𝑣) =

∫
Ω

∇𝑢∇𝑣 and define 𝑗 : 𝐷(𝑎) → 𝐿2(∂Ω) by

𝑗(𝑢) = 𝑢∣∂Ω ∈ 𝐿2(∂Ω). Then 𝑎 is symmetric and 𝑎(𝑢) ≥ 0 for all 𝑢 ∈ 𝐷(𝑎). Thus
the sectoriality condition before Theorem 6.4 is trivially satisfied. Denote by 𝐴 the
operator on 𝐿2(∂Ω) associated with (𝑎, 𝑗). Let 𝜑, 𝜓 ∈ 𝐿2(∂Ω). Then 𝜑 ∈ 𝐷(𝐴)
and 𝐴𝜑 = 𝜓 if and only if there exists a sequence (𝑢𝑛)𝑛∈ℕ in 𝐻1(Ω) ∩ 𝐶(Ω) such
that lim

𝑛→∞𝑢𝑛∣∂Ω = 𝜑 in 𝐿2(∂Ω), lim
𝑛→∞ 𝑎(𝑢𝑛, 𝑣) =

∫
∂Ω

𝜓𝑣∣∂Ω for all 𝑣 ∈ 𝐷(𝑎) and

lim
𝑛,𝑚→∞

∫
Ω

∣∇(𝑢𝑛 − 𝑢𝑚)∣2 = 0 (here we use Remark 6.5). Now Maz’ya’s inequality

implies that (𝑢𝑛)𝑛∈ℕ is a Cauchy sequence in 𝐻1(Ω). Thus lim
𝑛→∞𝑢𝑛 = 𝑢 exists

in 𝐻1(Ω), and so 𝜑 ∈ tr(𝑢). Moreover
∫
∂Ω

𝜓𝑣 = lim
𝑛→∞

∫
Ω

∇𝑢𝑛∇𝑣 =
∫
Ω

∇𝑢∇𝑣 for all

𝑣 ∈ 𝐻1(Ω) ∩ 𝐶(Ω). Taking as 𝑣 test functions, we see that Δ𝑢 = 0. Thus∫
Ω

∇𝑢∇𝑣 +

∫
Ω

(Δ𝑢)𝑣 =

∫
∂Ω

𝜓𝑣

for all 𝑣 ∈ 𝐻1(Ω). Consequently, ∂𝑢∂𝜈 = 𝜓. We have shown that 𝐴 ⊂ 𝐷0.
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Conversely, let 𝜑 ∈ 𝐷(𝐷0), 𝐷0𝜑 = 𝜓. Then there exists a 𝑢 ∈ 𝐻1(Ω) such
that Δ𝑢 = 0, 𝜑 ∈ tr(𝑢) and ∂𝑢

∂𝑣 = 𝜓. Since 𝜑 ∈ tr(𝑢) there exists a sequence

(𝑢𝑛)𝑛∈ℕ in 𝐻1(Ω) ∩ 𝐶(Ω) such that 𝑢𝑛 → 𝑢 in 𝐻1(Ω) and 𝑢𝑛∣∂Ω → 𝜑 in 𝐿2(∂Ω).

It follows that 𝑗(𝑢𝑛) = 𝑢𝑛∣∂Ω → 𝜑 in 𝐿2(∂Ω), the sequence (𝑎(𝑢𝑛))𝑛∈ℕ is bounded
and

𝑎(𝑢𝑛, 𝑣) =

∫
Ω

∇𝑢𝑛∇𝑣 →
∫
Ω

∇𝑢∇𝑣 =

∫
Ω

∇𝑢∇𝑣 +

∫
Ω

(Δ𝑢)𝑣 =

∫
∂Ω

𝜓𝑣

for all 𝑣 ∈ 𝐻1(Ω) ∩ 𝐶(Ω). Thus, 𝜑 ∈ 𝐷(𝐴) and 𝐴𝜑 = 𝜓 by the definition of the
associated operator. Since 𝑎 is symmetric, the operator 𝐴 is selfadjoint. Now the
claim follows from Theorem 6.4.

Our criteria easily apply and show that semigroup generated by −𝐷0 is sub-
markovian. □
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Abstract. We present a solution of the extended Phillips-Kato extension prob-
lem about existence and parametrization of all accretive (∗)-extensions (with
the exit into triplets of rigged Hilbert spaces) of a densely defined non-negative
operator. In particular, the analogs of the von Neumann and Friedrichs the-
orems for existence of non-negative self-adjoint (∗)-extensions are obtained.
Relying on these results we introduce the extremal classes of Stieltjes and
inverse Stieltjes functions and show that each function from these classes can
be realized as the impedance function of an L-system. It is proved that in
this case the realizing L-system contains an accretive operator and, in case of
Stieltjes functions, an accretive (∗)-extension. Moreover, we establish the con-
nection between the above-mentioned classes and the Friedrichs and Krĕın-von
Neumann extremal non-negative extensions.
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1. Introduction

We recall that an operator-valued function 𝑉 (𝑧) acting on a finite-dimensional
Hilbert space 𝐸 belongs to the class of operator-valued Herglotz-Nevanlinna func-
tions if it is holomorphic on ℂ ∖ ℝ, if it is symmetric with respect to the real axis,
i.e., 𝑉 (𝑧)∗ = 𝑉 (𝑧), 𝑧 ∈ ℂ ∖ ℝ, and if it satisfies the positivity condition

Im𝑉 (𝑧) ≥ 0, 𝑧 ∈ ℂ+.

It is well known (see, e.g., [14], [16]) that operator-valued Herglotz-Nevanlinna
functions admit the following integral representation:

𝑉 (𝑧) = 𝑄+ 𝐿𝑧 +

∫
ℝ

(
1

𝑡 − 𝑧
− 𝑡

1 + 𝑡2

)
𝑑𝐺(𝑡), 𝑧 ∈ ℂ ∖ ℝ, (1.1)

Advances and Applications, Vol. 221, 71-108
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where 𝑄 = 𝑄∗, 𝐿 ≥ 0, and 𝐺(𝑡) is a nondecreasing operator-valued function on ℝ
with values in the class of nonnegative operators in 𝐸 such that∫

ℝ

(𝑑𝐺(𝑡)𝑥, 𝑥)𝐸
1 + 𝑡2

< ∞, 𝑥 ∈ 𝐸. (1.2)

The realization of a selected class of Herglotz-Nevanlinna functions is provided by
a system Θ of the form {

(𝔸 − 𝑧𝐼)𝑥 = 𝐾𝐽𝜑−
𝜑+ = 𝜑− − 2𝑖𝐾∗𝑥 (1.3)

or

Θ =

(
𝔸 𝐾 𝐽

ℋ+ ⊂ ℋ ⊂ ℋ− 𝐸

)
. (1.4)

In this system 𝔸, the state-space operator of the system, is a so-called (∗)-extension,
which is a bounded linear operator from ℋ+ into ℋ− extending a symmetric
operator 𝐴 in ℋ, where ℋ+ ⊂ ℋ ⊂ ℋ− is a rigged Hilbert space. Moreover, 𝐾 is
a bounded linear operator from the finite-dimensional Hilbert space 𝐸 into ℋ−,
while 𝐽 = 𝐽∗ = 𝐽−1 is acting on 𝐸, are such that Im𝔸 = 𝐾𝐽𝐾∗. Also, 𝜑− ∈ 𝐸 is
an input vector, 𝜑+ ∈ 𝐸 is an output vector, and 𝑥 ∈ ℋ+ is a vector of the state
space of the system Θ. The system described by (1.3)-(1.4) is called an L-system.
The operator-valued function

𝑊Θ(𝑧) = 𝐼 − 2𝑖𝐾∗(𝔸 − 𝑧𝐼)−1𝐾𝐽 (1.5)

is a transfer function of the system Θ. It was shown in [14] that an operator-valued
function 𝑉 (𝑧) acting on a Hilbert space 𝐸 of the form (1.1) can be represented
and realized in the form

𝑉 (𝑧) = 𝑖[𝑊Θ(𝑧) + 𝐼]−1[𝑊Θ(𝑧)− 𝐼] = 𝐾∗(Re𝔸− 𝑧𝐼)−1𝐾, (1.6)

where 𝑊Θ(𝑧) is a transfer function of some canonical scattering (𝐽 = 𝐼) system

Θ, and where the “real part” Re𝔸 = 1
2 (𝔸+𝔸∗) of 𝔸 satisfies Re𝔸 ⊃ 𝐴 = 𝐴∗ ⊃ �̇�

if and only if the function 𝑉 (𝑧) in (1.1) satisfies the following two conditions:{
𝐿 = 0,
𝑄𝑥 =

∫
ℝ

𝑡
1+𝑡2 𝑑𝐺(𝑡)𝑥 when

∫
ℝ
(𝑑𝐺(𝑡)𝑥, 𝑥)𝐸 < ∞.

(1.7)

The class of all realizable Herglotz-Nevanlinna functions with conditions (1.7) is
denoted by 𝑁(𝑅) (see [14]).

In the first part of this paper we present a solution of the extended Phillips-
Kato extension problem. We show the existence and parameterize all accretive
(∗)-extensions (with the exit into triplets of rigged Hilbert spaces) of a densely de-
fined non-negative symmetric operator. Moreover, the analogs of the von Neumann
and Friedrichs theorems for existence of non-negative self-adjoint (∗)-extensions
are obtained. In the remaining part of the paper we focus on the introduced ex-
tremal classes of Stieltjes and inverse Stieltjes functions. We show that any func-
tion belonging to these classes can be realized as the impedance function of an
L-system with special properties. In the end we establish the connection between
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the above-mentioned classes and the Friedrichs and Krĕın-von Neumann extremal
non-negative extensions.

The complete proofs of some parts of the material from [6], [20], [30] are
presented here for the first time.

2. Preliminaries

For a pair of Hilbert spaces ℋ1, ℋ2 we denote by [ℋ1,ℋ2] the set of all bounded

linear operators from ℋ1 to ℋ2. Let �̇� be a closed, densely defined, symmetric
operator in a Hilbert space ℋ with inner product (𝑓, 𝑔), 𝑓, 𝑔 ∈ ℋ. Any operator 𝑇
in ℋ such that

�̇� ⊂ 𝑇 ⊂ �̇�∗

is called a quasi-self-adjoint extension of �̇�.
Consider the rigged Hilbert space (see [14]) ℋ+ ⊂ ℋ ⊂ ℋ−, where ℋ+ =

Dom(�̇�∗) and

(𝑓, 𝑔)+ = (𝑓, 𝑔) + (�̇�∗𝑓, �̇�∗𝑔), 𝑓, 𝑔 ∈ Dom(𝐴∗).

Let ℛ be the Riesz-Berezansky operator ℛ (see [14]) which maps ℋ− onto ℋ+

such that (𝑓, 𝑔) = (𝑓,ℛ𝑔)+ (∀𝑓 ∈ ℋ+, 𝑔 ∈ ℋ−) and ∥ℛ𝑔∥+ = ∥𝑔∥−. Note that
identifying the space conjugate to ℋ± with ℋ∓, we get that if 𝔸 ∈ [ℋ+,ℋ−] then
𝔸∗ ∈ [ℋ+,ℋ−].

Definition 2.1. An operator 𝔸 ∈ [ℋ+,ℋ−] is called a self-adjoint bi-extension of a
symmetric operator �̇� if 𝔸 = 𝔸∗ and 𝔸 ⊃ �̇�.

Let 𝔸 be a self-adjoint bi-extension of �̇� and let the operator 𝐴 in ℋ be
defined as follows:

Dom(𝐴) = {𝑓 ∈ ℋ+ : 𝐴𝑓 ∈ ℋ}, 𝐴 = 𝔸↾Dom(𝐴).
The operator 𝐴 is called a quasi-kernel of a self-adjoint bi-extension 𝔸 (see [35]).

We say that a self-adjoint bi-extension 𝔸 of �̇� is twice-self-adjoint or t-self-adjoint

if its quasi-kernel 𝐴 is a self-adjoint operator in ℋ.
Definition 2.2. Let 𝑇 be a quasi-self-adjoint extension of �̇� with nonempty re-
solvent set 𝜌(𝑇 ). An operator 𝔸 ∈ [ℋ+,ℋ−] is called a (∗)-extension (or correct
bi-extension) of an operator 𝑇 if

1. 𝔸 ⊃ 𝑇 ⊃ �̇�, 𝔸∗ ⊃ 𝑇 ∗ ⊃ �̇�,
2. the quasi-kernel of self-adjoint bi-extension Re𝔸 = 1

2 (𝔸+𝔸∗) is a self-adjoint
extension of �̇�.

The existence, description, and analog of von Neumann’s formulas for self-
adjoint bi-extensions and (∗)-extensions were discussed in [35] (see also [5], [9],

[14]). In what follows we suppose that �̇� has equal deficiency indices and will say

that a quasi-self-adjoint extension 𝑇 of �̇� belongs to the class Λ(�̇�) if 𝜌(𝑇 ) ∕= ∅,
Dom(�̇�) = Dom(𝑇 ) ∩Dom(𝑇 ∗), and 𝑇 admits (∗)-extensions.
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Recall that two quasi-self-adjoint extensions 𝑇1 and 𝑇2 of �̇� are called dis-
joint if

Dom(𝑇1) ∩Dom(𝑇2) = Dom(�̇�)

and transversal if, in addition,

Dom(𝑇1) + Dom(𝑇2) = Dom(�̇�∗).

Note that from von Neumann formulas immediately follows that two transversal
self-adjoint extensions are automatically disjoint.

Let �̇� be a closed densely defined symmetric operator and let 𝑇 ∈ Λ(�̇�).

It has been shown in [4] that 𝑇 ∈ Λ(�̇�) if and only if there exists a self-adjoint

extension 𝐴 of �̇� transversal to 𝑇, and, moreover, the formulas

𝔸 = �̇�∗ − ℛ−1�̇�∗(𝐼 − 𝒫𝑇𝐴), 𝔸∗ = �̇�∗ − ℛ−1�̇�∗(𝐼 − 𝒫𝑇∗𝐴), (2.1)

set a bijection between the set of all (∗)-extensions of 𝑇 ∈ Λ(�̇�) and their adjoint

and the set of all all self-adjoint extensions 𝐴 of the operator �̇� that are transversal
to 𝑇 . Here 𝒫𝑇𝐴 and 𝒫𝑇∗𝐴 are the projectors in ℋ+ onto Dom(𝑇 ) and Dom(𝑇 ∗),
corresponding to the direct decompositions

ℋ+ = Dom(𝑇 )+̇𝔐𝐴, ℋ+ = Dom(𝑇 ∗)+̇𝔐𝐴, (2.2)

where 𝔐𝐴 = Dom(𝐴) ⊖ Dom(�̇�). If a (∗)-extension 𝔸 of 𝑇 takes the form (2.1),

we say that 𝔸 is generated by 𝐴.
It is shown in [4] that if deficiency indices of �̇� are finite and equal, then for

each quasi-self-adjoint extension 𝑇 of �̇� with 𝜌(𝑇 ) ∕= ∅ there exists a self-adjoint
extension of �̇� transversal to 𝑇 . The latter is also true if there is 𝑧 ∈ ℂ such that
𝑧, 𝑧 ∈ 𝜌(𝑇 ) even for the case of infinite deficiency indices of �̇�.

Recall that a linear operator 𝑇 in a Hilbert space ℌ is called accretive [24]
if Re (𝑇𝑓, 𝑓) ≥ 0 for all 𝑓 ∈ Dom(𝑇 ) and maximal accretive (𝑚-accretive) if it
is accretive and has no accretive extensions in ℌ. The following statements are
equivalent [31]:

(i) the operator 𝑇 is 𝑚-accretive;
(ii) the operator 𝑇 is accretive and its resolvent set contains points from the left

half-plane;
(iii) the operators 𝑇 and 𝑇 ∗ are accretive.
The resolvent set 𝜌(𝑇 ) of 𝑚-accretive operator contains the open left half-plane
Π− and

∣∣(𝑇 − 𝑧𝐼)−1∣∣ ≤ 1

∣Re 𝑧∣ , Re 𝑧 < 0.

Let 𝒜 and ℬ be two densely defined closed accretive operators such that

(𝒜𝑓, 𝑔) = (𝑓,ℬ𝑔), 𝑓 ∈ Dom(𝒜), 𝑔 ∈ Dom(ℬ).
It was proved in [31] that there exists a maximal accretive operator 𝑇 such that

𝑇 ⊃ 𝒜 and 𝑇 ∗ ⊃ ℬ.
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In particular, it follows that if �̇� is nonnegative symmetric operator, then there
exist maximal accretive quasi-self-adjoint extensions of �̇�.

Let 𝑇 be a quasi-self-adjoint maximal accretive extension of a nonnegative
operator �̇�. A (∗)-extension 𝔸 of 𝑇 is called accretive if Re (𝔸𝑓, 𝑓) ≥ 0 for all
𝑓 ∈ ℋ+. This is equivalent to that the real part Re𝔸 = (𝔸+𝔸∗)/2 is nonnegative
self-adjoint bi-extension of �̇�.

Definition 2.3. Let �̇� have finite equal deficiency indices. A system of equations{
(𝔸 − 𝑧𝐼)𝑥 = 𝐾𝐽𝜑−
𝜑+ = 𝜑− − 2𝑖𝐾∗𝑥 ,

or an array

Θ =

(
𝔸 𝐾 𝐽

ℋ+ ⊂ ℋ ⊂ ℋ− 𝐸

)
(2.3)

is called an L-system if:

(1) 𝔸 is a (∗)-extension of an operator 𝑇 of the class Λ(�̇�);
(2) 𝐽 = 𝐽∗ = 𝐽−1 ∈ [𝐸,𝐸], dim𝐸 < ∞;
(3) Im𝔸 = 𝐾𝐽𝐾∗, where 𝐾 ∈ [𝐸,ℋ−], 𝐾∗ ∈ [ℋ+, 𝐸], and

Ran(𝐾) = Ran(Im𝔸). (2.4)

In the definition above 𝜑− ∈ 𝐸 stands for an input vector, 𝜑+ ∈ 𝐸 is an
output vector, and 𝑥 is a state space vector in ℋ. An operator 𝔸 is called a state-
space operator of the system Θ, 𝐽 is a direction operator, and 𝐾 is a channel
operator. A system Θ of the form (2.3) is called an accretive system [17] if its
main operator 𝔸 is accretive and accumulative system [18] if its main operator 𝔸
is accumulative, i.e., satisfies

(Re𝔸𝑓, 𝑓) ≤ (�̇�∗𝑓, 𝑓) + (𝑓, �̇�∗𝑓), 𝑓 ∈ ℋ+. (2.5)

We associate with an L-system Θ the operator-valued function

𝑊Θ(𝑧) = 𝐼 − 2𝑖𝐾∗(𝔸− 𝑧𝐼)−1𝐾𝐽, 𝑧 ∈ 𝜌(𝑇 ), (2.6)

which is called a transfer operator-valued function of the L-system Θ. We also
consider the operator-valued function

𝑉Θ(𝑧) = 𝐾∗(Re𝔸− 𝑧𝐼)−1𝐾. (2.7)

It was shown in [14] that both (2.6) and (2.7) are well defined. The transfer
operator-function 𝑊Θ(𝑧) of the system Θ and an operator-function 𝑉Θ(𝑧) of the
form (2.7) are connected by the relations valid for Im 𝑧 ∕= 0, 𝑧 ∈ 𝜌(𝑇 ),

𝑉Θ(𝑧) = 𝑖[𝑊Θ(𝑧) + 𝐼]−1[𝑊Θ(𝑧)− 𝐼]𝐽,

𝑊Θ(𝑧) = (𝐼 + 𝑖𝑉Θ(𝑧)𝐽)
−1(𝐼 − 𝑖𝑉Θ(𝑧)𝐽).

(2.8)

The function 𝑉Θ(𝑧) defined by (2.7) is called the impedance function of an L-
system Θ of the form (2.3). It was shown in [14] that the class 𝑁(𝑅) of all Herglotz-
Nevanlinna functions in a finite-dimensional Hilbert space 𝐸 that can be realized as
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impedance functions of an L-system is described by conditions (1.7). In particular,
the following theorem [3], [14] takes place.

Theorem 2.4. Let Θ be an L-system of the form (2.3). Then the impedance function
𝑉Θ(𝑧) of the form (2.7) belongs to the class 𝑁(𝑅).

Conversely, let an operator-valued function 𝑉 (𝑧) belong to the class 𝑁(𝑅).
Then 𝑉 (𝑧) can be realized as the impedance function of an L-system Θ of the form
(2.3) with a preassigned direction operator 𝐽 for which 𝐼 + 𝑖𝑉 (−𝑖)𝐽 is invertible.

We will heavily rely on Theorem 2.4 in the last two sections of the present paper.

3. The Friedrichs and Krĕın-von Neumann extensions

We recall that a symmetric operator �̇� is called non-negative if

(�̇�𝑓, 𝑓) ≥ 0, ∀𝑓 ∈ Dom(�̇�).

Let �̇� be a closed densely defined non-negative operator a Hilbert space ℋ and let
�̇�∗ be its adjoint. Consider the sesquilinear form 𝜏�̇� [𝑓, 𝑔] = (�̇�𝑓, 𝑔), 𝑓, 𝑔 ∈ Dom(�̇�).

A sequence {𝑓𝑛} ⊂ Dom(�̇�) is called 𝜏�̇�-converging to the vector 𝑢 ∈ ℋ if

lim
𝑛→∞ 𝑓𝑛 = 𝑢 and lim

𝑛,𝑚→∞ 𝜏�̇�[𝑓𝑛 − 𝑓𝑚] = 0.

The form 𝜏�̇� is closable [24], i.e., there exists a minimal closed extension (the

closure) of 𝜏�̇� . Following the M. Krĕın notations we denote by �̇�[⋅, ⋅] the closure of
𝜏�̇� and by 𝒟[�̇�] its domain. By definition �̇�[𝑢] = �̇�[𝑢, 𝑢] for all 𝑢 ∈ 𝒟[�̇�]. Because
�̇�[𝑢, 𝑣] is closed, it possesses the property: if

lim
𝑛→∞𝑢𝑛 = 𝑢 and lim

𝑛,𝑚→∞ �̇�[𝑢𝑛 − 𝑢𝑚] = 0,

then lim
𝑛→∞ �̇�[𝑢 − 𝑢𝑛] = 0. The Friedrichs extension 𝐵𝐹 of �̇� is defined as a non-

negative self-adjoint operator associated with the form �̇�[⋅, ⋅] by the First Repre-
sentation Theorem [24]:

(𝐵𝐹𝑢, 𝑣) = �̇�[𝑢, 𝑣] for all 𝑢 ∈ Dom(𝐵𝐹 ) and for all 𝑣 ∈ 𝒟[�̇�].
It follows that

Dom(𝐵𝐹 ) = 𝒟[�̇�] ∩Dom(�̇�∗), 𝐵𝐹 = �̇�∗↾Dom(𝐵𝐹 ).
The Friedrichs extension 𝐵𝐹 is a unique non-negative self-adjoint extension having
the domain in 𝒟[�̇�]. Notice that by the Second Representation Theorem [24] one
has

𝒟[�̇�] = 𝒟[𝐵𝐹 ] = Dom(𝐵
1/2
𝐹 ), �̇�[𝑢, 𝑣] = (𝐵

1/2
𝐹 𝑢,𝐵

1/2
𝐹 𝑣), 𝑢, 𝑣 ∈ 𝒟[�̇�].

Let �̇� be a non-negative closed densely defined symmetric operator. Consider the
family of symmetric contractions

�̇�(𝑎) = (𝑎𝐼 − �̇�)(𝑎𝐼 + �̇�)−1, 𝑎 > 0,
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defined on Dom(�̇�(𝑎)) = (𝑎𝐼+�̇�)Dom(�̇�). Notice that the orthogonal complement

𝔑(𝑎) = ℋ⊖Dom(�̇�(𝑎)) coincides with the defect subspace 𝔑−𝑎 of the operator �̇�.
Let �̇� = �̇�(1) and let 𝑏 = (1 − 𝑎)(𝑎+ 1)−1. Then 𝑏 ∈ (−1, 1) and

�̇�(𝑎) = (�̇� − 𝑏𝐼ℋ)(𝐼 − 𝑏�̇�)−1.

Clearly, there is a one-one correspondence given by the Cayley transform

𝐵 = 𝑎(𝐼 − 𝐴(𝑎))(𝐼 +𝐴(𝑎))−1, 𝐴(𝑎) = (𝑎𝐼 − 𝐵)(𝑎𝐼 +𝐵)−1,

between all non-negative self-adjoint extensions 𝐵 of the operator �̇� and all self-
adjoint contractive (𝑠𝑐) extensions 𝐴(𝑎) of �̇�(𝑎). As was established by M. Krĕın in

[25], [26] the set of all 𝑠𝑐-extensions of �̇� forms an operator interval [𝐴𝜇, 𝐴𝑀 ]. Fol-
lowing M. Krĕın’s notations we call the extreme contractive self-adjoint extensions
𝐴𝜇 and 𝐴𝑀 of a symmetric contraction �̇� by the rigid and the soft extensions,
respectively. The next result describe the sesquilinear form 𝐵[𝑢, 𝑣] by means the
fractional-linear transformation 𝐴 = (𝐼 − 𝐵)(𝐼 +𝐵)−1.

Proposition 3.1.
(1) Let 𝐵 be a non-negative self-adjoint operator and let 𝐴 = (𝐼 − 𝐵)(𝐼 +𝐵)−1

be its Cayley transform. Then

𝒟[𝐵] = Ran((𝐼 +𝐴)1/2),
𝐵[𝑢, 𝑣] = −(𝑢, 𝑣) + 2

(
(𝐼 +𝐴)−1/2𝑢, (𝐼 +𝐴)−1/2𝑣

)
, 𝑢, 𝑣 ∈ 𝒟[𝐵]. (3.1)

(2) Let �̇� be a closed densely defined non-negative symmetric operator and let

𝐵 be its non-negative self-adjoint extension. If �̇� = (𝐼 − �̇�)(𝐼 + �̇�)−1, 𝐴 =
(𝐼 − 𝐵)(𝐼 +𝐵)−1, then

𝒟[𝐵] = Ran(𝐼 +𝐴𝜇)
1/2 ∔ Ran(𝐴 − 𝐴𝜇)

1/2. (3.2)

Proof. (1). Since 𝐵 = (𝐼 − 𝐴)(𝐼 +𝐴)−1, one obtains with 𝑓 = (𝐼 +𝐴)ℎ,

𝐵[𝑓 ] = ((𝐼 − 𝐴)ℎ, (𝐼 +𝐴)ℎ) = −∥(𝐼 +𝐴)ℎ∥2 + 2∥(𝐼 +𝐴)1/2ℎ∥2
= −∥𝑓∥2 + 2∥(𝐼 +𝐴)−1/2𝑓∥2.

Now the closure procedure leads to (3.1).

(2) Since 𝐴 is a 𝑠𝑐-extension of �̇�, we get 𝐴𝜇 ≤ 𝐴 ≤ 𝐴𝑀 . Hence 𝐼 + 𝐴 =
𝐼 + 𝐴𝜇 + (𝐴 − 𝐴𝜇). Because 𝐼 + 𝐴𝜇 and 𝐴 − 𝐴𝜇 are non-negative self-adjoint
operators, we get the equality [21]:

Ran((𝐼 +𝐴)1/2) = Ran((𝐼 +𝐴𝜇)
1/2) + Ran((𝐴 − 𝐴𝜇)

1/2).

Since Ran((𝐼+𝐴𝜇)
1/2)∩𝔑 = {0}, where 𝔑 = ℋ⊖Dom(�̇�), and Ran(𝐴−𝐴𝜇) ⊆ 𝔑,

we get Ran((𝐼 +𝐴𝜇)
1/2) ∩Ran((𝐴− 𝐴𝜇)

1/2) = {0}. Then we arrive to (3.2). □

We note that Ran(�̃�1/2) = Ran((𝐼−𝐴)1/2). Now let 𝐴𝜇 and 𝐴𝑀 be the rigid

and the soft extensions of �̇�. Then the operators

𝐵𝐹 = (𝐼 − 𝐴𝜇)(𝐼 +𝐴𝜇)
−1, (3.3)

and
𝐵𝐾 = (𝐼 − 𝐴𝑀 )(𝐼 +𝐴𝑀 )

−1, (3.4)
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are non-negative self-adjoint extensions of �̇�. It also follows (see [25], [26]) that

𝐵𝐹 = 𝑎(𝐼 − 𝐴(𝑎)
𝜇 )(𝐼 +𝐴(𝑎)

𝜇 )−1, 𝐵𝐾 = 𝑎(𝐼 − 𝐴
(𝑎)
𝑀 )(𝐼 +𝐴

(𝑎)
𝑀 )−1.

Since, the operators 𝐴
(𝑎)
𝜇 and 𝐴

(𝑎)
𝑀 posses the properties

Ran((𝐼 +𝐴(𝑎)
𝜇 )1/2) ∩ 𝔑−𝑎 = Ran((𝐼 − 𝐴

(𝑎)
𝑀 )1/2) ∩ 𝔑−𝑎 = {0},

we get the following result [25].

Proposition 3.2. Let 𝐵 be a non-negative self-adjoint extension of �̇� and let 𝐸(𝜆)
be its resolution of identity. Then

1. 𝐵 = 𝐵𝐹 if and only if at least for one 𝑎 > 0 (then for all 𝑎 > 0) the relation

∞∫
0

𝜆(𝑑𝐸(𝜆)𝜑, 𝜑) = +∞, (3.5)

holds for each 𝜑 ∈ 𝔑−𝑎 ∖ {0};
2. 𝐵 = 𝐵𝐾 if and only if at least for one 𝑎 > 0 (then for all 𝑎 > 0) the relation

∞∫
0

(𝑑𝐸(𝜆)𝜑, 𝜑)

𝜆
= +∞, (3.6)

holds for each 𝜑 ∈ 𝔑−𝑎 ∖ {0}.
The self-adjoint extension 𝐵𝐹 given by (3.3) coincides [25] with the Fried-

richs extension of �̇�. In the sequel we will call the operator 𝐵𝐾 defined in (3.4)

by the Krĕın-von Neumann extension of �̇�.

4. Bi-extensions of non-negative symmetric operators

First we consider the case of bounded non-densely defined non-negative symmetric
operator �̇�.

Theorem 4.1. Let �̇� be a bounded non-densely defined non-negative symmetric
operator in a Hilbert space ℋ, Dom(�̇�) = ℋ0. Let �̇�∗ ∈ [ℋ,ℋ0] be the adjoint of

�̇�. Put �̇�0 = 𝑃ℋ0�̇�, 𝔏 = ℋ ⊖ ℋ0, where 𝑃ℋ0 is an orthogonal projection in ℋ
onto ℋ0. Then the following statements are equivalent:

(i) �̇� admits bounded non-negative self-adjoint extensions in ℋ;
(ii) sup

𝑓∈ℋ0

∣∣�̇�𝑓 ∣∣2
(�̇�𝑓, 𝑓)

< ∞;

(iii) �̇�∗𝔏 ⊆ Ran(�̇�
1/2
0 ).

Proof. Since (�̇�𝑓, 𝑓) = ∣∣�̇�1/2
0 𝑓 ∣∣2, 𝑓 ∈ ℋ0, and

�̇�∗ = �̇�0𝑃ℋ0 + �̇�∗𝑃𝔏,



Accretive (∗)-extensions and Realization Problems 79

conditions (i) and (ii) are equivalent due to the Douglas Theorem [19]. Suppose �̇�
admits a bounded non-negative self-adjoint extension 𝐵. Then for 𝑓 ∈ ℋ0 one has

∣∣�̇�𝑓 ∣∣2 = ∣∣𝐵𝑓 ∣∣2 = ∣∣𝐵1/2𝐵1/2𝑓 ∣∣2 ≤ ∣∣𝐵1/2∣∣2∣∣𝐵1/2𝑓 ∣∣2

= ∣∣𝐵1/2∣∣2(𝐵𝑓, 𝑓) = ∣∣𝐵1/2∣∣2(�̇�𝑓, 𝑓) = ∣∣𝐵1/2∣∣2∣∣�̇�1/2
0 𝑓 ∣∣2.

It follows that statement (ii) holds true.

Now suppose that (iii) is fulfilled. Then the operator 𝐿0 := �̇�
[−1/2]
0 �̇�∗↾𝔏 is

bounded, where �̇�
[−1/2]
0 is the Moore-Penrose inverse to �̇�

1/2
0 . Let 𝐿∗

0 ∈ [ℋ0,𝔏] be
the adjoint to 𝐿0. Set

ℬ0 = �̇�𝑃ℋ0 + (�̇�∗ + 𝐿∗
0𝐿0)𝑃𝔏. (4.1)

Then ℬ0 is bounded extension of �̇� in ℋ. Let 𝑃𝔏 be the orthogonal projection
operator in ℋ onto 𝔏. For ℎ ∈ ℋ we have

(ℬ0ℎ, ℎ) = (�̇�𝑃ℋ0ℎ+ (�̇�∗ + 𝐿∗
0𝐿0)𝑃𝔏ℎ, 𝑃ℋ0ℎ+ 𝑃𝔏ℎ)

= ∣∣�̇�1/2
0 𝑃ℋ0ℎ∣∣2 + ∣∣𝐿0𝑃𝔏ℎ∣∣2 + 2Re (𝑃ℋ0ℎ, �̇�

∗𝑃𝔏ℎ)

= ∣∣�̇�1/2
0 𝑃ℋ0ℎ∣∣2 + ∣∣𝐿0𝑃𝔏ℎ∣∣2 + 2Re (�̇�

1/2
0 𝑃ℋ0ℎ, �̇�

[−1/2]
0 �̇�∗𝑃𝔏ℎ)

= ∣∣�̇�1/2
0 𝑃ℋ0ℎ+ 𝐿0𝑃𝔏ℎ∣∣2.

Thus, ℬ0 is non-negative bounded self-adjoint extension of �̇�. Therefore (i) is
equivalent to (iii). □

Remark 4.2. It is easy to see that the conditions

1. sup
𝑓∈ℋ0

∣∣�̇�𝑓 ∣∣2
(�̇�𝑓, 𝑓)

< ∞,

2. there exists 𝑐 > 0 such that ∣(�̇�𝑓, 𝑔)∣2 ≤ 𝑐(�̇�𝑓, 𝑓)∣∣𝑔∣∣2, 𝑓 ∈ ℋ0, 𝑔 ∈ ℋ,

3. there exists 𝑐 > 0 such that ∣(�̇�𝑓, 𝑔)∣2 ≤ 𝑐(�̇�𝑓, 𝑓)∣∣𝑔∣∣2, 𝑓 ∈ ℋ0, 𝑔 ∈ 𝔏

are equivalent.

Now we consider semi-bounded (in particular non-negative) symmetric den-

sely defined operators �̇�,

(�̇�𝑥, 𝑥) ≥ 𝑚(𝑥, 𝑥), 𝑥 ∈ Dom(�̇�).

According to the classical von Neumann’s theorem there exists a self-adjoint ex-
tension 𝐴 of �̇� with an arbitrary close to 𝑚 lower bound. It was shown later by
Friedrichs that operator �̇� actually admits a self-adjoint extension with the same
lower bound. In this section we are going to show that for the case of a self-adjoint
bi-extension of �̇� the analogue of von Neumann’s theorem is true while the ana-
logue of the Friedrichs theorem, generally speaking, does not take place.

Theorem 4.3. Let �̇� be a semi-bounded operator with a lower bound 𝑚 and 𝐴 be
its symmetric extension with the same lower bound. Then �̇� admits a self-adjoint
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bi-extension 𝔸 with the same lower bound and containing 𝐴 (𝔸 ⊃ 𝐴) if and only
if there exists a number 𝑘 > 0 such that∣∣∣((𝐴 − 𝑚𝐼)𝑓, ℎ)

∣∣∣2 ≤ 𝑘((𝐴 − 𝑚𝐼)𝑓, 𝑓) ∥ℎ∥2+, (4.2)

for all 𝑓 ∈ Dom(𝐴), ℎ ∈ ℋ+.

Proof. Let ℋ+ ⊆ ℋ ⊆ ℋ− be the rigged triplet generated by �̇� and ℛ be a
Riesz-Berezansky operator corresponding to this triplet. In the Hilbert space ℋ+

consider the operator

�̇� := ℛ(𝐴 − 𝑚𝐼), Dom(�̇�) = Dom(𝐴).

Then (�̇�𝑓, 𝑓)+ = ((𝐴𝑓 − 𝑚𝐼)𝑓, 𝑓) ≥ 0 for all 𝑓 ∈ Dom(�̇�). Observe that 𝔸 is a

self-adjoint bi-extension of �̇� containing 𝐴 if and only if the operator 𝐵 := ℛ𝔸 is
a (+)-bounded and (+)-self-adjoint extension of the operator �̇� in ℋ+. It follows

from Theorem 4.1 and Remark 4.2 that the operator �̇� admits (+)-non-negative
bounded self-adjoint extension in ℋ+ if and only if there exists 𝑘 > 0 such that

∣(�̇�𝑓, ℎ)+∣2 ≤ 𝑘(�̇�𝑓, 𝑓)+∣∣ℎ∣∣2+, 𝑓 ∈ Dom(�̇�), ℎ ∈ ℋ+.

This is equivalent to (4.2) □

Remark 4.2 yields that if �̇� has at least one self-adjoint bi-extension 𝔸 con-
taining 𝐴 with the same lower bound, then it has infinitely many of such bi-
extensions.

Corollary 4.4. Inequalities (4.2) take place if and only if there exists a constant
𝐶 > 0 such that

∣((𝐴 − 𝑚𝐼)𝑓, 𝜑𝑎)∣2 ≤ 𝐶((𝐴 − 𝑚𝐼)𝑓, 𝑓) ∥𝜑𝑎∥2+, (4.3)

for all 𝑓 ∈ Dom(𝐴) and all 𝜑𝑎 such that (�̇�
∗ − (𝑚 − 𝑎)𝐼)𝜑𝑎 = 0, (𝑎 > 0).

Proof. Suppose (4.2). Then for ℎ = 𝜑𝑎 ∈ ker(�̇�∗ − (𝑚 − 𝑎)𝐼)) we have (4.3). Now
let us show that (4.2) follows from (4.3). It is known that there exists a self-adjoint

extension 𝐴 of 𝐴 (for instance, the Friedrichs extension of 𝐴) with the lower bound
𝑚. If 𝜆 is a regular point for 𝐴, then

ℋ+ = Dom(𝐴) ∔𝔑𝜆. (4.4)

Indeed, if 𝑓 ∈ ℋ+ = Dom(�̇�∗), then there exists an element 𝑔 ∈ Dom(𝐴) such

that (�̇�∗ − 𝜆𝐼)𝑓 = (𝐴 − 𝜆𝐼)𝑔. This implies (�̇�∗ − 𝜆𝐼)(𝑓 − 𝑔) = 0 and hence
(𝑓 − 𝑔) ∈ 𝔑𝜆 for any 𝑓 ∈ ℋ+ and 𝑔 ∈ Dom(𝐴), which confirms (4.4). Further,
applying Cauchy-Schwartz inequality we obtain

∣((𝐴 − 𝑚𝐼)𝑓, 𝑔)∣2 ≤ ((𝐴 − 𝑚𝐼)𝑓, 𝑓)((𝐴 − 𝑚𝐼)𝑔, 𝑔)

≤ 𝐶((𝐴 − 𝑚𝐼)𝑓, 𝑓)∥𝑔∥2+,
(4.5)

for 𝑓 ∈ Dom(𝐴) and 𝑔 ∈ Dom(𝐴). Clearly, all the points of the form (𝑚 − 𝑎),

(𝑎 > 0) are regular points for 𝐴 and the points of a regular type for �̇�. Thus (4.4)
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implies

ℋ+ = Dom(𝐴)∔𝔑𝑚−𝑎. (4.6)

Let ℎ ∈ ℋ+ be an arbitrary vector. Applying (4.6) we get ℎ = 𝑔 + 𝜓𝑎, where
𝑔 ∈ Dom(𝐴) and 𝜓𝑎 ∈ 𝔑𝑚−𝑎. Adding up inequalities (4.3) and (4.5) and taking
into account that the norms ∥⋅∥ and ∥⋅∥+ are equivalent on𝔑𝑚−𝑎 we get (4.2). □

The following theorem is the analogue of the classical von Neumann’s result.

Theorem 4.5. Let 𝜀 be an arbitrary small positive number and �̇� be a semi-bounded
operator with the lower bound 𝑚. Then there exist infinitely many semi-bounded
self-adjoint bi-extensions with the lower bound (𝑚 − 𝜀).

Proof. First we show that the inequality

∣((�̇� − (𝑚 − 𝜀)𝐼)𝑓, 𝑔)∣2 ≤ 𝑘((�̇� − (𝑚 − 𝜀)𝐼)𝑓, 𝑓)∥𝑔∥2+,

takes place for all 𝑓 ∈ Dom(�̇�), 𝑔 ∈ 𝔐, and 𝑘 > 0. Indeed,

∣((�̇� − (𝑚 − 𝜀)𝐼)𝑓, 𝑔)∣ = ∣(𝑓, (�̇�∗ − (𝑚 − 𝜀𝐼)𝑔)∣
≤ ∣(𝑓, �̇�∗𝑔)∣+ ∣𝑚 − 𝜀∣ ⋅ ∣(𝑓, 𝑔)∣ ≤ ∥𝑓∥ ⋅ ∥𝐴∗𝑔∥+ ∣𝑚 − 𝜀∣ ⋅ ∥𝑓∥ ⋅ ∥𝑔∥

≤ 1√
𝜀
((�̇� − (𝑚 − 𝜀)𝐼)𝑓, 𝑓)1/2∥𝑔∥+ + ∣𝑚 − 𝜀∣√

𝜀
((�̇� − (𝑚 − 𝜀)𝐼)𝑓, 𝑓)1/2∥𝑔∥+

=
1 + ∣𝑚 − 𝜀∣√

𝜀
((�̇� − (𝑚 − 𝜀)𝐼)𝑓, 𝑓)∥𝑔∥+.

The statement of the theorem follows from Theorem 4.3 and Remark 4.2. □

Theorem 4.6. A non-negative densely-defined operator �̇� admits a non-negative
self-adjoint bi-extension if and only if the Friedrichs and Krĕın-von Neumann ex-
tensions of �̇� are transversal.

Proof. It was shown in [28] (see also [12]) that the Friedrichs and Krĕın-von Neu-
mann extensions are transversal if and only if

Dom(�̇�∗) ⊆ 𝒟[𝐴𝐾 ]. (4.7)

Suppose that the Friedrichs extension 𝐴𝐹 and the Krĕın-von Neumann extension
𝐴𝐾 of the operator �̇� are transversal. Then the inclusion (4.7) holds. This means

that ℋ+ ⊆ Dom(𝐴
1/2
𝐾 ). Since ∣∣ℎ∣∣+ ≥ ∣∣ℎ∣∣ for all ℎ ∈ ℋ+, and 𝐴

1/2
𝐾 is closed in

ℋ, the closed graph theorem yields now that 𝐴
1/2
𝐾 ∈ [ℋ+,ℋ], i.e., there exists a

number 𝑐 > 0 such that

∣∣𝐴1/2
𝐾 𝑢∣∣2 = 𝐴𝐾 [𝑢] ≤ 𝑐∣∣𝑢∣∣2+.

It follows that the sesquilinear form 𝐴𝐾 [𝑢, 𝑣] = (𝐴
1/2
𝐾 𝑢,𝐴

1/2
𝐾 𝑣), 𝑢, 𝑣 ∈ ℋ+ is

bounded on ℋ+. Therefore, by Riesz theorem, there exists an operator 𝔸𝐾 ∈
[ℋ+,ℋ−] such that

(𝔸𝐾𝑢, 𝑣) = 𝐴𝐾 [𝑢, 𝑣], 𝑢, 𝑣 ∈ ℋ+, 𝑢 ∈ ℋ+.
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Due to 𝐴𝐾 [𝑢] ≥ 0 for all 𝑢 ∈ 𝒟[𝐴𝐾 ], the operator 𝔸𝐾 is non-negative. Since
(𝐴𝐾𝑢, 𝑣) = 𝐴𝐾 [𝑢, 𝑣] for all 𝑢 ∈ Dom(𝐴𝐾) and all 𝑣 ∈ 𝒟[𝐴𝐾 ], we get

(𝔸𝐾𝑢, 𝑣) = (𝐴𝐾𝑢, 𝑣), 𝑢 ∈ Dom(𝐴𝐾), 𝑣 ∈ ℋ+.

Hence 𝔸𝐾 ⊃ 𝐴𝐾 , i.e., 𝔸𝐾 is t-self-adjoint bi-extension of �̇� with quasi-kernel 𝐴𝐾 .

Conversely, let �̇� admits a non-negative self-adjoint bi-extension. Then from
Theorem 4.3 we get the equality

∣(�̇�𝑓, ℎ)∣2 ≤ 𝑘(�̇�𝑓, 𝑓)∣∣ℎ∣∣2+,

for all 𝑓 ∈ Dom(�̇�) and all ℎ ∈ ℋ+ = Dom(�̇�∗), and some 𝑘 > 0. Applying the
theorem by T. Ando and K. Nishio [2] (see also [12]) we get that ℋ+ ⊆ 𝒟[𝐴𝐾 ].
Now (4.7) yields that 𝐴𝐹 and 𝐴𝐾 are transversal. □

Corollary 4.7. If a non-negative densely-defined symmetric operator �̇� admits
a non-negative self-adjoint bi-extension, then it also admits a non-negative self-
adjoint bi-extension 𝔸 with quasi-kernel 𝐴𝐾 .

It follows from Theorem 4.6 that if 𝐴𝐾 = 𝐴𝐹 , then the operator �̇� does
not admit non-negative self-adjoint bi-extensions. Consequently, in this case the
analogue of the Friedrichs theorem is not true. The following theorem provides a
criterion on when the analogue of the Friedrichs theorem does take place.

Theorem 4.8. A non-negative densely-defined symmetric operator �̇� admits a non-
negative self-adjoint bi-extensions if and only if∫ ∞

0

𝑡 𝑑(𝐸(𝑡)ℎ, ℎ) < ∞ for all ℎ ∈ 𝔑−𝑎, 𝑎 > 0, (4.8)

where 𝐸(𝑡) is a spectral function of the Krĕın-von Neumann extension 𝐴𝐾 of �̇�.

Proof. The inequality (4.8) is equivalent to the inclusion

𝔑−𝑎 ⊂ Dom(𝐴
1/2
𝐾 ) = 𝒟[𝐴𝐾 ].

Since −𝑎 is a regular point of 𝐴𝐾 , the direct decomposition

Dom(�̇�∗) = Dom(𝐴𝐾)+̇𝔑−𝑎,

holds. So, from (4.7) we get that (4.8) is equivalent to transversality of 𝐴𝐹 and
𝐴𝐾 . The latter is equivalent to existence of non-negative self-adjoint bi-extension
of �̇� (see Theorem 4.6). □

Observe, that since𝔑−𝑎 is a subspace inℋ, 𝐴𝐾 is closed in ℋ, condition (4.8)
is equivalent to the following: there exists a positive number 𝑘 > 0, depending on
𝑎, such that ∫ ∞

0

𝑡 𝑑(𝐸(𝑡)ℎ, ℎ) < 𝑘∣∣ℎ∣∣2, ∀ℎ ∈ 𝔑−𝑎, 𝑎 > 0. (4.9)
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On the other hand, (4.8) is equivalent (see proof of Theorem 4.6) to the existence
of 𝑘 > 0 such that∫ ∞

0

𝑡 𝑑(𝐸(𝑡)𝑓, 𝑓) < 𝑘∣∣𝑓 ∣∣2+, ∀𝑓 ∈ Dom(�̇�∗).

5. Accretive bi-extensions

Let �̇� be a densely defined and closed non-negative symmetric operator. In this
section we will study the existence of accretive (∗)-extensions of a given maximal
accretive operator 𝑇 ∈ Λ(�̇�).

Theorem 5.1. If 𝔸 is a quasi-self-adjoint bi-extension of 𝑇 ∈ Ω(�̇�) generated by 𝐴

via (2.1), then for all 𝜙 = ℎ+ 𝑓 ∈ ℋ+, ℎ ∈ Dom(𝑇 ), and 𝑓 ∈ Dom(𝐴) we have

(𝔸𝜙, 𝜙) = (𝑇ℎ, ℎ) + (𝐴𝑓, 𝑓) + 2Re (𝑇ℎ, 𝑓). (5.1)

Proof. Let 𝔸 = �̇�∗ − ℛ−1�̇�∗(𝐼 − 𝒫𝑇𝐴) according to (2.1). Note that for any

𝑓 ∈ Dom(𝐴) we have that 𝑃𝑇𝐴𝑓 ∈ Dom(�̇�) and hence

(𝒫𝑇𝐴𝑓, 𝑇ℎ) = (�̇�𝒫𝑇𝐴𝑓, ℎ),
for any ℎ ∈ Dom(𝑇 ). Besides,(

ℛ−1�̇�∗(𝐼 − 𝒫𝑇𝐴)𝑓, 𝑔
)
= 0, ∀𝑓, 𝑔 ∈ Dom(𝐴).

Indeed, since Dom(𝐴) = Dom(�̇�)⊕ (𝑈 + 𝐼)𝔑𝑖, where 𝑈 is a unitary operator from
𝔑𝑖 onto 𝔑−𝑖, we have (𝐼 − 𝒫𝑇𝐴)𝑓 = (𝐼 + 𝑈)𝜑, for 𝜑 ∈ 𝔑𝑖, and

�̇�∗(𝐼 − 𝒫𝑇𝐴)𝑓 = 𝑖(𝐼 − 𝑈)𝜑.

Moreover, from the (+)-orthogonality of (𝑈 + 𝐼)𝔑𝑖 and (𝑈 − 𝐼)𝔑𝑖 we obtain the
desired equation. Further,

(𝔸𝜙, 𝜙) = (𝑇ℎ+𝐴𝑓 − ℛ−1𝐴(𝐼 − 𝒫𝑇𝐴)𝑓, ℎ+ 𝑓)

= (𝑇ℎ, ℎ) + (𝐴𝑓, 𝑓) + (𝑇ℎ, 𝑓)− (𝐴(𝐼 − 𝒫𝑇𝐴)𝑓, ℎ)+ + (𝐴𝑓, ℎ),

and

(𝐴(𝐼 − 𝒫𝑇𝐴)𝑓, ℎ)+ = (𝐴(𝐼 − 𝒫𝑇𝐴)𝑓, ℎ)− ((𝐼 − 𝒫𝑇𝐴)𝑓, 𝑇ℎ)

= (𝐴𝑓, ℎ)− (�̇�𝒫𝑇𝐴𝑓, ℎ)− (𝑓, 𝑇ℎ) + (𝒫𝑇𝐴𝑓, 𝑇ℎ)

= (𝐴𝑓, ℎ)− (𝑓, 𝑇ℎ).

Consequently, (𝔸𝜙, 𝜙) = (𝑇ℎ, ℎ) + (𝐴𝑓, 𝑓) + 2Re (𝑇ℎ, 𝑓). □

Corollary 5.2. Let 𝑇 be a quasi-self-adjoint maximal accretive extension of �̇�. As-
sume that 𝔸 ∈ [ℋ+,ℋ−] is given by (2.1) and generated by a self-adjoint extension
𝐴 transversal to 𝑇 . Then 𝔸 is accretive if and only if the form

Re (𝑇ℎ, ℎ) + (𝐴𝑔, 𝑔) + 2Re (𝑇ℎ, 𝑔), (5.2)

is non-negative for all ℎ ∈ Dom(𝑇 ) and 𝑔 ∈ Dom(𝐴).
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By Ξ(�̇�) we denote the set of all maximal accretive quasi-self-adjoint ex-

tensions of the operator �̇�. In particular, the class Ξ(�̇�) contains all nonnegative

self-adjoint extensions of �̇�. It follows from Lemma 5.2 that if 𝑇 ∈ Ξ(�̇�) and if

𝔸 ∈ [ℋ+,ℋ+] of the form (2.1) is accretive, then 𝐴 ∈ Ξ(�̇�). On the class Ξ(�̇�) we
define Cayley transform given by the formula

𝐾(𝑇 ) = (𝐼 − 𝑇 )(𝐼 + 𝑇 )−1, 𝑇 ∈ Ξ(�̇�). (5.3)

This Cayley transform sets one-to-one correspondence between the class Ξ(�̇�) and
the set of quasi-self-adjoint contractive (qsc) extensions of a symmetric contraction

�̇� = (𝐼 − �̇�)(𝐼 + �̇�)−1,

defined on a subspace Dom(�̇�) = (𝐼 + �̇�)Dom(�̇�), i.e., both 𝑄 and 𝑄∗ are exten-
sions of 𝑆 and ∣∣𝑄∣∣ ≤ 1. Put

𝔑 = ℋ ⊖Dom(�̇�). (5.4)

Notice that 𝔑 = 𝔑−1 = ker(�̇�∗ + 𝐼) (the deficiency subspace of �̇�).

Let 𝑆𝜇 = 𝐾(𝐴𝐹 ) and 𝑆𝑀 = 𝐾(𝐴𝐾). It was shown in [7], [8], [10] that

𝑄 ∈ [ℋ,ℋ] is a qsc-extension of a symmetric contraction �̇� if and only if it can be
represented in the form

𝑄 =
1

2
(𝑆𝑀 + 𝑆𝜇) +

1

2
(𝑆𝑀 − 𝑆𝜇)

1/2𝑋(𝑆𝑀 − 𝑆𝜇)
1/2, (5.5)

where 𝑋 is a contraction in the subspace Ran(𝑆𝑀 − 𝑆𝜇) ⊆ 𝔑.

Clearly, if 𝑋 is a self-adjoint contraction, then (5.5) provides a description of
all sc-extensions of a symmetric contraction 𝑆.

Lemma 5.3.
1) The class Ξ(�̇�) contains mutually transversal operators if and only if 𝐴𝐹 and

𝐴𝐾 are mutually transversal.

2) Let 𝑇1 and 𝑇2 belong to Ξ(�̇�). Then 𝑇1 and 𝑇2 are mutually transversal if
and only if

(𝐾(𝑇1)− 𝐾(𝑇2))𝔑 = 𝔑.

Proof. It follows from (5.5) that

𝐾(𝑇1)− 𝐾(𝑇2) =
1

2
(𝑆𝑀 − 𝑆𝜇)

1/2(𝑋1 − 𝑋2)(𝑆𝑀 − 𝑆𝜇)
1/2,

where 𝑋𝑙, (𝑙 = 1, 2) are the corresponding to 𝑇𝑙 contractions in Ran(𝑆𝑀 − 𝑆𝜇).
Relation (5.3) yields

𝐾(𝑇1)− 𝐾(𝑇2) = 2
(
(𝐼 + 𝑇1)

−1 − (𝐼 + 𝑇2)
−1
)
.

Thus

(𝐼 + 𝑇1)
−1 − (𝐼 + 𝑇2)

−1 =
1

4
(𝑆𝑀 − 𝑆𝜇)

1/2(𝑋1 − 𝑋2)(𝑆𝑀 − 𝑆𝜇)
1/2.
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Furthermore, using [35] we get that(
(𝐼 + 𝑇1)

−1 − (𝐼 + 𝑇2)
−1
)
𝔑−1 = 𝔑−1

⇐⇒
{
Ran(𝑆𝑀 − 𝑆𝜇) = Ran(𝑆𝑀 − 𝑆𝜇) = 𝔑 = 𝔑−1,

Ran(𝑋1 − 𝑋2)𝔑 = 𝔑. □

In what follows we assume that 𝐴𝐾 and 𝐴𝐹 are mutually transversal. Let 𝐴1

and 𝐴2 be two mutually transversal operators from Ξ(�̇�). Consider a form defined
on Dom(𝐴1)×Dom(𝐴2) as follows

𝐵(𝑓1, 𝑓2) = (𝐴1𝑓1, 𝑓1) + (𝐴2𝑓2, 𝑓2) + 2Re (𝐴1𝑓1, 𝑓2), (5.6)

where 𝑓𝑙 ∈ Dom(𝐴𝑙), (𝑙 = 1, 2). Let

𝜙𝑙 =
1

2
(𝐼 +𝐴𝑙)𝑓𝑙, 𝑆𝑙𝜙𝑙 =

1

2
(𝐼 − 𝐴𝑙)𝑓𝑙,

be the Cayley transform of 𝐴𝑙 for 𝑙 = 1, 2. Then

𝑓𝑙 = (𝐼 + 𝑆𝑙)𝜙𝑙, 𝐴𝑙𝑓𝑙 = (𝐼 − 𝑆𝑙)𝜙𝑙, (𝑙 = 1, 2). (5.7)

Substituting (5.7) into (5.6) we obtain a form defined on ℋ × ℋ
�̃�(𝜙1, 𝜙2) = ∥𝜙1 + 𝜙2∥2 − ∥𝑆1𝜙1 + 𝑆2𝜙2∥2 − 2Re ((𝑆1 − 𝑆2)𝜙1, 𝜙2) .

Let us set

𝐹 =
1

2
(𝑆1 − 𝑆2), 𝐺 =

1

2
(𝑆1 + 𝑆2), 𝑢 =

1

2
(𝜙1 + 𝜙2), 𝑣 =

1

2
(𝜙1 − 𝜙2). (5.8)

Then �̃�(𝜙1, 𝜙2) = 4𝐻(𝑢, 𝑣) where

𝐻(𝑢, 𝑣) = ∥𝑢∥2 + (𝐹𝑣, 𝑣)− (𝐹𝑢, 𝑢)− ∥𝐹𝑣 +𝐺𝑢∥2. (5.9)

Moreover, 𝐹 ±𝐺 are contractive operators. From the above reasoning we conclude
that non-negativity of the form 𝐵(𝑓1, 𝑓2) on Dom(𝐴1)×Dom(𝐴2) is equivalent to
non-negativity of the form 𝐻(𝑢, 𝑣) on ℋ × ℋ.
Lemma 5.4. The form 𝐻(𝑢, 𝑣) in (5.9) is non-negative for all 𝑢, 𝑣 ∈ ℋ if and only
if operator 𝐹 defined in (5.8) is non-negative.

Proof. If 𝐻(𝑢, 𝑣) ≥ 0 for all 𝑢, 𝑣 ∈ ℋ then 𝐻(0, 𝑣) ≥ 0 for all 𝑣 ∈ ℋ. Hence
(𝐹𝑣, 𝑣) ≥ ∥𝐹𝑣∥2 ≥ 0, i.e., 𝐹 ≥ 0.

Conversely, let 𝐹 ≥ 0. Since both operators 𝐹 ± 𝐺 are self-adjoint contrac-
tions, then −𝐼 ≤ 𝐹 +𝐺 ≤ 𝐼 and −𝐼 ≤ 𝐹 − 𝐺 ≤ 𝐼. This implies −(𝐼 − 𝐹 ) ≤ 𝐺 ≤
𝐼 − 𝐹, and thus

𝐺 = (𝐼 − 𝐹 )1/2𝑋(𝐼 − 𝐹 )1/2, (5.10)

where 𝑋 is a self-adjoint contraction. Then (5.10) yields that for all 𝑢, 𝑣 ∈ ℋ
∥𝐹𝑣 +𝐺𝑢∥ = ∥𝐹𝑣∥2 + ∥𝐺𝑢∥2 + 2Re (𝐹𝑣,𝐺𝑢)

≤ ∥𝐹𝑣∥2 +
(
(𝐼 − 𝐹 )𝑋(𝐼 − 𝐹 )1/2𝑢,𝑋(𝐼 − 𝐹 )1/2𝑢

)
+ 2
∣∣∣(𝐹 (𝐼 − 𝐹 )1/2𝑋(𝐼 − 𝐹 )1/2𝑢, 𝑣

)∣∣∣
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= ∥𝐹𝑣∥2 + ∥𝑋(𝐼 − 𝐹 )1/2𝑢∥2 − (𝐹𝑋(𝐼 − 𝐹 )1/2𝑢,𝑋(𝐼 − 𝐹 )1/2𝑢)

+ 2
∣∣∣(𝐹𝑋(𝐼 − 𝐹 )1/2𝑢, (𝐼 − 𝐹 )1/2𝑣

)∣∣∣
≤ ∥𝐹𝑣∥2 + ∥𝑋(𝐼 − 𝐹 )1/2𝑢∥2 − (𝐹𝑋(𝐼 − 𝐹 )1/2𝑢,𝑋(𝐼 − 𝐹 )1/2𝑢)

+ (𝐹𝑋(𝐼 − 𝐹 )1/2𝑢,𝑋(𝐼 − 𝐹 )1/2𝑢) + (𝐹 (𝐼 − 𝐹 )1/2𝑣, (𝐼 − 𝐹 )1/2𝑣)

= ∥𝐹𝑣∥2 + ∥𝑋(𝐼 − 𝐹 )1/2𝑢∥2 + (𝐹𝑣, 𝑣)− ∥𝐹𝑣∥2
≤ (𝐹𝑣, 𝑣) + ∥𝑢∥2 − (𝐹𝑢, 𝑢).

Therefore, for all 𝑢, 𝑣 ∈ ℋ
𝐻(𝑢, 𝑣) = ∥𝑢∥2 − (𝐹𝑢, 𝑢) + (𝐹𝑣, 𝑣)− ∥𝐹𝑣 +𝐺𝑢∥2 ≥ 0.

The lemma is proved. □

Theorem 5.5. Let 𝔸 = �̇�∗ − ℛ−1�̇�∗(𝐼 − 𝒫𝐴𝐴) be a self-adjoint (∗)-extension of a
non-negative symmetric operator �̇�, with a self-adjoint quasi-kernel 𝐴 ∈ Ξ(�̇�), and
generated (via (2.1)) by a self-adjoint extension 𝐴. Then the following statements
are equivalent

(i) 𝔸 is non-negative

(ii)
(
𝐾(𝐴)− 𝐾(𝐴)

)
↾ 𝔑, (where 𝔑 is defined by (5.4)) is positively defined,

(iii) (𝐴+ 𝐼)−1 ≥ (𝐴+ 𝐼)−1, and 𝐴 is transversal to 𝐴,

(iv) 𝐴 ≤ 𝐴 and 𝐴 is transversal to 𝐴.

Proof. Let (𝔸𝑓, 𝑓) ≥ 0 for all 𝑓 ∈ ℋ+. Then due to (5.1) and Corollary 5.2 we
have that the form

𝐵(𝑔, ℎ) = (𝐴𝑔, ℎ) + (𝐴ℎ, 𝑔) + 2Re (𝐴𝑔, ℎ), (𝑔 ∈ Dom(𝐴), ℎ ∈ Dom(𝐴)),

is non-negative on Dom(𝐴) × Dom(𝐴). Consequently, the form 𝐻(𝑢, 𝑣) given by
(5.9) is non-negative for all 𝑢, 𝑣 ∈ ℋ where

𝐹 =
1

2

(
𝐾(𝐴)− 𝐾(𝐴)

)
and 𝐺 =

1

2

(
𝐾(𝐴) +𝐾(𝐴)

)
.

Using Lemma 5.4 we conclude that 𝐹 ↾𝔑 ≥ 0 and applying Lemma 5.3 yields
𝐹𝔑 = 𝔑. This proves that (i) ⇒ (ii). The implication (ii) ⇒ (i) can be shown by
reversing the argument. Since

𝐾(𝐴) = −𝐼 + 2(𝐴+ 𝐼)−1, 𝐾(𝐴) = −𝐼 + 2(𝐴+ 𝐼)−1,

we get that (ii) ⇐⇒ (iii). Applying inequalities from [24] yields that (iii) ⇐⇒
(iv). □

Theorem 5.6. A self-adjoint operator 𝐴 ∈ Ξ(�̇�) admits non-negative (∗)-extensions
if and only if 𝐴 is transversal to 𝐴𝐹 .
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Proof. If 𝐴 is transversal to 𝐴𝐹 , then
(
𝐾(𝐴)− 𝐾(𝐴𝐹 )

)
↾𝔑 is positively defined.

Applying Theorem 5.5 we obtain that

𝔸 = �̇�∗ − ℛ−1�̇�∗(𝐼 − 𝒫𝐴𝐴𝐹
),

is a non-negative (∗)-extension.
Conversely, if 𝔸 = �̇�∗ − ℛ−1�̇�∗(𝐼 − 𝒫𝐴𝐴) is a (∗)-extension of 𝐴, then via

Theorem 5.5 we get that
(
𝐾(𝐴)− 𝐾(𝐴)

)
↾𝔑 is positively defined. But then due

to the chain of inequalities

𝐾(𝐴) ≥ 𝐾(𝐴) ≥ 𝐾(𝐴𝐹 ),

the operator
(
𝐾(𝐴)− 𝐾(𝐴𝐹 )

)
↾𝔑 is positively defined as well. According to

Lemma 5.3 𝐴 is transversal 𝐴𝐹 . □

We note that if 𝐴 is a self-adjoint extension of �̇�, then all self-adjoint (∗)-
extensions of 𝐴 coincide with t-self-adjoint bi-extensions of �̇� with the quasi-kernel
𝐴. Consequently, Theorem 5.6 gives the criterion of the existence of a non-negative
t-self-adjoint bi-extension of �̇� and hence provides the conditions when Friedrichs
theorem for t-self-adjoint bi-extensions is true.

Now we focus on non-self-adjoint accretive (∗)-extensions of operator 𝑇 ∈ Ξ(�̇�).

Lemma 5.7. Let 𝔸 be a (∗)-extensions of operator 𝑇 ∈ Ξ(�̇�) generated by an

operator 𝐴 ∈ Ξ(�̇�). Then the quasi-kernel 𝐴 of the operator Re𝔸 is defined by the
formula

𝑓 = (𝑄 + 𝐼)𝑔 +
1

2
(𝑆 + 𝐼)(𝑄∗ − 𝑆)−1(𝑄 − 𝑄∗)𝑔,

𝐴𝑓 = (𝐼 − 𝑄)𝑔 +
1

2
(𝐼 − 𝑆)(𝑄∗ − 𝑆)−1(𝑄 − 𝑄∗)𝑔,

(5.11)

where 𝑔 ∈ ℋ, 𝑄 = 𝐾(𝑇 ), 𝑄∗ = 𝐾(𝑇 ∗), and 𝑆 = 𝐾(𝐴).

Proof. Let 𝔸 = �̇�∗ − ℛ−1�̇�∗(𝐼 − 𝒫𝑇𝐴) (of the form (2.1)) be a (∗)-extensions of
operator 𝑇 generated by a self-adjoint extension 𝐴. Let

Dom(𝐴) = Dom(�̇�)⊕ (𝒰 + 𝐼)𝔑𝑖,

where 𝒰 ∈ [𝔑𝑖,𝔑−𝑖] is a unitary mapping. Suppose 𝑓 ∈ Dom(𝐴), where 𝐴 is a
quasi-kernel of Re𝔸. Due to the transversality of 𝑇 ∗ and 𝐴 and 𝑇 and 𝐴 we have

𝑓 = 𝑢+ (𝒰 + 𝐼)𝜑, 𝑓 = 𝑣 + (𝒰 + 𝐼)𝜓,

where 𝑢 ∈ Dom(𝑇 ), 𝑣 ∈ Dom(𝑇 ∗), and 𝜑, 𝜓 ∈ 𝔑𝑖. Also

𝔸𝑓 = 𝑇𝑢+ �̇�∗(𝒰 + 𝐼)𝜑 − 𝑖ℛ−1(𝐼 − 𝒰)𝜑,

𝔸∗𝑓 = 𝑇 ∗𝑣 + �̇�∗(𝒰 + 𝐼)𝜓 − 𝑖ℛ−1(𝐼 − 𝒰)𝜓,
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and

𝐴𝑓 =
1

2
(𝔸𝑓 + 𝔸∗𝑓)

=
1

2

(
𝑇𝑢+ 𝑇 ∗𝑣 + �̇�∗(𝒰 + 𝐼)𝜑+ �̇�∗(𝒰 + 𝐼)𝜓 − 𝑖ℛ−1(𝐼 − 𝒰)(𝜑 + 𝜓)

)
.

Since 𝐴𝑓 ∈ ℋ, then 𝜑 = −𝜓 and hence any vector 𝑓 ∈ Dom(𝐴) is uniquely
represented in the form

𝑓 = 𝑢+ 𝜙, 𝑢 ∈ Dom(𝑇 ), 𝜙 ∈ (𝒰 + 𝐼)𝔑𝑖,

or in the form 𝑓 = 𝑣 − 𝜙, 𝑣 ∈ Dom(𝑇 ∗). By (2.1) (see also [11]) 𝐴 is transversal
to 𝐴 and

Re𝔸 = �̇�∗ − ℛ−1(𝐼 − 𝑃𝐴𝐴).

Thus 𝔐𝐴 ∔ (𝒰 + 𝐼)𝔑𝑖 = 𝔐, where 𝔐𝐴 = Dom(𝐴)⊖Dom(�̇�). It follows from

𝔐𝑇 ∔ (𝒰 + 𝐼)𝔑𝑖 = 𝔐, where 𝔐𝑇 = Dom(𝑇 )⊖Dom(�̇�),

that 𝒫𝐴𝐴𝔐𝑇 = 𝔐𝐴 and hence for any 𝑢 ∈ Dom(𝑇 ) there exists a 𝜙 ∈ (𝒰 + 𝐼)𝔑𝑖
and 𝑓 ∈ Dom(𝐴) such that 𝑓 = 𝑢+ 𝜙. Similarly, for any 𝑣 ∈ Dom(𝑇 ) there exists

a 𝜙 ∈ (𝒰 + 𝐼)𝔑𝑖 and 𝑓 ∈ Dom(𝐴) such that 𝑓 = 𝑢 − 𝜙. Since

Dom(𝑇 ) = (𝐼 +𝑄)ℋ, Dom(𝑇 ∗) = (𝐼 +𝑄∗)ℋ, Dom(𝐴) = (𝐼 + 𝑆)ℋ,

and

𝑄↾Dom(�̇�) = 𝑄∗↾Dom(�̇�) = 𝑆↾Dom(�̇�),
we conclude that for any 𝑓 ∈ Dom(𝐴) there are uniquely defined 𝑔, 𝑔∗ ∈ ℋ and
ℎ ∈ 𝔑 such that

𝑓 = (𝑄+ 𝐼)𝑔 + (𝑆 + 𝐼)ℎ, 𝑓 = (𝑄∗ + 𝐼)𝑔∗ − (𝑆 + 𝐼)ℎ. (5.12)

Conversely, for every 𝑔 ∈ ℋ (respectively, 𝑔∗ ∈ ℋ) there are 𝑔∗ ∈ ℋ (respectively,

𝑔 ∈ ℋ) and ℎ ∈ 𝔑, such that (5.12) holds with 𝑓 ∈ Dom(𝐴). Since �̇�∗(𝑄+ 𝐼)𝑔 =

(𝐼 − 𝑄)𝑔, �̇�∗(𝐼 +𝑄∗)𝑔∗ = (𝐼 − 𝑄∗)𝑔∗, and �̇�∗(𝐼 + 𝑆)ℎ = (𝐼 − 𝑆)ℎ, then

𝐴𝑓 = (𝐼 − 𝑄)𝑔 + (𝐼 − 𝑆)ℎ, 𝐴𝑓 = (𝐼 − 𝑄∗)𝑔∗ − (𝐼 − 𝑆)ℎ. (5.13)

From (5.12) and (5.13) we have 2ℎ = 𝑔∗ − 𝑔 and 2𝑆ℎ = 𝑄∗𝑔∗ − 𝑔, which implies

2(𝑄∗ − 𝑆)ℎ = (𝑄 − 𝑄∗)𝑔. (5.14)

Since 𝑇 ∗ and 𝐴 are mutually transversal, according to Lemma 5.3 (𝑄∗ − 𝑆)↾𝔑 is
an isomorphism on 𝔑. Then (5.14) implies

ℎ =
1

2
(𝑄∗ − 𝑆)−1(𝑄 − 𝑄∗)𝑔. (5.15)

Substituting (5.15) into (5.12) and (5.13) we obtain (5.11). □
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Lemma 5.8. Let 𝑇 ∈ Ξ(�̇�) and 𝐴 ∈ Ξ(�̇�) be a transversal to 𝑇 self-adjoint opera-
tor. If the operator

[𝐾(𝑇 ) +𝐾(𝑇 ∗)− 2𝐾(𝐴)]↾𝔑,

is an isomorphism of the space 𝔑 (defined in (5.4)), then the quasi-kernel 𝐴 of

the real part of the operator 𝔸 = �̇�∗ − ℛ−1�̇�∗(𝐼 − 𝒫𝑇𝐴) is a Cayley transform of
the operator

𝑆 = 𝑆 + (𝑄 − 𝑆)(Re𝑄 − 𝑆)−1(𝑄∗ − 𝑆),

where 𝑆 = 𝐾(𝐴) and Re𝑄 = (1/2)[𝐾(𝑇 ) +𝐾(𝑇 ∗)].

Proof. Let 𝔸 = �̇�∗ −ℛ−1�̇�∗(𝐼 −𝒫𝑇𝐴). Then by the virtue of Lemma 5.7, formula
(5.11) defines the quasi-kernel 𝐴 of the operator Re𝔸. It also follows from (5.11)
that

𝑓 +𝐴𝑓 = 2𝑔 + (𝑄∗ − 𝑆)−1(𝑄 − 𝑄∗)𝑔.
Let 𝑃𝔑 and 𝑃�̇� denote the orthoprojection operators in ℋ according to (5.4) onto

𝔑 and Dom(�̇�), respectively. Then

2𝑔 + (𝑄∗ − 𝑆)−1(𝑄 − 𝑄∗)𝑔 = 2𝑃�̇�𝑔 + (𝑄∗ − 𝑆)−1(2𝑄∗ − 2𝑆 +𝑄 − 𝑄∗)𝑃𝔑𝑔

= 2𝑃�̇�𝑔 + 2(𝑄∗ − 𝑆)−1(Re𝑄 − 𝑆)𝑃𝔑𝑔,

and

(𝐼 +𝐴)𝑓 = 2𝑃�̇�𝑔 + 2(𝑄∗ − 𝑆)−1(Re𝑄 − 𝑆)𝑃𝔑𝑔. (5.16)

From the statement of the lemma we have that (Re𝑄 − 𝑆)↾𝔑 is an isomorphism

of the space 𝔑. Hence, (5.16) Ran(𝐼 + 𝐴) = ℋ and the Cayley transform is well

defined for 𝐴. Let

𝑆 = (𝐼 − 𝐴)(𝐼 +𝐴)−1.

It follows from (5.11) that

(𝑆 + 𝐼)𝜙 = (𝑄+ 𝐼)𝑔 + 1
2 (𝑆 + 𝐼)(𝑄∗ − 𝑆)−1(𝑄 − 𝑄∗)𝑔,

(𝐼 − 𝑆)𝜙 = (𝐼 − 𝑄)𝑔 + 1
2 (𝐼 − 𝑆)(𝑄∗ − 𝑆)−1(𝑄 − 𝑄∗)𝑔.

Therefore,
𝜙 = 𝑔 + 1

2 (𝑄
∗ − 𝑆)−1(𝑄 − 𝑄∗)𝑔,

𝑆𝜙 = 𝑄𝑔 + 1
2𝑆(𝑄

∗ − 𝑆)−1(𝑄 − 𝑄∗)𝑔.
and hence

𝑆𝜙 = 𝑆𝜙+ (𝑄 − 𝑆)𝑃𝔑𝑔,

𝜙 = 𝑃�̇�𝑔 + (𝑄∗ − 𝑆)−1(Re𝑄 − 𝑆)𝑃𝔑𝑔.
(5.17)

Using the second half of (5.17) we have

𝑃𝔑𝑔 = (Re𝑄 − 𝑆)−1(𝑄∗ − 𝑆)𝑃𝔑𝜙. (5.18)

Substituting, (5.18) into the first part of (5.17) we obtain

𝑆𝜙 = 𝑆𝜙+ (𝑄 − 𝑆)(Re𝑄 − 𝑆)−1(𝑄∗ − 𝑆)𝜙,

which proves the lemma. □
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Let 𝑇 ∈ Ξ(�̇�). By the class Ξ𝐴𝑇 we denote the set of all non-negative self-

adjoint operators 𝐴 ⊃ �̇� satisfying the following conditions:

1. [𝐾(𝑇 ) + 𝐾(𝑇 ∗) − 2𝐾(𝐴)]↾𝔑 is a non-negative operator in 𝔑, where 𝔑 is
defined in (5.4);

2. 𝐾(𝐴)+2[𝐾(𝑇 )−𝐾(𝐴)][𝐾(𝑇 )+𝐾(𝑇 ∗)−2𝐾(𝐴)]−1[𝐾(𝑇 ∗)−𝐾(𝐴)] ≤ 𝐾(𝐴𝐾).
1

Theorem 5.9. A (∗)-extension of operator 𝑇 ∈ Ξ(�̇�)

𝔸 = �̇�∗ − ℛ−1�̇�∗(𝐼 − 𝒫𝑇𝐴),
generated by a self-adjoint operator 𝐴 ⊃ �̇� is accretive if and only if 𝐴 ∈ Ξ𝐴𝑇 .

Proof. We prove the necessity part first. Let 𝔸 = �̇�∗ − ℛ−1�̇�∗(𝐼 − 𝒫𝑇𝐴) be an
accretive (∗)-extension, then Re𝔸 is a non-negative (∗)-extension of the quasi-

kernel 𝐴 ∈ Ξ(�̇�). But according to Lemma 5.7 𝐴 is defined by formulas (5.11).

Since (−1) is a regular point of operator 𝐴, then (5.16) implies that the operator

(Re𝑄 − 𝑆)↾𝔑 =
1

2
[𝐾(𝑇 ) +𝐾(𝑇 ∗)− 2𝐾(𝐴)]↾𝔑,

is an isomorphism of the space 𝔑. According to Lemma 5.8 we have

𝐾(𝐴) = 𝐾(𝐴) + 2[𝐾(𝑇 )− 𝐾(𝐴)][𝐾(𝑇 ) +𝐾(𝑇 ∗)− 2𝐾(𝐴)]−1[𝐾(𝑇 ∗)− 𝐾(𝐴)].

Since𝐾(𝐴) is a self-adjoint contractive extension of �̇�, then 𝐾(𝐴) ≤ 𝐾(𝐴𝐾). Also,
since Re𝔸 is generated by 𝐴 and Re𝔸 ≥ 0, then by Theorem 5.5 the operator
[𝐾(𝐴)− 𝐾(𝐴)]↾𝔑 is non-negative. Consequently, the operator [𝐾(𝑇 ) +𝐾(𝑇 ∗)−
2𝐾(𝐴)↾𝔑 is non-negative as well and we conclude that 𝐴 ∈ Ξ𝐴𝑇 .

Now we prove sufficiency. Let 𝐴 ∈ Ξ𝐴𝑇 , then by Lemma 5.8, 𝐴 is a Cayley
transform of a self-adjoint extension 𝑆 of the operator �̇�. Since

[𝑆 − 𝑆]↾𝔑 = [𝐾(𝐴)− 𝐾(𝐴)]↾𝔑,

is a non-negative operator, then due to Theorem 5.5 the operator Re𝔸 is a non-
negative (∗)-extension of 𝐴. That is why 𝔸 is an accretive (∗)-extension of opera-
tor 𝑇 . □

Theorem 5.10. An operator 𝑇 ∈ Ξ(�̇�) admits accretive (∗)-extensions if and only
if 𝑇 is transversal to 𝐴𝐹 .

Proof. If 𝑇 admits accretive (∗)-extensions, then the class Ξ𝐴𝑇 is non-empty, i.e.,

there exists a self-adjoint operator 𝐴 ∈ Ξ(�̇�) such that the operator

[(𝐾(𝑇 ) +𝐾(𝑇 ∗)− 2𝐾(𝐴)]↾𝔑,

is non-negative. But then [(𝐾(𝑇 ) +𝐾(𝑇 ∗)− 2𝐾(𝐴𝐹 )]↾𝔑 is non-negative as well.
This yields that [𝐾(𝑇 )−𝐾(𝐴𝐹 )]↾𝔑 is an isomorphism of 𝔑. Then by Lemma 5.3
𝑇 and 𝐴𝐹 are mutually transversal. This proves the necessity.

1When we write [𝐾(𝑇 )+𝐾(𝑇 ∗)− 2𝐾(𝐴)]−1 we mean the operator inverse to [𝐾(𝑇 )+𝐾(𝑇 ∗)−
2𝐾(𝐴)]↾𝔑.
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Now let us assume that 𝑇 and 𝐴𝐹 are mutually transversal. We will show
that in this case 𝐴𝐹 ∈ Ξ𝐴𝑇 . By Lemma 5.3, [𝐾(𝑇 )−𝐾(𝐴𝐹 )]↾𝔑 is an isomorphism
of the space 𝔑. Then using formula (5.5) we have

𝐾(𝑇 ) = 𝑄 =
1

2
(𝑆𝑀 + 𝑆𝜇) +

1

2
(𝑆𝑀 − 𝑆𝜇)

1/2𝑋(𝑆𝑀 − 𝑆𝜇)
1/2,

where 𝑋 ∈ [𝔑,𝔑] is a contraction. Furthermore,

(𝑄 − 𝑆𝜇)↾𝔑 =
1

2
(𝑆𝑀 − 𝑆𝜇)

1/2(𝑋 + 𝐼)(𝑆𝑀 − 𝑆𝜇)
1/2↾𝔑.

Thus, 𝑋 + 𝐼 is an isomorphism of the space 𝔑. Moreover, Re𝑋 + 𝐼 ≥ 0 and for
every 𝑓 ∈ 𝔑

((Re𝑋 + 𝐼)𝑓, 𝑓) =
1

2

(∥𝑓∥2 − ∥𝑋𝑓∥2 + ∥(𝑋 + 𝐼)𝑓∥2) . (5.19)

But since ∥(𝑋 + 𝐼)𝑓∥2 ≥ 𝑎∥𝑓∥2, where 𝑎 > 0, 𝑓 ∈ 𝔑, we have

((Re𝑋 + 𝐼)𝑓, 𝑓) ≥ 𝑏∥𝑓∥2, (𝑏 > 0).

Hence, Re𝑋 + 𝐼 is a non-negative operator implying that

[(1/2)(𝐾(𝑇 ) +𝐾(𝑇 ∗)− 𝐾(𝐴)]↾𝔑 =
1

2
(𝑆𝑀 − 𝑆𝜇)

1/2(Re𝑋 + 𝐼)(𝑆𝑀 − 𝑆𝜇)
1/2↾𝔑,

is non-negative too. Also (5.19) implies

Re𝑋 + 𝐼 ≥ 1

2
(𝑋∗ + 𝐼)(𝑋 + 𝐼).

It is easy to see then that (Re𝑋 + 𝐼)−1 ≤ 2(𝑋 + 𝐼)−1(𝑋∗ + 𝐼)−1. Therefore,

1

2
(𝑋 + 𝐼)(Re𝑋 + 𝐼)−1(𝑋∗ + 𝐼) ≤ 𝐼. (5.20)

Now, since

𝐾(𝐴𝐹 ) + 2[𝐾(𝑇 )− 𝐾(𝐴)][𝐾(𝑇 ) +𝐾(𝑇 ∗)− 2𝐾(𝐴)]−1[𝐾(𝑇 ∗)− 𝐾(𝐴)]

= 𝑆𝜇 +
1

2
(𝑆𝑀 − 𝑆𝜇)

1/2(𝑋 + 𝐼)(Re𝑋 + 𝐼)−1(𝑋∗ + 𝐼)(𝑆𝑀 − 𝑆𝜇)
1/2,

then applying (5.20) we obtain

𝐾(𝐴𝐹 ) + 2[𝐾(𝑇 )−𝐾(𝐴)][𝐾(𝑇 ) +𝐾(𝑇 ∗)− 2𝐾(𝐴)]−1[𝐾(𝑇 ∗)−𝐾(𝐴)] ≤ 𝐾(𝐴𝐾).

Thus, 𝐴𝐹 belongs to the class Ξ𝐴𝑇 and applying theorem (5.9) we conclude that

𝔸 = �̇�∗ − ℛ−1�̇�∗(𝐼 − 𝒫𝐴𝑇 ) is an accretive (∗)-extension of 𝑇 . □
A qsc-extension

𝑄 =
1

2
(𝑆𝑀 + 𝑆𝜇) +

1

2
(𝑆𝑀 − 𝑆𝜇)

1/2𝑋(𝑆𝑀 − 𝑆𝜇)
1/2

is called extremal if 𝑋 is isometry.

Theorem 5.11. Let 𝑇 ∈ Ξ(�̇�) be transversal to 𝐴𝐹 . Then the accretive (∗)-extension
𝔸 of 𝑇 generated by 𝐴𝐹 has a property that Re𝔸 ⊃ 𝐴𝐾 if and only if 𝑇 and 𝑇 ∗

are extremal extensions of �̇�.
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Proof. Suppose Re𝔸 ⊃ 𝐴𝐾 and Re𝔸 = �̇�∗ −ℛ−1�̇�∗(𝐼 −𝒫𝑇𝐴𝐹 ). Then by Lemma
5.8 we have

𝑆𝑀 = 𝑆𝜇 + (𝑄 − 𝑆𝜇)(Re𝑄 − 𝑆𝜇)
−1(𝑄∗ − 𝑆𝜇).

Thus,
(𝑋 + 𝐼)(Re𝑋 + 𝐼)−1(𝑋∗ + 𝐼) = 2𝐼, (5.21)

where

𝑄 = 𝐾(𝑇 ) =
1

2
(𝑆𝑀 + 𝑆𝜇) +

1

2
(𝑆𝑀 − 𝑆𝜇)

1/2𝑋(𝑆𝑀 − 𝑆𝜇)
1/2.

It is easy to see that

(𝑋∗ + 𝐼)(Re𝑋 + 𝐼)−1(𝑋 + 𝐼) = (𝑋 + 𝐼)(Re𝑋 + 𝐼)−1(𝑋∗ + 𝐼). (5.22)

Then it follows from (5.21) and (5.22) that

𝑋∗𝑋 = 𝑋𝑋∗ = 𝐼,

i.e., 𝑋 is a unitary operator in 𝔑. Then both operators 𝑇 and 𝑇 ∗ are extremal
𝑚-accretive extensions of �̇�.

The second part of the theorem is proved by reversing the argument. □

6. Realization of Stieltjes functions

Definition 6.1. An operator-valued Herglotz-Nevanlinna function 𝑉 (𝑧) in a finite-
dimensional Hilbert space 𝐸 is called a Stieltjes function if 𝑉 (𝑧) is holomorphic
in Ext[0,+∞) and

Im[𝑧𝑉 (𝑧)]

Im 𝑧
≥ 0. (6.1)

Consequently, an operator-valued Herglotz-Nevanlinna function 𝑉 (𝑧) is Stiel-
tjes if 𝑧𝑉 (𝑧) is also a Herglotz-Nevanlinna function. Applying the integral repre-
sentation (1.1) (see also [17]) for this case we get that

𝑛∑
𝑘,𝑙=1

(
𝑧𝑘𝑉 (𝑧𝑘)− 𝑧𝑙𝑉 (𝑧𝑙)

𝑧𝑘 − 𝑧𝑙
ℎ𝑘, ℎ𝑙

)
𝐸

≥ 0, (6.2)

for an arbitrary sequence {𝑧𝑘} (𝑘 = 1, . . . , 𝑛) of (Im 𝑧𝑘 > 0) complex numbers and
a sequence of vectors {ℎ𝑘} in 𝐸.

Similar to (1.1) formula holds true for the case of a Stieltjes function. Indeed,
if 𝑉 (𝑧) is a Stieltjes operator-valued function, then

𝑉 (𝑧) = 𝛾 +

∞∫
0

𝑑𝐺(𝑡)

𝑡 − 𝑧
, (6.3)

where 𝛾 ≥ 0 and 𝐺(𝑡) is a non-decreasing on [0,+∞) operator-valued function
such that ∞∫

0

(𝑑𝐺(𝑡)ℎ, ℎ)𝐸
1 + 𝑡

< ∞, ℎ ∈ 𝐸. (6.4)
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Theorem 6.2. Let Θ be an L-system of the form (2.3) with a densely defined non-

negative symmetric operator �̇�. Then the impedance function 𝑉Θ(𝑧) defined by
(2.7) is a Stieltjes function if and only if the operator 𝔸 of the L-system Θ is
accretive.

Proof. Let us assume first that 𝔸 is an accretive operator, i.e., (Re𝔸𝑓, 𝑓) ≥ 0, for
all 𝑓 ∈ ℋ+. Let {𝑧𝑘} (𝑘 = 1, . . . , 𝑛) be a sequence of (Im 𝑧𝑘 > 0) complex numbers
and ℎ𝑘 be a sequence of vectors in 𝐸. Let us denote

𝐾ℎ𝑘 = 𝛿𝑘, 𝑔𝑘 = (Re𝔸− 𝑧𝑘𝐼)
−1𝛿𝑘, 𝑔 =

𝑛∑
𝑘=1

𝑔𝑘. (6.5)

Since (Re𝔸𝑔, 𝑔) ≥ 0, we have
𝑛∑

𝑘,𝑙=1

(Re𝔸𝑔𝑘, 𝑔𝑙) ≥ 0. (6.6)

By formal calculations one can have (Re𝔸)𝑔𝑘 = 𝛿𝑘 + 𝑧𝑘(Re𝔸− 𝑧𝑘𝐼)
−1𝛿𝑘, and

𝑛∑
𝑘,𝑙=1

(Re𝔸𝑔𝑘, 𝑔𝑙) =
𝑛∑

𝑘,𝑙=1

[
(𝛿𝑘, (Re𝔸− 𝑧𝑙𝐼)

−1𝛿𝑙)

+ (𝑧𝑘(Re𝔸− 𝑧𝑘𝐼)
−1𝛿𝑘, (Re𝔸− 𝑧𝑘𝐼)

−1𝛿𝑙)
]
.

Using obvious equalities(
(Re𝔸− 𝑧𝑘𝐼)

−1𝐾ℎ𝑘,𝐾ℎ𝑙
)
=
(
𝑉Θ(𝑧𝑘)ℎ𝑘, ℎ𝑙

)
𝐸
,

and (
(Re𝔸− 𝑧𝑙𝐼)

−1(Re𝔸− 𝑧𝑘𝐼)
−1𝐾ℎ𝑘,𝐾ℎ𝑙

)
=

(
𝑉Θ(𝑧𝑘)− 𝑉Θ(𝑧𝑙)

𝑧𝑘 − 𝑧𝑙
ℎ𝑘, ℎ𝑙

)
𝐸

,

we obtain
𝑛∑

𝑘,𝑙=1

((Re𝔸)𝑔𝑘, 𝑔𝑙) =
𝑛∑

𝑘,𝑙=1

(
𝑧𝑘𝑉Θ(𝑧𝑘)− 𝑧𝑙𝑉Θ(𝑧𝑙)

𝑧𝑘 − 𝑧𝑙
ℎ𝑘, ℎ𝑙

)
𝐸

≥ 0, (6.7)

which implies that 𝑉Θ(𝑧) is a Stieltjes function.

Now we prove necessity. First we assume that �̇� is a prime operator2. Then
the equivalence of (6.7) and (6.6) implies that (Re𝔸𝑔, 𝑔) ≥ 0 for any 𝑔 from

c.l.s.{𝔑𝑧}. It was shown in [11] that a symmetric operator �̇� with the equal defi-
ciency indices is prime if and only if

𝑐.𝑙.𝑠.
𝑧 ∕=𝑧

𝔑𝑧 = ℋ. (6.8)

Thus (Re𝔸𝑔, 𝑔) ≥ 0 for any 𝑔 ∈ ℋ+ and therefore 𝔸 is an accretive operator.

Now let us assume that �̇� is not a prime operator. Then there exists a sub-
space ℋ1 ⊂ ℋ on which �̇� generates a self-adjoint operator 𝐴1. Let us denote by

2We call a closed linear operator in a Hilbert space ℋ a prime operator if there is no non-trivial
reducing invariant subspace of ℋ on which it induces a self-adjoint operator.
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�̇�0 an operator induced by �̇� on ℋ0 = ℋ ⊖ ℋ1. As it was shown shown in the
proof of Theorem 12 of [14] the decomposition

ℋ+ = ℋ0
+ ⊕ ℋ1

+, ℋ0
+ = Dom(�̇�∗

0), ℋ1
+ = Dom(𝐴1), (6.9)

is (+)-orthogonal. Since �̇� is a non-negative operator, then

(Re𝔸𝑔, 𝑔) = (𝐴1𝑔, 𝑔) = (�̇�𝑔, 𝑔) ≥ 0, ∀𝑔 ∈ ℋ1
+ = Dom(𝐴1).

On the other hand operator �̇�0 is prime in ℋ0 and hence 𝑐.𝑙.𝑠.
𝑧 ∕=𝑧

𝔑0
𝑧 = ℋ0, where

𝔑0
𝑧 are the deficiency subspaces of the symmetric operator �̇�0 in ℋ0. Then the

equivalence of (6.7) and (6.6) again implies that (Re𝔸𝑔, 𝑔) ≥ 0 for any 𝑔 ∈ ℋ0
+.

Taking into account decomposition (6.9) we conclude that Re (𝔸𝑔, 𝑔) ≥ 0 holds for
all 𝑔 ∈ ℋ+ and hence 𝔸 is accretive. □

Now we define a class of realizable Stieltjes functions. At this point we need to
note that since Stieltjes functions form a subset of Herglotz-Nevanlinna functions,
then according to (1.7) and realization Theorems 8 and 9 of [14], we have that
the class of all realizable Stieltjes functions is a subclass of 𝑁(𝑅). To see the
specifications of this class we recall that aside of the integral representation (6.3),
any Stieltjes function admits a representation (1.1). According to (1.7) a Herglotz-
Nevanlinna operator-function can be realized if and only if in the representation
(1.1) 𝐿 = 0 and

𝑄ℎ =

∫ +∞

−∞

𝑡

1 + 𝑡2
𝑑𝐺(𝑡)ℎ, (6.10)

for all ℎ ∈ 𝐸 such that ∫ ∞

−∞
(𝑑𝐺(𝑡)ℎ, ℎ)𝐸 < ∞. (6.11)

holds. Considering this we obtain

𝑄 =
1

2
[𝑉 (−𝑖) + 𝑉 ∗(−𝑖)] = 𝛾 +

∫ +∞

0

𝑡

1 + 𝑡2
𝑑𝐺(𝑡). (6.12)

Combining (6.10) and (6.12) we conclude that 𝛾ℎ = 0 for all ℎ ∈ 𝐸 such that
(6.11) holds.

Definition 6.3. An operator-valued Stieltjes function 𝑉 (𝑧) in a finite-dimensional
Hilbert space 𝐸 belongs to the class 𝑆(𝑅) if in the representation (6.3)

𝛾ℎ = 0

for all ℎ ∈ 𝐸 such that ∫ ∞

0

(𝑑𝐺(𝑡)ℎ, ℎ)𝐸 < ∞. (6.13)
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We are going to focus though on the subclass 𝑆0(𝑅) of 𝑆(𝑅) whose definition
is the following.

Definition 6.4. An operator-valued Stieltjes function 𝑉 (𝑧) in a finite-dimensional
Hilbert space 𝐸 belongs to the class 𝑆0(𝑅) if in the representation (6.3) we have∫ ∞

0

(𝑑𝐺(𝑡)ℎ, ℎ)𝐸 = ∞, (6.14)

for all non-zero ℎ ∈ 𝐸.

An L-system Θ of the form (2.3) is called an accretive L-system if its operator
𝔸 is accretive. The following theorem is the direct realization theorem for the
functions of the class 𝑆0(𝑅).

Theorem 6.5. Let Θ be an accretive L-system of the form (2.3) with an invert-

ible channel operator 𝐾 and a densely defined symmetric operator �̇�. Then its
impedance function 𝑉Θ(𝑧) of the form (2.7) belongs to the class 𝑆0(𝑅).

Proof. Since our L-system Θ is accretive, then by Theorem 6.2, 𝑉Θ(𝑧) is a Stieltjes
function. Now let us show that 𝑉Θ(𝑧) belongs to 𝑆0(𝑅). It follows from Theorem

7 of [14] that 𝐸1 = 𝐾−1𝔏, where 𝔏 = ℋ ⊖Dom(�̇�) and

𝐸1 =

{
ℎ ∈ 𝐸 :

∫ +∞

0

(𝑑𝐺(𝑡)ℎ, ℎ)𝐸 < ∞
}

.

But Dom(�̇�) = ℋ and consequently 𝔏 = {0}. Next, 𝐸1 = {0},∫ ∞

0

(𝑑𝐺(𝑡)ℎ, ℎ)𝐸 = ∞,

for all non-zero ℎ ∈ 𝐸, and therefore 𝑉Θ(𝑧) ∈ 𝑆0(𝑅). □
We can also state and prove the following inverse realization theorem for the

classes 𝑆0(𝑅).

Theorem 6.6. Let an operator-valued function 𝑉 (𝑧) belong to the class 𝑆0(𝑅). Then
𝑉 (𝑧) can be realized as an impedance function of a minimal accretive L-system Θ
of the form (2.3) with an invertible channel operator 𝐾, a densely defined non-

negative symmetric operator �̇�, Dom(𝑇 ) ∕= Dom(𝑇 ∗), and a preassigned direction
operator 𝐽 for which 𝐼 + 𝑖𝑉 (−𝑖)𝐽 is invertible.3

Proof. We have already noted that the class of Stieltjes function lies inside the
wider class of all Herglotz-Nevanlinna functions. Thus all we actually have to show
is that 𝑆0(𝑅) ⊂ 𝑁0(𝑅), where the subclass 𝑁0(𝑅) was defined in [16], and that the
realizing L-system in the proof of Theorem 11 of [16] appears to be an accretive
L-system. The former is rather obvious and follows directly from the definition of
the class 𝑆0(𝑅). To see that the realizing L-system is accretive we need to recall
that the model L-system Θ was constructed in the proof of Theorem 11 of [16] and

3It was shown in [14] that if 𝐽 = 𝐼 this invertibility condition is satisfied automatically.
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then it was shown that 𝑉Θ(𝑧) = 𝑉 (𝑧). But 𝑉 (𝑧) is a Stieltjes function and hence
so is 𝑉Θ(𝑧). Applying Theorem 6.2 yields the desired result. □

Let us define a subclass of the class 𝑆0(𝑅).

Definition 6.7. An operator-valued Stieltjes function 𝑉 (𝑧) of the class 𝑆0(𝑅) is
said to be a member of the class 𝑆𝐾0 (𝑅) if∫ ∞

0

(𝑑𝐺(𝑡)ℎ, ℎ)𝐸
𝑡

= ∞, (6.15)

for all non-zero ℎ ∈ 𝐸.

Below we state and prove direct and inverse realization theorem for this
subclass.

Theorem 6.8. Let Θ be an accretive L-system of the form (2.3) with an invertible

channel operator 𝐾 and a densely defined symmetric operator �̇�. If the Krĕın-von
Neumann extension 𝐴𝐾 is a quasi-kernel for Re𝔸, then the impedance function
𝑉Θ(𝑧) of the form (2.7) belongs to the class 𝑆𝐾0 (𝑅).

Conversely, if 𝑉 (𝑧) ∈ 𝑆𝐾0 (𝑅), then it can be realized as the impedance func-
tion of an accretive L-system Θ of the form (2.3) with Re𝔸 containing 𝐴𝐾 as
a quasi-kernel and a preassigned direction operator 𝐽 for which 𝐼 + 𝑖𝑉 (−𝑖)𝐽 is
invertible.

Proof. We begin with the proof of the second part. First we use realization The-
orem 2.4 and Theorem 6.6 to construct a minimal model L-system Θ whose
impedance function is 𝑉 (𝑧). Then we will show that (6.15) is equivalent to the
fact that self-adjoint operator 𝐴 introduced in the proof of Theorem 2.4 (see [14])
and constructed to be a quasi-kernel for Re𝔸, coincides with 𝐴𝐾 , that is the Krĕın-
von Neumann extension of the model symmetric operator �̇� of multiplication by
an independent variable (see [14]). Let 𝐿2

𝐺(𝐸) be a model space constructed in the
proof of Theorem (2.4) (see [14]). Let also 𝐸(𝑠) be the orthoprojection operator
in 𝐿2

𝐺(𝐸) defined by

𝐸(𝑠)𝑓(𝑡) =

{
𝑓(𝑡), 0 ≤ 𝑡 ≤ 𝑠

0, 𝑡 > 𝑠
(6.16)

where 𝑓(𝑡) ∈ 𝐶00(𝐸, [0,+∞)). Here be 𝐶00(𝐸, [0,+∞)) is the set of continuous
compactly supported functions 𝑓(𝑡), ([0 < 𝑡 < +∞)) with values in 𝐸. Then for
the operator 𝐴, that is the operator of multiplication by independent variable
defined in the proof of Theorem 2.4 (see [14]), we have

𝐴 =

∫ ∞

0

𝑠 𝑑𝐸(𝑠), (6.17)

and 𝐸(𝑠) is the resolution of identity of the operator 𝐴. By construction provided
in the proof of Theorem 2.4, the operator 𝐴 is the quasi-kernel of Re𝔸, where 𝔸



Accretive (∗)-extensions and Realization Problems 97

is an accretive (∗)-extension of the model system. Let us calculate (𝐸(𝑠)𝑓(𝑡), 𝑓(𝑡))
and (𝐴𝑓(𝑡), 𝑓(𝑡)) (here we use 𝐿2

𝐺(𝐸) scalar product).

(𝐸(𝑠)𝑓(𝑡), 𝑓(𝑡)) =

∞∫
0

(𝑑𝐺(𝑡)𝐸(𝑠)𝑓(𝑡), 𝑓(𝑡))𝐸 =

𝑠∫
0

(𝑑𝐺(𝑡)𝑓(𝑡), 𝑓(𝑡))𝐸 , (6.18)

(𝐴𝑓(𝑡), 𝑓(𝑡)) =

∞∫
0

𝑠 𝑑

⎧⎨⎩
𝑠∫

0

(𝑑𝐺(𝑡)𝑓(𝑡), 𝑓(𝑡))𝐸

⎫⎬⎭ =

∞∫
0

𝑠 𝑑(𝐺(𝑠)𝑥(𝑠), 𝑥(𝑠))𝐸 . (6.19)

The equality 𝐴 = 𝐴𝐾 holds (see Proposition 3.2) if for all 𝜑 ∈ 𝔑−𝑎, 𝜑 ∕= 0∫ ∞

0

(𝑑𝐸(𝑡)𝜑, 𝜑)

𝑡
= ∞, (6.20)

where 𝔑−𝑎 is the deficiency subspace of the operator �̇� corresponding to the point
(−𝑎), (𝑎 > 0). But according to Theorem 2.4 we have

𝔑𝑧 =

{
ℎ

𝑡 − 𝑧
∈ 𝐿2

𝐺(𝐸) ∣ ℎ ∈ 𝐸

}
,

and hence

𝔑−𝑎 =
{

ℎ

𝑡+ 𝑎
∈ 𝐿2

𝐺(𝐸) ∣ ℎ ∈ 𝐸

}
. (6.21)

Taking into account (6.15) we have for all ℎ ∈ 𝐸
∞∫
0

(𝑑𝐸(𝑠)𝜑, 𝜑)𝐿2𝐺(𝐸)

𝑠
=

∞∫
0

(𝑑𝐸(𝑠) ℎ𝑡+𝑎 ,
ℎ
𝑡+𝑎 )𝐿2𝐺(𝐸)

𝑠
=

∞∫
0

(𝑑𝐺(𝑠)ℎ, ℎ)𝐸
𝑠(𝑠+ 𝑎)2

.

Hence the operator 𝐴 = 𝐴𝐾 iff
∞∫
0

(𝑑𝐺(𝑡)ℎ, ℎ)𝐸
𝑡(𝑡+ 𝑎)2

= ∞, ∀ℎ ∈ 𝐸, ℎ ∕= 0. (6.22)

Let us transform (6.15)∫ ∞

0

(𝑑𝐺(𝑡)ℎ, ℎ)𝐸
𝑡

=

∫ ∞

0

(𝑡+ 𝑎)2

𝑡

(
𝑑𝐺(𝑡)

ℎ

𝑡 + 𝑎
,

ℎ

𝑡+ 𝑎

)
𝐸

=

∫ ∞

0

𝑡

(
𝑑𝐺(𝑡)

ℎ

𝑡 + 𝑎
,

ℎ

𝑡+ 𝑎

)
𝐸

+ 2𝑎

∫ ∞

0

(
𝑑𝐺(𝑡)

ℎ

𝑡+ 𝑎
,

ℎ

𝑡+ 𝑎

)
𝐸

+ 𝑎2
∫ ∞

0

(𝑑𝐺(𝑡)ℎ, ℎ)𝐸
𝑡(𝑡+ 𝑎)2

.

(6.23)

Since Re𝔸 is a non-negative self-adjoint bi-extension of �̇� in the model system,
then we can apply Theorem 4.8 to get (4.9). Then first two integrals in (6.23)
converge for a fixed 𝑎 because of (4.9) and equality∫ ∞

0

(
𝑑𝐺(𝑡)

ℎ

𝑡+ 𝑎
,

ℎ

𝑡+ 𝑎

)
𝐸

=

∫ ∞

0

𝑑 (𝐸(𝑡)𝜑, 𝜑) , 𝜑 ∈ 𝔑−𝑎.
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Therefore the divergence of integral in (6.15) completely depends on divergence of
the last integral in (6.23).

Now we can prove the first part of the theorem. Let Θ be our L-system with
𝐴𝐾 that is a quasi-kernel for Re𝔸, and the impedance function 𝑉Θ(𝑧). Without
loss of generality we can consider Θ as a minimal system, otherwise we would take
the principal part of Θ that is minimal and has the same impedance function (see
[14]). Furthermore, 𝑉Θ(𝑧) can be realized as an impedance function of the model
L-system Θ1 constructed in the proof of Theorem 2.4. Some of the elements of Θ1

were already described above during the proof of the second part of the theorem. If
the L-system Θ1 is not minimal, we consider its principal part Θ1,0 that is described
in Theorem 12 of [14] and has the same impedance function as Θ1. Since both Θ
and Θ1,0 share the same impedance function 𝑉Θ(𝑧) they also have the same transfer
function 𝑊Θ(𝑧) and thus we can apply the theorem on bi-unitary equivalence of
[11]. According to this theorem the quasi-kernel operator 𝐴0 of Θ1,0 is unitary
equivalent to the quasi-kernel 𝐴𝐾 in Θ. Consequently, property (6.20) of 𝐴𝐾 gets
transferred by the unitary equivalence mapping to the corresponding property of
𝐴0 making it, by Proposition 3.2, the Krĕın-von Neumann self-adjoint extension
of the corresponding symmetric operator �̇�0 of Θ1,0. But this implies that the
quasi-kernel operator 𝐴 of Θ1 (defined by (6.17)) is also the Krĕın-von Neumann
self-adjoint extension and hence has property (6.20) that causes (6.22). Using
(6.22) in conjunction with (6.23) we obtain (6.15). That proves the theorem. □

7. Realization of inverse Stieltjes functions

Definition 7.1. We will call an operator-valued Herglotz-Nevanlinna function 𝑉 (𝑧)
in a finite-dimensional Hilbert space 𝐸 by an inverse Stieltjes if 𝑉 (𝑧) it is holo-
morphic in Ext[0,+∞) and

Im[𝑉 (𝑧)/𝑧]

Im 𝑧
≥ 0. (7.1)

Combining (7.1) with (1.1) we obtain (see [18])
𝑛∑

𝑘,𝑙=1

(
𝑉 (𝑧𝑘)/𝑧𝑘 − 𝑉 (𝑧𝑙)/𝑧𝑙

𝑧𝑘 − 𝑧𝑙
ℎ𝑘, ℎ𝑙

)
𝐸

≥ 0,

for an arbitrary sequence {𝑧𝑘} (𝑘 = 1, . . . , 𝑛) of (Im 𝑧𝑘 > 0) complex numbers
and a sequence of vectors {ℎ𝑘} in 𝐸. It can be shown (see [23]) that every inverse
Stieltjes function 𝑉 (𝑧) in a finite-dimensional Hilbert space 𝐸 admits the following
integral representation

𝑉 (𝑧) = 𝛼+ 𝑧𝛽 +

∫ ∞

0

(
1

𝑡 − 𝑧
− 1

𝑡

)
𝑑𝐺(𝑡), (7.2)

where 𝛼 ≤ 0, 𝛽 ≥ 0, and 𝐺(𝑡) is a non-decreasing on [0,+∞) operator-valued
function such that ∫ ∞

0

(𝑑𝐺(𝑡)ℎ, ℎ)

𝑡+ 𝑡2
< ∞, ∀ℎ ∈ 𝐸.
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The following definition provides the description of all realizable inverse Stieltjes
operator-valued functions.

Definition 7.2. An operator-valued inverse Stieltjes function 𝑉 (𝑧) in a finite-
dimensional Hilbert space 𝐸 is a member of the class 𝑆−1(𝑅) if in the repre-
sentation (7.2) we have

i) 𝛽 = 0,

ii) 𝛼ℎ = 0,

for all ℎ ∈ 𝐸 with ∫ ∞

0

(𝑑𝐺(𝑡)ℎ, ℎ)𝐸 < ∞.

In what follows we will, however, be mostly interested in the following sub-
class of 𝑆−1(𝑅).

Definition 7.3. An inverse Stieltjes function 𝑉 (𝑧) ∈ 𝑆−1(𝑅) is a member of the
class 𝑆−1

0 (𝑅) if ∫ ∞

0

(𝑑𝐺(𝑡)ℎ, ℎ)𝐸 = ∞,

for all ℎ ∈ 𝐸, ℎ ∕= 0.

We recall that an L-system Θ of the form (2.3) is called accumulative if its
state-space operator 𝔸 is accumulative, i.e., satisfies (2.5). It is easy to see that if

an L-system is accumulative, then (2.5) implies that the operator �̇� of the system
is non-negative and both operators 𝑇 and 𝑇 ∗ are accretive.

The following statement is the direct realization theorem for the functions of
the class 𝑆−1

0 (𝑅).

Theorem 7.4. Let Θ be an accumulative L-system of the form (2.3) with an invert-

ible channel operator 𝐾 and Dom(�̇�) = ℋ. Then its impedance function 𝑉Θ(𝑧) of
the form (2.7) belongs to the class 𝑆−1

0 (𝑅).

Proof. First we will show that 𝑉Θ(𝑧) is an inverse Stieltjes function. Let {𝑧𝑘} (𝑘 =
1, . . . , 𝑛) is a sequence of non-real (𝑧𝑘 ∕= 𝑧𝑘) complex numbers and 𝜑𝑘 (𝑧𝑘 ∕= 𝑧𝑘)

is a sequence of elements of 𝔑𝑧𝑘 , the defect subspace of the operator �̇�. Then for
every 𝑘 there exists ℎ𝑘 ∈ 𝐸 such that

𝜑𝑘 = 𝑧𝑘(Re𝔸 − 𝑧𝑘𝐼)
−1𝐾ℎ𝑘, (𝑘 = 1, . . . , 𝑛). (7.3)

Taking into account that �̇�∗𝜑𝑘 = 𝑧𝑘𝜑𝑘, formula (7.3), and letting 𝜑 =
∑𝑛
𝑘=1 𝜑𝑘

we get

(�̇�∗𝜑, 𝜑) + (𝜑, �̇�∗𝜑)− (Re𝔸𝜑, 𝜑)

=

𝑛∑
𝑘,𝑙=1

[
(�̇�∗𝜑𝑘, 𝜑𝑙) + (𝜑𝑘, �̇�

∗𝜑𝑙)− (Re𝔸𝜑𝑘, 𝜑𝑙)
]

=
𝑛∑

𝑘,𝑙=1

([−Re𝔸+ 𝑧𝑘 + 𝑧𝑙]𝜑𝑘, 𝜑𝑙)
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=

𝑛∑
𝑘,𝑙=1

(
(Re𝔸− 𝑧𝑙𝐼)

−1(𝑧𝑙(Re𝔸− 𝑧𝑙𝐼)− 𝑧𝑘(Re𝔸 − 𝑧𝑘𝐼))(Re𝔸− 𝑧𝑘𝐼)
−1

𝑧𝑘𝑧𝑙(𝑧𝑘 − 𝑧𝑙)

× 𝐾ℎ𝑘,𝐾ℎ𝑙

)
=

𝑛∑
𝑘,𝑙=1

(
𝑧𝑙𝐾

∗(Re𝔸− 𝑧𝑘𝐼)
−1𝐾 − 𝑧𝑘𝐾

∗(Re𝔸 − 𝑧𝑙𝐼)
−1𝐾

𝑧𝑘𝑧𝑙(𝑧𝑘 − 𝑧𝑙)
ℎ𝑘, ℎ𝑙

)

=

𝑛∑
𝑘,𝑙=1

(
𝑧𝑙𝑉Θ(𝑧𝑘)− 𝑧𝑘𝑉Θ(𝑧𝑙)

𝑧𝑘𝑧𝑙(𝑧𝑘 − 𝑧𝑙)
ℎ𝑘, ℎ𝑙

)
≥ 0.

The last line can be re-written as follows
𝑛∑

𝑘,𝑙=1

(
𝑉Θ(𝑧𝑘)/𝑧𝑘 − 𝑉Θ(𝑧𝑙)/𝑧𝑙

𝑧𝑘 − 𝑧𝑙
ℎ𝑘, ℎ𝑙

)
≥ 0. (7.4)

Letting in (7.4) 𝑛 = 1, 𝑧1 = 𝑧, and ℎ1 = ℎ we get(
𝑉Θ(𝑧)/𝑧 − 𝑉Θ(𝑧)/𝑧

𝑧 − 𝑧
ℎ, ℎ

)
≥ 0, (7.5)

which means
Im (𝑉Θ(𝑧)/𝑧)

Im 𝑧
≥ 0,

and therefore 𝑉Θ(𝑧)/𝑧 is a Herglotz-Nevanlinna function. In Theorem 8 of [14]
we have shown that 𝑉Θ(𝑧) ∈ 𝑁(𝑅). Applying (7.1) we conclude that 𝑉Θ(𝑧) is an
inverse Stieltjes function.

Now we will show that 𝑉Θ(𝑧) belongs to 𝑆−1(𝑅). As any inverse Stieltjes
function 𝑉Θ(𝑧) has its integral representation (7.2) where 𝛼 ≤ 0, 𝛽 ≥ 0, and∫ ∞

0

(𝑑𝐺(𝑡)ℎ, ℎ)

𝑡+ 𝑡2
< ∞, ∀ℎ ∈ 𝐸.

In a neighborhood of zero the expression (𝑡+ 𝑡2) is equivalent to the (𝑡+ 𝑡3) and
in a neighborhood of the point at infinity

1

𝑡+ 𝑡3
<

1

𝑡+ 𝑡2
.

Hence, ∫ ∞

0

(𝑑𝐺(𝑡)ℎ, ℎ)

𝑡+ 𝑡3
< ∞, ∀ℎ ∈ 𝐸.

Furthermore,

𝑉Θ(𝑧) = 𝛼+ 𝑧𝛽 +

∫ ∞

0

(
1

𝑡 − 𝑧
− 𝑡

1 + 𝑡2
+

𝑡

1 + 𝑡2
− 1

𝑡

)
𝑑𝐺(𝑡)

=

(
𝛼 −
∫ ∞

0

𝑑𝐺(𝑡)

𝑡+ 𝑡3

)
+ 𝑧𝛽 +

∫ ∞

0

(
1

𝑡 − 𝑧
− 𝑡

1 + 𝑡2

)
𝑑𝐺(𝑡).
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On the other hand, as it was shown in [14], a Herglotz-Nevanlinna function can
be realized if and only if it belongs to the class 𝑁(𝑅) and hence in representation
(1.1) condition (1.7) holds. Considering this and the uniqueness of the function
𝐺(𝑡) we obtain (

𝛼 −
∫ ∞

0

𝑑𝐺(𝑡)

𝑡+ 𝑡3

)
𝑓 =

∫ +∞

0

𝑡

1 + 𝑡2
𝑑𝐺(𝑡)𝑓, (7.6)

for all 𝑓 ∈ 𝐸 such that
∫ +∞
−∞ (𝑑𝐺(𝑡)𝑓, 𝑓)𝐸 < ∞. Solving (7.6) for 𝛼 we get

𝛼𝑓 =

∫ ∞

0

1

𝑡
𝑑𝐺(𝑡)𝑓, (7.7)

for the same selection of 𝑓 . The left-hand side of (7.7) is non-positive but the
right-hand side is non-negative. This means that 𝛼 = 0 and 𝑉Θ(𝑧) ∈ 𝑆−1(𝑅). The
proof of the fact that 𝑉Θ(𝑧) ∈ 𝑆−1

0 (𝑅) is similar to the proof of Theorem 6.5. □

The inverse realization theorem can be stated and proved for the class 𝑆−1
0 (𝑅)

as follows.

Theorem 7.5. Let an operator-valued function 𝑉 (𝑧) belong to the class 𝑆−1
0 (𝑅).

Then 𝑉 (𝑧) can be realized as an impedance function of an accumulative minimal
L-system Θ of the form (2.3) with an invertible channel operator 𝐾, a non-negative

densely defined symmetric operator �̇� and 𝐽 = 𝐼.

Proof. The class 𝑆−1
0 (𝑅) is a subclass of 𝑁0(𝑅) and hence it is realizable by a

minimal L-system Θ with a densely defined symmetric operator �̇� and 𝐽 = 𝐼.
Thus all we have to show is that the L-system Θ we have constructed in the proof
of Theorem 11 of [16] is an accumulative L-system, i.e., satisfying the condition
(2.5).

Since the L-system Θ is minimal then the operator �̇� is prime. Applying (6.8)
yields

𝑐.𝑙.𝑠.
𝑧 ∕=𝑧

𝔑𝑧 = ℋ, 𝑧 ∕= 𝑧. (7.8)

In the proof of Theorem 7.4 we have shown that

(Re𝔸𝜑, 𝜑) ≤ (�̇�∗𝜑, 𝜑) + (𝜑, �̇�∗𝜑), 𝜑 =

𝑛∑
𝑘=1

𝜑𝑘, 𝜑𝑘 ∈ 𝔑𝑧𝑘 , (7.9)

is equivalent to (7.4), where 𝑧𝑘 are defined by (7.3). Combining (7.8) and (7.9) we
get property (2.5) and conclude that Θ is an accumulative L-system. □

It is not hard to see that members of the classes 𝑆0(𝑅) and 𝑆−1
0 (𝑅) are

the Krĕın-Langer 𝑄-functions [27] corresponding to a self-adjoint extensions of a
densely defined symmetric operator.

Now we define a subclass of the class 𝑆−1
0 (𝑅).
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Definition 7.6. An operator-valued Stieltjes function 𝑉 (𝑧) of the class
𝑆−1
0 (𝑅) is said to be a member of the class 𝑆−1

0,𝐹 (𝑅) if∫ ∞

0

𝑡

𝑡2 + 1
(𝑑𝐺(𝑡)ℎ, ℎ)𝐸 = ∞, (7.10)

for all non-zero ℎ ∈ 𝐸.

Theorem 7.7. Let Θ be an accumulative L-system of the form (2.3) with an invert-

ible channel operator 𝐾 and a symmetric densely defined operator �̇�. If Friedrichs
extension 𝐴𝐹 is a quasi-kernel for Re𝔸, then the impedance 𝑉Θ(𝑧) of the form
(2.7) belongs to the class 𝑆−1

0,𝐹 (𝑅).

Conversely, if 𝑉 (𝑧) ∈ 𝑆−1
0,𝐹 (𝑅), then it can be realized as an impedance of an

accumulative L-system Θ of the form (2.3) with Re𝔸 containing 𝐴𝐹 as a quasi-
kernel and a preassigned direction operator 𝐽 for which 𝐼 + 𝑖𝑉 (−𝑖)𝐽 is invertible.

Proof. Following the framework of the proof of Theorem 6.8, we begin with the
proof of the second part. First we use the realization Theorem 2.4 and Theorem
7.5 to construct a minimal model L-system Θ whose impedance function is 𝑉 (𝑧).
Then we will show that (6.15) is equivalent to the fact that self-adjoint operator
𝐴 introduced in the proof of Theorem (2.4) (see [14]) and constructed to be a
quasi-kernel for Re𝔸, coincides with 𝐴𝐹 , that is the Friedrichs extension of the
symmetric operator �̇� of multiplication by an independent variable (see [14]). Let
𝐿2
𝐺(𝐸) be a model space constructed in the proof or of Theorem (2.4). Let also

𝐸(𝑠) be the orthoprojection operator in 𝐿2
𝐺(𝐸) defined by (6.16). Then for the

operator 𝐴 defined in the proof of Theorem 2.4 (see [14]) we have

𝐴 =

∫ ∞

0

𝑡 𝑑𝐸(𝑡),

and 𝐸(𝑡) is the spectral function of operator 𝐴. As we have shown in the proof
of Theorem 6.8 the relations (6.18) and (6.19) take place. The equality 𝐴 = 𝐴𝐹
holds (see Proposition 3.2) if for all 𝜑 ∈ 𝔑−𝑎∫ ∞

0

𝑡 (𝑑𝐸(𝑡)𝜑, 𝜑)𝐸 = ∞, (7.11)

where 𝔑−𝑎 is the deficiency subspace of the operator �̇� corresponding to the point
(−𝑎), (𝑎 > 0). But according to Theorem 2.4 we have 𝔑−𝑎 described by (6.21).
Taking into account (7.10) we have for all ℎ ∈ 𝐸

∞∫
0

𝑠(𝑑𝐸(𝑠)𝜑, 𝜑)𝐿2𝐺(𝐸) =

∞∫
0

𝑠𝑑

(
𝐸(𝑠)

ℎ

𝑡+ 𝑎
,

ℎ

𝑡+ 𝑎

)
𝐿2𝐺(𝐸)

=

∞∫
0

𝑠 (𝑑𝐺(𝑠)ℎ, ℎ)𝐸
(𝑠+ 𝑎)2

.

Hence the operator 𝐴 = 𝐴𝐹 iff
∞∫
0

𝑡 (𝑑𝐺(𝑡)ℎ, ℎ)𝐸
(𝑡+ 𝑎)2

= ∞, ∀ℎ ∈ 𝐸, ℎ ∕= 0. (7.12)
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Let us transform (7.10)∫ ∞

0

𝑡

𝑡2 + 1
(𝑑𝐺(𝑡)ℎ, ℎ)𝐸 =

∫ ∞

0

𝑡(𝑡+ 𝑎)2

𝑡2 + 1

(
𝑑𝐺(𝑡)

ℎ

𝑡+ 𝑎
,

ℎ

𝑡+ 𝑎

)
𝐸

=

∫ ∞

0

𝑡

(𝑡+ 𝑎)2
⋅ 𝑡2

𝑡2 + 1

(
𝑑𝐺(𝑡)

ℎ

𝑡+ 𝑎
,

ℎ

𝑡+ 𝑎

)
𝐸

+ 2𝑎

∫ ∞

0

𝑡2

(𝑡+ 𝑎)2(𝑡2 + 1)

(
𝑑𝐺(𝑡)

ℎ

𝑡 + 𝑎
,

ℎ

𝑡+ 𝑎

)
𝐸

+ 𝑎2
∫ ∞

0

1

𝑡2 + 1
⋅ 𝑡 (𝑑𝐺(𝑡)ℎ, ℎ)𝐸

(𝑡+ 𝑎)2
.

(7.13)

Consider the following obvious inequality

𝑡2

(𝑡+ 𝑎)2(𝑡2 + 1)
− 1

𝑡2 + 1
=

𝑡2 − (𝑡+ 𝑎)2

(𝑡+ 𝑎)2(𝑡2 + 1)
=

(2𝑡+ 𝑎)(−𝑎)

(𝑡+ 𝑎)2(𝑡2 + 1)
< 0.

Taking into account this inequality and the fact that the integral∫ ∞

0

(𝑑𝐺(𝑡)ℎ, ℎ)𝐸
𝑡2 + 1

,

converges for all ℎ ∈ 𝐸, we conclude that the second integral in (7.13) is convergent.
Let us denote this integral as𝑄. Then using (7.13) and obvious estimates we obtain∫ ∞

0

𝑡

𝑡2 + 1
(𝑑𝐺(𝑡)ℎ, ℎ)𝐸 ≤

∫ ∞

0

𝑡

(𝑡+ 𝑎)2

(
𝑑𝐺(𝑡)

ℎ

𝑡+ 𝑎
,

ℎ

𝑡+ 𝑎

)
𝐸

+ 2𝑎𝑄+ 𝑎2
∫ ∞

0

𝑡 (𝑑𝐺(𝑡)ℎ, ℎ)𝐸
(𝑡+ 𝑎)2

,

or∫ ∞

0

𝑡

𝑡2 + 1
(𝑑𝐺(𝑡)ℎ, ℎ)𝐸 ≤ (𝑎2 + 1)

∫ ∞

0

𝑡

(𝑡+ 𝑎)2

(
𝑑𝐺(𝑡)

ℎ

𝑡+ 𝑎
,

ℎ

𝑡+ 𝑎

)
𝐸

+ 2𝑎𝑄.

Since 𝑉 (𝑧) ∈ 𝑆−1
0 (𝑅), then (7.7) holds and the integral on the left diverges causing

the integral on the right side diverge as well. Thus 𝐴 = 𝐴𝐹 .
Now we can prove the first part of the theorem. Let Θ be our L-system with

𝐴𝐹 that is a quasi-kernel for Re𝔸, and the impedance function 𝑉Θ(𝑧). Then 𝑉Θ(𝑧)
can be realized as an impedance function of the model L-system Θ1 constructed
in the proof of Theorem 2.4. Repeating the argument of the second part of the
proof of Theorem 6.8 with 𝐴𝐾 replaced by 𝐴𝐹 we conclude that the quasi-kernel
operator 𝐴 of Θ1 is the Friedrichs self-adjoint extension and hence has property
(7.11) that in turn causes (7.12) for any 𝑎 > 0. Let 𝑎 = 1, then by (7.12)

∞ =

∞∫
0

𝑡 (𝑑𝐺(𝑡)ℎ, ℎ)𝐸
(𝑡+ 1)2

≤
∞∫
0

𝑡 (𝑑𝐺(𝑡)ℎ, ℎ)𝐸
𝑡2 + 1

, ∀ℎ ∈ 𝐸, ℎ ∕= 0,

and hence the integral on the right diverges and (7.10) holds. This completes the
proof. □
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8. Examples

Let ℋ = 𝐿2[𝑎,+∞) and 𝑙(𝑦) = −𝑦′′ + 𝑞(𝑥)𝑦 where 𝑞 is a real locally summable
function. Suppose that the symmetric operator{

𝐴𝑦 = −𝑦′′ + 𝑞(𝑥)𝑦
𝑦(𝑎) = 𝑦′(𝑎) = 0

(8.1)

has deficiency indices (1,1). Let 𝐷∗ be the set of functions locally absolutely con-
tinuous together with their first derivatives such that 𝑙(𝑦) ∈ 𝐿2[𝑎,+∞). Consider
ℋ+ = 𝐷(𝐴∗) = 𝐷∗ with the scalar product

(𝑦, 𝑧)+ =

∫ ∞

𝑎

(
𝑦(𝑥)𝑧(𝑥) + 𝑙(𝑦)𝑙(𝑧)

)
𝑑𝑥, 𝑦, 𝑧 ∈ 𝐷∗.

Let ℋ+ ⊂ 𝐿2[𝑎,+∞) ⊂ ℋ− be the corresponding triplet of Hilbert spaces. Con-
sider operators{

𝑇ℎ𝑦 = 𝑙(𝑦) = −𝑦′′ + 𝑞(𝑥)𝑦
ℎ𝑦(𝑎) = 𝑦′(𝑎) ,

{
𝑇 ∗
ℎ𝑦 = 𝑙(𝑦) = −𝑦′′ + 𝑞(𝑥)𝑦

ℎ𝑦(𝑎) = 𝑦′(𝑎)
, (8.2)

{
𝐴𝑦 = 𝑙(𝑦) = −𝑦′′ + 𝑞(𝑥)𝑦
𝜇𝑦(𝑎) = 𝑦′(𝑎)

, Im𝜇 = 0.

It is well known [1] that 𝐴 = 𝐴∗. The following theorem was proved in [11].

Theorem 8.1. The set of all (∗)-extensions of a non-self-adjoint Schrödinger op-
erator 𝑇ℎ of the form (8.2) in 𝐿2[𝑎,+∞) can be represented in the form

𝔸𝑦 = −𝑦′′ + 𝑞(𝑥)𝑦 − 1

𝜇 − ℎ
[𝑦′(𝑎)− ℎ𝑦(𝑎)] [𝜇𝛿(𝑥 − 𝑎) + 𝛿′(𝑥 − 𝑎)],

𝔸∗𝑦 = −𝑦′′ + 𝑞(𝑥)𝑦 − 1

𝜇 − ℎ
[𝑦′(𝑎)− ℎ𝑦(𝑎)] [𝜇𝛿(𝑥 − 𝑎) + 𝛿′(𝑥 − 𝑎)].

(8.3)

In addition, the formulas (8.3) establish a one-to-one correspondence between the
set of all (∗)-extensions of a Schrödinger operator 𝑇ℎ of the form (8.2) and all real
numbers 𝜇 ∈ [−∞,+∞].

Suppose that the symmetric operator 𝐴 of the form (8.1) with deficiency
indices (1,1) is nonnegative, i.e., (𝐴𝑓, 𝑓) ≥ 0 for all 𝑓 ∈ 𝐷(𝐴)). It was shown in
[34] that the Schrödinger operator 𝑇ℎ of the form (8.2) is accretive if and only if

Reℎ ≥ −𝑚∞(−0), (8.4)

where 𝑚∞(𝜆) is the Weyl-Titchmarsh function [1]. For real ℎ such that ℎ ≥
−𝑚∞(−0) we get a description of all nonnegative self-adjoint extensions of an
operator 𝐴. For ℎ = −𝑚∞(−0) the corresponding operator{

𝐴𝐾 𝑦 = −𝑦′′ + 𝑞(𝑥)𝑦
𝑦′(𝑎) +𝑚∞(−0)𝑦(𝑎) = 0

(8.5)
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is the Krĕın-von Neumann extension of 𝐴 and for ℎ = +∞ the corresponding
operator {

𝐴𝐹 𝑦 = −𝑦′′ + 𝑞(𝑥)𝑦
𝑦(𝑎) = 0

(8.6)

is the Friedrichs extension of 𝐴 (see [34], [11]).
We conclude this paper with two simple illustrations for Theorems 6.8 and 7.7.

Example. Consider a function

𝑉 (𝑧) =
𝑖√
𝑧
. (8.7)

A direct check confirms that 𝑉 (𝑧) in (8.7) is a Stieltjes function. It was shown in
[29] that the inversion formula

𝐺(𝑡) = 𝐶 + lim
𝑦→0

1

𝜋

∫ 𝑡
0

Im

(
𝑖√

𝑥+ 𝑖𝑦

)
𝑑𝑥 (8.8)

describes the measure 𝐺(𝑡) in the representation (6.3). By direct calculations one
can confirm that

𝑉 (𝑧) =

∫ ∞

0

𝑑𝐺(𝑡)

𝑡 − 𝑧
=

𝑖√
𝑧
, and that

∫ ∞

0

𝑑𝐺(𝑡)

𝑡
=

∫ ∞

0

𝑑𝑡

𝜋𝑡3/2
= ∞.

Thus we can conclude that 𝑉 (𝑧) ∈ 𝑆𝐾0 (𝑅). It was shown in [17] that 𝑉 (𝑧) can be
realized as the impedance function of the L-system

Θ =

(
𝔸 𝐾 1

ℋ+ ⊂ 𝐿2[𝑎,+∞) ⊂ ℋ− ℂ

)
,

where

𝔸 𝑦 = −𝑦′′ + [𝑖𝑦(0)− 𝑦′(0)]𝛿(𝑥).
The operator 𝑇ℎ in this case is {

𝑇ℎ𝑦 = −𝑦′′

𝑦′(0) = 𝑖𝑦(0),
(8.9)

and channel operator 𝐾𝑐 = 𝑐𝑔, 𝑔 = 𝛿(𝑥), (𝑐 ∈ ℂ) with

𝐾∗𝑦 = (𝑦, 𝑔) = 𝑦(0).

The real part of 𝔸
Re𝔸 𝑦 = −𝑦′′ − 𝑦′(0)𝛿(𝑥)

contains the self-adjoint quasi-kernel{
𝐴𝑦 = −𝑦′′

𝑦′(0) = 0.

Clearly, 𝐴 = 𝐴𝐾 , where 𝐴𝐾 is given by (8.5).

Example. Consider a function

𝑉 (𝑧) = 𝑖
√
𝑧. (8.10)
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A direct check confirms that 𝑉 (𝑧) in (8.10) is an inverse Stieltjes function. Applying
the inversion formula similar to (8.8) we obtain

𝐺(𝑡) = 𝐶 + lim
𝑦→0

1

𝜋

∫ 𝑡
0

Im
(
𝑖
√

𝑥+ 𝑖𝑦
)

𝑑𝑥,

where 𝐺(𝑡) is the function in the representation (7.2). By direct calculations one
can confirm that

𝑉 (𝑧) =

∫ ∞

0

(
1

𝑡 − 𝑧
− 1

𝑡

)
𝑑𝐺(𝑡) = 𝑖

√
𝑧,

and that ∫ ∞

0

𝑡

𝑡2 + 1
𝑑𝐺(𝑡) =

∫ ∞

0

𝑑𝐺(𝑡)

𝑡
=

∫ ∞

0

𝑑𝑡

𝜋
√
𝑡
= ∞.

Thus we can conclude that 𝑉 (𝑧) ∈ 𝑆−1
0,𝐹 (𝑅). It was shown in [18] that 𝑉 (𝑧) can be

realized as the impedance function of the L-system

Θ =

(
𝔸 𝐾 1

ℋ+ ⊂ 𝐿2[𝑎,+∞) ⊂ ℋ− ℂ

)
,

where
𝔸 𝑦 = −𝑦′′ − [𝑖𝑦′(0) + 𝑦′(0)]𝛿′(𝑥).

The operator 𝑇ℎ in this case is again given by (8.9) and channel operator 𝐾𝑐 = 𝑐𝑔,
𝑔 = 𝛿′(𝑥), (𝑐 ∈ ℂ) with

𝐾∗𝑦 = (𝑦, 𝑔) = −𝑦′(0).
The real part of 𝔸

Re𝔸 𝑦 = −𝑦′′ − 𝑦(0)𝛿′(𝑥)
contains the self-adjoint quasi-kernel{

𝐴𝑦 = −𝑦′′

𝑦(0) = 0.

Clearly, 𝐴 = 𝐴𝐹 , where 𝐴𝐹 is given by (8.6).

Acknowledgment. We would like to thank the referee for valuable remarks.
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[18] Belyi, S.V., Tsekanovskĭı, E.R.: Inverse Stieltjes like functions and inverse problems
for systems with Schrödinger operator. Operator Theory: Advances and Applica-
tions, vol. 197, 21–49 (2009)

[19] Douglas, R.G.: On majorization, factorization and range inclusion of operators in
Hilbert space. Proc. Amer. Math. Soc. 17, 413–416 (1966)
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Department of Mathematics
Niagara University
New York 14109, USA
e-mail: tsekanov@niagara.edu

mailto:tsekanov@niagara.edu
mailto:sbelyi@troy.edu
mailto:yma@snu.edu.ua


Operator Theory:

c⃝ 2012 Springer Basel

The Dynamical Problem for
a Non Self-adjoint Hamiltonian

Fabio Bagarello and Miloslav Znojil

Abstract. After a compact overview of the standard mathematical presen-
tations of the formalism of quantum mechanics using the language of C*-
algebras and/or the language of Hilbert spaces we turn attention to the pos-
sible use of the language of Krein spaces. In the context of the so-called
three-Hilbert-space scenario involving the so-called PT-symmetric or quasi-
Hermitian quantum models a few recent results are reviewed from this point
of view, with particular focus on the quantum dynamics in the Schrödinger
and Heisenberg representations.
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1. Introduction

In the analysis of the dynamics of a closed quantum system 𝒮 a special role is
played by the energy 𝐻 , which is typically the self-adjoint operator defined by
the sum of the kinetic energy of 𝒮 and of the potential energy giving rise to the
conservative forces acting on 𝒮. The most common approaches in the description
of 𝒮 are the following:

1. The algebraic description (AD): in this approach the observables of 𝒮 are ele-
ments of a C*-algebra 𝔄 (which coincides with 𝐵(ℋ) for some Hilbert space ℋ).
This means, first of all, that 𝔄 is a vector space over ℂ with a multiplication law
such that ∀𝐴,𝐵 ∈ 𝔄, 𝐴𝐵 ∈ 𝔄. Also, two such elements can be summed up and
the following properties hold: ∀𝐴,𝐵,𝐶 ∈ 𝔄 and ∀𝛼, 𝛽 ∈ ℂ we have

𝐴(𝐵𝐶) = (𝐴𝐵)𝐶, 𝐴(𝐵 + 𝐶) = 𝐴𝐵 +𝐴𝐶, (𝛼𝐴)(𝛽𝐵) = 𝛼𝛽(𝐴𝐵).

An involution is a map ∗ : 𝔄 → 𝔄 such that

𝐴∗∗ = 𝐴, (𝐴𝐵)∗ = 𝐵∗𝐴∗, (𝛼𝐴+ 𝛽𝐵)∗ = 𝛼𝐴∗ + 𝛽 𝐵∗

Advances and Applications, Vol. 221, 109-119
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A *-algebra 𝔄 is an algebra with an involution *. 𝔄 is a normed algebra if there
exists a map, the norm of the algebra, ∥.∥ : 𝔄 → ℝ+, such that:

∥𝐴∥ ≥ 0, ∥𝐴∥ = 0 ⇐⇒ 𝐴 = 0, ∥𝛼𝐴∥ = ∣𝛼∣ ∥𝐴∥,
∥𝐴+𝐵∥ ≤ ∥𝐴∥+ ∥𝐵∥, ∥𝐴𝐵∥ ≤ ∥𝐴∥ ∥𝐵∥.

If 𝔄 is complete wrt ∥.∥, then it is called a Banach algebra, or a Banach
*-algebra if ∥𝐴∗∥ = ∥𝐴∥. If further ∥𝐴∗𝐴∥ = ∥𝐴∥2 holds for all 𝐴 ∈ 𝔄, then 𝔄 is
a C*-algebra.

The states are linear, positive and normalized functionals on 𝔄, which look
like 𝜌(𝐴) = 𝑡𝑟(𝜌𝐴), where 𝔄 = 𝐵(ℋ), 𝜌 is a trace-class operator and 𝑡𝑟 is the trace
on ℋ. This means in particular that

𝜌(𝛼1𝐴+ 𝛼2𝐵) = 𝛼1𝜌(𝐴) + 𝛼2𝜌(𝐵)

and that, if 𝔄 has the identity 11,

𝜌(𝐴∗𝐴) ≥ 0; 𝜌(11) = 1.

An immediate consequence of these assumptions, and in particular of the positivity
of 𝜌, is that 𝜌 is also continuous, i.e., that ∣𝜌(𝐴)∣ ≤ ∥𝐴∥ for all 𝐴 ∈ 𝔄.

The dynamics in the Heisenberg representation for the closed quantum sys-
tem 𝒮 is given by the map

𝔄 ∋ 𝐴 → 𝛼𝑡(𝐴) = 𝑈𝑡𝐴𝑈 †
𝑡 ∈ 𝔄, ∀𝑡

which defines a 1-parameter group of *-automorphisms of 𝔄 satisfying the following
conditions

𝛼𝑡(𝜆𝐴) = 𝜆𝛼𝑡(𝐴), 𝛼𝑡(𝐴+𝐵) = 𝛼𝑡(𝐴) + 𝛼𝑡(𝐵),

𝛼𝑡(𝐴𝐵) = 𝛼𝑡(𝐴)𝛼𝑡(𝐵), ∥𝛼𝑡(𝐴)∥ = ∥𝐴∥, and 𝛼𝑡+𝑠 = 𝛼𝑡 𝛼𝑠.

In the Schrödinger representation the time evolution is the dual of the one
above, i.e., it is the map between states defined by 𝜌 → 𝜌𝑡 = 𝛼𝑡

∗
𝜌.

2. The Hilbert space description (HSD): this is much simpler, at a first sight. We
work in some fixed Hilbert space ℋ, somehow related to the system we are willing
to describe, and we proceed as follows:

– each observable 𝐴 of the physical system corresponds to a self-adjoint operator
𝐴 in ℋ;

– the pure states of the physical system corresponds to normalized vectors of ℋ;
– the expectation values of 𝐴 correspond to the following mean values: ⟨𝜓,𝐴𝜓⟩ =

𝜌𝜓(𝐴) = 𝑡𝑟(𝑃𝜓 𝐴), where we have also introduced a projector operator 𝑃𝜓 on
𝜓 and 𝑡𝑟 is the trace on ℋ;

– the states which are not pure, i.e., the mixed states, correspond to convex linear
combinations 𝜌 =

∑
𝑗 𝑤𝑗 𝜌𝜓𝑛 , with

∑
𝑗 𝑤𝑗 = 1 and 𝑤𝑗 ≥ 0 for all 𝑗;

– the dynamics (in the Schrödinger representation) is given by a unitary operator
𝑈𝑡 := 𝑒𝑖𝐻𝑡/ℏ, where 𝐻 is the self-adjoint energy operator, as follows: 𝜌 → 𝜌𝑡 =

𝑈 †
𝑡 𝜌𝑈𝑡. In the Heisenberg representation the states do not evolve in time while
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the operators do, following the dual rule: 𝐴 → 𝐴𝑡 = 𝑈𝑡𝐴𝑈 †
𝑡 , and the Heisenberg

equation of motion is satisfied: 𝑑
𝑑𝑡𝐴𝑡 =

𝑖
ℏ
[𝐻,𝐴𝑡]. It is very well known that

these two different representations have the same physical content: indeed we

have 𝜌(𝐴𝑡) = 𝜌𝑡(𝐴), which means that what we measure in experiments, that
is the time evolution of the mean values of the observables of 𝒮, do not depend
on the representation chosen.

The 𝐴𝐷 is especially useful when 𝒮 has an infinite number of degrees of
freedom, [4, 10, 30], while the 𝐻𝑆𝐷 is quite common for ordinary quantum me-
chanical systems, i.e., for those systems with a finite number of degrees of free-
dom. The reason why the algebraic approach to ordinary quantum mechanics is
not very much used in this simpler case follows from the following von Neumann
uniqueness theorem: for finite quantum mechanical systems there exists only one
irreducible representation. This result is false for systems with infinite degrees of
freedom (briefly, in 𝑄𝑀∞), for which 𝐴𝐷 proved to be useful, for instance in the
description of phase-transitions [32].

As we have already said, in the most common applications of quantum theory
the self-adjoint Hamiltonian is just the sum of a kinetic plus an interaction term,
and the Hilbert space in which the model is described is usually ℋ := ℒ2(ℝ𝐷), for
𝐷 = 1, 2 or 3. Of course any unitary map defined from ℋ to any (in general differ-

ent) other Hilbert space ℋ̃ does not change the physics which is contained in the
model, but only provides a different way to extract the results from the model it-
self. In particular, the mean values of the different observables do not depend from
the Hilbert space chosen, as far as the different representations are connected by
unitary maps. These observables are other self-adjoint operators whose eigenvalues
are interesting for us since they have some physical meaning. For a quantum par-
ticle moving in 𝐷-dimensional Euclidian space, for example, people usually work
with the position operator 𝔮, whose eigenvalues are used to label the wave function
𝜓(�⃗�, 𝑡) of the system, which is clearly an element of ℒ2(ℝ𝐷). It might be worth
reminding that we are talking here of representations from two different points
of view: the Heisenberg and the Schrödinger representations are two (physical)
equivalent ways to describe the dynamics of 𝒮, while in the 𝐴𝐷 a representation
is a map from 𝔄 to 𝐵(ℋ) for a chosen ℋ which preserve the algebraic structure
of 𝔄. Not all these kind of representations are unitarily equivalent, and for this
reason they can describe different physics (e.g., different phases of 𝒮), [4, 10, 30].

Recently, Bender and Boettcher [8] emphasized that many Hamiltonians 𝐻
which look unphysical inℋmay still be correct and physical, provided only that the
conservative textbook paradigm is replaced by a modification calledPT-symmetric
quantum mechanics (PTSQM, cf., e.g., reviews [9, 13, 15, 25, 35] for more details).
Within the PTSQM formalism the operators P and T (which characterize a sym-
metry of the quantum system in question) are usually pre-selected as parity and
time reversal, respectively.
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2. Quantization recipes using non-unitary Dyson mappings Ω

The main appeal of the PTSQM formalism lies in the permission of selecting, for
phenomenological purposes, various new and nonstandard Hamiltonians exhibit-
ing the manifest non-Hermiticity property 𝐻 ∕= 𝐻† in ℋ. It is clear that these
operators cannot generate unitary time evolution in ℋ via exponentiation, [2, 3],
but this does not exclude [29] the possibility of finding a unitary time evolution in
a different Hilbert space, not necessarily uniquely determined [36], which, follow-
ing the notation in [35], we indicate as ℋ(𝑃 ), 𝑃 standing for physical. Of course,
the descriptions of the dynamics in ℋ and ℋ(𝑃 ) cannot be connected by a uni-
tary operator, but still other possibilities are allowed and, indeed, these different
choices are those relevant for us here.

In one of the oldest applications of certain specific Hamiltonians with the
property �̂� ∕= �̂�† in ℋ in the so-called interacting boson models of nuclei [29] it
has been emphasized that besides the above-mentioned fact that each such Hamil-
tonian admits many non-equivalent physical interpretations realized via mutually
nonequivalent Hilbert spaces ℋ(𝑃 ), one can also start from a fixed self-adjoint
Hamiltonian 𝔥 defined in ℋ(𝑃 ) and move towards many alternative isospectral
images defined, in some (different) Hilbert space ℋ, by formula �̂� = Ω−1 𝔥Ω.
Here the so-called Dyson map Ω should be assumed nontrivial, i.e., non-unitary:
Ω†Ω = Θ ∕= 11.

In phenomenology and practice, the only reason for preference and choice
between �̂� and 𝔥 is the feasibility of calculations and the constructive nature of
experimental predictions. However, we also should be aware of the fact that Ω
is rather often an unbounded operator, so that many mathematical subtle points
usually arise when moving from 𝔥 to �̂� in the way suggested above because of,
among others, domain details. Examples of this kind of problems are discussed in
[5, 6, 7] in connection with the so-called pseudo-bosons.

2.1. The three-space scenario

For certain complicated quantized systems (say, of tens or hundreds of fermions
as occur, typically, in nuclear physics, or for many-body systems) the traditional
theory forces us to work with an almost prohibitively complicated Hilbert space
ℋ(𝑃 ) which is not “friendly” at all. Typically, this space acquires the form of a
multiple product

⊗
𝐿2(ℝ3) or, even worse, of an antisymmetrized Fock space. In

such a case, unfortunately, wave functions 𝜓(𝑃 )(𝑡) inℋ(𝑃 ) become hardly accessible
to explicit construction. The technical difficulties make Schrödinger’s equation
practically useless: no time evolution can be easily deduced.

A sophisticated way towards a constructive analysis of similar quantum sys-
tems has been described by Scholtz et al. [29]. They felt inspired by the encouraging
practical experience with the so-called Dyson’s mappings Ω(Dyson) between bosons
and fermions in nuclear physics. Still, their technique of an efficient simplification
of the theory is independent of any particular implementation details. One only has
to assume that the overcomplicated realistic Hilbert space ℋ(𝑃 ) is being mapped
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on a much simpler, friendly intermediate space ℋ(𝐹 ). The latter space remains
just auxiliary and unphysical but it renders the calculations (e.g., of spectra) fea-
sible. In particular, the complicated state vectors 𝜓(𝑃 )(𝑡) are made friendlier via
an invertible transition from ℋ(𝑃 ) to ℋ(𝐹 ),

𝜓(𝑃 )(𝑡) = Ω𝜓(𝑡) ∈ ℋ(𝑃 ) , 𝜓(𝑡) ∈ ℋ = ℋ(𝐹 ) . (2.1)

The introduction of the redundant superscript (𝐹 ) underlines the maximal friend-
liness of the space (note, e.g., that in the above-mentioned nuclear-physics context
of [29], the auxiliary Hilbert space ℋ(𝐹 ) was a bosonic space). It is clear that, since

Ω is not unitary, the inner product between two functions 𝜓
(𝑃 )
1 (𝑡) and 𝜓

(𝑃 )
2 (𝑡)

(treated as elements of ℋ(𝑃 )) differs from the one between 𝜓1(𝑡) and 𝜓2(𝑡),

⟨𝜓(𝑃 )
1 , 𝜓

(𝑃 )
2 ⟩𝑃 = ⟨𝜓1,Ω

†Ω𝜓2⟩𝐹 ∕= ⟨𝜓1, 𝜓2⟩𝐹 . (2.2)

Here we use the suffixes 𝑃 and 𝐹 to stress the fact that the Hilbert spaces ℋ(𝐹 )

and ℋ(𝑃 ) are different and, consequently, they have different inner products in
general. Under the assumption that ker{Ω} only contains the zero vector, and
assuming for the moment that Ω is bounded, Θ := Ω† Ω may be interpreted as
producing another, alternative inner product between elements 𝜓1(𝑡) and 𝜓2(𝑡)
of ℋ(𝐹 ). This is because Θ is strictly positive. This suggests to introduce a third
Hilbert space, ℋ(𝑆), which coincides with ℋ(𝐹 ) but for the inner product. The new
product, ⟨., .⟩(𝑆), is defined by formula

⟨𝜓1, 𝜓2⟩(𝑆) := ⟨𝜓1,Θ𝜓2⟩𝐹 (2.3)

and, because of (2.2), exhibits the following unitary-equivalence property

⟨𝜓1, 𝜓2⟩(𝑆) ≡ ⟨𝜓(𝑃 )
1 , 𝜓

(𝑃 )
2 ⟩𝑃 . (2.4)

More details on this point can be found in [35]. It is worth stressing that the
fact that Ω is bounded makes it possible to have Θ everywhere defined in ℋ(𝐹 ).
Under the more general (and, we should say, more common) situation when Ω is
not bounded, we should be careful about the possibility of introducing Θ, since
Ω†Ω could be not well defined [19, 20, 21]: indeed, for some 𝑓 in the domain of Ω,
𝑓 ∈ 𝐷(Ω), we could have that Ω𝑓 /∈ 𝐷(Ω†). If this is the case, the best we can
have is that the inner product ⟨., .⟩(𝑆) is defined on a dense subspace of ℋ(𝐹 ).

2.2. A redefinition of the conjugation

The adjoint 𝑋† of a given (bounded) operator 𝑋 acting on a certain Hilbert space
𝒦, with inner product (., .), is defined by the following equality:

(𝑋𝜑,Ψ) = (𝜑,𝑋†Ψ).

Here 𝜑 and Ψ are arbitrary vectors in 𝒦. It is clear that changing the inner product
also produces a different adjoint. Hence the adjoint in ℋ(𝑆) is different from that in
ℋ(𝐹 ), since their inner products are different. The technical simplifying assumption
that 𝑋 is bounded is ensured, for instance, if we consider finite-dimensional Hilbert
spaces. In this way we can avoid difficulties which could arise, e.g., due to the
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unboundedness of the metric operator Θ. The choice of dimℋ(𝑃,𝐹,𝑆) < ∞ gives
also the chance of getting analytical results which, otherwise, would be out of our
reach.

Once we have, in ℋ(𝑃 ), the physical, i.e., safely Hermitian and self-adjoint
𝔥 = Ω �̂� Ω−1 = 𝔥†, we may easily deduce that

�̂� = Θ−1�̂�†Θ := �̂�‡ (2.5)

where † stands for the conjugation in eitherℋ(𝑃 ) orℋ(𝐹 ) while ‡ may be treated as
meaning the conjugation in ℋ(𝑆) which is metric-mediated (sometimes also called

“non-Dirac conjugation” in physics literature). Any operator �̂� which satisfies
Eq. (2.5) is said to be quasi-Hermitian. The similarity of superscripts † and ‡

emphasizes the formal parallels between the three Hilbert spaces ℋ(𝑃,𝐹,𝑆).
Once we temporarily return to the point of view of physics we must emphasize

that the use of the nontrivial metric Θ is strongly motivated by the contrast be-
tween the simplicity of �̂� (acting in friendly ℋ(𝐹 ) as well as in the non-equivalent
but physical ℋ(𝑆)) and the practical intractability of its isospectral partner 𝔥 (de-
fined as acting in a constructively inaccessible Dyson-image spaceℋ(𝑃 )). Naturally,
once we make the selection of ℋ(𝑆) (in the role of the space in which the quantum
system in question is represented), all of the other operators of observables (say,

Λ̂) acting in ℋ(𝑆) must be also self-adjoint in the same space, i.e., they must be
quasi-Hermitian with respect to the same metric,

Λ̂ = Λ̂‡ := Θ−1Λ̂†Θ . (2.6)

In opposite direction, once we start from a given Hamiltonian �̂� and search for a
metric Θ which would make it quasi-Hermitian (i.e., compatible with the require-

ment (2.5)), we reveal that there exist many different eligible metrics Θ = Θ(�̂�).
In such a situation the simultaneous requirement of the quasi-Hermiticity of an-
other operator imposes new constraints of the form Θ(�̂�) = Θ(Λ̂) which restricts,
in principle, the ambiguity of the metric [29]. Thus, a finite series of the quasi-
Hermiticity constraints

Λ̂𝑗 = Λ̂‡
𝑗 , 𝑗 = 1, 2, . . . , 𝐽 (2.7)

often leads to a unique physical metric Θ and to the unique, optimal Hilbert-space
representation ℋ(𝑆). This is what naturally extends the usual requirement of the
ordinary textbook quantum mechanics which requires the set of the observables
to be self-adjoint in a pre-selected Hilbert-space representation or very concrete
realization ℋ(𝐹 ).

Let us now briefly describe some consequences of (2.5) to the dynamical
analysis of 𝒮. As we have already seen relation (2.3) defines the physical inner
product. We will now verify that this is the natural inner product to be used to
find the expected unitary evolution generated by the quasi-Hermitian operator �̂� .

The first consequence of property �̂� = Θ−1�̂�†Θ is that 𝑒𝑖�̂�
†𝑡 = Θ𝑒𝑖�̂�𝑡Θ−1.

The proof of this equality is trivial whenever the operators involved are bounded,
condition which we will assume here for simplicity (as stated above, we could
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simply imagine that our Hilbert spaces are finite-dimensional). Condition (2.5)
allows us to keep most of the standard approach to the dynamics of the quantum
system sketched in the Introduction, even in presence of a manifest non-Hermiticity
of �̂� in friendly ℋ(𝐹 ). Indeed, once we consider the Schrödinger evolution of a

vector Ψ(0), which we take to be Ψ(𝑡) = 𝑒−𝑖�̂�𝑡Ψ(0), we may immediately turn
attention to the time-dependence of the physical norm in ℋ(𝑆),

∥Ψ(𝑡)∥2 := ⟨Ψ(𝑡),Ψ(𝑡)⟩(𝑆) = ⟨𝑒−𝑖�̂�𝑡Ψ(0),Θ𝑒−𝑖�̂�𝑡Ψ(0)⟩𝐹
= ⟨Ψ(0), 𝑒𝑖�̂�†𝑡Θ𝑒−𝑖�̂�𝑡Ψ(0)⟩𝐹 = ⟨Ψ(0),ΘΨ(0)⟩𝐹 = ∥Ψ(0)∥2,

Thus, for all Ψ ∈ ℋ(𝑆) the natural use of the inner product ⟨., .⟩(𝑆) and of the
related norm gives a probability which is preserved in time. This observation has
also an interesting (even if expected) consequence: the dual evolution, i.e., the time
evolution of the observables in the Heisenberg representation, has the standard

form, 𝑋(𝑡) = 𝑒𝑖�̂�𝑡𝑋𝑒−𝑖�̂�𝑡, so that �̇�(𝑡) = 𝑖[�̂�,𝑋(𝑡)]. This is true independently

of the fact that �̂� is self-adjoint or not, as in the present case. Indeed if we ask
the mean value (in the product (𝑆)) of the observables to be independent of the
representation adopted, i.e., if we require that

⟨𝜑(𝑡), 𝑋Ψ(𝑡)⟩(𝑆) = ⟨𝑒−𝑖�̂�𝑡𝜑(0),Θ𝑋𝑒−𝑖�̂�𝑡Ψ(0)⟩ = ⟨𝜑(0), 𝑋(𝑡)Ψ(0)⟩(𝑆)

then we are forced to put𝑋(𝑡) = 𝑒𝑖�̂�𝑡𝑋𝑒−𝑖�̂�𝑡 (rather than the maybe more natural
𝑒𝑖�̂�𝑡𝑋𝑒−𝑖�̂�

†𝑡). This means that a consistent approach to the dynamical problem
can be settled up also when the energy operator of the system is not self-adjoint,
paying the price by replacing the Hilbert space in which the model was first defined,
and its inner product, with something slightly different. In this different Hilbert
space the time evolution does its job, preserving probabilities and satisfying the
usual differential equations, both in the Schrödinger and in the Heisenberg pictures.

2.3. PT-symmetric quantum mechanics

One of the most efficient suppressions of the ambiguity of the metric has been
proposed within the PTSQM formalism where the role of the additional observable
Λ̂ is being assigned to another involution C [9]. The presence as well as a “hidden”
mathematical meaning of the original involution P may be further clarified by
introducing, together with our three Hilbert spacesℋ(𝑃,𝐹,𝑆), also another auxiliary
spaceK with the structure of the Krein space endowed with an invertible indefinite
metric equal to the parity operator as mentioned above, P = P† [24]. One requires
that the given Hamiltonian provesP-self-adjoint inK, i.e., that it satisfies equation

�̂�†P = P �̂� . (2.8)

This is an intertwining relation between two non self-adjoint operators �̂� and �̂�†,
and 𝑃 is the intertwining operator (IO, [14, 33]). In the standard literature on IO,
see [22, 23, 28] for instance, the operators intertwined by the IO are self-adjoint,
so that their eigenvalues are real, coincident, and the associated eigenvectors are
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orthogonal (if the degeneracy of each eigenvalue is 1). Here, see below, these eigen-
values are not necessarily real. Nevertheless, many situations do exist in the liter-
ature in which the eigenvalues of some non self-adjoint operator can be computed
and turn out to be real, [5, 6, 7, 17, 18, 34], even if �̂� is not self-adjoint in ℋ(𝐹 ).

Let us go back to the requirement (2.8). Multiple examples of its usefulness
may be found scattered in the literature [1, 16]. Buslaev and Grecchi [11] were
probably the first mathematical physicists who started calling property (2.8) of
the Hamiltonian a “PT-symmetry”. Let us now briefly explain its mathematical
benefits under a not too essential additional assumption that the spectrum {𝐸𝑛}
of �̂� is discrete and non-degenerate (though, naturally, not necessarily real). Then

we may solve the usual Schrödinger equation for the (right) eigenvectors of �̂� ,

�̂� 𝜓𝑛 = 𝐸𝑛 𝜓𝑛 , 𝑛 = 0, 1, . . . (2.9)

as well as its Schrödinger-like conjugate rearrangement

�̂�† 𝜓𝑛 = 𝐸∗
𝑛 𝜓𝑛 , 𝑛 = 0, 1, . . . . (2.10)

In the light of Krein-space rule (2.8) the latter equation acquires the equivalent
form

�̂�
(
P−1 𝜓𝑛

)
= 𝐸∗

𝑛

(
P−1 𝜓𝑛

)
, 𝑛 = 0, 1, . . . (2.11)

so that we may conclude that

∙ either 𝐸𝑛 = 𝐸∗
𝑛 is real and the action of P−1 on 𝜓𝑛 gives merely a vector

proportional to the 𝜓𝑛,
∙ or 𝐸𝑛 ∕= 𝐸∗

𝑛 is not real. In this regime we have 𝐸∗
𝑛 = 𝐸𝑚 at some 𝑚 ∕=

𝑛. This means that the action of P−1 on the left eigenket 𝜓𝑛 produces a
right eigenvector of �̂� which is proportional to certain right eigenket 𝜓𝑚 of
Eq. (2.9) at a different energy, 𝑚 ∕= 𝑛.

We arrived at a dichotomy: Once we take all of the 𝑛-superscripted left eigenvectors
𝜓𝑛 of �̂� and premultiply them by the inverse pseudometric, we obtain a new set
of ket vectors 𝜙𝑛 = P−1 𝜓𝑛 which are either all proportional to their respective 𝑛-
subscripted partners 𝜓𝑛 (while the whole spectrum is real) or not. This is a way to
distinguish between two classes of Hamiltonians. Within the framework of quantum
mechanics only those with the former property of having real eigenvalues may be
considered physical (see [6] for a typical illustration). In parallel, examples with
the latter property may be still found interesting beyond the limits of quantum
mechanics, i.e., typically, in classical optics [12, 27]. The recent growth of interest
in the latter models (exhibiting the so-called spontaneously brokenPT-symmetry)
may be well documented by their presentation via the dedicated webpages [39, 40].

The Hamiltonians �̂� with the real and non-degenerate spectra may be de-
clared acceptable in quantum mechanics. In the subsequent step our knowledge of
the eigevectors 𝜓𝑛 of �̂� enables us to define the positive-definite operator of the
metric directly [26],

Θ =
∞∑
𝑛=0

∣𝜓𝑛⟩ ⟨𝜓𝑛∣ . (2.12)
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As long as this formula defines different matrices for different normalizations of
vectors ∣𝜓𝑛⟩ (cf. [37] for details) we may finally eliminate this ambiguity via the
factorization ansatz

Θ = PC (2.13)

followed by the double involutivity constraint [9]

P2 = 𝐼 , C2 = 𝐼 . (2.14)

We should mention that the series in (2.12) could be just formal. This happens
whenever the operator Θ is not bounded. This aspect was considered in many
details in connection with pseudo-bosons, see [5] for instance, where one of us has
proved that Θ being bounded is equivalent to {Ψ𝑛} being a Riesz basis.

Skipping further technical details we may now summarize: The operators of
the form (2.13) and (2.14) have to satisfy a number of additional mathematical
conditions before they may be declared the admissible metric operators determin-
ing the inner product inℋ(𝑆). Vice versa, once we satisfy these conditions (cf., e.g.,
[29, 31] for their list) we may replace the unphysical and auxiliary Hilbert space
ℋ(𝐹 ) and the intermediate Krein space K (with its indefinite metric P = P†)
by the ultimate physical Hilbert space ℋ(𝑆) of the PTSQM theory. The input
Hamiltonian �̂� may be declared self-adjoint in ℋ(𝑆). In this space it also gener-
ates the correct unitary time-evolution of the system in question, at least for the
time-independent interactions, [38].

3. Summary

We have given here a brief review of some aspects of PTSQM with particular
interest to the role of different inner products and their related conjugations. We
have also discussed how the time evolution of a system with a non self-adjoint
Hamiltonian can be analyzed within this settings, and the role of the different
inner products is discussed.

Among other lines of research, we believe that the construction of algebras
of unbounded operators associated to PTSQM, along the same lines as in [4], is
an interesting task and we hope to be able to do that in the near future.
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Extension of the 𝝂-metric: the 𝑯∞ Case

Joseph A. Ball and Amol J. Sasane

Abstract. An abstract 𝜈-metric was introduced by Ball and Sasane, with a
view towards extending the classical 𝜈-metric of Vinnicombe from the case
of rational transfer functions to more general nonrational transfer function
classes of infinite-dimensional linear control systems. In this short note, we
give an additional concrete special instance of the abstract 𝜈-metric, by veri-
fying all the assumptions demanded in the abstract set-up. This example links
the abstract 𝜈-metric with the one proposed by Vinnicombe as a candidate
for the 𝜈-metric for nonrational plants.

Mathematics Subject Classification (2000). Primary 93B36; Secondary 93D15,
46J15.

Keywords. 𝜈-metric, robust control, Hardy algebra, quasianalytic functions.

1. Introduction

We recall the general stabilization problem in control theory. Suppose that 𝑅 is
a commutative integral domain with identity (thought of as the class of stable
transfer functions) and let 𝔽(𝑅) denote the field of fractions of 𝑅. The stabilization
problem is:

Given 𝑃 ∈ (𝔽(𝑅))𝑝×𝑚 (an unstable plant transfer function),
find 𝐶 ∈ (𝔽(𝑅))𝑚×𝑝 (a stabilizing controller transfer function),
such that (the closed loop transfer function)

𝐻(𝑃,𝐶) :=

[
𝑃
𝐼

]
(𝐼 − 𝐶𝑃 )−1

[ −𝐶 𝐼
]

belongs to 𝑅(𝑝+𝑚)×(𝑝+𝑚) (is stable).

In the robust stabilization problem, one goes a step further. One knows that the
plant is just an approximation of reality, and so one would really like the controller
𝐶 to not only stabilize the nominal plant 𝑃0, but also all sufficiently close plants
𝑃 to 𝑃0. The question of what one means by “closeness” of plants thus arises
naturally.
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So one needs a function 𝑑 defined on pairs of stabilizable plants such that

1. 𝑑 is a metric on the set of all stabilizable plants,
2. 𝑑 is amenable to computation, and
3. stabilizability is a robust property of the plant with respect to this metric.

Such a desirable metric, was introduced by Glenn Vinnicombe in [8] and is called
the 𝜈-metric. In that paper, essentially 𝑅 was taken to be the rational functions
without poles in the closed unit disk or, more generally, the disk algebra, and
the most important results were that the 𝜈-metric is indeed a metric on the set of
stabilizable plants, and moreover, one has the inequality that if 𝑃0, 𝑃 ∈ 𝕊(𝑅, 𝑝,𝑚),
then

𝜇𝑃,𝐶 ≥ 𝜇𝑃0,𝐶 − 𝑑𝜈(𝑃0, 𝑃 ),

where 𝜇𝑃,𝐶 denotes the stability margin of the pair (𝑃,𝐶), defined by

𝜇𝑃,𝐶 := ∥𝐻(𝑃,𝐶)∥−1
∞ .

This implies in particular that stabilizability is a robust property of the plant 𝑃 .
The problem of what happens when 𝑅 is some other ring of stable transfer

functions of infinite-dimensional systems was left open in [8]. This problem of
extending the 𝜈-metric from the rational case to transfer function classes of infinite-
dimensional systems was addressed in [1]. There the starting point in the approach
was abstract. It was assumed that 𝑅 is any commutative integral domain with
identity which is a subset of a Banach algebra 𝑆 satisfying certain assumptions,
labelled (A1)–(A4), which are recalled in Section 2. Then an “abstract” 𝜈-metric
was defined in this setup, and it was shown in [1] that it does define a metric on
the class of all stabilizable plants. It was also shown there that stabilizability is a
robust property of the plant.

In [8], it was suggested that the 𝜈-metric in the case when 𝑅 = 𝐻∞ might
be defined as follows. (Here 𝐻∞ denotes the algebra of bounded and holomorphic
functions in the unit disk {𝑧 ∈ ℂ : ∣𝑧∣ < 1}.) Let 𝑃1, 𝑃2 be unstable plants with
the normalized left/right coprime factorizations

𝑃1 = 𝑁1𝐷
−1
1 = �̃�−1

1 𝑁1,

𝑃2 = 𝑁2𝐷
−1
2 = �̃�−1

2 𝑁2,

where 𝑁1, 𝐷1, 𝑁2, 𝐷2, 𝑁1, �̃�1, 𝑁2, �̃�2 are matrices with 𝐻∞ entries. Then

𝑑𝜈(𝑃1, 𝑃2) =

{ ∥�̃�2𝐺1∥∞ if 𝑇𝐺∗
1𝐺2 is Fredholm with Fredholm index 0,

1 otherwise.
(1.1)

Here ⋅∗ has the usual meaning, namely: 𝐺∗
1(𝜁) is the transpose of the matrix whose

entries are complex conjugates of the entries of the matrix 𝐺1(𝜁), for 𝜁 ∈ 𝕋, and
𝐺𝑘, �̃�𝑘 arise from 𝑃𝑘 (𝑘 = 1, 2) according to the notational conventions given in
Subsection 2.5 below. Also in the above, for a matrix 𝑀 ∈ (𝐿∞)𝑝×𝑚, 𝑇𝑀 denotes
the Toeplitz operator from (𝐻2)𝑚 to (𝐻2)𝑝, given by

𝑇𝑀𝜑 = 𝑃(𝐻2)𝑝(𝑀𝜑) (𝜑 ∈ (𝐻2)𝑚)
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where 𝑀𝜑 is considered as an element of (𝐿2)𝑝 and 𝑃(𝐻2)𝑝 denotes the canonical

orthogonal projection from (𝐿2)𝑝 onto (𝐻2)𝑝.
Although we are unable to verify whether there is a metric 𝑑𝜈 such that the

above holds in the case of𝐻∞, we show that the above does work for the somewhat
smaller case when 𝑅 is the class 𝑄𝐴 of quasicontinuous functions analytic in the
unit disk. We prove this by showing that this case is just a special instance of the
abstract 𝜈-metric introduced in [1].

The paper is organized as follows:

1. In Section 2, we recall the general setup and assumptions and the abstract
metric 𝑑𝜈 from [1].

2. In Section 3, we specialize 𝑅 to a concrete ring of stable transfer functions,
and show that our abstract assumptions hold in this particular case.

2. Recap of the abstract 𝝂-metric

We recall the setup from [1]:

(A1) 𝑅 is commutative integral domain with identity.
(A2) 𝑆 is a unital commutative complex semisimple Banach algebra with an invo-

lution ⋅∗, such that 𝑅 ⊂ 𝑆. We use inv 𝑆 to denote the invertible elements
of 𝑆.

(A3) There exists a map 𝜄 : inv 𝑆 → 𝐺, where (𝐺,+) is an Abelian group with
identity denoted by ∘, and 𝜄 satisfies
(I1) 𝜄(𝑎𝑏) = 𝜄(𝑎) + 𝜄(𝑏) (𝑎, 𝑏 ∈ inv 𝑆).
(I2) 𝜄(𝑎∗) = −𝜄(𝑎) (𝑎 ∈ inv 𝑆).
(I3) 𝜄 is locally constant, that is, 𝜄 is continuous when 𝐺 is equipped with

the discrete topology.
(A4) 𝑥 ∈ 𝑅 ∩ (inv 𝑆) is invertible as an element of 𝑅 if and only if 𝜄(𝑥) = ∘.
We recall the following standard definitions from the factorization approach to
control theory.

2.1. The notation 𝔽(𝑹):

𝔽(𝑅) denotes the field of fractions of 𝑅.

2.2. The notation 𝑭 ∗:
If 𝐹 ∈ 𝑅𝑝×𝑚, then 𝐹 ∗ ∈ 𝑆𝑚×𝑝 is the matrix with the entry in the 𝑖th row and 𝑗th
column given by 𝐹 ∗

𝑗𝑖, for all 1 ≤ 𝑖 ≤ 𝑝, and all 1 ≤ 𝑗 ≤ 𝑚.

2.3. Right coprime/normalized coprime factorization:

Given a matrix 𝑃 ∈ (𝔽(𝑅))𝑝×𝑚, a factorization 𝑃 = 𝑁𝐷−1, where 𝑁,𝐷 are
matrices with entries from 𝑅, is called a right coprime factorization of 𝑃 if there
exist matrices 𝑋,𝑌 with entries from 𝑅 such that 𝑋𝑁 +𝑌 𝐷 = 𝐼𝑚. If moreover it
holds that 𝑁∗𝑁 +𝐷∗𝐷 = 𝐼𝑚, then the right coprime factorization is referred to
as a normalized right coprime factorization of 𝑃 .
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2.4. Left coprime/normalized coprime factorization:

A factorization 𝑃 = �̃�−1𝑁 , where 𝑁, �̃� are matrices with entries from 𝑅, is called

a left coprime factorization of 𝑃 if there exist matrices �̃�, 𝑌 with entries from 𝑅

such that 𝑁�̃� + �̃�𝑌 = 𝐼𝑝. If moreover it holds that 𝑁𝑁∗ + �̃��̃�∗ = 𝐼𝑝, then the
left coprime factorization is referred to as a normalized left coprime factorization
of 𝑃 .

2.5. The notation 𝑮, �̃�,𝑲,𝑲:

Given 𝑃 ∈ (𝔽(𝑅))𝑝×𝑚 with normalized right and left factorizations 𝑃 = 𝑁𝐷−1

and 𝑃 = �̃�−1𝑁 , respectively, we introduce the following matrices with entries
from 𝑅:

𝐺 =

[
𝑁
𝐷

]
and �̃� =

[
−�̃� 𝑁

]
.

Similarly, given a 𝐶 ∈ (𝔽(𝑅))𝑚×𝑝 with normalized right and left factorizations

𝐶 = 𝑁𝐶𝐷
−1
𝐶 and 𝐶 = �̃�−1

𝐶 𝑁𝐶 , respectively, we introduce the following matrices
with entries from 𝑅:

𝐾 =

[
𝐷𝐶
𝑁𝐶

]
and �̃� =

[
−𝑁𝐶 �̃�𝐶

]
.

2.6. The notation 𝕊(𝑹, 𝒑,𝒎):

We denote by 𝕊(𝑅, 𝑝,𝑚) the set of all elements 𝑃 ∈ (𝔽(𝑅))𝑝×𝑚 that possess a
normalized right coprime factorization and a normalized left coprime factorization.

We now recall the definition of the metric 𝑑𝜈 on 𝕊(𝑅, 𝑝,𝑚). But first we
specify the norm we use for matrices with entries from 𝑆.

Definition 2.1 (∥ ⋅∥). Let 𝔐 denote the maximal ideal space of the Banach algebra
𝑆. For a matrix 𝑀 ∈ 𝑆𝑝×𝑚, we set

∥𝑀∥ = max
𝜑∈𝔐

M(𝜑) . (2.1)

Here M denotes the entry-wise Gelfand transform of 𝑀 , and ⋅ denotes the
induced operator norm from ℂ𝑚 to ℂ𝑝. For the sake of concreteness, we fix the
standard Euclidean norms on the vector spaces ℂ𝑚 to ℂ𝑝.

The maximum in (2.1) exists since 𝔐 is a compact space when it is equipped
with Gelfand topology, that is, the weak-∗ topology induced from ℒ(𝑆;ℂ). Since
we have assumed 𝑆 to be semisimple, the Gelfand transform

⋅̂ : 𝑆 → 𝑆 (⊂ 𝐶(𝔐,ℂ))

is an isomorphism. If 𝑀 ∈ 𝑆1×1 = 𝑆, then we note that there are two norms
available for 𝑀 : the one as we have defined above, namely ∥𝑀∥, and the norm
∥ ⋅ ∥𝑆 of 𝑀 as an element of the Banach algebra 𝑆. But throughout this article,
we will use the norm given by (2.1).
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Definition 2.2 (Abstract 𝝂-metric 𝒅𝝂). For 𝑃1, 𝑃2 ∈ 𝕊(𝑅, 𝑝,𝑚), with the normal-
ized left/right coprime factorizations

𝑃1 = 𝑁1𝐷
−1
1 = �̃�−1

1 𝑁1,

𝑃2 = 𝑁2𝐷
−1
2 = �̃�−1

2 𝑁2,

we define

𝑑𝜈(𝑃1, 𝑃2) :=

{ ∥�̃�2𝐺1∥ if det(𝐺∗
1𝐺2) ∈ inv 𝑆 and 𝜄(det(𝐺∗

1𝐺2)) = ∘,
1 otherwise,

(2.2)

where the notation is as in Subsections 2.1–2.6.

The following was proved in [1]:

Theorem 2.3. 𝑑𝜈 given by (2.2) is a metric on 𝕊(𝑅, 𝑝,𝑚).

Definition 2.4. Given 𝑃 ∈ (𝔽(𝑅))𝑝×𝑚 and 𝐶 ∈ (𝔽(𝑅))𝑚×𝑝, the stability margin of
the pair (𝑃,𝐶) is defined by

𝜇𝑃,𝐶 =

{ ∥𝐻(𝑃,𝐶)∥−1
∞ if 𝑃 is stabilized by 𝐶,

0 otherwise.

The number 𝜇𝑃,𝐶 can be interpreted as a measure of the performance of the
closed loop system comprising 𝑃 and 𝐶: larger values of 𝜇𝑃,𝐶 correspond to better
performance, with 𝜇𝑃,𝐶 > 0 if 𝐶 stabilizes 𝑃 .

The following was proved in [1]:

Theorem 2.5. If 𝑃0, 𝑃 ∈ 𝕊(𝑅, 𝑝,𝑚) and 𝐶 ∈ 𝕊(𝑅,𝑚, 𝑝), then

𝜇𝑃,𝐶 ≥ 𝜇𝑃0,𝐶 − 𝑑𝜈(𝑃0, 𝑃 ).

The above result says that stabilizability is a robust property of the plant,
since if 𝐶 stabilizes 𝑃0 with a stability margin 𝜇𝑃,𝐶 > 𝑚, and 𝑃 is another plant
which is close to 𝑃0 in the sense that 𝑑𝜈(𝑃, 𝑃0) ≤ 𝑚, then 𝐶 is also guaranteed to
stabilize 𝑃 .

3. The 𝝂-metric when 𝑹 = 𝑸𝑨

Let𝐻∞ be the Hardy algebra, consisting of all bounded and holomorphic functions
defined on the open unit disk 𝔻 := {𝑧 ∈ ℂ : ∣𝑧∣ < 1}.

As was observed in the Introduction, it was suggested in [8] to use (1.1) to
define a metric on the quotient ring of 𝐻∞. It is tempting to try to do this by using
the general setup of [1] with 𝑅 = 𝐻∞, 𝑆 = 𝐿∞ and with 𝜄 equal to the Fredholm
index of the associated Toeplitz operator. However at this level of generality there
is no guarantee that 𝜑 invertible in 𝐿∞ implies that 𝑇𝜑 is Fredholm (and hence 𝜄
equal to the Fredholm index of the associated Toeplitz operator is not well defined
on inv 𝑆 (condition (A3)), as illustrated by the following example.
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Example 3.1 (𝝋 ∈ inv 𝑳∞ ∕⇒ 𝑻𝝋 ∈ Fred(퓛(𝑯2))). There is a simple example
of a function which is invertible in 𝐿∞ for which the associated Toeplitz operator
is not Fredholm. We take a piecewise continuous function 𝜑 in 𝐿∞ for which:

1. the closure of the essential range of 𝜑 misses the origin (guaranteeing invert-
ibility of 𝜑 ∈ 𝐿∞) and

2. the line segment connecting the right- and left-hand limits at a jump dis-
continuity goes through the origin (which by the Gohberg-Krupnik theory,
guarantees that the Toeplitz operator 𝑇𝜑 ∈ ℒ(𝐻2) is not Fredholm; see for
example [5, Lemma 16.6, p. 116]).

For instance, we can take

𝜑(𝑒𝑖𝜃) :=

{
1 if 𝜃 ∈ [0, 𝜋),
−1 if 𝜃 ∈ [𝜋, 2𝜋)

which is clearly 𝜑 is invertible in 𝐿∞ (since 𝜑−1 = 𝜑) and moreover, for each of
its two discontinuities, corresponding to 𝜃 = 0 and 𝜃 = 𝜋, the line segment joining
the left- and right-hand limits is the interval [−1, 1], which contains 0. ♢

However a perusal of the extensive literature on Fredholm theory of Toeplitz
operators from the 1970s leads to the choices 𝑅 equal to the class 𝑄𝐴 of quasi-
analytic and 𝑆 equal to the class 𝑄𝐶 of quasicontinuous functions as conceivably
the most general subalgebras of 𝐻∞ and 𝐿∞ which fit the setup of [1], as we now
explain.

𝑄𝐶 is the 𝐶∗-subalgebra of 𝐿∞(𝕋) of quasicontinuous functions:

𝑄𝐶 := (𝐻∞ + 𝐶(𝕋)) ∩ (𝐻∞ + 𝐶(𝕋)).

An alternative characterization of 𝑄𝐶 is 𝑄𝐶 = 𝐿∞ ∩ 𝑉𝑀𝑂, where 𝑉 𝑀𝑂 is the
set of vanishing mean oscillation functions [4, Theorem 2.3, p. 368].

The Banach algebra 𝑄𝐴 of analytic quasicontinuous functions is

𝑄𝐴 := 𝐻∞ ∩ 𝑄𝐶.

For verifying (A4), we will also use the result given below; see [2, Theorem 7.36].

Proposition 3.2. If 𝑓 ∈ 𝐻∞(𝔻) + 𝐶(𝕋), then 𝑇𝑓 is Fredholm if and only if there
exist 𝛿, 𝜖 > 0 such that

∣𝐹 (𝑟𝑒𝑖𝑡)∣ ≥ 𝜖 for 1− 𝛿 < 𝑟 < 1,

where 𝐹 is the harmonic extension of 𝑓 to 𝔻. Moreover, in this case the index of
𝑇𝑓 is the negative of the winding number with respect to the origin of the curve
𝐹 (𝑟𝑒𝑖𝑡) for 1− 𝛿 < 𝑟 < 1.
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Theorem 3.3. Let

𝑅 := 𝑄𝐴,

𝑆 := 𝑄𝐶,

𝐺 := ℤ,

𝜄 :=
(
𝜑(∈ inv 𝑄𝐶) �→ Fredholm index of 𝑇𝜑(∈ ℤ)

)
.

Then (A1)–(A4) are satisfied.

Proof. Since 𝑄𝐴 is a commutative integral domain with identity, (A1) holds.
The set 𝑄𝐶 is a unital (1 ∈ 𝐶(𝕋) ⊂ 𝑄𝐶), commutative, complex, semisimple

Banach algebra with the involution

𝑓∗(𝜁) = 𝑓(𝜁) (𝜁 ∈ 𝕋).

In fact, 𝑄𝐶 is a 𝐶∗-subalgebra of 𝐿∞(𝕋). So (A2) holds as well.
[6, Corollary 139, p. 354] says that if 𝜑 ∈ inv 𝑄𝐶, then 𝑇𝜑 is a Fredholm

operator. Thus it follows that the map 𝜄 : inv 𝑄𝐶 → ℤ given by

𝜄(𝜑) := Fredholm index of 𝑇𝜑 (𝜑 ∈ inv 𝑄𝐶)

is well defined. If 𝜑, 𝜓 ∈ inv 𝑄𝐶, then in particular they are in 𝐻∞ + 𝐶(𝕋), and
so the semicommutator 𝑇𝜙𝜓 − 𝑇𝜙𝑇𝜓 is compact [6, Lemma 133, p. 350]. Since the
Fredholm index is invariant under compact perturbations [6, Part B, 2.5.2(h)], it
follows that the Fredholm index of 𝑇𝜑𝜓 is the same as that of 𝑇𝜙𝑇𝜓. Consequently
(A3)(I1) holds.

Also, if 𝜑 ∈ inv 𝑄𝐶, then we have that

𝜄(𝜑∗) = 𝜄(𝜑)

= Fredholm index of 𝑇𝜑

= Fredholm index of (𝑇𝜑)
∗

= −(Fredholm index of 𝑇𝜑)

= −𝜄(𝜑).

Hence (A3)(I2) holds.
The map sending a Fredholm operator on a Hilbert space to its Fredholm

index is locally constant; see for example [7, Part B, 2.5.1.(g)]. For 𝜑 ∈ 𝐿∞(𝕋),
∥𝑇𝜑∥ ≤ ∥𝜑∥, and so the map 𝜑 �→ 𝑇𝜑 : inv 𝑄𝐶 → Fred(𝐻2) is continuous.
Consequently the map 𝜄 is continuous from inv 𝑄𝐶 to ℤ (where ℤ has the discrete
topology). Thus (A3)(I3) holds.

Finally, we will show that (A4) holds as well. Let 𝜑 ∈ 𝐻∞ ∩ (inv 𝑄𝐶) be
invertible as an element of 𝐻∞. Then clearly 𝑇𝜑 is invertible, and so has Fredholm
index ind 𝑇𝜑 equal to 0. Hence 𝜄(𝜑) = 0. This finishes the proof of the “only if”
part in (A4).

Now suppose that 𝜑 ∈ 𝐻∞ ∩ (inv 𝑄𝐶) and that 𝜄(𝜑) = 0. In particular, 𝜑
is invertible as an element of 𝐻∞ + 𝐶(𝕋) and the Fredholm index ind 𝑇𝜑 of 𝑇𝜑
is equal to 0. By Proposition 3.2, it follows that there exist 𝛿, 𝜖 > 0 such that
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∣Φ(𝑟𝑒𝑖𝑡)∣ ≥ 𝜖 for 1 − 𝛿 < 𝑟 < 1, where Φ is the harmonic extension of 𝜑 to 𝔻.
But since 𝜑 ∈ 𝐻∞, its harmonic extension Φ is equal to 𝜑. So ∣𝜑(𝑟𝑒𝑖𝑡)∣ ≥ 𝜖 for
1− 𝛿 < 𝑟 < 1. Also since 𝜄(𝜑) = 0, the winding number with respect to the origin
of the curve 𝜑(𝑟𝑒𝑖𝑡) for 1− 𝛿 < 𝑟 < 1 is equal to 0. By the Argument principle, it
follows that 𝑓 cannot have any zeros inside 𝑟𝕋 for 1 − 𝛿 < 𝑟 < 1. In light of the
above, we can now conclude that there is an 𝜖′ > 0 such that ∣𝜑(𝑧)∣ > 𝜖′ for all
𝑧 ∈ 𝔻. Thus 1/𝜑 is in 𝐻∞ with 𝐻∞-norm at most 1/𝜖′ and we conclude that 𝜑 is
invertible as an element of 𝐻∞. Consequently (A4) holds. □

In the definition of the 𝜈-metric given in Definition 2.2 corresponding to Lemma 3.3,
the ∥ ⋅ ∥∞ now means the usual 𝐿∞(𝕋) norm.

Lemma 3.4. Let 𝐴 ∈ 𝑄𝐶𝑝×𝑚. Then

∥𝐴∥ = ∥𝐴∥∞ := ess. sup
𝜁∈𝕋

𝐴(𝜁) .

Proof. We have that

∥𝐴∥∞ = ess. sup
𝜁∈𝕋

𝐴(𝜁) = ess. sup
𝜁∈𝕋

𝜎max

(
𝐴(𝜁)
)

= max
𝜑∈𝑀(𝐿∞(𝕋))

ˆ𝜎max(𝐴)(𝜑) = max
𝜑∈𝑀(𝐿∞(𝕋))

𝜎max

(
𝐴(𝜑)
)

= max
𝜑∈𝑀(𝑄𝐶)

𝜎max

(
𝐴(𝜑)
)
= max
𝜑∈𝑀(𝑄𝐶)

𝐴(𝜑) = ∥𝐴∥.

In the above, the notation 𝜎max(𝑋), for a complex matrix 𝑋 ∈ ℂ𝑝×𝑚, means its
largest singular value, that is, the square root of the largest eigenvalue of 𝑋∗𝑋 (or
𝑋𝑋∗). We have also used the fact that for an 𝑓 ∈ 𝑄𝐶 ⊂ 𝐿∞(𝕋), we have that

max
𝜑∈𝑀(𝐿∞(𝕋))

𝑓(𝜑) = ∥𝑓∥𝐿∞(𝕋) = max
𝜑∈𝑀(𝑄𝐶)

𝑓(𝜑).

Also, we have used the fact that if 𝜇 ∈ 𝐿∞(𝕋) is such that

det(𝜇2𝐼 − 𝐴∗𝐴) = 0,

then upon taking Gelfand transforms, we obtain

det((𝜇(𝜑))2𝐼 − (𝐴(𝜑))∗𝐴(𝜑)) = 0 (𝜑 ∈ 𝑀(𝐿∞(𝕋))),

to see that ˆ𝜎max(𝐴)(𝜑) = 𝜎max(𝐴(𝜑)), 𝜑 ∈ 𝑀(𝐿∞(𝕋)). □

Finally, our scalar winding number condition

det(𝐺∗
1𝐺2) ∈ inv 𝑄𝐶 and Fredholm index of 𝑇det(𝐺∗

1𝐺2)) = 0

is exactly the same as the condition

𝑇𝐺∗
1𝐺2 is Fredholm with Fredholm index 0

in (1.1). This is an immediate consequence of the following result due to Douglas [3,
p. 13, Theorem 6].
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Proposition 3.5. The matrix Toeplitz operator 𝑇Φ with the matrix symbol

Φ = [𝜑𝑖𝑗 ] ∈ (𝐻∞ + 𝐶(𝕋))𝑛×𝑛

is Fredholm if and only if

inf
𝜁∈𝕋

∣ det(𝜑(𝜁))∣ > 0,

and moreover the Fredholm index of 𝑇Φ is the negative of the Fredholm index of
detΦ.

Thus our abstract metric reduces to the same metric given in (1.1), that is, for
plants 𝑃1, 𝑃2 ∈ 𝕊(𝑄𝐴, 𝑝,𝑚), with the normalized left/right coprime factorizations

𝑃1 = 𝑁1𝐷
−1
1 = �̃�−1

1 𝑁1,

𝑃2 = 𝑁2𝐷
−1
2 = �̃�−1

2 𝑁2,

define

𝑑𝜈(𝑃1, 𝑃2) :=

⎧⎨⎩ ∥�̃�2𝐺1∥∞ if det(𝐺∗
1𝐺2) ∈ inv 𝑄𝐶 and

Fredholm index of 𝑇det(𝐺∗
1𝐺2) = 0,

1 otherwise.

(3.1)

Summarizing, our main result is the following.

Corollary 3.6. 𝑑𝜈 given by (3.1) is a metric on 𝕊(𝑄𝐴, 𝑝,𝑚). Moreover, if 𝑃0, 𝑃
belong to 𝕊(𝑄𝐴, 𝑝,𝑚) and 𝐶 ∈ 𝕊(𝑄𝐴,𝑚, 𝑝), then

𝜇𝑃,𝐶 ≥ 𝜇𝑃0,𝐶 − 𝑑𝜈(𝑃0, 𝑃 ).
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Families of Homomorphisms
in Non-commutative Gelfand Theory:
Comparisons and Examples
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Abstract. In non-commutative Gelfand theory, families of Banach algebra ho-
momorphisms, and particularly families of matrix representations, play an im-
portant role. Depending on the properties imposed on them, they are called
sufficient, weakly sufficient, partially weakly sufficient, radical-separating or
separating. In this paper these families are compared with one another. Con-
ditions are given under which the defining properties amount to the same.
Where applicable, examples are presented to show that they are genuinely
different.
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Keywords. Banach algebra homomorphism, matrix representation, sufficient
family, weakly sufficient family, partially weakly sufficient family, radical-
separating family, separating family, polynomial identity algebra, spectral
regularity.

1. Introduction and preliminaries

Standard Gelfand theory for commutative Banach algebras heavily employs mul-
tiplicative linear functionals. A central result in the theory is that an element 𝑏 in
a commutative unital Banach algebra ℬ is invertible if (and only if) its image 𝜙(𝑏)
is nonzero for each nontrivial multiplicative linear functional 𝜙 : ℬ → ℂ.

In generalizations of the theory, dealing with non-commutative Banach alge-
bras, the role of the multiplicative linear functionals is taken over by continuous
unital Banach algebra homomorphisms, particularly matrix representations. More
specifically, the relevant literature features families of such homomorphisms with
properties pertinent to dealing with invertibility issues. So far, the relationships
between the different concepts introduced this way have not been pointed out. It
is the aim of this paper to fill this gap.
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The Banach algebras that we consider are non-trivial, unital, and (as usual)
equipped with a submultiplicative norm. Norms of unit elements are (therefore)
necessarily at least one, but they are not required to be equal to one.

In order to describe the contents of this paper, it is necessary to recall some
notions that at present are around in non-commutative Gelfand theory. Through-
out ℬ will be a unital Banach algebra. Its unit element is written as 𝑒ℬ, its norm
as ∥ ⋅ ∥ℬ. Let {𝜙𝜔 : ℬ → ℬ𝜔}𝜔∈Ω be a family of continuous unital Banach algebra
homomorphisms (where to avoid trivialities it is assumed that the index set Ω is
nonempty). The norm and unit element in ℬ𝜔 are denoted by ∥ ⋅ ∥𝜔 and 𝑒𝜔, re-
spectively. The algebras ℬ𝜔 are referred to as the target algebras ; for ℬ sometimes
the term underlying algebra will be used.

Next we present three notions that are concerned with (sufficient) conditions
for invertibility of Banach algebra elements. Our terminology is in line with what
has become customary in the literature.

The family {𝜙𝜔 : ℬ → ℬ𝜔}𝜔∈Ω is called sufficient when 𝑏 ∈ ℬ is invertible in
ℬ if and only if 𝜙𝜔(𝑏) is invertible in ℬ𝜔 for all 𝜔 ∈ Ω. The ‘only if part’ in this
definition is a triviality. Indeed, if 𝑏 ∈ ℬ is invertible in ℬ, then 𝜙𝜔(𝑏) is invertible
in ℬ𝜔 with inverse 𝜙𝜔(𝑏

−1). Sufficient families play a role in, e.g., [Kr], [HRS01],
[Si], [RSS], [BES94], [BES04], [BES12], and Section 7.1 in [P].

The family {𝜙𝜔 : ℬ → ℬ𝜔}𝜔∈Ω is said to be weakly sufficient when 𝑏 ∈ ℬ is
invertible in ℬ if and only if 𝜙𝜔(𝑏) is invertible in 𝐵𝜔 for all 𝜔 ∈ Ω and, in addition,
sup𝜔∈Ω ∥𝜙𝜔(𝑏)−1∥𝜔 < ∞. Note that this implies the finiteness of sup𝜔∈Ω ∥𝑒𝜔∥𝜔.
Weakly sufficient families feature in [HRS01], [Si] and [BES12].

The family {𝜙𝜔 : ℬ → ℬ𝜔}𝜔∈Ω is called partially weakly sufficient, or
p.w. sufficient for short, if

(i) sup𝜔∈Ω ∥𝑒𝜔∥𝜔 < ∞, and

(ii) 𝑏 ∈ ℬ is invertible in ℬ provided 𝜙𝜔(𝑏) is invertible in 𝐵𝜔 for all 𝜔 ∈ Ω and
sup𝜔∈Ω ∥𝜙𝜔(𝑏)−1∥𝜔 < ∞.

Partially weakly sufficient families are employed in [BES12], and the definition also
occurs in Section 2.2.5 of [RSS]. There, however, the term weakly sufficient is used
instead of the name partially weakly sufficient that has been chosen in [BES12].

Before proceeding by recalling two more definitions, a few comments are in
order. First, even when a sufficient family is known to exist, it is sometimes prefer-
able to work with weakly or partially weakly sufficient families. Indeed, it may
happen that not all members of the sufficient family can be concretely described
while such an explicit description can be given for a (partially) weakly sufficient
family. For an example, consider the Banach algebra ℓ∞. (Being a commutative
algebra, the collection of all (continuous) multiplicative linear functionals on ℓ∞ is
sufficient. Not all its members can be described explicitly, however. The coordinate
functionals form a weakly sufficient family in this case.) There are also situations
where weakly or partially weakly sufficient families can be identified but a suffi-
cient family is not known or does not even exist. As a second comment, we note
that in the first of the above definitions, the norms in the target algebras do not
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play a role. Their role in the second and third definition is essential, however. An
example illustrating this will be given in Section 2.

The family {𝜙𝜔 : ℬ → ℬ𝜔}𝜔∈Ω is said to be separating if it separates the
points of ℬ or, what amounts here (by linearity) to the same,

∩
𝜔∈ΩKer𝜙𝜔 = {0}.

It is called radical-separating if it separates the points of ℬ modulo the radical
of ℬ, i.e., if ∩𝜔∈ΩKer𝜙𝜔 ⊂ ℛ(ℬ), where ℛ(ℬ) stands for the radical of ℬ. In
these two definitions, again the norms in the target algebras do not play a role.
The notions of a separating family and that of a radical-separating family were
introduced in [BES12]. To complete the references, we note that in [RSS], the
introduction to Chapter 2, there is a remark to the effect that a sufficient family
of Banach algebra homomorphisms is radical-separating. Also the proof of [RSS],
Theorem 2.2.10, shows that the same conclusion holds when the family is partially
weakly sufficient (or has the more restrictive property of being weakly sufficient).

The goal of the present paper is to make clear the relationships between the
different types of families just described. This will be done on two levels. The first
is that of the individual families. Here the Banach algebra ℬ and a family of ho-
momorphisms are given, and the issue is which property defined above implies the
other. So in this context, the questions are of the sort ‘is a sufficient family always
weakly sufficient?’. The second level is – so to speak – that of the underlying Ba-
nach algebra. Thus only the Banach algebra ℬ is given a priori, and the question
is whether the existence of one type of families implies the existence of another.
Here we allow the families to change. A typical question which comes up in this
setting is: ‘if ℬ possesses a radical-separating family, does it also possess a suffi-
cient one?’. As the change to another family may also involve the target algebras, a
caveat is in order here. Indeed, for any unital Banach algebra, the singleton family
consisting of the identity mapping on the algebra has all the properties of being
sufficient, weakly sufficient, partially weakly sufficient, radical-separating and sep-
arating. So, in order to avoid trivialities, some restriction must be imposed. Here
this restriction will take the form of requiring the Banach algebra homomorphisms
to be matrix representations. As was indicated before, the restriction to matrix
representations is not uncommon in the literature dealing with non-commutative
Gelfand theory.

The problems on the second (underlying Banach algebra) level are more fun-
damental than those on the first. Not only because they are generally (much)
harder to handle, but especially in view of the fact that in the literature, families
of homomorphisms serve as tools in criteria for establishing certain properties of
Banach algebras. Here is an example – actually the one that prompted the authors
to write this paper. The Banach algebra ℬ is said to be spectrally regular if – anal-
ogous to the situation in the scalar case – contour integrals of logarithmic residues
of analytic ℬ-valued functions can only vanish (or more generally be quasinilpo-
tent) when the function in question takes invertible values on the interior of the
contour. It was observed in [BES94] that a Banach algebra ℬ is spectrally reg-
ular if it possesses a sufficient family of matrix representations. In this criterion
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for establishing spectral regularity, sufficient families may be replaced by radical-
separating families (see [BES12]). The question whether the two criteria amount
to the same or are genuinely different comes down to the second level issue (al-
ready mentioned as an example in the preceding paragraph) whether a Banach
algebra that possesses a radical-separating family of matrix representations also
has one that is sufficient. This is not the case, as appears from an example given in
Section 4. Note that in order to prove this, one needs ‘control’ on the collection of
all matrix representations of the Banach algebra in the example question, a highly
non-trivial matter as is already suggested by the relatively simple special case of
the (commutative) Banach algebra ℓ∞.

Apart from the introduction also containing preliminaries (Section 1), and
the list of references, the paper consists of four sections. Section 2 discusses
problems on the level of individual families. One of the main theorems is con-
cerned with the 𝐶∗-case where the underlying algebra ℬ as well as the target
algebras ℬ𝜔 are 𝐶∗-algebras, and, in addition, all the homomorphisms 𝜙𝜔 are
𝐶∗-homomorphisms. The theorem in question states that in such a situation the
properties of being weakly sufficient, p.w. sufficient, radical-separating and sep-
arating all amount to the same. Without the 𝐶∗-condition, the picture is less
simple; both positive results and counterexamples are given. Section 3 deals with
what above were called second level issues. As was already mentioned, a restric-
tion is made to families of matrix representations. One of the theorems says that
a Banach algebra possesses a radical-separating family of matrix representations
if and only if it possesses a p.w. sufficient family of matrix representations. It is
also proved that for families of matrix representations of finite order (i.e., with a
finite upper bound on the size of the matrices involved) the properties of being
sufficient, weakly sufficient, p.w. sufficient and radical-separating all come down
to the same. Families of matrix representations of finite order feature abundantly
in the literature on non-commutative Gelfand theory.

Sections 4 and 5 deal with two specific questions. The first is: ‘if a Banach
algebra possesses a radical-separating (or even separating) family of matrix rep-
resentations, does it follow that it also possesses a sufficient family of matrix rep-
resentations?’; the second: ‘if a Banach algebra possesses a radical-separating (or
even separating) family of matrix representations, does it follow that it also pos-
sesses a weakly sufficient family of matrix representations?’. Both questions have a
negative answer; the corresponding examples are complicated. The authors think
that the two Banach algebras involved (one of them a 𝐶∗-algebra) are interesting
in their own right.

2. First observations

We begin with a couple of simple observations. For terminology and notation, see
the introduction.

Separating families are clearly radical-separating, but the converse is not
true. A counterexample is easily given: take for ℬ the Banach algebra of upper
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triangular 2 × 2 matrices, let 𝜙1 pick out the first diagonal element, and 𝜙2 the
second; then {𝜙1, 𝜙2} is radical-separating but not separating.

Weakly sufficient families are evidently p.w. sufficient. An example given later
in this section will show that the converse is not true. Weakly sufficient families
are not necessarily sufficient; for an example, consider the Banach algebra ℓ∞ and
the associated coordinate homomorphisms.

A sufficient family need not be p.w. sufficient (so a fortiori it need not be
weakly sufficient). To see this, take any infinite sufficient family {𝜙𝜔 : ℬ → ℬ𝜔}𝜔∈Ω
and (if necessary) renorm the target algebras ℬ𝜔 by taking appropriate scalar mul-
tiples of the given norms so as to get sup𝜔∈Ω ∥𝑒𝜔∥𝜔 = ∞. Such a renorming does
not influence the sufficiency, the new norms being equivalent to the corresponding
original ones. Note here that the property of being a submultiplicative norm is not
violated by multiplication with a scalar larger than one.

Summing up: of the five notions concerning families of homomorphisms in-
troduced in Section 1, only two imply another in a completely obvious manner.
Indeed, the properties of being separating and weakly sufficient trivially entail
those of being radical-separating and p.w. sufficient, respectively; the other con-
nections are not so immediately transparent, however.

One more positive result, still on a very simple level, can be added here:
modulo a simple change to equivalent norms in the target algebras, a sufficient
family of unital Banach algebra homomorphisms is p.w. sufficient. Indeed, when
{𝜙𝜔 : ℬ → ℬ𝜔}𝜔∈Ω is a sufficient family, then, for 𝜔 ∈ Ω, choose an equivalent
Banach algebra norm on ℬ𝜔 for which the unit element 𝑒𝜔 in ℬ𝜔 has norm one. It
is a standard fact from Banach algebra theory that this can be done. Whether or
not sufficiency also implies weak sufficiency if one allows for a change to equivalent
norms, we do not know.

So far for the obvious connections; next we concern ourselves with those that
are less or, in some cases, not at all straightforward. To facilitate the discussion in
the remainder of the paper, one more item of terminology is introduced. We call
the family {𝜙𝜔 : ℬ → ℬ𝜔}𝜔∈Ω norm-bounded if sup𝜔∈Ω ∥𝜙𝜔∥𝜔 < ∞. Here, by slight
abuse of notation, ∥𝜙𝜔∥𝜔 stands for the norm of 𝜙𝜔 considered as a bounded linear
operator from ℬ into ℬ𝜔 (equipped with the norms ∥ ⋅ ∥ℬ and ∥ ⋅ ∥𝜔, respectively).
Theorem 2.1. The family {𝜙𝜔 : ℬ → ℬ𝜔}𝜔∈Ω is weakly sufficient if and only if
it is p.w. sufficient and norm-bounded. If {𝜙𝜔 : ℬ → ℬ𝜔}𝜔∈Ω is sufficient and
norm-bounded, then it is weakly sufficient.

Proof. If {𝜙𝜔 : ℬ → ℬ𝜔}𝜔∈Ω is norm-bounded and sufficient or p.w. sufficient, then
it is weakly sufficient. To prove this, use that when 𝑏 is invertible in ℬ, then 𝜙𝜔(𝑏)
is invertible in ℬ𝜔 with inverse 𝜙𝜔(𝑏

−1), so that ∥𝜙𝜔(𝑏)−1∥𝜔 ≤ ∥𝜙𝜔∥𝜔 ⋅ ∥𝑏−1∥ℬ.
If the family {𝜙𝜔 : ℬ → ℬ𝜔}𝜔∈Ω is weakly sufficient, then clearly it is p.w. suf-
ficient. It remains to establish that {𝜙𝜔 : ℬ → ℬ𝜔}𝜔∈Ω is then norm-bounded
too. By the uniform boundedness principle (Banach-Steinhaus) it is sufficient to
prove that sup𝜔∈Ω ∥𝜙𝜔(𝑏)∥𝜔 < ∞ for every 𝑏 in ℬ. Take 𝑏 ∈ ℬ. Fix a positive real
number 𝜇 (sufficiently small) so that 𝑒ℬ+𝜇𝑏 is invertible in ℬ. The invertibility of
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(𝑒ℬ + 𝜇𝑏)−1 combined with the weak sufficiency of the family {𝜙𝜔 : ℬ → ℬ𝜔}𝜔∈Ω
gives that sup𝜔∈Ω ∥𝑒𝜔 + 𝜇𝜙𝜔(𝑏)∥𝜔 < ∞. We also have sup𝜔∈Ω ∥𝑒𝜔∥𝜔 < ∞ (spe-
cialize to 𝑏 = 0). Now ∥𝜙𝜔(𝑏)∥ ≤ 𝜇−1(∥𝑒𝜔 + 𝜇𝜙𝜔(𝑏)∥ + ∥𝑒𝜔∥), and it follows that
sup𝜔∈Ω ∥𝜙𝜔(𝑏)∥𝜔 < ∞, as desired. □

It is convenient to adopt the following notation. Writing Φ for the family
{𝜙𝜔 : ℬ → ℬ𝜔}𝜔∈Ω, we denote by 𝒢Φ(ℬ) the set of all 𝑏 ∈ ℬ such that 𝜙𝜔(𝑏)
is invertible in ℬ𝜔 for every 𝜔 ∈ Ω, while, in addition, sup𝜔∈Ω ∥𝜙𝜔(𝑏)−1∥𝜔 < ∞.
A few comments are in order. The zero element in ℬ does not belong to 𝒢Φ(ℬ).
If 𝑏 ∈ 𝒢Φ(ℬ) and 𝛽 ∕= 0, then 𝛽𝑏 ∈ 𝒢Φ(ℬ). The set 𝒢Φ(ℬ) is closed under taking
products. It may happen that 𝒢Φ(ℬ) = ∅ (cf., the fourth paragraph of this section).
Writing 𝒢(ℬ) for the group of invertible elements in ℬ, we have that the family
{𝜙𝜔 : ℬ → ℬ𝜔}𝜔∈Ω is weakly sufficient if and only if 𝒢Φ(ℬ) coincides with 𝒢(ℬ).
Also, it is p.w. sufficient if and only if 𝑒ℬ ∈ 𝒢Φ(ℬ) ⊂ 𝒢(ℬ) or, what amounts to
the same, {𝜆𝑒ℬ ∣ 0 ∕= 𝜆 ∈ ℂ} ⊂ 𝒢Φ(ℬ) ⊂ 𝒢(ℬ).
Proposition 2.2. If ∅ ∕= 𝒢Φ(ℬ) ⊂ 𝒢(ℬ), the family Φ = {𝜙𝜔 : ℬ → ℬ𝜔}𝜔∈Ω is
radical-separating. In case 𝒢Φ(ℬ) = {𝜆𝑔 ∣ 0 ∕= 𝜆 ∈ ℂ} for some 𝑔 ∈ 𝒢(ℬ), the
element 𝑔 is a nonzero multiple of 𝑒ℬ (so in fact 𝒢Φ(ℬ) = {𝜆𝑒ℬ ∣ 0 ∕= 𝜆 ∈ ℂ}) and
the family {𝜙𝜔 : ℬ → ℬ𝜔}𝜔∈Ω is separating.

It can happen that 𝒢Φ(ℬ) = {𝜆𝑒ℬ ∣ 0 ∕= 𝜆 ∈ ℂ} ∕= 𝒢(ℬ); see the example
below. We do not know whether ∅ ∕= 𝒢Φ(ℬ) ⊂ 𝒢(ℬ) implies that 𝑒ℬ ∈ 𝒢Φ(ℬ).

Proof. Suppose ∅ ∕= 𝒢Φ(ℬ) ⊂ 𝒢(ℬ), and take 𝑥 ∈ ∩𝜔∈ΩKer𝜙𝜔. We need to show
that 𝑥 ∈ ℛ(ℬ). This can be done by proving that 𝑒ℬ+𝑏𝑥 and 𝑒ℬ+𝑥𝑏 are invertible
for every 𝑏 ∈ ℬ. Fix ℎ ∈ 𝒢Φ(ℬ), so ℎ ∈ 𝒢(ℬ) in particular, and let 𝑏 ∈ ℬ. Then
𝜙𝜔(ℎ+ ℎ𝑏𝑥) = 𝜙𝜔(ℎ) ∈ 𝒢(ℬ𝜔) and

(
𝜙𝜔(ℎ+ ℎ𝑏𝑥)

)−1
= 𝜙𝜔(ℎ)

−1. Hence

sup
𝜔∈Ω

∥(𝜙𝜔(ℎ+ ℎ𝑏𝑥)
)−1∥𝜔 = sup

𝜔∈Ω
∥𝜙𝜔(ℎ)−1∥𝜔 < ∞,

and we may conclude that ℎ + ℎ𝑏𝑥 ∈ 𝒢Φ(ℬ). By assumption 𝒢Φ(ℬ) ⊂ 𝒢(ℬ), and
we get ℎ+ ℎ𝑏𝑥 ∈ 𝒢(ℬ). As ℎ ∈ 𝒢(ℬ) too, it follows that 𝑒ℬ + 𝑏𝑥 ∈ 𝒢(ℬ). Likewise
we have 𝑒ℬ + 𝑥𝑏 ∈ 𝒢(ℬ), and the first part of the proposition is proved.

To deal with the second part, assume that 𝒢Φ(ℬ) = {𝜆𝑔 ∣ 0 ∕= 𝜆 ∈ ℂ} for
some 𝑔 ∈ 𝒢(ℬ). As 𝒢Φ(ℬ) is closed under taking products, we have that along
with 𝑔, the square 𝑔2 of 𝑔 belongs to 𝒢Φ(ℬ) too. Hence 𝑔2 = 𝛾𝑔 for some nonzero
𝛾 ∈ ℂ, and it follows that 𝑔 = 𝛾𝑒ℬ. Our assumption on 𝒢Φ(ℬ) can now be restated
as 𝒢Φ(ℬ) = {𝜆𝑒ℬ ∣ 0 ∕= 𝜆 ∈ ℂ}. Let 𝑥 ∈ ∩𝜔∈ΩKer𝜙𝜔 . Taking 𝑏 = ℎ = 𝑒ℬ in the
reasoning presented in the first paragraph of this proof, we get 𝑒ℬ+𝑥 ∈ 𝒢Φ(ℬ). But
then 𝑒ℬ +𝑥 = 𝜇𝑒ℬ for some nonzero scalar 𝜇. Applying 𝜙𝜔 we arrive at 𝑒𝜔 = 𝜇𝑒𝜔,
hence 𝜇 = 1 and, consequently, 𝑥 = 0 as desired. □

Corollary 2.3. If the family {𝜙𝜔 : ℬ → ℬ𝜔}𝜔∈Ω is p.w. sufficient or sufficient, then
it is radical-separating.
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As weak sufficiency implies p.w. sufficiency, a weakly sufficient family is
radical-separating too, and the same conclusion trivially holds for separating fam-
ilies. Thus radical-separateness is the encompassing notion. Corollary 2.3 features
as Proposition 3.4 in [BES12]; cf., [RSS], the introduction to Chapter 2, which
contains a remark to the effect that a sufficient family of Banach algebra homo-
morphisms is radical-separating; see also the proof of [RSS], Theorem 2.2.10 which
shows that the same conclusion holds when the family is partially weakly sufficient
(or has the more restrictive property of being weakly sufficient).

Next we present an example showing that a family of homomorphisms, while
being both sufficient and p.w. sufficient, can fail to be weakly sufficient. The ex-
ample also illustrates a fact already noted in the introduction, namely that in
the definitions of weak sufficiency and p.w. sufficiency, the norms in the target
algebras play an essential role. Finally it supports the claim made right after
Proposition 2.2.

Example. Consider the situation where ℬ is the ℓ∞-direct product of two copies of
ℂ. Thus ℬ consists of all ordered pairs (𝑎, 𝑏) with 𝑎, 𝑏 ∈ ℂ, the algebraic operations
in ℬ are defined pointwise, and the norm on ℬ is given by ∥(𝑎, 𝑏)∥ = max{∣𝑎∣, ∣𝑏∣}.
Clearly ℬ is unital and the unit element (1, 1) has norm one. For 𝑛 = 1, 2, . . . , let
ℬ𝑛 = ℬ, also with norm ∥ ⋅ ∥. Then the family {𝜙𝑛 : ℬ → ℬ𝑛}𝑛∈ℕ consisting of
identity mappings from ℬ into ℬ𝑛 = ℬ has all the properties of being sufficient,
weakly sufficient, p.w. sufficient, radical-separating and separating.

Now we are going to change the (coinciding) norms on the algebras ℬ𝑛. This
will not affect the sufficiency of the family {𝜙𝑛 : ℬ → ℬ𝑛} of identity mappings; it
will, however, destroy its weak sufficiency. As a first step, we introduce

∣∣∣(𝑎, 𝑏)∣∣∣𝑛 = 1

2
∣𝑎+ 𝑏∣+ 𝑛∣𝑎 − 𝑏∣, 𝑎, 𝑏 ∈ ℂ, 𝑛 = 1, 2, . . . .

Then ∣∣∣ ⋅ ∣∣∣𝑛 is a norm on ℬ𝑛. One easily verifies that
∥(𝑎, 𝑏)∥ ≤ ∣∣∣(𝑎, 𝑏)∣∣∣𝑛 ≤ (2𝑛+ 1)∥(𝑎, 𝑏)∥,

which concretely exhibits that the norms ∣∣∣ ⋅ ∣∣∣𝑛 and ∥ ⋅ ∥ are equivalent. For the
unit element (1, 1) of 𝒜 we have ∣∣∣(1, 1)∣∣∣𝑛 = 1.

To transform ∣∣∣ ⋅ ∣∣∣𝑛 into a submultiplicative norm, we employ a standard
procedure and put

∥(𝑎, 𝑏)∥𝑛 = sup
∣∣∣(𝑥,𝑦)∣∣∣𝑛=1

∣∣∣(𝑎, 𝑏) ⋅ (𝑥, 𝑦)∣∣∣𝑛, 𝑎, 𝑏 ∈ ℂ, 𝑛 = 1, 2, . . . .

Then ∥(1, 1)∥𝑛 = 1. Further the norm ∥ ⋅ ∥𝑛 is equivalent ∣∣∣ ⋅ ∣∣∣𝑛 (and therefore
also to ∥ ⋅ ∥). In fact, ∣∣∣(𝑎, 𝑏)∣∣∣𝑛 ≤ ∥(𝑎, 𝑏)∥𝑛 ≤ (2𝑛+ 1)∣∣∣(𝑎, 𝑏)∣∣∣𝑛.

Modulo the norms ∥ ⋅ ∥𝑛, the family {𝜙𝑛 : ℬ → ℬ𝑛}𝑛∈ℕ is still sufficient.
Indeed, this property is not affected by a change of norms. For weak sufficiency,
however, the situation is different. Actually with respect to the norms ∥ ⋅ ∥𝑛, the
family {𝜙𝑛 : ℬ → ℬ𝑛}𝑛 ∈ ℕ is not weakly sufficient. To see this consider (for
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instance) the element (1,−1) ∈ ℬ. This element is invertible in ℬ with inverse
(1,−1). However,

∥(𝜙𝑛(1,−1))−1∥𝑛 = ∥(1,−1)∥𝑛 ≥ ∣∣∣(1,−1)∣∣∣𝑛 = 2𝑛,

and so sup𝑛=1,2,3,... ∥
(
𝜙𝑛(1,−1)

)−1∥𝑛 = ∞.
A straightforward argument shows that the set 𝒢Φ(ℬ) of all (𝑎, 𝑏) ∈ ℬ such

that 𝜙𝑛(𝑎, 𝑏) is invertible for every 𝑛 while, in addition,

sup
𝑛=1,2,3,...

∥(𝜙𝑛(𝑎, 𝑏))−1∥𝑛 < ∞,

coincides with the set {𝜆(1, 1) ∣ 0 ∕= 𝜆 ∈ ℂ}. As 𝒢Φ(ℬ) is contained in the set 𝒢(ℬ)
of all invertible elements in ℬ, the family {𝜙𝑛 : ℬ → ℬ𝑛}𝑛∈ℕ retains the property
of being p.w. sufficient. The circumstance that 𝒢Φ(ℬ) does not coincide with 𝒢(ℬ)
corroborates the earlier observation that {𝜙𝑛 : ℬ → ℬ𝑛}𝑛∈ℕ is not weakly sufficient
with respect to the norms ∥ ⋅ ∥𝑛. □

We close this section by considering the important 𝐶∗-case. The family
{𝜙𝜔 : ℬ → ℬ𝜔}𝜔∈Ω is said to be a 𝐶∗-family if all the Banach algebras ℬ and ℬ𝜔
are 𝐶∗-algebras, and all the homomorphisms 𝜙𝜔 are unital 𝐶∗-homomorphisms.
As such homomorphisms are contractions, a 𝐶∗-family is norm-bounded.

Theorem 2.4. For a 𝐶∗-family {𝜙𝜔 : ℬ → ℬ𝜔}𝜔∈Ω, the properties of being weakly
sufficient, p.w. sufficient, radical-separating and separating all amount to the same.

Proof. We have already observed that weak sufficiency (trivially) implies p.w.
sufficiency. From Corollary 2.3, we know that p.w. sufficiency implies the prop-
erty of being radical-separating. Since 𝐶∗-algebras are semi-simple, the family
{𝜙𝜔 : ℬ → ℬ𝜔}𝜔∈Ω is radical-separating if and only if it is separating. It remains
to prove that if {𝜙𝜔 : ℬ → ℬ𝜔}𝜔∈Ω is separating, then it is weakly sufficient. For
this, the reasoning is as follows.

First there is this simple observation. Let 𝑏 ∈ ℬ be invertible, and take 𝜔 ∈ Ω.
Then 𝜙𝜔(𝑏) is invertible in ℬ𝜔 and 𝜙𝜔(𝑏)

−1 = 𝜙𝜔(𝑏
−1). Now 𝐶∗-homomorphisms

are contractions, so ∥𝜙𝜔(𝑏)−1∥𝜔 ≤ ∥𝑏−1∥ℬ.
The next step is more involved. Write B for the family of unital Banach

algebras {ℬ𝜔}𝜔∈Ω, and let 𝒜 = ℓB∞ be the ℓ∞-direct product of the family B (cf.,
[P], Subsection 1.3.1). Thus ℓB∞ consists of all 𝐹 in the Cartesian product

∏
𝜔∈Ω ℬ𝜔

such that ∣∣∣𝐹 ∣∣∣ = sup𝜔∈Ω ∥𝐹 (𝜔)∥𝜔 < ∞. With the pointwise operations and the
sup-norm, ℓB∞ is a 𝐶∗-algebra. Define 𝜙 : ℬ → 𝒜 by 𝜙(𝑏)(𝜔) = 𝜙𝜔(𝑏). Because
𝐶∗-homomorphisms are contractions, 𝜙 is well defined. Clearly 𝜙 is a continuous
𝐶∗-algebra homomorphism. As (by assumption) the family {𝜙𝜔 : ℬ → ℬ𝜔}𝜔∈Ω is
separating, the homomorphism 𝜙 : ℬ → 𝒜 is injective. Hence it is an isometry
and 𝜙[ℬ] is a closed 𝐶∗-subalgebra of 𝒜. But then, as is known from general
𝐶∗-theory, 𝜙[ℬ] is inverse closed in 𝒜. Now let 𝑏 be an element of ℬ such that
𝜙𝜔(𝑏) is invertible for all 𝜔 ∈ Ω while, in addition, sup𝜔∈Ω ∥𝜙𝜔(𝑏)−1∥𝜔 < ∞. Then
𝜙(𝑏) ∈ 𝜙[ℬ] is invertible in 𝒜. Since its inverse belongs to 𝜙[ℬ], there exists 𝑏1 ∈ ℬ
such that 𝜙𝜔(𝑏)𝜙𝜔(𝑏1) = 𝜙𝜔(𝑏1)𝜙𝜔(𝑏) = 𝑒𝜔 = 𝜙𝜔(𝑒ℬ), 𝜔 ∈ Ω. It follows that both
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𝑏𝑏1 − 𝑒ℬ and 𝑏1𝑏 − 𝑒ℬ belong to
∩
𝜔∈ΩKer𝜙𝜔 . By assumption, this intersection is

trivial, and we get that 𝑏 is invertible in ℬ with inverse 𝑏1. □
From Theorem 2.4 and the second part of Theorem 2.1, taking into account

that 𝐶∗-families are norm-bounded, we see that a sufficient 𝐶∗-family has the (in
this case coinciding) properties of being weakly sufficient, p.w. sufficient, radical-
separating and separating. Theorem 4.1 below shows that the converse is not true.

Finally we observe that in the 𝐶∗-setting, the target algebras play a sec-
ondary role. The reason is the following. If 𝜙1 : ℬ → 𝒜1 and 𝜙2 : ℬ → 𝒜2 are two
𝐶∗-homomorphisms such that 𝜙1(𝑏) is invertible in 𝒜1 if and only if 𝜙2(𝑏) is in-
vertible in 𝒜2 for every 𝑏 ∈ ℬ, then the null spaces of 𝜙1 and 𝜙2 coincide (see
Proposition 5.43 in [HRS01]). So, as far as sufficiency is concerned, one can re-
place each member 𝜙 : ℬ → 𝒜 from a given family of 𝐶∗-homomorphisms by
the canonical mapping from ℬ onto ℬ/Ker𝜙. This observation also indicates that
the properties of families of homomorphisms relevant in the present context are
closely related to those of families of ideals in the underlying algebra. The proofs
of Theorems 4.1 and Theorem 5.1 illustrate this fact.

3. Matrix representations

Until now we have been dealing with fixed given families of homomorphisms, at
most allowing for a modification of the norms in the target spaces. This restriction
will now be dropped and both the target spaces as well as the homomorphisms are
allowed to change. On the other hand, for reasons explained in the introduction,
we will require the Banach algebra homomorphisms that we consider to be matrix
representations.

A matrix representation on a unital Banach algebra ℬ is a continuous unital
Banach algebra homomorphisms of the type 𝜙 : ℬ → ℂ𝑛×𝑛 with 𝑛 a positive
integer. Note that the continuity condition does not depend on the norm used on
ℂ𝑛×𝑛. By the order of a family {𝜙𝜔 : ℬ → ℂ𝑛𝜔×𝑛𝜔}𝜔∈Ω of matrix representations,
we mean the extended integer sup𝜔∈Ω 𝑛𝜔. Families of matrix representations of
finite order play a major role in the literature (see, for instance, [Kr] and [RSS]).

Theorem 3.1. If ℬ possesses a sufficient family of matrix representations of order
𝑛 (possibly ∞), then ℬ also possesses a family of contractive surjective matrix rep-
resentations of order not exceeding 𝑛, and having the properties of being sufficient
and weakly sufficient.

Proof. We start with an auxiliary observation. Let 𝑘 be a positive integer, and
let 𝜙 : ℬ → ℂ𝑘×𝑘 be a unital matrix representation. Then there exist a positive
integer𝑚, positive integers 𝑘1, . . . , 𝑘𝑚 not exceeding 𝑘, and surjective unital matrix
representations

𝜙𝑗 : ℬ → ℂ𝑘𝑗× 𝑘𝑗 , 𝑗 = 1, . . . ,𝑚,

such that, for 𝑏 ∈ ℬ, the matrix 𝜙(𝑏) is invertible in ℂ𝑘×𝑘 if and only if 𝜙𝑗(𝑏)
is invertible in ℂ𝑘𝑗× 𝑘𝑗 , 𝑗 = 1, . . . ,𝑚. This can be seen as follows. If the matrix
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representation 𝜙 itself is surjective, there is nothing to prove (case𝑚 = 1). Assume
it is not, so 𝜙[ℬ] is a proper subalgebra of ℂ𝑘×𝑘. Applying Burnside’s Theorem
(cf., [LR]), we see that 𝜙[ℬ] has a nontrivial invariant subspace, i.e., there is a
nontrivial subspace 𝑉 of ℂ𝑘×𝑘 such that 𝜙(𝑏)[𝑉 ] is contained in 𝑉 for all 𝑏 in ℬ.
But then there exist an invertible 𝑘 × 𝑘 matrix 𝑆, positive integers 𝑘− and 𝑘+
with 𝑘 = 𝑘− + 𝑘+ (so, in particular, 𝑘− , 𝑘+ < 𝑘), a unital matrix representation
𝜙− : ℬ → ℂ𝑘−× 𝑘− and a unital matrix representation 𝜙+ : ℬ → ℂ𝑘+× 𝑘+ such that
𝜙 has the form

𝜙(𝑏) = 𝑆−1

[
𝜙−(𝑏) ∗
0 𝜙+(𝑏)

]
𝑆, 𝑏 ∈ ℬ.

Clearly 𝜙(𝑏) is invertible in ℂ𝑘× 𝑘 if and only if 𝜙−(𝑏) is invertible in ℂ𝑘−× 𝑘− and
𝜙+(𝑏) is invertible in ℂ𝑘+× 𝑘+ . If 𝜙− and 𝜙+ are both surjective we are done (case
𝑚 = 2); if not we can again apply Burnside’s Theorem and decompose further.
This process terminates after at most 𝑘 steps. (A completely rigorous argument
can of course be given using induction.)

Assume ℬ possesses a sufficient family of matrix representations, of order 𝑛
say (possibly ∞). Then, by the observation contained in the preceding paragraph,
ℬ also possesses a sufficient family which consists of surjective matrix representa-
tions and which has order not exceeding 𝑛. Let {𝜙𝜔 : ℬ → ℂ𝑛𝜔×𝑛𝜔}𝜔∈Ω be such
a family. We shall show that by a suitable change of norms in the target algebras
ℂ𝑛𝜔×𝑛𝜔 , the matrix representations can be made contractive. The weak sufficiency
is then immediate from the second part of Theorem 2.1.

Let 𝜅𝜔 be the canonical mapping from ℬ onto ℬ/Ker𝜙𝜔 . Then 𝜅𝜔 is a con-
traction. Define 𝜓𝜔 : ℬ/Ker𝜙𝜔 → ℂ𝑛𝜔×𝑛𝜔 to be the homomorphism induced by
𝜙𝜔 , so 𝜙𝜔 = 𝜓𝜔 ∘ 𝜅𝜔. As 𝜙𝜔 is surjective, 𝜓𝜔 is a bijection. For 𝐴 ∈ ℂ𝑛𝜔×𝑛𝜔 , let
∣∣∣𝐴∣∣∣𝜔 be the norm of 𝜓−1

𝜔 (𝐴) in the quotient algebra ℬ/Ker𝜙𝜔. Then ∣∣∣ ⋅ ∣∣∣𝜔 is
a norm on ℂ𝑛𝜔×𝑛𝜔 . With respect to this norm, 𝜙𝜔 is a contraction. □
Theorem 3.2. The Banach algebra ℬ possesses a radical-separating family of ma-
trix representations if and only if ℬ possesses a p.w. sufficient family of matrix
representations.

As will become clear in the proof, the theorem remains true when one re-
stricts oneself to considering families of matrix representations of finite order. It
is convenient to have at our disposal the following lemma.

Lemma 3.3. Let ℬ be a unital Banach algebra, and let {𝜙𝜔 : ℬ → ℂ𝑛𝜔×𝑛𝜔}𝜔∈Ω be a
family of matrix representations. Then there exists a family {𝜓𝛾 : ℬ → ℂ𝑑𝛾× 𝑑𝛾}𝛾∈Γ
of matrix representations such that∩

𝛾∈Γ
Ker𝜓𝛾 =

∩
𝜔∈Ω

Ker𝜙𝜔, (1)

while, writing Ψ for the family {𝜓𝛾 : ℬ → ℂ𝑑𝛾× 𝑑𝛾}𝛾∈Γ, the set 𝒢Ψ(ℬ) is given by

𝒢Ψ(ℬ) =
{
𝜆𝑒ℬ + 𝑟 ∣ 0 ∕= 𝜆 ∈ ℂ, 𝑟 ∈

∩
𝜔∈Ω

Ker𝜙𝜔

}
. (2)
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Recall that the set 𝒢Ψ(ℬ) consists of all 𝑏 ∈ ℬ with 𝜓𝛾(𝑏) invertible in ℂ𝑑𝛾×𝑑𝛾
for every 𝛾 ∈ Γ, and, in addition, sup𝛾∈Γ ∥𝜙𝛾(𝑏)−1∥𝛾 < ∞. The positive integers

𝑑𝛾 and the norms ∥ ⋅ ∥𝛾 on the algebras ℂ𝑑𝛾× 𝑑𝛾 will be specified in the proof. The
norms in question depend on those given on the original target algebrasℂ𝑛𝜔×𝑛𝜔 for
which there is no restriction except that they satisfy the usual submultiplicativity
condition. The choices made in the proof imply that the unit element in ℂ𝑑𝛾×𝑑𝛾
has norm one. They also entail that the order of the family {𝜓𝛾 : ℬ → ℂ𝑑𝛾× 𝑑𝛾}𝛾∈Γ
is finite if the order of {𝜙𝜔 : ℬ → ℂ𝑛𝜔×𝑛𝜔}𝜔∈Ω is.

Proof. We begin by fixing some notation. The norm that we assume to be given on
ℂ𝑛𝜔×𝑛𝜔 will be denoted by ∥ ⋅ ∥𝜔. Further, let 𝐼𝜔 be the 𝑛𝜔 × 𝑛𝜔 identity matrix,
i.e., the unit element in ℂ𝑛𝜔×𝑛𝜔 . Finally, write Γ for the set of all (ordered) triples
(𝜏, 𝜎, 𝑛) with 𝜏, 𝜎 ∈ Ω and 𝑛 ∈ ℕ, and introduce ℬ(𝜏,𝜎,𝑛) as the algebra of block
diagonal matrices having two blocks, the one in the upper left corner of size 𝑛𝜏 ,
and the one in the lower right corner of size 𝑛𝜎.

Algebraically ℬ(𝜏,𝜎,𝑛) does not depend on 𝑛. This, however, is different for
the norm ∥ ⋅ ∥(𝜏,𝜎,𝑛) that we will use on ℬ(𝜏,𝜎,𝑛). The definition goes in two steps.
First, for (𝑋𝜏 , 𝑌𝜎) ∈ ℬ(𝜏,𝜎,𝑛), we define ∣∣∣(𝑋𝜏 , 𝑌𝜎)∣∣∣(𝜏,𝜎,𝑛) by the expression

∣tr(𝑋𝜏 )∣+ 𝑛
(∥𝑋𝜏 − tr(𝑋𝜏 )𝐼𝜏∥𝜏 + ∥𝑌𝜎 − tr(𝑌𝜎)𝐼𝜎∥𝜎 + ∣tr(𝑋𝜏 )− tr(𝑌𝜎)∣

)
.

Here, for 𝑀 a square matrix, tr(𝑀) is the normalized trace of 𝑀 , i.e., the usual
trace of 𝑀 divided by the size of 𝑀 . It is easy to check that ∣∣∣ ⋅ ∣∣∣(𝜏,𝜎,𝑛) is a norm
on ℬ(𝜏,𝜎,𝑛), possibly not submultiplicative though. For the unit element (𝐼𝜏 , 𝐼𝜎) in
ℬ(𝜏,𝜎,𝑛) we have ∣∣∣(𝐼𝜏 , 𝐼𝜎)∣∣∣(𝜏,𝜎,𝑛) = 1. As a second step we remedy the possible
lack of submultiplicativity. For this we use the standard procedure involving left
regular representations. Write

∥(𝑋𝜏 , 𝑌𝜎)∥(𝜏,𝜎,𝑛) = sup
∣∣∣(𝑅𝜏 ,𝑆𝜎)∣∣∣(𝜏,𝜎,𝑛)=1

∣∣∣(𝑋𝜏 , 𝑌𝜎) ⋅ (𝑅𝜏 , 𝑆𝜎)∣∣∣(𝜏,𝜎,𝑛),

or, what amounts to the same,

∥(𝑋𝜏 , 𝑌𝜎)∥(𝜏,𝜎,𝑛) = sup
∣∣∣(𝑅𝜏 ,𝑆𝜎)∣∣∣(𝜏,𝜎,𝑛)=1

∣∣∣(𝑋𝜏𝑅𝜏 , 𝑌𝜎𝑆𝜎)∣∣∣(𝜏,𝜎,𝑛).

Then ∥⋅∥(𝜏,𝜎,𝑛) is a norm on ℬ(𝜏,𝜎,𝑛), well defined (because of finite dimensionality),
and submultiplicative as desired. Also, since ∣∣∣(𝐼𝜏 , 𝐼𝜎)∣∣∣(𝜏,𝜎,𝑛) has the value one,
∣∣∣(𝑋𝜏 , 𝑋𝜎)∣∣∣(𝜏,𝜎,𝑛) ≤ ∥(𝑋𝜏 , 𝑋𝜎)∥(𝜏,𝜎,𝑛), and finally, ∥(𝐼𝜏 , 𝐼𝜎)∥(𝜏,𝜎,𝑛) = 1.

Next we introduce a family {𝜓(𝜏,𝜎,𝑛) : ℬ → ℬ(𝜏,𝜎,𝑛)}(𝜏,𝜎,𝑛)∈Γ of unital Banach
algebra homomorphisms. The defining expression is

𝜓(𝜏,𝜎,𝑛)(𝑏) =
(
𝜙𝜏 (𝑏), 𝜙𝜎(𝑏)

)
, 𝑏 ∈ ℬ.

As a mapping 𝜓(𝜏,𝜎,𝑛) : ℬ → ℬ(𝜏,𝜎,𝑛) does not depend on 𝑛. Clearly∩
(𝜏,𝜎,𝑛)∈Γ

Ker𝜓(𝜏,𝜎,𝑛) =
∩
𝜔∈Ω

Ker𝜙𝜔 .

Also, with Ψ standing for the family {𝜓(𝜏,𝜎,𝑛) : ℬ → ℬ(𝜏,𝜎,𝑛)}(𝜏,𝜎,𝑛)∈Γ, the set
𝒢Ψ(ℬ) is given by (2), but for this the argument is more involved.
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First note that{
𝜆𝑒+ 𝑟 ∣ 0 ∕= 𝜆 ∈ ℂ, 𝑟 ∈

∩
(𝜏,𝜎,𝑛)∈Γ

Ker𝜓(𝜏,𝜎,𝑛)

}
⊂ 𝒢Ψ(ℬ). (3)

To see this, let 𝜆 be a nonzero complex number, let 𝑟 ∈ ∩(𝜏,𝜎,𝑛)∈ΓKer𝜓(𝜏,𝜎,𝑛), and

take (𝜏, 𝜎, 𝑛) in Γ. Then 𝜓(𝜏,𝜎,𝑛)(𝜆𝑒+ 𝑟) = 𝜆(𝐼𝜏 , 𝐼𝜎) is a nonzero scalar multiple of
the unit element (𝐼𝜏 , 𝐼𝜎) in ℬ(𝜏,𝜎,𝑛). Hence 𝜓(𝜏,𝜎,𝑛)(𝜆𝑒+ 𝑟) is invertible in ℬ(𝜏,𝜎,𝑛)

with inverse 𝜆−1(𝐼𝜏 , 𝐼𝜎). Using that ∥(𝐼𝜏 , 𝐼𝜎)∥(𝜏,𝜎,𝑛) = 1, we get

∥(𝜓(𝜏,𝜎,𝑛)(𝜆𝑒 + 𝑟)
)−1∥(𝜏,𝜎,𝑛) = ∥𝜆−1(𝐼𝜏 , 𝐼𝜎)∥(𝜏,𝜎,𝑛) = ∣𝜆−1∣,

and so 𝜆𝑒 + 𝑟 ∈ 𝒢Ψ(ℬ).
Combining (3) and (1), we may conclude that{

𝜆𝑒 + 𝑟 ∣ 0 ∕= 𝜆 ∈ ℂ, 𝑟 ∈
∩
𝜔∈Ω

Ker𝜙𝜔

}
⊂ 𝒢Ψ(ℬ).

Next take 𝑏 in 𝒢Ψ(ℬ). Thus 𝜓(𝜏,𝜎,𝑛)(𝑏) is invertible in ℬ(𝜏,𝜎,𝑛) for all (𝜏, 𝜎, 𝑛) ∈ Γ
and, moreover,

sup
(𝜏,𝜎,𝑛)∈Γ

∥𝜓(𝜏,𝜎,𝑛)(𝑏)
−1∥(𝜏,𝜎,𝑛) < ∞.

Now 𝜓(𝜏,𝜎,𝑛)(𝑏) =
(
𝜙𝜏 (𝑏), 𝜙𝜎(𝑏)

)
and 𝜓(𝜏,𝜎,𝑛)(𝑏)

−1 =
(
𝜙𝜏 (𝑏)

−1, 𝜙𝜎(𝑏)
−1
)
. Hence

sup
(𝜏,𝜎,𝑛)∈Γ

∥(𝜙𝜏 (𝑏)−1, 𝜙𝜎(𝑏)
−1
)∥(𝜏,𝜎,𝑛) < ∞.

But then sup(𝜏,𝜎,𝑛)∈Γ ∣∣∣(𝜙𝜏 (𝑏)−1, 𝜙𝜎(𝑏)
−1
)∣∣∣(𝜏,𝜎,𝑛) < ∞ too. Invoking the defini-

tion of the norm ∣∣∣ ⋅ ∣∣∣(𝜏,𝜎,𝑛), we obtain
𝜙𝜏 (𝑏)

−1 = tr
(
𝜙𝜏 (𝑏)

−1
)
𝐼𝜏 , 𝜙𝜎(𝑏)

−1 = tr
(
𝜙𝜎(𝑏)

−1
)
𝐼𝜎,

and tr
(
𝜙𝜏 (𝑏)

−1
)
= tr
(
𝜙𝜎(𝑏)

−1
)
. With 𝜇𝜏,𝜎 = tr

(
𝜙𝜏 (𝑏)

−1
)
= tr
(
𝜙𝜎(𝑏)

−1
)
, this gives

𝜙𝜏 (𝑏)
−1 = 𝜇𝜏,𝜎𝐼𝜏 and 𝜙𝜎(𝑏)

−1 = 𝜇𝜏,𝜎𝐼𝜎. Clearly 𝜇𝜏,𝜎 ∕= 0. For 𝑡, 𝑠 ∈ Ω, we have
𝜇𝜏,𝜎𝐼𝜏 = 𝜙𝜏 (𝑏)

−1 = 𝜇𝜏,𝑠𝐼𝜏 , hence 𝜇𝜏,𝜎 = 𝜇𝜏,𝑠, and 𝜇𝜏,𝑠𝐼𝑠 = 𝜙𝑠(𝑏)
−1 = 𝜇𝑡,𝑠𝐼𝑠,

hence 𝜇𝜏,𝑠 = 𝜇𝑡,𝑠. We conclude that 𝜇𝜏,𝜎 = 𝜇𝑡,𝑠. Thus the scalars 𝜇𝜏,𝜎 are inde-
pendent of 𝜏 and 𝜎.

The upshot of all of this is that there exists a nonzero scalar 𝜇 such that
𝜙𝜔(𝑏)

−1 = 𝜇𝐼𝜔 = 𝜇𝜙𝜔(𝑒) for all 𝜔 ∈ Ω. With 𝜆 = 𝜇−1, this can be rewritten as
𝜙𝜔(𝑏) = 𝜆𝜙𝜔(𝑒), 𝜔 ∈ Ω. In other words

𝑏 − 𝜆𝑒 ∈
∩
𝜔∈Ω

Ker𝜙𝜔 =
∩

(𝜏,𝜎,𝑛)∈Γ
Ker𝜓(𝜏,𝜎,𝑛),

as desired.

To finish the proof one more step has to be made. The Banach algebra ℬ(𝜏,𝜎,𝑛)

is finite dimensional. In fact it has dimension 𝑑(𝜏,𝜎,𝑛) = 𝑛2
𝜏 +𝑛2

𝜎. Using left regular
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representations, ℬ(𝜏,𝜎,𝑛) can be (isomorphically) identified with a Banach subalge-
bra of the Banach algebra of all (bounded) linear operators on ℬ(𝜏,𝜎,𝑛), which in

turn can be identified with ℂ𝑑(𝜏,𝜎,𝑛)×𝑑(𝜏,𝜎,𝑛) . We can now identify 𝜓(𝜏,𝜎,𝑛) with a

mapping into ℂ𝑑(𝜏,𝜎,𝑛)×𝑑(𝜏,𝜎,𝑛) . As the subalgebra mentioned above is inverse closed
(finite dimensionality), this identification does not affect the set 𝒢Ψ(ℬ). Finally we
note that sup(𝜏,𝜎,𝑛)∈Γ 𝑑(𝜏,𝜎,𝑛) is finite whenever sup𝜔∈Ω 𝑛𝜔 is. □

Proof of Theorem 3.2. Each p.w. sufficient family is radical-separating (see Corol-
lary 2.3). So the ‘if part’ of the theorem is obvious, and this is also true when one
restricts oneself to families of finite order. Thus we focus on the ‘only if part’ of
the theorem. Here the situation is more involved and requires a change of family
(see the comment at the very end of the paper).

Suppose {𝜙𝜔 : ℬ → ℂ𝑛𝜔×𝑛𝜔}𝜔∈Ω is a radical-separating family of matrix
representations. This means that

∩
𝜔∈ΩKer𝜙𝜔 ⊂ ℛ(ℬ). Applying Lemma 3.3 we

obtain a family Ψ = {𝜓𝛾 : ℬ → ℂ𝑑𝛾× 𝑑𝛾}𝛾∈Γ of matrix representations such that
the set 𝒢Ψ(ℬ) of all 𝑏 ∈ ℬ with 𝜓𝛾(𝑏) is invertible in ℂ𝑑𝛾× 𝑑𝛾 for all 𝛾 ∈ Γ, while,
in addition, sup𝛾∈Γ ∥𝜓𝛾(𝑏)−1∥𝛾 < ∞, coincides with{

𝜆𝑒ℬ + 𝑟 ∣ 0 ∕= 𝜆 ∈ ℂ, 𝑟 ∈
∩
𝜔∈Ω

Ker𝜙𝜔

}
.

Here ∥ ⋅ ∥𝛾 stands for an appropriate norm on ℂ𝑑𝛾× 𝑑𝛾 which we (can) choose
in such a way that the unit element in ℂ𝑑𝛾× 𝑑𝛾 has norm one. With the help of
the inclusion

∩
𝜔∈ΩKer𝜙𝜔 ⊂ ℛ(ℬ), it follows that 𝑒ℬ ∈ 𝒢Ψ(ℬ) ⊂ 𝒢(ℬ). Hence

{𝜓𝛾 : ℬ → ℂ𝑑𝛾× 𝑑𝛾}𝛾∈Γ is p.w. sufficient (see the paragraph preceding Proposi-
tion 2.2). As {𝜓𝛾 : ℬ → ℂ𝑑𝛾× 𝑑𝛾}𝛾∈Γ can be constructed in such a way that its
order is finite whenever that of {𝜙𝜔 : ℬ → ℂ𝑛𝜔×𝑛𝜔}𝜔∈Ω is, the ‘only if part’ of
the theorem is also true when one restricts oneself to considering families of finite
order. □

Elaborating on the material presented above (and using notations employed
there) we mention the following result.

Theorem 3.4. The unital Banach algebra ℬ with unit element 𝑒ℬ possesses a
separating family of matrix representations if and only if ℬ possesses a family
Ψ = {𝜓𝛾 : ℬ → ℂ𝑑𝛾× 𝑑𝛾}𝛾∈Γ of matrix representations having the property that
𝒢Ψ(ℬ) = {𝜆𝑒ℬ ∣ 0 ∕= 𝜆 ∈ ℂ}.

Recall from the paragraph preceding Proposition 2.2 that the identity
𝒢Ψ(ℬ) = {𝜆𝑒ℬ ∣ 0 ∕= 𝜆 ∈ ℂ} implies p.w. sufficiency. Theorem 3.4 remains true
when one restricts oneself to considering families of matrix representations of finite
order.

Proof. Suppose Ψ = {𝜓𝛾 : ℬ → ℂ𝑑𝛾× 𝑑𝛾}𝛾∈Γ is a family of matrix representations
such that 𝒢Ψ(ℬ) = {𝜆𝑒ℬ ∣ 0 ∕= 𝜆 ∈ ℂ}. Then, by Proposition 2.2, this family itself
is separating. This settles the ‘if part’ of the theorem. As to the ‘only if part’,
apply Lemma 3.3. □
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Next we confine ourselves to considering families of matrix representations of
finite order. As we shall see, under this restriction the properties of possessing a
family of matrix representations which is sufficient, weakly sufficient, p.w. sufficient
or radical-separating all amount to the same. A Banach algebra 𝒜 is said to be a
polynomial identity (Banach) algebra, PI-algebra for short, if there exist a positive
integer 𝑘 and a nontrivial polynomial 𝑝(𝑥1, . . . , 𝑥𝑘) in 𝑘 non-commuting variables
𝑥1, . . . , 𝑥𝑘 such that 𝑝(𝑎1, . . . , 𝑎𝑘) = 0 for every choice of elements 𝑎1, . . . , 𝑎𝑘 in
𝒜. Such a polynomial is then called an annihilating polynomial for 𝒜. By 𝐹2𝑛 we
mean the polynomial in 2𝑛 non-commuting variables given by

𝐹2𝑛(𝑥1, . . . 𝑥2𝑛) =
∑
𝜎∈𝑆2𝑛

(−1)sign𝜎𝑥𝜎1𝑥𝜎2 . . . 𝑥𝜎2𝑛 .

Here 𝑆2𝑛 stands for the collection of all permutations of {1, . . . , 2𝑛}, and sign𝜎
for the signature of an element 𝜎 in 𝑆2𝑛. The algebra 𝒜 is termed an 𝐹2𝑛-algebra
when it has 𝐹2𝑛 as an annihilating polynomial. By a celebrated result of Amitsur
and Levitzky [AL], the matrix algebra ℂ𝑚×𝑚 is an 𝐹2𝑛-algebra whenever 𝑚 does
not exceed 𝑛.

Theorem 3.5. Let ℬ be a unital Banach algebra, and let ℛ(ℬ) be its radical. The
following five statements are equivalent:

(1) ℬ/ℛ(ℬ) is a PI-algebra;
(2) ℬ possesses a family of matrix representations which is both sufficient and of

finite order;

(3) ℬ possesses a family of matrix representations which is both weakly sufficient
and of finite order;

(4) ℬ possesses a family of matrix representations which is both p.w. sufficient
and of finite order;

(5) ℬ possesses a family of matrix representations which is both radical-separating
and of finite order.

Proof. The implication (1)⇒ (2) is known; see [Kr]. The implication (2)⇒ (3)
follows from Theorem 3.1. As weak sufficiency implies p.w. sufficiency, we have
(3)⇒ (4). The implication (4)⇒ (5) is covered by Proposition 3.4 in [BES12] or,
if one prefers, Corollary 2.3 above. It remains to show that (5)⇒ (1).

Suppose ℬ possesses a family of matrix representations {𝜙𝜔 : ℬ → ℂ𝑛𝜔×𝑛𝜔}
which is both radical-separating and of finite order, 𝑛 say. We shall prove that
ℬ/ℛ(ℬ) is an 𝐹2𝑛-algebra. Here is the argument. As the positive integers 𝑛𝜔 do
not exceed 𝑛, the polynomial 𝐹2𝑛 is annihilating for all the algebras ℂ𝑛𝜔×𝑛𝜔 .
Thus 𝜙𝜔(𝐹2𝑛(𝑎1, . . . , 𝑎2𝑛)) = 𝐹2𝑛(𝜙𝜔(𝑎1), . . . , 𝜙𝜔(𝑎2𝑛)) = 0 for all 𝜔 ∈ Ω and all
𝑎1, . . . , 𝑎2𝑛 ∈ ℬ. This implies that 𝐹2𝑛(𝑎1, . . . , 𝑎2𝑛) is in ℛ(ℬ), and it follows that
𝐹2𝑛 is an annihilating polynomial for ℬ/ℛ(ℬ). □

The main results obtained so far for families of matrix representations (with-
out restriction on the order) can be schematically summarized as follows:
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sufficient ⇒ weakly sufficient ⇒ p.w. sufficient ⇔ radical-separating

⇑
separating.

Here the implications have to be understood as holding on what in the introduction
has been called the second level, i.e., the level concerned with the existence of
families with the properties in question for a given underlying Banach algebra (in
contrast to the first level which pertains to individual families).

Three questions still deserve our attention. The first is: ‘if a Banach algebra
possesses a radical-separating family of matrix representations, does it follow that
it also possesses a separating family of matrix representations?’; the second: ‘if a
Banach algebra possesses a radical-separating (or even separating) family of matrix
representations, does it follow that it also possesses a sufficient family of matrix
representations?’; the third: ‘if a Banach algebra possesses a radical-separating
(or even separating) family of matrix representations, does it follow that it also
possesses a weakly sufficient family of matrix representations?’.

The first question can be rephrased as follows: ‘if ℬ is a Banach algebra, and
the intersection of the null spaces of all possible matrix representations on ℬ is
contained in the radical of ℬ, can one conclude that this intersection consists of the
zero element only?’. We conjecture that the answer is negative. A counterexample
might be the Calkin algebra of the Banach space 𝑋 constructed in Section 3 of
[GM] – which has the property that the ideal of strictly singular operators on 𝑋
has codimension one in ℬ(𝑋) – but we have not yet been able to verify this.

The second and the third question have a negative answer, the second one
even when one restricts oneself to the 𝐶∗-case where the properties of being weakly
sufficient, p.w. sufficient, radical-separating and separating all amount to the same.
The arguments involved are complicated and lengthy. Therefore we present them
in two separate sections.

4. Separating versus sufficient families of matrix representations

Let M = {ℂ𝑛×𝑛}𝑛∈ℕ, where ℂ𝑛×𝑛 is identified with the Banach algebra ℬ(ℂ𝑛) of
(bounded) linear operators on the Hilbert space ℂ𝑛, equipped with the standard
Hilbert space norm. In particular, the unit element 𝐼𝑛 in ℂ𝑛×𝑛 has norm one. By
slight abuse of notation, the norms on ℂ𝑛 and ℂ𝑛×𝑛 will both be denoted by ∥⋅∥𝑛.
Write ℓM∞ for the ℓ∞-direct product of the family M. Thus ℓM∞ consists of all 𝑀
in the Cartesian product

∏
𝑛∈ℕ

ℂ𝑛×𝑛 such that

∣∣∣𝑀 ∣∣∣ = sup
𝑛∈ℕ

∥𝑀(𝑛)∥𝑛 < ∞.

With the operations of scalar multiplication, addition, multiplication and that of
taking the adjoint all defined pointwise, and with ∣∣∣ ⋅ ∣∣∣ as norm, ℓM∞ is a unital
Banach algebra – in fact a 𝐶∗-algebra.
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With the next theorem we make good on a promise made at the end of
Section 2. The result also shows that the new Gelfand type criteria for spectral
regularity of Banach algebras developed in [BES12] genuinely go beyond the scope
of Theorem 4.1 in [BES94].

Theorem 4.1. The 𝐶∗-algebra ℓM∞ possesses a 𝐶∗-family of matrix representations
which is weakly sufficient (hence p.w. sufficient) and separating; it does, however,
not possess any sufficient family of matrix representations.

Note that this includes ruling out the existence of sufficient families of matrix
representations that are not of 𝐶∗-type.

Proof. The existence of a 𝐶∗-family of matrix representations which is weakly
sufficient (so a fortiori p.w. sufficient) and separating is easily established: just
consider the point evaluations ℓM∞ ∋ 𝑀 �→ 𝑀(𝑛) ∈ ℂ𝑛×𝑛, 𝑛 ∈ ℕ. This covers the
first part of the theorem.

For the proof of the second part, one needs some ‘grasp’ on the collection of all
unital matrix representations of the Banach algebra ℓM∞ ; a nontrivial matter, as can
already be seen from the situation for the relatively simple Banach algebra ℓ∞. We
shall overcome the difficulty by identifying a 𝐶∗-subalgebra ℓM∞,𝑐 of ℓM∞ for which
we are able to explicitly describe the set of surjective matrix representations and
use that description to prove that ℓM∞,𝑐 does not possess a sufficient family of matrix
representations. The (well-known) fact that such a 𝐶∗-subalgebra is inverse closed
then guarantees that ℓM∞ does not have a sufficient family of matrix representations
either. Indeed, if it had one we could just take the restrictions to the subalgebra
to obtain a contradiction.

The detailed argument proving the above theorem will now be given in a
number of steps. The first two of these are concerned with the introduction of
the subalgebra meant above. The definition of the subalgebra is inspired by the
numerically oriented work of Hagen, Roch, and the third author of the present
paper; see [HRS95].

Step 1. For 𝑛 a positive integer, define the bounded linear operators

Π↓
𝑛 : ℓ2 → ℂ𝑛 and Π↑

𝑛 : ℂ
𝑛 → ℓ2

by

Π↓
𝑛

⎛⎜⎜⎜⎝
𝑥1

𝑥2

𝑥3

...

⎞⎟⎟⎟⎠ =

⎛⎜⎝ 𝑥1

...
𝑥𝑛

⎞⎟⎠ , Π↑
𝑛

⎛⎜⎝ 𝑥1

...
𝑥𝑛

⎞⎟⎠ =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝑥1

...
𝑥𝑛
0
0
...

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
.

146 H. Bart, T. Ehrhardt and B. Silbermann



Then Π↓
𝑛Π

↑
𝑛 is a contraction and Π

↑
𝑛 is an isometry. Also Π

↓
𝑛Π

↑
𝑛 = 𝐼𝑛, the identity

matrix of size 𝑛, while Π↑
𝑛Π

↓
𝑛 is the projection Π𝑛 on ℓ2 with action

Π𝑛

⎛⎜⎜⎜⎝
𝑥1

𝑥2

𝑥3

...

⎞⎟⎟⎟⎠ =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝑥1

...
𝑥𝑛
0
0
...

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
.

Note that Π𝑛 tends strongly to the identity operator 𝐼 on ℓ2 when 𝑛 goes to infinity,
written s- lim𝑛→∞ Π𝑛 = 𝐼. The mapping ℂ𝑛×𝑛 ∋ 𝐴 �→ Π↑

𝑛𝐴Π
↓
𝑛 ∈ ℬ(ℓ2) is a (non-

unital) Banach algebra isomorphism from ℂ𝑛×𝑛 into ℬ(ℓ2), the latter equipped
with the operator norm ∥ ⋅ ∥ induced by the standard Hilbert space norm on ℓ2.

Write 𝒩 for the set of all 𝐻 ∈ ℓM∞ such that lim𝑛→∞ ∥𝐻(𝑛)∥𝑛 = 0. Clearly
𝒩 is a closed two-sided ideal in ℓM∞ . Next, let ℓM∞,𝑐 consist of all 𝑀 ∈ ℓM∞ such that
there exist 𝜆 ∈ ℂ, a compact operator 𝐾 : ℓ2 → ℓ2 and 𝐻 ∈ 𝒩 such that

𝑀(𝑛) = 𝜆𝐼𝑛 +Π↓
𝑛𝐾Π↑

𝑛 +𝐻(𝑛), 𝑛 = 1, 2, 3, . . . . (4)

Note that Π↓
𝑛𝐾Π↑

𝑛 : ℂ𝑛 → ℂ𝑛 is the 𝑛th finite section of the operator 𝐾. In
the next step shall prove that ℓM∞,𝑐 is indeed a 𝐶∗-subalgebra of ℓM∞ (hence in-
verse closed by general 𝐶∗-algebra theory). The type of argument employed for
this is also used in [HRS01], but for the convenience of the reader we present the
reasoning in detail.

Step 2. Clearly ℓM∞,𝑐 is closed under addition and scalar multiplication. It is also
closed under multiplication but the argument for this is more involved. Take𝑀,𝑀

in ℓM∞,𝑐 and put 𝑀 = 𝑀𝑀 . We need to show that 𝑀 ∈ ℓM∞,𝑐. Choose �̂�, �̃� ∈ ℂ,

compact operators �̂�, �̃� : ℓ2 → ℓ2 and �̂�, �̃� ∈ 𝒩 such that

𝑀(𝑛) = �̂�𝐼𝑛 +Π↓
𝑛�̂�Π↑

𝑛 + �̂�(𝑛), 𝑛 = 1, 2, 3, . . . ,

𝑀(𝑛) = �̃�𝐼𝑛 +Π↓
𝑛�̃�Π↑

𝑛 + �̃�(𝑛), 𝑛 = 1, 2, 3, . . . .

A straightforward computation gives

𝑀(𝑛) = �̂��̃�𝐼𝑛 +Π↓
𝑛

(
�̂��̃� + �̃��̂� + �̂��̃�

)
Π↑
𝑛 +𝐻(𝑛),

where 𝐻 ∈ ℓM∞ is given by

𝐻(𝑛) = �̂��̃�(𝑛) + �̃��̂�(𝑛) + �̂�(𝑛)�̃�(𝑛) + Π↓
𝑛�̂�Π↑

𝑛�̃�(𝑛) + �̂�(𝑛)Π↓
𝑛�̃�Π↑

𝑛

− Π↓
𝑛�̂�
(
𝐼 −Π𝑛

)
�̃�Π↑

𝑛.

As has already been mentioned, s- lim𝑛→∞Π𝑛 = 𝐼. Also �̃� is compact. Recalling
that pointwise convergence on compact subsets is uniform, we may conclude that

lim𝑛→∞ ∥(𝐼 − Π𝑛)�̃�∥ = 0. Thus 𝐻 ∈ 𝒩 . As the operator �̂��̃� + �̃��̂� + �̂��̃� is
compact, it follows that 𝑀 ∈ ℓM∞,𝑐, as desired.
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The unit element of ℓM∞ is contained in ℓM∞,𝑐. It is also easy to see that ℓM∞,𝑐
is closed under the 𝐶∗-operation. So the only thing left to prove is that ℓM∞,𝑐 is a
closed subset of ℓM∞ .

We begin by showing that for 𝑀 ∈ ℓM∞,𝑐 given in the form (4), the following
norm inequalities hold:

∣∣∣𝑀 ∣∣∣ ≤ ∣𝜆∣+ ∥𝐾∥+ ∣∣∣𝐻 ∣∣∣ ≤ 7∣∣∣𝑀 ∣∣∣. (5)

The first inequality in (5) is obvious; so we concentrate on the second. For the
operator Π↑

𝑛𝑀(𝑛)Π↓
𝑛 : ℓ2 → ℓ2, we have

Π↑
𝑛𝑀(𝑛)Π↓

𝑛 = 𝜆Π𝑛 +Π𝑛𝐾Π𝑛 +Π↑
𝑛𝐻(𝑛)Π↓

𝑛, 𝑛 = 1, 2, 3, . . . .

Taking the strong limit, we obtain

s- lim
𝑛→∞Π↑

𝑛𝑀(𝑛)Π↓
𝑛 = 𝜆𝐼 +𝐾. (6)

The fact that we need to work with strong limits here is due to the circumstance
that we only have s-lim𝑛→∞Π𝑛 = 𝐼 and not Π𝑛 → 𝐼 in norm; we do have con-
vergence in norm Π↑

𝑛𝐻(𝑛)Π↓
𝑛 → 0 (clearly) and Π𝑛𝐾Π𝑛 → 𝐾. The latter can be

seen as follows. First note that Π𝑛𝐾Π𝑛 = 𝐾 − (𝐼 −Π𝑛)𝐾 −Π𝑛𝐾(𝐼 − Π𝑛). Next
observe that the compactness of 𝐾 together with s-lim𝑛→∞ Π𝑛 = 𝐼 implies that
(𝐼 − Π𝑛)𝐾 → 0 in norm. Finally 𝐾(𝐼 −Π𝑛) → 0 in norm too, which can be seen
by taking adjoints.

For 𝑥 ∈ ℓ2, we have (𝜆𝐼 +𝐾)𝑥 = lim𝑛→∞ Π↑
𝑛𝑀(𝑛)Π↓

𝑛𝑥, and it follows that

∥𝜆𝐼 +𝐾∥ ≤ sup
𝑛=1,2,3,...

∥𝑀(𝑛)∥𝑛 = ∣∣∣𝑀 ∣∣∣. (7)

Also ∣𝜆∣ ≤ ∥𝜆𝐼 +𝐾∥. This is trivial for 𝜆 = 0. For 𝜆 ∕= 0, the compact operator
𝜆−1𝐾 cannot be invertible, and so we must have ∥𝐼+𝜆−1𝐾∥ ≥ 1. Thus ∣𝜆∣ ≤ ∣∣∣𝑀 ∣∣∣
and ∥𝐾∥ ≤ ∥𝜆𝐼 +𝐾∥ + ∣𝜆∣ ≤ 2∣∣∣𝑀 ∣∣∣. From 𝐻(𝑛) = 𝑀(𝑛) − 𝜆𝐼𝑛 − Π↓

𝑛𝐾Π↑
𝑛, we

get ∥𝐻(𝑛)∥𝑛 ≤ ∥𝑀(𝑛)∥𝑛 + ∣𝜆∣ + ∥𝐾∥ ≤ 4∣∣∣𝑀 ∣∣∣. Thus ∣∣∣𝐻 ∣∣∣ ≤ 4∣∣∣𝑀 ∣∣∣ and
∣𝜆∣+ ∥𝐾∥+ ∣∣∣𝐻 ∣∣∣ ≤ 7∣∣∣𝑀 ∣∣∣, as desired.

Let 𝑀1,𝑀2,𝑀3, . . . be a sequence in ℓM∞,𝑐 converging in ℓM∞ to 𝑀 . We need

to show that 𝑀 ∈ ℓM∞,𝑐. This goes as follows. For 𝑘 = 1, 2, 3, . . . , write

𝑀𝑘(𝑛) = 𝜆𝑘𝐼𝑛 +Π↓
𝑛𝐾𝑘Π

↑
𝑛 +𝐻𝑘(𝑛), 𝑛 = 1, 2, 3, . . . ,

with 𝜆𝑘 a scalar, 𝐾𝑘 : ℓ2 → ℓ2 a compact operator and 𝐻𝑘 ∈ 𝒩 . By the second
inequality in (5), the sequence 𝜆1, 𝜆2, 𝜆3, . . . is a Cauchy sequence in ℂ, the se-
quence 𝐾1,𝐾2,𝐾3, . . . is a Cauchy sequence in ℬ(ℓ2), and 𝐻1, 𝐻2, 𝐻3, . . . is a
Cauchy sequence in ℓM∞ . But then there exist a scalar 𝜆, a bounded linear oper-
ator 𝐾 : ℓ2 → ℓ2, and an element 𝐻 ∈ ℓM∞ such that 𝜆𝑘 → 𝜆 in ℂ, 𝐾𝑘 → 𝐾 in
ℬ(ℓ2), and 𝐻𝑘 → 𝐻 in ℓM∞ . The operator 𝐾, being a limit of compact operators,
is compact too. Also 𝒩 is closed in ℓM∞ , hence 𝐻 ∈ 𝒩 . Put

𝑀(𝑛) = 𝜆𝐼𝑛 +Π↓
𝑛𝐾Π↑

𝑛 +𝐻(𝑛), 𝑛 = 1, 2, 3, . . . .

Then 𝑀 belongs to ℓM∞,𝑐 and the first inequality in (5) gives that 𝑀 = lim𝑘→∞ 𝑀𝑘

in ℓM∞ . It follows that 𝑀 = 𝑀 ∈ ℓM∞,𝑐.
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Step 3. In this step we introduce certain Banach algebra homomorphisms on ℓM∞,𝑐.
For 𝑛 a positive integer, 𝜙𝑛 : ℓ

M
∞,𝑐 → ℂ𝑛×𝑛 is just the point evaluation given by

𝜙𝑛(𝑀) = 𝑀(𝑛). Clearly this is a surjective contractive matrix representation and,
in fact, a 𝐶∗-homomorphism.

Two more homomorphisms are needed. Here is the definition. Given 𝑀 in
ℓM∞,𝑐, there exist a unique scalar 𝜆𝑀 , a unique compact operator 𝐾𝑀 : ℓ2 → ℓ2
and a unique element 𝐻𝑀 ∈ 𝒩 such that

𝑀(𝑛) = 𝜆𝑀𝐼𝑛 +Π↓
𝑛𝐾𝑀Π

↑
𝑛 +𝐻𝑀 (𝑛), 𝑛 = 1, 2, 3, . . . . (8)

The uniqueness is immediate from (5). We now put

𝜙0(𝑀) = 𝜆𝑀 ,

𝜙∞(𝑀) = 𝜆𝑀𝐼 +𝐾𝑀 = s- lim
𝑛→∞Π↑

𝑛𝑀(𝑛)Π↓
𝑛,

the second expression for 𝜙∞(𝑀) coming from (6). In this way we obtain map-
pings 𝜙0 : ℓ

M
∞,𝑐 → ℂ and 𝜙∞ : ℓM∞,𝑐 → ℬ(ℓ2). Clearly these mappings are unital

homomorphisms. They are continuous too and, as we see from the paragraph con-
taining (7), in fact contractions. For completeness, we note that 𝜙0 and 𝜙∞ are
𝐶∗-homomorphisms.

Along with 𝜙1, 𝜙2, 𝜙3, . . . , the homomorphism 𝜙0 : ℓM∞,𝑐 → ℂ is surjective.
The image of 𝜙∞ is the Banach subalgebra ℬ𝒦(ℓ2) of ℬ(ℓ2) consisting of all oper-
ators of the form 𝜆𝐼 +𝐾 with 𝜆 ∈ ℂ and 𝐾 : ℓ2 → ℓ2 a compact linear operator.
So, whenever this is convenient, 𝜙∞ can be considered as a (surjective) homomor-
phism from ℓM∞,𝑐 onto ℬ𝒦(ℓ2). Note that 𝜙∞(𝑀) is a Fredholm operator (on ℓ2) if
and only if 𝜙0(𝑀) ∕= 0. The null space of 𝜙∞ is easily seen to be the ideal 𝒩 .

Step 4. Next we prove that the maximal two-sided ideals in ℓM∞,𝑐 are precisely the
null spaces of the matrix representations 𝜙0, 𝜙1, 𝜙2, . . . . These are surjective matrix
representations. Hence, as is well known (and easy to see using the simplicity of the
full matrix algebras ℂ𝑛×𝑛), their null spaces are maximal two-sided ideals in ℓM∞,𝑐.
It remains to show that there are no others. So let 𝒥 be a maximal ideal in ℓM∞,𝑐 and
suppose 𝒥 ∕= Ker𝜙𝑛 for all positive integers 𝑛. We shall prove that 𝒥 = Ker𝜙0.

For 𝑘 = 1, 2, 3, . . . , define 𝑃𝑘 ∈ 𝒩 by

𝑃𝑘(𝑛) = 𝛿𝑘𝑛𝐼𝑛, 𝑛 = 1, 2, 3, . . . .

Our first aim is to show that 𝑃1, 𝑃2, 𝑃3, . . . all belong to 𝒥 . Fix 𝑘 ∈ ℕ. As 𝜙𝑘 is sur-
jective, Ker𝜙𝑘 is a proper ideal in ℓM∞,𝑐. By maximality, 𝒥 is not strictly contained

in any proper ideal in ℓM∞,𝑐. Hence 𝒥 cannot be a subset of Ker𝜙𝑘. Now introduce

𝒥𝑘 = {𝑀(𝑘) ∣ 𝑀 ∈ 𝒥 }. Then 𝒥𝑘 is a two-sided ideal in ℂ𝑘×𝑘. If 𝒥𝑘 is the trivial
ideal consisting of the zero element 0𝑘 in ℂ𝑘×𝑘 only, then 𝜙𝑘(𝑀) = 𝑀(𝑘) = 0𝑘 for
all 𝑀 ∈ 𝒥 or, what amounts to the same, 𝒥 ⊂ Ker𝜙𝑘. But this is not the case.
Since the algebra ℂ𝑘×𝑘 is simple, we may conclude that 𝒥𝑘 = ℂ𝑘×𝑘. Now choose
𝑀𝑘 ∈ 𝒥 such that 𝑀𝑘(𝑘) = 𝐼𝑘. Then 𝑃𝑘𝑀𝑘 ∈ 𝒥 . Observing that 𝑃𝑘𝑀𝑘 = 𝑃𝑘 we
arrive at 𝑃𝑘 ∈ 𝒥 .
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Next we show that 𝒩 ⊂ 𝒥 . Let 𝒩0 be the set of all 𝐻 ∈ 𝒩 such that
𝐻(𝑛) = 0 for all but a finite set of positive integers 𝑛. Clearly 𝒩0 is dense in
𝒩 . Also 𝒥 , being a maximal ideal, is closed. So it is sufficient to establish the
inclusion 𝒩0 ⊂ 𝒥 . Take 𝐻0 ∈ 𝒩0 and choose 𝑚 such that 𝐻0(𝑛) = 0 for 𝑛 > 𝑚.
Then 𝐻0 = 𝑃1𝐻0 + ⋅ ⋅ ⋅+ 𝑃𝑚𝐻0 and 𝐻0 belongs to 𝒥 along with 𝑃1, . . . , 𝑃𝑚.

We now bring into play the homomorphism 𝜙∞, here considered as a mapping
from ℓM∞,𝑐 into ℬ𝒦(ℓ2). Actually 𝜙∞ : ℓM∞,𝑐 → ℬ𝒦(ℓ2) is surjective. Further the null
space of 𝜙∞ is the ideal 𝒩 , and so Ker𝜙∞ is contained in the maximal ideal 𝒥 . As
is well known (and easy to deduce) these facts imply that 𝜙∞[𝒥 ] is a maximal ideal
in ℬ𝒦(ℓ2). It is also common knowledge that the only non-trivial closed ideal in
ℬ𝒦(ℓ2) is the set 𝒦(ℓ2) of all compact linear operators on ℓ2. Hence 𝜙∞[𝒥 ] = 𝒦(ℓ2).

After all these preparations we are finally ready to prove the desired iden-
tity 𝒥 = Ker𝜙0. First, take 𝑀 in ℓM∞,𝑐, and assume 𝜙0(𝑀) = 0. In terms of the
expression (8) this gives 𝜆𝑀 = 0 and 𝜙∞(𝑀) = 𝐾𝑀 ∈ 𝒦(ℓ2) = 𝜙∞[𝒥 ]. Choose
𝑋 ∈ 𝒥 such that 𝜙∞(𝑀) = 𝜙∞(𝑋). Then 𝑀 − 𝑋 ∈ Ker𝜙∞ = 𝒩 ⊂ 𝒥 , and we
get 𝑀 = (𝑀 −𝑋)+𝑋 ∈ 𝒥 . Thus Ker𝜙0 ⊂ 𝒥 . Conversely, suppose 𝑀 ∈ 𝒥 . Then
𝜆𝑀𝐼 +𝐾𝑀 = 𝜙∞(𝑀) ∈ 𝜙∞[𝒥 ] = 𝒦(ℓ2), and it follows that 𝜆𝑀 = 0, which can
be rewritten as 𝜙0(𝑀) = 0.

Step 5. Before being able to proceed with the main line of the argument, we need
a simple general observation. Let Φ : 𝒜 → ℂ𝑛×𝑛 and Ψ : 𝒜 → ℂ𝑚×𝑚 be two sur-
jective matrix representations of a unital Banach algebra 𝒜, and suppose KerΦ =
KerΨ. Then 𝑛 = 𝑚 and Ψ is an inner transform of Φ, i.e., there exists an invertible
𝑛×𝑛matrix 𝑆 such that Ψ(𝑎) = 𝑆−1Φ(𝑎)𝑆, 𝑎 ∈ 𝒜. The reasoning is as follows. Put
𝒥 = KerΦ = KerΨ, and let Φ𝒥 : 𝒜/𝒥 → ℂ𝑛×𝑛 and Ψ𝒥 : 𝒜/𝒥 → ℂ𝑚×𝑚 be the
homomorphisms induced by Φ and Ψ, respectively. Then Φ𝒥 and Ψ𝒥 are bijections,
and it is clear that 𝑛 and𝑚 must be the same. Consider Ψ𝒥 ∘Φ−1

𝒥 : ℂ𝑛×𝑛 → ℂ𝑛×𝑛.
This is an automorphism of ℂ𝑛×𝑛, i.e., a bijective unital homomorphism. It is well
known (cf., [Se]) that such an automorphism is inner, which means that there ex-
ists an invertible 𝑛 × 𝑛 matrix 𝑆 such that

(
Ψ𝒥 ∘ Φ−1

𝒥
)
(𝑀) = 𝑆−1𝑀𝑆 for all

𝑀 ∈ ℂ𝑛×𝑛. With 𝜅 the canonical mapping from 𝒜 onto 𝒜/𝒥 and 𝑎 ∈ 𝒜,
we now have Ψ(𝑎) = Ψ𝒥

(
𝜅(𝑎)
)
=
(
Ψ𝒥 ∘ Φ−1

𝒥
)
Φ𝒥
(
𝜅(𝑎)
)
=
(
Ψ𝒥 ∘ Φ−1

𝒥
)
Φ(𝑎) =

𝑆−1Φ(𝑎)𝑆, so Ψ is an inner transform of Φ indeed.

Step 6. If 𝜓 is surjective matrix representation of ℓM∞,𝑐, then either 𝜓 = 𝜙0, or
𝜓 = 𝜙1 (the first point evaluation), or 𝜓 is an inner transform of one of the
(other) point evaluations 𝜙2, 𝜙3, 𝜙4, . . . . Here are the details. The null space of
𝜓 is a maximal ideal in ℓM∞,𝑐, hence Ker𝜓 = Ker𝜙𝑛 for some 𝑛 among 0, 1, 2, . . .
(Step 4). In Step 5 we saw that this guarantees the existence of an invertible ma-
trix 𝑆, of appropriate size depending on 𝑛, such that 𝜓(𝑀) = 𝑆−1𝜙𝑛(𝑀)𝑆 for all
𝑀 ∈ ℓM∞,𝑐. For 𝑛 ≥ 2, the size of 𝑆 is equal to 𝑛; when 𝑛 = 0 or 𝑛 = 1, it is equal
to one. So in the latter two cases, the matrix 𝑆 actually is a scalar, and hence
𝜓 = 𝜙0 or 𝜓 = 𝜙1 depending on 𝑛 being equal to zero or one.

Step 7. We finally have the ingredients to prove that ℓM∞,𝑐 does not possess a suf-
ficient family of matrix representations. Suppose it does. Then, by Theorem 3.1
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(which is based on Burnside’s Theorem), the collection of all surjective matrix
representations of ℓM∞,𝑐 is a sufficient family of matrix representations for ℓM∞,𝑐
too. The result obtained in the previous step now gives that {𝜙0, 𝜙1, 𝜙2, . . .} is a
sufficient family of representations. However, as we shall see, it is not.

We need to identify an element 𝐺 ∈ ℓM∞,𝑐 such that 𝐺 is not invertible in ℓM∞,𝑐
while 𝜙𝑘(𝐺) is invertible for all 𝑘. This is not difficult. Consider 𝐺 ∈ ℓM∞,𝑐 given
by 𝐺(𝑛) = 𝐼𝑛 +Π↓

𝑛𝐾Π↑
𝑛 +𝐻(𝑛), where 𝐾 ∈ 𝒦(ℓ2) is given by

𝐾

⎛⎜⎜⎜⎝
𝑥1

𝑥2

𝑥3

...

⎞⎟⎟⎟⎠ = −

⎛⎜⎜⎜⎝
𝑥1

0
0
...

⎞⎟⎟⎟⎠ ,

and 𝐻(𝑛) is the 𝑛×𝑛matrix with 𝑛−1 in the (1,1)th position and zeros everywhere
else. One verifies without difficulty that 𝜙𝑛(𝐺) = 𝐺(𝑛) is invertible in ℂ𝑛×𝑛 for
every positive integer 𝑛. Note that 𝜙0(𝐺) = 1 is invertible in ℂ too. Assume that
𝐺 is an invertible element of ℓM∞,𝑐. For its inverse 𝐺−1 we then have

𝐺−1(𝑛) = 𝐺(𝑛)−1, 𝑛 = 1, 2, 3, . . . .

As 𝐺(𝑛)−1 has 𝑛 in the (1,1)th position, it follows that sup𝑛=1,2,3,... ∥𝐺−1(𝑛)∥𝑛 is
not finite, contrary to how ℓM∞,𝑐 (or, if one so wants ℓM∞), has been defined. □

Amplifying on the last step in the above proof: here is an alternative way
to see that 𝐺 is not invertible. Apply the homomorphism 𝜙∞ : ℓM∞,𝑐 → ℬ𝒦(ℓ2) to
𝐺, having in mind that invertibility in ℬ(ℓ2) amounts to the same as invertibil-
ity in 𝐵𝒦(ℓ2). If 𝐺 were invertible in ℓM∞,𝑐, the operator 𝜙∞(𝐺) : ℓ2 → ℓ2 would
be invertible, hence bijective. It is clear, however, that 𝜙∞(𝐺) = 𝐼 + 𝐾, with
𝐾 as above, is neither injective not surjective. This reasoning suggests that the
family 𝜙∞, 𝜙0, 𝜙1, 𝜙2, . . . might be a sufficient family for ℓM∞,𝑐. It is indeed, but
the proof is rather technical and will not be given here. Note that 𝜙0 and 𝜙∞
are not independent. Indeed, 𝜙∞(𝑀) = 𝜙0(𝑀)𝐼 +𝐾𝑀 so that 𝜙∞(𝑀) can only
be invertible in 𝐵𝒦(ℓ2) if 𝜙0(𝑀) ∕= 0. Hence the family {𝜙∞, 𝜙1, 𝜙2, . . .} is suffi-
cient for ℓM∞,𝑐. The homomorphisms {𝜙1, 𝜙2, . . .} are matrix representations but

𝜙∞ : ℓM∞,𝑐 → ℬ𝒦(ℓ2) is not. As ℬ𝒦(ℓ2) is spectrally regular (see [BES94] or
[BES04]), the existence of the sufficient family {𝜙∞, 𝜙1, 𝜙2, . . .} nevertheless im-
plies that ℓM∞,𝑐 is spectrally regular (cf., Corollary 3.5 in [BES12]). This result can
also be obtained by combining Corollary 4.1 and Theorem 4.6 in [BES12], or by
observing that the family {𝜙1, 𝜙2, 𝜙3, . . .} of point evaluations separates the points
of ℓM∞,𝑐 so that [BES12], Corollary 3.3 can be applied.

Still under the standing assumption M = {ℂ𝑛×𝑛}𝑛∈ℕ, let ℓM∞,0 consist of all
𝑀 ∈ ℓM∞ such that there exist 𝜆 ∈ ℂ and 𝐻 ∈ 𝒩 such that

𝑀(𝑛) = 𝜆𝐼𝑛 +𝐻(𝑛), 𝑛 = 1, 2, 3, . . . .

151Families of Homomorphisms in Non-commutative Gelfand Theory



In other words ℓM∞,0 consists of those elements of ℓ
M
∞,𝑐 for which the corresponding

compact operator on ℓ2 vanishes. So, with the notation employed above,

{𝑀 ∈ ℓM∞,𝑐 ∣ 𝜙∞(𝑀)− 𝜙0(𝑀)𝐼 = 0},
hence ℓM∞,0 is closed in ℓM∞,𝑐. It is now clear that ℓM∞,0 is a 𝐶∗-subalgebra of ℓM∞,𝑐
(and of course of ℓM∞ too).

Proposition 4.2. The 𝐶∗-algebra ℓM∞,0 possesses a sufficient family of matrix rep-
resentations, but it is not a polynomial identity algebra.

Proof. The family consisting of the restrictions of 𝜙0, 𝜙1, 𝜙2, . . . to ℓM∞,0 is suffi-
cient. However, ℓM∞,0 is not a polynomial identity algebra. This can be seen as
follows. Assume it is, so it has a polynomial identity algebra with an annihilating
polynomial in a finite number of (noncommuting) variables, 𝑘 say. This polynomial
then clearly also annihilates all algebras ℂ𝑛×𝑛, 𝑛 ∈ ℕ. But then, necessarily (see
[Lev] or [Kr], Theorem 20.2), 𝑘 must be larger than or equal to 2𝑛 for all 𝑛 ∈ ℕ,
something which is obviously impossible. □

Proposition 4.2 should be appreciated in light of the fact that a polynomial
identity Banach algebra possesses a sufficient family of matrix representations
(even of finite order); see Section 22 in [Kr] and also Theorem 3.5 above. We are
not aware of another example of this type besides ℓM∞,0.

5. Separating versus weakly sufficient families of
matrix representations

Let M∙ = {ℂ𝑛×𝑛}(𝑛,𝑘)∈ℕ∙ , where ℕ∙ = {(𝑛, 𝑘) ∣ 𝑘 = 1, . . . , 𝑛;𝑛 ∈ ℕ}, and where
ℂ𝑛×𝑛 is identified with the Banach algebra ℬ(ℂ𝑛) of (bounded) linear operators
on the Hilbert space ℂ𝑛, equipped with the standard Hilbert space norm. In par-
ticular, the unit element 𝐼𝑛 in ℂ𝑛×𝑛 has norm one. By slight abuse of notation,
the norms on ℂ𝑛 and ℂ𝑛×𝑛 will both be denoted by ∥ ⋅ ∥𝑛. Write ℓM∙∞ for the
ℓ∞-direct product of the family M∙. Thus ℓM∙∞ consists of all 𝑀 in the Cartesian
product

∏
(𝑛,𝑘)∈ℕ∙ ℂ

𝑛×𝑛 such that

∣∣∣𝑀 ∣∣∣ = sup
(𝑛,𝑘)∈ℕ∙

∥𝑀(𝑛, 𝑘)∥𝑛 < ∞.

With the operations of scalar multiplication, multiplication, addition, and that of
taking the adjoint all defined pointwise, and with ∣∣∣ ⋅ ∣∣∣ as norm, ℓM∙∞ is a unital
Banach algebra – in fact a 𝐶∗-algebra.

For 𝑛 = 1, 2, 3, . . . , let Π↓
𝑛 : ℓ2 → ℂ𝑛 and Π↑

𝑛 : ℂ
𝑛 → ℓ2 be as in the previous

section. Recall that the mapping ℂ𝑛×𝑛 ∋ 𝐴 �→ Π↑
𝑛𝐴Π

↓
𝑛 ∈ ℬ(ℓ2) is a (non-unital)

Banach algebra isomorphism from ℂ𝑛×𝑛 into ℬ(ℓ2), the latter equipped with the
operator norm ∥ ⋅ ∥ induced by the standard Hilbert space norm on ℓ2.

Let ℓM∙∞,𝑠 consist of all 𝑀 ∈ ℓM∙∞ such that for each 𝑘 ∈ ℕ the strong limit

𝑀𝑘 = s- lim
𝑛→∞Π↑

𝑛𝑀(𝑛, 𝑘)Π↓
𝑛 (9)
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exists in ℬ(ℓ2). Then ℓM∙∞,𝑠 is closed under scalar multiplication, addition and multi-
plication. Clearly ℓM∙∞,𝑠 contains the unit element of ℓ

M∙∞ . One also checks without

difficulty that ℓM∙∞,𝑠 is a closed subset of ℓM∙∞ . Thus ℓM∙∞,𝑠 is a Banach subalge-

bra of ℓM∙∞ (not closed under the 𝐶∗-operation, however). Finally, the mapping
Θ : ℓM∙∞,𝑠 ∋ 𝑀 �→ (𝑀1,𝑀2,𝑀3, . . .) ∈ ℓ∞

(ℬ(ℓ2)) with the 𝑀𝑘 given by (9) is a con-

tractive unital homomorphism. Here ℓ∞
(ℬ(ℓ2)) is the Banach algebra of bounded

sequences in ℬ(ℓ2).
Let 𝕋 and 𝔻 stand for the unit circle and the open unit disc in the com-

plex plane, respectively. Further, let 𝐴(𝔻,ℬ(ℓ2)) denote the set of all continuous
functions 𝐹 : 𝔻 → ℬ(ℓ2) which are analytic on 𝔻. For the sup-norm ∥ ⋅ ∥𝐴(𝔻,ℬ(ℓ2))
on 𝐴(𝔻,ℬ(ℓ2)) we have (by the maximum modulus principle for operator-valued
functions)

∥𝐹∥𝐴(𝔻,ℬ(ℓ2)) = sup
𝜆∈𝔻

∥𝐹 (𝜆)∥ = max
𝜆∈𝕋

∥𝐹 (𝜆)∥.

Now fix a countable dense subset {𝜆1, 𝜆2, 𝜆3, . . .} of 𝕋. Then
∥𝐹∥𝐴(𝔻,ℬ(ℓ2)) = sup

𝑘∈ℕ

∥𝐹 (𝜆𝑘)∥. (10)

Hence, if 𝐹 and 𝐺 are in 𝐴(𝔻,ℬ(ℓ2)), then 𝐹 = 𝐺 if and only if 𝐹 (𝜆𝑘) = 𝐺(𝜆𝑘)
for all 𝑘 ∈ ℕ.

Let ℓM∙∞,∙ consist of all 𝑀 ∈ ℓM∙∞,𝑠 for which there exists a (necessarily unique)
function 𝐹𝑀 ∈ 𝐴(𝔻,ℬ(ℓ2)) such that

𝑀𝑘 = s- lim
𝑛→∞Π↑

𝑛𝑀(𝑛, 𝑘)Π↓
𝑛 = 𝐹𝑀 (𝜆𝑘), 𝑘 ∈ ℕ.

Then ℓM∙∞,∙ is closed under the operations of scalar multiplication, addition and

multiplication. Clearly ℓM∙∞,∙ contains the unit element of ℓ
M∙∞,𝑠 (or, what amounts

to the same, that of ℓM∙∞ ). The function associated with it is the one with con-
stant value the identity operator on ℓ2. Define Υ : 𝐴(𝔻,ℬ(ℓ2)) → ℓ∞

(ℬ(ℓ2)) by
Υ(𝐹 ) = (𝐹 (𝜆1), 𝐹 (𝜆2), 𝐹 (𝜆3), . . .). From (10) we see that Υ is a unital Banach al-
gebra isomorphism. Hence the image ImΥ of Υ is a closed subalgebra of ℓ∞

(ℬ(ℓ2))
containing the unit element of ℓ∞

(ℬ(ℓ2)). Now note that ℓM∙∞,∙ is the inverse image
of ImΥ under the homomorphism Θ : ℓM∙∞,𝑠 → ℓ∞

(ℬ(ℓ2)). As the latter is continu-
ous and ImΥ is closed in ℓ∞

(ℬ(ℓ2)), we arrive at the conclusion that ℓM∙∞,∙ is closed
in ℓM∙∞,𝑠.

The upshot of all of this is that ℓM∙∞,∙ is a Banach subalgebra of ℓM∙∞,𝑠, hence of
ℓM∙
∞ too (not closed under the 𝐶∗-operation, though). For later use we also observe
that the mapping ℓM∙∞,∙ ∋ 𝑀 �→ 𝐹𝑀 = Υ−1

(
Θ(𝑀)

) ∈ 𝒜(𝔻,ℬ(ℓ2)) is a contractive
unital homomorphism from ℓM∙∞,∙ into 𝐴(𝔻,ℬ(ℓ2)).
Theorem 5.1. The Banach algebra ℓM∙∞,∙ possesses a separating family of matrix
representations; it does, however, not possess a weakly sufficient family of matrix
representations.
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Proof. The proof of the first part of the theorem is easy. Indeed, the existence
of a separating family of matrix representations is clear: just consider the point
evaluations ℓM∙∞,∙ ∋ 𝑀 �→ 𝑀(𝑛, 𝑘) ∈ ℂ𝑛×𝑛, (𝑛, 𝑘) ∈ ℕ∙. For the proof of the fact
that ℓM∙∞,∙ does not possess any weakly sufficient family of matrix representations,
one needs some ‘control’ on the collection of all unital matrix representations of
the Banach algebra ℓM∙

∞,∙ – again, as for the Banach algebra ℓM∞ in Theorem 4.1,
a non-trivial matter. Another serious complication one has to deal with is the
freedom one has in choosing norms on the target (matrix) algebras. The reasoning
will be split up into several steps.

Step 1. Given a subset 𝑁 of ℕ∙, put

𝒥𝑁 = {𝑀 ∈ ℓM∙∞,∙ ∣ 𝑀(𝑛, 𝑘) = 0 for all (𝑛, 𝑘) ∈ 𝑁}.
Then 𝒥 𝑁 is a closed two-sided ideal in ℓM∙∞,∙. Clearly 𝒥𝑁∩ 𝒥 ℕ∙∖𝑁 = {0}. In general
it is not true, however, that 𝒥 𝑁 + 𝒥 ℕ∙∖𝑁 = ℓM∙∞,∙. (Indeed, when 𝑁 consists of the

pairs (𝑛, 1) with 𝑛 ∈ ℕ, the unit element of ℓM∙∞,∙ does not belong to 𝒥 𝑁 + 𝒥 ℕ∙∖𝑁 ).
In case 𝑁 is finite (the situation to be encountered below), we do have the direct
sum decomposition ℓM∙∞,∙ = 𝒥 𝑁 ∔ 𝒥 ℕ∙∖𝑁 .
Step 2. Define 𝒩 by

𝒩 =
∪

𝑁 ⊂ℕ∙, 𝑁 finite

𝒥 ℕ∙∖𝑁 . (11)

Then 𝒩 is an ideal in ℓM∙∞,∙ (possibly non-closed). The unit element of ℓM∙∞,∙ does not
belong to𝒩 . Therefore the quotient algebra ℓM∙∞,∙/𝒩 is unital. We shall prove that if

𝑝 is a nonnegative integer and 𝜓 : ℓM∙∞,∙/𝒩 → ℂ𝑝×𝑝 is an algebra homomorphism,
not necessarily continuous or unital, then 𝜓 maps all of ℓM∙∞,∙/𝒩 onto the zero

element in ℂ𝑝×𝑝. (By the way, for 𝑝 = 0 there is nothing to prove.)
Let 𝒞 be the ℓ∞-direct product of the 𝑝+ 1 matrix algebras

ℂ(𝑝+1)×(𝑝+1), . . . , ℂ(2𝑝+1)×(2𝑝+1),

and consider the mapping 𝜙 : 𝒞 ∋ (𝐴𝑝+1, . . . , 𝐴2𝑝+1) �→ 𝑀 ∈ ℓM∙∞ with

𝑀(𝑛, 𝑘) =

{
0𝑛, 𝑘 = 1, . . . , 𝑛, 𝑛 = 1, . . . , 𝑝 ,(⊕𝑠𝑛−1
𝑠=1 𝐴𝑝+1

) ⊕ 𝐴𝑝+1+𝑡𝑛 , 𝑘 = 1, . . . , 𝑛, 𝑛 = 𝑝+ 1, 𝑝+ 2, . . . .

Here 0𝑛 denotes the 𝑛× 𝑛 zero matrix, and 𝑠𝑛 and 𝑡𝑛 are the unique nonnegative
integers such that 𝑛 = 𝑠𝑛(𝑝 + 1) + 𝑡𝑛 and 𝑡𝑛 ∈ {0, . . . , 𝑝}. For 𝑛 larger than 𝑝
and 𝑘 = 1, . . . , 𝑛, the matrix 𝑀(𝑛, 𝑘) is a block diagonal matrix with 𝑠𝑛 blocks,
the first 𝑠𝑛 − 1 blocks being copies of 𝐴𝑝+1, and the last (in the lower right-hand
corner) being a copy of 𝐴𝑝+1+𝑡𝑛 . In particular 𝑀(𝑛, 𝑘) is an 𝑛 × 𝑛 matrix, as
desired. Clearly 𝜙 maps 𝒞 indeed into ℓM∙∞ . In fact 𝜙 : 𝒞 → ℓM∙∞ is an isometric
algebra homomorphism. Note, though, that it is non-unital.

For 𝑀 given by the above expression, and 𝑘 ∈ ℕ, we have

𝑀𝑘 = s- lim
𝑛→∞Π↑

𝑛𝑀(𝑛, 𝑘)Π↓
𝑛 = ⊕∞

𝑚=1𝐴𝑝+1,
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where the far right-hand side of this expression stands for the block diagonal
bounded linear operator on ℓ2 with blocks 𝐴𝑝+1, independent of 𝑘. From this
we see that 𝜙 maps 𝒞 into ℓM∙∞,𝑠. In fact, it maps 𝒞 into ℓM∙∞,∙. Indeed, defining
𝐹𝑀 ∈ 𝐴(𝔻,ℬ(ℓ2)) to be the constant function with value ⊕∞

𝑚=1𝐴𝑝+1 ∈ ℬ(ℓ2),
we have that 𝑀𝑘 = 𝐹𝑀 (𝜆𝑘) for all 𝑘 ∈ ℕ. Thus we can view 𝜙 as a (non-unital)
isometric algebra homomorphism from 𝒞 into ℓM∙∞,∙.

For 𝑗 = 1, . . . , 𝑝+1, let 𝜙𝑗 : ℂ(𝑝+𝑗)×(𝑝+𝑗) ∋ 𝐴 → 𝐴 ∈ 𝒞 be the mapping given

by 𝐴 = (0𝑝+1, . . . , 0𝑝+𝑗−1, 𝐴, 0𝑝+𝑗+1, . . . , 02𝑝+1). Then 𝜙𝑗 : ℂ(𝑝+𝑗)×(𝑝+𝑗) → 𝒞 is an
algebra isomorphism, again non-unital. By assumption, 𝜓 : ℓM∙∞,∙/𝒩 → ℂ𝑝×𝑝 is
an algebra homomorphism, not necessarily continuous or unital. Write 𝜅 for the
canonical mapping from ℓM∙∞,∙ onto ℓM∙∞,∙/𝒩 , and let 𝜁𝑗 be the composition of the
homomorphisms 𝜓, 𝜅, 𝜙 and 𝜙𝑗 as indicated in the scheme

ℂ(𝑝+𝑗)×(𝑝+𝑗) 𝜙𝑗−−−−−→ 𝒞 𝜙−−−−→ ℓM∙∞,∙
𝜅−−−−→ ℓM∙∞,∙/𝒩

𝜓−−−−→ ℂ𝑝×𝑝,

so 𝜁𝑗 = 𝜓 ∘𝜅 ∘𝜙 ∘𝜙𝑗. Then 𝜁𝑗 is an algebra homomorphism from ℂ(𝑝+𝑗)×(𝑝+𝑗) into
ℂ𝑝×𝑝. Clearly it cannot be injective (dimension argument). Hence its kernel is a
nontrivial two-sided ideal in ℂ(𝑝+𝑗)×(𝑝+𝑗). But this algebra is simple, and so the
ideal must be all of ℂ(𝑝+𝑗)×(𝑝+𝑗). In other words, the homomorphism 𝜁𝑗 is a zero
mapping.

We shall now infer that 𝜓 is identically zero too. For this it is sufficient to
establish that 𝜓 maps the unit element in ℓM∙∞,∙/𝒩 onto 0𝑝. As the unit element in

ℓM∙∞,∙/𝒩 is 𝜅(𝑒∙), were 𝑒∙ is the unit element in ℓM∙∞,∙, we need to show that 𝜓 maps

𝜅(𝑒∙) onto 0𝑝. This goes as follows. Clearly (𝐼𝑝+1, . . . , 𝐼2𝑝+1) =
∑𝑝+1
𝑗=1 𝜙𝑗(𝐼𝑝+𝑗).

Applying 𝜙 we get

𝜙(𝐼𝑝+1, . . . , 𝐼2𝑝+1) =
∑𝑝+1

𝑗=1
(𝜙 ∘ 𝜙𝑗)(𝐼𝑝+𝑗).

Now, for the element 𝜙(𝐼𝑝+1, . . . , 𝐼2𝑝+1) ∈ ℓM∙∞,∙ we have

𝜙(𝐼𝑝+1, . . . , 𝐼2𝑝+1)(𝑛, 𝑘) = 𝐼𝑛, 𝑘 = 1, . . . , 𝑛, 𝑛 = 𝑝+ 1, 𝑝+ 2, . . . .

Hence 𝑒∙ − 𝜙(𝐼𝑝+1, . . . , 𝐼2𝑝+1) ∈ ℓM∙∞,∙ satisfies

𝑒∙ − 𝜙(𝐼𝑝+1, . . . , 𝐼2𝑝+1)(𝑛, 𝑘) = 0𝑛, 𝑘 = 1, . . . , 𝑛, 𝑛 = 𝑝+ 1, 𝑝+ 2, . . . ,

and so 𝑒∙ − 𝜙(𝐼𝑝+1, . . . , 𝐼2𝑝+1) ∈ 𝒥 ℕ∙∖𝑁 where 𝑁 is the set of all pairs of positive
integers (𝑠, 𝑡) with 𝑡 ≤ 𝑠 ≤ 𝑛. As 𝑁 is a finite subset of ℕ∙, we may conclude that
𝑒∙ − 𝜙(𝐼𝑝+1, . . . , 𝐼2𝑝+1) ∈ 𝒩 . But then

𝜅(𝑒∙) = 𝜅
(
𝜙(𝐼𝑝+1, . . . , 𝐼2𝑝+1)

)
=
∑𝑝+1

𝑗=1
(𝜅 ∘ 𝜙 ∘ 𝜙𝑗)(𝐼𝑝+𝑗).

It follows that 𝜓
(
𝜅(𝑒∙)

)
=
∑𝑝+1
𝑗=1 𝜁𝑗(𝐼𝑝+𝑗) =

∑𝑝+1
𝑗=1 0𝑝 = 0𝑝, as desired.

Step 3.We shall now prove that all two-sided ideals of ℓM∙∞,∙ having finite codimen-
sion in ℓM∙∞,∙ are of the form 𝒥𝑁 with 𝑁 a finite subset of ℕ∙. (From this it follows
that such ideals are necessarily closed; this is not assumed a priori, however.)
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For (𝑛0, 𝑘0) ∈ ℕ∙, put 𝒫(𝑛0,𝑘0) = 𝒥 ℕ∙∖{(𝑛0,𝑘0)}. Thus 𝒫(𝑛0,𝑘0) is the closed
two-sided ideal in ℓM∙∞,∙ consisting of all 𝑀 ∈ ℓM∙∞,∙ such that 𝑀(𝑛, 𝑘) = 0𝑛 for all

(𝑛, 𝑘) ∈ ℕ∙ different from (𝑛0, 𝑘0). Clearly dim𝒫(𝑛0,𝑘0) = 𝑛2
0.

Next suppose 𝑁 is a finite subset of ℕ∙. Then the closed two-sided ideal
𝒥 ℕ∙∖𝑁 is the direct sum of the ideals 𝒫(𝑛,𝑘) with (𝑛, 𝑘) ∈ 𝑁 . Hence

dim𝒥 ℕ∙∖𝑁 =
∑

(𝑛,𝑘)∈𝑁
𝑛2 < ∞.

Also, as is easily verified, ℓM∙∞,∙ = 𝒥𝑁∔𝒥 ℕ∙∖𝑁 and codim 𝒥𝑁 = dim𝒥 ℕ∙∖𝑁 < ∞.

Assume 𝒥 is a two-sided ideal in ℓM∙∞,∙ having finite codimension in ℓM∙∞,∙, and
write 𝑁 for the set of all (𝑛, 𝑘) ∈ ℕ∙ such that 𝑀(𝑛, 𝑘) = 0𝑛 for all 𝑀 ∈ 𝒥 . Then
𝒥 ⊂ 𝒥𝑁 and 𝒥𝑁 must have finite codimension in ℓM∙∞,∙ not exceeding that of 𝒥 .
Now 𝒥 𝑁 ∩ 𝒥 ℕ∙∖𝑁 = {0}, and we may conclude that dim𝒥 ℕ∙∖𝑁 ≤ codim𝒥 . For
a finite subset 𝐿 of 𝑁 , we have that the direct sum of all 𝒫(𝑛,𝑘) with (𝑛, 𝑘) ∈ 𝐿 is
contained in 𝒥 ℕ∙∖𝑁 . Hence, for all finite subsets 𝐿 of 𝑁 ,

♯(𝐿) ≤
∑

(𝑛,𝑘)∈𝐿
𝑛2 ≤ dim𝒥 ℕ∙∖𝑁 ≤ codim𝒥 ,

where ♯(𝐿) stands for the (finite) cardinality of 𝐿. But this can only be true when
𝑁 itself is finite. It remains to show that 𝒥 𝑁 = 𝒥 .

As an auxiliary item, we first prove that 𝒫(𝑛,𝑘) ⊂ 𝒥 whenever (𝑛, 𝑘) ∈ ℕ∙∖𝑁 .
The argument is as follows. Take (𝑛, 𝑘) ∈ ℕ∙ ∖ 𝑁 , and consider the set

𝒥(𝑛,𝑘) = {𝐴 ∈ ℂ𝑛×𝑛 ∣ 𝐴 = 𝑀(𝑛, 𝑘) for some 𝑀 ∈ 𝒥 }.
Then 𝒥(𝑛,𝑘) is a two-sided ideal in ℂ𝑛×𝑛. Since (𝑛, 𝑘) /∈ 𝑁 , there exists 𝐻 ∈
𝒥 such that 𝐻(𝑛, 𝑘) ∕= 0𝑛. Now 𝐻(𝑛, 𝑘) ∈ 𝒥(𝑛,𝑘), and so 𝒥(𝑛,𝑘) ∕= {0𝑛}. As
ℂ𝑛×𝑛 is a simple algebra, it follows that 𝒥(𝑛,𝑘) = ℂ𝑛×𝑛. In other words, for each
𝐴 ∈ ℂ𝑛×𝑛 there exists𝑀 ∈ 𝒥 such that𝑀(𝑛, 𝑘) = 𝐴. Take 𝑃 ∈ 𝒫(𝑛,𝑘), and choose

𝑃 ∈ 𝒥 such that 𝑃 (𝑛, 𝑘) = 𝑃 (𝑛, 𝑘). Let 𝐻(𝑛,𝑘) be the element in ℓM∙∞ with the
𝑛 × 𝑛 identity matrix 𝐼𝑛 on the (𝑛, 𝑘)th position and the appropriate zero matrix

everywhere else. Clearly 𝐻(𝑛,𝑘) ∈ ℓM∙∞,∙, and so 𝑃𝐻(𝑛,𝑘) ∈ 𝒥 . As 𝑃 = 𝑃𝐻(𝑛,𝑘), we
may conclude that 𝑃 ∈ 𝒥 .

Introduce 𝒥 = 𝒥 + 𝒥 ℕ∙∖𝑁 . Then 𝒥 is a two-sided ideal in ℓM∙∞,∙ with finite
codimension. Also 𝒫(𝑛,𝑘) ⊂ 𝒥 for all (𝑛, 𝑘) ∈ ℕ∙. For (𝑛, 𝑘) ∈ ℕ∙ ∖ 𝑁 this is
immediate from what was established in the previous paragraph; in case (𝑛, 𝑘) ∈ 𝑁

we have 𝒫(𝑛,𝑘) ⊂ 𝒥 ℕ∙∖𝑁 . With 𝒩 as in (11), it follows that 𝒩 ⊂ 𝒥 . In the next
paragraph, this will be used to prove that ℓM∙∞,∙ = 𝒥 = 𝒥 +𝒥 ℕ∙∖𝑁 . Taking this for
granted, we have ℓM∙∞,∙ = 𝒥+ 𝒥 ℕ∙∖𝑁 . But then, using the direct sum decomposition

ℓM∙∞,∙ = 𝒥 𝑁 ∔ 𝒥 ℕ∙∖𝑁 (valid because 𝑁 is finite; see Step 1) and the inclusion

𝒥 ⊂ 𝒥 𝑁 , one immediately obtains 𝒥 = 𝒥 𝑁 , as desired.
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We finish this third step in the proof by establishing the equality of 𝒥 and

ℓM∙∞,∙. As 𝒩 ⊂ 𝒥 , the canonical mapping from ℓM∙∞,∙ onto ℓM∙∞,∙/𝒥 induces an al-

gebra homomorphism 𝜓0 from ℓM∙∞,∙/𝒩 onto ℓM∙∞,∙/𝒥 . The latter algebra has finite
dimension, 𝑝 say, and can (via the use of left regular representations) be identified
with a subalgebra of ℂ𝑝×𝑝. But then 𝜓0 can be viewed as an algebra homomor-
phism 𝜓 from ℓM∙∞,∙/𝒩 into ℂ𝑝×𝑝. From the second step of the proof we know that

𝜓 maps all of ℓM∙∞,∙/𝒩 onto 0𝑝. But then 𝜓0 maps all of ℓM∙∞,∙/𝒩 onto the zero

element of ℓM∙∞,∙/𝒥 . On the other hand 𝜓0 : ℓ
M∙∞,∙/𝒩 → ℓM∙∞,∙/𝒥 is surjective. We

conclude that dim ℓM∙∞,∙/𝒥 = 0 which can be rewritten as 𝒥 = ℓM∙∞,∙.

Step 4. Here we prove that ℓM∙∞,∙ does not have any weakly sufficient family of

matrix representations. So, assuming that a family {𝜙𝜔 : ℓM∙∞,∙ → ℂ𝑛𝜔×𝑛𝜔}𝜔∈Ω of
matrix representations is given, we shall demonstrate that it fails to be weakly
sufficient, and that this is the case – we emphasize – regardless of the choice of the
(submultiplicative) norms on the target algebras. The norm on the target algebra
ℂ𝑛𝜔×𝑛𝜔 will be denoted by ∣∣∣ ⋅ ∣∣∣𝜔, and the same notation is used for the norm of
𝜙𝜔 : ℓ

M∙∞,∙ → ℂ𝑛𝜔×𝑛𝜔 (seen as a bounded linear operator) induced by the norms

∣∣∣ ⋅ ∣∣∣ on ℓM∙∞,∙ and ∣∣∣ ⋅ ∣∣∣𝜔 on ℂ𝑛𝜔×𝑛𝜔 . By the first part of Theorem 2.1, weak
sufficiency amounts to the combination of p.w. sufficiency and norm-boundedness.
So the family {𝜙𝜔}𝜔∈Ω cannot be weakly sufficient if it is not norm-bounded.
Therefore we shall assume that sup𝜔∈Ω ∣∣∣𝜙𝜔 ∣∣∣𝜔 < ∞, and prove that this is not
compatible with {𝜙𝜔}𝜔∈Ω being p.w. sufficient.

Let 𝑌 ∈ ℓM∙∞ be given by 𝑌 (𝑛, 𝑘) = 𝜆𝑘𝐼𝑛, (𝑛, 𝑘) ∈ ℕ∙. Here 𝜆1, 𝜆2, 𝜆3 . . . are
elements of 𝕋 as introduced in the fourth paragraph of this section. Clearly,

s- lim
𝑛→∞Π↑

𝑛𝑌 (𝑛, 𝑘)Π
↓
𝑛 = 𝜆𝑘𝐼, 𝑘 = 1, 2, 3, . . . ,

where 𝐼 is the identity operator on ℓ2. So 𝑌 belongs to ℓM∙∞,∙, and the function
𝐹𝑌 ∈ 𝒜(𝔻,ℬ(ℓ2)) is given by 𝐹𝑌 (𝜆) = 𝜆𝐼. As 𝐹𝑌 (0) = 0, the function 𝐹𝑌 is not
an invertible element of 𝒜(𝔻,ℬ(ℓ2)). But then 𝑌 is not invertible in ℓM∙∞,∙.

Let us now see what happens to 𝑌 under the application of the matrix repre-
sentations 𝜙𝜔. Take 𝜔 ∈ Ω. Then the null space of 𝜙𝜔 is a two-sided ideal in ℓM∙∞,∙
having finite codimension. Therefore (as we have seen in the previous step) it is
of the form 𝒥 𝑁𝜔 with 𝑁𝜔 a finite subset of ℕ∙. With the help of this set 𝑁𝜔, we
define 𝑋(𝜔) ∈ ℓM∙∞ by

𝑋(𝜔)(𝑛, 𝑘) =

{
𝜆−1
𝑘 𝐼𝑛, (𝑛, 𝑘) ∈ 𝑁𝜔,

𝐼𝑛, (𝑛, 𝑘) /∈ 𝑁𝜔.

Since 𝑁𝜔 is finite, we actually have that 𝑋(𝜔) belongs to ℓM∙∞,∙ with corresponding
function 𝐹𝑋(𝜔) identically equal to 𝐼. Put 𝑍(𝜔) = 𝑌 𝑋(𝜔) −𝐸, where 𝐸 is the unit
element in ℓM∙∞,∙. Then 𝑍(𝜔)(𝑛, 𝑘) = 0𝑛 for all (𝑛, 𝑘) ∈ 𝑁𝜔, and so 𝑍(𝜔) ∈ 𝒥𝑁𝜔 . The

latter is equal to the null space of 𝜙𝜔 , and so 𝜙𝜔(𝑌 )𝜙𝜔(𝑋
(𝜔)) = 𝜙𝜔(𝐸) = 𝑒𝜔, where

the latter stands for the 𝑛𝜔 × 𝑛𝜔 identity matrix. Likewise 𝜙𝜔(𝑋
(𝜔))𝜙𝜔(𝑌 ) = 𝑒𝜔.
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We conclude that for each 𝜔 ∈ Ω, the image 𝜙𝜔(𝑌 ) of 𝑌 under 𝜙𝜔 is invertible
in ℂ𝑛𝜔×𝑛𝜔 with inverse 𝜙𝜔(𝑋

(𝜔)). Now note that ∣∣∣𝑋(𝜔)∣∣∣ = 1. Therefore, with
𝐾 = sup𝜔∈Ω ∣∣∣𝜙𝜔 ∣∣∣𝜔 (assumed to be finite), we have

∣∣∣𝜙𝜔(𝑌 )−1∣∣∣𝜔 = ∣∣∣𝜙𝜔(𝑋(𝜔))∣∣∣𝜔 ≤ ∣∣∣𝜙𝜔∣∣∣𝜔 ⋅ ∣∣∣𝑋(𝜔)∣∣∣ ≤ 𝐾,

so sup𝜔∈Ω ∣∣∣𝜙𝜔(𝑌 )−1∣∣∣𝜔 < ∞. This, together with the non-invertibility of 𝑌
proved above, gives that the family {𝜙𝜔 : ℓM∙∞,∙ → ℂ𝑛𝜔×𝑛𝜔}𝜔∈Ω is not partially
weakly sufficient. □

We close this section (and the paper) with three comments. The first is that
combining Theorems 3.1 and 5.1, one sees that a Banach algebra may possess a
separating family of matrix representations, while not having a sufficient family
of matrix representations. In this sense, part of Theorem 4.1 can also be obtained
from Theorem 5.1. However, the Banach algebra in the latter is not a 𝐶∗-algebra
whereas the one in Theorem 4.1 is (and, in addition, possesses a weakly sufficient
family of matrix representations). We do not know whether there is a 𝐶∗-algebra
which can replace ℓM∙∞,∙ in Theorem 5.1. If one restricts to a full 𝐶∗-setting by
requiring the families of matrix representations to be of 𝐶∗-type too, there is none
(see Theorem 2.4).

The second remark is that a Banach subalgebra of a Banach algebra with a
weakly sufficient family of matrix representations need not have a such a family.
This is clear from Theorem 4.1 upon noting that ℓM∙∞,∙ is a Banach subalgebra of
ℓM∙∞ which has the point evaluations ℓM∙∞ ∋ 𝑀 �→ 𝑀(𝑛, 𝑘) ∈ ℂ𝑛×𝑛, (𝑛, 𝑘) ∈ ℕ∙
as a weakly sufficient family. Of course an inverse closed Banach subalgebra of a
Banach algebra possessing a weakly sufficient family of matrix representations has
such a family too: just restrict the matrix representations to the subalgebra.

The third comment concerns the family of point evaluations on ℓM∙∞,∙ featuring
in the first paragraph of the proof of Theorem 5.1. As has been mentioned there,
this family, which we will denote by Ξ, is separating. Obviously Ξ is also norm-
bounded. Combining Theorems 2.1, 5.1 and 3.1, one sees that Ξ is neither partially
weakly sufficient, nor weakly sufficient, nor sufficient. Thus the family Ξ provides
a counterexample to the converse of Corollary 2.3. It also exhibits that on the level
of individual families, the property of being (radical-)separating does not imply
that of being p.w. separating (cf., Theorem 3.2).

Acknowledgment

The second author (T.E.) was supported in part by NSF grant DMS-0901434.

References

[AL] S.A. Amitsur, J. Levitzky, Minimal identities for algebras, Proc. Amer. Math.
Soc. 1 (1950), 449–463.

[BES94] H. Bart, T. Ehrhardt, B. Silbermann, Logarithmic residues in Banach algebras,
Integral Equations and Operator Theory 19 (1994), 135–152.

158 H. Bart, T. Ehrhardt and B. Silbermann



[BES04] H. Bart, T. Ehrhardt, B. Silbermann, Logarithmic residues in the Banach al-
gebra generated by the compact operators and the identity, Mathematische
Nachrichten 268 (2004), 3–30.

[BES12] H. Bart, T. Ehrhardt, B. Silbermann, Spectral regularity of Banach algebras
and non-commutative Gelfand theory, in: Dym et al. (Eds.), The Israel Goh-
berg Memorial Volume, Operator Theory: Advances and Applications, Vol. 218,
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Operator Splitting with
Spatial-temporal Discretization

András Bátkai, Petra Csomós, Bálint Farkas and Gregor Nickel

Abstract. Continuing earlier investigations, we analyze the convergence of op-
erator splitting procedures combined with spatial discretization and rational
approximations.
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1. Introduction

Operator splitting procedures are special finite difference methods one uses to
solve partial differential equations numerically. They are certain time-discretization
methods which simplify or even make the numerical treatment of differential equa-
tions possible.

The idea is the following. Usually, a certain physical phenomenon is the com-
bined effect of several processes. The behaviour of a physical quantity is described
by a partial differential equation in which the local time derivative depends on
the sum of the sub-operators corresponding to the different processes. These sub-
operators are usually of different nature. For each sub-problem corresponding to
each sub-operator there might be a fast numerical method providing accurate so-
lutions. For the sum of these sub-operators, however, we usually cannot find an
adequate method. Hence, application of operator splitting procedures means that
instead of the sum we treat the sub-operators separately. The solution of the origi-
nal problem is then obtained from the numerical solutions of the sub-problems. For
a more detailed introduction and further references, see the monographs by Hairer
et al. [8], Faragó and Havasi [6], Holden et al. [9], Hunsdorfer and Verwer [10].
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Since operator splittings are time-discratization methods, the analysis of
their convergence plays an important role. In our earlier investigations in Bátkai,
Csomós, Nickel [2] we achieved theoretical convergence analysis of problems when
operator splittings were applied together with some spatial approximation scheme.
In the present paper we additionally treat temporal discretization methods of spe-
cial form. Since rational approximations often occur in practice (consider, e.g.,
Euler and Runge–Kutta methods, or any linear multistep method), we will con-
centrate on them. Let us start by setting the abstract stage.

Assumption 1.1. Suppose that 𝑋 is a Banach space, 𝐴 and 𝐵 are closed, densely
defined linear operators generating the strongly continuous operator semigroups
(𝑇 (𝑡))𝑡≥0 and (𝑆(𝑡))𝑡≥0, respectively. Further, we suppose that the closure 𝐴+𝐵

of 𝐴 + 𝐵 with 𝐷(𝐴 +𝐵) ⊃ 𝐷(𝐴) ∩ 𝐷(𝐵) is also the generator of a strongly
continuous semigroup (𝑈(𝑡))𝑡≥0.

For the terminology and notations about strongly continuous operator semi-
groups see the monographs by Arendt et al. [1] or Engel and Nagel [5]. Then we
consider the following abstract Cauchy problem⎧⎨⎩

d𝑢(𝑡)

d𝑡
= (𝐴+𝐵)𝑢(𝑡), 𝑡 ≥ 0,

𝑢(0) = 𝑥 ∈ 𝑋.
(1.1)

For the different splitting procedures the exact split solution of problem (1.1)
at time 𝑡 ≥ 0 and for 𝑛 steps is given by

𝑢sq
𝑛 (𝑡) := [𝑆(𝑡/𝑛)𝑇 (𝑡/𝑛)]𝑛𝑥 (sequential),

𝑢St
𝑛 (𝑡) := [𝑇 (𝑡/2𝑛)𝑆(𝑡/𝑛)𝑇 (𝑡/2𝑛)]𝑛𝑥 (Strang),

𝑢w
𝑛 (𝑡) := [Θ𝑆(𝑡/𝑛)𝑇 (𝑡/𝑛) + (1−Θ)𝑇 (𝑡/𝑛)𝑆(𝑡/𝑛)]𝑛𝑥 with Θ ∈ (0, 1) (weighted).

However, in practice, we obtain the numerical solution of the problem (1.1) by

∗ applying a splitting procedure with operator 𝐴 and 𝐵,
∗ defining a mesh on which the split problems should be discretized in space,
and

∗ using a certain temporal approximation to solve these (semi-)discretized equa-
tions.

Thus, the properties of this complex numerical scheme should be investigated. In
order to work in an abstract framework, we introduce the following spaces and
operators, see Ito and Kappel [11, Chapter 4].

Assumption 1.2. Let 𝑋𝑚, 𝑚 ∈ ℕ be Banach spaces and take operators

𝑃𝑚 : 𝑋 → 𝑋𝑚 and 𝐽𝑚 : 𝑋𝑚 → 𝑋

having the following properties:

(i) 𝑃𝑚𝐽𝑚 = 𝐼𝑚 for all 𝑚 ∈ ℕ, where 𝐼𝑚 is the identity operator in 𝑋𝑚,
(ii) lim

𝑚→∞ 𝐽𝑚𝑃𝑚𝑥 = 𝑥 for all 𝑥 ∈ 𝑋 ,

(iii) ∥𝐽𝑚∥ ≤ 𝐾 and ∥𝑃𝑚∥ ≤ 𝐾 for all 𝑚 ∈ ℕ and some given constant 𝐾 > 0.
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The operators 𝑃𝑚, 𝑚 ∈ ℕ are usually some projections onto the spatial
“mesh” 𝑋𝑚, while the operators 𝐽𝑚 correspond to the interpolation method re-
sulting the solution in the space 𝑋 , but also Fourier–Galerkin methods fit in this
framework.

Let us recall the following definitions and results from [2]. First we assume
that the exact solution 𝑢 of problem (1.1) is obtained by using only a splitting
procedure and discretization in space. Although operators 𝐴 and 𝐵 were required
to be generators in Assumptions 1.1 we formulate the following Assumption more
general.

Assumption 1.3. Let (𝐴𝑚, 𝐷(𝐴𝑚)) and (𝐵𝑚, 𝐷(𝐵𝑚)), 𝑚 ∈ ℕ, be operators on 𝑋𝑚
and let (𝐴,𝐷(𝐴)) and (𝐵,𝐷(𝐵)) be operators on 𝑋 , that satisfy the following:

(i) Stability:
Suppose that there exist a constant 𝑀 ≥ 0 such that
a) ∥(Re𝜆)𝑅(𝜆,𝐴)∥ ≤ 𝑀 and ∥(Re𝜆)𝑅(𝜆,𝐴𝑚)∥ ≤ 𝑀 ,
b) ∥(Re𝜆)𝑅(𝜆,𝐵)∥ ≤ 𝑀 and ∥(Re𝜆)𝑅(𝜆,𝐵𝑚)∥ ≤ 𝑀

for all Re𝜆 > 0, 𝑚 ∈ ℕ.
(ii) Consistency:

Suppose that 𝑃𝑚𝐷(𝐴) ⊂ 𝐷(𝐴𝑚), 𝑃𝑚𝐷(𝐵) ⊂ 𝐷(𝐵𝑚), and
a) lim

𝑚→∞ 𝐽𝑚𝐴𝑚𝑃𝑚𝑥 = 𝐴𝑥 for all 𝑥 ∈ 𝐷(𝐴),

b) lim
𝑚→∞ 𝐽𝑚𝐵𝑚𝑃𝑚𝑥 = 𝐵𝑥 for all 𝑥 ∈ 𝐷(𝐵).

Remark 1.4.

1. If Assumption 1.3 is satisfied for 𝑀 = 1, then by the Hille–Yosida The-
orem 𝐴,𝐵,𝐴𝑚, 𝐵𝑚 are all generators of contraction semigroups (𝑇 (𝑡))𝑡≥0,
(𝑆(𝑡))𝑡≥0, (𝑇𝑚(𝑡))𝑡≥0, (𝑆𝑚(𝑡))𝑡≥0. Furthermore, from the Trotter–Kato Ap-
proximation Theorem (see Ito and Kappel [12, Theorem 2.1]) it follows that
the approximating semigroups converge to the original semigroups locally
uniformly, that is:
Convergence:
a) lim

𝑚→∞ 𝐽𝑚𝑇𝑚(ℎ)𝑃𝑚𝑥 = 𝑇 (ℎ)𝑥 ∀𝑥 ∈ 𝑋 and uniformly for ℎ ∈ [0, 𝑡0],

b) lim
𝑚→∞ 𝐽𝑚𝑆𝑚(ℎ)𝑃𝑚𝑥 = 𝑆(ℎ)𝑥 ∀𝑥 ∈ 𝑋 and uniformly for ℎ ∈ [0, 𝑡0]

for any 𝑡0 ≥ 0.
2. In turn, the resolvent estimates are satisfied if 𝐴,𝐵,𝐴𝑚, 𝐵𝑚 are all generators

of bounded semigroups, with the same bound for all 𝑚 ∈ ℕ. One may even
assume that these semigroups have the same exponential estimate, that is

∥𝑇 (𝑡)∥, ∥𝑇𝑚(𝑡)∥, ∥𝑆(𝑡)∥, ∥𝑆𝑚(𝑡)∥ ≤ 𝑀e𝜔𝑡 for all 𝑡 ≥ 0.

In the following this would result in a simple rescaling that we want to spare
for the sake of brevity.

In order to prove the convergence of the splitting procedures in this case, we
need to formulate a modified version of Chernoff’s Theorem being valid also for
the spatial discretizations. Our main technical tool will be the following theorem,
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whose proof can be carried out along the same lines as Theorem 3.12 in [2]. Let
us agree on the following terminology. We say that for a sequence 𝑎𝑚,𝑛 the limit

lim
𝑚,𝑛→∞ 𝑎𝑚,𝑛 =: 𝑎

exists if for all 𝜀 > 0 there exists 𝑁 ∈ ℕ such that for all 𝑛,𝑚 ≥ 𝑁 we have
∥𝑎𝑚,𝑛 − 𝑎∥ ≤ 𝜀.

Theorem 1.5 (Modified Chernoff–Theorem, [2, Theorem 3.12]). Consider a se-
quence of functions 𝐹𝑚 : ℝ+ → L (𝑋𝑚), 𝑚 ∈ ℕ, satisfying

𝐹𝑚(0) = 𝐼𝑚 for all 𝑚 ∈ ℕ, (1.2)

(with 𝐼𝑚 being the identity on 𝑋𝑚), and that there exist constants 𝑀 ≥ 1, 𝜔 ∈ ℝ,
such that

∥[𝐹𝑚(𝑡)]𝑘∥L (𝑋𝑚) ≤ 𝑀e𝑘𝜔𝑡 for all 𝑡 ≥ 0, 𝑚, 𝑘 ∈ ℕ. (1.3)

Suppose further that

∃ lim
ℎ→0

𝐽𝑚𝐹𝑚(ℎ)𝑃𝑚𝑥 − 𝐽𝑚𝑃𝑚𝑥

ℎ
(1.4)

uniformly in 𝑚 ∈ ℕ, and that there is a dense subspace 𝐷 ⊆ 𝑋 such that (𝜆0−𝐺)𝐷
too is dense for some 𝜆0 > 𝜔, and

𝐺𝑥 := lim
𝑚→∞ lim

ℎ→0

𝐽𝑚𝐹𝑚(ℎ)𝑃𝑚𝑥 − 𝐽𝑚𝑃𝑚𝑥

ℎ
(1.5)

exists for all 𝑥 ∈ 𝐷. Then the closure 𝐺 of 𝐺 generates a strongly continuous
semigroup (𝑈(𝑡))𝑡≥0, which is given by

𝑈(𝑡)𝑥 = lim
𝑚,𝑛→∞𝐽𝑚[𝐹𝑚(

𝑡
𝑛 )]
𝑛𝑃𝑚𝑥

for all 𝑥 ∈ 𝑋 uniformly for 𝑡 in compact intervals.

2. Rational approximations

Our aim is to show the convergence of various splitting methods when combined
with both spatial and temporal disretizations. As temporal discretizations we con-
sider finite difference methods, or more precisely, rational approximations of the
exponential function. Throughout this section, we suppose that 𝑟 and 𝑞 will be
rational functions approximating the exponential function at least of order one,
that is we suppose

𝑟(0) = 𝑟′(0) = 1 and 𝑞(0) = 𝑞′(0) = 1.

Further, we suppose that these functions are bounded on the closed left half-plane

ℂ− :=
{
𝑧 ∈ ℂ : Re 𝑧 ≤ 0

}
.

Rational (e.g., A-stable) functions typically appearing in numerical analysis satisfy
these conditions. An important consequence of the boundedness in the closed left
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half-plane is that the poles of 𝑟 have strictly positive real part, and thus lie in
some sector

Σ𝜃 :=
{
𝑧 : 𝑧 ∈ ℂ, ∣ arg(𝑧)∣ < 𝜃

}
of opening half-angle 𝜃 ∈ [0, 𝜋2 ).

It is clear that for an application of the Modified Chernoff Theorem 1.5
uniform convergence (w.r.t. 𝑚 or ℎ) plays a crucial role here (cf. [2]). Hence, the
following lemma will be the main technical tool in our investigations. For a rational
function

𝑟(𝑧) =
(𝜆1 − 𝑧)(𝜆2 − 𝑧) ⋅ ⋅ ⋅ (𝜆𝑘 − 𝑧)

(𝜇1 − 𝑧)(𝜇2 − 𝑧) ⋅ ⋅ ⋅ (𝜇𝑛 − 𝑧)

the function of an operator 𝐴 is defined by

𝑟(𝐴) = (𝜆1 − 𝐴)(𝜆2 − 𝐴) ⋅ ⋅ ⋅ (𝜆𝑘 − 𝐴)(𝜇1 − 𝐴)−1(𝜇2 − 𝐴)−1 ⋅ ⋅ ⋅ (𝜇𝑛 − 𝐴)−1

(where 𝜇𝑖 ∈ 𝜌(𝐴)). See Haase [7] for further explanations, generalizations, and
applications to rational approximation schemes.

Lemma 2.1. Let 𝐴,𝐴𝑚, 𝑃𝑚, 𝐽𝑚 be as in Assumptions 1.2 and 1.3. Let 𝑟 be a
rational approximation of the exponential being bounded on the closed left half-
plane ℂ−.

Then we have the following.

a) There is an 𝑀 ≥ 0 such that ∥𝑟(ℎ𝐴𝑚)∥ ≤ 𝑀 for all ℎ ≥ 0, 𝑚 ∈ ℕ.
b) For all 𝑥 ∈ 𝐷(𝐴) we have∥∥∥∥𝐽𝑚𝑟(ℎ𝐴𝑚)𝑃𝑚𝑥 − 𝐽𝑚𝑃𝑚𝑥

ℎ
− 𝐽𝑚𝐴𝑚𝑃𝑚𝑥

∥∥∥∥→ 0 (2.1)

uniformly in 𝑚 ∈ ℕ for ℎ → 0.

The proof of this lemma is postponed to the end of this section. With its help,
however, one can prove the next results: (1) on convergence of spatial-temporal
discretization without splitting, (2) on convergence of the splitting procedures
combined with spatial and temporal approximations.

Theorem 2.2. Let 𝐴,𝐴𝑚, 𝑃𝑚, 𝐽𝑚 be as in Assumptions 1.2 and 1.3 and let 𝐴 gen-
erate the semigroup (𝑇 (𝑡))𝑡≥0. Suppose that 𝑟 is a rational function approximating
the exponential function bounded on ℂ−, and that there exist constants 𝑀 ≥ 1 and
𝜔 ∈ ℝ with

∥[𝑟(ℎ𝐴𝑚)]𝑘∥ ≤ 𝑀e𝑘𝜔ℎ for all ℎ ≥ 0, 𝑘,𝑚 ∈ ℕ. (2.2)

Then
lim

𝑚,𝑛→∞ 𝐽𝑚𝑟( 𝑡𝑛𝐴𝑚)
𝑛𝑃𝑚𝑥 = 𝑇 (𝑡)𝑥,

uniformly for 𝑡 ≥ 0 in compact intervals.

Proof. We will apply Theorem 1.5 with 𝐹𝑚(ℎ) := 𝑟(ℎ𝐴𝑚). The stability criteria
(1.2)–(1.3) follow directly from 𝑟(0) = 1 and assumption (2.2). For the consistency
(1.5) we have to show the existence of the limit in (1.4) uniformly in 𝑚 ∈ ℕ. But
this is exactly the statement of Lemma 2.1. □
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Here is the announced theorem on the convergence of the sequential splitting
with spatial and rational temporal discretization.

Theorem 2.3. Let 𝐴,𝐵,𝐴𝑚, 𝐵𝑚, 𝑃𝑚, 𝐽𝑚 be as in Assumption 1.1, Assumptions 1.2
and 1.3, and let (𝑈(𝑡))𝑡≥0 denote the semigroup generated by the closure of 𝐴+𝐵.
Suppose that the following stability condition is satisfied:∥∥[𝑞(ℎ𝐵𝑚)𝑟(ℎ𝐴𝑚)]𝑘∥∥ ≤ 𝑀e𝑘ℎ𝜔 for all ℎ ≥ 0, 𝑘,𝑚 ∈ ℕ.

Then the sequential splitting is convergent, i.e.,

lim
𝑚,𝑛→∞[𝑞(

𝑡
𝑛𝐵𝑚)𝑟(

𝑡
𝑛𝐴𝑚)]

𝑛𝑥 = 𝑈(𝑡)𝑥

for all 𝑥 ∈ 𝑋 uniformly for 𝑡 in compact intervals.

Proof. We apply Theorem 1.5 with the choice 𝐹𝑚(𝑡) := 𝑞(𝑡𝐵𝑚)𝑟(𝑡𝐴𝑚) for an
arbitrarily fixed 𝑡 ≥ 0. Since stability is assumed, we only have to check the
consistency. To do that, first we have to show that

lim
ℎ→0

𝐽𝑚𝑞(ℎ𝐵𝑚)𝑟(ℎ𝐴𝑚)𝑃𝑚𝑥 − 𝐽𝑚𝑃𝑚𝑥

ℎ
= 𝐽𝑚(𝐴𝑚 +𝐵𝑚)𝑃𝑚𝑥 (2.3)

for all 𝑥 ∈ 𝐷(𝐴+𝐵) and uniformly for 𝑚 ∈ ℕ. The left-hand side of (2.3) can be
written as:

𝐽𝑚𝑞(ℎ𝐵𝑚)𝑟(ℎ𝐴𝑚)𝑃𝑚𝑥 − 𝐽𝑚𝑃𝑚𝑥

ℎ

= 𝐽𝑚𝑞(ℎ𝐵𝑚)𝑃𝑚
𝐽𝑚𝑟(ℎ𝐴𝑚)𝑃𝑚𝑥 − 𝐽𝑚𝑃𝑚𝑥

ℎ
+

𝐽𝑚𝑞(ℎ𝐵𝑚)𝑃𝑚𝑥 − 𝐽𝑚𝑃𝑚𝑥

ℎ
.

Since the topology of pointwise convergence on a dense subset of 𝑋 and the
topology of uniform convergence on relatively compact subsets of 𝑋 coincide
on bounded subsets of L (𝑋) (see, e.g., Engel and Nagel [5, Proposition A.3]),
it follows from Lemma 2.1 that the expression above converges uniformly to
𝐽𝑚(𝐴𝑚 +𝐵𝑚)𝑃𝑚𝑥. □

Theorem 2.4. Suppose that the conditions of Theorem 2.3 are satisfied, but replace
the stability assumption with either

∥[𝑟(ℎ2𝐴𝑚)𝑞(ℎ𝐵𝑚)𝑟(ℎ2𝐴𝑚)]𝑘∥ ≤ 𝑀e𝑘ℎ𝜔 for all ℎ ≥ 0, 𝑘,𝑚 ∈ ℕ

for the Strang splitting, or

∥ [Θ𝑞(ℎ𝐵𝑚)𝑟(ℎ𝐴𝑚) + (1−Θ)𝑟(ℎ𝐴𝑚)𝑞(ℎ𝐵𝑚)]
𝑘 ∥ ≤ 𝑀𝑒𝑘ℎ𝜔

for a Θ ∈ [0, 1] and for all ℎ ≥ 0, 𝑘,𝑚 ∈ ℕ in case of the weighted splitting. Then
the Strang and weighted splittings, respectively, are convergent, i.e.,

lim
𝑚,𝑛→∞

[
𝑟( 𝑡2𝑛𝐴𝑚)𝑞(

𝑡
𝑛𝐵𝑚)𝑟(

𝑡
2𝑛𝐴𝑚)

]𝑛
𝑥 = 𝑈(𝑡)𝑥 (Strang),

lim
𝑚,𝑛→∞

[
Θ𝑞( 𝑡𝑛𝐵𝑚)𝑟(

𝑡
𝑛𝐴𝑚) + (1−Θ)𝑟( 𝑡𝑛𝐴𝑚)𝑞(

𝑡
𝑛𝐵𝑚)

]𝑛
= 𝑈(𝑡)𝑥 (weighted)

for all 𝑥 ∈ 𝑋 uniformly for 𝑡 in compact intervals.
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Proof. The proof is very similar as it was in the case of the sequential splitting
in Theorem 2.3. The only difference occurs in formula (2.3). In the case of Strang
splitting we take

𝐹𝑚(𝑡) := 𝑟( 𝑡2𝑛𝐴𝑚)𝑞(
𝑡
𝑛𝐵𝑚)𝑟(

𝑡
2𝑛𝐴𝑚)

and write

𝐽𝑚𝑟(ℎ2𝐴𝑚)𝑞(ℎ𝐵𝑚)𝑟(
ℎ
2𝐴𝑚)𝑃𝑚𝑥 − 𝐽𝑚𝑃𝑚𝑥

ℎ

= 𝐽𝑚𝑟(ℎ2𝐴𝑚)𝑞(ℎ𝐵𝑚)𝑃𝑚
𝐽𝑚𝑟(ℎ2𝐴𝑚)𝑃𝑚𝑥 − 𝐽𝑚𝑃𝑚𝑥

ℎ

+ 𝐽𝑚𝑟(ℎ2𝐴𝑚)𝑃𝑚
𝐽𝑚𝑞(ℎ𝐵𝑚)𝑃𝑚𝑥 − 𝐽𝑚𝑃𝑚𝑥

ℎ
+

𝐽𝑚𝑟(ℎ2𝐴𝑚)𝑃𝑚𝑥 − 𝐽𝑚𝑃𝑚𝑥

ℎ
.

By Lemma 2.1 this converges uniformly to

𝐽𝑚(
1
2𝐴𝑚 +𝐵𝑚 + 1

2𝐴𝑚)𝑃𝑚𝑥 = 𝐽𝑚(𝐴𝑚 +𝐵𝑚)𝑃𝑚𝑥.

For the weighted splitting we choose

𝐹𝑚(𝑡) := Θ𝑞(𝑡𝐵𝑚)𝑟(𝑡𝐴𝑚) + (1−Θ)𝑟(𝑡𝐴𝑚)𝑞(𝑡𝐵𝑚),

which results in

𝐽𝑚[Θ𝑞(𝑡𝐵𝑚)𝑟(𝑡𝐴𝑚) + (1−Θ)𝑟(𝑡𝐴𝑚)𝑞(𝑡𝐵𝑚)]𝑃𝑚𝑥 − 𝐽𝑚𝑃𝑚𝑥

ℎ

= Θ
𝐽𝑚𝑞(ℎ𝐵𝑚)𝑟(ℎ𝐴𝑚)𝑃𝑚𝑥 − 𝐽𝑚𝑃𝑚𝑥

ℎ

+ (1−Θ)
𝐽𝑚𝑟(ℎ𝐴𝑚)𝑞(ℎ𝐵𝑚)𝑃𝑚𝑥 − 𝐽𝑚𝑃𝑚𝑥

ℎ
.

By using the argumentation for sequential splitting, this converges uniformly (in
𝑚) to

Θ𝐽𝑚(𝐴𝑚 +𝐵𝑚)𝑃𝑚𝑥+ (1−Θ)𝐽𝑚(𝐵𝑚 +𝐴𝑚)𝑃𝑚𝑥 = 𝐽𝑚(𝐴𝑚 +𝐵𝑚)𝑃𝑚𝑥

as ℎ → 0. □

Proof of Lemma 2.1

The proof consists of three steps, the first being the case of the simplest possible
rational approximation, which describes the backward Euler scheme. The next two
steps generalize to more complicated cases. We prove (a) and (b) together.

Step 1. Consider first the rational function 𝑟(𝑧) = 1
1−𝑧 . Then 𝑟(ℎ𝐴𝑚) =

1
ℎ𝑅(

1
ℎ , 𝐴𝑚)

for ℎ > 0 sufficiently small. Then (a) follows from the stability Assumption 1.3.
Further, the left-hand side of (2.1) takes the form∥∥ 1

ℎ

(
1
ℎ𝐽𝑚𝑅( 1ℎ , 𝐴𝑚)𝑃𝑚𝑥 − 𝐽𝑚𝑃𝑚𝑥

)− 𝐽𝑚𝐴𝑚𝑃𝑚𝑥
∥∥

=
∥∥ 1
ℎ

(
1
ℎ𝐽𝑚𝑅( 1ℎ , 𝐴𝑚)𝑃𝑚𝑥 − 𝐽𝑚

(
1
ℎ − 𝐴𝑚

)
𝑅( 1ℎ , 𝐴𝑚)𝑃𝑚𝑥

)− 𝐽𝑚𝐴𝑚𝑃𝑚𝑥
∥∥

=
∥∥𝐽𝑚 ( 1ℎ𝑅( 1ℎ , 𝐴𝑚)− 𝐼𝑚

)
𝐴𝑚𝑃𝑚𝑥

∥∥ . (2.4)
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Since for 𝑥 ∈ 𝐷(𝐴), by the consistency in Assumption 1.3, the set

{𝐽𝑚𝐴𝑚𝑃𝑚𝑥 : 𝑚 ∈ ℕ} ∪ {𝐴𝑥}
is compact, for arbitrary 𝜀 > 0 there is 𝑁 ∈ ℕ such that the balls 𝐵(𝐽𝑖𝐴𝑖𝑃𝑖𝑥, 𝜀)
for 𝑖 = 1, . . . , 𝑁 cover this compact set. Now let 𝑚 ∈ ℕ arbitrary and pick 𝑖 ≤ 𝑁
with ∥𝐽𝑖𝐴𝑖𝑃𝑖𝑥 − 𝐽𝑚𝐴𝑚𝑃𝑚𝑥∥ ≤ 𝜀. Then we can write∥∥ 1

ℎ𝐽𝑚𝑅( 1ℎ , 𝐴𝑚)𝐴𝑚𝑃𝑚𝑥 − 𝐽𝑚𝐴𝑚𝑃𝑚𝑥
∥∥

≤ ∥∥ 1ℎ𝐽𝑚𝑅( 1ℎ , 𝐴𝑚)𝐴𝑚𝑃𝑚𝑥 − 𝐽𝑖𝐴𝑖𝑃𝑖𝑥
∥∥+ ∥𝐽𝑚𝐴𝑚𝑃𝑚𝑥 − 𝐽𝑖𝐴𝑖𝑃𝑖𝑥∥

≤ ∥∥ 1ℎ𝐽𝑚𝑅( 1ℎ , 𝐴𝑚)𝑃𝑚(𝐽𝑚𝐴𝑚𝑃𝑚𝑥 − 𝐽𝑖𝐴𝑖𝑃𝑖𝑥)
∥∥

+
∥∥( 1ℎ𝐽𝑚𝑅( 1ℎ , 𝐴𝑚)𝑃𝑚 − 𝐼𝑚)𝐽𝑖𝐴𝑖𝑃𝑖𝑥

∥∥+ 𝜀

≤ 𝐶𝜀+
∥∥( 1ℎ𝐽𝑚𝑅( 1ℎ , 𝐴𝑚)𝑃𝑚 − 𝐼𝑚)𝐽𝑖𝐴𝑖𝑃𝑖𝑥

∥∥+ 𝜀,

with an absolute constant 𝐶 ≥ 0 being independent on 𝑚 ∈ ℕ for ℎ sufficiently
small. The term in the middle can be estimated as follows. Take 𝑥 ∈ 𝐷(𝐴). Then
for 𝜆 > 0

𝜆𝐽𝑚𝑅(𝜆,𝐴𝑚)𝑃𝑚𝑥 = 𝐽𝑚𝑅(𝜆,𝐴𝑚)𝐴𝑚𝑃𝑚𝑥+ 𝐽𝑚𝑃𝑚𝑥.

Hence,

∥𝜆𝐽𝑚𝑅(𝜆,𝐴𝑚)𝑃𝑚𝑥 − 𝐽𝑚𝑃𝑚𝑥∥ ≤ ∥𝐽𝑚𝑅(𝜆,𝐴𝑚)𝑃𝑚∥ ⋅ ∥𝐽𝑚𝐴𝑚𝑃𝑚𝑥∥
follows. By the stability in Assumption 1.3,

∥𝐽𝑚𝑅(𝜆,𝐴𝑚)𝑃𝑚∥ ≤ 𝐾2𝑀

𝜆
holds for 𝜆 > 0, 𝑚 ∈ ℕ.

Further, by the consistency in Assumption 1.3 the sequence 𝐽𝑚𝐴𝑚𝑃𝑚𝑥 is bounded.
Therefore

𝜆𝐽𝑚𝑅(𝜆,𝐴𝑚)𝑃𝑚𝑥 → 𝐽𝑚𝑃𝑚𝑥 (2.5)

as 𝜆 → ∞ uniformly in 𝑚 ∈ ℕ. Since by (2) ∥𝐽𝑚𝜆𝑅(𝜆,𝐴𝑚)𝑃𝑚∥ is uniformly
bounded in 𝑚 ∈ ℕ, we obtain by the denseness of 𝑃𝑚𝐷(𝐴) ⊂ 𝑋𝑚 that (2.5)
holds even for arbitrary 𝑥 ∈ 𝑋 , therefore, (2.4) converges to 0 as ℎ → 0 (choosing
𝜆 = 1

ℎ). This proves the validity of (2.1) for our particular choice of the rational
function 𝑟.

Step 2. Next, let 𝑘 ∈ ℕ and 𝑟(𝑧) := 1
(1−𝑧/𝑘)𝑘 . Then 𝑟(0) = 1, 𝑟′(0) = 1 and

𝑟(ℎ𝐴𝑚) = [ 𝑘ℎ𝑅(
𝑘
ℎ , 𝐴𝑚)]

𝑘. The validity of (a) follows again by the stability As-
sumption 1.3. For (b) we have to prove

1
ℎ

[
𝐽𝑚(

𝑘
ℎ𝑅(

𝑘
ℎ , 𝐴𝑚))

𝑘𝑃𝑚𝑥 − 𝐽𝑚𝑃𝑚𝑥
]
− 𝐽𝑚𝐴𝑚𝑃𝑚𝑥 → 0 (2.6)

uniformly for𝑚 ∈ ℕ as ℎ → 0. To achieve this we shall repeatedly use the following
“trick”: for 𝑦 ∈ 𝐷(𝐴𝑚) we have 𝑦 = 𝑅( 𝑘ℎ , 𝐴𝑚)(

𝑘
ℎ − 𝐴𝑚)𝑦. Hence we obtain

𝐽𝑚𝑃𝑚𝑥 = 𝐽𝑚
𝑘
ℎ𝑅(

𝑘
ℎ , 𝐴𝑚)𝑃𝑚𝑥 − 𝐽𝑚𝑅( 𝑘ℎ , 𝐴𝑚)𝐴𝑚𝑃𝑚𝑥

= ⋅ ⋅ ⋅ = 𝐽𝑚[
𝑘
ℎ𝑅(

𝑘
ℎ , 𝐴𝑚)]

𝑘𝑃𝑚𝑥 −
𝑘−1∑
𝑗=0

𝐽𝑚[
𝑘
ℎ𝑅(

𝑘
ℎ , 𝐴𝑚)]

𝑗𝑅( 𝑘ℎ , 𝐴𝑚)𝐴𝑚𝑃𝑚𝑥.
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By inserting this into the left-hand side of (2.6) we get

1
ℎ

[
𝐽𝑚(

𝑘
ℎ𝑅(

𝑘
ℎ , 𝐴𝑚))

𝑘𝑃𝑚𝑥 − 𝐽𝑚𝑃𝑚𝑥
]
− 𝐽𝑚𝐴𝑚𝑃𝑚𝑥

=
1

𝑘

𝑘∑
𝑗=1

𝐽𝑚[
𝑘
ℎ𝑅(

𝑘
ℎ , 𝐴𝑚)]

𝑗𝐴𝑚𝑃𝑚𝑥 − 𝐽𝑚𝐴𝑚𝑃𝑚𝑥. (2.7)

By what is proved in Step 1 we have

𝐽𝑚[
𝑘
ℎ𝑅(

𝑘
ℎ , 𝐴𝑚)]

𝑗𝑃𝑚𝑥 → 𝐽𝑚𝑃𝑚𝑥

uniformly in 𝑚 ∈ ℕ as ℎ → 0. An analogous compactness argument as in Step 1
shows that

𝐽𝑚[
𝑘
ℎ𝑅(

𝑘
ℎ , 𝐴𝑚)]

𝑗𝐴𝑚𝑃𝑚𝑥 → 𝐽𝑚𝐴𝑚𝑃𝑚𝑥 (ℎ → 0)

uniformly for 𝑚 ∈ ℕ. This shows that the expression in (2.7) converges to 0
uniformly in 𝑚 ∈ ℕ.

Step 3. To finish the proof for the case of a general rational function

𝑟(𝑧) =
𝑎0 + 𝑎1𝑧 + ⋅ ⋅ ⋅+ 𝑎𝑘𝑧

𝑘

𝑏0 + 𝑏1𝑧 + ⋅ ⋅ ⋅+ 𝑏𝑛𝑧𝑛

we use the partial fraction decomposition, i.e., we write

𝑟(𝑧) =
𝑙∑
𝑖=1

𝜈𝑖∑
𝑗=1

𝐶𝑖𝑗
(1− 𝑧/𝜆𝑖)𝑗

,

with some uniquely determined 𝐶𝑖𝑗 ∈ ℂ. Since, by assumption, 𝑟(0) = 1 and
𝑟′(0) = 1, we obtain

𝑙∑
𝑖=1

𝜈𝑖∑
𝑗=1

𝐶𝑖𝑗 = 1, and

𝑙∑
𝑖=1

𝜈𝑖∑
𝑗=1

𝑗

𝜆𝑖
𝐶𝑖𝑗 = 1. (2.8)

Since 𝑟 is bounded on the left half-plane, we have that the poles 𝜆𝑖 of 𝑟 have
positive real part, Re𝜆𝑖 > 0. For 𝑗 = 1, . . . , 𝜈𝑖, 𝑖 = 1, . . . , 𝑙 consider the rational
functions

𝑟𝑗(𝑧) :=
1

(1− 𝑧/𝑗)𝑗
,

appearing in Step 2., then

𝑟(𝑧) =

𝑙∑
𝑖=1

𝜈𝑖∑
𝑗=1

𝐶𝑖𝑗𝑟𝑗(
𝑗
𝜆𝑖

𝑧).

Defining the operators 𝐴𝑖𝑗,𝑚 := 𝑗
𝜆𝑖

𝐴𝑚 we shall apply Step 2 to these rational
functions and to these operators. To do that we have to check if the required as-
sumptions are satisfied. Obviously, 𝑟𝑗 have the properties needed. The consistency
part of Assumption 1.3 is trivially satisfied for 𝐴𝑖𝑗,𝑚, 𝑃𝑚 and 𝐽𝑚, 𝑚 ∈ ℕ. The
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uniform boundedness of 𝜆𝑅(𝜆,𝐴𝑖𝑗,𝑚) follows from the stability Assumption 1.3.(a)
(from which, in turn Lemma 2.1.(a) follows, too). Indeed, that condition implies

∥𝜆𝑅(𝜆,𝐴𝑚)∥ ≤ 𝑀𝜙 for all 𝜆 ∈ Σ𝜙,

where Σ𝜙 is any sector with opening half-angle 𝜙 ∈ [0, 𝜋2 ). If 𝜆𝑖 ∈ Σ𝜑 is a pole of

𝑟 then 𝜆𝑖𝜆
𝑗 ∈ Σ𝜃 for 𝜆 > 0. So have

∥𝜆𝑅(𝜆,𝐴𝑖𝑗,𝑚)∥ = ∥𝜆𝑅(𝜆, 𝑗𝜆𝑖𝐴𝑚)∥ = ∥𝜆𝜆𝑖𝑗 𝑅(𝜆𝜆𝑖𝑗 , 𝐴𝑚)∥ ≤ 𝑀𝜃 for all 𝜆 > 0.

By Step 2, we have that

1
ℎ

[
𝐽𝑚
(
𝑗
ℎ𝑅(

𝑗
ℎ , 𝐴𝑖𝑗,𝑚)

)𝑗
𝑃𝑚𝑥 − 𝐽𝑚𝑃𝑚𝑥

]
− 𝐽𝑚𝐴𝑖𝑗,𝑚𝑃𝑚𝑥 → 0

uniformly in 𝑚 ∈ ℕ as ℎ → 0. By taking also the equalities (2.8) into account this
yields

1

ℎ

[
𝐽𝑚𝑟(ℎ𝐴𝑚)𝑃𝑚𝑥 − 𝐽𝑚𝑃𝑚𝑥

]
− 𝐽𝑚𝐴𝑚𝑃𝑚𝑥

=
1

ℎ

[ 𝑙∑
𝑖=1

𝜈𝑖∑
𝑗=1

𝐶𝑖𝑗

(
𝐽𝑚𝑟𝑗(ℎ

𝑗
𝜆𝑖

𝐴𝑚)𝑃𝑚𝑥 − 𝐽𝑚𝑃𝑚𝑥
)]

−
𝑙∑
𝑖=1

𝜈𝑖∑
𝑗=1

𝐶𝑖𝑗𝐽𝑚𝐴𝑖𝑗,𝑚𝑃𝑚𝑥

=

𝑙∑
𝑖=1

𝜈𝑖∑
𝑗=1

𝐶𝑖𝑗

[ 1
ℎ

(
𝐽𝑚𝑟𝑗(ℎ

𝑗
𝜆𝑖

𝐴𝑚)𝑃𝑚𝑥 − 𝐽𝑚𝑃𝑚𝑥
)

− 𝐽𝑚𝐴𝑖𝑗,𝑚𝑃𝑚𝑥
]
→ 0

uniformly in 𝑚 ∈ ℕ as ℎ → 0. This finishes the proof. □
Finally we remark that in the present paper we only treated an autonomous

evolution equation (1.1). In the case of time-dependent operators 𝐴(𝑡) and 𝐵(𝑡)
we have already shown the convergence in [3] for numerical methods applying
splitting and spatial discretization together. The extension of our present results
concerning the application of an approximation in time as well, will be the subject
of forthcoming work.
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Abstract. In the present paper we give a refinement of a classical result by
Karhunen concerning spectral representations of second-order random fields.
We also investigate some related questions dealing with moment problems
and quadrature formulae. Some of these questions are closely related to Heinz
Langer’s work.
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1. Introduction

In [11] K. Karhunen showed that if the correlation function of a second-order
random field 𝑍 : 𝑉 → 𝐿2(Ω,𝒜, 𝑃 ) defined on a set 𝑉 has a certain integral
representation with a positive measure then the field itself has an analogous rep-
resentation with a random orthogonal measure 𝜁 (more precise formulations will
be given below). He also proved that the range of 𝜁 is equal to the subspace of
𝐿2(Ω,𝒜, 𝑃 ) spanned by all random variables 𝑍(𝑡), 𝑡 ∈ 𝑉 . Karhunen’s theorem
contains as special case the spectral representation of stationary fields which was
obtained earlier by A. Kolmogorov and H. Cramér, we refer to [24] for historical
remarks. As another application we mention the spectral representation of random
processes with stationary increments of order 𝑛, due to A.M. Yaglom and M.S.
Pinsker [25].

To prove his result Karhunen assumes a condition which at first seems to be
quite technical. In the subsequent paper [12] he gives a detailed proof of his integral
representation without using this condition. In this case, the random orthogonal
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measure 𝜁 has values in some possibly larger space 𝐿2(Ω̃,𝒜, 𝑃 ). This can be seen
from Karhunen’s proof but is not stated explicitly in his theorem and thus it might
be a source for misunderstanding. Some of the monographs on stochastic processes,
e.g., [2, 8], follow Karhunen’s second paper [12], others, e.g., [9], prefer the first
version, where the range of 𝜁 is contained in the underlying space 𝐿2(Ω,𝒜, 𝑃 ).

As starting point of this paper we tried to find conditions which assure that
the range of 𝜁 is in 𝐿2(Ω,𝒜, 𝑃 ). Theorem 3.1 contains a necessary and sufficient
condition in terms of the dimensions of certain subspaces. Our investigations led
us to interesting and nontrivial questions dealing with classical moment problems.
Especially, there are connections to extension problems studied by Heinz Langer
in numerous papers. These investigations are the content of Section 4.

We had correspondence with Torben M. Bisgaard on some of our open ques-
tions. He communicated an unpublished existence result to us with the permission
to include it into this paper. His result gives a positive quadrature formula and is
the content of Section 5.

Next we give a precise formulation of Karhunen’s theorem.

2. Karhunen’s theorem

Throughout, (Ω,𝒜, 𝑃 ) denotes a probability space, and any mapping 𝑍 : 𝑉 →
𝐿2(Ω,𝒜, 𝑃 ) on a nonempty set 𝑉 with values in the (complex) Hilbert space
𝐿2(Ω,𝒜, 𝑃 ) is called second-order (complex) random field. Denoting the inner prod-
uct in 𝐿2(Ω,𝒜, 𝑃 ) with ⟨⋅ ; ⋅⟩,

𝐶(𝑠, 𝑡) = ⟨𝑍(𝑠) ;𝑍(𝑡)⟩, 𝑠, 𝑡 ∈ 𝑉,

defines the correlation function 𝐶 : 𝑉 ×𝑉 → ℂ of the random field 𝑍. Karhunen’s
original representation can be stated as follows.

Theorem A (Karhunen, [11]). Let 𝑍 : 𝑉 → 𝐿2(Ω,𝒜, 𝑃 ) be a random field with
correlation function 𝐶. Assume that 𝐶 has the representation

𝐶(𝑠, 𝑡) =

∫
𝑊

𝑔(𝑠, 𝑥)𝑔(𝑡, 𝑥)d𝜎(𝑥), 𝑠, 𝑡 ∈ 𝑉, (2.1)

where

(i) 𝜎 is a positive, 𝜎-finite measure on the measurable space (𝑊,ℬ);
(ii) 𝑔 : 𝑉 × 𝑊 → ℂ such that 𝑔(𝑡, ⋅) ∈ 𝐿2(𝑊,ℬ, 𝜎) for all 𝑡 ∈ 𝑉 ;
(iii) the linear space

𝐿𝑔 := span{𝑔(𝑡, ⋅) : 𝑡 ∈ 𝑉 }
is dense in 𝐿2(𝑊,ℬ, 𝜎).

Then there exists a uniquely determined random orthogonal measure 𝜁 on ℬ0 :=
{𝐵 ∈ ℬ : 𝜎(𝐵) < ∞} with values in 𝐿2(Ω,𝒜, 𝑃 ) and structure function 𝜎 such
that

𝑍(𝑡) =

∫
𝑊

𝑔(𝑡, 𝑥)d𝜁(𝑥), 𝑡 ∈ 𝑉. (2.2)
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Additionally, setting 𝐻(𝑍) := span{𝑍(𝑡) : 𝑡 ∈ 𝑉 } and 𝐻(𝜁) := span{𝜁(𝐴) : 𝐴 ∈
ℬ0}, one obtains 𝐻(𝑍) = 𝐻(𝜁).

Here, a mapping 𝜁 : ℬ0 → 𝐿2(Ω,𝒜, 𝑃 ) is called random orthogonal measure
with structure function 𝜎 if

(i) 𝜁(𝐴 ∪ 𝐵) = 𝜁(𝐴) + 𝜁(𝐵) for all 𝐴,𝐵 ∈ ℬ0 with 𝐴 ∩ 𝐵 = ∅;
(ii) ⟨𝜁(𝐴) ; 𝜁(𝐵)⟩ = 𝜎(𝐴 ∩ 𝐵) for 𝐴,𝐵 ∈ ℬ0.

The integral in equation (2.2) is constructed as follows. For a simple function
𝑓 =
∑𝑛
𝑖=1 𝑐𝑖1𝐴𝑖 , 𝑐𝑖 ∈ ℂ, 𝐴𝑖 ∈ ℬ0, 1 ≤ 𝑖 ≤ 𝑛, 𝑛 ∈ ℕ, one defines∫

𝑊

𝑓(𝑥)d𝜁(𝑥) :=

𝑛∑
𝑖=1

𝑐𝑖𝜁(𝐴𝑖).

Using density of the set of simple functions the integral extends to 𝐿2(𝑊,ℬ, 𝜎)
and satisfies〈∫

𝑊

𝑓(𝑥)d𝜁(𝑥) ;

∫
𝑊

𝑔(𝑥)d𝜁(𝑥)
〉
=

∫
𝑊

𝑓(𝑥)𝑔(𝑥)d𝜎(𝑥), 𝑓, 𝑔 ∈ 𝐿2(𝑊,ℬ, 𝜎). (2.3)

As we already mentioned Karhunen gives in [12] a detailed proof of the afore-
mentioned result without using the density condition in (A.iii). In this case, besides
losing the equality of the spaces 𝐻(𝑍) and 𝐻(𝜁), the representing random orthog-
onal measure has values in a possibly larger space.

Using the same notation as in Theorem A we can now formulate the problems
we are dealing with in the present note.

Problem 1. Under which conditions on the functions 𝑔 : 𝑉 × 𝑊 → ℂ does there
exist a random orthogonal measure 𝜁 on (𝑊,ℬ) with structure function 𝜎 fulfilling
the condition (2.2) and having values in 𝐿2(Ω,𝒜, 𝑃 )?

For fixed functions 𝐶 and 𝑔 the representing measure 𝜎 is in general not
uniquely determined. Thus, it is natural to ask whether one can find a representa-
tion measure for the function 𝐶 such that the density condition (A.iii) is satisfied.
To be precise:

Problem 2. Let (𝑊,ℬ, 𝜎) be a measure space and 𝑉 ∕= ∅. Given functions 𝑔 :
𝑉 × 𝑊 → ℂ such that 𝑔(𝑡, ⋅) ∈ 𝐿2(𝑊,ℬ, 𝜎) for all 𝑡 ∈ 𝑉 find a measure �̃� on
(𝑊,ℬ) such that 𝑔(𝑡, ⋅) ∈ 𝐿2(𝑊,ℬ, �̃�),∫

𝑊

𝑔(𝑠, 𝑥)𝑔(𝑡, 𝑥)d�̃�(𝑥) =

∫
𝑊

𝑔(𝑠, 𝑥)𝑔(𝑡, 𝑥)d𝜎(𝑥), 𝑠, 𝑡 ∈ 𝑉, (2.4)

and 𝐿𝑔 is dense in 𝐿2(𝑊,ℬ, �̃�).

Our next problem deals with a special case and leads us to a quadrature
problem.

Problem 3. Let (𝑊,ℬ, 𝜎) be a measure space where 𝜎 is positive and assume that
𝐿𝑔 is finite dimensional. Find a positive molecular measure �̃� on (𝑊,ℬ) satisfy-
ing (2.4).

Note that a measure is called molecular if it has finite support.
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3. A necessary and sufficient condition

A simple example shows that without posing the density assumption in (A.iii) we
cannot hope for a random orthogonal measure on the same probability space to
exist. In fact, let the set 𝑊 = {𝑤1, . . . , 𝑤𝑛} have 𝑛 > 1 elements and let 𝜎 be a
finite measure on 𝑊 having support 𝑊 . Let further 𝑉 = {1, . . . ,𝑚}, where 𝑚 < 𝑛
and 𝑔 : 𝑉 × 𝑊 → ℂ. Setting

𝐶(𝑖, 𝑗) :=

∫
𝑊

𝑔(𝑖, 𝑥)𝑔(𝑗, 𝑥)d𝜎(𝑥), 1 ≤ 𝑖, 𝑗 ≤ 𝑚,

we can choose vectors 𝑧1, . . . , 𝑧𝑚 ∈ ℂ𝑚 such that

𝐶(𝑖, 𝑗) = ⟨𝑧𝑖 ; 𝑧𝑗⟩.
The 𝑧𝑗 can be considered as a random field 𝑍 on a probability space (Ω,𝒜, 𝑃 ),
where Ω has 𝑚 elements, 𝒜 consists of all subsets of Ω and 𝑃 is uniformly dis-
tributed. This random field cannot have the desired integral representation (2.2)
with a random orthogonal measure 𝜁 : 2𝑊 → 𝐿2(Ω,𝒜, 𝑃 ). For 𝜎 being the struc-
ture function of 𝜁 we obtain〈

𝜁({𝑤𝑖}) ; 𝜁({𝑤𝑗})
〉
= 𝜎
({𝑤𝑖} ∩ {𝑤𝑗}

)
= 𝛿𝑖,𝑗𝜎

({𝑤𝑖}),
where 𝛿𝑖,𝑗 denotes the Kronecker symbol of 𝑖, 𝑗 ∈ {1, . . . , 𝑛}. Since 𝜎({𝑤𝑖}) > 0,
𝜁({𝑤𝑖}) must be an orthogonal system in 𝐿2(Ω,𝒜, 𝑃 ), a contradiction.

In fact, this concept transfers to the general case. We will use the same nota-
tion as in Theorem A. Additionally, let 𝐿𝑔(𝜎)

⊥ denote the orthogonal complement
of 𝐿𝑔 in 𝐿2(𝑊,ℬ, 𝜎).

Theorem 3.1. The integral representation (2.2) with a random orthogonal mea-
sure 𝜁 : ℬ0 → 𝐿2(Ω,𝒜, 𝑃 ) having structure function 𝜎 is possible if and only if
dim𝐿𝑔(𝜎)

⊥ ≤ dim𝐻(𝑍)⊥.

Proof. For short we will write 𝐿⊥
𝑔 instead of 𝐿𝑔(𝜎)

⊥. Assume first that dim𝐿⊥
𝑔 ≤

dim𝐻(𝑍)⊥ and consider the orthogonal decomposition

𝐿2(𝑊,ℬ, 𝜎) = 𝐿𝑔 ⊕ 𝐿⊥
𝑔 .

Choose an orthonormal basis {𝑒𝜄 : 𝜄 ∈ 𝐼} of 𝐿⊥
𝑔 , where 𝐼 is a nonempty index set

such that 𝑉 ∩𝐼 = ∅. By assumption there exists an orthonormal system {𝑌𝜄 : 𝜄 ∈ 𝐼}
in 𝐻(𝑍)⊥. Now consider the random field

�̃�(𝑡) :=

{
𝑍(𝑡), if 𝑡 ∈ 𝑉,

𝑌𝑡, if 𝑡 ∈ 𝐼,

for all 𝑡 ∈ 𝑉 ∪ 𝐼. Further define for 𝑡 ∈ 𝑉 ∪ 𝐼

𝑔(𝑡, ⋅) :=
{
𝑔(𝑡, ⋅), if 𝑡 ∈ 𝑉.

𝑒𝑡, if 𝑡 ∈ 𝐼.
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Then, for all 𝑡 ∈ 𝑉 ∪ 𝐼, �̃�(𝑡) ∈ 𝐿2(Ω,𝒜, 𝑃 ) and

𝐶(𝑠, 𝑡) =
〈
�̃�(𝑠) ; �̃�(𝑡)

〉
=

∫
𝑊

𝑔(𝑠, 𝑥)𝑔(𝑡, 𝑥)d𝜎(𝑥).

Since 𝐿𝑔 is dense in 𝐿2(𝑊,ℬ, 𝜎), Karhunen’s original statement (i.e., with the
density condition) yields the existence of a uniquely determined random orthogonal
measure 𝜁 with structure function 𝜎 and values in 𝐿2(Ω,𝒜, 𝑃 ) such that

�̃�(𝑡) =

∫
𝑊

𝑔(𝑡, 𝑥)d𝜁(𝑥).

In particular,

𝑍(𝑡) =

∫
𝑊

𝑔(𝑡, 𝑥)d𝜁(𝑥)

for all 𝑡 ∈ 𝑉 . For the converse direction assume that

dim𝐻(𝑍)⊥ < dim𝐿⊥
𝑔 .

As before, choose an orthonormal basis {𝑒𝜄 : 𝜄 ∈ 𝐼} of 𝐿⊥
𝑔 , where 𝐼 ∕= ∅ and

𝑉 ∩ 𝐼 = ∅. Assume 𝜁 : ℬ0 → 𝐿2(Ω,𝒜, 𝑃 ) to be a random orthogonal measure
satisfying (2.2) and having structure function 𝜎. Set for 𝜄 ∈ 𝐼

𝑌𝜄 :=

∫
𝑊

𝑒𝜄(𝑥)d𝜁(𝑥) ∈ 𝐿2(Ω,𝒜, 𝑃 ).

The properties of random orthogonal measures (cf. (2.3)) now allow to obtain for
all 𝑠 ∈ 𝑉 and 𝜄 ∈ 𝐼

⟨𝑍(𝑠) ;𝑌𝜄⟩ =
〈∫
𝑊

𝑔(𝑠, 𝑥)d𝜁(𝑥) ;

∫
𝑊

𝑒𝜄(𝑥)d𝜁(𝑥)
〉

=

∫
𝑊

𝑔(𝑠, 𝑥)𝑒𝜄(𝑥)d𝜎(𝑥) = 0,

and for 𝜄, 𝚥 ∈ 𝐼

⟨𝑌𝜄 ;𝑌𝚥⟩ =
〈∫
𝑊

𝑒𝜄(𝑥)d𝜁(𝑥) ;

∫
𝑊

𝑒𝚥(𝑥)d𝜁(𝑥)
〉

=

∫
𝑊

𝑒𝜄(𝑥)𝑒𝚥(𝑥)d𝜎(𝑥) = 𝛿𝜄,𝚥.

Thus, {𝑌𝜄 : 𝜄 ∈ 𝐼} is an orthonormal system in 𝐻(𝑍)⊥. Hence, the system can be
extended to an orthonormal basis of 𝐻(𝑍)⊥. In particular,

dim𝐿⊥
𝑔 = card(𝐼) ≤ dim𝐻(𝑍)⊥ < dim𝐿⊥

𝑔 ,

a contradiction. Thus, no random orthogonal measure of this form exists, which
concludes the proof of the theorem. □
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4. The second problem

This problem contains several well-studied special cases where solutions exist. In
the present section we review some results connected with the trigonometric and
power moment problem and give two examples which answer the question in the
negative.

4.1. The trigonometric moment problem

Let us first consider the case of 𝑊 = ℝ equipped with the usual Borel 𝜎-field ℬ,
𝑎 > 0, 𝑉 = [−𝑎; 𝑎], and the functions

𝑔 : [−𝑎; 𝑎]× ℝ → ℂ, (𝑡, 𝑥) �→ 𝑔(𝑡, 𝑥) = 𝑒𝑖𝑡𝑥.

For any bounded positive measure 𝜎 on the real line the equation

𝑓(𝑡) =

∫
ℝ

𝑒𝑖𝑡𝑥d𝜎(𝑥), ∣𝑡∣ ≤ 2𝑎,

defines a positive definite function 𝑓 : [−2𝑎; 2𝑎] → ℂ. Thus, Problem 2 can be
reformulated in terms of continuations of (continuous) positive definite functions.

Problem 4. Let 𝜎 be a bounded Borel measure on the real line and 𝑎 > 0. For the
positive definite function 𝑓 : [−2𝑎; 2𝑎]→ ℂ given by

𝑓(𝑡) :=

∫
ℝ

𝑒𝑖𝑡𝑥d𝜎(𝑥), ∣𝑡∣ ≤ 2𝑎,

find a positive definite continuation 𝑓 : ℝ → ℂ (and representing measure �̃�) such
that 𝐿𝑔 = span{𝑒𝑖𝑡∙ : ∣𝑡∣ ≤ 𝑎} is dense in 𝐿2(ℝ,ℬ, �̃�).

The existence of continuations of positive definite functions without neces-
sarily fulfilling the density requirement was established by M.G. Krĕın in [13].
Additionally, for the case that 𝑓 has more than one continuation, he gives a de-
scription of all possible continuations: In this case there exist four entire functions
𝑤𝑗𝑘 such that the relation∫

ℝ

1

𝑡 − 𝑧
d�̃�(𝑡) = 𝑖

∫ ∞

0

𝑒𝑖𝑧𝑡𝑓(𝑡)d𝑡 =
𝑤11(𝑧)𝑇 (𝑧) + 𝑤12(𝑧)

𝑤21(𝑧)𝑇 (𝑧) + 𝑤22(𝑧)
, Im 𝑧 > 0, (4.1)

establishes a bijective correspondence between all continuations 𝑓 (and their repre-
senting measures �̃�) and all Nevanlinna-Pick functions 𝑇 . A function 𝑇 is hereby
called Nevanlinna-Pick function if 𝑇 ≡ ∞ or 𝑇 is holomorphic in ℂ ∖ ℝ, has
nonnegative imaginary part there, and satisfies 𝑓(𝑧) = 𝑓(𝑧). The latter have the
form

𝑇 (𝑧) = 𝛼+ 𝛽𝑧 +

∫
ℝ

𝑡𝑧 + 1

𝑡 − 𝑧
d𝜇(𝑡), 𝑧 ∈ ℂ ∖ ℝ, (4.2)

where 𝛼 ∈ ℝ, 𝛽 ≥ 0, and 𝜇 is a positive, finite measure on ℝ.
A continuation 𝑓 of the given positive definite function 𝑓 is called orthogonal

if it is either unique or in the representation (4.1) 𝑇 is a real constant or 𝑇 ≡ ∞.
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In a series of papers [14, 15, 16, 17, 18] M.G. Krĕın and H. Langer extended
these results to functions with finitely many negative squares. Finally, in the un-
published manuscript [19] Krĕın and Langer give on page 32 a characterization of
orthogonal continuations in the following form:

Theorem 4.1 (Krĕın, Langer, [19, §4.1]). Let 𝑓 be a continuation of the positive
definite function 𝑓 with representation measure �̃�. Then span{𝑒𝑖𝑡∙ : ∣𝑡∣ ≤ 𝑎} is
dense in 𝐿2(ℝ,ℬ, �̃�) if and only if 𝑓 is an orthogonal continuation.

In the article [20] the authors computed the entire functions 𝑤𝑗𝑘 for the
positive definite function 𝑓(𝑡) = 1− ∣𝑡∣ on [−2𝑎; 2𝑎], where 𝑎 ≤ 1. The 4𝑎-periodic
extension treated on page 49 corresponds to 𝑇 ≡ ∞, hence it is orthogonal.

Thus, in the case of 𝑔 being trigonometric polynomials Problem 4 always has
a solution given by the representation measures of the orthogonal continuations
of the implicitly given positive definite correlation function 𝑓(𝑠 − 𝑡) = 𝐶(𝑠, 𝑡),
𝑠, 𝑡 ∈ 𝑉 − 𝑉 .

4.2. The power moment problem

For this special case we stay on the real axis, but consider the functions

𝑔 : ℕ0 × ℝ → ℝ, (𝑛, 𝑥) �→ 𝑔(𝑛, 𝑥) = 𝑥𝑛,

instead. Now Problem 2 can be formulated in terms of the Hamburger moment
problem:

Problem 5. Let 𝜎 be a bounded positive measure on the real line having moments
of all orders. Find a bounded positive measure 𝜇 having the same moments as 𝜎
such that the set of all polynomials is dense in 𝐿2(ℝ,ℬ, 𝜇).

For more information on the (power) moment problem we refer the reader
to the monograph [1] by N.I. Akhiezer. For the question of density of the set of
polynomials, we refer to the paper [4] by C. Berg and J.P.R. Christensen. Denote
the set of all measures that give rise to the same moment sequence as 𝜎 by 𝑉𝜎,
i.e.,

𝑉𝜎 =
{
𝜇 ∈ ℳ𝑏

+(ℝ) :
∫
ℝ

𝑥𝑛d𝜇(𝑥) =

∫
ℝ

𝑥𝑛d𝜎(𝑥), 𝑛 ∈ ℕ0

}
.

The moment problem is called determinate if 𝑉𝜎 = {𝜎} and indeterminate in the
other case.

A necessary and sufficient condition for the polynomials to be dense in
𝐿1(ℝ,ℬ, 𝜇) was given by M.A. Năımark in [21].

Theorem B (Năımark). The space of all polynomials is dense in 𝐿1(ℝ,ℬ, 𝜇) if and
only if 𝜇 is an extreme point of 𝑉𝜎.

For the indeterminate case, R. Nevanlinna established in [22] a description
of all elements of 𝑉𝜎. Similar to the trigonometric case, there exist four entire
functions 𝑤𝑗𝑘 such that∫

ℝ

1

𝑡 − 𝑧
d𝜇(𝑡) = −𝑤11(𝑧)𝑇 (𝑧)− 𝑤12(𝑧)

𝑤21(𝑧)𝑇 (𝑧)− 𝑤22(𝑧)
, 𝑧 ∈ ℂ ∖ℝ, (4.3)
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establishes a bijective correspondence between all measures 𝜇 ∈ 𝑉𝜎 and all func-
tions 𝑇 belonging to the Nevanlinna-Pick class, cf. (4.2). The question of density
of the set of all polynomials in 𝐿2(ℝ,ℬ, 𝜇) was solved by M. Riesz in [23] by giving
the following condition.

Theorem C (M. Riesz). The space of all polynomials is dense in 𝐿2(ℝ,ℬ, 𝜇) if
and only if either 𝜇 is determinate or 𝜇 is N-extremal, i.e., the function 𝑇 in
Nevanlinna’s parameterization (4.3) is a real constant or 𝑇 ≡ ∞.

4.3. A non-elementary counterexample

While Problem 5 always has a solution on the real line, the statement of Theorem
C fails in higher dimensions. C. Berg and M. Thill give in [6] an example of a
rotation-invariant Radon measure 𝜎 on ℝ2 such that 𝑉𝜎 = {𝜎} and the space of
all polynomials in two variables is not dense in 𝐿2(ℝ2,ℬ2, 𝜎). In this case Problem
2 clearly has no solution.

4.4. An elementary counterexample

At the end of this section we give a simple example such that Problem 2 has no
solution. For this purpose, let 𝑊 = {1, 2, 3}, and denote the Dirac measure at
𝑖 ∈ 𝑊 with 𝜀𝑖. Choose 𝜎1, 𝜎2, 𝜎3 > 0 such that

𝜎 = 𝜎1𝜀1 + 𝜎2𝜀2 + 𝜎3𝜀3

is a positive measure on 𝑊 and a function 𝑔 : {1, 2} × 𝑊 → ℂ such that ℎ1 :=

∣𝑔(1, ⋅)∣2, ℎ2 := 𝑔(1, ⋅)𝑔(2, ⋅) and ℎ3 := ∣𝑔(2, ⋅)∣2 are linearly-independent functions
on 𝑊 . Any measure 𝜇 on 𝑊 has a representation

𝜇 = 𝜇1𝜀1 + 𝜇2𝜀2 + 𝜇3𝜀3,

where 𝜇1, 𝜇2, 𝜇3 ≥ 0. Therefore∫
𝑊

ℎ𝑖(𝑥)d𝜇(𝑥) =

∫
𝑊

ℎ𝑖(𝑥)d𝜎(𝑥), 1 ≤ 𝑖 ≤ 3, (4.4)

can be written as the linear system

Hµ = m,

where µ = [𝜇𝑖]
3
𝑖=1, m =

[ ∫
𝑊 ℎ𝑖d𝜎

]3
𝑖=1

, and H =
[
ℎ𝑖(𝑗)
]3
𝑖,𝑗=1

.

Since {ℎ1, ℎ2, ℎ3} is linearly independent by assumption, the linear system
has the unique solution σ = [𝜎𝑖]

3
𝑖=1. In particular, there exists no measure 𝜇 on 𝑊

satisfying (4.4) such that the two-dimensional space span{𝑔1, 𝑔2} is dense in the
three-dimensional space 𝐿2(𝑊, 2𝑊 , 𝜇).

5. Molecular measures and a quadrature formula

Problem 3 is always solvable, this follows from Theorem 5.1 below. For the case of
𝐿𝑔 being equal to the space of polynomials up to a certain degree the first part of
this theorem is also known as Tchakaloff’s theorem. A similar result has also been
proved by C. Bayer and J. Teichmann in [3].
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Theorem 5.1 (T.M. Bisgaard). Let 𝜎 be a positive measure on (𝑋,ℱ), where ℱ is
a 𝜎-ring with union 𝑋. Then:

(i) For every finite-dimensional subspace 𝐷 of ℒ1(𝑋,ℱ , 𝜎), there is a positive
molecular measure 𝜉 such that∫

𝑓d𝜉 =

∫
𝑓d𝜎

for each 𝑓 ∈ 𝐷. The molecular measure can be chosen to have support of
cardinality at most dim𝐷.

(ii) There is a net (𝜉𝜆)𝜆∈Λ of molecular measures such that not only do we have∫
𝑓d𝜉𝜆 →

∫
𝑓d𝜎

for each 𝑓 ∈ ℒ1(𝑋,ℱ , 𝜎): we even have, for every such 𝑓 ,∫
𝑓d𝜉𝜆 =

∫
𝑓d𝜎

for all sufficiently large 𝜆.

Notes.

(a) The notion of measurable function that we use is that of Halmos [10]: a
real-valued function 𝑓 on 𝑋 is said to be measurable if 𝑓−1(𝐵) ∈ ℱ for every
Borel subset 𝐵 of ℝ∖{0}. Also, functions in ℒ1(𝑋,ℱ , 𝜎) must not assume any
value in the set {−∞,∞}. The integral of a nonnegative measurable function
𝑓 (and, afterwards, of a measurable function 𝑓 such that

∫ ∣𝑓 ∣d𝜎 < ∞) may
be defined by ∫

𝑓d𝜎 :=

∫
𝑓−1(ℝ∖{0})

𝑓d𝜎,

the point being that the right member is an integral with respect to a measure
on a 𝜎-field, viz, the set

{
𝐴 ∈ ℱ : 𝐴 ⊆ 𝑓−1(ℝ ∖ {0})}.

(b) A net may be indexed by any nonempty set equipped with an upward filtering
transitive reflexive relation: we do not require anti-symmetry. (This will allow
us to avoid using the Axiom of Choice.)

In the proof of the theorem, we need five lemmas.

Lemma 5.2. Let 𝐾 be a convex set in a finite-dimensional real affine space 𝐸. If
𝐾 is dense in 𝐸 then 𝐾 = 𝐸.

Proof. Let 𝑑 be the dimension of 𝐸. Let 𝑦 ∈ 𝐸. Choose an affinely independent
(𝑑 + 1)-tuple 𝑠 = (𝑠0, . . . , 𝑠𝑑) of points in 𝐸 such that 𝑦 is in the interior of
the convex hull of {𝑠0, . . . , 𝑠𝑑}. For every affinely independent (𝑑 + 1)-tuple 𝑡 =
(𝑡0, . . . , 𝑡𝑑) of points in 𝐸, let 𝜂(𝑡) = (𝜂0(𝑡), . . . , 𝜂𝑑(𝑡)) be the (𝑑 + 1)-tuple of
barycentric coordinates of 𝑦 with respect to 𝑡, i.e., the unique (𝑑 + 1)-tuple of

real numbers such that
∑𝑑
𝑖=0 𝜂𝑖(𝑡) = 1 and 𝑦 =

∑𝑑
𝑖=0 𝜂𝑖(𝑡)𝑡𝑖. If 𝐾 is dense in 𝐸

then we can choose, for each 𝑖 ∈ {0, . . . , 𝑑}, a sequence (𝑡(𝑛)𝑖 )𝑛∈ℕ
of points in 𝐾
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converging to 𝑠𝑖. Since 𝑠 is affinely independent, so is 𝑡(𝑛) :=
(
𝑡
(𝑛)
0 , . . . , 𝑡

(𝑛)
𝑑

)
for

all sufficiently large 𝑛, hence without loss of generality for all 𝑛. By the choice of
𝑠 we have 𝜂𝑖(𝑠) > 0, 0 ≤ 𝑖 ≤ 𝑑. By the continuity of the function 𝜂 it follows that
for all sufficiently large 𝑛 we have 𝜂𝑖

(
𝑡(𝑛)
)

> 0, 0 ≤ 𝑖 ≤ 𝑑. Choosing any such

𝑛, we see that 𝑦 is in the convex hull of
{
𝑡
(𝑛)
0 , . . . , 𝑡

(𝑛)
𝑑

}
, hence in 𝐾. Since 𝑦 was

arbitrary, this completes the proof. □

We stress that by a cone in a real vector space we understand one with apex 0.

Lemma 5.3. Let 𝐸 be a finite-dimensional real vector space and let 𝐺 be an open
subset of 𝐸 such that the set 𝐾 := 𝐺∪ {0} is a convex cone. Let 𝑦 ∈ 𝐸 ∖𝐾. Then
there is a linear form 𝜑 on 𝐸 such that 𝜑(𝑦) ≤ 0 and 𝜑(𝑧) > 0 for each 𝑧 ∈ 𝐺.

Proof. Without loss of generality, assume 𝐺 ∕= ∅. Since 𝑦 ∈ 𝐸 ∖ 𝐾, it follows from
Lemma 5.2 that 𝐾 is not dense in 𝐸. By the bipolar theorem [5, 1.3.6] it follows
that there is a nonzero linear form 𝜓 on 𝐸 such that 𝜓(𝑧) ≥ 0 for each 𝑧 ∈ 𝐾. It
follows that 𝜓(𝑧) > 0 for each 𝑧 ∈ 𝐺.1 If 𝜓(𝑦) ≤ 0, we may take 𝜑 = 𝜓.

Assume 𝜓(𝑦) > 0. Then the line 𝐿 := {𝜆𝑦 : 𝜆 ∈ ℝ} is disjoint from 𝐺.
To see this, assume 𝜆𝑦 = 𝑧 for some 𝜆 ∈ ℝ and some 𝑧 ∈ 𝐺. If 𝜆 > 0 then
(𝐾 being a cone) the point 𝑦 = 𝜆−1𝑧 is in 𝐾, a contradiction. If 𝜆 ≤ 0, we find
𝜓(𝑧) = 𝜆𝜓(𝑦) ≤ 0, again a contradiction.

The line 𝐿 being disjoint from 𝐺, by [5, 1.2.1] there is a hyperplane 𝐻 in 𝐸
which contains 𝐿 and is disjoint from 𝐺. Now 𝐺, being convex (as is easily seen), is
contained in one of the two open half-spaces bounded by 𝐻 , and there is therefore
a linear form 𝜑 on 𝐸 such that 𝐻 = ker𝜑 and 𝜑(𝑧) > 0 for each 𝑧 ∈ 𝐺. Since
𝑦 ∈ 𝐿 ⊂ 𝐻 , we have 𝜑(𝑦) = 0, completing the proof. □

For every topological space 𝑌 , let ℬ(𝑌 ) be its Borel 𝜎-field. If 𝜈 is a positive
measure, let 𝜈∗ be the associated inner measure.

Lemma 5.4. Let 𝐸 be a finite-dimensional real vector space and let 𝜈 be a positive
measure on ℬ(𝐸). Assume that the dual space of 𝐸 is contained in ℒ1(𝐸,ℬ(𝐸), 𝜈),
and let 𝑦 be the resultant of 𝜈, i.e., the unique point in 𝐸 such that 𝜑(𝑦) =

∫
𝜑d𝜈

for each 𝜑 in the dual. Let 𝐴 be a convex cone in 𝐸, containing 0 and such that
𝜈∗(𝐸 ∖ 𝐴) = 0. Then 𝑦 ∈ 𝐴.

Proof. We proceed by induction on the dimension of 𝐸. The case dim𝐸 = 0
being trivial, assume dim𝐸 ≥ 1 and suppose the statement is true for all lower
dimensions. We may assume 𝐸 = 𝐴 − 𝐴: otherwise, define a subspace 𝐸1 of 𝐸 by
𝐸1 := 𝐴 − 𝐴 and apply the induction hypothesis to 𝐸1 and 𝜈1 := 𝜈∣𝐸1

instead of

𝐸 and 𝜈.2

1If the kernel of 𝜓 intersected 𝐺 then the set 𝐺, being open, would intersect both of the open
half-spaces bounded by ker𝜓. In particular, 𝐺 (hence 𝐾) would intersect that half-space where
𝜓 < 0, a contradiction.
2For this argument, we need to show that 𝜈 is supported by 𝐸1 and that 𝑦 ∈ 𝐸1. Since 𝐸1 is a
measurable set containing 𝐴, we have 𝜈(𝐸 ∖ 𝐸1) = 0. Thus, if 𝜑 is any linear form on 𝐸 which
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We henceforth assume 𝐸 = 𝐴−𝐴. Now 𝐴, being a nonempty convex set, has
a nonempty relative interior 𝐺 ([7, Thm. 3.1]), and 𝐺 is dense in 𝐴 [7, Thm. 3.4].
Since 𝐸 = 𝐴−𝐴, the set 𝐺 is just the interior of 𝐴, hence open. It is easily verified
that the set 𝐾 := 𝐺 ∪ {0} is a convex cone. We may obviously assume 𝑦 ∕∈ 𝐴,
hence 𝑦 ∕∈ 𝐾. By Lemma 5.3 there is a linear form 𝜑 on 𝐸 such that 𝜑(𝑦) ≤ 0 and
𝜑(𝑧) ≥ 0 for each 𝑧 in the closure 𝐴 of 𝐴. The measure 𝜈 being supported by 𝐴,
we conclude from

0 ≥ 𝜑(𝑦) =

∫
𝜑d𝜈 =

∫
𝐴

𝜑d𝜈

that 𝜈 is supported by the subspace 𝐻 := ker𝜑 and that 𝑦 ∈ 𝐻 . The linear form 𝜑,
being strictly positive on the nonempty set 𝐺, is nonzero. Thus dim𝐻 = dim𝐸−1.
We can now apply the induction hypothesis to 𝐻 , 𝜈∣𝐻 , and 𝐴 ∩ 𝐻 instead of 𝐸,
𝜈, and 𝐴, leading to the desired conclusion. □

Lemma 5.5. Let 𝐷 be a finite-dimensional vector space of measurable real-valued
functions on 𝑋 (recall that such functions are not allowed to take any value in
{−∞,∞}). Let 𝐸 be the dual space of 𝐷 and define a mapping 𝑥 �→ 𝑥 on 𝑋 into
𝐸 by 𝑥(𝑓) := 𝑓(𝑥), 𝑥 ∈ 𝑋, 𝑓 ∈ 𝐷. Let 𝑊 := {𝑥 ∈ 𝑋 : 𝑥 ∕= 0}. Then the mapping
𝑊 ∋ 𝑥 �→ 𝑥 is measurable with respect to ℱ and ℬ(𝐸 ∖ {0}).
Proof. Let 𝑝 be the restriction to 𝑊 of the mapping 𝑥 �→ 𝑥. Clearly, the set

ℰ := {𝐵 ∈ ℬ(𝐸 ∖ {0}) : 𝑝−1(𝐵) ∈ ℱ}
is a 𝜎-ring. We have to show that ℰ is all of ℬ(𝐸 ∖ {0}). Since 𝐸 ∖ {0} is second
countable, it suffices to show that ℰ contains a base of the topology on 𝐸 ∖ {0}.
Since the set

ℋ0 :=
{
{𝑧 ∈ 𝐸 : 𝑧(𝑓) ∈ 𝐼𝑓 , 𝑓 ∈ 𝐹} : 𝐹 is a finite subset of 𝐷,

and 𝐼𝑓 is an open interval in ℝ, 𝑓 ∈ 𝐹
}

is a base of the topology on 𝐸, the set ℋ := {𝐻 ∈ ℋ0 : 0 ∕∈ 𝐻} is a base of
the topology on 𝐸 ∖ {0}. It thus suffices to show 𝑝−1(ℋ) ⊂ ℱ . So let 𝐻 ∈ ℋ; we
shall show 𝑝−1(𝐻) ∈ ℱ . Choose a finite subset 𝐹 of 𝐷 and open intervals 𝐼𝑓 in ℝ
(𝑓 ∈ 𝐹 ) such that

𝐻 = {𝑧 ∈ 𝐸 : 𝑧(𝑓) ∈ 𝐼𝑓 , 𝑓 ∈ 𝐹}.
Since 0 ∕∈ 𝐻 , we have

0 ∕∈ 𝐼𝑓 for at least one 𝑓 ∈ 𝐹. (∗)

vanishes on 𝐸1, then

𝜑(𝑦) =

∫
𝜑d𝜈 =

∫
𝐸1

𝜑d𝜈 +

∫
𝐸∖𝐸1

𝜑d𝜈 = 0.

This being so for every such 𝜑, by the Hahn-Banach Theorem we get 𝑦 ∈ 𝐸1.
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We compute

𝑝−1(𝐻) = {𝑥 ∈ 𝑊 : 𝑥 ∈ 𝐻}
= {𝑥 ∈ 𝑊 : 𝑥(𝑓) ∈ 𝐼𝑓 , 𝑓 ∈ 𝐹}
= {𝑥 ∈ 𝑊 : 𝑓(𝑥) ∈ 𝐼𝑓 , 𝑓 ∈ 𝐹}
=
∩
𝑓∈𝐹

𝑓−1(𝐼𝑓 ). (∗∗)

Let 𝐹+ := {𝑓 ∈ 𝐹 : 0 ∕∈ 𝐼𝑓} and 𝐹− := 𝐹 ∖ 𝐹+. By (∗) we have 𝐹+ ∕= ∅. For
𝑓 ∈ 𝐹−, let 𝐼𝑐𝑓 := ℝ ∖ 𝐼𝑓 . Resuming the computation from (∗∗), we find

𝑝−1(𝐻) =

( ∩
𝑓∈𝐹+

𝑓−1(𝐼𝑓 )

)\( ∪
𝑓∈𝐹−

𝑓−1(𝐼𝑐𝑓 )

)
∈ ℱ

since ℱ is, in particular, a ring, and since 𝑓−1(𝐼𝑓 ) (resp. 𝑓
−1(𝐼𝑐𝑓 )) is in ℱ whenever

𝑓 ∈ 𝐹+ (resp. 𝑓 ∈ 𝐹−). This completes the proof. □
Lemma 5.6. Let 𝐸 be a real vector space and 𝑀 a subset of 𝐸. Then every el-
ement in the convex cone generated by 𝑀 is a linear combination, with positive
coefficients, of the elements of some linearly independent subset of 𝑀 .

Proof. As the proof of [7, Thm. 2.3], mutatis mutandis. □
Proof of Theorem 5.1. : Let Δ be the set of all finite-dimensional subspaces of
ℒ1(𝑋,ℱ , 𝜎).

(i) Let 𝐷 ∈ Δ. Let Ξ(𝐷) be the set of all 𝜉 as in the statement; we have to show
Ξ(𝐷) ∕= ∅. Let 𝐸, 𝑥 �→ 𝑥, and 𝑊 be as in Lemma 5.5. By that lemma, it
makes sense to define a positive measure 𝜈 on ℬ(𝐸∖{0}) as the image measure
of 𝜎∣𝑊 under the mapping 𝑝 : 𝑊 → 𝐸 ∖ {0} given by 𝑝(𝑥) := 𝑥, 𝑥 ∈ 𝑊 . We
extend 𝜈 to a measure on all of ℬ(𝐸), denoted by the same symbol, by the
condition 𝜈({0}) = 0. Let 𝑓 �→ 𝑓 be the canonical isomorphism of 𝐷 onto

the dual of 𝐸, i.e., 𝑓(𝑧) := 𝑧(𝑓), 𝑓 ∈ 𝐷, 𝑧 ∈ 𝐸.

Claim 1. Every linear form on 𝐸 is 𝜈-integrable.

Proof. Let 𝜑 be a linear form on 𝐸. Then 𝜑 = 𝑓 for some 𝑓 ∈ 𝐷, and so∫
∣𝜑∣d𝜈 =

∫ ∣∣𝑓 ∣∣d𝜈 = ∫ ∣∣𝑓(𝑧)∣∣d𝜈(𝑧) = ∫ ∣𝑧(𝑓)∣d𝜈(𝑧)

=

∫
𝑊

∣𝑝(𝑥)(𝑓)∣d𝜎(𝑥) =
∫
𝑊

∣𝑥(𝑓)∣d𝜎(𝑥) =
∫
𝑊

∣𝑓(𝑥)∣d𝜎(𝑥).
Since 𝑓 vanishes off 𝑊 , it follows that∫

∣𝜑∣d𝜈 =
∫

∣𝑓 ∣d𝜎 < ∞. □

Claim 2. ∫
𝑓d𝜈 =

∫
𝑓d𝜎, 𝑓 ∈ 𝐷.
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Proof. Repeat the argument in the proof of Claim 1, without taking absolute
values. □

By Claim 1 it makes sense to define 𝑦 ∈ 𝐸 (the resultant of 𝜈 in the
sense of Lemma 5.4) by the condition that

𝜑(𝑦) =

∫
𝜑d𝜈 (5.1)

for every linear form 𝜑 on 𝐸.

Claim 3.

𝑦(𝑓) =

∫
𝑓d𝜎, 𝑓 ∈ 𝐷.

Proof. Using (5.1) and Claim 2, we find

𝑦(𝑓) = 𝑓(𝑦) =

∫
𝑓d𝜈 =

∫
𝑓d𝜎. □

Let 𝐴 be the convex cone (with zero) in 𝐸 generated by 𝑝(𝑊 ).

Claim 4. 𝜈∗(𝐸 ∖ 𝐴) = 0.

Proof. Given 𝐵 ∈ ℬ(𝐸) with 𝐵 ⊂ 𝐸 ∖ 𝐴, we have to show 𝜈(𝐵) = 0, that is,
𝜎
({𝑥 ∈ 𝑊 : 𝑥 ∈ 𝐵}) = 0. But {𝑥 ∈ 𝑊 : 𝑥 ∈ 𝐵} = ∅ since 𝐴 ∩ 𝐵 = ∅. □

By Lemma 5.4, we have 𝑦 ∈ 𝐴, so we can choose 𝑚 ∈ ℕ0, 𝑥1, . . . , 𝑥𝑚 ∈
𝑋 , and 𝑎1, . . . , 𝑎𝑚 > 0 such that 𝑦 =

∑𝑚
𝑖=1 𝑎𝑖𝑥𝑖. Define a molecular measure

𝜉 by

𝜉 :=
𝑚∑
𝑖=1

𝑎𝑖𝜀𝑥𝑖 .

For 𝑓 ∈ 𝐷 we find, using Claim 3:∫
𝑓d𝜉 =

𝑚∑
𝑖=1

𝑎𝑖𝑓(𝑥𝑖) =

𝑚∑
𝑖=1

𝑎𝑖𝑥𝑖(𝑓) = 𝑦(𝑓) =

∫
𝑓d𝜎.

This proves that 𝜉 ∈ Ξ(𝐷), and so Ξ(𝐷) is nonempty. The statement con-
cerning the cardinality of the support of the molecular measure is a direct
consequence of Lemma 5.6. This proves (i).

(ii) With Ξ(𝐷) (for 𝐷 ∈ Δ) as in the proof of (i), let Λ := {(𝐷, 𝜉) : 𝐷 ∈ Δ, 𝜉 ∈
Ξ(𝐷)}. Introduce a transitive reflexive relation ⪯ in Λ by

(𝐷1, 𝜉1) ⪯ (𝐷2, 𝜉2) ⇔ 𝐷1 ⊂ 𝐷2.

To see that (Λ,⪯) is upwards filtering, let (𝐷1, 𝜉1), (𝐷2, 𝜉2) ∈ Λ. Set 𝐷 :=
𝐷1+𝐷2 and choose 𝜉 ∈ Ξ(𝐷) (possible by (i)). Then (𝐷, 𝜉) ∈ Λ and (𝐷𝑖, 𝜉𝑖) ⪯
(𝐷, 𝜉) (𝑖 = 1, 2).

The mapping 𝜆 �→ 𝜉𝜆 of the net shall be the mapping Λ ∋ (𝐷, 𝜉) �→ 𝜉.
Given 𝑓 ∈ ℒ1(𝑋,ℱ , 𝜎), choose 𝐷𝑓 ∈ Δ such that 𝑓 ∈ 𝐷𝑓 (e.g., 𝐷𝑓 :=
{𝛼𝑓 : 𝛼 ∈ ℝ}). Choose 𝜉𝑓 ∈ Ξ(𝐷𝑓 ) arbitrarily (possible by (i)) and set
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𝜆𝑓 := (𝐷𝑓 , 𝜉𝑓 ) ∈ Λ. For every 𝜆 := (𝐷, 𝜉) ∈ Λ satisfying 𝜆 ર 𝜆𝑓 (i.e.,
𝐷 ⊃ 𝐷𝑓 ), we have 𝑓 ∈ 𝐷, hence

∫
𝑓d𝜉 =

∫
𝑓d𝜎 (because 𝜉 ∈ Ξ(𝐷)). This

proves (ii) and completes the proof of the theorem. □
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Abstract. We consider the self-adjoint operator 𝐽 defined by an infinite Ja-
cobi matrix in the case when the diagonal entries (𝑑𝑘)∞1 form an increasing
sequence 𝑑𝑘 → ∞ and the off-diagonal entries (𝑏𝑘)∞1 are small with respect
to (𝑑𝑘+1 − 𝑑𝑘)∞1 . The main result of this paper is an explicit estimate of the
difference between the 𝑛th eigenvalue of 𝐽 and the corresponding eigenvalue
of a finite-dimensional block of the original Jacobi matrix.
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1. Introduction

Finite and infinite tridiagonal matrices are investigated in many branches of the-
oretical and applied mathematics, e.g., in the theory of orthogonal polynomials
(cf. [9, 10, 16]), in spectral theory of differential operators (cf. [8, 23]), in numeri-
cal analysis (cf. [18, 24]), and in mathematical physics (cf. [1, 7, 20, 21]).

In particular the spectral analysis of Schrödinger operators and self-adjoint
second-order differential operators acting in 𝐿2(ℝ) can be compared with the anal-
ysis of infinite tridiagonal matrices⎛⎜⎜⎜⎜⎜⎝

𝑑1 �̄�1 0 0 0 . . .
𝑏1 𝑑2 �̄�2 0 0 . . .
0 𝑏2 𝑑3 �̄�3 0 . . .
0 0 𝑏3 𝑑4 �̄�4 . . .
...

...
...

...
...

. . .

⎞⎟⎟⎟⎟⎟⎠ (1.1)

acting in the Hilbert space 𝑙2 = 𝑙2(ℕ∗) of square summable complex-valued se-
quences (𝑥𝑗)

∞
1 .
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Assumptions

We assume that

(i) (𝑑𝑛)
∞
1 is a sequence of positive real numbers,

(ii) (𝑏𝑛)
∞
1 is a sequence of complex numbers satisfying

lim
𝑛→∞

∣𝑏𝑛−1∣+ ∣𝑏𝑛∣
𝑑𝑛

= 0, (1.2)

(iii) the diagonal satisfies

𝑑𝑛 −−−−−→
𝑛→+∞ +∞. (1.3)

It is well known (cf. [6]) that under the first two assumptions a self-adjoint
operator 𝐽 with domain

𝒟(𝐽) := {(𝑥𝑗)∞1 ∈ 𝑙2 ∣ (𝑑𝑗𝑥𝑗)∞1 ∈ 𝑙2} (1.4)

can be defined by the matrix (1.1), i.e.,

𝐽𝑥 = (𝑑𝑗𝑥𝑗 + �̄�𝑗𝑥𝑗+1 + 𝑏𝑗−1𝑥𝑗−1)
∞
𝑗=1 (1.5)

where by convention 𝑥0 = 𝑏0 = 0.
The third assumption ensures that 𝐽 has compact resolvent and there exists

an orthonormal basis (𝑣𝑛)
∞
1 such that 𝐽𝑣𝑛 = 𝜆𝑛(𝐽)𝑣𝑛 with (𝜆𝑛(𝐽))

∞
1 nondecreas-

ing:

𝜆1(𝐽) ≤ ⋅ ⋅ ⋅ ≤ 𝜆𝑛(𝐽) ≤ 𝜆𝑛+1(𝐽) ≤ ⋅ ⋅ ⋅ .

Estimating the 𝒏th eigenvalue

The aim of this paper is to present explicit estimates of the 𝑛th eigenvalue 𝜆𝑛(𝐽)
for a class of matrices for which the diagonal is increasing, i.e., 𝑑𝑛 < 𝑑𝑛+1 and the
off-diagonal entries are small with respect to the differences 𝑑𝑛+1 − 𝑑𝑛.

The new form of our results allows us to join two aspects of the approximation
of 𝜆𝑛(𝐽) usually investigated for different reasons.

One of the aspects consists in a numerical evaluation of 𝜆𝑛(𝐽) considered
in concrete physical problems. As an example we mention the problem of finding
eigenvalues 𝜆 for which the Mathieu equation

𝑢′′(𝑡) + (𝜆 − 2ℎ2 cos 2𝑡)𝑢(𝑡) = 0

has non-trivial odd solutions of period 𝜋. It is possible to reformulate this problem
in terms of the Jacobi matrix (1.1) with 𝑑𝑛 = 4𝑛2 and 𝑏𝑛 = ℎ2 and following [23]
a good error estimate for 𝜆𝑛(𝐽) can be obtained by the Rayleigh–Ritz method for
small ℎ and 𝑛 ∈ ℕ∗ fixed. Another problem described in [23] concerns eigenvalues
of the spherical wave equations and the Rayleigh–Ritz method can be used in a
similar way to estimate the 𝑛th eigenvalue of the infinite Jacobi matrix by means
of suitably chosen finite submatrices.

Another aspect of estimating 𝜆𝑛(𝐽) consists in the description of its asymp-
totic behaviour for large values of 𝑛 and is motivated, e.g., by the quantum mechan-
ical theory of a molecule in a homogeneous magnetic field or the Jaynes–Cummings
model related to the Hamiltonian of interactions with 𝑁 -level atoms in quantum
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optics. The aspect of controlling the approximation of 𝜆𝑛(𝐽) with respect to 𝑛
has not been investigated in [23] or other numerical investigations cited in the
references of [23]. This type of models has been investigated by using the trans-
formation operator method developed in [12] to obtain the asymptotics of large
eigenvalues for Jacobi matrices with entries satisfying

𝑑𝑛 = 𝑛2 + 𝑐0𝑛+ 𝑐1𝑛
−1 + 𝑐2𝑛

−2 +O(𝑛−3), (1.6a)

𝑏𝑛 = 𝑔0 + 𝑔1𝑛
−1 + 𝑔2𝑛

−2 + O(𝑛−3), (1.6b)

where 𝑐0, 𝑐1, 𝑐2 and 𝑔0, 𝑔1, 𝑔2 are some constants, and by using the method of
successive approximations in [3, 4] for entries of the form

𝑑𝑛 = 𝑛2 + 𝑐𝑛, (1.7a)

𝑏𝑛 = 𝑔𝑛𝑛
1/2, (1.7b)

where (𝑐𝑛)
∞
1 , (𝑔𝑛)

∞
1 are periodic sequences of period 𝑁 .

More recently the class of matrices satisfying

𝑐0(𝑑𝑛 − 𝑑𝑛−1) ≥ 𝑛𝛼, (1.8a)

∣𝑏𝑛∣ ≤ 𝑐1𝑛
𝛼−𝜅 (1.8b)

for some constants 𝑐0, 𝑐1, 𝜅 > 0 and 𝛼 ≥ 0 has been investigated in [15], where
the following asymptotic formula

∣𝜆𝑛(𝐽)− 𝜆𝑛,𝑙∣ ≤ 𝐶𝑙 𝑛
𝛼−𝑙𝜅 (1.9)

is proved with 𝜆𝑛,𝑙 obtained by means of the characteristic polynomial of the
(2𝑙 + 1)× (2𝑙 + 1) submatrix 𝐽𝑛,𝑙 of 𝐽 centered at (𝑛, 𝑛), 𝑛 > 𝑙, i.e.,

𝐽𝑛,𝑙 :=

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝑑𝑛−𝑙 �̄�𝑛−𝑙 0 . . . 0 0 0
𝑏𝑛−𝑙 𝑑𝑛−𝑙+1 �̄�𝑛−𝑙+1 . . . 0 0 0
0 𝑏𝑛−𝑙+1 𝑑𝑛−𝑙+2 . . . 0 0 0
...

...
...

. . .
...

...
...

0 0 0 . . . 𝑑𝑛+𝑙−2 �̄�𝑛+𝑙−2 0
0 0 0 . . . 𝑏𝑛+𝑙−2 𝑑𝑛+𝑙−1 �̄�𝑛+𝑙−1

0 0 0 . . . 0 𝑏𝑛+𝑙−1 𝑑𝑛+𝑙

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
. (1.10)

In this paper we consider a larger class of Jacobi matrices and assuming that
𝜆𝑛,𝑙 is a suitable eigenvalue of 𝐽𝑛,𝑙, 𝑛 > 𝑙 we show how the difference 𝜆𝑛(𝐽)− 𝜆𝑛,𝑙
can be explicitly estimated in terms of ∣𝑏𝑘∣/(𝑑𝑗 − 𝑑𝑖) with 𝑛 − 𝑙 ≤ 𝑖, 𝑗, 𝑘 ≤ 𝑛 + 𝑙,
𝑖 ∕= 𝑗. In particular we can deduce estimates (1.9) with an explicit constant 𝐶𝑙 if
the entries satisfy (1.8) for some constants 𝑐0, 𝑐1, 𝜅 > 0 and 𝛼 > −1.

To complete our review of references we note that the problem of comparing
𝜆𝑛(𝐽) with a suitable eigenvalue of finite blocks of 𝐽 is also investigated in [14, 23]
and that the papers [5, 25] describe the asymptotic behaviour of 𝜆𝑛(𝐽) for some
special classes of Jacobi matrices when 𝑏𝑛/𝑑𝑛 = O(𝑛−𝜅) holds with 𝜅 ∈ (0, 1].
This problem will be also investigated in a forthcoming paper [2] under additional
conditions on the behaviour of (𝑏𝑛 − 𝑏𝑛−1)𝑛∈ℕ∗ and (𝑑𝑛 − 𝑑𝑛−1)𝑛∈ℕ∗ . We finally
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cite [9, 10, 13, 11, 16], where the asymptotic behaviour of eigenvalues is considered
for matrices which do not satisfy condition (1.8b).

Sections 2 and 7 are devoted to infinite Jacobi matrices. Section 2 contains
the main results of this paper. Their proofs are given in Section 7, using auxiliary
results on finite Jacobi matrices developed in Sections 3–6.

Section 3 contains preliminary results together with a first level approxima-
tion of the middle eigenvalue of a finite Jacobi matrix. Sections 4 and 5 give more
refined first level approximations. Section 6 implement the method of successive
approximations in order to obtain a higher level approximation.

2. Main results

We denote by 𝑙2 the Hilbert space of complex-valued sequences 𝑥 = (𝑥𝑗)
∞
1 satis-

fying

∥𝑥∥22 :=
∞∑
𝑗=1

∣𝑥𝑗 ∣2 < ∞ (2.1)

and consider the operator
𝐽 : 𝒟(𝐽) → 𝑙2

defined by (1.4), (1.5) under assumptions (1.2), (1.3). Thus

(i) 𝐽 is self-adjoint,
(ii) its spectrum 𝜎(𝐽) is discrete.

The eigenvalues {𝜆𝑛(𝐽)}∞𝑛=1 of 𝐽 are enumerated in nondecreasing order and re-
peated according to their multiplicity:

𝜆1(𝐽) ≤ ⋅ ⋅ ⋅ ≤ 𝜆𝑛(𝐽) ≤ 𝜆𝑛+1(𝐽) ≤ ⋅ ⋅ ⋅ .

We introduce

𝑑+𝑛 := sup
𝑗≤𝑛

(𝑑𝑗 + ∣𝑏𝑗 ∣+ ∣𝑏𝑗−1∣), (2.2a)

𝑑−𝑛 := inf
𝑗≥𝑛

(𝑑𝑗 − ∣𝑏𝑗∣ − ∣𝑏𝑗−1∣). (2.2b)

Both sequences {𝑑−𝑛 }∞1 and {𝑑+𝑛 }∞1 are nondecreasing, and 𝑑−𝑛 ≤ 𝑑𝑛 ≤ 𝑑+𝑛 .

Theorem 2.1. Let 𝐽 be the Jacobi operator defined by (1.4), (1.5) under assump-
tions (1.2), (1.3). Let 𝜆1(𝐽) ≤ ⋅ ⋅ ⋅ ≤ 𝜆𝑛(𝐽) ≤ ⋅ ⋅ ⋅ be the eigenvalues of 𝐽 and let

𝑑±𝑛 be given by (2.2). Then

𝑑−𝑛 ≤ 𝜆𝑛(𝐽) ≤ 𝑑+𝑛 .

Assume that

∙ 𝑛 is such that the following condition holds

𝑑+𝑛−1 ≤ 𝑑𝑛 ≤ 𝑑−𝑛+1. (2.3)

Then one has the estimate

∣𝜆𝑛(𝐽)− 𝑑𝑛∣ ≤ ∣𝑏𝑛∣+ ∣𝑏𝑛−1∣. (2.4)
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Proof. See Subsection 7.2. □

Remark (on condition (2.3)). Condition (2.3) on 𝑛 implies that

𝑑𝑘 ≤ 𝑑𝑛 ≤ 𝑑𝑚 if 𝑘 < 𝑛 < 𝑚.

Further on we consider the intervals

Δ𝑛 := [𝑑−𝑛 , 𝑑
+
𝑛 ], (2.5)

where 𝑑±𝑛 are given by (2.2) and for 𝑘 ∈ ℕ∗ we denote

𝛽𝑛,𝑘 := max
𝑛−𝑘≤𝑗<𝑛+𝑘

∣𝑏𝑗∣. (2.6)

Then the following result holds.

Theorem 2.2. Let 𝐽 be as in Theorem 2.1 and let 𝑛 ≥ 1. Assume that

∙ 𝑛 is such that

Δ𝑛 ∩ (Δ𝑛−1 ∪Δ𝑛+1) = ∅. (2.7)

Then 𝜆𝑛(𝐽) is the only point of the spectrum 𝜎(𝐽) belonging to Δ𝑛:

𝜎(𝐽) ∩Δ𝑛 = {𝜆𝑛(𝐽)}. (2.8)

Moreover, 𝜆𝑛(𝐽) is an eigenvalue of multiplicity one and one has the estimate

∣𝜆𝑛(𝐽)− 𝑑𝑛∣ ≤ 4𝜀𝑛𝛽𝑛,2, (2.9)

where

𝜀𝑛 :=
∣𝑏𝑛∣+ ∣𝑏𝑛−1∣

min(𝑑𝑛+1 − 𝑑𝑛, 𝑑𝑛 − 𝑑𝑛−1)
. (2.10)

Proof. See Subsections 7.4 and 7.3. □

Remark (on condition (2.7)). Obviously, condition (2.7) on 𝑛 means that

𝑑+𝑛−1 < 𝑑−𝑛 ≤ 𝑑+𝑛 < 𝑑−𝑛+1,

then it implies 𝑑𝑛−1 < 𝑑𝑛 < 𝑑𝑛+1.

Further on, for 𝑛, 𝑘 ∈ ℕ∗, we denote

𝛾𝑛,𝑘 := min
𝑛−𝑘≤𝑗<𝑛+𝑘

(𝑑𝑗+1 − 𝑑𝑗). (2.11)

Under the assumption 𝛾𝑛,𝑘 > 0, which means 𝑑𝑛−𝑘 < 𝑑𝑛−𝑘+1 < ⋅ ⋅ ⋅ < 𝑑𝑛+𝑘−1 <
𝑑𝑛+𝑘, we introduce

𝜀𝑛,𝑘 :=
𝛽𝑛,𝑘
𝛾𝑛,𝑘

. (2.12)

Our next result is the following

Theorem 2.3. Let 𝐽 be as in Theorem 2.1 and let 𝑛 ≥ 1. Assume that

∙ 𝜀𝑛,1 < 1
2 ,∙ 𝛾𝑛,2 > 0,

∙ (2.7) holds.
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Then the estimate

∣𝜆𝑛(𝐽)− 𝑑𝑛 − 𝑟𝑛∣ ≤ 48𝜀𝑛,1𝜀𝑛,2𝛽𝑛,3 (2.13)

holds with

𝑟𝑛 := − ∣𝑏𝑛∣2
𝑑𝑛+1 − 𝑑𝑛

+
∣𝑏𝑛−1∣2

𝑑𝑛 − 𝑑𝑛−1
. (2.14)

Proof. See Subsections 7.4 and 7.3. □

Moreover we will prove

Theorem 2.4. Let 𝐽 be as in Theorem 2.1. Let also 𝑛 ≥ 1, 𝑙 ≥ 3 be given, and let
𝐽𝑛,𝑙 denote the (2𝑙 + 1)× (2𝑙 + 1) submatrix of 𝐽 given by (1.10). Assume that

∙ 18𝛽𝑛,𝑙 < 𝛾𝑛,𝑙,

∙ 𝑑+𝑛−2 ≤ 𝑑𝑛−1 < 𝑑𝑛+1 ≤ 𝑑−𝑛+2.

Then one has the estimate

∣𝜆𝑛(𝐽)− 𝜆𝑛,𝑙∣ ≤ 2𝛽𝑛,𝑙𝜀𝑛 6
𝑙−1

𝑙−1∏
𝑘=2

𝜀𝑛,𝑘, (2.15)

where 𝜆𝑛,𝑙 is the unique eigenvalue of 𝐽𝑛,𝑙 belonging to Δ𝑛.

Proof. See Subsections 7.5 and 7.3. □

Moreover, following the indication at the end of Section 6 one can find an
approximative value of 𝜆𝑛,𝑙 with the error given in the right-hand side of (2.15) by
means of linear combinations and products of matrices (of size 2𝑙 + 1), the total
number of these operations being of order 𝑙2.

Comments (on the conditions involving 𝑑±𝑛 ). Under the additional assumptions
that

(iv) there exists 𝑛0 ∈ ℕ∗ such that 𝑛 > 𝑛0 =⇒ 𝑑𝑛−1 < 𝑑𝑛,
(v) there exists 𝑛′0 > 𝑛0 such that 𝑛 ≥ 𝑛′0 =⇒ 𝜀𝑛 ≤ 1,

both sequences (𝑑𝑗 ± (∣𝑏𝑗 ∣+ ∣𝑏𝑗−1∣))𝑗≥𝑛′
0
are nondecreasing, hence

𝑘 ≥ 𝑛′0 =⇒ 𝑑−𝑘 = 𝑑𝑘 − ∣𝑏𝑘∣ − ∣𝑏𝑘−1∣, (2.16)

𝑘 ≥ 𝑛′0 =⇒ 𝑑+𝑘 = max(𝑑𝑘 + ∣𝑏𝑘∣+ ∣𝑏𝑘−1∣, 𝑑+𝑛′
0−1). (2.17)

Let 𝑛′0 be fixed so that (2.16), (2.17) hold. Then, due to assumption (1.3) we can
choose 𝑛1 ≥ 𝑛′0 such that

𝑑𝑛1 ≥ 𝑑+𝑛′
0−1, (2.18)

then we obtain

∙ 𝑑±𝑘 = 𝑑𝑘 ± (∣𝑏𝑘∣+ ∣𝑏𝑘−1∣) for any 𝑘 > 𝑛1,

∙ 𝑑+𝑘−1 ≤ 𝑑𝑘 ≤ 𝑑−𝑘+1 for any 𝑘 ≥ 𝑛1,

∙ 𝑑+𝑘 < 𝑑−𝑘+1 for any 𝑘 ≥ 𝑛1 such that 𝜀𝑘 < 1/2.

194 A. Boutet de Monvel and L. Zielinski



At the end of this section we discuss the case of entries satisfying (1.8) for
𝑛 ≥ 𝑛0. It is easy to see that for 𝑛 ≥ 𝑙+max{𝑛0, 𝑙} one has

𝑐0𝛾𝑛,𝑙 ≥ min{(𝑛 − 𝑙)𝛼, (𝑛+ 𝑙)𝛼} ≥ 2−∣𝛼∣𝑛𝛼,

𝛽𝑛,𝑙 ≤ 𝑐1max{(𝑛 − 𝑙)𝛼−𝜅, (𝑛+ 𝑙)𝛼−𝜅} ≤ 2∣𝛼−𝜅∣𝑐1𝑛𝛼−𝜅,

hence the estimate

𝜀𝑛,𝑙 ≤ 𝐶𝑛−𝜅 (2.19)

holds with

𝐶 := 2∣𝛼∣+∣𝛼−𝜅∣𝑐0𝑐1. (2.20)

Then we can use 𝑛 ≥ (4𝐶)1/𝜅 =⇒ 𝐶𝑛−𝜅 ≤ 1
4 and 𝑛 ≥ (18𝐶)1/𝜅 =⇒ 𝐶𝑛−𝜅 ≤ 1

18
to estimate the right-hand side of (2.19) and applying Theorems 2.1–2.4 we obtain

Corollary 2.5. Let 𝐽 be as in Theorem 2.1. We assume that

∙ for some 𝑐0, 𝑐1, 𝜅 > 0, 𝛼 > −1, and 𝑛0 ∈ ℕ∗ the entries of 𝐽 satisfy (1.8)
for any 𝑛 ≥ 𝑛0.

Let 𝑛1 be chosen such that (2.18) holds with some 𝑛′0 > max{𝑛0, (4𝐶)
1/𝜅}, and

let 𝐶 be given by (2.20).
Then for any 𝑛 > 3 + max{𝑛1, 3} one has

∣𝜆𝑛(𝐽)− 𝑑𝑛∣ ≤ 𝑐12
∣𝛼−𝜅∣+1𝑛𝛼−𝜅,

∣𝜆𝑛(𝐽)− 𝑑𝑛∣ ≤ 8𝑐12
∣𝛼−𝜅∣𝐶𝑛𝛼−2𝜅,

∣𝜆𝑛(𝐽)− 𝑑𝑛 − 𝑟𝑛∣ ≤ 48𝑐12
∣𝛼−𝜅∣𝐶2𝑛𝛼−3𝜅,

where 𝑟𝑛 is given by (2.14).

If moreover 𝑙 ≥ 3 and 𝑛 > 𝑙 +max{𝑛1, (18𝐶)
1/𝜅, 𝑙}, then

∣𝜆𝑛(𝐽)− 𝜆𝑛,𝑙∣ ≤ 𝑐12
∣𝛼−𝜅∣+2(6𝐶)𝑙−1𝑛𝛼−𝑙𝜅.

3. Finite Jacobi matrices

All results of Section 2 will be proved in Section 7 by using properties of finite
Jacobi matrices developed in Sections 3–6. For this reason we give a presentation
of our results on finite matrices in a special framework.

3.1. Notations

For 𝑠, 𝑡 ∈ ℝ we denote [[𝑠, 𝑡]] := {𝑘 ∈ ℤ : 𝑠 ≤ 𝑘 ≤ 𝑡}. Let 𝑙 ∈ ℕ∗ be fixed. We denote

𝒥 = [[−𝑙, 𝑙]] (3.1)

and define 𝑉𝒥 as the (2𝑙+ 1)-dimensional complex Hilbert space

𝑉𝒥 := ℂ𝒥 = {(𝑥𝑗)𝑙−𝑙 ∣ 𝑥𝑗 ∈ ℂ} (3.2)

with the scalar product

⟨𝑥, 𝑦⟩ =
∑
𝑗∈𝒥

�̄�𝑗𝑦𝑗 (3.3)
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and the norm ∥𝑥∥2 = ⟨𝑥, 𝑥⟩1/2. Let (e𝑘)𝑘∈𝒥 be the canonical basis of 𝑉𝒥 , i.e.,
e𝑘 = (𝛿𝑗,𝑘)𝑗∈𝒥 with 𝛿𝑘,𝑘 = 1 and 𝛿𝑗,𝑘 = 0 for 𝑗 ∕= 𝑘. A linear operator 𝑇 ∈ End(𝑉𝒥 )
is identified with its matrix with respect to the canonical basis,

𝑇 = (𝑡𝑖,𝑗)𝑖, 𝑗∈𝒥 = (⟨e𝑖, 𝑇 e𝑗⟩)𝑖, 𝑗∈𝒥 . (3.4)

The diagonal matrix with entries (𝑞𝑗)𝑗∈𝒥 ∈ 𝑉𝒥 is denoted

diag(𝑞𝑗)𝑗∈𝒥 = (𝑞𝑗𝛿𝑖,𝑗)𝑖, 𝑗∈𝒥 .

For a self-adjoint operator 𝑇 ∈ End(𝑉𝒥 ) we denote (𝜆𝑛(𝑇 ))𝑙𝑛=−𝑙 the 2𝑙+ 1 eigen-
values of 𝑇 enumerated in nondecreasing order and repeated according to their
multiplicity:

𝜆−𝑙(𝑇 ) ≤ ⋅ ⋅ ⋅ ≤ 𝜆0(𝑇 ) ≤ ⋅ ⋅ ⋅ ≤ 𝜆𝑙(𝑇 ).

For 𝑇 ∈ End(𝑉𝒥 ) we consider the two operator norms with respect to ∥ ⋅ ∥2 and
∥𝑥∥∞ = max𝑗∈𝒥 ∣𝑥𝑗 ∣, respectively:

∥𝑇 ∥2 := sup
∥𝑥∥2≤1

∥𝑇𝑥∥2, (3.5)

∥𝑇 ∥∞ := sup
∥𝑥∥∞≤1

∥𝑇𝑥∥∞ = max
𝑖∈𝒥

∑
𝑗∈𝒥

∣𝑡𝑖,𝑗 ∣. (3.6)

These two norms ∥ ⋅ ∥𝑝, 𝑝 = 2, ∞ satisfy

∥𝑇1𝑇2∥𝑝 ≤ ∥𝑇1∥𝑝 ∥𝑇2∥𝑝. (3.7)

A discrete version of the Schur test implies

∥𝑇 ∥2 ≤ ∥𝑇 ∥1/2∞ ∥𝑇 ∗∥1/2∞ .

Thus, if 𝑇 is self-adjoint,
∥𝑇 ∥2 ≤ ∥𝑇 ∥∞. (3.8)

In Sections 3–6 we investigate the (2𝑙+ 1)× (2𝑙+ 1) Jacobi matrix

𝐽 :=

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝑑−𝑙 �̄�−𝑙 0 0 . . . 0 0 0 0
𝑏−𝑙 𝑑1−𝑙 �̄�1−𝑙 0 . . . 0 0 0 0
0 𝑏1−𝑙 𝑑2−𝑙 �̄�2−𝑙 . . . 0 0 0 0
0 0 𝑏2−𝑙 𝑑3−𝑙 . . . 0 0 0 0
...

...
...

...
. . .

...
...

...
...

0 0 0 0 . . . 𝑑𝑙−3 �̄�𝑙−3 0 0
0 0 0 0 . . . 𝑏𝑙−3 𝑑𝑙−2 �̄�𝑙−2 0
0 0 0 0 . . . 0 𝑏𝑙−2 𝑑𝑙−1 �̄�𝑙−1

0 0 0 0 . . . 0 0 𝑏𝑙−1 𝑑𝑙

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
(3.9)

where 𝑏𝑗 ∈ ℂ for 𝑗 = −𝑙, . . . , 𝑙 − 1, and (𝑑𝑗)
𝑙
−𝑙 is a sequence of real numbers.

Let 𝐷 = diag(𝑑𝑗)𝑗∈𝒥 and 𝐵 denote the diagonal and off-diagonal parts of 𝐽 ,
respectively:

𝐽 = 𝐷 +𝐵. (3.10)

With the convention that 𝑏−𝑙−1 = 𝑏𝑙 = 0 and 𝑥±(𝑙+1) = 0,

𝐵𝑥 = (𝑏𝑗−1𝑥𝑗−1 + �̄�𝑗𝑥𝑗+1)𝑗∈𝒥 . (3.11)
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3.2. Application of the min-max principle

Let 𝑇 ∈ End(𝑉𝒥 ) be self-adjoint, let 𝜆−𝑙(𝑇 ) ≤ ⋅ ⋅ ⋅ ≤ 𝜆𝑙(𝑇 ) be its eigenvalues and
𝑚 ∈ [[1, 2𝑙 + 1]]. The min-max principle asserts that the 𝑚th eigenvalue of 𝑇 is
given by

𝜆𝑚−1−𝑙(𝑇 ) = inf
𝑉⊂𝑉𝒥

dim𝑉=𝑚

sup
𝑥∈𝑉

∥𝑥∥2=1

⟨𝑇𝑥, 𝑥⟩, (3.12a)

𝜆𝑚−1−𝑙(𝑇 ) = sup
𝑉⊂𝑉𝒥

dim𝑉=𝑚−1

inf
𝑥∈𝑉 ⊥
∥𝑥∥2=1

⟨𝑇𝑥, 𝑥⟩, (3.12b)

where 𝑉 ⊂ 𝑉𝒥 denotes an arbitrary linear subspace and 𝑉 ⊥ its orthogonal. We
write 𝑇1 ≤ 𝑇2 if and only if 𝑇1, 𝑇2 are self-adjoint and ⟨𝑇1𝑥, 𝑥⟩ ≤ ⟨𝑇2𝑥, 𝑥⟩ holds
for all 𝑥 ∈ 𝑉𝒥 . Then by the min-max formula (3.12),

𝑇1 ≤ 𝑇2 =⇒ 𝜆𝑛(𝑇1) ≤ 𝜆𝑛(𝑇2) (3.13)

for any 𝑛 = −𝑙, . . . , 𝑙. If 𝑇1, 𝑇2 are self-adjoint and 𝜂 = ∥𝑇1 − 𝑇2∥2, then
𝑇1 − 𝜂𝐼 ≤ 𝑇2 ≤ 𝑇1 + 𝜂𝐼 =⇒ 𝜆𝑛(𝑇1)− 𝜂 ≤ 𝜆𝑛(𝑇2) ≤ 𝜆𝑛(𝑇1) + 𝜂

for any −𝑙 ≤ 𝑛 ≤ 𝑙, and we obtain the following useful estimate

∣𝜆𝑛(𝑇1)− 𝜆𝑛(𝑇2)∣ ≤ ∥𝑇1 − 𝑇2∥2. (3.14)

Lemma 3.1 (estimate of 𝝀𝒏(𝑱)). Let 𝐽 be the finite Jacobi matrix given by (3.9)
and let 𝐷± ∈ End(𝑉𝒥 ) be defined by

𝐷± := 𝐷 ± diag(∣𝑏𝑗 ∣+ ∣𝑏𝑗−1∣)𝑗∈𝒥 . (3.15)

Then

(i) 𝐷− ≤ 𝐽 ≤ 𝐷+,

(ii) 𝑑−𝑛 ≤ 𝜆𝑛(𝐽) ≤ 𝑑+𝑛 with

𝑑+𝑛 := max
−𝑙≤𝑗≤𝑛

(𝑑𝑗 + ∣𝑏𝑗 ∣+ ∣𝑏𝑗−1∣), (3.16a)

𝑑−𝑛 := min
𝑛≤𝑗≤𝑙

(𝑑𝑗 − ∣𝑏𝑗 ∣ − ∣𝑏𝑗−1∣). (3.16b)

Proof. To begin we observe that rewriting the expression

⟨𝐵𝑥, 𝑥⟩ =
∑
𝑗

𝑏𝑗 �̄�𝑗+1𝑥𝑗 +
∑
𝑘

�̄�𝑘−1�̄�𝑘−1𝑥𝑘 (3.17)

with 𝑘 = 𝑗 + 1 we can estimate ∣⟨𝐵𝑥, 𝑥⟩∣ by∑
𝑗

2∣𝑏𝑗∣ ∣𝑥𝑗+1𝑥𝑗 ∣ ≤
∑
𝑗

∣𝑏𝑗 ∣(∣𝑥𝑗+1∣2 + ∣𝑥𝑗 ∣2). (3.18)

Since the right-hand side of (3.18) can be written in the form∑
𝑘

∣𝑏𝑘∣ ∣𝑥𝑘+1∣2 +
∑
𝑗

∣𝑏𝑗 ∣∣𝑥𝑗 ∣2 =
∑
𝑗

(∣𝑏𝑗−1∣+ ∣𝑏𝑗 ∣)∣𝑥𝑗 ∣2, (3.19)
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we obtain

⟨𝐷𝑥, 𝑥⟩+ ⟨𝐵𝑥, 𝑥⟩ ≤
∑
𝑗

𝑑𝑗 ∣𝑥𝑗 ∣2 +
∑
𝑗

(∣𝑏𝑗 ∣+ ∣𝑏𝑗−1∣)∣𝑥𝑗 ∣2, (3.20)

i.e., 𝐽 ≤ 𝐷+ and the inequality 𝐽 ≥ 𝐷− follows from (3.19) similarly.

Since (3.13) ensures 𝜆𝑛(𝐷−) ≤ 𝜆𝑛(𝐽) ≤ 𝜆𝑛(𝐷+) in order to complete the

proof it remains to observe that using (3.12) with 𝑉𝑚 generated by {e𝑗}𝑚−1−𝑙
𝑗=−𝑙 we

obtain

𝜆𝑚−1−𝑙(𝐷+) ≤ sup
𝑥∈𝑉𝑚
∥𝑥∥2=1

⟨𝐷+𝑥, 𝑥⟩ = 𝑑+𝑚−1−𝑙,

𝜆𝑚−1−𝑙(𝐷−) ≥ inf
𝑥∈𝑉⊥

𝑚−1

∥𝑥∥2=1

⟨𝐷−𝑥, 𝑥⟩ = 𝑑−𝑚−1−𝑙. □

3.3. Estimate of the middle eigenvalue

Further on we are interested in operators 𝑇 = (𝑡𝑖,𝑗)𝑖,𝑗∈𝒥 satisfying the condition

max{∣𝑖∣, ∣𝑗∣} > 𝑘 =⇒ 𝑡𝑖,𝑗 = 0 (3.21)

for a given 0 ≤ 𝑘 < 𝑙. Condition (3.21) means that 𝑇 = 𝑃𝑘𝑇𝑃𝑘, where 𝑃𝑘 ∈
End(𝑉𝒥 ) denotes the orthogonal projection on the linear subspace generated by
{e𝑗}𝑘−𝑘, i.e.,

𝑃𝑘𝑥 :=
∑

−𝑘≤𝑗≤𝑘
𝑥𝑗e𝑗 . (3.22)

We introduce the operator

𝐵1 := 𝑃1𝐵𝑃1. (3.23)

Then 𝐵1𝑥 = 𝑦−1e−1 + 𝑦0e0 + 𝑦1e1 holds with⎛⎝𝑦−1

𝑦0
𝑦1

⎞⎠ =

⎛⎝ 0 �̄�−1 0
𝑏−1 0 �̄�0
0 𝑏0 0

⎞⎠⎛⎝𝑥−1

𝑥0

𝑥1

⎞⎠ (3.24)

and we have

∥𝐵1∥∞ = ∣𝑏0∣+ ∣𝑏−1∣. (3.25)

Next we introduce

𝐽1 := 𝐽 − 𝐵1 = 𝐷 +𝐵 − 𝐵1. (3.26)

By the min-max principle (3.14) and by (3.8) we obtain

∣𝜆0(𝐽)− 𝜆0(𝐽1)∣ ≤ ∥𝐵1∥2 ≤ ∥𝐵1∥∞ = ∣𝑏0∣+ ∣𝑏−1∣. (3.27)
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Since

𝐽1 =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝑑−𝑙 . . . 0 0 0 0 0 . . . 0
...

. . .
...

...
...

...
...

...
0 . . . 𝑑−2 �̄�−2 0 0 0 . . . 0

0 . . . 𝑏−2 𝑑−1 0 0 0 . . . 0

0 . . . 0 0 𝑑0 0 0 . . . 0

0 . . . 0 0 0 𝑑1 �̄�1 . . . 0
0 . . . 0 0 0 𝑏1 𝑑2 . . . 0
...

...
...

...
...

...
...

. . .
...

0 . . . 0 0 0 0 0 . . . 𝑑𝑙

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
(3.28)

we have 𝐽1 e0 = 𝑑0 e0, i.e., 𝑑0 is an eigenvalue of 𝐽1.

Lemma 3.2 (estimate of 𝝀0(𝑱)). Let 𝐽 be the finite Jacobi matrix given by (3.9),

and 𝐽1 given by (3.28). Assume that

∙ 𝑑+−1 ≤ 𝑑0 ≤ 𝑑−1 .
Then

(i) 𝜆0(𝐽1) = 𝑑0,
(ii) ∣𝜆0(𝐽)− 𝑑0∣ ≤ ∣𝑏0∣+ ∣𝑏−1∣.
Proof. Applying Lemma 3.1 to 𝐽1 instead of 𝐽 we find

min(𝑑0, 𝑑
−
1 ) ≤ 𝜆0(𝐽1) ≤ max(𝑑+−1, 𝑑0). (3.29)

Hence (i) follows from our assumption 𝑑+−1 ≤ 𝑑0 ≤ 𝑑−1 . Moreover (i) and (3.27)
imply (ii). □

4. Middle eigenvalue estimate: a first improvement

4.1. Main result of this section

As before 𝐽 is the finite Jacobi matrix given by (3.9), 𝑑±𝑗 are given by (3.16) and
for 𝑘 = 1, . . . , 𝑙, we introduce

𝛽𝑘 := max
−𝑘≤𝑗≤𝑘

∣𝑏𝑗 ∣. (4.1)

The purpose of this section is to prove the following

Proposition 4.1 (estimate of 𝝀0(𝑱)). Let 𝐽 be the finite Jacobi matrix given by
(3.9). Assume that

∙ 𝑑+−1 ≤ 𝑑0 ≤ 𝑑−1 .
Then the middle eigenvalue of 𝐽 satisfies

∣𝜆0(𝐽)− 𝑑0∣ ≤ 4𝜀𝛽2, (4.2)

with

𝜀 :=
∣𝑏0∣

𝑑1 − 𝑑0
+

∣𝑏−1∣
𝑑0 − 𝑑−1

. (4.3)
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Idea of proof. The key idea consists in finding a self-adjoint operator 𝐴1 such that
the operator

𝐽1 = e−i𝐴1𝐽ei𝐴1 (4.4)

is a good approximation of the operator 𝐽1 defined in (3.26).

Since 𝜆0(𝐽) = 𝜆0(𝐽1) (by (4.4)) and 𝑑0 = 𝜆0(𝐽1) (by Lemma 3.2), the min-

max principle (3.14) applied to 𝐽1, 𝐽1, and 𝑛 = 0 gives the estimate

∣𝜆0(𝐽)− 𝑑0∣ = ∣𝜆0(𝐽1)− 𝜆0(𝐽1)∣ ≤ ∥𝐽1 − 𝐽1∥2. (4.5)

Thus, it only remains to estimate ∥𝐽1 − 𝐽1∥2. □

Before starting the proof of Proposition 4.1 we describe

(i) a commutator equation which is used to construct 𝐴1,

(ii) two integral representations which are used to estimate ∥𝐽1 − 𝐽1∥2.
4.2. Solution of a commutator equation

Lemma 4.2. Let 𝑘 ∈ [[1, 𝑙]] and let 𝐷 = diag(𝑑𝑗)𝑗∈𝒥 be such that

𝑑−𝑘 < 𝑑−𝑘+1 < ⋅ ⋅ ⋅ < 𝑑𝑘−1 < 𝑑𝑘.

Let �̂� = (𝑟𝑖,𝑗)𝑖,𝑗∈𝒥 ∈ End(𝑉𝒥 ) be such that
∙ 𝑟𝑗,𝑗 = 0 for all 𝑗 ∈ 𝒥 ,
∙ �̂� = 𝑃𝑘�̂�𝑃𝑘 where 𝑃𝑘 is given by (3.22).

Then one can find 𝐴 ∈ End(𝑉𝒥 ) having the following properties:
(i) 𝐴 is a solution of the commutator equation

i(𝐴𝐷 − 𝐷𝐴) = [i𝐴,𝐷] = �̂�. (4.6)

(ii) 𝐴 = 𝑃𝑘𝐴𝑃𝑘.
(iii) The estimate

∥𝐴∥∞ ≤ ∥�̂�∥∞
𝛾𝑘

(4.7)

holds with
𝛾𝑘 := min

−𝑘≤𝑗<𝑘
(𝑑𝑗+1 − 𝑑𝑗). (4.8)

(iv) 𝐴 is self-adjoint if �̂� is self-adjoint.

Proof. Indeed, if we consider 𝐴 = (𝑎𝑖,𝑗)𝑖,𝑗∈𝒥 defined by

𝑎𝑖,𝑗 :=

⎧⎨⎩i
𝑟𝑖,𝑗

𝑑𝑖 − 𝑑𝑗
if 𝑖 ∕= 𝑗,

0 if 𝑖 = 𝑗,
(4.9)

then

⟨e𝑖, [i𝐴,𝐷] e𝑗⟩ = i⟨e𝑖, 𝐴𝐷 e𝑗⟩ − i⟨𝐷 e𝑖, 𝐴 e𝑗⟩
= i(𝑑𝑗 − 𝑑𝑖)⟨e𝑖, 𝐴 e𝑗⟩ = 𝑟𝑖,𝑗 ,

and it is easy to check that all additional properties are also satisfied. □
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4.3. Auxiliary integral representations

Lemma 4.3. Let 𝐴, 𝑄, 𝐷 ∈ End(𝑉𝒥 ) and let

𝐹𝐴(𝑄) := e−i𝐴𝑄ei𝐴 − 𝑄, (4.10)

𝐺𝐴(𝐷) := e−i𝐴(𝐷 − [𝐷, i𝐴])ei𝐴 − 𝐷. (4.11)

(a) We have the integral representations

𝐹𝐴(𝑄) =

∫ 1

0

e−i𝑠𝐴[𝑄, i𝐴]ei𝑠𝐴 d𝑠 =

∫ 1

0

𝐹𝑠𝐴
(
[𝑄, i𝐴]

)
d𝑠+ [𝑄, i𝐴], (4.12)

𝐺𝐴(𝐷) =

∫ 1

0

e−i𝑠𝐴 𝑠 ad2𝐴(𝐷)e
i𝑠𝐴 d𝑠 =

∫ 1

0

𝐹𝑠𝐴
(
𝑠 ad2𝐴(𝐷)

)
d𝑠+

1

2
ad2𝐴(𝐷),

(4.13)

where ad2𝐴(𝐷) := [[𝐷,𝐴], 𝐴].
(b) If 𝐴 is self-adjoint, then

∥𝐹𝐴(𝑄)∥2 ≤ ∥[𝑄,𝐴]∥2 ≤ 2∥𝑄∥2∥𝐴∥2, (4.14)

∥𝐺𝐴(𝐷)∥2 ≤
∫ 1

0

𝑠 ∥ad2𝐴(𝐷)∥2 d𝑠 =
1

2
∥ad2𝐴(𝐷)∥2. (4.15)

Proof. The derivatives of 𝐹𝑠𝐴(𝑄) and 𝐺𝑠𝐴(𝐷) with respect to 𝑠 ∈ ℝ are, respec-
tively:

∂𝑠𝐹𝑠𝐴(𝑄) = e−i𝑠𝐴[𝑄, i𝐴]ei𝑠𝐴,

∂𝑠𝐺𝑠𝐴(𝐷) = e−i𝑠𝐴([𝐷 − [𝐷, i𝑠𝐴], i𝐴]− [𝐷, i𝐴])ei𝑠𝐴

= e−i𝑠𝐴 𝑠 [[𝐷,𝐴], 𝐴]ei𝑠𝐴

= e−i𝑠𝐴 𝑠 ad2𝐴(𝐷)e
i𝑠𝐴.

Hence,

𝐹𝐴(𝑄) =

∫ 1

0

∂𝑠𝐹𝑠𝐴(𝑄) d𝑠 =

∫ 1

0

e−i𝑠𝐴[𝑄, i𝐴]ei𝑠𝐴 d𝑠,

𝐺𝐴(𝐷) =

∫ 1

0

∂𝑠𝐺𝑠𝐴(𝐷) d𝑠 =

∫ 1

0

e−i𝑠𝐴𝑠 ad2𝐴(𝐷)e
i𝑠𝐴 d𝑠.

If 𝐴 is self-adjoint, then ∥ei𝑠𝐴∥2 = 1 for every 𝑠 ∈ ℝ and the integral representa-
tions (4.12) and (4.13) lead, respectively, to estimates

∥𝐹𝐴(𝑄)∥2 ≤ ∥[𝑄,𝐴]∥2 ≤ 2∥𝑄∥2∥𝐴∥2,

∥𝐺𝐴(𝐷)∥2 ≤
∫ 1

0

𝑠 ∥ad2𝐴(𝐷)∥2 d𝑠 =
1

2
∥ad2𝐴(𝐷)∥2. □

201Eigenvalue Estimates for Jacobi Matrices



4.4. Proof of Proposition 4.1

(i) Construction of 𝐴1. We define 𝐴1 ∈ End(𝑉𝒥 ) by

𝐴1𝑥 =
∑

−1≤𝑗≤1

𝑦𝑗 e𝑗 (4.16a)

with ⎛⎝𝑦−1

𝑦0
𝑦1

⎞⎠ =

⎛⎜⎝ 0 −i 𝑏−1

𝑑0−𝑑−1
0

i 𝑏−1

𝑑0−𝑑−1
0 −i 𝑏0

𝑑1−𝑑0
0 i 𝑏0

𝑑1−𝑑0 0

⎞⎟⎠
⎛⎝𝑥−1

𝑥0

𝑥1

⎞⎠ . (4.16b)

Then 𝐴1 = 𝐴∗
1 is self-adjoint and satisfies

[ i𝐴1, 𝐷] = 𝐵1.

According to (3.8), (4.16) and (4.3) we have

∥𝐴1∥2 ≤ ∥𝐴1∥∞ =
∣𝑏0∣

𝑑1 − 𝑑0
+

∣𝑏−1∣
𝑑0 − 𝑑−1

= 𝜀. (4.17)

(ii) Estimate of ∥𝐽1 − 𝐽1∥2. We introduce 𝐵2 = 𝑃2𝐵𝑃2 and we observe that

(𝐵 − 𝐵2)
(
ei𝑠𝐴1 − 𝐼

)
= (𝐵 − 𝐵2)(𝐼 − 𝑃1)

(
ei𝑠𝐴1 − 𝐼

)
= 0

implies e−i𝐴1(𝐵 −𝐵2)e
i𝐴1 = 𝐵 −𝐵2. Therefore the operator 𝐽1 given by (4.4) can

be written in the form

𝐽1 = e−i𝐴1(𝐷 +𝐵1)e
i𝐴1 + e−i𝐴1(𝐵2 − 𝐵1)e

i𝐴1 +𝐵 − 𝐵2.

Using 𝐵1 = −[𝐷, i𝐴1] and the notations (4.10), (4.11) we can write

𝐽1 − 𝐽1 = 𝐺𝐴1(𝐷) + 𝐹𝐴1(𝐵2 − 𝐵1). (4.18)

However the estimate (4.14) ensures

∥𝐹𝐴1(𝐵2 − 𝐵1)∥2 ≤ ∥[𝐵2 − 𝐵1, 𝐴1]∥2 ≤ 2∥𝐵2 − 𝐵1∥2∥𝐴1∥2 (4.19)

and the estimate (4.15) ensures

∥𝐺𝐴1(𝐷)∥2 ≤ 1

2
∥[𝐵1, 𝐴1]∥2 ≤ ∥𝐵1∥2∥𝐴1∥2. (4.20)

Thus combining (4.18) with (4.19) and (4.20) we obtain

∥𝐽1 − 𝐽1∥2 ≤ (∥𝐵1∥2 + 2∥𝐵2 − 𝐵1∥2)∥𝐴1∥2. (4.21)

Next we observe that (𝐵2 − 𝐵1)𝑥 = 𝑦−2 e−2+𝑦−1 e−1+𝑦1 e1+𝑦2 e2 holds with(
𝑦𝑘

𝑦𝑘+1

)
=

(
0 �̄�𝑘
𝑏𝑘 0

)(
𝑥𝑘

𝑥𝑘+1

)
for 𝑘 = −2 and 𝑘 = 1, hence

∥𝐵2 − 𝐵1∥∞ = max{∣𝑏−2∣, ∣𝑏1∣} ≤ 𝛽2. (4.22)

Moreover, by (3.8)

∥𝐵1∥2 ≤ ∥𝐵1∥∞ = ∣𝑏0∣+ ∣𝑏−1∣ ≤ 2𝛽1 ≤ 2𝛽2.
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Then, using (4.17) we can estimate the right-hand side of (4.21) by (2𝛽1+2𝛽2)𝜀 ≤
4𝛽2𝜀, which gives

∥𝐽1 − 𝐽1∥2 ≤ 4𝛽2𝜀.

(iii) End of proof. Combine this last estimate with (4.5). □

5. Middle eigenvalue estimate: a second improvement

5.1. Main result of this section

As before 𝐽 is given by (3.9). Let 𝑑±𝑗 , 𝛽𝑘, 𝛾𝑘 be given by (3.16), (4.1), and (4.8),
respectively. If 𝛾𝑘 > 0, which means 𝑑−𝑘 < 𝑑−𝑘+1 < ⋅ ⋅ ⋅ < 𝑑𝑘−1 < 𝑑𝑘, then we set

𝜀𝑘 :=
𝛽𝑘
𝛾𝑘

. (5.1)

Remark. If 𝛾𝑘 > 0 then 𝜀𝑘−1 ≤ 𝜀𝑘 follows from 𝛽𝑘−1 ≤ 𝛽𝑘 and 𝛾𝑘−1 ≥ 𝛾𝑘.
Moreover, 𝜀 ≤ 2𝜀1, hence

𝜀 ≤ 2𝜀1 ≤ 2𝜀2 ≤ ⋅ ⋅ ⋅ ≤ 2𝜀𝑘.

Proposition 5.1. Let 𝐽 be the finite Jacobi matrix given by (3.9). Assume that

∙ 𝜀1 ≤ 1
2 ,∙ 𝛾2 > 0,

∙ 𝑑+−1 ≤ 𝑑−0 ≤ 𝑑+0 ≤ 𝑑−1 .

Then

∣𝜆0(𝐽)− 𝑑0 − 𝑟0,0∣ ≤ 48𝜀1𝜀2𝛽3 (5.2)

where

𝑟0,0 := − ∣𝑏0∣2
𝑑1 − 𝑑0

+
∣𝑏−1∣2

𝑑0 − 𝑑−1
. (5.3)

Sketch of proof. As before the starting point of our proof is the equality 𝜆0(𝐽) =
𝜆0(𝐽1) with 𝐽1 given by (4.4). Our next step consists in defining 𝑅 ∈ End(𝑉𝒥 ) as
a suitable correction term for 𝐽1 = 𝐷 + 𝐵 − 𝐵1 so that 𝐽 ′

1 = 𝐽1 + 𝑅 is a good
approximation of 𝐽1. In the final part of the proof we check that 𝑑0+𝑟0,0 is a good
approximation of 𝜆0(𝐽

′
1). □

5.2. The operator 𝑱 ′
1 = 𝑱1 + 𝑹

We consider 𝐽1 defined by (4.4) with 𝐴1 given by (4.16). As before 𝑃𝑘 is given by
(3.22) and we denote

𝐵𝑘 := 𝑃𝑘𝐵𝑃𝑘. (5.4)
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5.2.1. We introduce a first correction term

𝑅′
1 := [𝐵2 − 𝐵1, i𝐴1]. (5.5)

Applying (4.12) for 𝑄 = 𝐵2 − 𝐵1 and 𝐴 = 𝐴1 we get the relation

𝐹𝐴1(𝐵2 − 𝐵1)− 𝑅′
1 =

∫ 1

0

𝐹𝑠𝐴1(𝑅
′
1) d𝑠,

then the estimate

∥𝐹𝐴1(𝐵2 − 𝐵1)− 𝑅′
1∥2 ≤

∫ 1

0

∥𝐹𝑠𝐴1(𝑅
′
1)∥2 d𝑠. (5.6)

Applying (4.14) we get ∥𝐹𝑠𝐴1(𝑅
′
1)∥2 ≤ ∥[𝑅′

1, 𝑠𝐴1]∥2. Then we can estimate the
right-hand side of (5.6) as follows:∫ 1

0

∥𝐹𝑠𝐴1(𝑅
′
1)∥2 d𝑠 ≤

∫ 1

0

∥[𝑅′
1, 𝑠𝐴1]∥2 d𝑠 = 1

2
∥[𝑅′

1, 𝐴1]∥2 ≤ ∥𝑅′
1∥2 × ∥𝐴1∥2

and we conclude

∥𝐹𝐴1(𝐵2 − 𝐵1)− 𝑅′
1∥2 ≤ ∥𝑅′

1∥2 × ∥𝐴1∥2 ≤ 2∥𝐵2 − 𝐵1∥2 × ∥𝐴1∥22. (5.7)

5.2.2. We introduce a second correction term

𝑅′′
1 := [𝐵1, i𝐴1] = [[ i𝐴1, 𝐷], i𝐴1] = ad2𝐴1

(𝐷). (5.8)

Applying (4.13) for 𝐴 = 𝐴1, hence for ad
2
𝐴(𝐷) = 𝑅′′

1 , we get the relation

𝐺𝐴1(𝐷)−
1

2
𝑅′′

1 =

∫ 1

0

𝐹𝑠𝐴1(𝑠𝑅
′′
1 ) d𝑠,

which gives the estimate

∥𝐺𝐴1(𝐷)− 1
2𝑅

′′
1∥2 ≤

∫ 1

0

∥𝐹𝑠𝐴1(𝑠𝑅
′′
1 )∥2 d𝑠. (5.9)

By (4.14) we get ∥𝐹𝑠𝐴1(𝑠𝑅
′′
1 )∥2 ≤ 2𝑠2∥𝑅′′

1∥2∥𝐴1∥2. Hence we can estimate the
right-hand side of (5.9) as follows:∫ 1

0

∥𝐹𝑠𝐴1(𝑠𝑅
′′
1 )∥2 d𝑠 ≤

∫ 1

0

2𝑠2∥𝑅′′
1∥2∥𝐴1∥2 d𝑠 = 2

3
∥𝑅′′

1∥2 × ∥𝐴1∥2.

Finally:

∥𝐺𝐴1(𝐷)− 1
2𝑅

′′
1∥2 ≤ 2

3
∥𝑅′′

1∥2 × ∥𝐴1∥2 ≤ 4

3
∥𝐵1∥2 × ∥𝐴1∥22. (5.10)
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5.2.3. Let us now define the correction

𝑅 := 𝑅′
1 +

1

2
𝑅′′

1 . (5.11)

We observe that (4.18) ensures

∥𝐽1 − 𝐽1 − 𝑅∥2 ≤ ∥𝐺𝐴1(𝐷)− 1
2𝑅

′′
1∥2 + ∥𝐹𝐴1(𝐵2 − 𝐵1)− 𝑅′

1∥2. (5.12)

Combining (5.12) with (5.7) and (5.10), we estimate the right-hand side of (5.12)
by (

4
3∥𝐵1∥2 + 2∥𝐵2 − 𝐵1∥2

)∥𝐴1∥22 ≤ ( 83𝛽1 + 2𝛽2

)
𝜀2 ≤ 20 𝜀21𝛽2, (5.13)

using the estimates ∥𝐴1∥2 ≤ 𝜀 ≤ 2𝜀1, ∥𝐵1∥2 ≤ 2𝛽1, and (4.22). Thus we finally
have

∥𝐽1 − 𝐽1 − 𝑅∥2 ≤ 20 𝜀1𝜀2𝛽3. (5.14)

5.3. Analysis of 𝑹

We observe that 𝑅 = [𝐵′, i𝐴1] holds with 𝐵′ := 𝐵2 − 1
2𝐵1. We have 𝐵′ e𝑖 =

�̄�′𝑖−1 e𝑖−1+𝑏′𝑖 e𝑖+1 with

𝑏′𝑖 =

⎧⎨⎩
𝑏𝑖 for 𝑖 = 1, −2,
1
2 𝑏𝑖 for 𝑖 = −1, 0,
0 otherwise.

(5.15)

Moreover i𝐴1 e𝑗 = −�̄�𝑗−1 e𝑗−1+𝑎𝑗 e𝑗+1 holds with

𝑎𝑗 =

{
𝑏𝑗

𝑑𝑗−𝑑𝑗−1
for 𝑗 = −1, 0,

0 otherwise,
(5.16)

and we find that 𝑅 = (𝑟𝑖,𝑗)𝑖,𝑗∈𝒥 = (2Re 𝑧𝑖,𝑗)𝑖,𝑗∈𝒥 with

𝑧𝑖,𝑗 = ⟨i𝐵′ e𝑖,−i𝐴1 e𝑗⟩ = (�̄�′𝑖−1𝑎𝑗−1 − 𝑏′𝑖�̄�𝑗)𝛿𝑖,𝑗 + 𝑎𝑗−1�̄�
′
𝑗𝛿𝑖−2,𝑗 + �̄�𝑗𝑏

′
𝑖+1𝛿𝑖+2,𝑗 .

Let 𝐷′ = diag(𝑑′𝑗)𝑗∈𝒥 be the diagonal part of 𝐷 +𝑅, i.e.,

𝑑′𝑗 = 𝑑𝑗 + 𝑟𝑗,𝑗 , (5.17)

we find that 𝑟0,0 is given by (5.3) and

∥𝐷 − 𝐷′∥2 = max
−1≤𝑗≤1

∣𝑟𝑗,𝑗 ∣ ≤ 𝜀1𝛽1. (5.18)

Let now �̂� = (𝑟𝑖,𝑗)𝑖,𝑗∈𝒥 be the off-diagonal part of 𝑅, i.e.,

𝑟𝑖,𝑗 :=

{
𝑟𝑖,𝑗 if 𝑖 ∕= 𝑗,

0 if 𝑖 = 𝑗.
(5.19)

We observe that 𝑟𝑖,𝑗 ∕= 0 =⇒ ∣𝑗 − 𝑖∣ = 2 and obtain the estimate

∥�̂�∥∞ = max
𝑖∈𝒥

(∣𝑟𝑖,𝑖+2∣+ ∣𝑟𝑖,𝑖−2∣) ≤ 4𝜀1𝛽2. (5.20)
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5.4. Proof of Proposition 5.1

Since 𝑟𝑗,𝑗 = 0 for 𝑗 ∈ 𝒥 , we can find 𝐴′ ∈ End(𝑉𝒥 ) such that [ i𝐴′, 𝐷] = �̂�.

Moreover �̂� = 𝑃2�̂�𝑃2 implies 𝐴′ = 𝑃2𝐴
′𝑃2 and

∥𝐴′∥∞ ≤ ∥�̂�∥∞
𝛾2

≤ 4𝜀1𝛽2

𝛾2
= 4𝜀1𝜀2. (5.21)

Introducing 𝐽 ′ := e−i𝐴′
(𝐽1 +𝑅)ei𝐴

′
and using 𝐷 +𝑅 = 𝐷′ + �̂� we can write

𝐽 ′ = e−i𝐴′
(𝐷 + �̂�)ei𝐴

′
+ e−i𝐴′

(𝐷′ − 𝐷 +𝐵 − 𝐵1)e
i𝐴′

.

Since �̂� = [ i𝐴′, 𝐷] and

(𝐵 − 𝐵3)
(
ei𝑠𝐴

′ − 𝐼
)
= (𝐵 − 𝐵3)(𝐼 − 𝑃2)

(
ei𝑠𝐴

′ − 𝐼
)
= 0

implies e−i𝐴′
(𝐵 − 𝐵3)e

i𝐴′
= 𝐵 − 𝐵3, we can write

𝐽 ′ = e−i𝐴′
(𝐷 + [ i𝐴′, 𝐷])ei𝐴

′
+ e−i𝐴′

(𝐷′ − 𝐷 +𝐵3 − 𝐵1)e
i𝐴′

+𝐵 − 𝐵3

and introducing 𝐽 ′
1 := 𝐷′ +𝐵 − 𝐵1 we find

𝐽 ′ − 𝐽 ′
1 = 𝐺𝐴′(𝐷) + 𝐹𝐴′(𝐷′ − 𝐷 +𝐵3 − 𝐵1).

Thus (4.14) and (4.15) allow us to estimate

∥𝐽 ′ − 𝐽 ′
1∥2 ≤ (∥�̂�∥2 + 2∥𝐷′ − 𝐷 +𝐵3 − 𝐵1∥2)∥𝐴′∥2. (5.22)

Using ∥𝐵3 −𝐵1∥2 ≤ 2𝛽3, (5.18), (5.20) and (5.21) to estimate the right-hand side
of (5.22) we obtain

∥𝐽 ′ − 𝐽 ′
1∥2 ≤ 4𝜀1𝜀2 (6𝜀1𝛽2 + 4𝛽3) ≤ 28𝜀1𝜀2𝛽3, (5.23)

where we have used 𝜀1 ≤ 1
2 . Combining 𝜆0(𝐽) = 𝜆0(𝐽1) with 𝜆0(𝐽1 +𝑅) = 𝜆0(𝐽

′)
we estimate

∣𝜆0(𝐽)− 𝜆0(𝐽
′
1)∣ ≤ ∣𝜆0(𝐽1)− 𝜆0(𝐽1 +𝑅)∣+ ∣𝜆0(𝐽

′)− 𝜆0(𝐽
′
1)∣ (5.24)

and the min-max principle allows us to estimate the right-hand side of (5.24) by

∥𝐽1 − 𝐽1 − 𝑅∥2 + ∥𝐽 ′ − 𝐽 ′
1∥2 ≤ 48𝜀1𝜀2𝛽3 (5.25)

due to (5.14) and (5.23). Thus in order to complete the proof it remains to show

that 𝜆0(𝐽
′
1) = 𝑑0 + 𝑟0,0 = 𝑑′0. For this purpose we introduce

𝑑′+𝑘 := max
𝑗≤𝑘

(𝑑′𝑗 + ∣𝑏𝑗 ∣+ ∣𝑏𝑗−1∣), (5.26a)

𝑑′−𝑘 := min
𝑗≥𝑘

(𝑑′𝑗 − ∣𝑏𝑗 ∣ − ∣𝑏𝑗−1∣) (5.26b)

and we observe that (5.18) ensures ∣𝑑′±𝑘 − 𝑑±𝑘 ∣ ≤ max𝑗∈𝒥 ∣𝑑′𝑗 − 𝑑𝑗 ∣ ≤ 𝛽1𝜀1 ≤ 1
2𝛽1.

Thus 𝑑′−1 − 𝑑′0 ≥ 𝑑−1 − 𝑑0 −𝛽1 ≥ 𝑑−1 − 𝑑+0 ≥ 0. By similar considerations we obtain

𝑑′0 − 𝑑′+−1 ≤ 0, completing the proof of 𝜆0(𝐽
′
1) = 𝑑′0 by Lemma 3.2 applied to 𝐽 ′

1

instead of 𝐽1. □
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6. Successive approximations

6.1. Main result of this section

In this section 𝐽 is always the (2𝑙 + 1) × (2𝑙 + 1) Jacobi matrix defined by (3.9).
Let 1 ≤ 𝑚 ≤ 𝑙 and let 𝐽0 := 𝐽 . We construct by induction a sequence of unitary
equivalent operators 𝐽1, 𝐽2, . . . , 𝐽𝑚 such that, for 𝑘 = 1, . . . ,𝑚,

𝐽𝑘 = e−i𝐴𝑘𝐽𝑘−1e
i𝐴𝑘 (6.1)

for some self-adjoint operator 𝐴𝑘 ∈ End(𝑉𝒥 ) satisfying

𝐴𝑘 = 𝑃𝑘𝐴𝑘𝑃𝑘. (6.2)

We already defined 𝐽1 = 𝐷+𝐵−𝐵1 by (3.26) and 𝐽1 = e−i𝐴1𝐽0e
i𝐴1 by (4.4) with

𝐴1 given by (4.16). Then by (4.18)

𝑅1 := 𝐽1 − 𝐽1 = 𝐺𝐴1(𝐷) + 𝐹𝐴1(𝐵2 − 𝐵1). (6.3)

Proposition 6.1. Let 𝐽 be the finite Jacobi matrix given by (3.9). Let 2 ≤ 𝑚 ≤ 𝑙
such that

∙ 𝜀𝑚 ≤ 1/18, i.e.,

18𝛽𝑚 ≤ 𝛾𝑚. (6.4)

Then for any 1 ≤ 𝑘 ≤ 𝑚 one can find a self-adjoint operator 𝐴𝑘 ∈ End(𝑉𝒥 )
satisfying (6.2) and such that (6.1) gives 𝐽𝑘 ∈ End(𝑉𝒥 ) of the form

𝐽𝑘 = 𝐷𝑘 +𝐵 − 𝐵1 +𝑅𝑘, (6.5)

where 𝐷𝑘 = diag(𝑑
(𝑘)
𝑗 )𝑗∈𝒥 is a diagonal matrix whose entries satisfy

𝑑
(𝑘)
𝑗 = 𝑑𝑗 if ∣𝑗∣ ≥ 𝑘 + 1, (6.6)

max
𝑗∈𝒥
∣∣𝑑(𝑘)𝑗 − 𝑑

(𝑘−1)
𝑗

∣∣ ≤ ∥𝑅𝑘−1∥2 for 𝑘 ≥ 2, (6.7)

and where 𝑅𝑘 satisfies

𝑅𝑘 = 𝑃𝑘+1𝑅𝑘𝑃𝑘+1, (6.8)

∥𝑅𝑘∥∞ ≤ 6
𝛽𝑘+1

𝛾𝑘
∥𝑅𝑘−1∥∞ for 𝑘 ≥ 2, (6.9)

∥𝑅1∥∞ ≤ 9

16
𝛽2. (6.10)

Remark. Assumption (6.4) gives the estimates

𝜀 ≤ 2𝜀1 ≤ ⋅ ⋅ ⋅ ≤ 2𝜀𝑚 ≤ 1

9
, (6.11)

and also, for any 2 ≤ 𝑘 ≤ 𝑚,

18𝛽2 ≤ 18𝛽𝑘 ≤ 18𝛽𝑚 ≤ 𝛾𝑚 ≤ 𝛾𝑘 ≤ 𝛾2. (6.12)
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6.2. First step (𝒌 = 1)

Let 𝐷1 := 𝐷 and 𝐴1 as in (4.16). Then (6.2) holds for 𝑘 = 1 and (6.5) for 𝑘 = 1
is equivalent to (6.3). Moreover 𝑅1 = 𝑃2𝑅1𝑃2 and

∥𝑅1∥2 ≤ (∥𝐵1∥2 + 2∥𝐵2 − 𝐵1∥2)∥𝐴1∥2 ≤ 4𝛽2𝜀 (6.13)

due to (4.17), (4.21) and (4.22). We claim that we also have

∥𝑅1∥∞ ≤ 4𝛽2𝜀e
2𝜀. (6.14)

Indeed, since ∥ei𝐴∥∞ ≤∑𝑛∈ℕ

1
𝑛! ∥𝐴𝑛∥∞ ≤ e∥𝐴∥∞ , we can estimate the norm ∥ ⋅ ∥∞

of the expression (4.12) by

∥𝐹𝐴(𝑄)∥∞ ≤ ∥[𝑄,𝐴]∥∞e2∥𝐴∥∞ ≤ 2∥𝑄∥∞∥𝐴∥∞e2∥𝐴∥∞ . (6.15)

Similarly we can estimate the norm ∥ ⋅ ∥∞ of the expression (4.13) by

∥𝐺𝐴(𝐷)∥∞ ≤ 1

2
∥ad2𝐴(𝐷)∥∞e2∥𝐴∥∞

and using ∥ad2𝐴(𝐷)∥∞ ≤ 2∥[𝐷,𝐴]∥∞∥𝐴∥∞, we obtain
∥𝐺𝐴(𝐷)∥∞ ≤ ∥[𝐴,𝐷]∥∞∥𝐴∥∞e2∥𝐴∥∞ . (6.16)

Thus combining (6.15) and (6.16) with [ i𝐴1, 𝐷] = 𝐵1 to estimate (6.3) we find

∥𝑅1∥∞ ≤ (∥𝐵1∥∞ + 2∥𝐵2 − 𝐵1∥∞
) ∥𝐴1∥∞ e2∥𝐴∥∞ ≤ 4𝛽2𝜀e

2𝜀. (6.17)

Moreover ∥𝐴1∥∞ ≤ 𝜀 ≤ 2𝜀1 ≤ 2𝜀𝑚 ≤ 1
9 ensures

∥𝑅1∥∞ ≤ 4

9
e2/9𝛽2 ≤ 9

16
𝛽2. (6.18)

6.3. Induction step (𝒌 = 2, . . . ,𝒎)

Let 𝐷1 = 𝐷, 𝐴1, 𝑅1 be as before and fix 𝑘 ∈ [[2,𝑚]]. We assume that we have
already defined 𝐷𝑘−1 satisfying (6.6) and (6.7), and 𝑅𝑘−1 such that 𝑅𝑘−1 =
𝑃𝑘𝑅𝑘−1𝑃𝑘.

6.3.1. Construction of 𝑫𝒌. We define

�̂�𝑘 = (𝑟
(𝑘)
𝑖,𝑗 )𝑖,𝑗∈𝒥

with

𝑟
(𝑘)
𝑖,𝑗 := 𝑟

(𝑘−1)
𝑖,𝑗 (1− 𝛿𝑖,𝑗) (6.19)

and we take 𝐷𝑘 := diag(𝑑
(𝑘)
𝑗 )𝑗∈𝒥 as the diagonal part of 𝐷𝑘−1 +𝑅𝑘−1, i.e.,

𝑑
(𝑘)
𝑗 := 𝑑

(𝑘−1)
𝑗 + 𝑟

(𝑘−1)
𝑗,𝑗 . (6.20)

Therefore we have ∥�̂�𝑘∥∞ ≤ ∥𝑅𝑘−1∥∞ and

max
𝑗∈𝒥
∣∣𝑑(𝑘)𝑗 − 𝑑

(𝑘−1)
𝑗

∣∣ = max
∣𝑗∣≤𝑘

∣∣𝑑(𝑘)𝑗 − 𝑑
(𝑘−1)
𝑗

∣∣ = max
∣𝑗∣≤𝑘

∣∣𝑟(𝑘−1)
𝑗,𝑗

∣∣, (6.21)

hence (6.7) holds.
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6.3.2. Construction of 𝑨𝒌. Since 𝑟
(𝑘)
𝑗,𝑗 = 0 we can find 𝐴𝑘 self-adjoint such that

[ i𝐴𝑘, 𝐷] = �̂�𝑘. (6.22)

Since �̂�𝑘 = 𝑃𝑘�̂�𝑘𝑃𝑘 we can take 𝐴𝑘 satisfying 𝐴𝑘 = 𝑃𝑘𝐴𝑘𝑃𝑘 and

∥𝐴𝑘∥∞ ≤ ∥𝑅𝑘−1∥∞
𝛾𝑘

. (6.23)

6.3.3. Construction of 𝑹𝒌. Since 𝐷𝑘−1+𝑅𝑘−1 = 𝐷𝑘+ �̂�𝑘 = 𝐷+[ i𝐴𝑘, 𝐷]+(𝐷𝑘−
𝐷), introducing 𝐽𝑘 by (6.1) we obtain (6.5) with

𝑅𝑘 := 𝐺𝐴𝑘
(𝐷) + 𝐹𝐴𝑘

(𝐵 − 𝐵1 +𝐷𝑘 − 𝐷). (6.24)

Since 𝐴𝑘 = 𝑃𝑘𝐴𝑘𝑃𝑘 ensures 𝐹𝐴𝑘
(𝐵 − 𝐵1) = 𝐹𝐴𝑘

(𝐵𝑘+1 − 𝐵1) we can use (6.15)
and (6.16) to estimate

∥𝑅𝑘∥∞ ≤ 𝜌𝑘e
2∥𝐴𝑘∥∞∥𝐴𝑘∥∞ (6.25)

with
𝜌𝑘 := ∥𝑅𝑘−1∥∞ + 2∥𝐵𝑘+1 − 𝐵1 +𝐷𝑘 − 𝐷∥∞. (6.26)

It only remains to prove estimate (6.9) for 𝑘 = 2, . . . ,𝑚.

6.4. Estimate of 𝑹2

We check that (6.9) holds for 𝑘 = 2. To begin we estimate

∥𝐴2∥∞ ≤ ∥𝑅1∥∞
𝛾2

≤ 9

16

𝛽2

𝛾2
≤ 9

16
𝜀𝑚 ≤ 1

32
(6.27)

using (6.18) and (6.4). Then ∥𝐷2 −𝐷∥2 ≤ ∥𝑅1∥2 and ∥𝐵3 −𝐵1∥∞ ≤ 2𝛽3 allow us
to estimate

𝜌2 ≤ ∥𝑅1∥∞ + 4𝛽3 + 2∥𝑅1∥2 ≤ 4(𝜀e2𝜀 + 1 + 2𝜀)𝛽3

and

𝜌2e
2∥𝐴2∥∞ ≤ 4

(1
9
e2/9 + 1 +

2

9

)
e1/16𝛽3 ≤ 6𝛽3. (6.28)

Thus combining (6.25) with (6.28) and (6.27) we obtain

∥𝑅2∥∞ ≤ 𝜌2e
2∥𝐴2∥∞∥𝐴2∥∞ ≤ 6𝛽3∥𝐴2∥∞ ≤ 6

𝛽3

𝛾2
∥𝑅1∥∞.

6.5. Proof of Proposition 6.1 (end)

It only remains to prove (6.9) for 𝑘 ≥ 3. For simplicity we can even assume 𝑘 = 𝑚.
By induction hypothesis we already know that (6.9) holds for 𝑘 = 2, . . . ,𝑚 − 1.
Our assumption (6.4) (see (6.12)) implies 18𝛽𝑘+1 ≤ 𝛾𝑘 for any 2 ≤ 𝑘 ≤ 𝑚 − 1.
Using this estimate in (6.9) we obtain ∥𝑅𝑘∥∞ ≤ 1

3∥𝑅𝑘−1∥∞, hence, using (6.18)

∥𝑅𝑘∥∞ ≤ 31−𝑘∥𝑅1∥∞ ≤ 9

16
𝛽2 (6.29)

for any 2 ≤ 𝑘 ≤ 𝑚 − 1. By (6.4) we also have 18𝛽2 ≤ 18𝛽𝑚 ≤ 𝛾𝑚, hence, using
(6.23)

∥𝐴𝑚∥∞ ≤ ∥𝑅𝑚−1∥∞
𝛾𝑚

≤ 9

16
⋅ 𝛽2

𝛾𝑚
≤ 9

16
⋅ 1
18

=
1

32
. (6.30)
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Using 𝐷𝑚 − 𝐷 = 𝐷𝑚 − 𝐷1 =
∑𝑚
𝑘=2(𝐷𝑘 − 𝐷𝑘−1) and (6.7) we obtain

∥𝐷𝑚 − 𝐷∥∞ ≤
𝑚−1∑
𝑘=1

∥𝑅𝑘∥2, (6.31)

hence

𝜌𝑚 = ∥𝑅𝑚−1∥∞ + 2∥𝐵𝑚+1 − 𝐵1 +𝐷𝑚 − 𝐷∥∞

≤ ∥𝑅𝑚−1∥∞ + 2∥𝐵𝑚+1 − 𝐵1∥∞ + 2

𝑚−1∑
𝑘=1

∥𝑅𝑘∥2

≤ 4𝛽𝑚+1 + 2∥𝑅1∥2 + ∥𝑅𝑚−1∥∞ + 2

𝑚−1∑
𝑘=2

∥𝑅𝑘∥∞.

However (6.29) allows us to estimate

∥𝑅𝑚−1∥∞ +
𝑚−1∑
𝑘=2

2∥𝑅𝑘∥∞ ≤
(
32−𝑚 + 2

𝑚−1∑
𝑘=2

31−𝑘
)
∥𝑅1∥∞ = ∥𝑅1∥∞

and using (6.14) and (6.17), we find

𝜌𝑚 ≤ 4𝛽𝑚+1 + 2∥𝑅1∥2 + ∥𝑅1∥∞ ≤ 4
(
1 + 2𝜀+ 𝜀e2𝜀

)
𝛽𝑚+1.

Thus
𝜌𝑚e

2∥𝐴𝑚∥∞ ≤ 4
(
1 + 2

9 +
1
9e

2/9
)
e1/16𝛽𝑚+1 ≤ 6𝛽𝑚+1 (6.32)

holds due to 𝜀 ≤ 1
9 and (6.30). Then (6.23), (6.25) with 𝑘 = 𝑚 and (6.32) give

∥𝑅𝑚∥∞ ≤ 𝜌𝑚e
2∥𝐴𝑚∥∞ ∥𝑅𝑚−1∥∞

𝛾𝑚
≤ 6

𝛽𝑚+1

𝛾𝑚
∥𝑅𝑚−1∥∞,

i.e., (6.9) holds for 𝑘 = 𝑚. □
6.6. Middle eigenvalue estimate: last improvement

Corollary 6.2. Let 𝐽 , 𝑚 ≥ 2, 𝐽1, . . . , 𝐽𝑚, and 𝑅1, . . . , 𝑅𝑚 be as in Proposition 6.1.
Assume that

∙ 18𝛽𝑚 ≤ 𝛾𝑚,

∙ 𝑑+−2 ≤ 𝑑−1 ≤ 𝑑1 ≤ 𝑑−2 .
Then

∣𝜆0(𝐽)− 𝑑
(𝑚)
0 ∣ ≤ ∥𝑅𝑚∥2 ≤ 6𝑚𝛽𝑚+1𝜀

∏
2≤𝑘≤𝑚

𝜀𝑘 (6.33)

where 𝑑
(𝑚)
0 is the middle diagonal entry of the 𝑚th approximation 𝐽𝑚.

Proof. We first check that it is possible to replace 𝐽1 by 𝐽𝑚 = 𝐷𝑚 + 𝐵 − 𝐵1 in
Lemma 3.2. For this purpose we introduce

𝑑
(𝑚,+)
𝑘 := max

𝑗≤𝑘
{𝑑(𝑚)
𝑗 + ∣𝑏𝑗 ∣+ ∣𝑏𝑗−1∣}, (6.34a)

𝑑
(𝑚,−)
𝑘 := min

𝑗≥𝑘
{𝑑(𝑚)
𝑗 − ∣𝑏𝑗∣ − ∣𝑏𝑗−1∣}, (6.34b)
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hence

∣𝑑(𝑚,±)
𝑘 − 𝑑±𝑘 ∣ ≤ max

𝑗∈𝒥
∣𝑑(𝑚)
𝑗 − 𝑑𝑗 ∣ ≤ ∥𝐷𝑚 − 𝐷∥∞.

However (6.31), (6.29) and (6.18) ensure

∥𝐷𝑚 − 𝐷∥∞ ≤
𝑚∑
𝑘=1

31−𝑘∥𝑅1∥∞ < 𝛽2,

hence 𝑑
(𝑚,−)
1 − 𝑑

(𝑚)
0 ≥ 𝑑−1 − 𝑑0 − 2𝛽2 ≥ 𝛾1 − 4𝛽2 ≥ 0, where we have used

𝑑−2 ≥ 𝑑1 =⇒ 𝑑−1 = 𝑑1 − ∣𝑏1∣ − ∣𝑏0∣. Similarly we check that 𝑑
(𝑚)
0 − 𝑑

(𝑚,+)
−1 ≥ 0,

hence Lemma 3.2 applied to 𝐽𝑚 ensures 𝜆0(𝐽𝑚) = 𝑑
(𝑚)
0 . But 𝑅𝑚 = 𝐽𝑚− 𝐽𝑚 gives

∣𝜆0(𝐽)− 𝑑
(𝑚)
0 ∣ = ∣𝜆0(𝐽𝑚)− 𝜆0(𝐽𝑚)∣ ≤ ∥𝑅𝑚∥2

due to the min-max principle. To complete the proof it remains to observe that

∥𝑅𝑚∥2 ≤ 6𝑚−1∥𝑅1∥∞
∏

2≤𝑘≤𝑚

𝛽𝑘+1

𝛾𝑘

and ∥𝑅1∥∞ ≤ 6𝜀𝛽2. □

6.7. Computing an approximation of the middle eigenvalue

We indicate briefly how to compute an approximation of 𝜆0(𝐽) by means of linear
combinations and products of matrices belonging to End(𝑉𝒥 ). Using Corollary 6.2
we look for an approximation of 𝑑

(𝑚)
0 with the error considered in the right-hand

side of (6.24), i.e., it suffices to replace the formula (6.1) by an approximation
using linear combinations and products of matrices. For this purpose we observe
that

∂𝑗𝑠𝐹𝑠𝐴(𝑄) = e−i𝑠𝐴 i𝑗 ad𝑗𝐴(𝑄)e
i𝑠𝐴,

where ∂𝑠 = d/d𝑠, ad1𝐴(𝑄) = ad𝐴(𝑄) = [𝑄, 𝐴] and ad𝑗+1
𝐴 (𝑄) = [ad𝑗𝐴(𝑄), 𝐴]. Thus

the 𝑁th remainder in the Taylor’s development of 𝑠 → 𝐹𝑠𝐴(𝑄) is

𝐹𝐴(𝑄)−
∑

1≤𝑗≤𝑁

i𝑗

𝑗!
ad𝑗𝐴(𝑄) =

∫ 1

0

(1− 𝑠)𝑁

𝑁 !
e−i𝑠𝐴 i𝑁+1 ad𝑁+1

𝐴 (𝑄)ei𝑠𝐴d𝑠. (6.35)

Its ∥ ⋅ ∥∞ norm can be estimated by 2𝑁+1∥𝑄∥∞∥𝐴∥𝑁+1
∞ /(𝑁 +1)!. Thus it is clear

that neglecting the remainders (6.35) with 𝑁 of order 𝑚 we can express 𝐽𝑘 and
𝐷𝑘 with the indicated errors.

7. Proofs of the main results

7.1. Notations

We denote by {e𝑛}∞𝑛=1 the canonical basis of 𝑙
2, i.e., e𝑛 = (𝛿𝑘,𝑛)

∞
𝑘=1 with 𝛿𝑛,𝑛 = 1

and 𝛿𝑘,𝑛 = 0 for 𝑘 ∕= 𝑛. If 𝑞𝑗 ∈ ℂ for 𝑗 ∈ ℕ∗, then 𝑄 = diag(𝑞𝑗)𝑗∈ℕ∗ denotes
the closed diagonal operator defined by 𝑄 e𝑗 = 𝑞𝑗 e𝑗 for 𝑗 ∈ ℕ∗. In this section
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𝐽 : 𝒟(𝐽) → 𝑙2 is the unbounded Jacobi operator defined by (1.4), (1.5) under the
assumptions (1.2) and (1.3). We decompose

𝐽 = 𝐷 +𝐵, (7.1)

where 𝐷 = diag(𝑑𝑗)𝑗∈ℕ∗ is the diagonal part of 𝐽 and 𝐵 is the off-diagonal part
of 𝐽 , i.e.,

𝐵𝑥 = (�̄�𝑗𝑥𝑗+1 + 𝑏𝑗−1𝑥𝑗−1)𝑗∈ℕ∗

for 𝑥 ∈ 𝒟(𝐽) with the convention 𝑥0 = 0 and 𝑏0 = 0.

7.2. Proof of Theorem 2.1

We begin with the extension of Lemma 3.1 to infinite Jacobi matrices.

Lemma 7.1. Let 𝐽 be as in Theorem 2.1. If

𝐷± := diag(𝑑±𝑗 (𝐽))𝑗∈ℕ∗ ,

𝑑±𝑗 (𝐽) := 𝑑𝑗 ± (∣𝑏𝑗 ∣+ ∣𝑏𝑗−1∣),
(7.2)

then

(i) 𝐷− ≤ 𝐽 ≤ 𝐷+,

(ii) 𝑑−𝑛 ≤ 𝜆𝑛(𝐽) ≤ 𝑑+𝑛 with 𝑑±𝑛 as in (2.2).

Remark. (i) means ⟨𝐷−𝑥, 𝑥⟩ ≤ ⟨(𝐷 + 𝐵)𝑥, 𝑥⟩ ≤ ⟨𝐷+𝑥, 𝑥⟩ for any 𝑥 ∈ 𝒟(𝐽) and
(ii) means 𝜆𝑛(𝐽) ∈ Δ𝑛.

Proof. We obtain 𝐷− ≤ 𝐽 ≤ 𝐷+ as in the proof of Lemma 3.1 and similarly we
deduce 𝜆𝑛(𝐷−) ≤ 𝜆𝑛(𝐽) ≤ 𝜆𝑛(𝐷+) by means of the min-max principle (cf. [17]),

completing the proof due to 𝑑−𝑛 ≤ 𝜆𝑛(𝐷−) ≤ 𝜆𝑛(𝐷+) ≤ 𝑑+𝑛 as before. □

Proof of Theorem 2.1. Let 𝑅 : 𝑙2 → 𝑙2 be a self-adjoint and bounded linear opera-
tor, then similarly as in Section 3.2 the min-max principle (cf. [17]) gives

∣𝜆𝑛(𝐽 +𝑅)− 𝜆𝑛(𝐽)∣ ≤ ∥𝑅∥2 := sup
𝑥∈𝑙2

∥𝑥∥2≤1

∥𝑅𝑥∥2. (7.3)

Let 𝐵𝑛,1 : 𝑙2 → 𝑙2 be defined by 𝐵𝑛,1𝑥 = 𝑦𝑛−1e𝑛−1 + 𝑦𝑛e𝑛 + 𝑦𝑛+1e𝑛+1, where
𝑥 = (𝑥𝑗)

∞
1 and ⎛⎝𝑦𝑛−1

𝑦𝑛
𝑦𝑛+1

⎞⎠ =

⎛⎝ 0 �̄�𝑛−1 0
𝑏𝑛−1 0 �̄�𝑛
0 𝑏𝑛 0

⎞⎠⎛⎝𝑥𝑛−1

𝑥𝑛
𝑥𝑛+1

⎞⎠ . (7.4)

If 𝐽𝑛,1 := 𝐷 +𝐵 − 𝐵𝑛,1, then

∣𝜆𝑛(𝐽)− 𝜆𝑛(𝐽
𝑛,1)∣ ≤ ∥𝐵𝑛,1∥2 ≤ ∣𝑏𝑛∣+ ∣𝑏𝑛−1∣. (7.5)

Applying Lemma 7.1 to 𝐽𝑛,1 instead of 𝐽 we find

min(𝑑𝑛, 𝑑
−
𝑛+1) ≤ 𝜆𝑛(𝐽

𝑛,1) ≤ max(𝑑+𝑛−1, 𝑑𝑛).

Therefore 𝜆𝑛(𝐽
𝑛,1) = 𝑑𝑛 follows from assumption (2.3): 𝑑+𝑛−1 ≤ 𝑑𝑛 ≤ 𝑑−𝑛+1. Then

(7.5) becomes the estimate (2.4). □
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7.3. Estimates by middle eigenvalues of finite Jacobi submatrices

Let 𝑃𝑛,𝑙 denote the orthogonal projection on the subspace generated by {e𝑗}𝑛+𝑙𝑗=𝑛−𝑙,
𝑛 > 𝑙, i.e.,

𝑃𝑛,𝑙𝑥 =
𝑛+𝑙∑
𝑗=𝑛−𝑙

𝑥𝑗 e𝑗 , (7.6)

and 𝐵𝑛,𝑙 := 𝑃𝑛,𝑙𝐵𝑃𝑛,𝑙. Then 𝐵𝑛,𝑙𝑥 = (�̄�𝑛,𝑙𝑗 𝑥𝑗+1 + 𝑏𝑛,𝑙𝑗−1𝑥𝑗−1)𝑗∈ℕ∗ holds with

𝑏𝑛,𝑙𝑗 =

{
𝑏𝑗 if 𝑛 − 𝑙 ≤ 𝑗 < 𝑛+ 𝑙,

0 otherwise.

We introduce

�̂�𝑛,𝑙𝑗 = 𝑏𝑗 − 𝑏𝑛,𝑙𝑗 =

{
0 if 𝑛 − 𝑙 ≤ 𝑗 < 𝑛+ 𝑙,

𝑏𝑗 otherwise,

and

𝐷𝑛,𝑙± := 𝐷 ± diag
(∣�̂�𝑛,𝑙𝑗 ∣+ ∣�̂�𝑛,𝑙𝑗−1∣

)
𝑗∈ℕ∗ . (7.7)

Then replacing 𝐵 by �̂�𝑛,𝑙 := 𝐵 − 𝐵𝑛,𝑙 in Lemma 7.1 we obtain

𝐷𝑛,𝑙− ≤ 𝐷 + �̂�𝑛,𝑙 ≤ 𝐷𝑛,𝑙+ , (7.8)

hence 𝐷𝑛,𝑙− +𝐵𝑛,𝑙 ≤ 𝐷+ �̂�𝑛,𝑙 +𝐵𝑛,𝑙 ≤ 𝐷𝑛,𝑙+ +𝐵𝑛,𝑙. Since 𝐷+ �̂�𝑛,𝑙 +𝐵𝑛,𝑙 = 𝐽 we
can rewrite the last inequality in the form

𝐽𝑛,𝑙− ≤ 𝐽 ≤ 𝐽𝑛,𝑙+ , (7.9)

where

𝐽𝑛,𝑙± := 𝐷𝑛,𝑙± +𝐵𝑛,𝑙 =

⎛⎝diag(𝑑±𝑗 )𝑛−𝑙−1
𝑗=1 0 0

0 𝐽±
𝑛,𝑙 0

0 0 diag(𝑑±𝑗 )
∞
𝑗=𝑛+𝑙+1

⎞⎠ (7.10)

with

𝐽±
𝑛,𝑙 = 𝐽𝑛,𝑙 ± diag(∣𝑏𝑛−𝑙−1∣, 0, . . . , 0, ∣𝑏𝑛+𝑙∣), (7.11)

i.e.,

𝐽±
𝑛,𝑙 =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝑑𝑛−𝑙 ± ∣𝑏𝑛−𝑙−1∣ �̄�𝑛−𝑙 0 . . . 0 0 0
𝑏𝑛−𝑙 𝑑𝑛−𝑙+1 �̄�𝑛−𝑙+1 . . . 0 0 0
0 𝑏𝑛−𝑙+1 𝑑𝑛−𝑙+2 . . . 0 0 0
...

...
...

. . .
...

...
...

0 0 0 . . . 𝑑𝑛+𝑙−2 �̄�𝑛+𝑙−2 0
0 0 0 . . . 𝑏𝑛+𝑙−2 𝑑𝑛+𝑙−1 �̄�𝑛+𝑙−1

0 0 0 . . . 0 𝑏𝑛+𝑙−1 𝑑𝑛+𝑙 ± ∣𝑏𝑛+𝑙∣

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
.

In the next lemma, the finite Jacobi matrices 𝐽±
𝑛,𝑙 are indexed by [[−𝑙, 𝑙]]× [[−𝑙, 𝑙]],

and the infinite Jacobi matrices 𝐽 and 𝐽𝑛,𝑙± are indexed by ℕ∗ × ℕ∗.
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Lemma 7.2. Let 𝐽 be as in Theorem 2.1. Let 𝑛, 𝑙 ∈ ℕ∗, 𝑛 > 𝑙. Let 𝐽𝑛,𝑙± and 𝐽±
𝑛,𝑙

denote the Jacobi matrices defined by (7.10) and (7.11), respectively. Assume that

∙ 𝑑+𝑛−1 < 𝑑−𝑛 ≤ 𝑑+𝑛 < 𝑑−𝑛+1.

Then

(i) 𝜆𝑛(𝐽
𝑛,𝑙
± ) = 𝜆0(𝐽

±
𝑛,𝑙),

(ii) the 𝑛th eigenvalue of 𝐽 is estimated by the middle eigenvalues of 𝐽±
𝑛,𝑙:

𝜆0(𝐽
−
𝑛,𝑙) ≤ 𝜆𝑛(𝐽) ≤ 𝜆0(𝐽

+
𝑛,𝑙). (7.12)

Proof. Due to the min-max principle one has

𝐽𝑛,𝑙− ≤ 𝐽 ≤ 𝐽𝑛,𝑙+ =⇒ 𝜆𝑘(𝐽
𝑛,𝑙
− ) ≤ 𝜆𝑘(𝐽) ≤ 𝜆𝑘(𝐽

𝑛,𝑙
+ )

for all 𝑘 ∈ ℕ∗, then it only remains to show

𝜆𝑛(𝐽
𝑛,𝑙
± ) = 𝜆0(𝐽

±
𝑛,𝑙). (7.13)

To begin we use Lemma 7.1 with 𝐽𝑛,𝑙± instead of 𝐽 and we find that

𝑑−𝑗 (𝐽) = 𝑑−𝑗 (𝐽
𝑛,𝑙
− ) ≤ 𝑑+𝑗 (𝐽

𝑛,𝑙
+ ) = 𝑑+𝑗 (𝐽)

implies 𝐷− ≤ 𝐽𝑛,𝑙− ≤ 𝐽𝑛,𝑙+ ≤ 𝐷+ and

𝑑−𝑘 ≤ 𝜆𝑘(𝐽
𝑛,𝑙
− ) ≤ 𝜆𝑘(𝐽

𝑛,𝑙
+ ) ≤ 𝑑+𝑘

for 𝑘 ∈ ℕ∗. Thus the hypothesis 𝑑+𝑛−1 < 𝑑−𝑛 ≤ 𝑑+𝑛 < 𝑑−𝑛+1 ensures

{𝜆𝑛(𝐽𝑛,𝑙± )} = 𝜎(𝐽𝑛,𝑙± ) ∩ [𝑑−𝑛 , 𝑑
+
𝑛 ].

Reasoning similarly we can estimate eigenvalues of finite matrices

𝑑−𝑘 (𝐽
−
𝑛,𝑙) ≤ 𝜆𝑘(𝐽

−
𝑛,𝑙) ≤ 𝜆𝑘(𝐽

+
𝑛,𝑙) ≤ 𝑑+𝑘 (𝐽

+
𝑛,𝑙)

with

𝑑−𝑘 (𝐽
−
𝑛,𝑙) = inf

𝑘≤𝑗≤𝑙
𝑑−𝑛+𝑗(𝐽),

𝑑+𝑘 (𝐽
+
𝑛,𝑙) = sup

−𝑙≤𝑗≤𝑘
𝑑+𝑛+𝑗(𝐽)

for 𝑘 ∈ [[−𝑙, 𝑙]]. Next we observe that

𝑑𝑛 < 𝑑−𝑛+1 ≤ 𝑑−1 (𝐽
−
𝑛,𝑙) =⇒ 𝑑𝑛 − ∣𝑏𝑛∣ − ∣𝑏𝑛−1∣ = 𝑑−𝑛 = 𝑑−0 (𝐽

−
𝑛,𝑙),

𝑑𝑛 > 𝑑+𝑛−1 ≥ 𝑑+−1(𝐽
+
𝑛,𝑙) =⇒ 𝑑𝑛 + ∣𝑏𝑛∣+ ∣𝑏𝑛−1∣ = 𝑑+𝑛 = 𝑑+0 (𝐽

+
𝑛,𝑙)

ensures

𝑑−𝑛 ≤ 𝜆0(𝐽
−
𝑛,𝑙) ≤ 𝜆0(𝐽

+
𝑛,𝑙) ≤ 𝑑+𝑛 .

Using moreover

𝜆−1(𝐽
−
𝑛,𝑙) ≤ 𝜆−1(𝐽

+
𝑛,𝑙) ≤ 𝑑+−1(𝐽

+
𝑛,𝑙) ≤ 𝑑+𝑛−1 < 𝑑−𝑛 ,

𝑑+𝑛 < 𝑑−𝑛+1 ≤ 𝑑−1 (𝐽
−
𝑛,𝑙) ≤ 𝜆1(𝐽

−
𝑛,𝑙) ≤ 𝜆1(𝐽

+
𝑛,𝑙),
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we deduce

{𝜆0(𝐽
±
𝑛,𝑙)} = 𝜎(𝐽±

𝑛,𝑙) ∩ [𝑑−𝑛 , 𝑑
+
𝑛 ].

To complete the proof we observe that the block structure of (7.10) gives

𝜎(𝐽𝑛,𝑙± ) = 𝜎(𝐽±
𝑛,𝑙) ∪ {𝑑±𝑘 (𝐽) : 𝑘 ∈ ℕ∗ ∖ [𝑛 − 𝑙, 𝑛+ 𝑙]}

and 𝑘 /∈ [𝑛 − 𝑙; 𝑛+ 𝑙] =⇒ 𝑑±𝑘 (𝐽) /∈ [𝑑−𝑛 , 𝑑
+
𝑛 ] ensures the equality

𝜎(𝐽±
𝑛,𝑙) ∩ [𝑑−𝑛 , 𝑑

+
𝑛 ] = 𝜎(𝐽𝑛,𝑙± ) ∩ [𝑑−𝑛 , 𝑑

+
𝑛 ],

i.e., {𝜆𝑛(𝐽𝑛,𝑙± )} = {𝜆0(𝐽
±
𝑛,𝑙)}. Thus, (7.13) is proved. □

7.4. Proofs of Theorems 2.2 and 2.3

Proof. Using Proposition 4.1 with 𝐽 = 𝐽±
𝑛,2 and Theorem 5.1 with 𝐽 = 𝐽±

𝑛,3 we
can write for 𝑙 = 2 or 3,

𝜂−𝑛,𝑙 ≤ 𝜆0(𝐽
±
𝑛,𝑙) ≤ 𝜂+𝑛,𝑙

with {
𝜂±𝑛,2 = 𝑑𝑛 ± 4𝜀𝑛𝛽𝑛,2,

𝜂±𝑛,3 = 𝑑𝑛 + 𝑟𝑛 ± 48𝜀𝑛,1𝜀𝑛,2𝛽𝑛,3.

Therefore, the estimate (7.12) from Lemma 7.2 gives

𝜂−𝑛,𝑙 ≤ 𝜆0(𝐽
−
𝑛,𝑙) ≤ 𝜆𝑛(𝐽) ≤ 𝜆0(𝐽

+
𝑛,𝑙) ≤ 𝜂+𝑛,𝑙,

completing the proofs of Theorems 2.2 and 2.3. □

7.5. Proof of Theorem 2.4

Proof. For 𝑘 ∈ [[1, 𝑙−1]] let 𝐴𝑛,𝑙,𝑘 be the self-adjoint operators described in Propo-
sition 6.1 with 𝐽 = 𝐽𝑛,𝑙 and 𝑚 = 𝑙 − 1. Then denoting

𝑈𝑛,𝑙 = exp(i𝐴𝑛,𝑙,1) . . . exp(i𝐴𝑛,𝑙,𝑙−1)

we can write

𝑈−1
𝑛,𝑙 𝐽𝑛,𝑙𝑈𝑛,𝑙 = diag(𝑑

(𝑙−1)
𝑛,𝑙,𝑗 )𝑗∈𝒥 + �̂�𝑛,𝑙 +𝑅𝑛,𝑙,

where �̂�𝑛,𝑙 = (⟨e𝑛+𝑖, �̂�𝑛,1 e𝑛+𝑗⟩)𝑖,𝑗∈𝒥 and Corollary 6.2 ensures

∣𝜆0(𝐽𝑛,𝑙)− 𝑑
(𝑙−1)
𝑛,𝑙,0 ∣ ≤ ∥𝑅𝑛,𝑙∥2 ≤ 𝜂𝑛,𝑙 := 6𝑙−1𝜀𝑛𝛽𝑛,𝑙

𝑙−1∏
𝑘=2

𝜀𝑛,𝑘. (7.14)

Since 𝐴𝑛,𝑙,𝑘 e𝑛±𝑙 = 0 for 𝑘 ∈ [[1, 𝑙 − 1]] ensures 𝑈𝑛,𝑙 e𝑛±𝑙 = e𝑛±𝑙, we have

± diag(∣𝑏𝑛−𝑙−1∣, 0, . . . , 0, ∣𝑏𝑛+𝑙∣)−𝑙≤𝑗≤𝑙 = 𝐽±
𝑛,𝑙 − 𝐽𝑛,𝑙 = 𝑈−1

𝑛,𝑙 (𝐽
±
𝑛,𝑙 − 𝐽𝑛,𝑙)𝑈𝑛,𝑙

due to (7.11). For 𝑘 ∈ [[1, 𝑙 − 1]] the 𝑘th step of the procedure of Section 6 applied
to 𝐽±

𝑛,𝑙 instead of 𝐽𝑛,𝑙 gives the same corrections on the subspace generated by

{e𝑗}𝑛−𝑙<𝑗<𝑛+𝑙. Thus we have the same 𝐴𝑛,𝑙,𝑘 and the same diagonal entry 𝑑
(𝑙−1)
𝑛,𝑙,0

appears as the approximation of 𝜆0(𝐽
±
𝑛,𝑙), i.e., we obtain

∣𝜆0(𝐽
±
𝑛,𝑙)− 𝑑

(𝑙−1)
𝑛,𝑙,0 ∣ ≤ 𝜂𝑛,𝑙

215Eigenvalue Estimates for Jacobi Matrices



as well. Combining the last estimate with (7.14) we obtain

∣𝜆0(𝐽𝑛,𝑙)− 𝜆0(𝐽
±
𝑛,𝑙)∣ ≤ 2𝜂𝑛,𝑙.

To complete the proof we use the estimate (7.12) from Lemma 7.2:

𝜆0(𝐽𝑛,𝑙)− 2𝜂𝑛,𝑙 ≤ 𝜆0(𝐽
−
𝑛,𝑙) ≤ 𝜆𝑛(𝐽) ≤ 𝜆0(𝐽

+
𝑛,𝑙) ≤ 𝜆0(𝐽𝑛,𝑙) + 2𝜂𝑛,𝑙.

It remains to explain why Lemma 7.2 applies. Both assumptions 𝜀𝑛,𝑙 < 1/18 and

𝑑+𝑛−2 ≤ 𝑑𝑛−1 < 𝑑𝑛+1 ≤ 𝑑−𝑛+2 of Theorem 2.4 imply

𝑑+𝑘 = 𝑑𝑘 + ∣𝑏𝑘−1∣+ ∣𝑏𝑘∣ for 𝑘 = 𝑛 − 1, 𝑛, 𝑛+ 1,

𝑑−𝑘 = 𝑑𝑘 − ∣𝑏𝑘−1∣ − ∣𝑏𝑘∣ for 𝑘 = 𝑛 − 1, 𝑛, 𝑛+ 1.

Then, using again the first condition 𝜀𝑛,𝑙 < 1/18, we find that the assumption

𝑑+𝑛−1 ≤ 𝑑−𝑛 ≤ 𝑑+𝑛 ≤ 𝑑−𝑛+1 of Lemma 7.2 is satisfied. □
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Algebraic Reflexivity and Local
Linear Dependence: Generic Aspects

Nir Cohen

Abstract. Both reflexivity and the LLD (local linear dependence) property for
a space of linear operators are defined in terms of (“local”) one-sided action
on vectors. We survey the main developments concerning these two areas
during the last decade, and observe a major difference between them. Whereas
the LLD property is verified on generic sets of (so-called separating) vectors,
reflexivity must be tested on the entire vector space. We duly introduce a
modified notion of reflexivity (generic reflexivity) which is verified on generic
sets of vectors, study its properties, and show that it is closer in spirit to LLD
than the usual notion of reflexivity.

In passing, we simplify and complete some recent results on LLD spaces
of low dimension, in the special case of matrix spaces. We answer an open
problem on matrix pairs (𝐴,𝐵) for which 𝐴𝐵 belongs to the reflexive hull of 𝐴
and 𝐵. Our approach is based on determinant-based genericity constructions
and the Kronecker-Weierstrass canonical form.

The study of reflexivity and the LLD property is restricted to operator
spaces of very low dimension. We provide basic partial results which apply
also in arbitrary dimension.

Mathematics Subject Classification (2000). Primary 46A25; Secondary 46B10,
47L05.

Keywords. Local linear independence, reflexivity, separating vector, genericity,
singular matrix space, matrix pencil.

1. Introduction

Both the LLD (locally linear dependence) property (and with it the study of
separating vectors) and algebraic reflexivity have their origin in the context of
spectrum and invariant subspaces for operators and algebras, in the early 1970’s.
See for example [1], [5], [6], [10], [11], [12], [16], [17]. Judged by their definitions,
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one would expect algebraic reflexivity and the LLD property to be as close, on the
local level, as span and linear dependence are on the global level. Nevertheless,
in spite of evident similarities, the two theories have not been unified so far. The
purpose of the present paper is to establish a simple link between the two theories,
based on a critical examination of the recent advances in both areas, which include
[4], [5], [7], [24], [25], [26], [27]. Our approach is so far limited to matrix spaces of
finite dimension.

Our starting point is the following important difference between the two
concepts. It has been observed [11], [15] that the set of separating vectors for a
space 𝕊 ∈ 𝐿(𝑋,𝑌 ) is either “generic” or empty. In other words, to establish the
LLD property one needs to check a generic set of vectors, rather than each and
every vector. In contrast, checking reflexivity on a generic set is not good enough.

We therefore introduce a modified notion of reflexive hull, the g-reflexive hull
𝕊gref , which is checked on generic sets, and which may be strictly larger than the
classical reflexive hull, denoted here by 𝕊ref . This naturally leads to a new notion
of g-reflexivity, which is weaker than the classical one. Checking against the most
complete source on reflexivity available to us, [17], it appears that this construction
is new.

The relation between the two hulls is expressed by

𝕊 ⊂ 𝕊ref ⊂ 𝕊gref . (1.1)

On the other hand, our definitions will imply that a vector space 𝕃 is LLD iff

𝕊 ⊂ 𝕃 ⊂ 𝕊gref (1.2)

for some strict subspace 𝕊 of 𝕃. It is seen that (1.1) and (1.2) are of the same
nature. In particular, we reach the following immediate conclusion: 𝕊 is reflexive
(resp. g-reflective) if 𝕊ref (resp. 𝕊gref) is LLI.

In this paper we develop the basic results on generic reflexivity of low-
dimensional spaces in finite dimension, in analogy to known results on classical
reflexivity. Observing the perfect match of these results with their LLD counter-
parts, we deduce the latter from the former, using the relation (1.2). Our LLD
results are somewhat simpler than those obtained by Breršar and Šemrl [5] and
Chebotar and Šemrl [7], though they are restricted to the matrix case.

Along the way we solve an open problem, proposed by Hartwig et al. [18],
concerning matrices 𝐴,𝐵 so that 𝐴𝐵 belongs to the reflexive hull of 𝐴,𝐵.

2. Overview and results

2.1. Preliminaries

The notation introduced here will be used repeatedly in the paper. We fix an
underlying field 𝐹 and linear spaces 𝑋,𝑌 over 𝐹 and consider 𝐿(𝑋,𝑌 ), the space
of linear transformations. In the finite-dimensional case we replace 𝐿(𝑋,𝑌 ) by
𝑀𝑛,𝑚 and set𝑀𝑛 := 𝑀𝑛,𝑛. We denote by 𝑆𝑘, 𝑇𝑘, 𝑈𝑘 the spaces of skew-symmetric,
upper Toeplitz and upper triangular matrices in 𝑀𝑘.

220 N. Cohen



We use 𝑋 → 𝑋 ′ to denote the algebraic dual, and 𝐴′ ∈ 𝐿(𝑌 ′, 𝑋 ′) denotes
the adjoint of 𝐴 ∈ 𝐿(𝑋,𝑌 ) (or the adjoint matrix for 𝐴 ∈ 𝑀𝑛,𝑚). We shall use
LI/LD for linearly independent/dependent (over 𝐹 ), and LLI/LLD for the local
version. The F-linear span of a set 𝒜 will be denoted by [𝒜].

Localization in the space 𝐿(𝑋,𝑌 ) means the study of any property of a subset
𝒜 ⊂ 𝐿(𝑋,𝑌 ) in terms of any related property of the “localized sets” indexed by𝑋 ,

𝒜𝑥 := {𝐴𝑥 : 𝐴 ∈ 𝒜} ⊂ 𝑌 (𝑥 ∈ 𝑋). (2.1)

Our definition adopts the conventional, or right-handed orientation. A dual left-
handed localization would rather use the sets 𝑦′𝒜 := {𝑦′𝐴 : 𝐴 ∈ 𝒜} (𝑦 ∈ 𝑌 ).

We define the dimension type of a linear space 𝕊 ∈ 𝐿(𝑋,𝑌 ) as the pair (𝑑, 𝑟)
where

𝑑 = dim(𝕊), 𝑟 = rank(𝕊) := dim[𝕊𝑋 ]

(observe that normally 𝕊𝑋 is not a vector space). Up to strict equivalence (𝕊 →
𝑆𝕊𝑇 with 𝑆, 𝑇 fixed and invertible) we may replace 𝕊 by a space of matrices whose
𝑗th row vanishes for all 𝑗 > 𝑟. Thus, the number of rows can always be reduced to
satisfy 𝑛 = 𝑟.

We also define the local dimension as

𝑑 = max
𝑥

𝑑(𝑥), 𝑑(𝑥) = dim(𝕊𝑥).

Considering ranks of individual operators in 𝕊, we call 𝕊 :

– k-regular if 𝑘 is the rank of every non-zero operator in 𝕊;
– k-admitting if 𝕊 contains a non-zero operator of rank smaller than 𝑘+1; and
– k-forcing if 𝕊 does not contain operators of rank larger than 𝑘.

Clearly 𝕊 is 𝑟-forcing.

2.2. Reflexivity

The (algebraic) reflexive hull 𝕊ref of a linear subspace 𝕊 ⊂ 𝐿(𝑋,𝑌 ) consists of
all the operators 𝑍 ∈ 𝐿(𝑋,𝑌 ) for which 𝑍𝑥 ∈ 𝕊𝑥 for all 𝑥 ∈ 𝑋. We say that
𝕊 is reflexive if 𝕊ref = 𝕊. It is known that (𝕊′)ref = (𝕊ref)′, hence the right- and
left-handed notions of reflexivity coincide [24].

Results in the literature may be roughly divided into results which bound
the ranks of matrices in 𝕊, and results which characterize operator spaces 𝕊 with
a given (low) type (𝑑, 𝑟). We start with the former.

Theorem 2.1. Assume that a space 𝕊 of dimension 𝑑 is not reflexive.

(i) (Meshulam-Šemrl [26] Cor. 2.5). If ∣𝐹 ∣ ≥ 𝑑+3 then 𝕊 is either 2𝑑−3-admitting
or 2𝑑 − 2-regular.

(ii) (Meshulam-Šemrl [27]) If 𝐹 is algebraically closed then 𝕊 is 𝑑-admitting.

(In item (i) it follows that a non-reflexive space with 𝑑 ≥ 3 cannot be 𝑑-regular,
although it may have k-regular subspaces.) We move to type-oriented results.

Theorem 2.2. If min{𝑑, 𝑟} = 1 then 𝕊 is reflexive.
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For 𝑑 = 1 see [1],[10]; and in the case 𝑟 = 1 we must have 𝕊 = 𝑉 ⊗ 𝑈
with (𝑈 ⊂ 𝑋, 𝑉 ⊂ 𝑌 ′, dim(𝑈) = 1) which can be studied directly. Next we
consider 𝑑 = 2 ≤ 𝑟. Deddens and Fillmore [8], and Bračič and Kuzma [4], found
the necessary and sufficient condition for reflexivity under the additional condition
that 𝐼 ∈ 𝕊, using the Jordan form.

The following central result extends Theorem 2.2 to cases where 𝐼 ∕∈ 𝕊. Our
proof is quite complicated, and is based on the Kronecker-Weierstrass canonical
form:

Theorem 2.3. Assume that 𝐹 is algebraically closed and 𝕊 ⊂ 𝑀𝑛,𝑚 is of type (2, 𝑟)
with 𝑟 ≥ 2. Then 𝕊 is not reflexive iff 𝕊 (resp. 𝕊ref) is a copy of 𝑇2 (upper Toeplitz),
resp. 𝑈2 (upper triangular).

Here, and in the sequel, we say that 𝕊 is a copy of 𝕊′ if 𝑆 = 𝐾𝕊′𝑁 for some
fixed left-invertible matrix 𝐾 and right-invertible matrix 𝑁. A very similar result,
valid also in infinite dimension, has appeared recently as Theorem 3.10 of [4], using
a completely different technique.

Remarks. 1) Theorem 2.3 should be compared with a result of Larson and Wogen
[23] which exhibits a reflexive operator 𝑇 so that 𝑇 ⊕ 0 is not reflexive. In the
matrix case topological reflexivity (used there) coincides with algebraic reflexivity
(as used here), which can be treated using Theorem 2.2. 2) It is easy to see that
for Toeplitz matrices (𝑇𝑛)ref = 𝑈𝑛 and (𝑇𝑛)gref = 𝑀𝑛 for all 𝑛. This, plus Lemma
3.2, provides examples of triangular LLD spaces of arbitrarily large type.

Reflexivity has been studied extensively in the context of Banach algebra
theory. We mention in particular the study of quasinilpotency of certain operators,
related to a conjecture made by Brešar and Šemrl (see [5], [6], [25]). In these
papers, the original quasinilpotency issue was reduced, in the final analysis, to
the investigation of pairs (𝐴,𝐵) for which 𝐵𝐴 ∈ [𝐴,𝐵, 𝐼]ref , and more specifically,
pairs (𝐴,𝐵) such that for all 𝑥 ∈ 𝐹𝑚 there exist 𝑎, 𝑏 ∈ 𝐹 with (𝐵−𝑏𝐼)(𝐴−𝑎𝐼)𝑥 =
0. While the original quasinilpotency issue was settled completely in [6], a full
characterization of general pairs of these types is still unknown.

The following simpler problem was the initial motivation for the present
paper: the classification of pairs (𝐴,𝐵) for which 𝐴𝐵 ∈ [𝐴,𝐵]ref . For this problem,
posed in 1997 by Hartwig et al. [18], we present the following solution:

Theorem 2.4. Let 𝐹 be algebraically closed. If 𝐴,𝐵 ∈ 𝑀𝑛 and 𝐴𝐵 ∈ [𝐴,𝐵]ref
then either 𝐴𝐵 ∈ [𝐴,𝐵] or {𝐴,𝐵} = 𝐾{𝐼2, 𝐽}𝑁 where 𝐽 is a 2× 2 Jordan block,
𝐾 ∈ 𝑀𝑛,2 is left-invertible and 𝑁 ∈ 𝑀2,𝑚 is right-invertible.

We prove Theorem 2.4 by reduction to Theorem 2.3. The solution set displays two
symmetries: the first symmetry (𝐴,𝐵) → (𝐵′, 𝐴′) is justified by the observation
made earlier that (𝕊′)ref = (𝕊ref)′. The second symmetry, (𝐴,𝐵) → (𝐵,𝐴), is
somewhat surprising. Thus, if 𝐴𝐵 belongs to [𝐴,𝐵]ref ∖ [𝐴,𝐵] then so do 𝐵𝐴 and
the commutator 𝐴𝐵 − 𝐵𝐴.
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2.3. Local linear dependence

Assume that 𝑑 < ∞. We denote by 𝑠𝑒𝑝(𝕊) the set of separating vectors for 𝕊, i.e.,
vectors 𝑥 ∈ 𝑋 for which 𝑑(𝑥) = 𝑑. Properties of separating vectors are described in,
e.g., [1], [11], [24]. A linear subspace 𝕊 ⊂ 𝐿(𝑋,𝑌 ) of finite dimension is called LLI
(locally linearly independent) if 𝑑 = 𝑑, namely, if sep(𝕊) is not empty. Otherwise,
we say that 𝕊 is LLD.

The following results concerning low individual ranks are, up to some cos-
metics, due to Meshulam and Šemrl:

Theorem 2.5. Let 𝕊 be LLD of dimension 𝑑 and local dimension 𝑑.

(i) ([25] Theorem 2.2). 𝕊 is 𝑑-admitting. This bound is tight.
(ii) ([25]) If ∣𝐹 ∣ ≥ 𝑑+ 2 then 𝕊 is 𝑑 − 2-admitting or 𝑑 − 1-regular.
(iii) ([26] Theorem 2.1) If ∣𝐹 ∣ > 𝑑 then 𝕊 contains a subspace of type (𝑑 − 𝑑, 𝑑)

(which is therefore 𝑑-forcing).

Clearly, 𝕊 is LLD if it has an LLD subspace. Thus, it makes sense to study
minimal LLD spaces. For such spaces, Theorem 2.5(ii) can be improved (see [25]
Theorem 22). We also have:

Theorem 2.6 (Chebotar, Šemrl [7] Theorem 1.2). Assume that 𝑑 ≥ 2 and ∣𝐹 ∣ ≥
𝑑 + 2. Let 𝕊 be minimal LLD of type (𝑑, 𝑟). Then 𝑑 − 1 ≤ 𝑟 ≤ 𝑑(𝑑 − 1)/2. These
bounds are tight.

We move to low type results. The case 𝑑 = 1 is trivial: 𝑑 = 𝑑 = 1 hence 𝕊 is
automatically LLI. Another simple case concerns spaces of type (𝑑, 1) with 𝑑 > 1.
In this case, 𝕊 must be of the form 𝑉 ⊗𝑈 (𝑈 ∈ 𝑋 , 𝑉 ∈ 𝑌 ′, dim(𝑈) = 1), hence is
LLD (though left-handed LLI!).

Theorem 2.7 (Brešar and Šemrl, [5] Theorem 2.3). Assume that 𝐹 is infinite. If
𝕊 is of type (2, 𝑟) with 𝑟 ≥ 2 then 𝕊 is LLI.

For 𝑑 = 3, again the case 𝑟 ≤ 2 is easily settled (see our proof of Theorem
2.10). Regarding 𝑟 = 3, the space 𝑆3 plays a central role (spaces of skew-symmetric
matrices are mentioned in [13] as examples of singular spaces). The space 𝑆3 is
both right-handed LLD and left-handed LLD, but not reflexive. We start with two
known results, conveniently rephrased.

Theorem 2.8 (Brešar and Šemrl [5, Theorem 2.4]). Assume that 𝐹 is infinite and
𝑐ℎ(𝐹 ) ∕= 2. Assume that the space 𝕊 of type (3, 𝑟) with 𝑟 ≥ 3 is LLD. Then one of
the following holds:

(i) For some unit-rank idempotent 𝑃 ∈ 𝐿(𝑌 ), rank(ℬ) = 1 where ℬ = {(𝐼 −
𝑃 )𝐴𝑖}3𝑖=1;

(ii) 𝐴𝑖𝑥 =
∑3
𝑖=1[𝑄1(𝑅𝑥)𝑄2]𝑘𝑖𝑢𝑘 (𝑖 = 1, 2, 3) for some 𝑄1, 𝑄2 ∈ 𝐺𝐿(3, 𝐹 ), LI

vectors 𝑢1, 𝑢2, 𝑢3 ∈ 𝑌 and 𝑅 ∈ 𝐿(𝑋,𝑆3).

Theorem 2.9 (Chebotar and Šemrl [7] Theorem 3.1)). Assume that ∣𝐹 ∣ ≥ 5. If the
space 𝕊 of type (3, 𝑟) with 𝑟 ≥ 3 is LLD then one of the following holds:
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(i) 𝕊 contains a subspace of type (2, 1);
(ii) 𝕊 is standard-three-dimensional.

Both conditions in Theorem 2.8, and the definition of standard-three-dimensional
spaces in Theorem 2.9, are complicated and implicit. The following result offers a
fully explicit finite-dimensional simplification (compare with Theorem 2.3).

Theorem 2.10. Assume that 𝐹 is algebraically closed. If the space 𝕊 ⊂ 𝑀𝑛,𝑚 of
type (3, 𝑟) with 𝑟 ≥ 3 is LLD then one of the following holds:

(i) 𝕊 contains a subspace of type (2, 1);
(ii) 𝕊 is a copy of the skew symmetric space 𝑆3.

2.4. Generic reflexivity

The new generic reflexive hull is defined here, and its basic properties are studied.
We base our genericity arguments on the following definition:

Definition 2.11.

(i) A set Ω ⊂ 𝐹𝑚 is called generic if its complement Ω𝐶 is contained in an al-
gebraic set. Equivalently, if there exists a non-trivial polynomial 𝑝(𝑥) with
coefficients in 𝐹 which vanishes on Ω𝐶 .We use “ae” as synonymous to “gener-
ically”.

(ii) A subspace 𝕊 ⊂ 𝑀𝑛,𝑚 is called GLD (resp. GLI) if 𝑑(𝑥) < 𝑑 (resp. 𝑑(𝑥) = 𝑑)
ae.

(iii) We say that 𝑍 ∈ 𝕊gref if 𝑍𝑥 ∈ [𝕊𝑥] ae.
(iv) We call 𝕊 generically reflexive (or g-reflexive) if 𝕊 = 𝕊gref .

The GLD property is redundant in view of the following observation, which is
implicit in [12]:

Lemma 2.12. Let 𝕊 ⊂ 𝑀𝑛,𝑚 be a linear space.

(i) The set sep(𝕊) is empty if 𝕊 is LLD, generic otherwise.
(ii) Assume that 𝐹 is infinite. 𝕊 is LLD (resp. LLI) iff it is GLD (resp. GLI).

Proof. (i) Assume that 𝕊 is LLI and 𝒜 is a basis for 𝕊. Then sep(𝕊) is not empty.
If 𝑥0 ∈ sep(𝕊) then 𝒜𝑥0 is LI, so the determinant 𝑓(𝑥) of a certain 𝑘 × 𝑘 minor of
the 𝑛×𝑘 matrix 𝑅(𝑥) whose columns are 𝐴𝑖𝑥 satisfies 𝑓(𝑥0) ∕= 0. But then sep(𝕊)
contains the generic set defined by the inequality 𝑓(𝑥) ∕= 0.

(ii) If 𝕊 is LLD, it is clearly GLD. And if it is LLI, (i) shows that it is GLI. □

Generalizing item (i), the set max(𝕊) of vectors 𝑥 for which 𝑑(𝑥) = 𝑑 is always
generic, and is equal to sep(𝕊) if 𝕊 is LLI.

In contrast to item (ii), the generic reflexive hull is not, in general, equal to
its classical counterpart, and we merely have the obvious chain of inclusions

𝕊 ⊂ 𝕊ref ⊂ 𝕊gref ⊂ 𝑀𝑛,𝑚. (2.2)

Below we present two low-type results for g-reflexivity. If 𝑟 = 1 the situation is
clear: 𝕊 = {𝑢𝑣′ : 𝑣 ∈ 𝑉 } for some 𝑉 ⊂ 𝑋 and 𝑢 ∈ 𝑌 , and 𝕊gref = 𝑋 ′⊗[𝑢] = 𝑢𝑀1,𝑚.
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If 𝑡 = dim(𝑉 ) then 𝕊 is reflexive for all 𝑡, LLI for 𝑡 = 1 only, and g-reflexive for
𝑡 = 𝑚 only.

Theorem 2.13. Assume that 𝐹 is infinite. Let the space 𝕊 ⊂ 𝑀𝑛,𝑚 be of type (1, 𝑟)
with 𝑟 ≥ 2. Then 𝕊 is g-reflexive.

For 𝑑 = 2, the case 𝑟 ≤ 2 is covered in Lemma 8.1 and the following central
result covers the case 𝑟 ≥ 3.

Theorem 2.14. Assume that 𝐹 is algebraically closed and the space 𝕊 ⊂ 𝑀𝑛,𝑚 of
type (2, 𝑟) with 𝑟 ≥ 3 is not g-reflexive. then one of the following holds:

(i) 𝕊 contains an essentially unique matrix 𝐶 = 𝑢𝑣′, and 𝕊gref = 𝕊+ 𝑢𝑀1,𝑚;

(ii) 𝕊gref is a copy of the skew symmetric space 𝑆3.

Remark. For the space 𝕊 = 𝑆𝑘 (skew-symmetric) of type (k(k-1)/2,k) the following
are equivalent: (i) 𝕊 is g-reflexive; (ii) 𝕊 is reflexive; (iii) 𝑘 ≤ 2. Indeed, for skew-
symmetric matrices with 𝑘 ≥ 3 we have (𝑆𝑘)gref = 𝑀𝑛 by Lemma 3.2(i). This, plus
Lemma 2.15, gives many examples of non-triangular LLD spaces of larger type.
Also, it is easy to see that (𝑆𝑘)ref is the space of zero-diagonal matrices if 𝑘 ≥ 4.

2.5. The basic relation

Comparison of Theorems 2.7 versus 2.13, as well as 2.10 versus 2.14, shows that
g-reflexivity results match nicely with their LLD counterparts; the same cannot
be said about the corresponding (classical) reflexivity results. This is partly due
to the following simple but fundamental relation.

Lemma 2.15. A space 𝕃 ⊂ 𝐿𝑛𝑚 is LLD iff 𝕃 ⊂ 𝕊gref for some proper subspace 𝕊
of 𝕃.

Proof. Let the space 𝕃 be of dimension 𝑑 and local rank 𝑑.

(i) Assume that 𝕃 is LLD, i.e., 𝑑 < 𝑑. Choose 𝑥 ∈ max(𝕊) so that 𝑑(𝑥) = 𝑑.
Choose a basis for 𝕃𝑥, which has the form 𝒜𝑥 for some 𝒜 = {𝐴1, . . . , 𝐴𝑑} ⊂ 𝕃,
and set 𝕊 := [𝒜]. The inclusion 𝕊 ⊂ 𝕃 is strict since dim(𝕊) = 𝑑 < 𝑑 = dim(𝕃).
On the other hand, for almost all 𝑦 ∈ 𝐹𝑚 we have dim(𝕊𝑦) = 𝑑 = dim(𝕃𝑦), hence
𝕃𝑦 ⊂ 𝕊𝑦. Thus, by definition, 𝕃 ⊂ 𝕊gref .

Conversely, assume that 𝕊 ⊂ 𝕃 ⊂ 𝕊gref for some strict subspace 𝕊 of 𝕃. By
definition, for almost all 𝑥 𝕃𝑥 ⊂ 𝕊𝑥, hence 𝑑(𝑥) = dim(𝕃𝑥) ≤ dim(𝕊𝑥) ≤ dim(𝕊) <
dim(𝕃) = 𝑑, meaning that 𝕃 is GLD, hence also LLD. □

We restate this result in different terms.

Lemma 2.16. Let 𝒜 be a finite set.

(i) If 𝑍 ∈ [𝒜] then [𝒜 ∪ {𝑍}] is LD. The converse holds if 𝒜 is LI.

(ii) If 𝑍 ∈ [𝒜]ref then [𝒜 ∪ {𝑍}] is LLD.
(iii) If 𝑍 ∈ [𝒜]gref then [𝒜 ∪ {𝑍}] is GLD. The converse holds if 𝒜 is GLI.
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Remarks.

1) In items 2–3, we use GLD and LLD synonymously, in view of Lemma 2.12.

2) The converse statement missing in item (ii) does not hold, as shown, e.g., by
Theorem 2.14(i–ii).

3) Item (iii) is equivalent to Lemma 2.15.

4) Both inclusion 𝕊 ⊂ 𝕊ref ⊂ 𝕊gref and 𝕊 ⊂ 𝕃 ⊂ 𝕊gref can be used to derive
low-rank results for sets which are not g-reflexive.

Our proof of Theorems 2.3 and 2.14 will occupy a big part of the paper. We
shall jointly prove both results using exhaustive analysis of canonical forms. Theo-
rem 2.10 is an almost immediate consequence of Theorem 2.14, using Lemma 2.15.

We comment that necessary and sufficient conditions for the LLD property
(resp. any of the two reflexivity properties) are known only for 𝑑 ≤ 3 (resp. 𝑑 ≤ 2).
The situation for larger dimensions is unclear, and probably much harder. Both
the classification of singular subspaces of matrices, used by some authors (see
comment in [5], [13]), or methods based on canonical forms, used here, are so far
limited to small dimension and we seem to be on the edge between tame and wild
cases (see, e.g., [9]).

It follows that qualitative partial results valid for 𝑑 arbitrary may be of con-
siderable interest, for example, extensions of the results on small individual rank
cited earlier. In Section 3 we mention more results of this type, which guarantee
equality in one of the two inclusions

𝕊 ⊂ 𝕊gref ⊂ 𝑀𝑛,𝑚, (2.3)

mentioned in (2.2). These, and further structural results mentioned in Section 5,
are used heavily in our proofs.

2.6. Total reflexivity

𝕊 is called totally reflexive if 𝕊, as well as any of its subspaces, is reflexive; and
elementary if the unit rank operators in 𝑆⊥ span 𝐿(𝑋,𝑌 ). According to Proposi-
tion 2.10 of [1], 𝕊 is totally reflexive iff it is both reflexive and elementary. This,
plus Theorem 2.3, implies that [𝐴,𝐵] ⊂ 𝑀𝑛𝑚 is totally reflexive iff the canonical
form of (𝐴,𝐵) (see Section 6) contains no 2 × 2 Jordan cell. An open conjecture
is that a totally reflexive space in 𝑀𝑛 can have dimension 2𝑛− 1. Azoff confirmed
the conjecture for 𝑛 = 3 (see [1] Question 9.4 and Proposition 9.11). These claims
can be checked using canonical form.

An LLI space is elementary and 2-reflexive; if in addition it is reflexive then
it is totally reflexive [1], [12]. The Toeplitz algebra 𝑇2 featured in Theorem 2.3
was used as an example for an elementary, non-reflexive algebra [1], or an LLI
non-reflexive algebra [12].
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3. Equality in the inclusions 𝕊 ⊂ 𝕊gref ⊂ 𝑴𝒏,𝒎

Under Definition 2.11, a finite intersection of generic sets in 𝐹𝑚 is generic. When
the field 𝐹 is infinite, it can be argued that a generic set is “fat”, and its comple-
ment is “meager”, since algebraic sets in 𝐹𝑚 have dimension < 𝑚. Our treatment
of genericity will rely heavily on rank considerations. To this end we define two
indices, the simple index 𝑑 and the double index 𝑑2.

Definition 3.1. With every set 𝒜 = {𝐴1, . . . , 𝐴𝑑} ⊂ 𝑀𝑛,𝑚 we associate the
matrix 𝑅(𝑥) ∈ 𝑀𝑛,𝑑 whose 𝑗th column is 𝐴𝑗𝑥. Given 𝑥, 𝑦 ∈ 𝐹𝑚, set

𝑑(𝑥) = rank 𝑅(𝑥), 𝑑 = max
𝑥

𝑑(𝑥),

𝑑2(𝑥, 𝑦) = rank [𝑅(𝑥), 𝑅(𝑦)], 𝑑2 = max
𝑥,𝑦

𝑑2(𝑥, 𝑦).
(3.1)

We say that 𝕊 = [𝒜] is 2LI if 𝑑2 = 2𝑑. We say that 𝕊 has full local rank if 𝑑 = 𝑛.

We shall always assume that 𝒜 is LI and 𝕊 = [𝒜]. In this case, 𝑑 coincides
with the local rank (also denoted 𝑑) associated with 𝕊 in Section 2. Also, according
to Lemma 2.12 𝕊 (or 𝒜) is LLI iff 𝑑 = 𝑑.

Definition 3.1 is relevant to the study of cases of equality in the chain of
inclusions (2.3). In particular, the 2LI property means that 𝕊𝑥 and 𝕊𝑦 have triv-
ial intersection for some separating vectors 𝑥, 𝑦. Ding [12], [10], [11] studied this
property and showed that (assuming ∣𝐹 ∣ > 𝑑) it implies reflexivity. We strengthen
his result.

Lemma 3.2. Consider the space 𝕊 ⊂ 𝑀𝑛,𝑚.

(i) 𝕊gref = 𝑀𝑛,𝑚 iff 𝕊 has full local rank;
(ii) 𝕊 is g-reflexive if 𝕊 is 2LI.

Proof. (i) Let 𝑥 ∈ 𝑚𝑎𝑥(𝕊), i.e., 𝑑(𝑥) = 𝑑. If 𝑑 = 𝑛 then 𝕊𝑥 = 𝐹𝑛, hence 𝕊𝑥 spans
𝑍𝑥 for all 𝑍 ∈ 𝑀𝑛,𝑚. Conversely, define

Ω𝑖 = {𝑥 ∈ 𝐹𝑚 : 𝐸𝑖1𝑥 ∈ 𝕊𝑥}, Δ = {𝑥 ∈ 𝐹𝑚 : 𝑥1 ∕= 0}.
Δ is generic. Also, if 𝕊gref = 𝑀𝑛𝑚 then 𝐸𝑖1 ∈ 𝕊gref , hence Ω𝑖 is generic. Thus, on
the generic set ∩𝑛𝑖=1Ω𝑖 ∩Δ we have 𝐸𝑖1𝑥 ∈ 𝕊𝑥, hence 𝑒𝑖 ∈ 𝕊𝑥 for all 𝑖, implying
𝕊𝑥 = 𝐹𝑛 and 𝑑 = 𝑛.

(ii) For each 𝑥 define the set Ω(𝑥) = {𝑦 ∈ 𝐹𝑚 : 𝑑2(𝑥, 𝑦) = 2𝑑}. Clearly,
Ω(𝑥) is either empty or generic. If 𝒜 is 2LI, we may find 𝜉 ∈ 𝐹𝑚 such that Ω(𝜉)
is generic. It follows that Ω(𝑥) is generic for all 𝑥 ∈ Ω(𝜉).

For each 𝑍 ∈ 𝕊gref define the generic set 𝐷 = {𝜁 ∈ 𝐹𝑚 : 𝑍𝜁 ∈ 𝕊𝜉}.
Choose any 𝑥 ∈ 𝐷 ∩ Ω(𝜉) and any 𝑦 ∈ 𝐷 ∩ (𝐷 − 𝑥) ∩ Ω(𝑥). Both choices are
possible since both sets are generic. Defining 𝑧 = 𝑥+𝑦, we observe that 𝑥, 𝑦, 𝑧 ∈ 𝐷.
Therefore

𝑍𝑥 =
∑

𝑎𝑖𝐴𝑖𝑥, 𝑍𝑦 ∈
∑

𝑏𝑖𝐴𝑖𝑦, 𝑍𝑧 =
∑

𝑐𝑖𝐴𝑖𝑧

for some 𝑎𝑖, 𝑏𝑖, 𝑐𝑖 ∈ 𝐹. As 𝑧 = 𝑥 + 𝑦 we get
∑
(𝑐𝑖 − 𝑎𝑖)𝐴𝑖𝑥 +

∑
(𝑐𝑖 − 𝑏𝑖)𝐴𝑖𝑦 = 0.

By assumption, the set {𝐴𝑖𝑥,𝐴𝑖𝑦}𝑘𝑖=1 is LI, so 𝑎𝑖 = 𝑐𝑖 = 𝑏𝑖. Namely, the linear
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combination 𝑍𝑦 =
∑

𝑎𝑖𝐴𝑖𝑦 is unique, and independent on the (generic) choice
of 𝑦. So, 𝑍 −∑ 𝑎𝑖𝐴𝑖 vanishes ae, hence must be the zero matrix, i.e., 𝑍 ∈ 𝕊 as
required. □

(While item (ii) is valid over any field, it becomes meaningful mainly over infinite
fields.) We see that the 2LI property implies both reflexivity and g-reflexivity. In
comparison, when 𝐹 is algebraically closed, the LLI property implies g-reflexivity
but not reflexivity. See Theorem 2.14.

The following result provides necessary, and sufficient, conditions for the 2LI
property. Here, by a “direct sum decomposition 𝕊 = 𝕊1 ⊕ 𝕊2” we understand the
following:

𝕊 = span{𝐴𝑖 ⊕ 𝐵𝑖}, 𝕊1 = span{𝐴𝑖}, 𝕊2 = span{𝐵𝑖}.
Lemma 3.3.

(i) 2LI implies LLI;

(ii) 𝕊 is 2LI if 𝕊 contains a 2LI minor;
(iii) 𝕊 is 2LI if 𝕊 = 𝕊1 ⊕𝕊2 is a “direct sum decomposition” where both 𝕊1 and 𝕊2

are LLI.

(iv) If 𝕊 is 1-admitting then 𝕊 is 2LD.

Proof. (i) follows from the inequality 2𝑑 = 𝑑2 ≤ 2𝑑. (ii) Up to strict equiv-
alence we may assume that 𝕊 =

(
𝕊1 ∗
∗ ∗

)
. If 𝕊1 is 2LI then 𝑑2(𝜉, 𝜂) = 2𝑑 for some

vectors 𝜉, 𝜂. But then 𝕊 is 2LI for 𝑑2((𝜉′, 0′)′, (𝜂′, 0′)′). (iii) Choosing 𝜉 ∈ sep(𝕊1)
and 𝜂 ∈ sep(𝕊2), we see that 𝑥 = (𝜉′, 0′)′ and 𝑦 = (0′, 𝜂′)′ are in sep(𝕊) and
𝕊𝑥 ∩ 𝕊𝑦 = {0}. (iv) Let 𝑥, 𝑦 be so that the subspace 𝑉 spanned by the vectors
𝕊𝑥, 𝕊𝑦 (𝑖 = 1, . . . , 𝑘) is of maximal dimension. Clearly, 𝑉 would remain unchanged
if we replaced the basis 𝒜 for 𝕊.We may assume that the basis contains a unit-rank
matrix 𝐶. But then 𝐶𝑥,𝐶𝑦 are LD, hence dim(𝑉 ) < 2𝑑, so that 𝕊 is 2LD. □

To end this section, we make a comment on the chance of a k-tuple to generate
a space with any of the properties discussed so far. We identify the collection of
ordered k-tuples in 𝑀𝑛,𝑚 with the vector space 𝐹𝑛𝑚𝑘, equipped with algebraic
sets and a well-defined sense of genericity.

Lemma 3.4. Let 𝑘, 𝑛,𝑚 be fixed. For a 𝑘-tuple in 𝑀𝑛,𝑚,

(i) the LI property is generic if 𝑘 ≤ 𝑛𝑚 and void otherwise;

(ii) The full local rank property is generic if 𝑘 ≥ 𝑛 and void otherwise;

(iii) The LLI property is generic if 𝑘 ≤ 𝑛 and void otherwise;

(iv) The 2LI property is generic if 2𝑘 ≤ 𝑛 and void otherwise.

Proof. Item (i) is well known; the remaining items are based on Lemma 2.11(i), if
we choose a maximal rank minor of 𝑅(𝑥) or [𝑅(𝑥), 𝑅(𝑦)]. □
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4. Proofs of Theorems 2.7 and 2.13

Lemma 3.2(ii) is critical in proving these results. The following lemma subsumes
Theorem 2.7 in the finite-dimensional setting:

Lemma 4.1. TFAE for a LI pair 𝒜 = {𝐴,𝐵} ∈ 𝑀2
𝑛,𝑚:

(i) 𝒜 is GLD (i.e., LLD);
(ii) 𝐵 ∈ [𝐴]gref ;
(iii) 𝐴 ∈ [𝐵]gref ;
(iv) 𝐴 = 𝑢𝑣′ and 𝐵 = 𝑢𝑤′ for some non-trivial 𝑢 ∈ 𝐹𝑛 and LI {𝑣, 𝑤} ⊂ 𝐹𝑚.

Proof. The first three items are equivalent in view of Lemma 2.16, and (iv) clearly
implies (i). It remains to show that (ii) implies (iv). Assume that 𝐵 ∈ [𝐴]gref . If
𝑟𝑎𝑛𝑘(𝐴) > 1 then, clearly, 𝐴 is 2LI, hence by Lemma 3.2(ii) 𝐵 ∈ [𝐴]. But then 𝒜
is LD, contradicting the assumptions. So assume rank(𝐴) = 1, i.e., 𝐴 = 𝑢𝑣′. The
relation 𝐵 ∈ [𝐴]gref implies that 𝐵𝑥 ∈ [𝑢] ae, hence 𝐵𝑋 = [𝑢], so 𝐵 = 𝑢𝑤′. Since
𝒜 is assumed LI, {𝑣, 𝑤} is LI. □

We now provide a proof of Theorem 2.13.

Proof. To avoid trivialities we assume that 𝑛 > 1 and 𝐴 ∕= 0. If rank(𝐴) ≥ 2 then
{𝐴} is 2LI, hence [𝐴]gref = [𝐴]ref = [𝐴] by Lemma 3.2(ii). So assume 𝑟𝑎𝑛𝑘(𝐴) = 1,
i.e., 𝐴 = 𝑢𝑣′. Every matrix of the form 𝐵 = 𝑢𝑤′ certainly belongs to [𝐴]gref .
Conversely, by Lemma 4.1 every matrix in [𝐴]gref is of this form. A fortiori, every
matrix in [𝐴]ref is of this form, and moreover 𝑤 ∈ [𝑣], namely, 𝐵 ∈ [𝐴]. Indeed,
if {𝑣, 𝑤} is LD we choose 𝑥 ∈ 𝐹𝑚 so that 𝑣′𝑥 = 0 ∕= 𝑤′𝑥. Then 𝐵𝑥 ∕= 0 cannot
depend linearly on 𝐴𝑥 = 0, contradicting the assumption. □

5. Properties of localized span

Clearly, a canonical form for 𝑘-tuples in𝑀𝑛,𝑚 could be useful in analyzing localized
span; unfortunately, a suitable canonical form exists only for 𝑘 ≤ 2.Nevertheless, in
this section we include several useful structural observations valid for general 𝑘. For
the sake of precision we shall work with ordered sets of matrices, denoted as usual
by parentheses. We shall use the common conventions for operations involving
ordered k-tuples. For example, if 𝒜 = (𝐴1, . . . , 𝐴𝑘) and ℬ = (𝐵1, . . . , 𝐵𝑘) we use
𝑆𝒜𝑇 = (𝑆𝐴1𝑇, . . . , 𝑆𝐴𝑘𝑇 ), 𝒜 ⊕ ℬ = (𝐴1 ⊕ 𝐵1, . . . , 𝐴𝑘 ⊕ 𝐵𝑘) etc.

Definition 5.1. A Gaussian operation on 𝒜 = (𝐴1, . . . , 𝐴𝑘) is one of the following
operations: (i) permuting 𝐴𝑖 with 𝐴𝑗 ; (ii) replacing 𝐴𝑖 by 𝑟𝐴𝑖; (iii) replacing
𝐴𝑖 by 𝐴𝑖 + 𝑟𝐴𝑗 (0 ∕= 𝑟 ∈ 𝐹 ).
Strict equivalence is the operation which for all 1 ≤ 𝑖 ≤ 𝑘 replaces 𝐴𝑖 by 𝑆𝐴𝑖𝑇 for
some 𝑆 ∈ 𝐺𝐿(𝑛, 𝐹 ) and 𝑇 ∈ 𝐺𝐿(𝑚,𝐹 ).

Lemma 5.2. The verification of the LI/LD and LLI/LLD properties, as well as
the calculation of [𝒜], [𝒜]ref , [𝒜]gref for finite sets 𝒜 ⊂ 𝑀𝑛,𝑚, are preserved under
Gaussian operations and strict equivalence.
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In terms of 𝕊, we may ignore the Gaussian operations, and invariance under
strict equivalence is well known (see, e.g., [1]). Next we study big blocks in terms
of smaller blocks.

Lemma 5.3.

(i) [𝒜 ⊕ ℬ] ⊂ [𝒜]⊕ [ℬ],
(ii) [𝒜 ⊕ ℬ]ref ⊂ [𝒜]ref ⊕ [ℬ]ref ,
(iii) If the “direct sum decomposition” 𝒜⊕ℬ is LD (resp. LLD) then both 𝒜 and

ℬ are LD (resp. LLD).

Proof. The less trivial item is (ii). Assume that 𝑍 =
(
𝑍1 𝑍2
𝑍3 𝑍4

)∈ [𝒜 ⊕ ℬ]ref . Re-
striction to vectors of the form (𝑥′1, 0

′)′ shows that 𝑍1 ∈ [𝒜]ref and 𝑍3 = 0. By
symmetry of argument, 𝑍4 ∈ [ℬ]ref and 𝑍2 = 0. □

The 2×2 example with 𝐴 = 1⊕0 and 𝐵 = 0⊕1 shows that the equality in (ii),
and the converse in (iii), do not hold in general. Some simplification occurs when
one of the direct summands is essentially scalar. In that case, it may effectively be
replaced by a truly scalar summand.

Corollary 5.4. Define the map 𝜏 : 𝐹 → 𝑀𝑞 by 𝜏(𝑎) = 𝑎𝐼. Extend 𝜏 by 𝜏(𝐴⊕𝐵) =
𝐴 ⊕ 𝜏(𝐵). Let ℬ ⊂ 𝐹 be a k-tuple and 𝒞 = 𝜏(ℬ) ⊂ 𝑀𝑞. Then in our “direct sum
notation”

(i) [𝒜 ⊕ 𝒞] = 𝜏([𝒜 ⊕ ℬ]), (ii) [𝒜 ⊕ 𝒞]ref = 𝜏([𝒜 ⊕ ℬ])ref .
(Observe that 𝜏 defines linear isomorphisms between the corresponding spans.)

Our final result concerns some types of zero-filling not entirely covered by
Lemma 5.3:

Lemma 5.5. Let 𝒜 = {𝐴1, . . . , 𝐴𝑘} ⊂ 𝑀𝑛,𝑚.

(i) If 𝑍 ∈ [𝒜]ref then the 𝑗th column of 𝑍 is spanned by the 𝑗th columns of 𝐴𝑖.
(ii) If 𝒜 =

(ℬ 0
0 0

)
with ℬ of size 𝑛′ × 𝑚′ then [𝒜] =(

[ℬ] 0
0 0

)
, [𝒜]ref =

(
[ℬ]ref 0

0 0

)
.

(iii) Under the same condition, [𝒜]gref ⊂(
𝑀𝑛′,𝑚

0

)
, with equality iff ℬ has full local

rank.

Proof. Item (i) follows immediately from the observation that a column in a matrix
𝐴 has the form 𝐴𝑥 with 𝑥 ∈ 𝐹𝑚 an element of the canonical basis. The first
statement in item (ii) is obvious, the second follows from item (i) (if min{𝑛′,𝑚′} >
0, also from Lemma 5.3). Inclusion in (iii) follows from the fact that if, for some
vector space 𝑉 , 𝐴𝑥 ⊂ 𝑉 for almost all 𝑥 then ℑ(𝐴) ⊂ 𝑉. The case of equality
follows from Lemma 3.2(i). □

As an example for item (iii) we choose 𝒜 = {𝐴} with 𝐴 = 𝑢𝑣′ ∕= 0. Here, up
to strict equivalence, we may choose 𝑛′ = 𝑚′ = 1 and ℬ = {1}. Thus ℬ has full
local rank, which is consistent with [𝒜]gref = 𝑢𝑀1,𝑚 in Theorem 2.13. This also
shows that the inclusion [𝒜 ⊕ ℬ]gref ⊂ [𝒜]gref ⊕ [ℬ]gref in Lemma 5.3(iii) does not
hold in general.

Additional results can be found in [1], especially Propositions 3.9–3.10.
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6. Canonical forms for a matrix pencil

We concentrate on reflexivity and generic reflexivity for two-dimensional spaces.
An ordered pair (𝐴,𝐵) in 𝑀𝑛,𝑚 is traditionally called a matrix pencil. Our proof
of Theorems 2.3 and 2.14 is based on the Kronecker-Weierstrass canonical form
for matrix pencils under strict equivalence, which is described in detail in Sections
5 and especially 13 of [14]. We shall very briefly review its construction and set
our notation.

The building blocks of the canonical form are called elementary cells, each
representing a prime divisor. The three types of prime divisors are denoted as
Rk,Lk,Jk(𝜇) and the corresponding blocks are resp. called right null cells, left

null cells and Jordan cells. Each elementary cell is a pencil 𝒜 = (𝐴, �̃�) as de-
scribed below:

Divisor Ã B̃ Size
Rk [𝐼, 0] [0, 𝐼] 𝑘 × (𝑘 + 1)
Lk [𝐼, 0]′ [0, 𝐼]′ (𝑘 + 1)× 𝑘
Jk(𝜇) 𝐼 𝜇𝐼 + 𝐽 𝑘 × 𝑘 (𝜇 ∈ 𝔽)
Jk(∞) 𝐽 𝐼 𝑘 × 𝑘 (“𝜇 = ∞′′)

(6.1)

where 𝐽 denotes a 𝑘 × 𝑘 nilpotent upper Jordan block. As we see, Jordan cells
may have an infinite eigenvalue, i.e., an element in the one-point compactification
𝐹 := 𝐹 ⊕ {∞} of 𝐹 . As an example, the divisor of the 𝑘 × 𝑘 pencil (𝑎𝐼, 𝑏𝐼) is
Jk
1(𝜇) where 𝜇 = 𝑏/𝑎.

Each pencil (𝐴,𝐵) defines the pair of integers

𝑛′ = dim(𝐴𝐹𝑚 +𝐵𝐹𝑚) ≤ 𝑛, 𝑚′ = 𝑚 − dim(Ker(𝐴) ∩Ker(𝐵)) ≤ 𝑚.

We call 𝒜 = (𝐴, �̂�) reduced if (𝑛′,𝑚′) = (𝑛,𝑚). We call 𝒜 = (𝐴,𝐵) canonical if

𝒜 =
(𝒜 0

0 0

)
where 𝒜 ∈ 𝑀𝑛′,𝑚′ is a (clearly reduced, possibly void) direct product

of elementary cells. The divisor d associated with 𝒜 is 1 if 𝒜 is void; otherwise,
d is the (formally commutative) product of the elementary divisors of the cells in

𝒜. Note that each divisor defines uniquely the reduced dimension (𝑛′,𝑚′).
Let d1,d2 be two divisors. Let𝒜1,𝒜2 be the corresponding reduced canonical

forms. We say that d2 dominates d1 (or d1 ≤ d2) if 𝒜1 is strictly equivalent to a
minor of 𝒜2; we say that d1 divides d2 (or d1∣d2) if 𝒜2 is strictly equivalent to
𝒜1 ⊕ ℬ for some ℬ.

The central result of the Kronecker-Weierstrass theory is that every matrix
pencil 𝒜 is strictly equivalent, over an algebraically closed field, to a canonical
pencil which is unique up to permutation of its non-trivial cells. Thus, 𝒜 defines
a unique divisor d.

The group of transformations on matrix pencils which includes both the
Gaussian operations and strict equivalence was studied in [20]. Practically, gauss-
ian operations do not affect the types and sizes of the various L,R,J cells, and
act as a Moebius transformation on the eigenvalues of the Jordan cells, including
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∞. Thus, we may shift up to three eigenvalues arbitrarily, and then the remaining
eigenvalues are completely determined.

7. Genericity-related classification of divisors

As a first step in proving Theorems 2.3 and 2.14, we classify divisors according to
their genericity properties. A property of a divisor d, by decree, is inherited from
the (essentially unique) associated reduced canonical form 𝒜 = (𝐴, �̂�) in 𝑀𝑛′,𝑚′ .
We define the following sets of divisors

Γ𝑘(𝜇) = {Jk(𝜇),Rk,Lk−1}; Δ𝑘(𝜇1, . . . , 𝜇𝑘) = {J1(𝜇1) ⋅ ⋅ ⋅J1(𝜇q)R
k−q
1 }𝑘𝑞=0

describing prime and linearly divisible divisors with reduced size 𝑛′ = 𝑘.

Lemma 7.1. Assume that 𝐹 is algebraically closed. A divisor d of reduced size
𝑛′ × 𝑚′ is:
(i) of full local rank iff 𝑛′ ≤ 2 and d is not of type J2

1.
(ii) LD iff d = Jk

1 (𝑘 ≥ 0).
(iii) LLD iff d = Jk

1 (𝑘 ≥ 0) or d = R1.
(iv) Minimal LLI iff d ∈ Γ2(𝜇) ∪Δ2(𝜇, 𝜈) for some 𝜇 ∕= 𝜈.
(v) 2LD iff either 𝑛′ ≤ 3 or d = d1d2 where d1 = Jk

1(𝜇) (𝑘 ≥ 0) and d2 ∈
{1,L1,J2(𝜇),J1(𝜈),R1} for some 𝜇 ∕= 𝜈.

Proof. First we treat items (i–iv). We use rankref to denote the local rank 𝑟 defined
in the preliminaries.

(i) Let 𝒜 in 𝑀𝑛′,𝑚′ be the corresponding reduced pencil. If min{𝑚′, 𝑛′} = 1

then d ∈ {L1,R1,J1}, hence [𝒜] = 𝑀𝑛′,𝑚′ and rankref(𝒜) = 𝑛′. If 𝑛′ ≥ 3 this is
clearly not the case. Finally, if 𝑛′ = 2 then d ∈ Γ2(𝜇)∪Δ(𝜇, 𝜈). Of these, 𝐽2

1 (𝜇) is
LD and rankref(𝒜) = 1 < 2 = 𝑛′. The remaining cases are LI, hence (given 𝑛′ = 2)
are of full local rank.

Item (ii) is clear and item (iii) follows easily from Theorem 2.13 with 𝑟 = 1,
where Jk

1 and R1 represent the LD case and the unit-rank LI case, respectively.
Also, Jk

1 is reduced to J1 via Corollary 5.4. Item (iv) follows easily from item (iii).
□

Item (v) of the lemma is a bit tougher. We observe that most of the divisor
types mentioned in this item are 2LD by Lemma 3.3(iv); the question is why the
remaining types are 2LI. First we verify the case 𝑛′ = 4:

Lemma 7.2. If d is 2LD with 𝑛′ = 4 then

d ∈ {J4
1(𝜇),J

3
1(𝜇)R1,J

3
1(𝜇)J1(𝜈),J

2
1(𝜇)L1,J2(𝜇)J

2
1(𝜇)}

for some 𝜇 ∕= 𝜈.

Proof. The divisors L3, L2J1(𝜇), R2J
2
1(𝜇),J2(𝜆)J

2
1(𝜇),J3(𝜇)J1(𝜇) (𝜆 ∕= 𝜇) are

2LI. We verify this directly from Definition 3.1, i.e., we find 𝜉, 𝜂 ∈ 𝐹𝑚 so that
𝑑2(𝜉, 𝜂) = 4. By Gaussian operations plus strict equivalence we may assume that
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𝜇 = 0 and 𝜆 = ∞. In the first case (𝑚 = 3, 𝐴 = [𝐼, 0]′, �̂� = [0, 𝐼]′) we choose
𝜉 = 𝑒1, 𝜂 = 𝑒3. In the second case 𝑚 = 3, 𝐴 = 𝐸11 + 𝐸22 + 𝐸43, �̂� = 𝐸21 + 𝐸32.
Here we choose 𝜉 = 𝑒1, 𝜂 = 𝑒2 + 𝑒3. In the third case, 𝑚 = 5 and we choose
𝜉 = 𝑒2 + 𝑒4, 𝜂 = 𝑒3 + 𝑒5. In the fourth case, 𝜉 = 𝑒1 + 𝑒3, 𝜂 = 𝑒2 + 𝑒4. In the fifth
case, 𝜉 = 𝑒2 + 𝑒4, 𝜂 = 𝑒3.

It then follows that every divisor in Γ4(𝜇) ∪ Γ3(𝜇)Δ1(𝜈) (with possibly
𝜇 = 𝜈) is 2LI. Indeed, again we may choose 𝜇 = 0 and 𝜈 = ∞; and then for either

subclass removal of one or two columns provides a 2LI divisor d̃ ≤ d. Indeed, if
d ∈ Γ4 we choose d̃ = L3 and if d ∈ Γ3(𝜇)Δ1(𝜈) we choose d̃ = L2J1(𝜈).

Finally, if

d = d1d2 with d1 ∈ Γ2(𝜇)Δ2(𝜇, 𝜈) (𝜇 ∕= 𝜈)

and

d2 ∈ Γ2(𝜆)Δ2(𝜆, 𝜓) (𝜆 ∕= 𝜓)

then d1,d2 are LLI by Lemma 7.1(iv), and so d is 2LI by Lemma 3.3(iii).
The only divisors with 𝑛′ = 4 not covered by the three classes described

above are those mentioned in the lemma, which are clearly LLD. □

We now prove Lemma 7.1(v).

Proof. Let d be any 2LD divisor with 𝑛′ ≥ 4. Our strategy is as follows: since
d is 2LD, by Lemma 3.3(ii–iii) we cannot have d̃ ≤ d with d̃ 2LI, nor d = d1d2

with d1,d2 LLI. We shall repeatedly use these facts to restrict d, where the 2LI
property of d̃ will be guaranteed by Lemma 7.2 and the LLI property of d1,d2 by
item (iii).

If d is LLD we are done by item (iii) of the lemma; and d cannot be prime,

i.e., in Γ𝑘 for some 𝑘 ≥ 4, in view of some d̃ ∈ Γ4. So we assume that d is LLI
and composite.

Define d1 as a minimal LLI divisor which divides d; define d̃1 as a minimal
LLI divisor with is dominated by d1. By item (iv), d̃1 ∈ Γ2(𝜇) ∪ Δ2(𝜇, 𝜈) for
some pair 𝜇 ∕= 𝜈. By minimality of d1, both d,d1 have the same number of prime
divisors, and so it is not difficult to conclude that d1 ∈ Γ𝑘(𝜇)∪Δ2(𝜇, 𝜈) for some
𝑘 ≥ 2.

By definition, d = d1d2 for some divisor d2 which is necessarily LLD; hence
by item (iii) of the Lemma, d2 ∈ {R1} ∪ {Jq

1(𝜆) : 𝑞 ≥ 0}. If d2 ∈ {R1,1} the
restriction 𝑛′ ≥ 4 leaves us with d ∈ Γ𝑘 ∪R1Γ𝑘−1 for some 𝑘 ≥ 4. But this case

is impossible in view of some d̃ ∈ Γ4 ∪R1Γ3. So we conclude that d2 = Jq
1(𝜆) for

some 𝑞 ≥ 1, and d must be one of the following:

1) d = d1J
q
1(𝜆) with d1 ∈ Δ2(𝜇, 𝜈) and 𝑞 ≥ 2 : the case 𝜆 ∕∈ {𝜇, 𝜈} is impossible

in view of d̃ = d1J
2
1(𝜆); otherwise d is of the desired form.

2) d = d1J
q
1(𝜆) with d1 ∈ Γ𝑘(𝜇) (𝑘 ≥ 2): we have three possibilities:

2.1) d = LkJ
q
1(𝜆) (𝑘 ≥ 1, 𝑞 ≥ 1, 𝑘 + 𝑞 ≥ 3): the case 𝑘 ≥ 2 is impossible in

view of d̃ = L2J1. Thus, 𝑘 = 1 and d is of the desired form.
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2.2) d = RkJ
q
1(𝜆) (𝑘 ≥ 2, 𝑞 ≥ 1, 𝑘 + 𝑞 ≥ 4) : this is impossible in view of

d̃ = R3J1 or d̃ = R2J
2
1.

2.3) d = Jk(𝜇)J
q
1(𝜆) (𝑘 ≥ 2, 𝑞 ≥ 1, 𝑘 + 𝑞 ≥ 4). The cases 𝜆 ∕= 𝜇 and 𝑘 ≥ 3

are impossible in view of d̃ = J3(𝜇)J1(𝜆) or d̃ = J2(𝜇)J
2
1(𝜆). So 𝜆 = 𝜇

and 𝑘 = 2, hence d is of the desired form. □

8. Proof of Theorems 2.3, 2.10 and 2.14

As in the case of Lemma 7.1, we divide the divisors into a finite set of classes,
except that now the canonical forms pertaining to each class cannot be assumed
reduced. In each case we assume that 𝒜 = (𝐴,𝐵) is a pencil in 𝑀𝑛,𝑚 with divisor
d of reduced dimension 𝑛′ × 𝑚′. We may assume that

𝒜 = 𝐾𝒜𝑁, 𝐾 = [𝐼, 0]′, 𝑁 = [𝐼, 0], 𝑚′, 𝑛′ ≥ 1

where 𝒜 = (𝐴, �̂�) is in reduced canonical form. For each canonical form we calcu-

late [𝒜]gref using genericity arguments, and then the possibly smaller set [𝒜]ref .
For the sake of completeness, we summarize the case 𝑟(= 𝑛′) ≤ 2 which was

excluded from Theorems 2.3, 2.14.

Lemma 8.1. Let 𝒜 = {𝐴,𝐵} ∈ 𝑀𝑛𝑚 be LI and have a divisor with reduced di-
mension 𝑛′ × 𝑚′ with 𝑛′ ≤ 2. Then 𝒜 is g-reflexive iff 𝑚 = 𝑚′ and reflexive iff
d ∕= J2.

Proof. 1. First we consider the case min{𝑛′,𝑚′} = 1 which includes the divisors

L1,R1,J1. Here [𝒜] = 𝑀𝑛′,𝑚′ is both reflexive and g-reflexive. By Lemma 5.5.(ii),

[𝒜] is reflexive. As 𝒜 is of maximal local rank, we also have [𝒜]gref = 𝐾𝑀𝑛′,𝑚
according to Lemma 5.5(iii). Thus [𝒜] is g-reflexive only if 𝑚 = 𝑚′.

2. 𝑛′ = 2 ≤ 𝑚′ and d is not of the LD type J2
1. We still have maximal

local rank, hence [𝒜]gref = 𝐾𝑀2,𝑚′. Also, we have [𝒜]ref = 𝐾[𝒜]ref𝑁 by Lemmas

5.3,5.2 and it remains to analyze [𝒜]ref . If 𝑍 ∈ [𝒜]ref is arbitrary, and if d contains
Jordan blocks, using Lemma 5.2 we may assume that one Jordan eigenvalue is 0
and, in the case J1(𝜇)J1(𝜈), the second eigenvalue is ∞. In each of the following
cases, the support of 𝑍 is calculated from Lemma 5.5(i). Also, define the generic
set

Ω := {𝑥 ∈ 𝐹𝑚
′
: 𝒜𝑥 𝑖𝑠 𝐿𝐼} = {𝑥 ∈ 𝐹𝑚

′
: 𝑝(𝑥) ∕= 0}, 𝑝(𝑥) = det(𝐴𝑥, �̂�𝑥).

For all 𝑥 ∈ Ω we have [𝒜𝑥] = 𝐹𝑛 and automatically 𝑍𝑥 ∈ [𝒜𝑥]. In each case we

provide vectors in Ω𝐶 , which we call test vectors, which force 𝑍 to be in [𝒜]. The
easy verification is left for the reader.

2.1. d = R2. Here 𝑚′ = 3, 𝐴 = (𝐼, 0), �̂� = (0, 𝐼), 𝑍13 = 𝑍21 = 0, 𝑝(𝑥, 𝑦, 𝑧) =
𝑥𝑧 − 𝑦2, and the test vectors are (1,±1, 1)′.

2.2. d = R2
1. Here 𝑚′ = 4, 𝐴 = 𝐸11+𝐸23, �̂� = 𝐸12+𝐸24, 𝑍 is supported on

these four entries, 𝑝(𝑥, 𝑦, 𝑧, 𝑢) = 𝑥𝑢− 𝑧𝑦, and the test vectors are 𝑒1 + 𝑒3, 𝑒2 + 𝑒4.
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2.3. d = R1J1(0). Here 𝑚′ = 3, 𝐴 = 𝐸11 +𝐸23, �̂� = 𝐸12, 𝑍 is supported on
these three entries, 𝑝(𝑥, 𝑦, 𝑧) = 𝑦𝑧, and the test vectors are 𝑒1 ± 𝑒3.

2.4. d = J1(0)J1(∞). 𝐴 = 𝐸11, �̂� = 𝐸22, hence 𝑍 is diagonal so that 𝑍 ∈ [𝒜].
2.5. d = J2(0) is the only non-reflexive divisor in this group. Indeed, we have

𝑚′ = 2, 𝐴 = 𝐼, �̂� = 𝐸12, 𝑍 ∈ 𝑈2 (upper triangular). Here 𝑝(𝑥, 𝑦) = 𝑦, and the

test vector 𝑒1 shows that conversely every 𝑍 ∈ 𝑈2 satisfies 𝑍𝑥 ∈ [𝐴𝑥]. □

We shall now prove together Theorems 2.3 and 2.14, by repeating the same
type of analysis for 𝑛′ ≥ 3.

Proof. We have three cases:
1. If d is 2LI then [𝒜] is g-reflexive, hence also reflexive, according to Lemma

3.2(ii).
2. If 𝑛′ = 3, we cannot use Lemma 3.2 to avoid the direct calculation of

[𝒜]gref since, according to Lemma 3.4, d is neither 2LI nor of full local rank. Let
𝑍 ∈ 𝑀𝑛,𝑚 be arbitrary. 𝑍 ∈ [𝒜]gref iff 𝑍 = 𝐾[𝑍1, 𝑍2] and {𝐴,𝐵,𝑍} is GLD
(see Lemmas 5.5(ii),2.16), iff 𝑍 = 𝐾[𝑍1, 𝑍2] and the 3 × 3 matrix 𝑅(𝑥′, 𝑦′)′ =
[𝐴𝑥, �̂�𝑥,𝐾(𝑍1𝑥 + 𝑍2𝑦)] is singular for almost all (𝑥, 𝑦) ∈ 𝐹 3 × 𝐹𝑚−3; i.e., iff the

polynomial 𝑞(𝑥, 𝑦) := det𝑅(𝑥′, 𝑦′)′ vanishes for all 𝑥 ∈ 𝐹𝑚
′
and 𝑦 ∈ 𝐹𝑚−𝑚′

. This
forces all the coefficients of 𝑞(𝑥, 𝑦) to vanish, putting the needed restriction on 𝑍1

and 𝑍2. Once [𝒜]gref is calculated, test vectors may be required to show, in each
case, that [𝒜] is reflexive.

The set of divisors with 𝑛′ = 3 consists of

Γ3(𝜇), Δ3(𝜇, 𝜈, 𝜆) and Γ2(𝜇)Δ1(𝜈, 𝜆).

For the time being we assume that 𝜇, 𝜈, 𝜆 are distinct. Also we avoid the case
L1R1. Using Lemma 5.2, we assume that 𝜇 = 0, 𝜈 = ∞, 𝜆 = 1. In each case, if
the coefficients of 𝑞(𝑥, 𝑦) vanish, a straightforward but tedious calculation (which

the reader can easily complete) shows that 𝑍1 ∈ [𝒜] and 𝑍2 = 0, hence 𝑍 ∈ [𝒜].
We conclude that for these cases [𝒜] is both reflexive and g-reflexive.

3. Cases not included by items 1–2 are of two types: either d is 2LD and
𝑛′ ≥ 4, as described by Lemma 7.1(v); or 𝑛′ = 3 and d has a repeated eigenvalue.
Again, we use Lemma 5.2 to shift eigenvalues: the first to 0, the second to ∞.

3.1. d = L1R1. Here 𝑛′ = 𝑚′ = 3, 𝐴 = 𝐸11 + 𝐸32, �̂� = 𝐸21 + 𝐸33, and
analysis of 𝑞(𝑥, 𝑦, 𝑧) implies that [𝒜]gref = [𝐴, �̂�, 𝐶] where 𝐶 = 𝐸13 − 𝐸22, and

moreover [𝒜]gref = 𝐾[𝒜]𝑁 . On the other hand, it is easy to see that 𝐶 ∕∈ [𝐴, �̂�]ref .

Thus [𝒜], hence also [𝒜], is reflexive.
3.2. d = J1

𝑞(𝜇) with 𝑞 > 1 : We have [𝒜] = [𝐼]. As before, if 𝑍 = 𝐾[𝑍1, 𝑍2] ∈
[𝒜]gref then the matrices [𝑍1, 𝑍2] and [𝐼, 0] are GLD, hence LD, so 𝑍 ∈ [𝒜].

3.3. We are left with the divisors

J1(∞)Jq
1(0),L1J

q−1
1 (0),R1J

q
1(0),J2(0)J

q−1
1 (0) (8.1)

with 𝑞 ≥ 2 and 𝜈 ∕= 𝜇. For the corresponding canonical forms, 𝐵 = 𝐸𝑠𝑡 for some
𝑠, 𝑡. If 𝑍 ∈ [𝒜]gref then 𝐴,𝐵,𝑍 are GLD. Thus the pair {(𝐼 −𝐸𝑠𝑠)𝐴, (𝐼 −𝐸𝑠𝑠)𝑍)}
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is GLD, hence LD by Theorem 2.7. It follows easily that [𝒜]gref = [𝐴] + 𝑒𝑠𝑀1,𝑚.
Next we analyze 𝑍 ∈ [𝒜]ref ⊂ [𝒜]gref in each case. Both relations 𝑍 ∈ [𝒜] and
𝑍 ∈ [𝒜]ref are preserved by removing the 𝑗th row from 𝑍 and from all matrices of
[𝒜]. Thus, to establish 𝑍 ∈ [𝒜] we only need to treat the second and fourth cases
in (8.1).

In the second case we use the block division 𝑛 = 2 + (𝑞 − 1) + (𝑛 − 𝑞 + 1),
𝑚 = 1 + (𝑞 − 1) + (𝑚 − 𝑞) obtaining 𝐴 − 𝐸11 ⊕ 𝐼 ⊕ 0, 𝐵 = 𝐸21 ⊕ 0 ⊕ 0. By the
previous part, 𝑍 = 𝑤𝐴+ [𝑒′2, 0

′, 0′]′[𝑧1, 𝑧′2, 𝑧3], and 𝑧2, 𝑧3 vanish by Lemma 5.5. So
𝑍 = 𝑤𝐴 + 𝑧1𝐵 ∈ [𝒜] as claimed.

In the fourth case we use the block division 𝑛 = 𝑚 = 2+(𝑞−1)+(𝑚−𝑞−1),
obtaining 𝐴 = 𝐼 ⊕ 𝐼 ⊕ 0, 𝐵 = 𝐸12 ⊕ 0 ⊕ 0. By the previous part, 𝑍 = 𝑤𝐴 +
[[1, 0], 0′, 0′]′[[𝑧1, 𝑧2], 𝑧′3, 𝑧

′
4]. 𝑧3, 𝑧4 vanish by Lemma 5.5. For the test vector 𝜉 =

(𝑥, 0, 𝑦′, 𝑧′)′ ∈ 𝐹 ×𝐹 ×𝐹 𝑞−1 ×𝐹𝑛−𝑞−1, 𝑍𝜉 = ((𝑤+𝑧1)𝑥, 0, 𝑧
′, 0)′ must be spanned

by 𝐴𝜉 = (𝑥, 0, 𝑧′, 0′)′ and 𝐵𝜉 = 0. Thus 𝑧1 = 0 and 𝑍 = 𝑤𝐴 + 𝑧2𝐵 ∈ [𝒜]. □

This completes the analysis of all the canonical forms, confirming Theorems
2.3 and 2.14 in all the cases. We now prove Theorem 2.10.

Proof. Assume that 𝕃 is LLD. Then there exists a non-g-reflexive strict subspace
𝕊 of 𝕃 so that 𝕃 ⊂ 𝕊gref . According to Theorem 2.14, we have two cases. (i) 𝕊
contains an essentially unique unit-rank matrix 𝐶 = 𝑢𝑣′ and 𝕊gref = 𝕊 + 𝑢𝑀1,𝑚.
Thus, 𝕃 should admit at least one more matrix of the form 𝐷 = 𝑢𝑤′ with 𝑣, 𝑤 LI
in order to include 𝕃 as a strict subspace. (ii) 𝕊 is a two-dimensional subspace of
a copy of the 3-dimensional space 𝑆3 and 𝕃 is also a subspace of 𝑆3. Necessarily,
𝕃 = 𝑆3. □

9. Can the product 𝑨𝑩 belong to [𝑨,𝑩]ref ∖ [𝑨,𝑩]?

As an application of Theorem 2.3, we consider the description of pencils𝒜 = (𝐴,𝐵)
in 𝑀𝑛 such that 𝐴𝐵 ∈ [𝒜]ref , and especially when 𝐴𝐵 is not in [𝒜]. This problem
was posed as an open problem in the research note [18]. We also indicate how to
solve the similar problem 𝐴𝐵 ∈ [𝒜]gref and the somewhat more general problems
𝐶𝑄𝐷 ∈ [𝐶,𝐷]ref and 𝐶𝑄𝐷 ∈ [𝐶,𝐷]gref , where 𝐶,𝐷,𝑄′ ∈ 𝑀𝑛,𝑚.

First we discuss the global analogue 𝐴𝐵 ∈ [𝒜]. A brief analysis of this situa-
tion over an arbitrary field was given in [19]. The solution given there, in terms of
generalized inverses, is not very explicit and we offer an alternative description.

Theorem 9.1. Assume that 𝑐ℎ(𝐹 ) = 0 and 𝐴,𝐵 ∈ 𝑀𝑛 and 𝐴𝐵 ∈ [𝐴,𝐵]. Then
exactly one of the following conditions holds:

(i) 𝐴 = 𝑎𝑋, 𝐵 = 𝑏𝑋 for some 𝑋 ∈ 𝑀𝑛 and 𝑎𝑏𝑋(𝑋 − 𝑐𝐼) = 0 for some
𝑎, 𝑏, 𝑐 ∈ 𝐹 ;

(ii) 𝐴 = 𝑋 + 𝑎𝐼, 𝐵 = 𝑌 + 𝑏𝐼 for some 𝑋,𝑌 ∈ 𝑀𝑛, 𝑎, 𝑏 ∈ 𝐹 with 𝑎𝑏 = 0 and
𝑋𝑌 = 0;

(iii) 𝐴 = 𝑎(𝐼 +𝑋) and 𝐵 = 𝑏(𝐼 +𝑋−1) with 𝑋 ∈ 𝐺𝐿(𝑛, 𝐹 ) and 𝑎, 𝑏 ∈ 𝐹 ∖ {0}.
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Proof. If 𝒜 is LD then clearly 𝐴 = 𝑎𝑋 and 𝐵 = 𝑏𝑋 . If 𝑎𝑏 = 0 then 𝐴𝐵 = 0 ∈ 𝒜.
Otherwise 𝐴𝐵 = 𝑎𝑏𝑋2 belongs to [𝒜] = [𝑋 ] only if 𝑋2 = 𝑐𝑋. On the other hand,
if 𝒜 is LI, there exists a unique pair 𝑎, 𝑏 ∈ 𝐹 such that 𝐴𝐵 = 𝑎𝐴 + 𝑏𝐵. If 𝑏 = 0
we are in case (ii) with 𝑋 = 𝐴; if 𝑎 = 0 we are in case (ii) with 𝑌 = 𝐵; otherwise,
we are in case (iii) with 𝑋 = (1/𝑎)𝐴 − 𝐼 = ((1/𝑏)𝐵 − 𝐼)−1. □

The following result on the localized problem 𝐴𝐵 ∈ [𝒜]ref subsumes Theo-
rem 2.4.

Theorem 9.2. Let 𝒜 = (𝐴,𝐵) be a pencil in 𝑀𝑛. Assume that 𝐴𝐵 ∈ [𝒜]ref ∖ [𝒜].
Then there exist a left-invertible matrix 𝐾 ∈ 𝑀𝑛,2 and a right-invertible matrix
𝑁 ∈ 𝑀2,𝑛 such that exactly one of the following holds:

(i) {𝐴,𝐵} = {𝐾𝑁,𝐾𝐸12𝑁} and 𝑁𝐾 ∕∈ 𝑈2;
(ii) {𝐴,𝐵} = {𝐾𝑁,𝐾(𝜇𝐼 + 𝐸12)𝑁} (0 ∕= 𝜇 ∈ 𝐹 ) and 𝑁𝐾 ∈ 𝑈2 ∖ 𝑇2.

Recall that by {𝐴,𝐵} we understand an unordered pair.
A difficulty in reducing Theorem 9.2 to Theorem 2.3 is that the conditions

𝐴𝐵 ∈ [𝐴,𝐵] and 𝐴𝐵 ∈ [𝐴,𝐵]ref are not preserved by Gaussian operations or
strict equivalence (see Lemma 5.2). We therefore consider the slightly more general
problem of finding triples (𝐶,𝑄,𝐷) such that 𝐶𝑄𝐷 ∈ [𝐶,𝐷]ref . Note that in the
new problem 𝐶,𝐷 need not be square; and reduction of (𝐶,𝐷) to canonical form is
possible via the extended strict equivalence (𝐶,𝑄,𝐷) → (𝑆𝐶𝑇, 𝑇−1𝑄𝑆−1, 𝑆𝐷𝑇 ).
The new problem is still not invariant under Gaussian operations, but this minor
problem can be handled and Theorem 2.3 can be invoked. A complete analysis of
the new problem becomes possible; for lack of space, we shall only consider the
elements needed for proving Theorem 9.2. In particular, we shall only consider
triples (𝐶,𝑄,𝐷) with 𝑛 = 𝑚 with 𝑄 invertible.

We now prove Theorem 9.2.

Proof. Let (𝐶, �̂�) be the reduced canonical form of 𝒜 = (𝐴,𝐵). By strict equiva-
lence we have some 𝑆, 𝑇 ∈ 𝑀𝑛 so that

𝐶 :=
(
𝐶 0
0 0

)
= 𝑆𝐴𝑇, 𝐷 :=

(
�̂� 0
0 0

)
,= 𝑆𝐵𝑇, 𝑄 := 𝑇−1𝑆−1 =

(
�̂� ∗
∗ ∗

)

where 𝑄 is block-divided conformably. The condition 𝐴𝐵 ∈ [𝐴,𝐵]ref ∖ [𝐴,𝐵] is
equivalent to 𝐶𝑄𝐷 ∈ [𝐶,𝐷]ref ∖[𝐶,𝐷], and via Lemma 5.3(ii), also to the condition

𝑍 ∈ [𝐶, �̂�]ref ∖ [𝐶, �̂�] (𝑍 = 𝐶�̂��̂�). (9.1)

Given that 𝐴𝐵 ∈ [𝐴,𝐵]ref ∖ [𝐴,𝐵], the set {𝐴,𝐵} is not reflexive. According to

Theorem 2.3, the divisor d of 𝒜 must be J2(𝜇) for some 𝜇 ∈ 𝐹 , hence 𝑛′ = 𝑚′ =
2 and we set accordingly �̂� =

(
𝑎 𝑏
𝑐 𝑑

)
, 𝐾 = 𝑆−1

(
𝐼2
0

)
, 𝑁 =(

𝐼2 0
)𝑇−1. Since the

problem is not invariant under Gaussian operations, we must consider separately
three cases, depending on 𝜇.

1) If 𝜇 = 0 then 𝐶 = 𝐼, �̂� = 𝐸12, 𝑍 =
(
0 𝑎
0 𝑐

)
. It can be verified that

𝐴 = 𝐾𝑁 , 𝐵 = 𝐾𝐸12𝑁 , �̂� = 𝑁𝐾, 𝐴𝐵 = 𝐾𝑍𝑁. Now consider (9.1). The condition

𝑍 ∈ [𝐶, �̂�]ref becomes 𝑍 ∈ [𝐼, 𝐸12]ref = 𝑈2, i.e., 𝑍 is upper triangular. In our case,
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this is automatically satisfied. The condition 𝑍 ∈ [𝐶, �̂�] implies that 𝑍 is upper

Toeplitz, which is possible only if 0 = 𝑐 = (�̂�)21 = (𝑁𝐾)21. Thus, we are in case
(i) of Theorem 9.2.

2) The case 𝜇 = ∞ is analogous and leads again to case (i), with (𝐶, �̂�)
switching roles.

3) If 𝜇 ∕= 0,∞, with 𝐾,𝑁, �̂� as before we have 𝐶 = 𝐼 �̂� = 𝐸12 + 𝜇𝐼,

𝑍 =
(
𝜇𝑎 𝜇𝑏 + 𝑎
𝜇𝑐 𝜇𝑑 + 𝑐

)
𝐴 = 𝐾𝑁 , 𝐵 = 𝐾(𝐸12 + 𝜇𝐼)𝑁 , �̂� = 𝑁𝐾, 𝐴𝐵 = 𝐾𝑍𝑁. The

condition 𝑍 ∈ [𝐶, �̂�]ref means that 𝑍 is upper triangular, which now means that

𝑐 = 0. The condition 𝑍 ∈ [𝐶, �̂�] means that 𝑍, hence �̂�, is upper Toeplitz. Thus,
we are in case (ii) of Theorem 9.2. □

The same technique provides a reduction from the problem 𝐴𝐵 ∈ [𝐴,𝐵]gref
to Theorem 2.14, and can be easily extended to discuss the full problem 𝐶𝑄𝐷 ∈
[𝐶,𝐷]gref .
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An Invitation to the 퓢-functional Calculus
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Abstract. In this paper we give an overview of the 𝒮-functional calculus
which is based on the Cauchy formula for slice monogenic functions. Such
a functional calculus works for 𝑛-tuples of noncommuting operators and it is
based on the notion of 𝒮-spectrum. There is a commutative version of the
𝒮-functional calculus, due to the fact that the Cauchy formula for slice mono-
genic functions admits two representations of the Cauchy kernel. We will call
𝒮𝒞-functional calculus the commutative version of the 𝒮-functional calculus.
This version has the advantage that it is based on the notion of ℱ-spectrum,
which turns out to be more simple to compute with respect to the 𝒮-spectrum.
For commuting operators the two spectra are equal, but when the operators
do not commute among themselves the ℱ-spectrum is not well defined. We
finally briefly introduce the main ideas on which the ℱ-functional calculus
is inspired. This functional calculus is based on the integral version of the
Fueter-Sce mapping theorem and on the ℱ-spectrum.

Mathematics Subject Classification (2000). Primary 47A10, 47A60.

Keywords. Functional calculus for 𝑛-tuples of commuting operators, the 𝒮-
spectrum, the ℱ-spectrum, 𝒮-functional calculus, 𝒮𝒞-functional calculus, ℱ-
functional calculus.

1. Introduction

The theory of slice monogenic functions, mainly developed in the papers [2], [3],
[11], [12], [13], [15], [16] turned out to be very important because of its applications
to the so-called 𝒮-functional calculus for 𝑛-tuples of not necessarily commuting
operators (bounded or unbounded), see [3] and [14]. In the paper [14] with D.C.
Struppa we have introduced the notion of 𝒮-spectrum for 𝑛-tuples of not neces-
sarily commuting operators and we have given a first version of the 𝒮-functional
calculus, in particular we have developed all the necessary results to define the
𝒮-functional calculus for unbounded operators. However in [14] there are restric-
tions on the class of slice monogenic functions to which the functional calculus
can be applied. In the papers [2], [3], [6] we have proved the Cauchy formula for
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slice monogenic functions and we have developed the theory of the 𝒮-functional
calculus removing all the restrictions and proving some additional properties of
the 𝒮-spectrum. The Cauchy formula for slice monogenic functions (see [2] and
[3]) plays a fundamental role in proving most of the properties of the 𝒮-functional
calculus. We point out that the 𝒮-functional calculus has most of the properties
that the Riesz-Dunford functional calculus for a single operator has. There exists
a quaternionic version of the 𝒮-functional calculus, which is called quaternionic
functional calculus and, in its more general setting, can be found in [4] and [5].
It is crucial to note that slice monogenic functions have a Cauchy formula with
slice monogenic kernel that admits two expressions. These two expressions of the
Cauchy kernel are not equivalent when we want to define a functional calculus for
not necessarily commuting operators. In fact, one version of the kernel is suitable
for noncommuting operators and gives rise to the notion of 𝒮-spectrum, while the
second version of the Cauchy kernel gives rise to the ℱ -spectrum and it is well
defined only in the case of commuting 𝑛-tuple of operators. For the analogies be-
tween the 𝒮-functional calculus and the Riesz-Dunford functional calculus see for
example the classical books [18] and [21].

The notion of ℱ -spectrum was introduced for the first time in the paper [9]
with F. Sommen where we have defined the ℱ -functional calculus which is based on
the integral version of the Fueter-Sce mapping theorem. Such a functional calculus

associates to every slice monogenic functions a function of operators 𝑓(𝑇 ) where

𝑓 is a subclass of the standard monogenic functions in the sense of Dirac.
We conclude by recalling that the well-known theory of monogenic functions,

see [1], [10], is the natural tool to define the monogenic functional calculus which
has been studied and developed by several authors among which we mention A.
McIntosh and his coauthors, see the book of B. Jefferies [20] and the literature
therein for more details on the monogenic functional calculus.

2. Slice monogenic functions

In this section we introduce the main notions related to slice monogenic functions.
The setting in which we will work is the real Clifford algebra ℝ𝑛 over 𝑛 imaginary
units 𝑒1, . . . , 𝑒𝑛 satisfying the relations 𝑒𝑖𝑒𝑗 + 𝑒𝑗𝑒𝑖 = −2𝛿𝑖𝑗 . An element in the
Clifford algebra will be denoted by

∑
𝐴 𝑒𝐴𝑥𝐴 where 𝐴 = 𝑖1 . . . 𝑖𝑟, 𝑖ℓ ∈ {1, 2, . . . , 𝑛},

𝑖1 < ⋅ ⋅ ⋅ < 𝑖𝑟 is a multi-index, 𝑒𝐴 = 𝑒𝑖1𝑒𝑖2 . . . 𝑒𝑖𝑟 and 𝑒∅ = 1. In the Clifford algebra
ℝ𝑛, we can identify some specific elements with the vectors in the Euclidean space
ℝ𝑛: an element (𝑥1, 𝑥2, . . . , 𝑥𝑛) ∈ ℝ𝑛 can be identified with a so-called 1-vector in
the Clifford algebra through the map (𝑥1, 𝑥2, . . . , 𝑥𝑛) �→ 𝑥 = 𝑥1𝑒1 + ⋅ ⋅ ⋅+ 𝑥𝑛𝑒𝑛.

An element (𝑥0, 𝑥1, . . . , 𝑥𝑛) ∈ ℝ𝑛+1 will be identified with the element 𝑥 = 𝑥0+𝑥 =
𝑥0 +

∑𝑛
𝑗=1 𝑥𝑗𝑒𝑗 called paravector. The norm of 𝑥 ∈ ℝ𝑛+1 is defined as ∣𝑥∣2 =

𝑥2
0+ 𝑥2

1 + ⋅ ⋅ ⋅+ 𝑥2
𝑛. The real part 𝑥0 of 𝑥 will be also denoted by Re[𝑥]. A function

𝑓 : 𝑈 ⊆ ℝ𝑛+1 → ℝ𝑛 is seen as a function 𝑓(𝑥) of 𝑥 (and similarly for a function
𝑓(𝑥) of 𝑥 ∈ 𝑈 ⊂ ℝ𝑛+1).
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Definition 2.1. We will denote by 𝕊 the sphere of unit 1-vectors in ℝ𝑛, i.e.,

𝕊 = {𝑥 = 𝑒1𝑥1 + ⋅ ⋅ ⋅+ 𝑒𝑛𝑥𝑛 : 𝑥2
1 + ⋅ ⋅ ⋅+ 𝑥2

𝑛 = 1}.
Note that 𝕊 is an (𝑛−1)-dimensional sphere in ℝ𝑛+1. The vector space ℝ+𝐼ℝ

passing through 1 and 𝐼 ∈ 𝕊 will be denoted by ℂ𝐼 , while an element belonging
to ℂ𝐼 will be denoted by 𝑢 + 𝐼𝑣, for 𝑢, 𝑣 ∈ ℝ. Observe that ℂ𝐼 , for every 𝐼 ∈ 𝕊,
is a 2-dimensional real subspace of ℝ𝑛+1 isomorphic to the complex plane. The
isomorphism turns out to be an algebra isomorphism.
Given a paravector 𝑥 = 𝑥0 + 𝑥 ∈ ℝ𝑛+1 let us set

𝐼𝑥 =

{ 𝑥

∣𝑥∣ if 𝑥 ∕= 0,

any element of 𝕊 otherwise.

By definition we have that a paravector 𝑥 belongs to ℂ𝐼𝑥 .

Definition 2.2. Given an element 𝑥 ∈ ℝ𝑛+1, for 𝐼 ∈ 𝕊, we define

[𝑥] = {𝑦 ∈ ℝ𝑛+1 : 𝑦 = 𝑥0 + 𝐼∣𝑥∣}.
Remark 2.3. The set [𝑥] is an (𝑛 − 1)-dimensional sphere in ℝ𝑛+1. When 𝑥 ∈ ℝ,
then [𝑥] contains 𝑥 only. In this case, the (𝑛 − 1)-dimensional sphere has radius
equal to zero.

Definition 2.4 (Slice monogenic functions, see [11]). Let 𝑈 ⊆ ℝ𝑛+1 be an open set
and let 𝑓 : 𝑈 → ℝ𝑛 be a real differentiable function. Let 𝐼 ∈ 𝕊 and let 𝑓𝐼 be the
restriction of 𝑓 to the complex plane ℂ𝐼 . We say that 𝑓 is a (left) slice monogenic
function, or s-monogenic function, if for every 𝐼 ∈ 𝕊, we have

1

2

(
∂

∂𝑢
+ 𝐼

∂

∂𝑣

)
𝑓𝐼(𝑢+ 𝐼𝑣) = 0.

We denote by 𝒮ℳ(𝑈) the set of s-monogenic functions on 𝑈 .

The natural class of domains in which we can develop the theory of s-
monogenic functions are the so-called slice domains and axially symmetric do-
mains.

Definition 2.5 (Slice domains). Let 𝑈 ⊆ ℝ𝑛+1 be a domain. We say that 𝑈 is a
slice domain (s-domain for short) if 𝑈 ∩ℝ is non empty and if ℂ𝐼 ∩𝑈 is a domain
in ℂ𝐼 for all 𝐼 ∈ 𝕊.

Definition 2.6 (Axially symmetric domains). Let 𝑈 ⊆ ℝ𝑛+1. We say that 𝑈 is
axially symmetric if, for every 𝑢 + 𝐼𝑣 ∈ 𝑈 , the whole (𝑛 − 1)-sphere [𝑢 + 𝐼𝑣] is
contained in 𝑈 .

Definition 2.7 (Noncommutative Cauchy kernel series). Let 𝑥, 𝑠 ∈ ℝ𝑛+1. We call
noncommutative Cauchy kernel series the following series expansion (for ∣𝑥∣ < ∣𝑠∣)

𝑆−1(𝑠, 𝑥) :=
∑
𝑛≥0

𝑥𝑛𝑠−1−𝑛.
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The definition of noncommutative Cauchy kernel series is the starting point
to prove a Cauchy formula for slice monogenic functions. In fact, observe that on
each complex plane ℂ𝐼 , for 𝐼 ∈ 𝕊, a slice monogenic function 𝑓 admits a Cauchy
formula related to such a plane. On each ℂ𝐼 the Cauchy kernel admits the usual
power series expansion

∑
𝑛≥0 𝑥(𝐼)

𝑛𝑠(𝐼)−1−𝑛 whose sum is (𝑠(𝐼) − 𝑥(𝐼))−1 for

𝑥(𝐼) := 𝑥0 + 𝐼∣𝑥∣ and 𝑠(𝐼) := 𝑠0 + 𝐼∣𝑠∣, where obviously 𝑥(𝐼) and 𝑠(𝐼) commute.
We ask what is the sum of the series

∑
𝑛≥0 𝑥

𝑛𝑠−1−𝑛 when 𝑥, 𝑠 ∈ ℝ𝑛+1 do not
commute. The following theorem answers such question.

Theorem 2.8 (See [11]). Let 𝑥, 𝑠 ∈ ℝ𝑛+1. Then∑
𝑛≥0

𝑥𝑛𝑠−1−𝑛 = −(𝑥2 − 2𝑥Re[𝑠] + ∣𝑠∣2)−1(𝑥 − 𝑠)

for ∣𝑥∣ < ∣𝑠∣, where 𝑠 = 𝑠0 − 𝑠.

So the function −(𝑥2 − 2𝑥Re[𝑠] + ∣𝑠∣2)−1(𝑥 − 𝑠) is the natural candidate to
be the Cauchy kernel for slice monogenic functions. Moreover, such function can
be written in an other way as the following result shows.

Theorem 2.9 (See [3]). Let 𝑥, 𝑠 ∈ ℝ𝑛+1 be such that 𝑥 ∕∈ [𝑠]. Then the following
identity holds:

−(𝑥2 − 2𝑥Re[𝑠] + ∣𝑠∣2)−1(𝑥 − 𝑠) = (𝑠 − �̄�)(𝑠2 − 2Re[𝑥]𝑠+ ∣𝑥∣2)−1. (2.1)

We give the following definition because we now have two possible ways of
writing the Cauchy kernel for the Cauchy formula of slice monogenic functions.

Definition 2.10. Let 𝑥, 𝑠 ∈ ℝ𝑛+1 be such that 𝑥 ∕∈ [𝑠].

∙ We say that 𝑆−1(𝑠, 𝑥) is written in the form I if

𝑆−1(𝑠, 𝑥) := −(𝑥2 − 2𝑥Re[𝑠] + ∣𝑠∣2)−1(𝑥 − 𝑠).

∙ We say that 𝑆−1(𝑠, 𝑥) is written in the form II if

𝑆−1(𝑠, 𝑥) := (𝑠 − �̄�)(𝑠2 − 2Re[𝑥]𝑠+ ∣𝑥∣2)−1.

We have used the seme symbol 𝑆−1(𝑠, 𝑥) to denote the Cauchy kernel in both
forms since in the sequel no confusion will arise. We now state the Cauchy formula
for slice monogenic functions on axially symmetric and s-domains.

Theorem 2.11 (Cauchy formula for axially symmetric open sets, see [2] and [3]).
Let 𝑊 ⊂ ℝ𝑛+1 be an open set and let 𝑓 ∈ 𝒮ℳ(𝑊 ). Let 𝑈 be a bounded axially
symmetric s-domain such that 𝑈 ⊂ 𝑊 . Suppose that the boundary of 𝑈 ∩ ℂ𝐼
consists of a finite number of rectifiable Jordan curves for any 𝐼 ∈ 𝕊. Then, if
𝑥 ∈ 𝑈 , we have

𝑓(𝑥) =
1

2𝜋

∫
∂(𝑈∩ℂ𝐼 )

𝑆−1(𝑠, 𝑥)𝑑𝑠𝐼𝑓(𝑠) (2.2)

where 𝑑𝑠𝐼 = 𝑑𝑠/𝐼 and the integral does not depend on 𝑈 nor on the imaginary
unit 𝐼 ∈ 𝕊.

We finally recall the well-known notion of monogenic functions that will be
used in the sequel.
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Definition 2.12 (Monogenic functions, see [1]). Let 𝑈 ⊆ ℝ𝑛+1 be an open set and
let 𝑓 : 𝑈 → ℝ𝑛 be a real differentiable function. We say that 𝑓 is a (left) monogenic
function, or monogenic function, if 𝒟𝑓(𝑥) = 0 where 𝒟 = ∂𝑥0+𝑒1∂𝑥1+ ⋅ ⋅ ⋅+𝑒𝑛∂𝑥𝑛
is the Dirac operator. We denote by ℳ(𝑈) the set of monogenic functions on 𝑈 .

3. The functional setting and preliminary results

Let us now introduce the notations necessary to deal with linear operators. By
𝑉 we denote a Banach space over ℝ with norm ∥ ⋅ ∥ and we set 𝑉𝑛 := 𝑉 ⊗ ℝ𝑛.
We recall that 𝑉𝑛 is a two-sided Banach module over ℝ𝑛 and its elements are of
the type

∑
𝐴 𝑣𝐴 ⊗ 𝑒𝐴 (where 𝐴 = 𝑖1 . . . 𝑖𝑟, 𝑖ℓ ∈ {1, 2, . . . , 𝑛}, 𝑖1 < ⋅ ⋅ ⋅ < 𝑖𝑟 is a

multi-index). The multiplications (right and left) of an element 𝑣 ∈ 𝑉𝑛 with a
scalar 𝑎 ∈ ℝ𝑛 are defined as 𝑣𝑎 =

∑
𝐴 𝑣𝐴 ⊗ (𝑒𝐴𝑎) and 𝑎𝑣 =

∑
𝐴 𝑣𝐴 ⊗ (𝑎𝑒𝐴). For

short, in the sequel we will write
∑
𝐴 𝑣𝐴𝑒𝐴 instead of

∑
𝐴 𝑣𝐴 ⊗ 𝑒𝐴. Moreover, we

define ∥𝑣∥2𝑉𝑛 =
∑
𝐴 ∥𝑣𝐴∥2𝑉 .

Let ℬ(𝑉 ) be the space of bounded ℝ-homomorphisms of the Banach space
𝑉 into itself endowed with the natural norm denoted by ∥ ⋅ ∥ℬ(𝑉 ). If 𝑇𝐴 ∈ ℬ(𝑉 ),
we can define the operator 𝑇 =

∑
𝐴 𝑒𝐴𝑇𝐴 and its action on 𝑣 =

∑
𝐵 𝑣𝐵𝑒𝐵 as

𝑇 (𝑣) =
∑
𝐴,𝐵 𝑇𝐴(𝑣𝐵)𝑒𝐴𝑒𝐵. The set of all such bounded operators is denoted by

ℬ𝑛(𝑉𝑛) and the norm is defined by ∥𝑇 ∥ℬ𝑛(𝑉𝑛) =
∑
𝐴 ∥𝑇𝐴∥ℬ(𝑉 ). Note that, in the

sequel, we will omit the subscript ℬ𝑛(𝑉𝑛) in the norm of an operator and note
also that ∥𝑇𝑆∥ ≤ ∥𝑇 ∥∥𝑆∥. A bounded operator 𝑇 = 𝑇0 +

∑𝑛
𝑗=1 𝑒𝑗𝑇𝑗 , where 𝑇𝜇 ∈

ℬ(𝑉 ) for 𝜇 = 0, 1, . . . , 𝑛, will be called, with an abuse of language, an operator in
paravector form. The set of such operators will be denoted by ℬ0,1

𝑛 (𝑉𝑛). The set of
bounded operators of the type 𝑇 =

∑𝑛
𝑗=1 𝑒𝑗𝑇𝑗, where 𝑇𝜇 ∈ ℬ(𝑉 ) for 𝜇 = 1, . . . , 𝑛,

will be denoted by ℬ1
𝑛(𝑉𝑛) and 𝑇 will be said operator in vector form. We will

consider operators of the form 𝑇 = 𝑇0 +
∑𝑛
𝑗=1 𝑒𝑗𝑇𝑗 where 𝑇𝜇 ∈ ℬ(𝑉 ) for 𝜇 =

0, 1, . . . , 𝑛 for the sake of generality, but when dealing with 𝑛-tuples of operators,
we will embed them into ℬ𝑛(𝑉𝑛) as operators in vector form, by setting 𝑇0 =
0. The subset of those operators in ℬ𝑛(𝑉𝑛) whose components commute among
themselves will be denoted by ℬ𝒞𝑛(𝑉𝑛). In the same spirit we denote by ℬ𝒞0,1

𝑛 (𝑉𝑛)
the set of paravector operators with commuting components. We now recall some
definitions and results. Since we now want to construct a functional calculus for
noncommuting operators we consider the noncommutative Cauchy kernel series in
which we formally replace the paravector 𝑥 by the paravector operator 𝑇 , whose
components do not necessarily commute. So we define the noncommutative Cauchy
kernel operator series.

Definition 3.1. Let 𝑇 ∈ ℬ0,1
𝑛 (𝑉𝑛) and 𝑠 ∈ ℝ𝑛+1. We define the 𝒮-resolvent operator

series as
𝑆−1(𝑠, 𝑇 ) :=

∑
𝑛≥0

𝑇 𝑛𝑠−1−𝑛 (3.1)

for ∥𝑇 ∥ < ∣𝑠∣.
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The most surprisingly fact is the following theorem that opens the way to
the functional calculus for noncommuting operators.

Theorem 3.2. Let 𝑇 ∈ ℬ0,1
𝑛 (𝑉𝑛) and 𝑠 ∈ ℝ𝑛+1. Then∑

𝑛≥0

𝑇 𝑛𝑠−1−𝑛 = −(𝑇 2 − 2𝑇Re[𝑠] + ∣𝑠∣2ℐ)−1(𝑇 − 𝑠ℐ), (3.2)

for ∥𝑇 ∥ < ∣𝑠∣.
In fact, Theorem 3.2 shows that even when operator 𝑇 = 𝑇0+𝑒1𝑇1+⋅ ⋅ ⋅+𝑒𝑛𝑇𝑛

has components 𝑇𝑗, for 𝑗 = 0, 1, . . . , 𝑛, that do not necessarily commute among
themselves the sum of the series remains the same as in the case 𝑇 is a paravector
𝑥. From Theorem 3.2 naturally arise the following definitions.

Definition 3.3 (The 퓢-spectrum and the 퓢-resolvent set). Let 𝑇 ∈ ℬ0,1
𝑛 (𝑉𝑛) and

𝑠 ∈ ℝ𝑛+1. We define the 𝒮-spectrum 𝜎𝑆(𝑇 ) of 𝑇 as:

𝜎𝑆(𝑇 ) = {𝑠 ∈ ℝ𝑛+1 : 𝑇 2 − 2 Re[𝑠]𝑇 + ∣𝑠∣2ℐ is not invertible}.
The 𝒮-resolvent set 𝜌𝑆(𝑇 ) is defined by

𝜌𝑆(𝑇 ) = ℝ𝑛+1 ∖ 𝜎𝑆(𝑇 ).

Definition 3.4 (The 퓢-resolvent operator). Let 𝑇 ∈ ℬ0,1
𝑛 (𝑉𝑛) and 𝑠 ∈ 𝜌𝑆(𝑇 ). We

define the 𝒮-resolvent operator as
𝑆−1(𝑠, 𝑇 ) := −(𝑇 2 − 2Re[𝑠]𝑇 + ∣𝑠∣2ℐ)−1(𝑇 − 𝑠ℐ).

The 𝒮-resolvent operator satisfy the following equation which we call 𝒮-
resolvent equation.

Theorem 3.5. Let 𝑇 ∈ ℬ0,1
𝑛 (𝑉𝑛) and 𝑠 ∈ 𝜌𝑆(𝑇 ). Let 𝑆−1(𝑠, 𝑇 ) be the 𝒮-resolvent

operator. Then 𝑆−1(𝑠, 𝑇 ) satisfies the ( 𝒮-resolvent) equation
𝑆−1(𝑠, 𝑇 )𝑠 − 𝑇𝑆−1(𝑠, 𝑇 ) = ℐ.

Having in mind the definition of 𝜎𝑆(𝑇 ) we can state the following result:

Theorem 3.6 (Structure of the 퓢-spectrum). Let 𝑇 ∈ ℬ0,1
𝑛 (𝑉𝑛) and suppose that

𝑝 = 𝑝0 + 𝑝 belongs 𝜎𝑆(𝑇 ) with 𝑝 ∕= 0. Then all the elements of the (𝑛 − 1)-sphere
[𝑝] belong to 𝜎𝑆(𝑇 ).

This result implies that if 𝑝 ∈ 𝜎𝑆(𝑇 ) then either 𝑝 is a real point or the
whole (𝑛 − 1)-sphere [𝑝] belongs to 𝜎𝑆(𝑇 ). For bounded paravector operators the
𝒮-spectrum shares the same properties that the usual spectrum of a single operator
has, that is the spectrum is a compact and nonempty set.

Theorem 3.7 (Compactness of 퓢-spectrum). Let 𝑇 ∈ ℬ0,1
𝑛 (𝑉𝑛). Then the 𝒮-

spectrum 𝜎𝑆(𝑇 ) is a compact nonempty set. Moreover, 𝜎𝑆(𝑇 ) is contained in
{𝑠 ∈ ℝ𝑛+1 : ∣𝑠∣ ≤ ∥𝑇 ∥ }.

246 F. Colombo and I. Sabadini



4. The 퓢-functional calculus for bounded operators
Definition 4.1 (Admissible sets 𝑼). We say that 𝑈 ⊂ ℝ𝑛+1 is an admissible set if

∙ 𝑈 is axially symmetric s-domain that contains the 𝒮-spectrum 𝜎𝑆(𝑇 ) of 𝑇 ∈
ℬ0,1
𝑛 (𝑉𝑛),

∙ ∂(𝑈 ∩ ℂ𝐼) is union of a finite number of rectifiable Jordan curves for every
𝐼 ∈ 𝕊.

Definition 4.2 (Locally s-monogenic functions on 𝝈𝑺(𝑻 )). Suppose that 𝑈 is ad-
missible and 𝑈 is contained in a domain of s-monogenicity of a function 𝑓 . Then
such a function 𝑓 is said to be locally s-monogenic on 𝜎𝑆(𝑇 ).

We will denote by 𝒮ℳ𝜎𝑆(𝑇 ) the set of locally s-monogenic functions on 𝜎𝑆(𝑇 ).

The first crucial point for the definition of a functional calculus based on the
Cauchy formula for slice monogenic functions is Theorem 3.2 which asserts, as we
have already observed, that the Cauchy kernel for for slice monogenic functions
can work as a resolvent operator for the functional calculus. But now, in order to
have a good definition of the functional calculus, we also have to be sure that the
integral

∫
∂(𝑈∩ℂ𝐼 )

𝑆−1(𝑠, 𝑇 ) 𝑑𝑠𝐼 𝑓(𝑠) is independent of 𝑈 and of 𝐼 ∈ 𝕊. Precisely
we have:

Theorem 4.3. Let 𝑇 ∈ ℬ0,1
𝑛 (𝑉𝑛) and 𝑓 ∈ 𝒮ℳ𝜎𝑆(𝑇 ). Let 𝑈 ⊂ ℝ𝑛+1 be an admissible

set and let 𝑑𝑠𝐼 = 𝑑𝑠/𝐼 for 𝐼 ∈ 𝕊. Then the integral

1

2𝜋

∫
∂(𝑈∩ℂ𝐼 )

𝑆−1(𝑠, 𝑇 ) 𝑑𝑠𝐼 𝑓(𝑠)

does not depend on the open set 𝑈 nor on the choice of the imaginary unit 𝐼 ∈ 𝕊.

Thanks to Theorem 4.3 we can finally give the definition of the 𝒮-functional
calculus for noncommuting operators.

Definition 4.4 (퓢-functional calculus). Let 𝑇 ∈ ℬ0,1
𝑛 (𝑉𝑛) and 𝑓 ∈ 𝒮ℳ𝜎𝑆(𝑇 ). Let

𝑈 ⊂ ℝ𝑛+1 be an admissible set and let 𝑑𝑠𝐼 = 𝑑𝑠/𝐼 for 𝐼 ∈ 𝕊. We define

𝑓(𝑇 ) :=
1

2𝜋

∫
∂(𝑈∩ℂ𝐼)

𝑆−1(𝑠, 𝑇 ) 𝑑𝑠𝐼 𝑓(𝑠). (4.1)

4.1. Properties of the 퓢-functional calculus
As one will easily see there is a great analogy between the 𝒮-functional calculus
and the Riesz-Dunford functional calculus for a single operator. Since the product
and the composition of slice monogenic functions is not always slice monogenic,
we give some preliminary results to assure this facts. The following definition is
based on the Splitting Lemma for slice monogenic functions.

Lemma 4.5 (Splitting Lemma). Let 𝑈 be an open set in ℝ𝑛+1 and let 𝑓 ∈ 𝒮ℳ(𝑈).
Choose 𝐼 = 𝐼1 ∈ 𝕊 and let 𝐼2, . . . , 𝐼𝑛 be a completion to a basis of ℝ𝑛 such that
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𝐼𝑖𝐼𝑗 + 𝐼𝑗𝐼𝑖 = −2𝛿𝑖𝑗. Denote by 𝑓𝐼 the restriction of 𝑓 to ℂ𝐼 . Then we have

𝑓𝐼(𝑧) =
𝑛−1∑
∣𝐴∣=0

𝐹𝐴(𝑧)𝐼𝐴, 𝐼𝐴 = 𝐼𝑖1 . . . 𝐼𝑖𝑠 , 𝑧 = 𝑢+ 𝐼𝑣

where 𝐹𝐴 : 𝑈 ∩ℂ𝐼 → ℂ𝐼 are holomorphic functions. The multi-index 𝐴 = 𝑖1 . . . 𝑖𝑠
is such that 𝑖ℓ ∈ {2, . . . , 𝑛}, with 𝑖1 < ⋅ ⋅ ⋅ < 𝑖𝑠, or, when ∣𝐴∣ = 0, 𝐼∅ = 1.

Definition 4.6. We denote by 𝒮ℳ(𝑈) the subclass of 𝒮ℳ(𝑈) consisting of those
functions 𝑓 such that

𝑓𝐼(𝑧) =

𝑛−1∑
∣𝐴∣=0,∣𝐴∣ even

𝐹𝐴(𝑧)𝐼𝐴, 𝐼𝐴 = 𝐼𝑖1 . . . 𝐼𝑖𝑠 , 𝑧 = 𝑢+ 𝐼𝑣.

Definition 4.7. Let 𝑓 : 𝑈 → ℝ𝑛 be an s-monogenic function where 𝑈 is an open
set in ℝ𝑛+1. We define

𝒩 (𝑈) = {𝑓 ∈ 𝒮ℳ(𝑈) : 𝑓(𝑈 ∩ℂ𝐼) ⊆ ℂ𝐼 , ∀𝐼 ∈ 𝕊}.
Thanks to the definition of the subsets 𝒮ℳ(𝑈) and 𝒩 (𝑈) of the space of

slice monogenic functions 𝒮ℳ(𝑈) we have the following result:

Theorem 4.8. Let 𝑈 , 𝑈 ′ be two open sets in ℝ𝑛+1.

∙ Let 𝑓 ∈ 𝒮ℳ(𝑈), 𝑔 ∈ 𝒮ℳ(𝑈), then 𝑓𝑔 ∈ 𝒮ℳ(𝑈).
∙ Let 𝑓 ∈ 𝒩 (𝑈 ′) and let 𝑔 ∈ 𝒩 (𝑈) with 𝑔(𝑈) ⊆ 𝑈 ′. Then 𝑓(𝑔(𝑥)) is slice
monogenic for 𝑥 ∈ 𝑈 .

We are now in the position to state some properties of the 𝒮-functional
calculus.

Theorem 4.9. Let 𝑇 ∈ ℬ0,1
𝑛 (𝑉𝑛).

(a) Let 𝑓 and 𝑔 ∈ 𝒮ℳ𝜎𝑆(𝑇 ). Then we have

(𝑓 + 𝑔)(𝑇 ) = 𝑓(𝑇 ) + 𝑔(𝑇 ), (𝑓𝜆)(𝑇 ) = 𝑓(𝑇 )𝜆, for all 𝜆 ∈ ℝ𝑛.

(b) Let 𝜙 ∈ 𝒮ℳ𝜎𝑆(𝑇 ) and 𝑔 ∈ 𝒮ℳ𝜎𝑆(𝑇 ). Then we have

(𝜙𝑔)(𝑇 ) = 𝜙(𝑇 )𝑔(𝑇 ).

(c) Let 𝑓(𝑠) =
∑
𝑛≥0 𝑠

𝑛𝑝𝑛 where 𝑝𝑛 ∈ ℝ𝑛 be such that 𝑓 ∈ 𝒮ℳ𝜎𝑆(𝑇 ). Then we
have

𝑓(𝑇 ) =
∑
𝑛≥0

𝑇 𝑛𝑝𝑛.

Theorem 4.10 (Spectral Mapping Theorem). Let 𝑇 ∈ ℬ0,1
𝑛 (𝑉𝑛), 𝑓 ∈ 𝒩𝜎𝑆(𝑇 ). Then

𝜎𝑆(𝑓(𝑇 )) = 𝑓(𝜎𝑆(𝑇 )) = {𝑓(𝑠) : 𝑠 ∈ 𝜎𝑆(𝑇 )}.
Definition 4.11 (The 퓢-spectral radius of 𝑻 ). Let 𝑇 ∈ ℬ0,1

𝑛 (𝑉𝑛). We call 𝒮-spectral
radius of 𝑇 the nonnegative real number

𝑟𝑆(𝑇 ) := sup{ ∣𝑠∣ : 𝑠 ∈ 𝜎𝑆(𝑇 ) }.
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Theorem 4.12 (The 퓢-spectral radius theorem). Let 𝑇 ∈ ℬ0,1
𝑛 (𝑉𝑛) and let 𝑟𝑆(𝑇 )

be the 𝒮-spectral radius of 𝑇 . Then 𝑟𝑆(𝑇 ) = lim𝑚→∞ ∥𝑇𝑚∥1/𝑚.

Theorem 4.13 (Perturbation of the 퓢-resolvent). Let 𝑇,𝑍∈ℬ0,1
𝑛 (𝑉𝑛), 𝑓 ∈𝒮ℳ𝜎𝑆(𝑇 )

and let 𝜀 > 0. Then there exists 𝛿 > 0 such that, for ∥𝑍 − 𝑇 ∥ < 𝛿, we have
𝑓 ∈ 𝒮ℳ𝜎𝑆(𝑍) and ∥𝑓(𝑍)− 𝑓(𝑇 )∥ < 𝜀.

5. The 퓢퓒-functional calculus
We now consider what happens if we use the Cauchy kernel in form II, see Defini-
tion 2.10, to define the functional calculus. For more details see [7]. First of all we
observe that 𝑆−1(𝑠, 𝑥) written in the form II, that is (𝑠− �̄�)(𝑠2−2Re[𝑥]𝑠+ ∣𝑥∣2)−1,
contains the term ∣𝑥∣2 which can be also written as ∣𝑥∣2 = 𝑥𝑥 = 𝑥𝑥. So in terms
of operators ∣𝑥∣2 has to be interpreted as 𝑇𝑇 and we must have 𝑇𝑇 = 𝑇𝑇 . So
operator 𝑇𝑇 is well defined only in the case that 𝑇 = 𝑇0 + 𝑇1𝑒1 + ⋅ ⋅ ⋅+ 𝑇𝑛𝑒𝑛 has
commuting components 𝑇𝑗, for 𝑗 = 0, 1, . . . , 𝑛. Now a natural question arise: why
do we have to consider this commutative case when we already have the general
case for non commuting components? The reason is that the associated spectrum,
called the ℱ -spectrum, for commuting operators is more simple to compute with
respect to the 𝒮-spectrum. In a certain sense the ℱ -spectrum takes into account
the fact that the components of 𝑇 commute and it reduces the computational
difficulties. In the sequel we will show this fact by an example. Moreover the two
spectra are the same for commuting operators.

Definition 5.1 (The 퓕 -spectrum and the 퓕 -resolvent sets). Let 𝑇 ∈ ℬ𝒞0,1
𝑛 (𝑉𝑛).

We define the ℱ -spectrum of 𝑇 as:

𝜎ℱ (𝑇 ) = {𝑠 ∈ ℝ𝑛+1 : 𝑠2ℐ − 𝑠(𝑇 + 𝑇 ) + 𝑇𝑇 is not invertible}.
The ℱ -resolvent set of 𝑇 is defined by

𝜌ℱ (𝑇 ) = ℝ𝑛+1 ∖ 𝜎ℱ (𝑇 ).

Theorem 5.2 (Structure of the 퓕 -spectrum). Let 𝑇 ∈ ℬ𝒞0,1
𝑛 (𝑉𝑛) and let 𝑝 =

𝑝0 + 𝑝1𝐼 ∈ [𝑝0 + 𝑝1𝐼] ⊂ ℝ𝑛+1 ∖ ℝ, such that 𝑝 ∈ 𝜎ℱ (𝑇 ). Then all the elements of
the (𝑛−1)-sphere [𝑝0+𝑝1𝐼] belong to 𝜎ℱ (𝑇 ). Thus the ℱ-spectrum consists of real
points and/or (𝑛 − 1)-spheres.

Theorem 5.3 (Compactness of 퓕 -spectrum). Let 𝑇 ∈ ℬ𝒞0,1
𝑛 (𝑉𝑛). Then the ℱ-

spectrum 𝜎ℱ (𝑇 ) is a compact nonempty set. Moreover 𝜎ℱ (𝑇 ) is contained in {𝑠 ∈
ℝ𝑛+1 : ∣𝑠∣ ≤ ∥𝑇 ∥ }.
Definition 5.4. Let 𝑇 ∈ ℬ𝒞0,1

𝑛 (𝑉𝑛) and let 𝑈 ⊂ ℝ𝑛+1 be an axially symmetric
s-domain containing the ℱ -spectrum 𝜎ℱ (𝑇 ), and such that ∂(𝑈 ∩ ℂ𝐼) is union of
a finite number of continuously differential Jordan curves for every 𝐼 ∈ 𝕊. Let 𝑊
be an open set in ℝ𝑛+1. A function 𝑓 ∈ 𝒮ℳ(𝑊 ) is said to be locally s-monogenic
on 𝜎ℱ (𝑇 ) if there exists a domain 𝑈 ⊂ ℝ𝑛+1 as above such that 𝑈 ⊂ 𝑊 . We will
denote by 𝒮ℳ𝜎ℱ (𝑇 ) the set of locally s-monogenic functions on 𝜎ℱ (𝑇 ).
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Definition 5.5 (The 퓢퓒-resolvent operator). Let 𝑇 ∈ ℬ𝒞0,1
𝑛 (𝑉𝑛) and 𝑠 ∈ 𝜌ℱ(𝑇 ).

We define the 𝒮𝒞-resolvent operator as
𝒮𝒞−1(𝑠, 𝑇 ) := (𝑠ℐ − 𝑇 )(𝑠2ℐ − 𝑠(𝑇 + 𝑇 ) + 𝑇𝑇 )−1. (5.1)

Definition 5.6 (The 퓢퓒-functional calculus). Let 𝑇 ∈ ℬ𝒞0,1
𝑛 (𝑉𝑛) and 𝑓 ∈ 𝒮ℳ𝜎ℱ (𝑇 ).

Let 𝑈 ⊂ ℝ𝑛+1 be a domain as in Definition 5.4 and set 𝑑𝑠𝐼 = 𝑑𝑠/𝐼 for 𝐼 ∈ 𝕊. We
define the 𝒮𝒞-functional calculus as

𝑓(𝑇 ) =
1

2𝜋

∫
∂(𝑈∩ℂ𝐼 )

𝒮𝒞−1(𝑠, 𝑇 ) 𝑑𝑠𝐼 𝑓(𝑠). (5.2)

5.1. The 퓕 -spectrum is easier to compute with respect to the 퓢-spectrum
We now treat an explicit example: consider the two commuting matrices

𝑇1 =

[
0 1
0 1

]
𝑇2 =

[
1 1
0 2

]
.

We consider the operator

𝑇 = 𝑒1𝑇1 + 𝑒2𝑇2 =

[
𝑒2 𝑒1 + 𝑒2
0 𝑒1 + 2𝑒2

]
and

𝑇 =

[ −𝑒2 −𝑒1 − 𝑒2
0 −𝑒1 − 2𝑒2

]
.

It is immediate that 𝑇 + 𝑇 = 0 and

𝑇𝑇 =

[
1 4
0 5

]
.

To compute the ℱ -spectrum we have to solve[
𝑠2 + 1 4
0 𝑠2 + 5

] [
𝑤
𝑢

]
= 0,

which gives the two equations (𝑠2 + 1)𝑤 + 4𝑢 = 0 and (𝑠2 + 5)𝑢 = 0. It is easy to

see that on the complex plane ℂ𝐼 the solutions are {𝐼,√5𝐼 }, thus
𝜎ℱ (𝑇 ) = {𝐼, √

5𝐼, for all 𝐼 ∈ 𝕊}.
The same result can be obtained by solving the equation

(𝑇 2 − 2𝑠0𝑇 + ∣𝑠∣2ℐ)𝑣 = 0.

In this case it is[ −1− 2𝑠0𝑒2 + ∣𝑠∣2 −4− 2𝑠0(𝑒1 + 𝑒2)
0 −5− 2𝑠0(𝑒1 + 2𝑒2) + ∣𝑠∣2

] [
𝑤
𝑢

]
= 0

which corresponds the two equations

(−1−2𝑠0𝑒2+ ∣𝑠∣2)𝑤− (4+2𝑠0(𝑒1+𝑒2))𝑢 = 0, (−5−2𝑠0(𝑒1+2𝑒2)+ ∣𝑠∣2)𝑢 = 0

where 𝑤 = 𝑤0+𝑒1𝑤1+𝑒2𝑤2+𝑒1𝑒2𝑤12 and similarly for 𝑢. If we suppose that 𝑠0 = 0
we get 𝑠 = 𝐼, or 𝑠 =

√
5𝐼, when 𝐼 varies in 𝕊. If 𝑠0 ∕= 0, long calculations show that

there are no solutions, thus the 𝒮-spectrum coincides with the ℱ -spectrum. Note
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that, in general, when working in a Clifford algebra over more than two imaginary
units, we have to take into account the fact that there can be zero divisors thus
to solve equations requires more attention.

6. The 퓕-functional calculus for bounded operators
The ℱ -spectrum also arise in the case we want to define a functional calculus
for monogenic functions (see Definition 2.12) using slice monogenic functions. The
ℱ -functional calculus is based on the Fueter-Sce mapping theorem in integral form.

In its differential form the Fueter-Sce mapping theorem states that given a

slice monogenic function 𝑓 we can generate a monogenic function 𝑓 by the formula

𝑓(𝑥) = Δ
𝑛−1
2 𝑓(𝑥)

where Δ = ∂2
0 + ∂2

1 + ⋅ ⋅ ⋅ + ∂2
𝑛 is the Laplace operator in dimension 𝑛 + 1. The

authors and F. Sommen in [9] have proved an integral version of the Fueter-Sce
mapping theorem and, based on such integral formula, it has been defined the
ℱ -functional calculus. Precisely we state our results as follows.
Definition 6.1 (The 퓕𝒏-kernel). Let 𝑛 be an odd number. Let 𝑥, 𝑠 ∈ ℝ𝑛+1. We
define, for 𝑠 ∕∈ [𝑥], the ℱ𝑛-kernel as

ℱ𝑛(𝑠, 𝑥) := Δ
𝑛−1
2 𝑆−1(𝑠, 𝑥) = 𝛾𝑛(𝑠 − �̄�)(𝑠2 − 2Re[𝑥]𝑠+ ∣𝑥∣2)−𝑛+1

2 ,

where

𝛾𝑛 := (−1)(𝑛−1)/22(𝑛−1)/2(𝑛 − 1)!
(𝑛 − 1

2

)
!. (6.1)

Theorem 6.2 (The Fueter-Sce mapping theorem in integral form). Let 𝑛 be an odd
number. Let 𝑊 ⊂ ℝ𝑛+1 be an axially symmetric open set and let 𝑓 ∈ 𝒮ℳ(𝑊 ).
Let 𝑈 be a bounded axially symmetric open set such that 𝑈 ⊂ 𝑊 . Suppose that the
boundary of 𝑈 ∩ℂ𝐼 consists of a finite number of rectifiable Jordan curves for any
𝐼 ∈ 𝕊. Then, if 𝑥 ∈ 𝑈 , the function 𝑓(𝑥) given by

𝑓(𝑥) = Δ
𝑛−1
2 𝑓(𝑥)

is monogenic and it admits the integral representation

𝑓(𝑥) =
1

2𝜋

∫
∂(𝑈∩ℂ𝐼)

ℱ𝑛(𝑠, 𝑥)𝑑𝑠𝐼𝑓(𝑠), 𝑑𝑠𝐼 = 𝑑𝑠/𝐼, (6.2)

where the integral does not depend on 𝑈 nor on the imaginary unit 𝐼 ∈ 𝕊.

Remark 6.3. The Fueter-Sce mapping theorem defines a map from the space
𝒮ℳ(𝑈) to ℳ(𝑈). The integral version of the Fueter-Sce mapping theorem al-
lows the definition of a functional calculus for a subclass of the space of monogenic
functions ℳ(𝑈), that is functions that are in the kernel of the Dirac operator.

251An Invitation to the 𝒮-functional Calculus



Definition 6.4 (퓕 -resolvent operator). Let 𝑛 be an odd number and let 𝑇 ∈
ℬ𝒞0,1
𝑛 (𝑉𝑛). For 𝑠 ∈ 𝜌ℱ(𝑇 ) we define the ℱ -resolvent operator as

ℱ−1
𝑛 (𝑠, 𝑇 ) := 𝛾𝑛(𝑠ℐ − 𝑇 )(𝑠2ℐ − 𝑠(𝑇 + 𝑇 ) + 𝑇𝑇 )−

𝑛+1
2 ,

where 𝛾𝑛 are given by (6.1).

Now, using the kernel ℱ−1
𝑛 (𝑠, 𝑇 ) as a resolvent operator, for 𝑇 ∈ ℬ𝒞0,1

𝑛 (𝑉𝑛), we

define 𝑓(𝑇 ) when 𝑓 ∈ ℳ(𝑈) is a monogenic function which comes from a slice
monogenic function 𝑓 ∈ ℳ(𝑆𝑈) via the Fueter-Sce theorem in integral form. The
ℱ -functional calculus will be defined only for those monogenic functions that are
of the form 𝑓(𝑥) = Δ

𝑛−1
2 𝑓(𝑥), where 𝑓 is a slice monogenic function. For the

functional calculus associated to standard monogenic functions we mention the
book [20] and the literature therein.

Definition 6.5 (The 퓕 -functional calculus). Let 𝑛 be an odd number and let 𝑇 ∈
ℬ𝒞0,1
𝑛 (𝑉𝑛). Let 𝑈 be an open set as in Definition 5.4. Suppose that 𝑓 ∈ 𝒮ℳ𝜎ℱ (𝑇 )

and let 𝑓(𝑥) = Δ
𝑛−1
2 𝑓(𝑥). We define the ℱ -functional calculus as

𝑓(𝑇 ) =
1

2𝜋

∫
∂(𝑈∩ℂ𝐼)

ℱ−1
𝑛 (𝑠, 𝑇 ) 𝑑𝑠𝐼 𝑓(𝑠). (6.3)

Remark 6.6. The definitions of the 𝒮𝒞-functional calculus and of the ℱ -functional
calculus are well posed since the integrals in (5.2) and in (6.3) are independent of
𝐼 ∈ 𝕊 and of the open set 𝑈 .

Theorem 6.7 (Bounded perturbations of the 퓕 -functional calculus, see [8]). Let
𝑛 be an odd number, 𝑇, 𝑍 ∈ ℬ𝒞0,1

𝑛 (𝑉𝑛), 𝑓 ∈ 𝒮ℳ𝜎ℱ (𝑇 ) and let 𝜀 > 0. Then there
exists 𝛿 > 0 such that, for ∥𝑍 − 𝑇 ∥ < 𝛿, we have 𝑓 ∈ 𝒮ℳ𝜎ℱ (𝑍) and

∥𝑓(𝑍)− 𝑓(𝑇 )∥ < 𝜀.

7. The 퓢-functional calculus for unbounded operators
We conclude this paper by pointing out that the 𝒮-functional calculus and its
commutative formulation the 𝒮𝒞-functional calculus can be extended to the case
of unbounded operators using analogous strategies suggested by the Riesz-Dunford
functional calculus. Here we have to take into account the fact that the composition
of functions is not always well defined as it happens in the case of holomorphic
functions of a complex variable. Even thought there are several difficulties due
to the non commutativity all the results known for the Riesz-Dunford functional
calculus have been extended to the 𝒮-functional calculus for non commuting un-
bounded operators. In the following we simply give an idea of how the 𝒮-functional
calculus looks like for unbounded operators.

Definition 7.1. Let 𝑘 ∈ ℝ𝑛+1 and define the homeomorphism Φ : ℝ
𝑛+1 → ℝ

𝑛+1
,

𝑝 = Φ(𝑠) = (𝑠 − 𝑘)−1, Φ(∞) = 0, Φ(𝑘) = ∞.
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Observe that, in the case 𝑘 ∈ 𝜌𝑆(𝑇 ) ∩ ℝ we have that (𝑇 − 𝑘ℐ)−1 =
−𝑆−1(𝑘, 𝑇 ). We use the symbol 𝜎𝑆(𝑇 ) to denote the fact that the point at in-
finity can be in the 𝒮-spectral set.
Definition 7.2 (Definition of the 퓢-functional calculus for unbounded operators).
Let 𝑇 : 𝒟(𝑇 ) → 𝑉𝑛 be a linear closed operator with 𝜌𝑆(𝑇 ) ∩ ℝ ∕= ∅ and suppose
that 𝑓 ∈ 𝒮ℳ𝜎𝑆(𝑇 ). Let us consider 𝜙(𝑝) := 𝑓(Φ−1(𝑝)) and the operator 𝐴 :=

(𝑇 − 𝑘ℐ)−1, for some 𝑘 ∈ 𝜌𝑆(𝑇 ) ∩ℝ. We define

𝑓𝑘(𝑇 ) = 𝜙(𝐴). (7.1)

The operator 𝑓𝑘(𝑇 ) is well defined since it does not depend on 𝑘 ∈ 𝜌𝑆(𝑇 )∩ℝ
as the following theorem shows.

Theorem 7.3. Let 𝑇 : 𝒟(𝑇 ) → 𝑉𝑛 be a linear closed operator with 𝜌𝑆(𝑇 )∩ℝ ∕= ∅ and
suppose that 𝑓 ∈ 𝒮ℳ𝜎𝑆(𝑇 ). Then operator 𝑓𝑘(𝑇 ) is independent of 𝑘 ∈ 𝜌𝑆(𝑇 )∩ℝ.
Let 𝑓 be an s-monogenic function such that its domain of s-monogenicity contains
𝑈 . Set 𝑑𝑠𝐼 = 𝑑𝑠/𝐼 for 𝐼 ∈ 𝕊, then we have

𝑓(𝑇 ) = 𝑓(∞)ℐ + 1

2𝜋

∫
∂(𝑈∩ℂ𝐼)

𝑆−1(𝑠, 𝑇 )𝑑𝑠𝐼𝑓(𝑠), (7.2)

where 𝑆−1(𝑠, 𝑇 ) := (𝑇 2 − 2𝑇Re[𝑠] + ∣𝑠∣2ℐ)−1𝑠 − 𝑇 (𝑇 2 − 2𝑇Re[𝑠] + ∣𝑠∣2ℐ)−1.

Most of the results related to the 𝒮-functional calculus and on its function
theory are now collected in the recent book [17].
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Necessity of Parameter-ellipticity for
Multi-order Systems of Differential Equations

R. Denk and M. Faierman

Abstract. In this paper we investigate parameter-ellipticity conditions for
multi-order systems of differential equations on a bounded domain. Under
suitable assumptions on smoothness and on the order structure of the sys-
tem, it is shown that parameter-dependent a priori estimates imply the con-
ditions of parameter-ellipticity, i.e., interior ellipticity, conditions of Shapiro-
Lopatinskii type, and conditions of Vishik-Lyusternik type. The mixed-order
systems considered here are of general form; in particular, it is not assumed
that the diagonal operators are of the same order. This paper is a continua-
tion of an article by the same authors where the sufficiency was shown, i.e.,
a priori estimates for the solutions of parameter-elliptic multi-order systems
were established.

Mathematics Subject Classification (2000). Primary 35J55; Secondary 35S15.

Keywords. Parameter-ellipticity, multi-order systems, a priori estimates.

1. Introduction and main results

In this paper, we will study multi-order boundary value problems defined over
a bounded domain in ℝ𝑛. Under rather general assumptions on the structure
of the system, it was shown in the paper [DF] that parameter-ellipticity implies
uniform a priori estimates for the solutions. Now we will show that the conditions
of parameter-ellipticity are also necessary.

Parameter-elliptic boundary value problems and a priori estimates for them
were treated, e.g., in [ADF] (scalar problems), [DFM] (systems of homogeneous
type), and [F] (multi-order systems). The notion of parameter-ellipticity for gen-
eral multi-order systems was introduced by Kozhevnikov ([K1], [K2]) and by Denk,
Mennicken, and Volevich ([DMV]). The mentioned papers had restrictions on the
orders of the operators which excluded, for instance, boundary conditions of Dirich-
let type (see [ADN, Section 2], [G, p. 448]). In the paper [DF], these restrictions
were removed.
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Let us consider in a bounded domain Ω ⊂ ℝ𝑛, 𝑛 ≥ 2, with boundary Γ the
boundary value problem

𝐴(𝑥,𝐷)𝑢(𝑥) − 𝜆𝑢(𝑥) = 𝑓(𝑥) in Ω,

𝐵(𝑥,𝐷)𝑢(𝑥) = 𝑔(𝑥) on Γ.
(1.1)

Here 𝐴(𝑥,𝐷) =
(
𝐴𝑗𝑘(𝑥,𝐷)

)
𝑗,𝑘=1,...,𝑁

is an𝑁×𝑁 -matrix of linear differential oper-

ators, 𝑁 ∈ ℕ, 𝑁 ≥ 2, 𝑢(𝑥) = (𝑢1(𝑥), . . . , 𝑢𝑁 (𝑥))
𝑇 and 𝑓(𝑥) = (𝑓1(𝑥), . . . , 𝑓𝑁(𝑥))

𝑇

are defined on Ω (𝑇 denoting the transpose), whereas

𝐵(𝑥,𝐷) =
(
𝐵𝑗𝑘(𝑥,𝐷)

)
𝑗=1,...,𝑁
𝑘=1,...,𝑁

is an 𝑁 × 𝑁 -matrix of boundary operators, and 𝑔(𝑥) = (𝑔1(𝑥), . . . , 𝑔𝑁(𝑥))
𝑇 is

defined on Γ.

To describe the order structure of the boundary value problem (𝐴,𝐵), let
{𝑠𝑗}𝑁𝑗=1 and {𝑡𝑗}𝑁𝑗=1 denote sequences of integers satisfying 𝑠1 ≥ ⋅ ⋅ ⋅ ≥ 𝑠𝑁 , 𝑡1 ≥
⋅ ⋅ ⋅ ≥ 𝑡𝑁 ≥ 0, and put 𝑚𝑗 := 𝑠𝑗 + 𝑡𝑗 (𝑗 = 1, . . . , 𝑁). We assume

𝑚1 = ⋅ ⋅ ⋅ = 𝑚𝑘1 > 𝑚𝑘1+1 = ⋅ ⋅ ⋅ = 𝑚𝑘𝑑−1
> 𝑚𝑘𝑑−1+1 = ⋅ ⋅ ⋅ = 𝑚𝑘𝑑 > 0,

where 𝑘𝑑 = 𝑁 . We set �̃�𝑗 := 𝑚𝑘𝑗 (𝑗 = 1, . . . , 𝑑), and assume that 2𝑁𝑟 :=∑𝑘𝑟
𝑗=1 𝑚𝑗 is even for 𝑟 = 1, . . . , 𝑑. We also set 𝑘0 := 0 and 𝑁0 := 0. Further,

let {𝜎𝑗}𝑁𝑗=1, 𝑁 := 𝑁𝑑, be a sequence of integers satisfying max𝑗 𝜎𝑗 < 𝑠𝑁 . It was
shown in [DF, Section 2] that we may also assume 𝑠𝑗 ≥ 0 (𝑗 = 1, . . . , 𝑁) and

𝜎𝑗 < 0 (𝑗 = 1, . . . , 𝑁). Define 𝜅0 := max{𝑡1,−𝜎1, . . . ,−𝜎𝑁}. Concerning (𝐴,𝐵),
we will assume that

ord𝐴𝑗𝑘 ≤ 𝑠𝑗 + 𝑡𝑘 (𝑗, 𝑘 = 1, . . . , 𝑁),

ord𝐵𝑗𝑘 ≤ 𝜎𝑗 + 𝑡𝑘 (𝑗 = 1, . . . , 𝑁, 𝑘 = 1, . . . , 𝑁).

Using the standard multi-index notation𝐷𝛼 = 𝐷𝛼11 ⋅ ⋅ ⋅𝐷𝛼𝑛𝑛 , 𝐷𝑗 = −𝑖 ∂∂𝑥𝑗 , we write

𝐴𝑗𝑘(𝑥,𝐷) =
∑

∣𝛼∣≤𝑠𝑗+𝑡𝑘 𝑎𝑗𝑘𝛼 (𝑥)𝐷
𝛼 for 𝑥 ∈ Ω and 𝑗, 𝑘 = 1, . . . , 𝑁 and 𝐵𝑗𝑘(𝑥,𝐷) =∑

∣𝛼∣≤𝜎𝑗+𝑡𝑘 𝑏𝑗𝑘𝛼 (𝑥)𝐷
𝛼 for 𝑥 ∈ Γ, 𝑗 = 1, . . . , 𝑁 , and 𝑘 = 1, . . . , 𝑁 . With respect to

the smoothness, we will suppose

(S) (1) Γ is of class 𝐶𝜅0−1,1 ∩ 𝐶𝑠1 ,
(2) 𝑎𝑗𝑘𝛼 ∈ 𝐶𝑠𝑗 (Ω) (∣𝛼∣ ≤ 𝑠𝑗 + 𝑡𝑘) if 𝑠𝑗 > 0 and

𝑎𝑗𝑘𝛼 ∈ 𝐶0(Ω) (∣𝛼∣ = 𝑠𝑗 + 𝑡𝑘), 𝑎𝑗𝑘𝛼 ∈ 𝐿∞(Ω) (∣𝛼∣ < 𝑠𝑗 + 𝑡𝑘) if 𝑠𝑗 = 0,
(3) 𝑏𝑗𝑘𝛼 ∈ 𝐶−𝜎𝑗−1,1(Γ) (∣𝛼∣ ≤ 𝜎𝑗 + 𝑡𝑘).

Let 𝐴𝑗𝑘(𝑥, 𝜉) consist of all terms in 𝐴𝑗𝑘(𝑥, 𝜉) which are exactly of order 𝑠𝑗 + 𝑡𝑘,
and set

𝐴(𝑥, 𝜉) :=
(
𝐴𝑗𝑘(𝑥, 𝜉)

)
𝑗,𝑘=1,...,𝑁

(𝑥 ∈ Ω, 𝜉 ∈ ℝ𝑛).
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Analogously, define 𝐵(𝑥, 𝜉) =
(
𝐵𝑗𝑘(𝑥, 𝜉)

)
𝑗=1,...,𝑁
𝑘=1,...,𝑁

for 𝑥 ∈ Γ, 𝜉 ∈ ℝ𝑛. The operator

𝐵(𝑥,𝐷) is said to be essentially upper triangular if 𝐵𝑗𝑘(𝑥,𝐷) = 0 for 𝑗 = 𝑁ℓ−1 +
1, . . . , 𝑁ℓ, 𝑘 = 1, . . . , 𝑘ℓ−1, ℓ = 2, . . . , 𝑑.

To formulate the ellipticity conditions, let

𝒜(𝑟)
11 (𝑥, 𝜉) :=

(
𝐴𝑗𝑘(𝑥, 𝜉)

)
𝑗,𝑘=1,...,𝑘𝑟

(𝑟 = 1, . . . , 𝑑).

Let 𝐼ℓ denote the ℓ × ℓ unit matrix, 𝐼ℓ := 𝐼𝑘ℓ−𝑘ℓ−1
, and 𝐼ℓ,0 := diag

(
0 ⋅ 𝐼1, . . . , 0 ⋅

𝐼ℓ−1, 𝐼ℓ
)
. In the following, let ℒ ⊂ ℂ be a closed sector in the complex plane with

vertex at the origin. The following condition is taken from [DF, Section 2] (cf. also
[DMV, Section 3]).

(E) For each 𝑥 ∈ Ω, 𝜉 ∈ ℝ𝑛 ∖ {0}, 𝜆 ∈ ℒ, and 𝑟 = 1, . . . , 𝑑 we have

det
(𝒜(𝑟)

11 (𝑥, 𝜉) − 𝜆𝐼𝑟,0
) ∕= 0.

If condition (E) holds, the operator 𝐴(𝑥,𝐷)−𝜆𝐼𝑁 is said to be parameter-elliptic
in ℒ. In order to formulate conditions of Shapiro-Lopatinskii type, for 𝑥0 ∈ Γ we
rewrite the boundary value problem (1.1) in terms of local coordinates associated
to 𝑥0. In these coordinates 𝑥0 = 0, and the positive 𝑥𝑛-axis coincides with the
direction of the inner normal to Γ. We will keep the notation for 𝐴 and 𝐵 in the
new coordinates. In local coordinates associated to 𝑥0 ∈ Γ, let

ℬ(𝑟,𝑟)
𝑟,1 (0, 𝜉′, 𝐷𝑛) :=

(
𝐵𝑗𝑘(0, 𝜉

′, 𝐷𝑛)
)
𝑗=1,...,𝑁𝑟

𝑘=1,...,𝑘𝑟

(𝑟 = 1, . . . , 𝑑),

ℬ(1,𝑟)
𝑟,1 (0, 𝜉′, 𝐷𝑛) :=

(
𝐵𝑗𝑘(0, 𝜉

′, 𝐷𝑛)
)
𝑗=𝑁𝑟−1+1,...,𝑁𝑟

𝑘=1,...,𝑘𝑟

(𝑟 = 2, . . . , 𝑑),

The following conditions (see [DF, Section 2]) are of Shapiro-Lopatinskii type and
of Vishik-Lyusternik type, respectively (cf. also [DV, Section 2.3]).

(SL) For each 𝑥0 ∈ Γ rewrite (1.1) in local coordinates associated to 𝑥0. Then for
𝑟 = 1, . . . , 𝑑, the boundary value problem on the half-line,

𝒜(𝑟)
11 (0, 𝜉

′, 𝐷𝑛)𝑣(𝑥𝑛)− 𝜆𝐼𝑟,0𝑣(𝑥𝑛) = 0 (𝑥𝑛 > 0),

ℬ(𝑟,𝑟)
𝑟,1 (0, 𝜉′, 𝐷𝑛)𝑣(𝑥𝑛) = 0 (𝑥𝑛 = 0),

∣𝑣(𝑥𝑛)∣ → 0 (𝑥𝑛 → ∞)

(1.2)

has only the trivial solution for 𝜉′ ∈ ℝ𝑛−1 ∖ {0}, 𝜆 ∈ ℒ.
(VL)For each 𝑥0 ∈ Γ rewrite (1.1) in local coordinates associated to 𝑥0. Then for

𝑟 = 2, . . . , 𝑑, the boundary value problem on the half-line,

𝒜(𝑟)
11 (0, 0, 𝐷𝑛)𝑣(𝑥𝑛)− 𝜆𝐼𝑟,0𝑣(𝑥𝑛) = 0 (𝑥𝑛 > 0),

ℬ(1,𝑟)
𝑟,1 (0, 0, 𝐷𝑛)𝑣(𝑥𝑛) = 0 (𝑥𝑛 = 0),

∣𝑣(𝑥𝑛)∣ → 0 (𝑥𝑛 → ∞)

(1.3)

has only the trivial solution for 𝜆 ∈ ℒ ∖ {0}.
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We will show that (E), (SL), and (VL) are necessary for a priori estimates to
hold. In order to formulate these estimates, we will introduce parameter-dependent
norms. For 𝐺 ⊂ ℝℓ open, ℓ ∈ ℕ, 𝑠 ∈ ℕ and 1 < 𝑝 < ∞, let ∥𝑢∥𝑠,𝑝,𝐺 denote the
norm in the standard Sobolev space 𝑊 𝑠

𝑝 (𝐺). For 𝜆 ∈ ℂ ∖ {0} and 𝑗 = 1, . . . , 𝑑 set

∣∣∣𝑢∣∣∣(𝑗)𝑠,𝑝,𝐺 := ∥𝑢∥𝑠,𝑝,𝐺 + ∣𝜆∣𝑠/�̃�𝑗∥𝑢∥0,𝑝,𝐺 (𝑢 ∈ 𝑊 𝑠
𝑝 (𝐺)).

For 𝑠 < 0, 𝑠 ∈ ℤ, and 𝑗 = 1, . . . , 𝑑, let 𝐻𝑠𝑝(ℝ
𝑛) be the Bessel-potential space

equipped with the parameter-dependent norm ∣∣∣𝑢∣∣∣(𝑗)𝑠,𝑝,ℝ𝑛 := ∥𝐹−1⟨𝜉, 𝜆⟩𝑠𝑗𝐹𝑢∥0,𝑝,ℝ𝑛
where 𝐹 denotes the Fourier transform in ℝ𝑛 (𝑥 → 𝜉) and where ⟨𝜉, 𝜆⟩𝑠𝑗 :=

(∣𝜉∣2+
∣𝜆∣2/�̃�𝑗

)1/2
. For 𝐺 ⊂ ℝ𝑛 open, set ∣∣∣𝑢∣∣∣(𝑗)𝑠,𝑝,𝐺 := inf{∣∣∣𝑣∣∣∣𝑠𝑠,𝑝,ℝ𝑛 : 𝑣 ∈ 𝐻𝑠𝑝(ℝ

𝑛), 𝑣∣𝐺 =

𝑢}. Finally, for 𝑠 ∈ ℕ we define the parameter-dependent norm on the boundary by

∣∣∣𝑣∣∣∣(𝑗)𝑠−1/𝑝,𝑝,∂𝐺 := ∥𝑣∥𝑠−1/𝑝,𝑝,∂𝐺 + ∣𝜆∣(𝑠−1/𝑝)/�̃�𝑗∥𝑣∥0,𝑝,∂𝐺 (𝑣 ∈ 𝑊 𝑠−1/𝑝
𝑝 (∂𝐺)).

For 𝑗 = 1, . . . , 𝑁 , let 𝜋1(𝑗) := 𝑟 if 𝑘𝑟−1 < 𝑗 ≤ 𝑘𝑟. Similarly, for 𝑗 = 1, . . . , 𝑁𝑑
let 𝜋2(𝑗) := 𝑟 if 𝑁𝑟−1 < 𝑗 ≤ 𝑁𝑟. Note that, by definition, �̃�𝜋1(𝑗) = 𝑚𝑗 for
𝑗 = 1, . . . , 𝑁 .

The aim of the paper is to show the following result.

Theorem 1.1. Let (S) hold, let 1 < 𝑝 < ∞, and assume that there exist constants

𝐶0, 𝐶1 > 0 such that for all 𝜆 ∈ ℒ, ∣𝜆∣ ≥ 𝐶0 and all 𝑢 ∈∏𝑁𝑗=1 𝑊
𝑡𝑗
𝑝 (Ω) the a priori

estimate

𝑁∑
𝑗=1

∣∣∣𝑢𝑗 ∣∣∣(𝜋1(𝑗))𝑡𝑗 ,𝑝,Ω
≤ 𝐶1

( 𝑁∑
𝑗=1

∣∣∣𝑓𝑗 ∣∣∣(𝜋1(𝑗))−𝑠𝑗 ,𝑝,Ω +
𝑁∑
𝑗=1

∣∣∣𝑔𝑗 ∣∣∣(𝜋2(𝑗))−𝜎𝑗−1/𝑝,𝑝,Γ

)
(1.4)

holds for 𝑓 := 𝐴(𝑥,𝐷)𝑢 − 𝜆𝑢 and 𝑔 := 𝐵(𝑥,𝐷)𝑢. Assume further that 𝐵(𝑥,𝐷) is
essentially upper triangular. Then the parameter-ellipticity conditions (E), (SL),
and (VL) are satisfied.

Remark 1.2. In [DF], the following result was shown, where we refer to [DF] for the
definitions of properly parameter-elliptic and compatible: Let (S), (E), (SL), and
(VL) hold. Assume further that (𝐴,𝐵) is properly parameter-elliptic, that 𝐵(𝑥,𝐷)
is essentially upper triangular, and that 𝐴(𝑥0, 𝐷) and 𝐵(𝑥0, 𝐷) are compatible at
every 𝑥0 ∈ Γ. Then there exist 𝐶0, 𝐶1 > 0 such that for all 𝜆 ∈ ℒ, ∣𝜆∣ ≥ 𝐶0, the

boundary value problem (1.1) has a unique solution 𝑢 ∈ ∏𝑁𝑗=1 𝑊
𝑡𝑗
𝑝 (Ω) for every

𝑓 ∈ ∏𝑁𝑗=1 𝐻
−𝑠𝑗
𝑝 (Ω) and every 𝑔 ∈ ∏𝑁𝑗=1 𝑊

−𝜎𝑗−1/𝑝
𝑝 (Γ), and the a priori estimate

(1.4) holds.

In this sense, the sufficiency of parameter-ellipticity for the validity of the a
priori estimate was shown in [DF] while Theorem 1.1 states the necessity of the
conditions (E), (SL), and (VL).
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2. Proof of the necessity

Throughout this section, we assume condition (S) to hold, and fix a closed sector
ℒ ⊂ ℂ. In the following, 𝐶 stands for a generic constant which may vary from
inequality to inequality but which is independent of the functions appearing in
the inequality and independent of 𝜆. Let 𝐵𝛿(𝑥

0) := {𝑥 ∈ ℝ𝑛 : ∣𝑥 − 𝑥0∣ < 𝛿}, and
let ℝ𝑛+ := {𝑥 ∈ ℝ𝑛 : 𝑥𝑛 > 0}, ℝ+ := (0,∞). We start with some useful remarks on

negative-order Sobolev spaces where 𝐶∞
0 (ℝ𝑛+) stands for the set of all restrictions

of functions in 𝐶∞
0 (ℝ𝑛) to ℝ𝑛+.

Lemma 2.1. Let 𝑠 ∈ ℕ, 1 < 𝑝 < ∞, 𝑗 ∈ {1, . . . , 𝑁}. Then for all 𝑣 ∈ 𝐿𝑝(ℝ𝑛) and
all 𝜆 ∈ ℂ, ∣𝜆∣ ≥ 1, we have:

a) ∣∣∣𝑣∣∣∣(𝑗)−𝑠,𝑝,ℝ𝑛 ≤ 𝐶∥𝑣∥−𝑠,𝑝,ℝ𝑛,
b) ∣∣∣𝐷𝛼𝑣∣∣∣(𝑗)−𝑠,𝑝,ℝ𝑛 ≤ ∣𝜆∣(∣𝛼∣−𝑠)/�̃�𝑗∥𝑣∥0,𝑝,ℝ𝑛 for all ∣𝛼∣ ≤ 𝑠,

c) for each 𝜙 ∈ 𝐶∞
0 (ℝ𝑛) there exists a constant 𝐶𝜙 > 0 independent of 𝑣 such

that ∥𝑣𝜙∥−𝑠,𝑝,ℝ𝑛 ≤ 𝐶𝜙∥𝑣∥−𝑠,𝑝,ℝ𝑛 and ∣∣∣𝑣𝜙∣∣∣(𝑗)−𝑠,𝑝,ℝ𝑛 ≤ 𝐶𝜙∣∣∣𝑣∣∣∣(𝑗)−𝑠,𝑝,ℝ𝑛 .

The same assertions hold if we replace ℝ𝑛 by ℝ𝑛+ and 𝐶∞
0 (ℝ𝑛) in c) by 𝐶∞

0 (ℝ𝑛+).

Proof. a) We have

∣∣∣𝑣∣∣∣(𝑗)−𝑠,𝑝,ℝ𝑛 = ∥𝐹−1⟨𝜉, 𝜆⟩−𝑠𝑗 𝐹𝑣∥0,𝑝,ℝ𝑛 =
∥∥∥𝐹−1 ⟨𝜉⟩𝑠

⟨𝜉, 𝜆⟩𝑠𝑗
⟨𝜉⟩−𝑠𝐹𝑣

∥∥∥
0,𝑝,ℝ𝑛

.

Now the assertion follows immediately from the Mikhlin-Lizorkin multiplier theo-
rem.

b) Similarly,

∣𝜆∣(𝑠−∣𝛼∣)/�̃�𝑗 ∣∣∣𝐷𝛼𝑣∣∣∣(𝑗)−𝑠,𝑝,ℝ𝑛 = ∥𝐹−1𝑚(𝜉, 𝜆)𝐹𝑣∥0,𝑝,ℝ𝑛
with𝑚(𝜉, 𝜆) := ∣𝜆∣(𝑠−∣𝛼∣)/�̃�𝑗𝜉𝛼⟨𝜉, 𝜆⟩−𝑠𝑗 . Noting that𝑚 is infinitely smooth in 𝜉 and

quasi-homogeneous in (𝜉, 𝜆) of degree 0 in the sense that 𝑚(𝜌𝜉, 𝜌�̃�𝑗𝜆) = 𝑚(𝜉, 𝜆)
for 𝜌 > 0, we see that we may apply the Mikhlin-Lizorkin theorem to obtain the
statement in b).

c) We make use of the dual pairing of 𝐻−𝑠
𝑝 (ℝ𝑛) and 𝑊 𝑠

𝑞 (ℝ
𝑛), 1

𝑝 +
1
𝑞 = 1, and

get

∥𝑣𝜙∥−𝑠,𝑝,ℝ𝑛 = sup
𝜁

∣⟨𝑣𝜙, 𝜁⟩∣ = sup
𝜁

∣∣∣ ∫ 𝑣(𝑥)𝜙(𝑥)𝜁(𝑥)𝑑𝑥
∣∣∣ = sup

𝜁
∣⟨𝑣, 𝜙𝜁⟩∣,

where the supremum is taken over all 𝜁 ∈ 𝐶∞
0 (ℝ𝑛) with ∥𝜁∥𝑠,𝑞,ℝ𝑛 ≤ 1. Now we

make use of ∥𝜙𝜁∥𝑠,𝑞,ℝ𝑛 ≤ 𝐶𝜙∥𝜁∥𝑠,𝑞,ℝ𝑛 with 𝐶𝜙 := 𝐶𝑠,𝑞 sup{∣𝐷𝛼𝜙(𝑥)∣ : ∣𝛼∣ ≤ 𝑠, 𝑥 ∈
ℝ𝑛} where 𝐶𝑠,𝑞 is a constant depending on 𝑠 and 𝑞 only. We obtain sup𝜁 ∣⟨𝑣, 𝜙𝜁⟩∣ ≤
𝐶𝜙 sup𝜁 ∣⟨𝑣, 𝜁⟩∣ = 𝐶𝜙∥𝑣∥−𝑠,𝑝,ℝ𝑛 .

For the parameter-dependent norms ∣∣∣ ⋅ ∣∣∣(𝑗)−𝑠,𝑝,ℝ𝑛 we again consider the dual

pairing between 𝐻−𝑠
𝑝 (ℝ𝑛) and 𝑊 𝑠

𝑞 (ℝ
𝑛), but now with respect to the parameter-

dependent norm ∣∣∣ ⋅ ∣∣∣(𝑗)𝑠,𝑞,ℝ𝑛 on 𝑊 𝑠
𝑞 (ℝ

𝑛). Then the result follows in exactly the same
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way, noting that

∣∣∣𝜙𝜁∣∣∣(𝑗)𝑠,𝑞,ℝ𝑛 = ∥𝜙𝜁∥𝑠,𝑞,ℝ𝑛 + ∣𝜆∣𝑠/�̃�𝑗∥𝜙𝜁∥0,𝑝,ℝ𝑛 ≤ 𝐶𝜙

(
∥𝜁∥𝑠,𝑞,ℝ𝑛 + ∣𝜆∣𝑠/�̃�𝑗∥𝜁∥0,𝑝,ℝ𝑛

)
.

Finally, in the case of ℝ𝑛+ instead of ℝ𝑛 the assertions of the lemma follow
easily from the results in ℝ𝑛 and the fact that there exists an extension operator
𝐸 : 𝑢 �→ 𝐸𝑢 which is continuous as an operator from 𝐻𝑟𝑝(ℝ

𝑛
+) to 𝐻𝑟𝑝 (ℝ

𝑛) for all
∣𝑟∣ ≤ 𝑠 (see [T, p. 218]). □

The following lemma will allow us to consider the model problem in ℝ𝑛 for
the proof of the necessity.

Lemma 2.2. Assume that there exist constants 𝐶0, 𝐶1 > 0 such that for all 𝑢 ∈∏𝑁
𝑗=1 𝑊

𝑡𝑗
𝑝 (ℝ𝑛) and all 𝜆 ∈ ℒ, ∣𝜆∣ ≥ 𝐶0, the a priori estimate (1.4) holds. Let

𝑥0 ∈ Ω. Then there exist an 𝑥1 ∈ Ω, a 𝛿 > 0 with 𝐵𝛿(𝑥1) ⊂ Ω, and a �̃� > 0 such

that for all 𝜆 ∈ ℒ with ∣𝜆∣ ≥ �̃� and all 𝑢 ∈ ∏𝑁𝑗=1 𝑊
𝑡𝑗
𝑝 (ℝ𝑛) with supp𝑢 ⊂ 𝐵𝛿(𝑥

1),
we have

𝑁∑
𝑗=1

∣∣∣𝑢∣∣∣(𝜋1(𝑗))𝑡𝑗 ,𝑝,ℝ𝑛
≤ 𝐶

𝑁∑
𝑗=1

∣∣∣𝑓0
𝑗 ∣∣∣(𝜋1(𝑗))−𝑠𝑗 ,𝑝,ℝ𝑛 , (2.1)

where we have set 𝑓0 := (𝐴(𝑥0, 𝐷)− 𝜆)𝑢.

Proof. In [DF, Prop. 4.1] it was shown that for any 𝜀 > 0 there exist a 𝛿0 > 0

and a 𝜆0 > 0 such that for 𝜆 ∈ ℒ, ∣𝜆∣ ≤ 𝜆0, and all 𝑢 ∈ ∏𝑁𝑗=1 𝑊
𝑡𝑗
𝑝 (ℝ𝑛) with

supp𝑢 ⊂ 𝐵𝛿(𝑥
0) ∩ Ω we have

𝑁∑
𝑗=1

∣∣∣𝑓𝑗 − 𝑓0
𝑗 ∣∣∣(𝜋1(𝑗))−𝑠𝑗 ,𝑝,Ω ≤ 𝜀

𝑁∑
𝑗=1

∥𝑢𝑗∥𝑡𝑗,𝑝,Ω

where 𝑓 := (𝐴(𝑥,𝐷)−𝜆)𝑢. Let 𝜀 be sufficiently small. If 𝑥0 ∈ Ω we choose 𝑥1 := 𝑥0

and 𝛿 := 1
2 min{𝛿0, dist(𝑥0,Γ)}. If 𝑥0 ∈ Γ we choose 𝑥1 ∈ 𝐵𝛿(𝑥

0) ∩ Ω and 𝛿 > 0

sufficiently small such that 𝐵𝛿(𝑥1) ⊂ 𝐵𝛿(𝑥
0) ∩ Ω. In both cases, the statement of

the lemma follows easily by arguments similar to those used in the proof of [AV,
Lemma 4.2]. □

Proposition 2.3. Under the assumptions of Lemma 2.2, condition (E) is satisfied,
i.e., for 𝑟 = 1, . . . , 𝑑, 𝑥0 ∈ Ω, 𝜉0 ∈ ℝ𝑛 ∖ {0}, and 𝜆0 ∈ ℒ we have

det
(𝒜(𝑟)

11 (𝑥
0, 𝜉0)− 𝜆0𝐼𝑟,0

) ∕= 0.

Proof. Assume that (E) does not hold. Then there exist 𝑟 ∈ {1, . . . , 𝑑}, 𝑥0∈Ω, 𝜉0∈
ℝ𝑛∖{0}, 𝜆0 ∈ ℒ, and a vector ℎ ∈ ℂ𝑘𝑟 ∖ {0} such that (𝒜(𝑟)

11 (𝑥
0, 𝜉0)−𝜆0𝐼𝑟,0)ℎ = 0.
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Let us first consider the case 𝜆0 = 0. We choose 𝑥1 ∈ Ω, 𝛿 > 0 and �̃� > 0
according to Lemma 2.1. Let 𝜙 ∈ 𝐶∞

0 (𝐵𝛿(𝑥
1)) with 𝜙 ∕≡ 0, and for 𝜌 > 1 set

𝑢𝑗(𝑥) :=

{
𝜙(𝑥)𝑒𝑖𝜌𝜉

0 ⋅𝑥𝜌−𝑡𝑗ℎ𝑗, 𝑗 = 1, . . . , 𝑘𝑟,

0, 𝑗 = 𝑘𝑟 + 1, . . . , 𝑁,

where ⋅ denotes the inner product in ℝ𝑛. We are now going to use (2.1) to arrive
at a contradiction. Indeed, we easily see that for 𝑗 = 1, . . . , 𝑘𝑟,

∥𝑢𝑗∥𝑡𝑗 ,𝑝,ℝ𝑛 ≥ ∣ℎ𝑗 ∣ ∣𝜉0ℓ ∣𝑡𝑗∥𝜙∥0,𝑝,ℝ𝑛 − 𝐶𝜌−1

where 𝜉0ℓ ∕= 0. We further choose 𝜇 with

�̃�𝑟+1 < 𝜇 < �̃�𝑟 if 𝑟 < 𝑑 and �̃�𝑑/2 < 𝜇 < �̃�𝑑 if 𝑟 = 𝑑, (2.2)

and choose 𝜆 ∈ ℒ with ∣𝜆∣ = 𝜌𝜇. Then it is clear that

∣𝜆∣𝑡𝑗/�̃�𝑗∥𝑢𝑗∥0,𝑝,ℝ𝑛 = 𝜌−𝑡𝑗(1−𝜇/�̃�𝑗)∣ℎ𝑗 ∣ ∥𝜙∥0,𝑝,ℝ𝑛 .
Thus we have shown that

𝑁∑
𝑗=1

∣∣∣𝑢𝑗 ∣∣∣(𝜋1(𝑗))𝑡𝑗 ,𝑝,ℝ𝑛
≥ 1

2

( 𝑘𝑟∑
𝑗=1

∣ℎ𝑗 ∣ ∣𝜉0ℓ ∣𝑡𝑗
)
∥𝜙∥0,𝑝,ℝ𝑛 (2.3)

for sufficiently large 𝜌.

Turning next to the right-hand side of (2.1), let 𝑗 ∈ {1, . . . , 𝑁}. Then

∣∣∣𝑓0
𝑗 ∣∣∣(𝜋1(𝑗))−𝑠𝑗 ,𝑝,ℝ𝑛 =

∣∣∣∣∣∣∣∣∣ 𝑘𝑟∑
𝑘=1

𝐴𝑗𝑘(𝑥
0, 𝐷)𝑢𝑘 − 𝛿𝑗𝑘𝜆𝑢𝑘

∣∣∣∣∣∣∣∣∣(𝜋1(𝑗))
−𝑠𝑗 ,𝑝,ℝ𝑛

≤
∣∣∣∣∣∣∣∣∣ 𝑘𝑟∑
𝑘=1

∑
∣𝛼∣=𝑠𝑗+𝑡𝑘

𝑎𝑗𝑘𝛼 (𝑥
0)
∑
𝛽

(
𝛼

𝛽

)
𝜌−𝑡𝑘ℎ𝑘𝐷𝛽(𝑒𝑖𝜌𝜉

0⋅𝑥)𝐷𝛼−𝛽𝜙
∣∣∣∣∣∣∣∣∣(𝜋1(𝑗))
−𝑠𝑗 ,𝑝,ℝ𝑛

+

𝑘𝑟∑
𝑘=1

𝛿𝑗𝑘𝜌
−𝑟𝑘+𝜇∣ℎ𝑘∣ ∣∣∣𝑒𝑖𝜌𝜉0⋅𝑥𝜙∣∣∣(𝜋1(𝑗))−𝑠𝑗 ,𝑝,ℝ𝑛 =: 𝐼1 + 𝐼2,

where 𝛿𝑗𝑘 denotes the Kronecker delta and where
∑
𝛽 =

∑
𝛽<𝛼 if 𝑗 ≤ 𝑘𝑟 and∑

𝛽 =
∑
𝛽≤𝛼 if 𝑟 < 𝑑 and 𝑗 > 𝑘𝑟. (Here we used the fact that 𝒜(𝑟)

11 (𝑥
0, 𝜉0)ℎ = 0.)

It is clear that 𝐼2 → 0 as 𝜌 → ∞. Hence fixing our attention next upon 𝐼1,

we see that 𝐼1 ≤∑𝑘𝑟𝑘=1

∑
∣𝛼∣=𝑠𝑗+𝑡𝑘

∑
𝛽 𝐼
𝛼,𝛽
1,𝑘 with

𝐼𝛼,𝛽1,𝑘 :=
∣∣∣∣∣∣∣∣∣(𝛼

𝛽

)
𝑎𝑗𝑘𝛼 (𝑥

0)𝜌−𝑡𝑘𝐷𝛽(𝑒𝑖𝜌𝜉
0⋅𝑥)𝐷𝛼−𝛽𝜙

∣∣∣∣∣∣∣∣∣(𝜋1(𝑗))
−𝑠𝑗 ,𝑝,ℝ𝑛

.

To establish 𝐼𝛼,𝛽1,𝑘 → 0 (𝜌 → ∞) and, in consequence, a contradiction, it remains
to show that for all appearing indices we have

𝜌−𝑡𝑘 ∣∣∣𝐷𝛽(𝑒𝑖𝜌𝜉0⋅𝑥)𝐷𝛼−𝛽𝜙∣∣∣(𝜋1(𝑗))−𝑠𝑗 ,𝑝,ℝ𝑛 → 0 (𝜌 → ∞).
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Let 𝑗 ∈ {1, . . . , 𝑘𝑟}, ∣𝛼∣ = 𝑠𝑗 + 𝑡𝑘, and 𝛽 < 𝛼. If ∣𝛽∣ ≤ 𝑡𝑘, we apply
Lemma 2.1 b) to obtain

𝜌−𝑡𝑘 ∣∣∣𝐷𝛽(𝑒𝑖𝜌𝜉0⋅𝑥)𝐷𝛼−𝛽𝜙∣∣∣(𝜋1(𝑗))−𝑠𝑗 ,𝑝,ℝ𝑛 ≤ 𝐶𝜌−𝑡𝑘−𝑠𝑗𝜇/𝑚𝑗∥𝐷𝛽(𝑒𝑖𝜌𝜉0⋅𝑥)𝐷𝛼−𝛽𝜙∥0,𝑝,ℝ𝑛
≤ 𝐶𝜌−𝑡𝑘+∣𝛽∣−𝑠𝑗𝜇/𝑚𝑗 ∣(𝜉0)𝛽 ∣ ∥𝐷𝛼−𝛽𝜙∥0,𝑝,ℝ𝑛 → 0 (𝜌 → ∞).

Note here that 𝑠𝑗 = 0 implies ∣𝛽∣ < 𝑡𝑘.
If ∣𝛽∣ ≥ 𝑡𝑘, we write 𝛽 = 𝛽1+𝛽2 with ∣𝛽1∣ = 𝑡𝑘, ∣𝛽2∣ < 𝑠𝑗 and fix 𝜓 ∈ 𝐶∞

0 (ℝ𝑛)
with 𝜓 = 1 on supp𝜙. Then, using Lemma 2.1 b) and c),

𝜌−𝑡𝑘 ∣∣∣𝐷𝛽(𝑒𝑖𝜌𝜉0⋅𝑥)𝐷𝛼−𝛽𝜙∣∣∣(𝜋1(𝑗))−𝑠𝑗 ,𝑝,ℝ𝑛 = 𝜌−𝑡𝑘 ∣∣∣𝐷𝛽(𝑒𝑖𝜌𝜉0⋅𝑥𝜓)𝐷𝛼−𝛽𝜙∣∣∣(𝜋1(𝑗))−𝑠𝑗 ,𝑝,ℝ𝑛

≤ 𝐶𝜌−𝑡𝑘 ∣∣∣𝐷𝛽2(𝐷𝛽1𝑒𝑖𝜌𝜉0⋅𝑥𝜓)∣∣∣(𝜋1(𝑗))−𝑠𝑗 ,𝑝,ℝ𝑛

≤ 𝐶𝜌−𝑡𝑘−(𝑠𝑗−∣𝛽2∣)𝜇/𝑚𝑗∥𝐷𝛽1𝑒𝑖𝜌𝜉0⋅𝑥𝜓∥0,𝑝,ℝ𝑛
≤ 𝐶𝜌−(𝑠𝑗−∣𝛽2∣)𝜇/𝑚𝑗

(∥𝜓∥0,𝑝,ℝ𝑛 + 𝐶𝜌−1
)→ 0 (𝜌 → ∞).

Now let 𝑗 ∈ {𝑘𝑟+1, . . . , 𝑁}. Again by Lemma 2.1 b), we have for ∣𝛼∣ = 𝑠𝑗+𝑡𝑘
and ∣𝛽∣ ≤ ∣𝛼∣
𝜌−𝑡𝑘 ∣∣∣𝐷𝛽(𝑒𝑖𝜌𝜉0⋅𝑥)𝐷𝛼−𝛽𝜙∣∣∣(𝜋1(𝑗))−𝑠𝑗 ,𝑝,ℝ𝑛 ≤ 𝐶𝜌−𝑠𝑗𝜇/𝑚𝑗+𝑠𝑗∥𝐷𝛼−𝛽𝜙∥0,𝑝,ℝ𝑛 → 0 (𝜌 → ∞)

as 𝜇/𝑚𝑗 > 1.
Finally, the case 𝜆0 ∕= 0 can be dealt with by arguing in a manner similar to

that above, except now we take 𝜆 = 𝜆0𝜌�̃�𝑟 . □
To prove the necessity of (SL) and (VL), we transform the problem to the

half-space. For this let 𝑥0 ∈ Γ and assume that (𝐴,𝐵) is given in local coordinates
associated to 𝑥0. Let {𝑈,Φ} be a chart on Γ such that 𝑥0 = 0 ∈ 𝑈 , Φ(0) = 0,
and Φ is a diffeomorphism of class 𝐶𝜅0−1,1 ∩ 𝐶𝑠1 mapping 𝑈 onto an open set
in ℝ𝑛 with Φ(𝑈 ∩ Ω) ⊂ ℝ𝑛+, Φ(𝑈 ∩ Γ) ⊂ ℝ𝑛−1. We denote the push-forward of

the operators 𝐴(𝑥,𝐷) and 𝐵(𝑥,𝐷) by 𝐴(𝑦,𝐷) and 𝐵(𝑦,𝐷), respectively, where
𝑦 = Φ(𝑥).

Replacing Φ(𝑥) by 𝐷Φ(0)−1Φ(𝑥), it is easily seen that we may assume the

Jacobian 𝐷Φ(0) to be equal to 𝐼𝑛. Then we have
˚̃
𝐴𝑗𝑘(0, 𝜉) = 𝐴𝑗𝑘(0, 𝜉) and

˚̃
𝐵𝑗𝑘(0, 𝜉) = 𝐵𝑗𝑘(0, 𝜉). In particular, (SL) and (VL) are satisfied for (𝐴,𝐵) at
0 if only if this holds for (𝐴,𝐵) at 𝑥0 = 0 (see also [DHP, p. 205]).

Lemma 2.4. Under the assumptions of Lemma 2.2, let 𝑥0 ∈ Γ and assume (𝐴,𝐵)

to be written in coordinates associated to 𝑥0. Then there exist a 𝛿 > 0 and a �̃� > 0
such that for all 𝑢 ∈∏𝑁𝑗=1 𝑊

𝑡𝑗
𝑝 (ℝ𝑛+) with supp𝑢 ⊂ 𝐵𝛿(0) ∩ℝ𝑛+ and all 𝜆 ∈ ℒ with

∣𝜆∣ ≥ �̃�, we have

𝑁∑
𝑗=1

∣∣∣𝑢𝑗 ∣∣∣(𝜋1(𝑗))𝑡𝑗 ,𝑝,ℝ𝑛+
≤ 𝐶
( 𝑁∑
𝑗=1

∣∣∣𝑓0
𝑗 ∣∣∣(𝜋1(𝑗))−𝑠𝑗 ,𝑝,ℝ𝑛+ +

𝑁∑
𝑗=1

∣∣∣𝑔0𝑗 ∣∣∣(𝜋2(𝑗))−𝜎𝑗−1/𝑝,𝑝,ℝ𝑛−1

)
, (2.4)

where 𝑓0 := (𝐴(0, 𝐷)− 𝜆)𝑢, 𝑔0 := 𝐵(0, 𝐷)𝑢.
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Proof. Let Φ be as above, and let 𝐴(𝑦,𝐷) and 𝐵(𝑦,𝐷) be the push-forward of
𝐴(𝑥,𝐷) and 𝐵(𝑥,𝐷), respectively. Then

Φ∗
[
(𝑎𝑗𝑘𝛼 (𝑥) − 𝑎𝑗𝑘𝛼 (0))𝐷

𝛼𝑢𝑘
]
= (�̃�𝑗𝑘𝛼 (𝑦)− �̃�𝑗𝑘𝛼 (0))𝐷

𝛼
𝑦 𝑢𝑘 +

∑
∣𝛽∣<∣𝛼∣

�̃�𝑗𝑘𝛼,𝛽(𝑦)𝐷
𝛽
𝑦 𝑢𝑘.

It was shown in the proof of [DF, Prop. 4.1], that for each 𝜀 > 0 there exist a

𝛿0 > 0 and a 𝜆0 > 0 such that for all 𝑢 ∈ ∏𝑁𝑗=1 𝑊
𝑡𝑗
𝑝 (Ω) with supp𝑢 ⊂ 𝐵𝛿0(0) ∩ Ω

and all 𝜆 ∈ ℒ, ∣𝜆∣ ≥ 𝜆0, we have

∣∣∣Φ∗
[
(𝑎𝑗𝑘𝛼 (𝑥) − 𝑎𝑗𝑘𝛼 (0))𝐷

𝛼𝑢𝑘
]∣∣∣(𝜋1(𝑗))−𝑠𝑗 ,𝑝,ℝ𝑛+ ≤ 𝜀∥𝑢𝑘∥𝑡𝑘,𝑝,ℝ𝑛+

for ∣𝛼∣ = 𝑠𝑗 + 𝑡𝑘, and

∣∣∣Φ∗
[
𝑎𝑗𝑘𝛼 (𝑥)𝐷

𝛼𝑢𝑘
]∣∣∣(𝜋1(𝑗))−𝑠𝑗 ,𝑝,ℝ𝑛+ ≤ 𝜀∥𝑢𝑘∥𝑡𝑘,𝑝,ℝ𝑛+

for ∣𝛼∣ < 𝑠𝑗+ 𝑡𝑘. From this we easily obtain that for all 𝜀 > 0 there exist 𝛿0, 𝜆0 > 0

such that for all 𝑢 ∈ ∏𝑁𝑗=1 𝑊
𝑡𝑗
𝑝 (Ω) with supp𝑢 ⊂ 𝐵𝛿0(0),

𝑁∑
𝑗=1

∣∣∣𝑓𝑗 ∣∣∣−𝑠𝑗 ,𝑝,ℝ𝑛+ ≤ 𝐶
𝑁∑
𝑗=1

∣∣∣𝑓0
𝑗 ∣∣∣−𝑠𝑗 ,𝑝,ℝ𝑛+ + 𝜀

𝑁∑
𝑗=1

∥𝑢𝑗∥𝑡𝑗 ,𝑝,ℝ𝑛+

where we have set 𝑓 := (𝐴(𝑥,𝐷) − 𝜆)𝑢, 𝑓 := Φ∗𝑓 , 𝑓0 := Φ∗𝑓0.

To estimate 𝑔0, we first remark that we may assume 𝑏𝑗𝑘𝛼 to be defined on Ω

with 𝑏𝑗𝑘𝛼 ∈ 𝐶−𝜎𝑗−1,1(Ω). We define the function ℎ on Ω by ℎ𝑗 :=
∑𝑁
𝑗=1 𝑏

𝑗𝑘
𝛼 (𝑥)𝐷

𝛼𝑢𝑘,

ℎ0
𝑗 :=
∑𝑁
𝑗=1 𝑏

𝑗𝑘
𝛼 (0)𝐷

𝛼𝑢𝑘 and set ℎ̃ := Φ∗ℎ, ℎ̃0 := Φ∗ℎ0. In the same way as above,
we obtain

𝑁∑
𝑗=1

∣∣∣𝑔𝑗 ∣∣∣(𝜋2(𝑗))−𝜎𝑗−1/𝑝,𝑝,ℝ𝑛−1 ≤
𝑁∑
𝑗=1

∣∣∣ℎ̃𝑗 ∣∣∣(𝜋2(𝑗))−𝜎𝑗−1/𝑝,𝑝,ℝ𝑛−1

≤ 𝐶

𝑁∑
𝑗=1

∣∣∣ℎ̃0
𝑗 ∣∣∣(𝜋2(𝑗))−𝜎𝑗−1/𝑝,𝑝,ℝ𝑛−1 + 𝜀

𝑁∑
𝑗=1

∥𝑢∥𝑡𝑗 ,𝑝,ℝ𝑛+ .

Finally, it was shown in [DF, p. 362-363] that there exist constants 𝑐1, 𝑐2 > 0 such

that for all 𝑢 ∈∏𝑁𝑗=1 𝑊
𝑡𝑗
𝑝 (Ω) with supp𝑢 ⊂ 𝐵𝛿(𝑥

0), 𝐵2𝛿(𝑥
0) ⊂ 𝑈 , we have

𝑐1∣∣∣𝑢𝑗 ∣∣∣(𝜋1(𝑗))𝑡𝑗 ,𝑝,Ω
≤ ∣∣∣𝑢𝑗 ∣∣∣(𝜋1(𝑗))𝑡𝑗 ,𝑝,ℝ𝑛+

≤ 𝑐2∣∣∣𝑢𝑗 ∣∣∣(𝜋1(𝑗))𝑡𝑗 ,𝑝,Ω
,

𝑐1∣∣∣𝑓𝑗 ∣∣∣(𝜋1(𝑗))−𝑠𝑗 ,𝑝,Ω ≤ ∣∣∣𝑓𝑗 ∣∣∣(𝜋1(𝑗))−𝑠𝑗 ,𝑝,ℝ𝑛+ ≤ 𝑐2∣∣∣𝑓𝑗 ∣∣∣(𝜋1(𝑗))−𝑠𝑗 ,𝑝,Ω,

𝑐1∣∣∣𝑔𝑗 ∣∣∣(𝜋1(𝑗))−𝜎𝑗−1/𝑝,𝑝,Γ ≤ ∣∣∣𝑔𝑗 ∣∣∣(𝜋1(𝑗))−𝜎𝑗−1/𝑝,𝑝,ℝ𝑛−1 ≤ 𝑐2∣∣∣𝑔𝑗 ∣∣∣(𝜋1(𝑗))−𝜎𝑗−1/𝑝,𝑝,Γ.

(2.5)

Therefore, from the a priori estimate (1.4) we obtain that for each 𝜀 > 0 there

exist 𝛿, �̃� > 0 such that for 𝑢 ∈ ∏𝑁𝑗=1 𝑊
𝑡𝑗
𝑝 (Ω) with supp𝑢 ⊂ 𝐵𝛿(0) and 𝜆 ∈ ℒ,
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∣𝜆∣ ≥ �̃�, we have

𝑁∑
𝑗=1

∣∣∣𝑢𝑗 ∣∣∣(𝜋1(𝑗))𝑡𝑗 ,𝑝,ℝ𝑛+
≤ 𝐶

𝑁∑
𝑗=1

∣∣∣𝑢𝑗 ∣∣∣(𝜋1(𝑗))𝑡𝑗 ,𝑝,Ω
≤ 𝐶
( 𝑁∑
𝑗=1

∣∣∣𝑓𝑗 ∣∣∣(𝜋1(𝑗))−𝑠𝑗 ,𝑝,Ω +
𝑁∑
𝑗=1

∣∣∣𝑔𝑗 ∣∣∣(𝜋2(𝑗))−𝜎𝑗−1/𝑝,𝑝,Γ

)

≤ 𝐶
( 𝑁∑
𝑗=1

∣∣∣𝑓𝑗 ∣∣∣(𝜋1(𝑗))−𝑠𝑗 ,𝑝,ℝ𝑛+ +
𝑁∑
𝑗=1

∣∣∣𝑔𝑗 ∣∣∣(𝜋2(𝑗))−𝜎𝑗−1/𝑝,𝑝,ℝ𝑛−1

)
+ 𝜀

𝑁∑
𝑗=1

∥𝑢𝑗∥(𝜋1(𝑗))𝑡𝑗 ,𝑝,ℝ𝑛+
.

Taking 𝜀 small enough and 𝜆 large enough and noting (2.5) and
˚̃
𝐴(0, 𝐷) = 𝐴(0, 𝐷)

and
˚̃
𝐵(0, 𝐷) = 𝐵(0, 𝐷), we obtain the assertion of the Lemma. □

Proposition 2.5. Assume that there exist constants 𝐶0, 𝐶1 > 0 such that for all

𝑢 ∈ ∏𝑁𝑗=1 𝑊
𝑡𝑗
𝑝 (ℝ𝑛) and all 𝜆 ∈ ℒ, ∣𝜆∣ ≥ 𝐶0, the a priori estimate (1.4) holds.

Further, let 𝑥0 ∈ Γ, and assume that 𝐵(𝑥0, 𝐷) is essentially upper triangular.
Then condition (SL) holds at 𝑥0.

Proof. Let (𝐴,𝐵) be written in coordinates associated to 𝑥0 and assume that (SL)
does not hold. Then there exist 𝑟 ∈ {1, . . . , 𝑑}, 𝜆0 ∈ ℒ, 𝜉′0 = (𝜉01 , . . . , 𝜉

0
𝑛−1) ∈ ℝ𝑛−1∖

{0}, and 𝑣 ∕≡ 0 satisfying (1.2). By Proposition 2.3, we know that the polynomial

det(𝒜(𝑟)
11 (0, 𝜉

′
0, 𝜏) − 𝜆0𝐼𝑟,0) as a function of 𝜏 has no real roots. Therefore, 𝑣 =

𝑣(𝑥𝑛) is infinitely smooth and decays exponentially for 𝑥𝑛 → ∞, in particular,
𝑣 ∈ 𝐿𝑝(ℝ+).

Again, let us first consider the case 𝜆0 = 0. We choose 𝜙′ ∈ 𝐶∞
0 (ℝ𝑛−1) such

that 𝜙′ ∕≡ 0 and supp𝜙′ ⊂ 𝐵𝛿(0) with 𝛿 from Lemma 2.4, 𝜓 ∈ 𝐶∞
0 ([0, 𝛿)) with

0 ≤ 𝜓 ≤ 1 and 𝜓(𝑥𝑛) = 1 for 0 ≤ 𝑥𝑛 ≤ 𝛿/2, and 𝜆 ∈ ℒ with ∣𝜆∣ = 𝜌𝜇 where 𝜇

satisfies (2.2). For 𝑥 ∈ ℝ𝑛+, we set 𝑤(𝑥) := 𝑒𝑖𝜉
′
0⋅𝑥′𝑣(𝑥𝑛), 𝜙(𝑥) := 𝜙′(𝑥′)𝜓(𝑥𝑛), and

𝑢𝑗(𝑥) :=

{
𝜌−𝑡𝑗+1/𝑝𝑤𝑗(𝜌𝑥)𝜙(𝑥), 𝑗 = 1, . . . , 𝑘𝑟,

0, 𝑗 = 𝑘𝑟 + 1, . . . , 𝑁.
(2.6)

We will show that (2.4) leads to a contradiction for large 𝜌. For this we first remark
that for 𝑗 = 1, . . . , 𝑘𝑟

𝜌∥𝑣𝑗(𝜌𝑥𝑛)𝜓(𝑥𝑛)∥𝑝0,𝑝,ℝ+ = 𝜌

∫ ∞

0

∣𝑣𝑗(𝜌𝑥𝑛)𝜓(𝑥𝑛)∣𝑝𝑑𝑥𝑛

=

∫ ∞

0

∣𝑣𝑗(𝑦𝑛)𝜓(𝑦𝑛/𝜌)∣𝑝𝑑𝑦𝑛 ↗ ∥𝑣𝑗∥𝑝0,𝑝,ℝ+ (𝜌 → ∞).

Therefore, for 𝜌 ≥ 𝜌0, 𝜌0 being sufficiently large, we have

1

2
𝜌−1/𝑝∥𝑣𝑗∥0,𝑝,ℝ+ ≤ ∥𝑣𝑗(𝜌𝑥𝑛)𝜓(𝑥𝑛)∥0,𝑝,ℝ+ ≤ 𝜌−1/𝑝∥𝑣𝑗∥0,𝑝,ℝ+ .

In the same way, we see that for any 𝜁 ∈ 𝐶∞
0 (ℝ𝑛+) and 𝛼 ∈ ℕ𝑛0 we have

∥𝐷𝛼𝑤𝑗(𝜌𝑥)𝜁(𝑥)∥0,𝑝,ℝ𝑛+ ≤ 𝐶𝜁𝜌
∣𝛼∣−1/𝑝∥𝑣𝑗∥∣𝛼∣,𝑝,ℝ+

with a constant 𝐶𝜁 depending on 𝜁 but not on 𝑣 or 𝜌.
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Turning now to the left-hand side of (2.4), the above considerations show
that for 𝜌 sufficiently large,

∣∣∣𝑢𝑗 ∣∣∣(𝜋1(𝑗))𝑡𝑗 ,𝑝,ℝ𝑛+
≥ ∥𝑢𝑗∥𝑡𝑗 ,𝑝,ℝ𝑛+ ≥ 1

2
∣𝜉0ℓ ∣𝑡𝑗∥𝜙′∥0,𝑝,ℝ𝑛−1∥𝑣𝑗∥0,𝑝,ℝ+ . (2.7)

On the right-hand side of (2.4), the terms ∣∣∣𝑓0
𝑗 ∣∣∣(𝜋1(𝑗))−𝑠𝑗 ,𝑝,ℝ𝑛+ can be estimated in

the same way as in the proof of Proposition 2.3. Indeed, we have

𝑓0
𝑗 (𝑥) =

𝑘𝑟∑
𝑘=1

( ∑
∣𝛼∣=𝑠𝑗+𝑡𝑘

∑
𝛽

𝑎𝑗𝑘𝛼 (0)

(
𝛼

𝛽

)
𝜌−𝑡𝑘+1/𝑝(𝐷𝛽𝑤)(𝜌𝑥)(𝐷𝛼−𝛽𝜙)(𝑥) + 𝛿𝑗𝑘𝜆𝑢𝑘

)
where

∑
𝛽 =
∑
𝛽<𝛼 if 𝑗 ≤ 𝑘𝑟 and

∑
𝛽 =
∑
𝛽≤𝛼 if 𝑗 > 𝑘𝑟. Here we used the fact

𝐴(0, 𝐷)𝑤(𝑥) = 𝑒𝑖𝜉
′
0⋅𝑥′𝐴(0, 𝜉′0, 𝐷𝑛)𝑣(𝑥𝑛) = 0. From this we obtain in the same way

as in the proof of Proposition 2.3

𝑁∑
𝑗=1

∣∣∣𝑓0
𝑗 ∣∣∣(𝜋1(𝑗))−𝑠𝑗 ,𝑝,ℝ𝑛+ → 0 (𝜌 → ∞). (2.8)

To estimate 𝑔0𝑗 , we first remark that

𝐵𝑗𝑘(0, 𝜌𝜉
′
0, 𝐷𝑛)𝑣𝑘(𝜌𝑥𝑛)𝜓(𝑥𝑛)

∣∣
𝑥𝑛=0

= 𝜌𝜎𝑗+𝑡𝑘𝐵𝑗𝑘(0, 𝜉
′
0, 𝐷𝑛)𝑣𝑘(𝑥𝑛)

∣∣
𝑥𝑛=0

by homogeneity and as 𝜓(𝑥𝑛) = 1 near 𝑥𝑛 = 0. Therefore, for 𝑗 = 1, . . . , 𝑁𝑟 we
have

𝑔𝑗 =

𝑘𝑟∑
𝑘=1

𝜌−𝑡𝑘+1/𝑝𝐵𝑗𝑘(0, 𝐷)𝑤𝑘(𝜌𝑥)𝜙(𝑥)
∣∣
𝑥𝑛=0

=

𝑘𝑟∑
𝑘=1

∑
∣𝛼∣=𝜎𝑗+𝑡𝑘

∑
𝛽<𝛼

𝑏𝑗𝑘𝛼 (0)

(
𝛼

𝛽

)
𝜌−𝑡𝑘+1/𝑝𝐷𝛽𝑤𝑘(𝜌𝑥)𝐷

𝛼−𝛽𝜙(𝑥)
∣∣
𝑥𝑛=0

due to
∑𝑘𝑟
𝑘=1 𝐵𝑗𝑘(0, 𝜉

′
0, 𝐷𝑛)𝑣𝑘(𝑥𝑛)∣𝑥𝑛=0 = 0. For 𝑗 = 1, . . . , 𝑁𝑟, ∣𝛼∣ = 𝜎𝑗 + 𝑡𝑘, and

𝛽 < 𝛼 we can estimate

𝜌−𝑡𝑘+1/𝑝
∥∥𝐷𝛽𝑤(𝜌𝑥)𝐷𝛼−𝛽𝜙(𝑥)∣∣

𝑥𝑛=0

∥∥
−𝜎𝑗−1/𝑝,𝑝,ℝ𝑛−1

≤ 𝜌−𝑡𝑘+1/𝑝
∥∥𝐷𝛽𝑤(𝜌𝑥)𝐷𝛼−𝛽𝜙(𝑥)∥∥−𝜎𝑗 ,𝑝,ℝ𝑛+

≤ 𝐶𝜌−𝑡𝑘+1/𝑝
∑

∣𝛾∣≤−𝜎𝑗

∥∥𝐷𝛾[𝐷𝛽𝑤(𝜌𝑥)𝐷𝛼−𝛽𝜙(𝑥)]∥∥
0,𝑝,ℝ𝑛+

≤ 𝐶𝜙𝜌
−𝑡𝑘−𝜎𝑗+∣𝛽∣∥𝑣∥0,𝑝,ℝ+ → 0 (𝜌 → ∞). (2.9)
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Further, for ∣𝜆∣ = 𝜌𝜇 we obtain

∣𝜆∣(−𝜎𝑗−1/𝑝)/�̃�𝜋2(𝑗)∥𝑔𝑗∥0,𝑝,ℝ𝑛−1

= ∣𝜆∣(−𝜎𝑗−1/𝑝)/�̃�𝜋2(𝑗)

∥∥∥ 𝑘𝑟∑
𝑘=1

∑
∣𝛼∣=𝜎𝑗+𝑡𝑘

𝑏𝑗𝑘𝛼 (0)𝐷
𝛼𝑢𝑘(𝑥)

∣∣
𝑥𝑛=0

∥∥∥
0,𝑝,ℝ𝑛−1

≤ 𝐶𝜌(𝜎𝑗+1/𝑝)(1−𝜇/�̃�𝜋2(𝑗)
) → 0 (𝜌 → ∞)

as 𝜇/�̃�𝜋2(𝑗) < 1 and 𝜎𝑗 ≤ −1. From this and (2.9) we see that for 𝑗 = 1, . . . , 𝑁𝑟

∣∣∣𝑔0𝑗 ∣∣∣(𝜋2(𝑗))−𝜎𝑗−1/𝑝,𝑝,ℝ𝑛−1 → 0 (𝜌 → ∞). (2.10)

Finally, for 𝑗 > 𝑁𝑟 we have 𝑔0𝑗 = 0 as 𝐵(0, 𝐷) is assumed to be essentially upper
triangular. From (2.7), (2.8), and (2.10) we obtain a contradiction to the a priori
estimate (2.4).

In the case 𝜆0 ∕= 0, the result follows from similar considerations where we
now set 𝜆 = 𝜆0𝜌�̃�𝑟 again. □
Proposition 2.6. Under the assumptions of Proposition 2.5, condition (VL) holds
at 𝑥0.

Proof. The proof is similar to the proof of Proposition 2.5, and we only indicate
some changes and additional remarks. Assuming 𝑣 to be a nontrivial solution of
(1.3), define 𝜆 := 𝜌�̃�𝑟𝜆0 and 𝑢 as in (2.6), but now setting 𝜉′0 = 0, i.e., we set

𝑢(𝑥) :=

{
𝜌−𝑡𝑗+1/𝑝𝜙(𝑥)𝑣𝑗(𝜌𝑥𝑛), 𝑗 = 1, . . . , 𝑘𝑟,

0, 𝑗 = 𝑘𝑟 + 1, . . . , 𝑁.

Now the left-hand side of (2.4) can be estimated from below by

∣∣∣𝑢𝑗 ∣∣∣(𝜋2(𝑗))𝑡𝑗 ,𝑝,ℝ𝑛+
≥ ∥𝑢𝑗∥𝑡𝑗,𝑝,ℝ𝑛+ ≥ ∥𝐷𝑡𝑗𝑛 𝑢𝑗∥0,𝑝,ℝ𝑛+ ≥ 1

2
∥𝑣𝑗∥0,𝑝,ℝ+∥𝜙′∥0,𝑝,ℝ𝑛−1

for 𝜌 ≥ 𝜌0. To estimate 𝑓0
𝑗 , note that

𝑓0
𝑗 = 𝜌𝑠𝑗+1/𝑝𝜙(𝑥)

[ 𝑘𝑟∑
𝑘=1

∑
∣𝛼∣=𝑠𝑗+𝑡𝑘
𝛼′=0

𝑎𝑗𝑘𝛼 (0)(𝐷
𝛼𝑛
𝑛 𝑣𝑘)(𝜌𝑥𝑛)− 𝛿𝑗𝑘𝜌

�̃�𝑟−𝑚𝑗𝜆0𝑣𝑘(𝜌𝑥𝑛)
]

+ 𝜙(𝑥)

𝑘𝑟∑
𝑘=1

∑
∣𝛼∣=𝑠𝑗+𝑡𝑘
𝛼′=0

∑
𝛽𝑛<𝛼𝑛

𝜌−𝑡𝑘+1/𝑝𝑎𝑗𝑘𝛼 (0)

(
𝛼𝑛
𝛽𝑛

)
𝐷𝛽𝑛𝑛 𝑣(𝜌𝑥𝑛)𝐷

𝛼𝑛−𝛽𝑛
𝑛 𝜓(𝑥𝑛)

+

𝑘𝑟∑
𝑘=1

∑
∣𝛼∣=𝑠𝑗+𝑡𝑘
𝛼′ ∕=0

𝜌−𝑡𝑘+1/𝑝𝑎𝑗𝑘𝛼 (0)𝐷
𝛼′
𝑥′ 𝜙(𝑥

′)𝐷𝛼𝑛𝑛 (𝑣𝑘(𝜌𝑥𝑛)𝜓(𝑥𝑛)).

Here 𝛼′ = (𝛼1, . . . , 𝛼𝑛−1). For 𝜋1(𝑗) < 𝑟 we have �̃�𝑟 − 𝑚𝑗 < 0, and the term
in brackets tends to the 𝑗th row of 𝐴(0, 0, 𝐷𝑛)𝑣(𝜌𝑥𝑛). For 𝜋1(𝑗) = 𝑟, the term
equals the 𝑗th row of 𝐴(0, 0, 𝐷𝑛)𝑣(𝜌𝑥𝑛) − 𝜆𝑣(𝜌𝑥𝑛). All other terms are of lower

266 R. Denk and M. Faierman



order with respect to 𝜌 and can be estimated in the same way as in the proof of

Proposition 2.5. As (𝒜(𝑟)
11 (0, 0, 𝐷𝑛)− 𝜆0𝐼𝑟,0)𝑣 = 0 by assumption, we obtain (2.8)

again.
By considerations similar to those above, the estimate of 𝑔0𝑗 is reduced to the

estimate of

𝜌−𝑡𝑘+1/𝑝∣∣∣𝐷𝛼′
𝑥′ 𝜙(𝑥

′)𝐷𝛼𝑛𝑛 𝑣𝑘(𝜌𝑥𝑛)
∣∣
𝑥𝑛=0

∣∣∣(𝜋2(𝑗))−𝜎𝑗−1/𝑝,𝑝,ℝ𝑛−1 . (2.11)

Here 𝑗 = 1, . . . , 𝑁𝑟, ∣𝛼∣ = 𝜎𝑗 + 𝑡𝑘, and 𝛼𝑛 < 𝜎𝑗 + 𝑡𝑘 if 𝜋2(𝑗) = 𝑟. Taking into
account 𝜎𝑗 < 0 and therefore 𝛼𝑛 ≤ 𝑡𝑘 − 1, we may estimate

𝜌−𝑡𝑘+1/𝑝∥𝐷𝛼′
𝑥′ 𝜙(𝑥

′)𝐷𝛼𝑛𝑛 𝑣𝑘(𝜌𝑥𝑛)
∣∣
𝑥𝑛=0

∥−𝜎𝑗−1/𝑝,𝑝,ℝ𝑛−1

≤ 𝜌−𝑡𝑘+𝛼𝑛+1/𝑝∣∣∣𝐷𝛼′
𝑥′ 𝜙(𝑥

′)(𝐷𝛼𝑛𝑛 𝑣𝑘)(0)∣∣∣−𝜎𝑗−1/𝑝,𝑝,ℝ𝑛−1

≤ 𝐶𝜙′𝜌−𝑡𝑘+𝛼𝑛+1/𝑝∣(𝐷𝛼𝑛𝑛 𝑣𝑘)(0)∣ → 0 (𝜌 → ∞)

for 𝑗 = 1, . . . , 𝑁𝑟. Similarly, for 𝑗 = 1, . . . , 𝑁𝑟−1, i.e., for 𝜋2(𝑗) < 𝑟, we have

∣𝜆∣(−𝜎𝑗−1/𝑝)�̃�𝑟/�̃�𝜋2(𝑗)∥𝐷𝛼′
𝑥′ 𝜙(𝑥

′)𝐷𝛼𝑛𝑛 𝑣𝑘(𝜌𝑥𝑛)
∣∣
𝑥𝑛=0

∥0,𝑝,ℝ𝑛−1

≤ 𝐶𝜌(𝜎𝑗+1/𝑝)(1−�̃�𝑟/�̃�𝜋2(𝑗)
)∣(𝐷𝛼𝑛𝑛 𝑣𝑘)(0)∣ → 0 (𝜌 → ∞),

as 𝜎𝑗 ≤ −1 and �̃�𝑟/�̃�𝜋2(𝑗) < 1. Therefore, we see that in all cases the expression
in (2.11) tends to zero for 𝜌 → ∞ which finally leads to a contradiction. □

Now the proof of Theorem 1.1, i.e., of the necessity of the parameter-ellipticity
conditions (E), (SL) and (VL), follows from Propositions 2.3, 2.5, and 2.6, respec-
tively.
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1. Introduction and basic notations

Let ℳ𝑠 be the linear space of the complex 𝑠 × 𝑠 matrices and let 𝑓 be a ℳ𝑠-
valued function of 𝑘 variables, integrable on the 𝑘-dimensional cube 𝐼𝑘 := (−𝜋, 𝜋)𝑘.
Throughout, the symbol −∫

𝐼𝑘
stands for (2𝜋)−𝑘

∫
𝐼𝑘
and the symbol 𝐿𝑝(𝑠) stands

for 𝐿𝑝(𝐼𝑘, (2𝜋)−𝑘𝑑𝑥,ℳ𝑠), 𝑝 ∈ [1,∞], that is 𝑓 ∈ 𝐿𝑝(𝑠) if and only if every scalar

function 𝑓𝑖,𝑗 ∈ 𝐿𝑝(𝐼𝑘, (2𝜋)−𝑘𝑑𝑥,ℂ). The Fourier coefficients of 𝑓 , given by 𝑓𝑗 :=

−∫
𝐼𝑘
𝑓(𝑡)𝑒−i ⟨𝑗,𝑡⟩ 𝑑𝑡 ∈ ℳ𝑠, i

2 = −1, 𝑗 ∈ ℤ𝑘, ⟨𝑗, 𝑡⟩ =∑𝑘𝑙=1 𝑗𝑙𝑡𝑙, are the entries of the

𝑘-level Toeplitz matrices generated by 𝑓 . More precisely, if 𝑛 = (𝑛1, . . . , 𝑛𝑘) is a
𝑘-index with positive entries, then 𝑇𝑛(𝑓) denotes the matrix of order �̂� 𝑠 given by

𝑇𝑛(𝑓) =
∑

∣𝑗1∣<𝑛1 ⋅ ⋅ ⋅∑∣𝑗𝑘∣<𝑛𝑘

[
𝐽
(𝑗1)
𝑛1 ⊗ ⋅ ⋅ ⋅ ⊗ 𝐽

(𝑗𝑘)
𝑛𝑘

]
⊗ 𝑓(𝑗1,...,𝑗𝑘) (throughout, we let

�̂� :=
∏𝑘
𝑖=1 𝑛𝑖). In this case, we say that the sequence {𝑇𝑛(𝑓)} is generated by 𝑓 . In

the above equation, ⊗ denotes the tensor product, while 𝐽
(𝑙)
𝑡 denotes the matrix

of order 𝑡 whose (𝑖, 𝑗) entry equals 1 if 𝑗 − 𝑖 = 𝑙 and equals zero otherwise. In
the following, the notation 𝑛 → ∞ indicates that min1≤𝑟≤𝑘 𝑛𝑟 → ∞ and tr(𝐴)
denotes the trace of a square matrix 𝐴, that is the sum of its eigenvalues.

In this paper we consider the global behavior of the spectrum of the sequence
{𝑇𝑛(𝑓)} and more precisely, its canonical distribution in the sense of Szegö (cf. [7],
see also the rich book [3] and references therein for the standard scalar-valued case
where 𝑠 = 1). For the general case when 𝑠 is any positive integer, an earlier result
is proved by Tilli [21], but imposing the strong restriction on the symbol 𝑓 to be
Hermitian-valued almost everywhere (a.e.). For completeness we include the result.

Theorem 1.1 ([21]). Let 𝑓 ∈ 𝐿1(𝑠) be Hermitian-valued a.e. and let Λ𝑛 be the
spectrum of 𝑇𝑛(𝑓), the set of all �̂�𝑠 eigenvalues of 𝑇𝑛(𝑓). (Note that these are real
since 𝑓 is Hermitian-valued and the matrix 𝑇𝑛(𝑓) is Hermitian.) Then, for every
function 𝐹 ∈ 𝒞0(ℝ) continuous with bounded support, the following asymptotic
formula holds,

lim
𝑛→∞

1

�̂�𝑠

∑
𝜆∈Λ𝑛

𝐹 (𝜆) = −
∫
𝐼𝑘

1

𝑠
tr(𝐹 (𝑓(𝑡))) 𝑑𝑡 (1)

that is, {𝑇𝑛(𝑓)} ∼𝜆 (𝑓, 𝐼𝑘).
In this paper we extend Theorem 1.1 to the case where 𝑓 is not necessarily

Hermitian-valued and prove the following result.

Theorem 1.2. Let 𝑓 ∈ 𝐿∞(𝑠) with eigenvalues 𝜆𝑗(𝑓), 𝑗 = 1, . . . , 𝑠, and let Λ𝑛 be
the spectrum of 𝑇𝑛(𝑓). Define the union of the essential ranges of the eigenvalues
of 𝑓 as 𝑅(𝑓) =

∪𝑠
𝑗=1 𝑅(𝜆𝑗(𝑓)). If 𝑅(𝑓) has empty interior and does not disconnect

the complex plane, then for every function 𝐹 ∈ 𝒞0(ℂ), which is continuous and
with bounded support, the following asymptotic formula holds,

lim
𝑛→∞

1

�̂�𝑠

∑
𝜆∈Λ𝑛

𝐹 (𝜆) = −
∫
𝐼𝑘

1

𝑠
tr(𝐹 (𝑓(𝑡))) 𝑑𝑡 (2)

that is, {𝑇𝑛(𝑓)} ∼𝜆 (𝑓, 𝐼𝑘).
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Theorem 1.2 generalizes a result by Tilli [22] to the matrix-valued case in-
cluding the scalar-valued case (𝑠 = 1). We note that the same proof with obvious
variations can be used for matrix sequences belonging to the algebra, generated
by all Toeplitz sequences with bounded symbols (see also [8, 17]).

The paper is organized as follows. In Section 2 we introduce preliminary
definitions and tools. In Section 3 we extend to the block case some technical
instruments, based on the Mergelyan theorem (refer to [10]), that we employ in
Section 4 in order to prove Theorem 1.2 and its generalization to the case of the
block Toeplitz algebra. In Section 5 we include numerical illustrations and indicate
the practical usefulness of our theoretical findings. The conclusions in Section 6,
including a few open questions, finalize the paper.

2. Preliminary definitions and tools

We start with a general definition of an eigenvalue distribution and of weak/strong
clustering for a matrix sequence, and recall the notion of essential range, which
plays an important role in the study of the asymptotic properties of the spectrum.

For a matrix 𝐴 ∈ ℂ𝑛×𝑛 with singular values 𝜎1(𝐴), . . . , 𝜎𝑛(𝐴), and 𝑝 ∈ [1,∞]
we define ∥𝐴∥𝑝, the Schatten 𝑝-norm of 𝐴, to be the ℓ𝑝 norm of the vector of the

singular values ∥𝐴∥𝑝 = [
∑𝑛
𝑘=1(𝜎𝑘(𝐴))

𝑝]
1
𝑝 . We also consider the norm ∥ ⋅ ∥1 which

is also known as the trace norm, the norm ∥ ⋅ ∥2 also known in the numerical
analysis community as the Frobenius norm, and the spectral norm ∥ ⋅ ∥∞, which
is equal to the operator norm. Now, if 𝜆𝑗(𝐴), 𝑗 = 1, . . . , 𝑛 are the eigenvalues of
𝐴, and 𝐹 is a function defined on ℂ, we define the mean

Σ𝜆(𝐹,𝐴) :=
1

𝑛

𝑛∑
𝑗=1

𝐹 (𝜆𝑗(𝐴)) =
1

𝑛

∑
𝜆∈Λ𝑛

𝐹 (𝜆).

Analogously, we define Σ𝜎(𝐹,𝐴) with the singular values replacing the eigenvalues.

Definition 2.1. Let 𝒞0(ℂ) be the set of continuous functions with bounded support
defined over the complex field, 𝑘 be a positive integer, and 𝜃 be a 𝑠 × 𝑠 matrix-
valued measurable function defined on a set 𝐺 ⊂ ℝ𝑘 of finite and positive Lebesgue
measure 𝑚(𝐺). Here 𝐺 is equal to 𝐼𝑘 and a function is considered to be measurable
if and only if the component functions are.

(i) A matrix sequence {𝐴𝑛} is said to be distributed (in the sense of the eigen-
values) as the pair (𝜃,𝐺), that is {𝐴𝑛} ∼𝜆 (𝜃,𝐺), or to have the distribution
function 𝜃, if for any 𝐹 ∈ 𝒞0(ℂ), the following limit relation holds

lim
𝑛→∞Σ𝜆(𝐹,𝐴𝑛) = −

∫
𝐺

∑𝑠
𝑗=1 𝐹 (𝜆𝑗(𝜃(𝑡)))

𝑠
𝑑𝑡,= −

∫
𝐺

tr (𝐹 (𝜃(𝑡)))

𝑠
𝑑𝑡, (3)

where 𝜆𝑖(𝜃(𝑡)) are the eigenvalues of the matrix 𝜃(𝑡) and −∫
𝐺

= 1
𝑚(𝐺)

∫
𝐺.
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(ii) If (3) holds for every 𝐹 ∈ 𝒞0(ℝ+
0 ) in place of 𝐹 ∈ 𝒞0(ℂ), with the singular

values 𝜎𝑗(𝐴𝑛), 𝑗 = 1, . . . , 𝑛, in place of the eigenvalues, and with ∣𝜃(𝑡)∣ =
(𝜃(𝑡)∗𝜃(𝑡))1/2 in place of 𝜃(𝑡), we say that {𝐴𝑛} ∼𝜎 (𝜃,𝐺) or that the matrix
sequence {𝐴𝑛} is distributed in the sense of the singular values as the pair
(𝜃,𝐺) : more specifically, for every 𝐹 ∈ 𝒞0(ℝ+

0 ) we have

lim
𝑛→∞Σ𝜎(𝐹,𝐴𝑛) = −

∫
𝐺

∑𝑠
𝑗=1 𝐹 (𝜎𝑗(𝜃(𝑡)))

𝑠
𝑑𝑡 = −

∫
𝐺

tr (𝐹 (∣𝜃(𝑡)∣))
𝑠

𝑑𝑡. (4)

Definition 2.2. A matrix sequence {𝐴𝑛} is said to be strongly clustered at 𝑟 ∈ ℂ
(in the eigenvalue sense), if for any 𝜖 > 0 the number of the eigenvalues of 𝐴𝑛 off
the disc

𝐷(𝑟, 𝜖) := {𝑧 : ∣𝑧 − 𝑟∣ < 𝜖}, (5)

can be bounded by a constant 𝑞𝜖 possibly depending on 𝜖, but not on 𝑛. In other
words

𝑞𝜖(𝑛, 𝑟) := #{𝑗 : 𝜆𝑗(𝐴𝑛) /∈ 𝐷(𝑟, 𝜖)} = 𝑂(1), 𝑛 → ∞.

If each 𝐴𝑛 has only real eigenvalues (at least for large 𝑛) then we may assume
that 𝑟 is real and that the disc 𝐷(𝑟, 𝜖) is the interval (𝑟−𝜖, 𝑟+𝜖). A matrix sequence
{𝐴𝑛} is said to be strongly clustered at a nonempty closed set 𝑆 ⊂ ℂ (in the
eigenvalue sense) if for any 𝜖 > 0

𝑞𝜖(𝑛, 𝑆) := #{𝑗 : 𝜆𝑗(𝐴𝑛) ∕∈ 𝐷(𝑆, 𝜖)} = 𝑂(1), 𝑛 → ∞, (6)

where 𝐷(𝑆, 𝜖) := ∪𝑟∈𝑆𝐷(𝑟, 𝜖) is the 𝜖-neighborhood of 𝑆. If each 𝐴𝑛 has only
real eigenvalues, then 𝑆 is a nonempty closed subset of ℝ. We replace the term
“strongly” by “weakly”, if

𝑞𝜖(𝑛, 𝑟) = 𝑜(𝑛),
(
𝑞𝜖(𝑛, 𝑆) = 𝑜(𝑛)

)
, 𝑛 → ∞,

in the case of a point 𝑟 or a closed set 𝑆. If 𝑆 is not connected, then its disjoint
parts are called sub-clusters. By replacing ‘eigenvalues’ with ‘singular values’ we
obtain all the corresponding definitions for singular values.

It is clear that {𝐴𝑛} ∼𝜆 (𝜃,𝐺), with 𝜃 ≡ 𝑟 equal to a constant function if and
only if {𝐴𝑛} is weakly clustered at 𝑟 ∈ ℂ. For more results and relations between
the notions of equal distribution, equal localization, spectral distribution, spectral
clustering etc., see [14, Section 4].

Definition 2.3. Given a measurable complex-valued function 𝜃 defined on a Lebesgue
measurable set 𝐺, the essential range of 𝜃 is the set 𝑅(𝜃) of points 𝑟 ∈ ℂ such that,
for every 𝜖 > 0, the Lebesgue measure of the set 𝜃(−1)(𝐷(𝑟, 𝜖)) := {𝑡 ∈ 𝐺 : 𝜃(𝑡) ∈
𝐷(𝑟, 𝜖)} is positive, with 𝐷(𝑟, 𝜖) as in (5). The function 𝜃 is essentially bounded if
its essential range is bounded. Furthermore, if 𝜃 is real-valued, then the essential
supremum (infimum) is defined as the supremum (infimum) of its essential range.
Finally, if the function 𝜃 is 𝑠× 𝑠 matrix-valued and measurable, then the essential
range of 𝜃, denoted again by 𝑅(𝜃), is the union of the essential ranges of the
complex-valued eigenvalues 𝜆𝑗(𝜃), 𝑗 = 1, . . . , 𝑠, that is 𝑅(𝜃) =

∪𝑠
𝑗=1 𝑅(𝜆𝑗(𝜃)).
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We note that 𝑅(𝜃) is clearly a closed set and, thus, its complement is open.
Moreover, if {𝐴𝑛} is a matrix sequence distributed as 𝜃 in the sense of eigenvalues,
then 𝑅(𝜃) is a weak cluster for {𝐴𝑛}.

3. Further tools for general matrix sequences and main results

The basic ideas used in this section originate in [22] and [6], where the same
questions are considered in a scalar Toeplitz context and in a scalar Jacobi context,
respectively. We consider now how to extend these results to the case, where the
symbol is matrix-valued, that is when 𝑠 > 1.

Theorem 3.1. Let {𝐴𝑛} be a matrix sequence and 𝑆 be a subset of ℂ. Assume that
the following assumptions hold:

(a1) 𝑆 is a compact set and ℂ∖𝑆 is connected;
(a2) the matrix sequence {𝐴𝑛} is weakly clustered at 𝑆;
(a3) the spectra Λ𝑛 of 𝐴𝑛 are uniformly bounded, i.e., ∃𝐶 ∈ ℝ+ such that ∣𝜆∣ < 𝐶,

𝜆 ∈ Λ𝑛, for all 𝑛;
(a4) there exists a 𝑠 × 𝑠 matrix-valued function 𝜃, which is measurable, bounded,

and defined on a set 𝐺 of positive and finite Lebesgue measure, such that, for

every positive integer 𝐿, we have lim𝑛→∞
tr(𝐴𝐿

𝑛)
𝑛 = −∫

𝐺

tr(𝜃𝐿(𝑡))
𝑠 𝑑𝑡, i.e., relation

(3) holds with 𝐹 being any polynomial of an arbitrary fixed degree;
(a5) the essential range of 𝜃 is contained in 𝑆.

Then relation (3) is true for every continuous function 𝐹 with bounded support,
which is holomorphic in the interior of 𝑆. If also the interior of 𝑆 is empty, then
the sequence {𝐴𝑛} is distributed as (𝜃,𝐺), in the sense of the eigenvalues.
Proof. The proof follows that of Theorem 2.2 in [6]. Let 𝐹 be continuous over 𝑆
and holomorphic in its interior. By Mergelyan’s Theorem [10], for every 𝜖 > 0, we
can find a polynomial 𝑃 such that for every 𝑧 ∈ 𝑆, ∣𝑃 (𝑧)− 𝐹 (𝑧)∣ ≤ 𝜖. Since 𝑅(𝜃)
is contained in 𝑆, it is clear that ∣𝑃 (𝜆𝑗(𝜃(𝑡))) − 𝐹 (𝜆𝑗(𝜃(𝑡)))∣ ≤ 𝜖, 𝑗 = 1, . . . , 𝑠 a.e.
in its domain 𝐺 so that ∣tr(𝐹 (𝜃(𝑡))) − tr(𝑃 (𝜃(𝑡)))∣ ≤ 𝑠𝜖. Therefore,∣∣∣∣∣∣−

∫
𝐺

tr(𝐹 (𝜃(𝑡)))

𝑠
𝑑𝑡 − −

∫
𝐺

tr(𝑃 (𝜃(𝑡)))

𝑠
𝑑𝑡

∣∣∣∣∣∣ ≤ −
∫
𝐺

𝜖 𝑑𝑡 = 𝜖. (7)

Next, we consider the left-hand side of (3). By the definition of clustering, for any
fixed 𝜖′ > 0, we have

#{𝜆 ∈ Σ𝑛, ∣𝜆 − 𝑧∣ ≥ 𝜖′, ∀𝑧 ∈ 𝑆} = #{𝜆 ∈ Σ𝑛, 𝜆 /∈ 𝐷(𝑆, 𝜖′)} = 𝑜(𝑛).

Moreover, by the assumption of the uniform boundedness of Σ𝑛, the bound ∣𝜆∣ <
𝐶 holds for every 𝜆 ∈ Σ𝑛 with a constant 𝐶, independent of 𝑛. Therefore, by
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extending 𝐹 outside 𝑆 in such a way that it is continuous with a bounded support,
we infer ∣∣∣∣∣∣ 1𝑛

∑
𝜆∈Σ𝑛, 𝜆/∈𝐷(𝑆,𝜖′)

𝐹 (𝜆)

∣∣∣∣∣∣ ≤ 𝑀

𝑛
#{𝜆 ∈ Σ𝑛, 𝜆 /∈ 𝐷(𝑆, 𝜖′)} = 𝑜(1),

∣∣∣∣∣∣ 1𝑛
∑

𝜆∈Σ𝑛, 𝜆/∈𝐷(𝑆,𝜖′)

𝑃 (𝜆)

∣∣∣∣∣∣ ≤ 𝑀

𝑛
#{𝜆 ∈ Σ𝑛, 𝜆 /∈ 𝐷(𝑆, 𝜖′)} = 𝑜(1),

with 𝑀 = max(∥𝐹∥∞, ∥𝑃∥∞), and infinity norms taken over {𝑧 ∈ ℂ, ∣𝑧∣ ≤ 𝐶}.
Consequently, by setting Δ = ∣Σ𝜆(𝐹 − 𝑃,𝐴𝑛)∣, we deduce that

Δ =

∣∣∣∣∣ 1𝑛 ∑
𝜆∈Σ𝑛

(𝐹 (𝜆) − 𝑃 (𝜆))

∣∣∣∣∣ ≤ 1

𝑛

∑
𝜆∈Σ𝑛

∣𝐹 (𝜆)− 𝑃 (𝜆)∣

=
1

𝑛

∑
𝜆∈Σ𝑛, 𝜆∈𝐷(𝑆,𝜖′)

∣𝐹 (𝜆)− 𝑃 (𝜆)∣ + 1

𝑛

∑
𝜆∈Σ𝑛, 𝜆/∈𝐷(𝑆,𝜖′)

∣𝐹 (𝜆) − 𝑃 (𝜆)∣

≤ 1

𝑛

∑
𝜆∈Σ𝑛, 𝜆∈𝐷(𝑆,𝜖′)

∣𝐹 (𝜆)− 𝑃 (𝜆)∣ + 𝑜(1)

=
1

𝑛

∑
𝜆∈Σ𝑛, 𝜆∈𝑆

∣𝐹 (𝜆)− 𝑃 (𝜆)∣ + 1

𝑛

∑
𝜆∈Σ𝑛, 𝜆∈𝐷(𝑆,𝜖′)∖𝑆

∣𝐹 (𝜆)− 𝑃 (𝜆)∣ + 𝑜(1).

For 𝜆 ∈ 𝑆 we use the relation ∣𝐹 (𝜆)− 𝑃 (𝜆)∣ ≤ 𝜖. For 𝜆 ∈ 𝐷(𝑆, 𝜖′)∖𝑆, we see that
∣𝐹 (𝜆)− 𝑃 (𝜆)∣ ≤ ∣𝐹 (𝜆)− 𝐹 (𝜆′)∣+ ∣𝐹 (𝜆′)− 𝑃 (𝜆′)∣+ ∣𝑃 (𝜆′)− 𝑃 (𝜆)∣,

∣𝜆 − 𝜆′∣ < 𝜖′, 𝜆′ ∈ 𝑆,

thus, ∣𝐹 (𝜆)− 𝑃 (𝜆)∣ ≤ 𝑐1(𝜖
′) + 𝜖+ 𝑐2(𝜖, 𝜖

′) ≡ 𝜃(𝜖, 𝜖′) with

lim
𝜖→0

lim
𝜖′→0

𝜃(𝜖, 𝜖′) = 0. (8)

Hence

Δ ≤ 𝜖+ 𝜃(𝜖, 𝜖′) + 𝑜(1). (9)

Furthermore, from the hypothesis of the theorem, there holds

lim
𝑛→∞Σ𝜆(𝑃,𝐴𝑛) = −

∫
𝐺

tr(𝑃 (𝜃(𝑡)))

𝑠
𝑑𝑡. (10)

Since 𝜖 and 𝜖′ are arbitrary, it is clear that relations (7)–(10) imply that (3) holds
for 𝐹 as well. Finally, when 𝑆 has an empty interior, we have no restriction on 𝐹
except for being continuous with a bounded support, and therefore what we have
proved is equivalent to {𝐴𝑛} ∼𝜆 (𝜃,𝐺). □

Next, we show that the hypotheses (a3) and (a4) (or a slightly stronger form
of it) imply (a1), (a2), and (a3) for the set 𝑆 defined by “filling in” the essential
range of the function 𝜃 from (a4) (or its strengthened version). This shows that,
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when the set 𝑅(𝜃) has an empty interior, the matrix sequence has the desired
distribution.

Here, “filling in” means taking the “Area” in the following sense:

Definition 3.2. Let 𝐾 be a compact subset of ℂ. We define Area(𝐾) as

Area(𝐾) = ℂ∖𝑈,

where 𝑈 is the (unique) unbounded connected component of ℂ∖𝐾.

Theorem 3.3. Let {𝐴𝑛} be a matrix sequence. If
(b1) the spectra Λ𝑛 of 𝐴𝑛 are uniformly bounded, i.e., ∃𝐶 ∈ ℝ+ such that ∣𝜆∣ < 𝐶,

𝜆 ∈ Λ𝑛, for all 𝑛;
(b2) there exists a 𝑠×𝑠 matrix-valued function 𝜃-measurable, bounded, and defined

on a set 𝐺 of positive and finite Lebesgue measure, such that, for all positive

integers 𝐿 and 𝑙, we have lim𝑛→∞
tr((𝐴∗

𝑛)
𝑙𝐴𝐿

𝑛)
𝑛 = −∫

𝐺

tr(𝜃𝑙(𝑡)𝜃𝐿(𝑡))
𝑠 𝑑𝑡;

then 𝑅(𝜃) is compact, the matrix sequence {𝐴𝑛} is weakly clustered at Area(𝑅(𝜃)),
and relation (3) is true for every continuous function 𝐹 with bounded support,
which is holomorphic in the interior of 𝑆 = Area(𝑅(𝜃)).

If it is also true that ℂ∖𝑅(𝜃) is connected and the interior of 𝑅(𝜃) is empty
then the sequence {𝐴𝑛} is distributed as (𝜃,𝐺), in the sense of the eigenvalues.
Proof. Since 𝜃 is bounded, any of its eigenvalues 𝜆𝑗(𝜃) is bounded, 𝑗 = 1, . . . , 𝑠
so that 𝑅(𝜃) =

∪𝑠
𝑗=1 𝑅(𝜆𝑗(𝜃)) is bounded. Consequently, the set 𝑅(𝜃) is compact,

since the essential range is always closed. Hence we can define 𝑆 = Area(𝑅(𝜃))
according to Definition 3.2.

We prove that 𝑆 is a weak cluster for the spectra of {𝐴𝑛}. First, we notice
that the compact set 𝑆𝐶 = {𝑧 ∈ ℂ : ∣𝑧∣ ≤ 𝐶} is a strong cluster for the spectra
of {𝐴𝑛} since by (b1) it contains all the eigenvalues. Moreover 𝐶 can be chosen
such that 𝑆𝐶 contains 𝑆. Therefore, to prove that 𝑆 is a weak cluster for {𝐴𝑛}
it suffices to prove that, for every 𝜖 > 0 the compact set 𝑆𝐶∖𝐷(𝑆, 𝜖) contains at
most only 𝑜(𝑛) eigenvalues, with 𝐷(𝑆, 𝜖) as in Definition 2.2. By compactness,
for any 𝛿 > 0, there exists a finite covering of 𝑆𝐶∖𝐷(𝑆, 𝜖) made of balls 𝐷(𝑧, 𝛿),
𝑧 ∈ 𝑆𝐶∖𝑆 with 𝐷(𝑧, 𝛿)∩𝑆 = ∅, and so, it suffices to show that, for a particular 𝛿, at
most 𝑜(𝑛) eigenvalues lie in 𝐷(𝑧, 𝛿). Let 𝐹 (𝑡) be the characteristic function of the

compact set 𝐷(𝑧, 𝛿). Then restricting our attention to the compact set 𝐷(𝑧, 𝛿)
∪

𝑆,
Mergelyan’s theorem implies that for each 𝜖 > 0 there exists a polynomial 𝑃 such

that ∣𝐹 (𝑡)− 𝑃 (𝑡)∣ is bounded by 𝜖 on 𝐷(𝑧, 𝛿)
∪

𝑆.
Therefore ∣𝑃 (𝜆𝑗(𝜃(𝑡)))∣ ≤ 𝜖 a.e. in its domain for every 𝑗 = 1, . . . , 𝑠. However

the latter does not guarantee

∥𝑃 (𝜃(𝑡))∥2 < 𝑙(𝜖) (11)

a.e. for some 𝑙(𝜖) converging to zero as 𝜖 converges to zero (it would be triv-
ially true if 𝜃(𝑡) is normal a.e. that is 𝜃∗(𝑡)𝜃(𝑡) = 𝜃(𝑡)𝜃∗(𝑡) a.e., since, in that
case 𝑃 (𝜃(𝑡)) is also normal a.e. and ∥𝑃 (𝜃(𝑡))∥2 = (

∑𝑠
𝑗=1 ∣𝜆𝑗(𝑃 (𝜃(𝑡)))∣2)1/2 =
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(
∑𝑠
𝑗=1 ∣𝑃 (𝜆𝑗(𝜃(𝑡)))∣2)1/2 <

√
𝑠𝜖 a.e.). The condition (11) on the Frobenius norm

is essential in the proof as we will see later. Thus, in order to fulfill it, starting
from the Schur normal form of 𝜃(𝑡), we define a new polynomial 𝑃𝑘 satisfying

the claim and at the same time approximating 𝐹 (𝑡) over 𝐷(𝑧, 𝛿)
∪

𝑆. We write
𝜃(𝑡) = 𝑈(𝑡)𝑇 (𝑡)𝑈∗(𝑡) with 𝑈(𝑡) unitary a.e. and 𝑇 (𝑡) = Λ(𝑡) + 𝑅(𝑡) upper tri-
angular, where Λ(𝑡) = diag𝑗=1,...,𝑠𝜆𝑗(𝜃(𝑡)) and 𝑅(𝑡) strictly upper triangular and

bounded. Clearly, 𝑃 (𝜃(𝑡)) = 𝑈(𝑡)(𝑃 (Λ(𝑡)) + �̃�(𝑡))𝑈∗(𝑡) with �̃�(𝑡) still strictly up-

per triangular and bounded. Let 𝑘 be any integer larger than 𝑠−1. Then �̃�𝑘(𝑡) = 0

since �̃�(𝑡) is of order 𝑠 and strictly upper triangular (so, nilpotent). Consequently,
by defining 𝑃𝑘(𝑦) = 𝑝𝑘(𝑦), we have

𝑃𝑘(𝜃(𝑡)) = 𝑈(𝑡)(𝑃 (Λ(𝑡)) + �̃�(𝑡))𝑘𝑈∗(𝑡)

so that

(𝑃 (Λ(𝑡)) + �̃�(𝑡))𝑘 =

𝑘∑
𝑗=𝑘−𝑠+1

(
𝑘
𝑗

)
𝑝𝑗(Λ(𝑡))�̃�𝑘−𝑗(𝑡). (12)

Of course ∥𝑃𝑘(𝜃(𝑡))∥2 = ∥(𝑃 (Λ(𝑡)) + �̃�(𝑡))𝑘∥2 and thanks to (12) and to the
boundedness of the symbol 𝜃, we can choose 𝑘 independent of 𝜖 and 𝑡 so that

∥𝑃𝑘(𝜃(𝑡))∥22 < 𝑠𝜖 (13)

a.e., which is the desired relation (11) with 𝑙(𝜖) = 𝑠𝜖.

(1 − 𝜖)𝑘𝛾𝑛(𝑧, 𝛿) ≤
𝑛∑
𝑖=1

𝐹 (𝜆𝑖)∣𝑃𝑘(𝜆𝑖)∣ (14)

≤
(
𝑛∑
𝑖=1

𝐹 2(𝜆𝑖)

)1/2( 𝑛∑
𝑖=1

∣𝑃𝑘(𝜆𝑖)∣2
)1/2

(15)

=

(
𝑛∑
𝑖=1

𝐹 (𝜆𝑖)

)1/2( 𝑛∑
𝑖=1

∣𝑃𝑘(𝜆𝑖)∣2
)1/2

(16)

= (𝛾𝑛(𝑧, 𝛿))
1/2

(
𝑛∑
𝑖=1

∣𝑃𝑘(𝜆𝑖)∣2
)1/2

(17)

≤ (𝛾𝑛(𝑧, 𝛿))
1/2 ∥𝑃𝑘(𝐴𝑛)∥2 (18)

= (𝛾𝑛(𝑧, 𝛿))
1/2

(tr(𝑃 ∗
𝑘 (𝐴𝑛)𝑃𝑘(𝐴𝑛)))

1/2
(19)

= (𝛾𝑛(𝑧, 𝛿))
1/2

⎛⎝tr
⎛⎝ 𝑀∑
𝑙,𝐿=0

𝑐𝑙𝑐𝐿(𝐴
∗
𝑛)
𝑙𝐴𝐿𝑛

⎞⎠⎞⎠1/2

(20)

= (𝛾𝑛(𝑧, 𝛿))
1/2

⎛⎝ 𝑀∑
𝑙,𝐿=0

𝑐𝑙𝑐𝐿tr((𝐴
∗
𝑛)
𝑙𝐴𝐿𝑛)

⎞⎠1/2

, (21)
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where inequality (14) follows from the definition of 𝐹 and from the approximation
properties of 𝑃 , relation (15) is the Cauchy-Schwartz inequality, relations (16)–
(17) follow from the definitions of 𝐹 and 𝛾𝑛(𝑧, 𝛿), (18) is a consequence of the
Schur decomposition of 𝜃(𝑡) and of the unitary invariance of the Schatten norms,
identities (19)–(21) follow from the entry-wise definition of the Schatten 2 norm
(the Frobenius norm), from the monomial expansion of the polynomial 𝑃 , and
from the linearity of the trace.

Given 𝜖2 > 0, we choose 𝜖1 > 0 so that the inequality

𝜖1

𝑀∑
𝑙,𝐿=0

∣𝑐𝑙∣∣𝑐𝐿∣ ≤ 𝜖2,

holds true and then we choose 𝑁 so that for 𝑛 > 𝑁 , inequality∣∣∣∣∣∣tr((𝐴
∗
𝑛)
𝑙𝐴𝐿𝑛)

𝑛
− −
∫
𝐺

tr
(
𝜃𝑙(𝑡)𝜃𝐿(𝑡)

)
𝑠

𝑑𝑡

∣∣∣∣∣∣ < 𝜖1,

is true. Hence, from (21) we obtain

(1−𝜖)𝑘𝛾𝑛(𝑧,𝛿)≤(𝛾𝑛(𝑧,𝛿))
1/2

⎛⎝𝑛

⎛⎝𝜖2+ −
∫
𝐺

𝑀∑
𝑙,𝐿=0

𝑐𝑙𝑐𝐿

⎛⎝ tr
(
𝜃𝑙(𝑡)𝜃𝐿(𝑡)

)
𝑠

⎞⎠𝑑𝑡

⎞⎠⎞⎠1/2

(22)

=(𝛾𝑛(𝑧,𝛿))
1/2

⎛⎝𝑛

⎛⎝𝜖2+ −
∫
𝐺

∥𝑃𝑘(𝜃(𝑡))∥2
𝑠

𝑑𝑡

⎞⎠⎞⎠1/2

(23)

≤(𝛾𝑛(𝑧,𝛿))
1/2

𝑛1/2(𝜖2+𝜖2)
1/2, (24)

where inequality (22) is assumption (b2). The latter two relations are again conse-
quences of the monomial expansion of 𝑃 and of the crucial inequality (13), where
𝜖2 is arbitrarily small. Therefore, by choosing 𝜖2 = 𝜖2, (14)–(24) imply that, for 𝑛
sufficiently large,

𝛾𝑛(𝑧, 𝛿) ≤ 2𝑛𝜖2(1− 𝜖)−2𝑘,

which means that, since 𝑘 is chosen independent of 𝜖, 𝛾𝑛(𝑧, 𝛿) = 𝑜(𝑛).

Thus, hypotheses (a1)–(a5) of Theorem 3.1 hold with 𝑆 = Area(𝑅(𝜃)), which
is necessarily compact and with connected complement. Consequently, the first
conclusion in Theorem 3.1 holds. Finally, if ℂ∖𝑅(𝜃) is connected and the interior
of 𝑅(𝜃) is empty, then Area(𝑅(𝜃)) = 𝑅(𝜃) and, thus, all the hypotheses of Theorem
3.1 are satisfied, we conclude that the sequence {𝐴𝑛} is distributed in the sense of
the eigenvalues as (𝜃,𝐺). □

Next, we present a second version of Theorem 3.3, replacing hypotheses (a1)–
(a5) by only (a3), (a4), and a condition on the Schatten 𝑝 norm for a certain 𝑝.
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Theorem 3.4. Let {𝐴𝑛} be a matrix sequence. Assume that
(c1) the spectra Λ𝑛 of 𝐴𝑛 are uniformly bounded, i.e., ∣𝜆∣ < 𝐶, 𝜆 ∈ Λ𝑛, for all 𝑛;
(c2) there exists a 𝑠 × 𝑠 matrix-valued function 𝜃, which is measurable, bounded

and defined over 𝐺 having positive and finite Lebesgue measure, such that for

every positive integer 𝐿 there holds lim𝑛→∞
tr(𝐴𝐿

𝑛)
𝑛 = −∫𝐺 tr(𝜃𝐿(𝑡))

𝑠 𝑑𝑡;

(c3) for every 𝑛 large enough, there exist a constant 𝐶 and a positive real number

𝑝 ∈ [1,∞), independent of 𝑛, such that ∥𝑃 (𝐴𝑛)∥𝑝𝑝 ≤ 𝐶𝑛−∫𝐺 ∥𝑃 (𝜃(𝑡))∥𝑝𝑝 𝑑𝑡 for
every fixed polynomial 𝑃 independent of 𝑛.

Then the matrix sequence {𝐴𝑛} is weakly clustered at Area(𝑅(𝜃)) := ℂ∖𝑈 (see Def-
inition 3.2) and relation (3) is true for every continuous function 𝐹 with bounded
support which is holomorphic in the interior of 𝑆 = Area(𝑅(𝜃)).

Moreover, if

(c4) ℂ∖𝑅(𝜃) is connected and the interior of 𝑅(𝜃) is empty,
then the sequence {𝐴𝑛} is distributed as (𝜃,𝐺), in the sense of the eigenvalues.
Proof. The proof follows that of Theorem 3.3 until relation (14). Then, with 𝑞
being the conjugate of 𝑝, i.e., 1/𝑞 + 1/𝑝 = 1, we have

(1− 𝜖)𝑘𝛾𝑛(𝑧, 𝛿) ≤
(
𝑛∑
𝑖=1

𝐹 𝑞(𝜆𝑖)

)1/𝑞( 𝑛∑
𝑖=1

∣𝑃 (𝜆𝑖)∣𝑝
)1/𝑝

(25)

=

(
𝑛∑
𝑖=1

𝐹 (𝜆𝑖)

)1/𝑞 ( 𝑛∑
𝑖=1

∣𝑃 (𝜆𝑖)∣𝑝
)1/𝑝

(26)

= (𝛾𝑛(𝑧, 𝛿))
1/𝑞

(
𝑛∑
𝑖=1

∣𝑃 (𝜆𝑖)∣𝑝
)1/𝑝

(27)

≤ (𝛾𝑛(𝑧, 𝛿))
1/𝑞 ∥𝑃 (𝐴𝑛)∥𝑝 (28)

≤ (𝛾𝑛(𝑧, 𝛿))
1/𝑞

(
𝐶𝑛

𝑚(𝐺)

∫
𝐺

∥𝑃 (𝜃(𝑡))∥𝑝𝑝 𝑑𝑡
)1/𝑝

(29)

≤ (𝛾𝑛(𝑧, 𝛿))
1/𝑞

(𝐶𝑛)1/𝑝𝜖, (30)

where relation (25) is the Hölder inequality, relations (26)–(27) follow from the
definitions of 𝐹 and 𝛾𝑛(𝑧, 𝛿), (28) holds due to the fact that, for any square matrix,
the vector with the moduli of the eigenvalues is weakly-majorized by the vector
of the singular values (see [1] for more details), inequality (29) is assumption (c3)
(which holds for any polynomial of fixed degree), and finally inequality (30) follows
from the approximation properties of 𝑃 over the area delimited by the range of 𝜃.
Therefore,

𝛾𝑛(𝑧, 𝛿) ≤ 𝐶𝑛𝜖𝑝(1− 𝜖)−𝑘𝑝,
and since 𝜖 is arbitrary we have the desired result, namely, 𝛾𝑛(𝑧, 𝛿) = 𝑜(𝑛).

The rest of the proof is the same as in Theorem 3.3. □
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The next result shows that the key assumption (c3) follows from the distri-
bution in the singular value sense of {𝑃 (𝐴𝑛)} and that the latter is equivalent
to the very same limit relation with only polynomial test functions. We mention
here, that distribution results in the singular value sense (e.g., [21, 23, 20, 15, 16])
are much easier to obtain and to prove due to the higher stability of the singular
values under perturbations (cf. [24]).

Theorem 3.5. Using the notation of Section 2, if the sequence {𝐴𝑛} is uniformly
bounded in spectral norm then, (1), {𝐴𝑛} ∼𝜎 (𝜃,𝐺) is true whenever condition (4)
holds for all polynomial test functions. Moreover, (2), if {𝑃 (𝐴𝑛)} ∼𝜎 (𝑃 (𝜃), 𝐺)
for every polynomial 𝑃 then the claim (c3) is true for every value 𝑝 ∈ [1,∞), for

every 𝜖 > 0 where 𝐶 = 1 + 𝜖 and for 𝑛 larger than some fixed value �̄�𝜖.

Proof. The first claim is proved by using the fact that one can approximate any
continuous function, defined on a compact set contained in the (positive) real
line, by polynomials. The second claim follows from taking the function 𝑧𝑝, with
positive 𝑝, as a test function and exploiting the limit relation from the assumption
{𝑃 (𝐴𝑛)} ∼𝜎 (𝑃 (𝜃), 𝐺). Indeed, the sequence {𝑃 (𝐴𝑛)} is uniformly bounded since
{𝐴𝑛} is, so we can use as test functions continuous functions with no restriction
on the support. Therefore, by definition (see (4)), {𝑃 (𝐴𝑛)} ∼𝜎 (𝑃 (𝜃), 𝐺) implies
that

lim
𝑛→∞

1

𝑛

𝑛∑
𝑗=1

𝜎𝑝𝑗 (𝑃 (𝐴𝑛)) = −
∫
𝐺

∥𝑃 (𝜃(𝑡))∥𝑝𝑝 𝑑𝑡.

Hence, by observing that
∑𝑛
𝑗=1 𝜎

𝑝
𝑗 (𝑃 (𝐴𝑛)) is by definition ∥𝑃 (𝐴𝑛)∥𝑝𝑝 and by

taking the limit, we see that, for every 𝜖 > 0, there exists an integer �̄�𝜖 such that

∥𝑃 (𝐴𝑛)∥𝑝𝑝 ≤ 𝑛
1 + 𝜖

𝑚(𝐺)

∫
𝐺

∥𝑃 (𝜃(𝑡))∥𝑝𝑝 𝑑𝑡, ∀𝑛 ≥ �̄�𝜖.

The latter inequality coincides with (c3) with 𝐶 = 1+ 𝜖 and 𝑝 ∈ [1,∞). □

We conclude this part of general tools by stating a simple but useful approx-
imation result.

Theorem 3.6. Assume that two sequences {𝐴𝑛} and {𝐵𝑛} are given, with {𝐴𝑛}
satisfying conditions (b1), (b2) or conditions (c1), (c2), (c3). In addition, we as-
sume that the sequence {𝐵𝑛}
(d1) is uniformly bounded in spectral norm and
(d2) ∥𝐵𝑛 − 𝐴𝑛∥1 = 𝑜(𝑛) (that is {𝐵𝑛} approximates {𝐴𝑛} in trace norm).
Then {𝐵𝑛} satisfies the same conditions as {𝐴𝑛}, that is, (b1), (b2) or (c1),
(c2), (c3).

Proof. The assumption (d1) directly implies the equivalence between (b1) and (c1).
Moreover the trace norm condition implies that any of the requirements (b2), (c2),
(c3) is satisfied with {𝐴𝑛} if and only if the same requirement is satisfied for {𝐵𝑛}
(we omit the details). □
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4. Proof of the main result for the case of block Toeplitz sequences
and their algebra

In this section we consider the case of Toeplitz sequences and prove Theorem 1.2,
by exploiting the general tools developed above.

Proof of Theorem 1.2. We make use of Theorem 3.4. (An alternative proof, similar
to the approach used by Tilli and based on Theorem 3.3 is also possible, but
requires more effort.)

Recall, that in [16, Section 3.3.1] it is proved that the algebra, generated
by block Toeplitz sequences, is a subalgebra of the (block) GLT class so that,
in particular, for every ℳ𝑠-valued symbol 𝑓 and for every polynomial of a given
degree 𝑃 we have

{𝑃 (𝑇𝑛(𝑓))} ∼𝜎 (𝑃 (𝑓), 𝐼𝑘).
Therefore, by invoking Theorem 3.5, we infer that the assumption (c3) is fulfilled
for every 𝑝, when ever 𝑓 ∈ 𝐿∞(𝑠). Furthermore, if 𝑓 ∈ 𝐿∞(𝑠) then

∥𝑇𝑛(𝑓)∥∞ ≤ esssup𝑡∈𝐼𝑘∥𝑓(𝑡)∥∞
and hence assumption (c1) is satisfied with any constant 𝐶 > esssup𝑡∈𝐼𝑘∥𝑓(𝑡)∥∞.
Finally, a simple check (see, e.g., [2, 17]) shows that also (c2) is fulfilled. Thus,
Theorem 3.4 can be applied and from that it follows that the matrix sequence
{𝑇𝑛(𝑓)} is weakly clustered at Area(𝑅(𝑓)) (see Definition 3.2) and relation (2) is
true for every continuous function 𝐹 with bounded support, which is holomorphic
in the interior of 𝑆 = Area(𝑅(𝑓)). Furthermore, if ℂ∖𝑅(𝑓) is connected and the
interior of 𝑅(𝑓) is empty, then {𝑇𝑛(𝑓)} ∼𝜆 (𝑓, 𝐼𝑘) which concludes the proof of
Theorem 1.2. □

Finally, Theorem 3.6 allows us to generalize Theorem 1.2 to the algebra
generated by block Toeplitz sequences with bounded symbols.

Theorem 4.1. Let 𝑓𝛼,𝛽 ∈ 𝐿∞(𝑠) with 𝛼 = 1, . . . , 𝜌, 𝛽 = 1, . . . , 𝑞𝛼, 𝜌, 𝑞𝛼 < ∞. Let

ℎ =
∑𝜌
𝛼=1

∏𝑞𝛼
𝛽=1 𝑓𝛼,𝛽,

and consider the sequence {𝐵𝑛} with 𝐵𝑛 =
∑𝜌
𝛼=1

∏𝑞𝛼
𝛽=1 𝑇𝑛(𝑓𝛼,𝛽). Then ∥𝐵𝑛 −

𝑇𝑛(ℎ)∥1 = 𝑜(�̂�), {𝐴𝑛} is weakly clustered at Area(𝑅(ℎ)) and relation
lim
𝑛→∞

1

�̂�𝑠

∑
𝜆∈Λ𝑛

𝐹 (𝜆) = −
∫
𝐼𝑘

1

𝑠
tr(𝐹 (ℎ(𝑡))) 𝑑𝑡

is true for every continuous function 𝐹 with bounded support, which is holomorphic
in the interior of 𝑆 = Area(𝑅(ℎ)). Furthermore, when ℂ∖𝑅(ℎ) is connected and
the interior of 𝑅(ℎ) is empty, then {𝐵𝑛} ∼𝜆 (ℎ, 𝐼𝑘).
Proof. The first claim, namely, ∥𝐵𝑛 − 𝑇𝑛(ℎ)∥1 = 𝑜(�̂�), can be shown by sim-
ple computation (see, for instance, [2, 17]). Further, the sequence {𝐵𝑛} is uni-
formly bounded in spectral norm since it belongs to the algebra generated by
block Toeplitz sequences with bounded symbols. Therefore, Theorem 3.6 with
𝐴𝑛 = 𝑇𝑛(𝑓) implies that conditions (c1), (c2), (c3) are satisfied with {𝐵𝑛}, since
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the same conditions are satisfied by the sequence {𝐴𝑛} (see the proof of Theorem
1.2). Hence, the use of Theorem 3.4 allows to conclude the proof. □

Remark 4.2. Observe that the case when 𝑓(𝑡) is diagonalizable by a constant trans-
formation independent of 𝑡, is special in the sense that the Szegö-type distribution
result holds under the milder assumption that every eigenvalue of 𝑓 (now a scalar
complex-valued function) shows a range with empty interior and which does not
disconnect the complex plane. This leaves open the question whether this weaker
requirement is sufficient in general.

Other problems remain open. For instance, it would be interesting to extend
the results of this paper to the case where the involved symbols are not necessarily
bounded, but only integrable. Such situations occur when constructing precondi-
tioners for Krylov methods. As already stressed in [16], in that case, the matrix
theory-based approach seems more convenient, since the corresponding Toeplitz
operators are not well defined when the symbols are not bounded.

Finally, it should be observed that the conditions on the symbol reported
in Theorem 1.2 for the existence of a canonical distribution corresponding to the
symbol are sufficient, but not necessary. In fact, for 𝑓(𝑡) = 𝑒−i𝑡 the range of 𝑓
is the complex unit circle, disconnecting the complex plane, while the eigenvalues
are all equal to zero. However, if one takes the symbol 𝑓(𝑡) in (3.24), p.80 in [3]
(𝑓(𝑡) = 𝑒2i𝑡, 𝑡 ∈ [0, 𝜋), 𝑓(𝑡) = 𝑒−2i𝑡, 𝑡 ∈ [𝜋, 2𝜋)), then the range of 𝑓 is again the
complex unit circle, which disconnects the complex plane, however the eigenvalues
indeed distribute as determined by the symbol, as discussed in Example 5.39, pp.
167-169 in [3]. It would be instructive to understand how to discriminate between
these two types of generating functions.

In the next section we illustrate numerically some of these issues.

5. Numerical experiments

The numerical experiments are divided into two parts. In the first part (Section
5.1) we consider examples, covered by the theoretical results from the previous
section. As expected, the numerical results confirm the theoretical findings with
the clustering, which is often of strong type.

An example of an important application, where the related problem can be
formulated and analyzed using the spectral analysis of a Toeplitz sequence with
non-Hermitian bounded symbol, is a signal restoration problem, where some of
the sampling data are not available (cf. [12, 4]). For that problem, the numerical
tests in [4], are exactly driven by the theory developed in the present paper.

In the second group of tests (Section 5.2) we consider block Toeplitz sequences
with unbounded symbols, for which the Mergelyan Theorem cannot be used and
our tools do not apply. The numerical tests, however, indicate that there is room for
improving the theory by allowing unbounded symbols. The latter can be foreseen,
provided the weaker assumption in Theorem 1.1, when dealing with Hermitian
structures.
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Figure 1. 𝑇𝑛(𝑓
(1)): singular values and moduli of the eigenvalues in

non decreasing order.

5.1. Examples covered by the theory

We considering first special classes of symbols 𝑓 where 𝑠 = 2 and

𝑓(𝑡) = 𝑄(𝑡)𝐵(𝑡)𝑄(𝑡)𝑇 , 𝑡 ∈ 𝐼1,

𝑄(𝑡) =

(
cos(𝑡) sin(𝑡)
− sin(𝑡) cos(𝑡)

)
. (31)

Below, 𝐵(𝑡) chosen in various ways, but having either constant eigenvalues, that
is scalar functions independent of 𝑡, or eigenvalues with nicely behaved ranges.
Thus, we expect a clustering of the eigenvalues of the corresponding block Toeplitz
sequence, closely related to the shape of the spectra of the matrices.

Example 5.1 (Nonparametrized symbols). We choose

𝐵(1)(𝑡) =

(
0 0
1 0

)
and 𝐵(2)(𝑡) =

(
0 0
1 1

)
.

In that case we find that the singular values of the matrix 𝑇𝑛(𝑓
(1)) are divided

into two sub-clusters of the same size (one at zero, the other at one), while its
eigenvalues are clustered at zero (Figure 1). Interestingly enough, the eigenvalues
clustered at zero are real, while the outliers are just four, independently of the size
𝑛, and lie on the imaginary axis (Figure 2 (a)). Regarding the singular values of
the matrix 𝑇𝑛(𝑓

(2)), we observe again two sub-clusters of the same size (one at

zero, the other at
√
2). The eigenvalues, as predicted by our results, are distributed

as the eigenvalues of the symbol, namely, half of them are around zero and half
of them – around one (Figure 3). Observe, that also in this case, the range of
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Figure 2. Eigenvalues in the complex plane for 𝑛 = 400: (a) eigenval-
ues of 𝑇𝑛(𝑓

(1)), (b) eigenvalues of 𝑇𝑛(𝑓
(2)).

0 50 100
0

0.5

1

1.5
n = 50

sv
eig

0 50 100 150 200
0

0.5

1

1.5
n = 100

sv
eig

0 100 200 300 400
0

0.5

1

1.5
n = 200

sv
eig

0 200 400 600 800
0

0.5

1

1.5
n = 400

sv
eig

Figure 3. 𝑇𝑛(𝑓
(2)): singular values and moduli of the eigenvalues in

non decreasing order.

the symbol is a strong cluster since the outliers are only four, again lying on the
imaginary axis (Figure 2 (b)).

Example 5.2 (Parametrized symbols). Consider

𝐵
(3)
(𝑐,𝑟)(𝑡) =

(
0 0
1 𝑐+ 𝑟 𝑒i𝑡

)
and 𝐵(4)(𝑡) =

(
0 0
1 2− cos(𝑡)

)
.

Let 𝑇𝑛(𝑓
(3)
(𝑐,𝑟)) and 𝑇𝑛(𝑓

(4)) be the corresponding block Toeplitz matrices with

generating functions

𝑓
(3)
(𝑐,𝑟)(𝑡) = 𝑄(𝑡)𝐵

(3)
(𝑐,𝑟)(𝑡)𝑄(𝑡)

𝑇 , 𝑡 ∈ 𝐼1 and 𝑓 (4)(𝑡) = 𝑄(𝑡)𝐵(4)(𝑡)𝑄(𝑡)𝑇 .
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Figure 4. 𝑇𝑛(𝑓
(3)

(0, 12 )
): singular values and moduli of the eigenvalues in

non decreasing order.

By varying the parameters 𝑐 and 𝑟 we simulate various spectral and singular value
behaviour.

The matrix 𝑇𝑛(𝑓
(3)
(𝑐,𝑟)) has two sub-clusters for the singular values, one at zero

and one, as expected, at the range of
√
1 + ∣𝑐+ 𝑟 𝑒i𝑥∣2 (Figure 4 and Figure 5). Its

eigenvalues, are one half equal to zero and one half – residing in a disc, centered
at 𝑐 with radius 𝑟 (Figure 6). More precisely, most of the eigenvalues belonging
to the second sub-cluster set (in the sense of Definition 2.2) stay very close to the
frontier.

For the block Toeplitz matrix 𝑇𝑛(𝑓
(4)), both eigenvalues and singular values

have two sub-clusters, one at zero and one in a positive interval (Figure 7). For the
eigenvalues, as expected, the interval is [1, 3], which represents the range of the
second eigenvalue symbol, namely, 2 − cos(𝑡). For the singular values the interval

is [
√
2,

√
10], which represents the range of the second singular value symbol -√

1 + (2− cos(𝑡))2 (Figure 8).

Example 5.3 (Solution of linear systems). Consider now the solution of systems of
linear equations with such matrices. Taking into account that the matrices are not
Hermitian and our understanding of the spectral behavior, we use the GMRES
method (cf. [11]). We test matrices with two sub-cluster points 𝑟1 and 𝑟2 with
∣𝑟1∣ ≥ ∣𝑟2∣ and pose the question how the number of iterations depends on the
size of the box containing 𝑟1 and 𝑟2. In addition, if these values are both real and
positive, it is instructive to see how the number of iterations depends on 𝑟1/𝑟2
(spectral conditioning).
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Figure 5. 𝑇𝑛(𝑓
(3)

(2, 110 )
): singular values and moduli of the eigenvalues

in non decreasing order.
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Figure 6. Eigenvalues in the complex plane for 𝑛 = 400: (a) eigenval-

ues of 𝑇𝑛(𝑓
(3)

(0, 12 )
), (b) eigenvalues of 𝑇𝑛(𝑓

(3)

(2, 110 )
).

We begin by considering the symbol

𝐵
(5)
(𝑐1,𝑟1,𝑐2,𝑟2)

(𝑡) =

(
𝑐1 − 𝑟1 cos(𝑡) 0
1 𝑐2 + 𝑟2 𝑒

i𝑡

)
and the corresponding matrix 𝑇𝑛(𝐵

(5)
(𝑐1,𝑟1,𝑐2,𝑟2)

). The eigenvalues of 𝑇𝑛(𝐵
(5)
(𝑐1,𝑟1,𝑐2,𝑟2)

)

are divided in two sub-clusters, one in the interval [𝑐1 − 𝑟1, 𝑐1+ 𝑟1] and one in the

disc centered at 𝑐2 with radius 𝑟2. We solve linear system with 𝑇𝑛(𝐵
(5)
(𝑐1,𝑟1,𝑐2,𝑟2)

)

and a random right-hand side. We apply full GMRES with a relative stopping
tolerance 10−6and use Matlab’s built-in function gmres.
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Figure 7. 𝑇𝑛(𝑓
(4)): singular values and moduli of the eigenvalues in

non decreasing order.
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Figure 8. 𝑇𝑛(𝑓
(4)): eigenvalues in the complex plane for 𝑛 = 400.

Table 1 shows the number of GMRES iterations required to reach the pre-
scribed tolerance for varying 𝑛 and moving the center of the disc 𝑐2. The other
parameters are chosen as 𝑐1 = 2, 𝑟1 = 1, and 𝑟2 = 1. We note, that the number
of iterations is independent of the size of the system, 2𝑛, however, it grows with
increasing the spectral conditioning (the ratio 𝑐2/𝑐1) until it reaches an asymp-
totic constant value (26 in this example). Table 2 reports the number of GMRES
iterations for a fixed problem size, 𝑛 = 200, and moving the disc with the center 𝑐2
and the radius 𝑟2. The other sub-cluster is the complex segment [i, 2+ i, ]. We note
that the number of iterations grows when increasing the radius of the disc and
decreases when moving the disc away from the origin, until it reaches a constant
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∖ 𝑐2 5 15 25 35 45
𝑛 ∖
50 19 24 26 26 26
100 19 24 25 26 26
200 18 24 25 26 26
400 18 24 25 26 26

Table 1. Number of GMRES iterations for 𝑇𝑛(𝐵
(5)
(2,1,𝑐2,1)

) varying 𝑛

and 𝑐2.

∖ 𝑟2 1 2 3 4 5
𝑐2 ∖
10 30 35 40 45 53
20 31 35 39 43 46
30 31 35 38 41 43
40 31 34 37 39 42
50 32 35 37 39 41

Table 2. Number of GMRES iterations for 𝑇200(𝐵
(5)
(1+i,1,𝑐2,𝑟2)

) varying

𝑐2 and 𝑟2.

∖ 𝑟2 1 2 3 4 5
𝑟1 ∖
1 12 15 19 25 38
2 13 15 19 26 39
3 14 16 20 27 40
4 15 17 21 28 41
5 16 19 23 29 41

Table 3. Number of GMRES iterations for 𝑇200(𝐵
(5)
(10,𝑟1,5+5i,𝑟2)

) vary-

ing 𝑟1 and 𝑟2.

number, depending on both parameters 𝑐2 and 𝑟2. In other words, when the two
sub-clusters are far away from each other, the convergence of GMRES is driven by
the two sub-clusters, independently. When the two sub-clusters start to approach
each other, they start to act as a unique clustered area and the convergence is
accelerated.

Another perspective is given by Table 3, where the centers of the two sub-
clusters are fixed but we increase their radii. As expected, the number of iterations
increases more noticeably when increasing the radius of the sub-cluster closer to
the origin.
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5.2. Examples with unbounded symbols

Here we consider examples with unbounded symbols. The numerical results indi-
cate that the main distribution result, that is Theorem 1.2, holds also under these
weaker assumptions. However, the tools cannot be exactly the same: the Mergelyan
Theorem requires the compactness and the compactness of the range does not hold
if the symbol is unbounded. Probably some approximation arguments have to be
introduced.

Let 𝛼(𝑡) be the unbounded function

𝛼(𝑡) =
1√∣𝑡∣ , 𝑡 ∈ 𝐼1.

The function 𝛼(𝑡) has an infinite Fourier series expansion, thus, for a fixed order 𝑚
it is approximated with its truncated series �̃�(𝑡) =

∑𝑚
𝑗=−𝑚 �̂�𝑗𝑒

i𝑗𝑡. The Fourier co-
efficients �̂�𝑗 are computed with high accuracy using the symbolic software package
Mathematica.

Similarly to Subsection 5.1, for 𝑠 = 2, we consider the special classes of
symbols 𝑔 of the form

𝑔(𝑡) = 𝑄(𝑡)𝑈(𝑡)𝑄(𝑡)𝑇 , 𝑡 ∈ 𝐼1,

where 𝑄(𝑡) is defined in (31) but the choice of 𝑈(𝑡) varies. Since the behaviour of
the singular values and eigenvalues of 𝑇𝑛(𝑔) does not change for large enough 𝑛,
in the following examples we fix 𝑛 = 100.

Example 5.4. With

𝑈 (1)(𝑡) =

(
i 0
𝛼(𝑡) 1

)
,

we find that the matrix 𝑇𝑛(𝑔
(1)) shows an unbounded maximal singular value,

while the eigenvalues are divided in two sub-clusters – one at i and one at 1
(Figure 9). In other words, the unbounded character of the symbol does not play
a role in the spectrum, which is determined only by the spectrum of the symbol.
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Figure 9. 𝑇100(𝑔
(1)): (a) singular values and moduli of the eigenvalues

in non decreasing order. (b) eigenvalues in the complex plane.

288 M. Donatelli, M. Neytcheva and S. Serra-Capizzano



Example 5.5. Consider

𝑈 (2)(𝑡) =

(
𝛼(𝑡) 0
1 i

)
and 𝑈 (3)(𝑡) =

(
𝛼(𝑡)(1 + i cos(𝑡)) 0
1 5i

)
.

In these cases, the spectrum of the symbol is unbounded and in both cases, the
spectrum and the singular values are distributed as the eigenvalues and the singular
values of the symbol, correspondingly. The latter is clearly indicated in Figure 10
for the singular values of 𝑇𝑛(𝑔

(2)) and 𝑇𝑛(𝑔
(3)) and in Figure 11 for the eigenvalues

of 𝑇𝑛(𝑔
(2)) and 𝑇𝑛(𝑔

(3)).
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Figure 10. Singular values and moduli of the eigenvalues in non de-
creasing order of 𝑇100(𝑔

(2)) in (a) and of 𝑇100(𝑔
(3)) in (b).
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Figure 11. Eigenvalues in the complex plane: (a) eigenvalues of
𝑇100(𝑔

(2)), (b) eigenvalues of 𝑇100(𝑔
(3)).

We finally remark that the small number of large eigenvalues is expected by
virtue of the distribution results, since the measure of the set, where the symbol
𝛼(𝑡) is large, is indeed very small when compared with the measure 2𝜋 of the
domain 𝐼1.
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6. Concluding remarks and open problems

As a conclusion, tools from approximation theory in the complex field (Mergelyan
Theorem, see [10]), combined with those from asymptotic linear algebra [21, 22, 14]
are shown to be crucial when proving results on the eigenvalue distribution of non-
Hermitian matrix sequences. As stated in Remark 4.2, there are still open ques-
tions, some of which have been studied numerically in Section 5. An issue, with
a significant practical importance, is related to constructing structured precondi-
tioners. Thus, given a linear system with a block Toeplitz matrix with a symbol 𝑓 ,
how to find a symbol 𝑔 such that (1) the spectrum of 𝑔−1𝑓 is well localized away
from zero and as clustered as possible, and (2) a generic system with the matrix
𝑇𝑛(𝑔) is cheap to solve. The expectation is that the eigenvalues of 𝑇−1

𝑛 (𝑔)𝑇𝑛(𝑓)
are described asymptotically by the range of the eigenvalues of the new symbol
ℎ = 𝑔−1𝑓 . Numerical tests in [5] seem to confirm the latter hypothesis in the
distributional sense. We recall that in the case of Hermitian symbols such a re-
sult is rigorously proven both for the distribution and the localization (see [13]
and references therein) and in the case of general non-Hermitian symbols - with
respect only to the localization (see [9]). A future line of research should consider
the extension of Theorem 1.2 for sequences {𝐴𝑛}, where 𝐴𝑛 = 𝑇−1

𝑛 (𝑔)𝑇𝑛(𝑓) and
where the role of the symbol in formula (2) is played by ℎ = 𝑔−1𝑓 . Some prelimi-
nary results can be found in [18]. A detailed study of the above open problems is
a subject of future research.
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Curvature Invariant and Generalized
Canonical Operator Models – I
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Abstract. One can view contraction operators given by a canonical model of
Sz.-Nagy and Foias as being defined by a quotient module where the basic
building blocks are Hardy spaces. In this note we generalize this framework
to allow the Bergman and weighted Bergman spaces as building blocks, but
restricting attention to the case in which the operator obtained is in the
Cowen-Douglas class and requiring the multiplicity to be one. We view the
classification of such operators in the context of complex geometry and obtain
a complete classification up to unitary equivalence of them in terms of their
associated vector bundles and their curvatures.
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1. Introduction

One goal of operator theory is to obtain unitary invariants, ideally, in the context of
a concrete model for the operators being studied. For a multiplication operator on a
space of holomorphic functions on the unit disk 𝔻, which happens to be contractive,
there are two distinct approaches to models and their associated invariants, one
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due to Sz.-Nagy and Foias [12] and the other due to M. Cowen and the first author
[4]. The starting point for this work was an attempt to compare the two sets of
invariants and models obtained in these approaches. We will work at the simplest
level of generality for which these questions make sense. Extensions of these results
to more general situations are pursued later in [6].

For the Sz.-Nagy-Foias canonical model theory, the Hardy space𝐻2 = 𝐻2(𝔻),
of holomorphic functions on the unit disk 𝔻 is central if one allows the functions
to take values in some separable Hilbert space ℰ . In this case, we will now denote
the space by 𝐻2 ⊗ ℰ . One can view the canonical model Hilbert space (in the
case of a 𝐶⋅0 contraction 𝑇 ) as given by the quotient of 𝐻2 ⊗ ℰ∗, for some Hilbert
space ℰ∗, by the range of a map 𝑀Θ defined to be multiplication by a contractive
holomorphic function, Θ(𝑧) ∈ ℒ(ℰ , ℰ∗), from 𝐻2 ⊗ ℰ to 𝐻2 ⊗ ℰ∗. If one assumes
that the multiplication operator associated with Θ(𝑧) defines an isometry (or is
inner) and Θ(𝑧) is purely contractive, that is, ∥Θ(0)𝜂∥ < ∥𝜂∥ for all 𝜂(∕= 0) in ℰ ,
then Θ(𝑧) is the characteristic operator function for the operator 𝑇 . Hence, Θ(𝑧)
provides a complete unitary invariant for the compression of multiplication by 𝑧
to the quotient Hilbert space of 𝐻2 ⊗ ℰ∗ by the range of Θ(𝑧). In general, neither
the operator 𝑇 nor its adjoint 𝑇 ∗ is in the 𝐵𝑛(𝔻) class of [4] but we are interested
in the case in which the adjoint 𝑇 ∗ is in 𝐵𝑛(𝔻) and we study the relation between
its complex geometric invariants (see [4]) and Θ(𝑧).

We use the language of Hilbert modules [9] which we believe to be natural
in this context. The Cowen-Douglas theory can also be recast in the language of
Hilbert modules [3]. With this approach, the problem of the unitary equivalence
of operators becomes identical to that of the isomorphism of the corresponding
Hilbert modules.

Furthermore, we consider “models” obtained as quotient Hilbert modules
in which the Hardy module is replaced by other Hilbert modules of holomorphic
functions on 𝔻 such as the Bergman module 𝐴2 = 𝐴2(𝔻) or the weighted Bergman
modules 𝐴2

𝛼 = 𝐴2
𝛼(𝔻) with weight parameter 𝛼 > −1. We require in these cases

that some analogue of the corona condition holds for the multiplier Θ(𝑧).
As previously mentioned, we concentrate on a particularly simple case of the

problem. We focus on the case of Θ ∈ 𝐻∞
ℒ(ℂ,ℂ2), where 𝐻∞

ℒ(ℂ,ℂ2) = 𝐻∞
ℒ(ℂ,ℂ2)(𝔻) is

the space of bounded, holomorphic ℒ(ℂ,ℂ2)-valued functions on 𝔻, so that Θ(𝑧) =
𝜃1(𝑧)⊗ 𝑒1 + 𝜃2(𝑧)⊗ 𝑒2 for an orthonormal basis {𝑒1, 𝑒2} for ℂ2 and 𝜃𝑖(𝑧) ∈ ℒ(ℂ),
𝑖 = 1, 2, and 𝑧 ∈ 𝔻. We shall adopt the notation Θ = {𝜃1, 𝜃2}. Recall that Θ is
said to satisfy the corona condition if there exists an 𝜖 > 0 such that

∣𝜃1(𝑧)∣2 + ∣𝜃2(𝑧)∣2 ≥ 𝜖,

for all 𝑧 ∈ 𝔻. Moreover, we will use the notation ℋΘ to denote the quotient Hilbert
module (ℋ⊗ℂ2)/Θℋ, where ℋ is the Hardy, the Bergman, or a weighted Bergman
module.

Now we state the main results in this note which we will prove in Section 4.
Let Θ = {𝜃1, 𝜃2} and Φ = {𝜑1, 𝜑2} both satisfy the corona condition and denote
by ▽2 the Laplacian ▽2 = 4∂∂̄ = 4∂̄∂.
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Theorem 4.4. The quotient Hilbert modules ℋΘ and ℋΦ are isomorphic if and
only if

▽2 log
∣𝜃1(𝑧)∣2 + ∣𝜃2(𝑧)∣2
∣𝜑1(𝑧)∣2 + ∣𝜑2(𝑧)∣2 = 0,

for all 𝑧 ∈ 𝔻, where ℋ is the Hardy module 𝐻2, the Bergman module 𝐴2, or a
weighted Bergman module 𝐴2

𝛼.

Theorem 4.5. The quotient Hilbert modules (𝐴2
𝛼)Θ and (𝐴2

𝛽)Φ are isomorphic if
and only if 𝛼 = 𝛽 and

▽2 log
∣𝜃1(𝑧)∣2 + ∣𝜃2(𝑧)∣2
∣𝜑1(𝑧)∣2 + ∣𝜑2(𝑧)∣2 = 0,

for all 𝑧 ∈ 𝔻.

Theorem 4.7. Under no circumstances can (𝐻2)Θ be isomorphic to (𝐴2
𝛼)Φ.

2. Hilbert modules

In the present section and the next, we take care of some preliminaries. We begin
with the following definition.

Definition 2.1. Let 𝑇 be a linear operator on a Hilbert space ℋ. We say that ℋ
is a contractive Hilbert module over ℂ[𝑧] relative to 𝑇 if the module action from
ℂ[𝑧]× ℋ to ℋ given by

𝑝 ⋅ 𝑓 �→ 𝑝(𝑇 )𝑓,

for 𝑝 ∈ ℂ[𝑧] defines bounded operators such that

∥𝑝 ⋅ 𝑓∥ℋ = ∥𝑝(𝑇 )𝑓∥ℋ ≤ ∥𝑝∥∞∥𝑓∥ℋ,

for all 𝑓 ∈ ℋ, where ∥𝑝∥∞ is the supremum norm of 𝑝 on 𝔻.

The module multiplication by the coordinate function will be denoted by 𝑀𝑧,
that is,

𝑀𝑧𝑓 = 𝑧 ⋅ 𝑓 = 𝑇𝑓,

for all 𝑓 ∈ ℋ.
Definition 2.2. Given two Hilbert modules ℋ and ℋ̃ over ℂ[𝑧], we say that 𝑋 :

ℋ → ℋ̃ is a module map if it is a bounded, linear map satisfying 𝑋(𝑝⋅𝑓) = 𝑝⋅(𝑋𝑓)
for all 𝑝 ∈ ℂ[𝑧] and 𝑓 ∈ ℋ. Two Hilbert modules are said to be isomorphic if there
exists a unitary module map between them.

Since one can extend the module action of a contractive Hilbert module ℋ
over ℂ[𝑧] from ℂ[𝑧] to the disk algebra 𝐴(𝔻) using the von Neumann inequality, a
contraction operator gives rise to a contractive Hilbert module over 𝐴(𝔻). Recall
that 𝐴(𝔻) denotes the disk algebra, the algebra of holomorphic functions on 𝔻 that
are continuous on the closure of 𝔻. Thus, the unitary equivalence of contraction
operators is the same as the isomorphism of the associated contractive Hilbert
modules over 𝐴(𝔻).
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Next, let us recall that the Hardy space 𝐻2 consists of the holomorphic
functions 𝑓 on 𝔻 such that

∥𝑓∥22 = sup
0<𝑟<1

1

2𝜋

∫ 2𝜋

0

∣𝑓(𝑟𝑒𝑖𝜃)∣2𝑑𝜃 < ∞.

Similarly, the weighted Bergman spaces 𝐴2
𝛼, −1 < 𝛼 < ∞, consist of the holomor-

phic functions 𝑓 on 𝔻 for which

∥𝑓∥22,𝛼 =
1

𝜋

∫
𝔻

∣𝑓(𝑧)∣2𝑑𝐴𝛼(𝑧) < ∞,

where 𝑑𝐴𝛼(𝑧) = (𝛼 + 1)(1 − ∣𝑧∣2)𝛼𝑑𝐴(𝑧) and 𝑑𝐴(𝑧) denote the weighted area
measure and the area measure on 𝔻, respectively. Note that 𝛼 = 0 gives the
(unweighted) Bergman space 𝐴2. We mention [14] for a comprehensive treatment
of the theory of Bergman spaces. The Hardy space, the Bergman space and the
weighted Bergman spaces are contractive modules under the multiplication by the
coordinate function.

The Hardy, the Bergman, and the weighted Bergman modules serve as ex-
amples of contractive reproducing kernel Hilbert modules. A reproducing kernel
Hilbert module is a Hilbert module with a function called a positive definite kernel
whose definition we now review.

Definition 2.3. We say that a function 𝐾 : 𝔻×𝔻 → ℒ(ℰ) for a Hilbert space ℰ , is
a positive definite kernel if ⟨∑𝑝𝑖,𝑗=1 𝐾(𝑧𝑖, 𝑧𝑗)𝜂𝑖, 𝜂𝑗⟩ ≥ 0 for all 𝑧𝑖 ∈ 𝔻, 𝜂𝑖 ∈ ℰ , and
𝑝 ∈ ℕ.

Given a positive definite kernel 𝐾, we can construct a Hilbert space ℋ𝐾 of
ℰ-valued functions defined to be

∨𝑧∈𝔻 ∨𝜂∈ℰ 𝐾(⋅, 𝑧)𝜂,
with inner product

⟨𝐾(⋅, 𝑤)𝜂, 𝐾(⋅, 𝑧)𝜁⟩ℋ𝐾 = ⟨𝐾(𝑧, 𝑤)𝜂, 𝜁⟩ℰ ,
for all 𝑧, 𝑤 ∈ 𝔻 and 𝜂, 𝜁 ∈ ℰ . The evaluation of 𝑓 ∈ ℋ𝐾 at a point 𝑧 ∈ 𝔻 is given
by the reproducing property so that

⟨𝑓(𝑧), 𝜂⟩ℰ = ⟨𝑓,𝐾(⋅, 𝑧)𝜂⟩ℋ𝐾 ,

for all 𝑓 ∈ ℋ𝐾 , 𝑧 ∈ 𝔻 and 𝜂 ∈ ℰ . In particular, the evaluation operator 𝒆𝒗𝑧 :
ℋ𝐾 → ℰ , 𝒆𝒗𝑧(𝑓) := 𝑓(𝑧) is bounded for all 𝑧 ∈ 𝔻.

Conversely, given a Hilbert space ℋ of holomorphic ℰ-valued functions on 𝔻
with bounded evaluation operator 𝒆𝒗𝑧 ∈ ℒ(ℋ, ℰ) for each 𝑧 ∈ 𝔻, we can construct
a reproducing kernel

𝒆𝒗𝑧 ∘ 𝒆𝒗∗𝑤 : 𝔻× 𝔻 → ℒ(ℰ),
for all 𝑧, 𝑤 ∈ 𝔻. To ensure that 𝒆𝒗𝑧 ∘ 𝒆𝒗∗𝑤 is injective, we must assume for every

𝑧 ∈ 𝔻 that {𝑓(𝑧) : 𝑓 ∈ ℋ} = ℰ .
A reproducing kernel Hilbert module is said to be a contractive reproducing

kernel Hilbert module over 𝐴(𝔻) if the operator 𝑀𝑧 is contractive.
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The kernel function for 𝐻2 is 𝐾(𝑧, 𝑤) = (1 − �̄�𝑧)−1. For 𝐴2
𝛼, it is

𝐾(𝑧, 𝑤) = (1− �̄�𝑧)−2−𝛼 =
∞∑
𝑘=0

Γ(𝑘 + 2 + 𝛼)

𝑘!Γ(2 + 𝛼)
(�̄�𝑧)𝑘,

where Γ is the gamma function.
It is well known that the multiplier algebra of ℋ is 𝐻∞, that is, 𝑀𝜑ℋ ⊆ ℋ,

for 𝑀𝜑 the operator of multiplication by 𝜑 ∈ 𝐻∞, where 𝐻∞ = 𝐻∞(𝔻) is the
algebra of bounded, analytic functions on 𝔻 and ℋ is 𝐻2, 𝐴2 or 𝐴2

𝛼. Moreover,
for all 𝑧, 𝑤 ∈ 𝔻, 𝜑 ∈ 𝐻∞ and 𝜂 ∈ ℰ ,

𝑀∗
𝜑𝐾( ⋅ , 𝑤) = 𝜑(𝑤)𝐾( ⋅ , 𝑤).

3. The class 𝑩𝒏(𝔻)

In [4], M. Cowen and the first author introduced a class of operators 𝐵𝑛(𝔻), which
includes 𝑀∗

𝑧 for the operator𝑀𝑧 defined on contractive reproducing kernel Hilbert
modules of interest in this note. We now recall the notion of 𝐵𝑛(𝔻). Let ℋ be a
Hilbert space and 𝑛 a positive integer.

Definition 3.1. An operator 𝑇 ∈ ℒ(ℋ) is in the class 𝐵𝑛(𝔻) if

(i) dimker(𝑇 − 𝑤) = 𝑛 for all 𝑤 ∈ 𝔻,
(ii) ∨𝑤∈𝔻 ker(𝑇 − 𝑤) = ℋ, and
(iii) ran(𝑇 − 𝑤) = ℋ for all 𝑤 ∈ 𝔻.

Remark 3.2. Since it follows from (iii) that 𝑇 −𝑤 is semi-Fredholm for all 𝑤 ∈ 𝔻,
(iii) actually implies (i) if we assume that dimker(𝑇 − 𝑤) < ∞ for some 𝑤 ∈ 𝔻.

It is a result of Shubin [11] that for 𝑇 ∈ 𝐵𝑛(𝔻), there exists a hermitian
holomorphic rank 𝑛 vector bundle 𝐸𝑇 over 𝔻 defined as the pull-back of the
holomorphic map 𝑤 �→ ker(𝑇 − 𝑤) from 𝔻 to the Grassmannian 𝐺𝑟(𝑛,ℋ) of the
𝑛-dimensional subspaces of ℋ. As mentioned earlier in the Introduction, in this
note we consider contraction operators 𝑇 such that 𝑇 ∗ ∈ 𝐵𝑛(𝔻). In other words,
we investigate contractive Hilbert modules ℋ with 𝑀∗

𝑧 ∈ 𝐵𝑛(𝔻). For simplicity
of notation, we will write ℋ ∈ 𝐵𝑛(𝔻). Thus, we have an anti-holomorphic map
𝑤 �→ ker(𝑀𝑧 − 𝑤)∗ instead of a holomorphic one and therefore obtain a frame
{𝜓𝑖}𝑛𝑖=1 of anti-holomorphic ℋ-valued functions on 𝔻 such that

∨𝑛𝑖=1𝜓𝑖(𝑤) = ker(𝑀𝑧 − 𝑤)∗ ⊆ ℋ,

for every 𝑤 ∈ 𝔻. We will use the notation 𝐸∗
ℋ for this anti-holomorphic vector

bundle since it is the dual of the natural hermitian holomorphic vector bundle 𝐸ℋ
defined by localization.

One can show for an operator belonging to a “weaker” class than 𝐵𝑛(𝔻) that
there still exists an anti-holomorphic frame. Since having such a frame is sufficient
for many purposes, one can consider operators in this “weaker” class, which will
be introduced after the following proposition:
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Proposition 3.3. Let 𝑇 ∈ ℒ(ℋ) and 𝑇 ∈ ℒ(ℋ̃). Suppose that there exist anti-
holomorphic functions {𝜓𝑖}𝑛𝑖=1 and {𝜓𝑖}𝑛𝑖=1 from 𝔻 to ℋ and ℋ̃, respectively, sat-
isfying

(1) 𝑇𝜓𝑖(𝑤) = �̄�𝜓𝑖(𝑤) and 𝑇𝜓𝑖(𝑤) = �̄�𝜓𝑖(𝑤), for all 1 ≤ 𝑖 ≤ 𝑛, 𝑤 ∈ 𝔻, and
(2) ∨𝑤∈𝔻 ∨𝑛𝑖=1 𝜓𝑖(𝑤) = ℋ and ∨𝑤∈𝔻 ∨𝑛𝑖=1 𝜓𝑖(𝑤) = ℋ̃.
Then there is an anti-holomorphic partial isometry-valued function 𝑉 (𝑤) : ℋ → ℋ̃
such that ker𝑉 (𝑤) = [∨𝑛𝑖=1𝜓𝑖(𝑤)]

⊥ and ran𝑉 (𝑤) = ∨𝑛𝑖=1𝜓𝑖(𝑤) if and only if there

exists a unitary operator 𝑉 : ℋ → ℋ̃ such that (𝑉 𝜓𝑖)(𝑤) = 𝑉 (𝑤)𝜓𝑖(𝑤) for every
1 ≤ 𝑖 ≤ 𝑛 and 𝑤 ∈ 𝔻.

Proof. We refer the reader to the proof of the rigidity theorem in [4], where the
language of bundles is used. □

It was pointed out by N.K. Nikolski to the first author that the basic calcu-
lation used to prove the rigidity theorem [4] appeared earlier in [10].

Definition 3.4. Suppose 𝑇 ∈ ℒ(ℋ) is such that dimker(𝑇 − 𝑤) ⩾ 𝑛 for all 𝑤 ∈ 𝔻.
We say that 𝑇 is in the class 𝐵𝑤𝑛 (𝔻) or weak-𝐵𝑛(𝔻) if there exist anti-holomorphic
functions {𝜓𝑖}𝑛𝑖=1 from 𝔻 to ℋ such that

(i) {𝜓𝑖(𝑤)}𝑛𝑖=1 is linearly independent for all 𝑤 ∈ 𝔻,
(ii) ∨𝑛𝑖=1𝜓𝑖(𝑤) ⊆ ker(𝑇 − 𝑤) for all 𝑤 ∈ 𝔻, and
(iii) ∨𝑤∈𝔻 ∨𝑛𝑖=1 𝜓𝑖(𝑤) = ℋ.
Remark 3.5. The class 𝐵𝑤𝑛 (𝔻) is closely related to the one considered by Uchiyama
in [13].

Since the {𝜓𝑖}𝑛𝑖=1 in Definition 3.4 frame a rank 𝑛 hermitian anti-holomorphic
bundle, it suffices for our purpose to consider contractive Hilbert modules ℋ with
𝑀∗
𝑧 ∈ 𝐵𝑤𝑛 (𝔻) instead of those with 𝑀∗

𝑧 ∈ 𝐵𝑛(𝔻). We will write ℋ ∈ 𝐵𝑤𝑛 (𝔻) to
represent this case.

We continue this section with a brief discussion of some complex geometric
notions. Since the anti-holomorphic vector bundle 𝐸∗

ℋ also has hermitian struc-
ture, one can define the canonical Chern connection 𝒟𝐸∗

ℋ on 𝐸∗
ℋ along with its

associated curvature two-form 𝒦𝐸∗
ℋ . For the case 𝑛 = 1, 𝐸∗

ℋ is a line bundle and

𝒦𝐸∗
ℋ(𝑧) = −1

4
▽2 log ∥𝛾𝑧∥2 𝑑𝑧 ∧ 𝑑𝑧, (3.1)

for 𝑧 ∈ 𝔻, where 𝛾𝑧 is an anti-holomorphic cross section of the bundle. For instance,
by taking 𝛾𝑧 to be the kernel functions for 𝐻2 and 𝐴2

𝛼, we see that

𝒦𝐸∗
𝐻2
(𝑧) = − 1

(1− ∣𝑧∣2)2 , and 𝒦𝐸∗
𝐴2
𝛼

(𝑧) = − 2 + 𝛼

(1− ∣𝑧∣2)2 .

In [4], M. Cowen and the first author proved that the curvature is a complete

unitary invariant, that is, two Hilbert modules ℋ and ℋ̃ in 𝐵1(𝔻) are isomorphic
if and only if for every 𝑧 ∈ 𝔻,

𝒦𝐸∗
ℋ(𝑧) = 𝒦𝐸∗

ℋ̃
(𝑧).
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Now that we have Proposition 3.3 available, the result can be extended to Hilbert
modules in 𝐵𝑤1 (𝔻). Note that two weighted Bergman modules cannot be isomor-
phic to each another, that is, 𝐴2

𝛼 is isomorphic to 𝐴2
𝛽 if and only if 𝛼 = 𝛽. We

also conclude that the Hardy module 𝐻2 cannot be isomorphic to the weighted
Bergman modules 𝐴2

𝛼.

4. Proof of the main results

Let Θ = {𝜃1, 𝜃2} ∈ 𝐻∞
ℒ(ℂ,ℂ2) satisfy the corona condition. Now denote by ℋΘ the

quotient Hilbert module (ℋ ⊗ ℂ2)/Θℋ, where ℋ is 𝐻2, 𝐴2, or 𝐴2
𝛼. This means

that we have the following short exact sequence

0 −→ ℋ ⊗ ℂ
𝑀Θ−→ ℋ ⊗ ℂ2 𝜋Θ−→ ℋΘ −→ 0,

where the first map𝑀Θ is 𝑀Θ𝑓 = 𝜃1𝑓⊗𝑒1+𝜃2𝑓⊗𝑒2 and the second map 𝜋Θ is the
quotient Hilbert module map. The fact that Θ satisfies the corona condition implies
that ran𝑀Θ is closed. We denote the module multiplication 𝑃ℋΘ(𝑀𝑧⊗ 𝐼ℂ2)∣ℋΘ of
the quotient Hilbert module ℋΘ by 𝑁𝑧. We will see later that ℋΘ ∈ 𝐵1(𝔻), but
for the time being, we first show that ℋΘ ∈ 𝐵𝑤1 (𝔻).

Theorem 4.1. For Θ = {𝜃1, 𝜃2} satisfying the corona condition, ℋΘ ∈ 𝐵𝑤1 (𝔻).

Proof. We first prove that dimker(𝑁𝑧 − 𝑤)∗ = 1 for all 𝑤 ∈ 𝔻. To this end,
let 𝐼𝑤 := {𝑝(𝑧) ∈ ℂ[𝑧] : 𝑝(𝑤) = 0}, a maximal ideal in ℂ[𝑧]. One considers the
localization of the sequence

0 → ℋ ⊗ ℂ
𝑀Θ→ ℋ ⊗ ℂ2 𝜋Θ→ ℋΘ → 0,

to 𝑤 ∈ 𝔻 to obtain

ℋ/𝐼𝑤 ⋅ ℋ −→ (ℋ ⊗ ℂ2)/𝐼𝑤 ⋅ (ℋ ⊗ ℂ2) −→ ℋΘ/𝐼𝑤 ⋅ ℋΘ −→ 0,

or equivalently,

ℂ𝑤 ⊗ ℂ
𝐼ℂ𝑤⊗Θ(𝑤)−→ ℂ𝑤 ⊗ ℂ2 𝜋Θ(𝑤)−→ ℋΘ/𝐼𝑤 ⋅ ℋΘ −→ 0.

Since this sequence is exact and dim ranΘ(𝑤) = 1 for all 𝑤 ∈ 𝔻, we have
dimker𝜋Θ(𝑤) = 1 (see [9]). Thus, dimℋΘ/𝐼𝑤 ⋅ℋΘ = 1, and so dimker(𝑁𝑧−𝑤)∗ =
1 for all 𝑤 ∈ 𝔻.

Now denote by 𝑘𝑤 a kernel function 𝑘(⋅, 𝑤) for ℋ, and by {𝑒1, 𝑒2} an or-
thonormal basis for ℂ2. We prove that

𝛾𝑤 := 𝑘𝑤 ⊗ (𝜃2(𝑤)𝑒1 − 𝜃1(𝑤)𝑒2)

is a non-vanishing anti-holomorphic function from 𝔻 to ℋ ⊗ ℂ2 such that

(1) 𝛾𝑤 ∈ ker(𝑁𝑧 − 𝑤)∗ for all 𝑤 ∈ 𝔻, and
(2) ∨𝑤∈𝔻𝛾𝑤 = ℋΘ.

Since the 𝜃𝑖 are holomorphic and 𝑘𝑤 is anti-holomorphic, the fact that 𝑤 �→ 𝛾𝑤
is anti-holomorphic follows. Furthermore, since Θ satisfies the corona condition,
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the 𝜃𝑖 have no common zero and hence 𝛾𝑤 ∕= 0 for all 𝑤 ∈ 𝔻. Now, for 𝑓 ∈ ℋ,
𝑀Θ𝑓 = 𝜃1𝑓 ⊗ 𝑒1 + 𝜃2𝑓 ⊗ 𝑒2 and therefore for all 𝑤 ∈ 𝔻,

⟨𝑀Θ𝑓, 𝛾𝑤⟩ = ⟨𝜃1𝑓, 𝑘𝑤⟩⟨𝑒1, 𝜃2(𝑤)𝑒1⟩ − ⟨𝜃2𝑓, 𝑘𝑤⟩⟨𝑒2, 𝜃1(𝑤)𝑒2⟩
= 𝜃1(𝑤)𝑓(𝑤)𝜃2(𝑤)− 𝜃2(𝑤)𝑓(𝑤)𝜃1(𝑤) = 0.

Hence, 𝛾𝑤 ∈ (ran𝑀Θ)
⊥ = ℋΘ. Moreover, since 𝑀∗

𝑧 𝑘𝑤 = �̄�𝑘𝑤 for all 𝑤 ∈ 𝔻,

𝑁∗
𝑧 𝛾𝑤 = (𝑀𝑧 ⊗ 𝐼ℂ2)

∗𝛾𝑤 = 𝑀∗
𝑧 (𝜃2(𝑤)𝑘𝑤)⊗ 𝑒1 − 𝑀∗

𝑧 (𝜃1(𝑤)𝑘𝑤)⊗ 𝑒2

= 𝜃2(𝑤)�̄�𝑘𝑤 ⊗ 𝑒1 − 𝜃1(𝑤)�̄�𝑘𝑤 ⊗ 𝑒2

= �̄�𝛾𝑤.

Next, in order to show that (2) holds, it suffices to prove that for ℎ = ℎ1 ⊗
𝑒1+ ℎ2 ⊗ 𝑒2 ∈ ℋ⊗ℂ2 such that ℎ ⊥ ∨𝑤∈𝔻𝛾𝑤, we have ℎ ∈ ran𝑀Θ. We first claim
that there exists a function 𝜂 defined on 𝔻 such that for all 𝑤 ∈ 𝔻 and 𝑖 = 1, 2,

ℎ𝑖(𝑤) = 𝜃𝑖(𝑤)𝜂(𝑤).

Since ℎ ⊥ 𝛾𝑤 for every 𝑤 ∈ 𝔻, we have

⟨ℎ, 𝛾𝑤⟩ = ⟨ℎ1, 𝑘𝑤⟩⟨𝑒1, 𝜃2(𝑤)𝑒1⟩ − ⟨ℎ2, 𝑘𝑤⟩⟨𝑒2, 𝜃1(𝑤)𝑒2⟩
= ℎ1(𝑤)𝜃2(𝑤) − ℎ2(𝑤)𝜃1(𝑤) = 0,

or equivalently,

det

[
ℎ1(𝑤) 𝜃1(𝑤)
ℎ2(𝑤) 𝜃2(𝑤)

]
= 0, (4.1)

for all 𝑤 ∈ 𝔻. Thus using the fact that rank
[
𝜃1(𝑤)
𝜃2(𝑤)

]
= 1 for all 𝑤 ∈ 𝔻, we obtain

a unique nonzero function 𝜂(𝑤) satisfying ℎ𝑖(𝑤) = 𝜃𝑖(𝑤)𝜂(𝑤) for 𝑖 = 1, 2.
The proof is completed once we show that 𝜂 ∈ ℋ. Note that by the corona

theorem, we get 𝜓1, 𝜓2 ∈ 𝐻∞ such that 𝜓1(𝑤)𝜃1(𝑤) + 𝜓2(𝑤)𝜃2(𝑤) = 1 for every
𝑤 ∈ 𝔻. Since 𝜂 = (𝜓1𝜃1+𝜓2𝜃2)𝜂 = 𝜓1ℎ1+𝜓2ℎ2, and 𝐻∞ is the multiplier algebra
for ℋ, the result follows. □

Remark 4.2. Observe that the above proof shows that the hermitian anti-holo-
morphic line bundle corresponding to the quotient Hilbert module ℋΘ is the
twisted vector bundle obtained as the bundle tensor product of the hermitian anti-
holomorphic line bundle for ℋ with the anti-holomorphic dual of the line bundle∐
𝑤∈𝔻

ℂ2/Θ(𝑤)ℂ. This phenomenon holds in general; suppose that for Hilbert
spaces ℰ and ℰ∗, Θ ∈ 𝐻∞

ℒ(ℰ,ℰ∗) and 𝑀Θ has closed range. If the quotient Hilbert

module ℋΘ,

0 → ℋ ⊗ ℰ 𝑀Θ→ ℋ ⊗ ℰ∗ → ℋΘ → 0,

is in 𝐵𝑛(𝔻), then the rank 𝑛 hermitian anti-holomorphic vector bundle 𝐸∗
ℋΘ

for
ℋΘ is the bundle tensor product of 𝐸∗

ℋ with the anti-holomorphic dual of the rank
𝑛 bundle

∐
𝑤∈𝔻

ℰ∗/Θ(𝑤)ℰ (see [6]).
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In order to have ℋΘ ∈ 𝐵1(𝔻), it now remains to check only one condition.
We do this in the following proposition.

Proposition 4.3. ran(𝑁𝑧 − 𝑤)∗ = ℋΘ for all 𝑤 ∈ 𝔻.

Proof. We write

𝑀𝑧 ⊗ 𝐼ℂ2 ∽
[∗ ∗
0 𝑁𝑧

]
relative to the decomposition ℋ ⊗ ℂ2 = ran𝑀Θ ⊕ (ran𝑀Θ)

⊥. It suffices to note
that ℋ ∈ 𝐵1(𝔻) implies that ran(𝑀𝑧 − 𝑤)∗ = ℋ. □

Let us now consider the curvature 𝒦𝐸∗
ℋΘ

. By (3.1), one needs only to compute

the norm of the section

𝛾𝑤 = 𝑘𝑤 ⊗ (𝜃2(𝑤)𝑒1 − 𝜃1(𝑤)𝑒2)

given in Theorem 4.1. Since

∥𝛾𝑤∥2 = ∥𝑘𝑤∥2(∣𝜃1(𝑤)∣2 + ∣𝜃2(𝑤)∣2),
we get the identity

𝒦𝐸∗
ℋΘ

(𝑤) = 𝒦𝐸∗
ℋ(𝑤)−

1

4
▽2 log(∣𝜃1(𝑤)∣2 + ∣𝜃2(𝑤)∣2), (4.2)

for all 𝑤 ∈ 𝔻.
We are now ready to prove Theorem 4.4. For the sake of convenience, we

restate it here.

Theorem 4.4. Let Θ = {𝜃1, 𝜃2} and Φ = {𝜑1, 𝜑2} satisfy the corona condition.
The quotient Hilbert modules ℋΘ and ℋΦ are isomorphic if and only if

▽2 log
∣𝜃1(𝑧)∣2 + ∣𝜃2(𝑧)∣2
∣𝜑1(𝑧)∣2 + ∣𝜑2(𝑧)∣2 = 0,

for all 𝑧 ∈ 𝔻, where ℋ is the Hardy, the Bergman, or a weighted Bergman module.

Proof. Since ℋΘ,ℋΦ ∈ 𝐵𝑤1 (𝔻), (we have seen that they actually belong to 𝐵1(𝔻)),
they are isomorphic if and only if 𝒦𝐸∗

ℋΘ
(𝑤) = 𝒦𝐸∗

ℋΦ
(𝑤) for all 𝑤 ∈ 𝔻. But note

that (4.2) and an analogous identity for Φ hold, where the 𝜃𝑖 are replaced with the
𝜑𝑖. Since both Θ and Φ satisfy the corona condition, the result then follows. □

We once again state Theorem 4.5.

Theorem 4.5. Suppose that Θ = {𝜃1, 𝜃2} and Φ = {𝜑1, 𝜑2} satisfy the corona
condition. The quotient Hilbert modules (𝐴2

𝛼)Θ and (𝐴2
𝛽)Φ are isomorphic if and

only if 𝛼 = 𝛽 and

▽2 log
∣𝜃1(𝑧)∣2 + ∣𝜃2(𝑧)∣2
∣𝜑1(𝑧)∣2 + ∣𝜑2(𝑧)∣2 = 0, (4.3)

for all 𝑧 ∈ 𝔻.
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Proof. Since we have by (4.2),

𝒦𝐸∗
(𝐴2

𝛼)Θ

(𝑤) = − 2 + 𝛼

(1− ∣𝑤∣2)2 − 1

4
▽2 log(∣𝜃1(𝑤)∣2 + ∣𝜃2(𝑤)∣2),

and

𝒦𝐸∗
(𝐴2

𝛽
)Φ

(𝑤) = − 2 + 𝛽

(1− ∣𝑤∣2)2 − 1

4
▽2 log(∣𝜑1(𝑤)∣2 + ∣𝜑2(𝑤)∣2),

one implication is obvious. For the other one, suppose that (𝐴2
𝛼)Θ is isomorphic

to (𝐴2
𝛽)Φ so that the curvatures coincide. Observe next that

4(𝛽 − 𝛼)

(1− ∣𝑤∣2)2 = ▽2 log
∣𝜃1(𝑤)∣2 + ∣𝜃2(𝑤)∣2
∣𝜑1(𝑤)∣2 + ∣𝜑2(𝑤)∣2 .

Since a function 𝑓 with ▽2𝑓(𝑧) = 1
(1−∣𝑧∣2)2 for all 𝑧 ∈ 𝔻 is necessarily unbounded,

we have a contradiction unless 𝛼 = 𝛽 (see Lemma 4.6 below) and (4.3) holds. This
is due to the assumption that the bounded functions Θ and Φ satisfy the corona
condition. □
Lemma 4.6. There is no bounded function 𝑓 defined on the unit disk 𝔻 that satisfies
▽2𝑓(𝑧) = 1

(1−∣𝑧∣2)2 for all 𝑧 ∈ 𝔻.

Proof. Suppose that such 𝑓 exists. Since 1
4 ▽2 [(∣𝑧∣2)𝑚]=∂∂̄[(∣𝑧∣2)𝑚]=𝑚2(∣𝑧∣2)𝑚−1

for all 𝑚 ∈ ℕ, we see that for

𝑔(𝑧) :=
1

4

∞∑
𝑚=1

∣𝑧∣2𝑚
𝑚

= −1

4
log(1− ∣𝑧∣2),

▽2𝑔(𝑧) = 1
(1−∣𝑧∣2)2 for all 𝑧 ∈ 𝔻. Consequently, 𝑓(𝑧) = 𝑔(𝑧) + ℎ(𝑧) for some

harmonic function ℎ. Since the assumption is that 𝑓 is bounded, there exists an
𝑀 > 0 such that ∣𝑔(𝑧) + ℎ(𝑧)∣ ≤ 𝑀 for all 𝑧 ∈ 𝔻. It follows that

exp(ℎ(𝑧)) ≤ exp(−𝑔(𝑧) +𝑀) = (1− ∣𝑧∣2) 14 exp(𝑀),

and letting 𝑧=𝑟𝑒𝑖𝜃, we have exp(ℎ(𝑟𝑒𝑖𝜃))≤(1−𝑟2)
1
4 exp(𝑀). Thus exp(ℎ(𝑟𝑒𝑖𝜃))→

0 uniformly as 𝑟 → 1−, and hence expℎ(𝑧) ≡ 0. This is due to the maximum

modulus principle because expℎ(𝑧) = ∣ exp(ℎ(𝑧) + 𝑖ℎ̃(𝑧))∣, where ℎ̃ is a harmonic
conjugate for ℎ. We then have a contradiction, and the proof is complete. □

We thank E. Straube for providing us with a key idea used in the proof of
Lemma 4.6.

Theorem 4.7. For Θ = {𝜃1, 𝜃2} and Φ = {𝜑1, 𝜑2} satisfying the corona condition,
(𝐻2)Θ cannot be isomorphic to (𝐴2

𝛼)Φ.

Proof. By identity (4.2), we conclude that (𝐻2)Θ is isomorphic to (𝐴2
𝛼)Φ if and

only if
4(1 + 𝛼)

(1− ∣𝑤∣2)2 = ▽2 log
∣𝜑1(𝑤)∣2 + ∣𝜑2(𝑤)∣2
∣𝜃1(𝑤)∣2 + ∣𝜃2(𝑤)∣2 .

But according to Lemma 4.6, this is impossible unless 𝛼 = −1. □
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5. Concluding remark

Although the case of quotient modules we have been studying in this note may
seem rather elementary, the class of examples obtained is not without interest. The
ability to control the data in the construction, that is, the multiplier, provides one
with the possibility of obtaining examples of Hilbert modules over ℂ[𝑧] and hence
operators with precise and refined properties. In [1] and [2] the authors utilized
this framework to exhibit operators with properties that responded to questions
raised in the papers.

In particular, in [2] the authors are interested in characterizing contraction
operators that are quasi-similar to the unilateral shift of multiplicity one. In the
earlier part of the paper, which explores a new class of operators, a plausible
conjecture presents itself but examples defined in the framework of this note,
introduced in Corollary 7.9, show that it is false.

In [1], the authors study canonical models for bi-shifts; that is, for commuting
pairs of pure isometries. A question arises concerning the possible structure of
such pairs and again, examples built using the framework of this note answer the
question.

Finally in [8], the authors determine when a contractive Hilbert module in
𝐵1(𝔻) can be represented as a quotient Hilbert module of the form ℋΘ, where
ℋ is the Hardy, the Bergman, or a weighted Bergman module. For the case of
the Hardy module, the result is contained in the model theory of Sz.-Nagy and
Foias [12].

One can consider a much larger class of quotient Hilbert modules replac-
ing the Hardy, the Bergman and the weighted Bergman modules by a quasi-free
Hilbert module [7] of rank one. In that situation, one can raise several questions
relating curvature invariant, similarity and the multiplier corresponding to the
given quotient Hilbert modules. These issues will be discussed in the forthcoming
paper [6].
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About Compressible Viscous Fluid Flow
in a 2-dimensional Exterior Domain

Yuko Enomoto and Yoshihiro Shibata

Abstract. We report our results [5, 6, 7] concerning a global in time unique
existence theorem of strong solutions to the equation describing the motion
of compressible viscous fluid flow in a 2-dimensional exterior domain for small
initial data and some decay properties of the analytic semigroup associated
with Stokes operator of compressible viscous fluid flow in a 2-dimensional
exterior domain. Our results are an extension of the works due to Matsumura
and Nishida [13] and Kobayashi and Shibata [10] in a 3-dimensional exterior
domain to the 2-dimensional case. We also discuss some analytic semigroup
approach to the compressible viscous fluid flow in a bounded domain, which
was first investigated by G. Strömer [20, 21, 22].

Mathematics Subject Classification (2000). 35Q30, 76N10.

Keywords. 2-dimensional exterior domain, global in time unique existence
theorem, local energy decay, 𝐿𝑝-𝐿𝑞 decay estimate .

1. Introduction

Let Ω be a smooth domain in the 𝑛-dimensional Euclidean space ℝ𝑛 and we con-
sider a motion of compressible viscous fluid flow occupying Ω. The mathematical
problem is to find a solution 𝜌(𝑥, 𝑡), �⃗�(𝑥, 𝑡) = (𝑢1(𝑥, 𝑡), . . . , 𝑢𝑛(𝑥, 𝑡)) describing the
mass density and the velocity field, respectively, that satisfies the initial boundary
value problem:⎧⎨⎩

𝜌𝑡 + div (𝜌�⃗� ) = 0 in Ω× (0, 𝑇 ),

𝜌(�⃗�𝑡 + �⃗� ⋅ ∇�⃗�)− 𝜇Δ�⃗� − (𝜇+ 𝜇′)∇div �⃗�+∇𝑃 (𝜌) = �⃗� in Ω× (0, 𝑇 ),

�⃗�∣∂Ω = 0⃗ = (0, . . . , 0), (𝜌, �⃗�)∣𝑡=0 = (𝜌0 + 𝜃0, �⃗�0).

(1.1)

Here, ∂Ω is the boundary of Ω, 𝜇 and 𝜇′ denote the viscosity coefficient and
the second viscosity coefficient, respectively, �⃗� is an external force that is a given
vector of functions, and (𝜌0 + 𝜃0, �⃗�0) is an initial data. We assume that 𝑃 =
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𝑃 (𝜌) is a smooth function of 𝜌 defined near 𝜌 = 𝜌0, 𝜌0 being a positive constant
that represents a reference mass density. Such equations from fluid dynamics with
viscosity are a good model for us to use pde techniques as well as the analytic
semigroup approach to solve the equations.

In fact, when Ω is a bounded domain, G. Strömer [20, 21, 22] found that the
Stokes operator of compressible viscous fluid flow generates an analytic semigroup,
which decays exponentially. The decay is a key property to prove the global in time
unique existence theorem of strong solutions to nonlinear evolution equations in
general. He proved a global in time unique existence theorem of (1.1) by using the
Lagrange coordinate to eliminate the material derivative causing the hyperbolicity
and the exponential decay property of the Stokes semigroup. But, if we consider
the case where Ω is a unbounded domain like ℝ𝑛 or an exterior domain, 0 is in the
continuous spectrum of the Stokes operator. Therefore, the hyperbolic-parabolic
structure of (1.1) requires that we combine the analytic semigroup approach with
energy method to show the existence of solutions to (1.1) and their decay proper-
ties.

When Ω = ℝ3 or Ω is a 3-dimensional exterior domain, that is Ω = ℝ3 ∖ 𝒪,
𝒪 being a bounded domain, Matsumura and Nishida [12, 13] proved the global
in time unique existence of strong solutions to problem (1.1) with potential force
�⃗� = ∇Φ under some smallness assumptions on (𝜌0 −𝜌0, �⃗�0). And also, Matsumura
and Nishida [12, 13] and later on Deckelnick [3, 4] proved some convergence rate
of solutions to the stationary solutions. The proofs in [12, 13, 3, 4] relied on the
energy method. The optimal decay properties of solutions to problem (1.1) with
�⃗� = 0 were obtained by Ponce [14] when Ω = ℝ3 and by Kobayashi and Shibata
[10] when Ω is a 3-dimensional exterior domain. Their proofs in [14, 10] relied on
so-called 𝐿𝑝-𝐿𝑞 decay properties of solutions to the Stokes equation of compressible

viscous fluid flow which is obtained by the linearization of (1.1) at (𝜌0, 0⃗).

In the papers [12, 13, 3, 4, 14, 10], their arguments rely essentially on the
fact that Ω is a 3-dimensional unbounded domain. We are interested in the 2-
dimensional exterior domain case. But, in this case, so far the asymptotic behaviour
of global in time unique solutions has not yet obtained although its unique exis-
tence can be proved in the same manner as in Matumura and Nishida by replacing
the inequality: ∥�⃗�∥𝐿6(Ω) ≤ 𝐶∥∇�⃗�∥𝐿2(Ω) by ∥�⃗�∥2𝐿4(Ω) ≤ 𝐶∥∇�⃗�∥𝐿2(Ω)∥�⃗�∥𝐿2(Ω). We

think that the reason why we have not yet obtained asymptotic behaviour is the
following:

To prove the optimal rate of decay of global in time strong solutions to
(1.1), a known method is to use 𝐿𝑝-𝐿𝑞 decay estimate of solutions to the Stokes
equations of compressible viscous fluid flow. When we prove the decay estimate of
solutions to the Stokes equations in the exterior domain, it is standard to use so-
called local energy decay properties of solutions, which was proved by Kobayashi
[9] in the 3-dimensional exterior domain case. The proof in [9] relied on the fact
that the fundamental solutions of the resolvent problem of the Stokes equation is
continuous up to 𝜆 = 0, 𝜆 being the resolvent parameter. On the other hand, in
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the 2-dimensional case, the fundamental solution of the resolvent problem of the
Stokes equation has logarithmical singularity at 𝜆 = 0, so that we need a new idea
to prove the local energy decay.

From these observations, we organize this paper as follows. In section 2, we
discuss some analytic semigroup approach to (1.1). In section 3, we discuss decay
properties of solutions to the linear problem. In section 4, we state our global in
time unique existence theorem of strong solutions to (1.1).

Finally, we outline notation used throughout the paper. For any domain 𝐷,
𝐿𝑝(𝐷) and𝑊𝑚

𝑝 (𝐷) denote the usual Lebesgue space and Sobolev space, while their

norms are denoted by ∥ ⋅ ∥𝐿𝑝(𝐷) and ∥ ⋅ ∥𝑊𝑚
𝑝 (𝐷), respectively. We write 𝑊 0

𝑝 (𝐷) =

𝐿𝑝(𝐷) for the notational convention. For any ℓ-dimensional vector of functions

ℎ⃗ = (ℎ1, . . . , ℎℓ), we set ∥ℎ⃗∥𝑊𝑚
𝑝 (𝐷) =

∑ℓ
𝑗=1 ∥ℎ𝑗∥𝑊𝑚

𝑝 (𝐷). We set

𝑊𝑚
𝑝 (𝐷)

𝑛 = {�⃗� = (𝑢1, . . . , 𝑢𝑛) ∣ 𝑢𝑖 ∈ 𝑊𝑚
𝑝 (𝐷) (𝑖 = 1, . . . , 𝑛)},

𝑊𝑚,ℓ
𝑝 (𝐷) = {F = (𝑓, �⃗� ) ∣ 𝑓 ∈ 𝑊𝑚

𝑝 (𝐷), �⃗� ∈ 𝑊 ℓ
𝑝 (𝐷)

𝑛},
∥F∥𝑊𝑚,ℓ

𝑝 (𝐷) = ∥(𝑓, �⃗� )∥𝑊𝑚,ℓ
𝑝 (𝐷) = ∥𝑓∥𝑊𝑚

𝑝 (𝐷) + ∥�⃗� ∥𝑊 ℓ
𝑝(𝐷),

∇𝑚𝑓 = (∂𝛼𝑥 𝑓 ∣ ∣𝛼∣ = 𝑚), ∇𝑚�⃗� = (∇𝑚𝑔1, . . . ,∇𝑚𝑔𝑛).

We write ∇1𝑓 = ∇𝑓 and ∇1�⃗� = ∇�⃗�. For any Banach spaces 𝑋 and 𝑌 , ℒ(𝑋,𝑌 )
denotes the set of all bounded linear operators from𝑋 into 𝑌 and ∥⋅∥ℒ(𝑋,𝑌 ) denotes
its operator norm. When 𝑋 = 𝑌 , we use the abbreviations: ℒ(𝑋) = ℒ(𝑋,𝑋) and
∥ ⋅ ∥ℒ(𝑋) = ∥ ⋅ ∥ℒ(𝑋,𝑋). For a complex domain 𝑈 , Anal (𝑈,𝑋) denotes the set of
all 𝑋-valued holomorphic functions defined on 𝑈 . For 𝐼 = (𝑎, 𝑏), 𝐿𝑝(𝐼,𝑋) and
𝑊𝑚
𝑝 (𝐼,𝑋) denote the set of all 𝑋-valued 𝐿𝑝(𝐼) functions and 𝑊𝑚

𝑝 (𝐼) functions,
while their norms are denoted by ∥ ⋅ ∥𝐿𝑝(𝐼,𝑋) and ∥ ⋅ ∥𝑊𝑚

𝑝 (𝐼,𝑋). The letter 𝐶 stands

for a generic constant and 𝐶𝐴,𝐵,... means that the constant 𝐶𝐴,𝐵,... depends on
the quantities 𝐴, 𝐵, . . .. Constants 𝐶 and 𝐶𝐴,𝐵,... may change from line to line.
The projections 𝑃𝑚 and 𝑃𝑣 are defined by 𝑃𝑚(𝑓, �⃗�) = 𝑓 and 𝑃𝑣(𝑓, �⃗�) = �⃗�.

2. An analytic semigroup approach to the compressible
viscous fluid flow

In this section1 Ω stands for a bounded domain or an exterior domain in ℝ𝑛

(𝑛 ≥ 2). We assume that the boundary ∂Ω of Ω is a compact 𝐶1,1 hypersurface.
Our equation here is:⎧⎨⎩

𝜌𝑡 + 𝛾div �⃗� = 𝑓 in Ω× (0,∞),

�⃗�𝑡 − 𝛼Δ�⃗� − 𝛽∇(div �⃗�) + 𝛾∇𝜌 = �⃗� in Ω× (0,∞),

�⃗�∣∂Ω = 0 (𝜌, �⃗�)∣𝑡=0 = (𝜌0, �⃗�0).

(2.1)

1The detailed proofs of all the theorems mentioned in this section will be given in the forthcoming
paper [6].
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Here, 𝛼 and 𝛾 are given positive constants while 𝛽 is a constant such that 𝛼+𝛽 > 0.
Let 1 < 𝑞 < ∞ and we define a linear operator 𝐴 by

𝐴(𝜌, �⃗�) = (−𝛾div �⃗�, 𝛼Δ�⃗�+ 𝛽∇div �⃗� − 𝛾∇𝜌) for (𝜌, �⃗�) ∈ 𝒟𝑞(𝐴),
𝒟𝑞(𝐴) = {(𝜌, �⃗�) ∈ 𝑊 1,2

𝑞 (Ω) ∣ �⃗�∣∂Ω = 0⃗}.
The underlying space for 𝐴 is 𝑊 1,0

𝑞 (Ω). In terms of 𝐴, the problem (2.1) is written
in the form:

𝑈𝑡 = 𝐴𝑈 + 𝐹 (𝑡 > 0), 𝑈 ∣𝑡=0 = 𝑈0, (2.2)

where 𝑈 = (𝜌, �⃗�), 𝐹 = (𝑓, �⃗�) and 𝑈0 = (𝜌0, �⃗�0). In what follows, we consider the
generation of analytic semigroup and the maximal 𝐿𝑝-𝐿𝑞 regularity of the operator
𝐴 and their application to local in time and global in time existence of (1.1) via
the Lagrange coordinate. To prove the maximal 𝐿𝑝-𝐿𝑞 regularity via the Weis
operator-valued Fourier multiplier theorem ([25]), we introduce the notion of ℛ
boundedness.

Definition 2.1. Let 𝑋 and 𝑌 be two Banach spaces while ∥ ⋅ ∥𝑋 and ∥ ⋅ ∥𝑌 denote
their norms, respectively. A family of operators 𝒯 ⊂ ℒ(𝑋,𝑌 ) is called ℛ-bounded,
if there exist 𝐶 > 0 and 𝑝 ∈ [1,∞) such that for each 𝑁 ∈ ℕ, ℕ being the set
of all natural numbers, 𝑇𝑗 ∈ 𝒯 , 𝑥𝑗 ∈ 𝑋 (𝑗 = 1, . . . , 𝑁) and sequences {𝑟𝑗(𝑢)}𝑁𝑗=1

of independent, symmetric, {−1, 1}-valued random variables on (0, 1), there holds
the inequality:∫ 1

0

∥∥∥∥ 𝑁∑
𝑗=1

𝑟𝑗(𝑢)𝑇𝑗(𝑥𝑗)

∥∥∥∥𝑝
𝑌

𝑑𝑢 ≤ 𝐶

∫ 1

0

∥∥∥∥ 𝑁∑
𝑗=1

𝑟𝑗(𝑢)𝑥𝑗

∥∥∥∥𝑝
𝑋

𝑑𝑢.

The smallest such 𝐶 is called ℛ-bound of 𝒯 , which is denoted by ℛ(𝒯 ).
For 0 < 𝜖 < 𝜋/2 and 𝜆0 > 0 we define a set Σ𝜖,𝜆0 in the complex plane ℂ by

Σ𝜖,𝜆0 = {𝜆 ∈ ℂ ∣ ∣ arg𝜆∣ ≤ 𝜋 − 𝜖, ∣𝜆∣ ≥ 𝜆0}.
For the notational simplicity, the resolvent (𝜆𝐼 − 𝐴)−1 is denoted by 𝑅(𝜆). To
prove the generation of analytic semigroup and the maximal 𝐿𝑝-𝐿𝑞 regularity, we
introduce the following notion.

Definition 2.2.

(i) 𝐴 is called an admissible sectorial operator if for any 𝜖 (0 < 𝜖 < 𝜋/2) there
exists a positive number 𝜆0 such that

∣𝜆∣∥𝑅(𝜆)(𝑓, �⃗� )∥𝑊 1,0
𝑞 (Ω) + ∣𝜆∣ 12 ∥∇𝑃𝑣𝑅(𝜆)(𝑓, �⃗� )∥𝐿𝑞(Ω)

+ ∥∇2𝑃𝑣𝑅(𝜆)(𝑓, �⃗� )∥𝐿𝑞(Ω) ≤ 𝐶𝜖,𝜆0∥(𝑓, �⃗� )∥𝑊 1,0
𝑞 (Ω)

for any 𝜆 ∈ Σ𝜖,𝜆0 and (𝑓, �⃗� ) ∈ 𝑊 1,0
𝑞 (Ω).
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(ii) 𝐴 is called an admissible ℛ sectorial operator if for any 𝜖 (0 < 𝜖 < 𝜋/2) there
exists a positive number 𝜆0 such that the following sets:

{𝑅(𝜆) ∣ 𝜆 ∈ Σ𝜖,𝜆0},
{
𝜆

∂

∂𝜆
𝑅(𝜆) ∣ 𝜆 ∈ Σ𝜖,𝜆0

}
,

{𝜆𝑅(𝜆) ∣ 𝜆 ∈ Σ𝜖,𝜆0},
{
𝜆

∂

∂𝜆
(𝜆𝑅(𝜆)) ∣ 𝜆 ∈ Σ𝜖,𝜆0

}
are ℛ bounded operator families in ℒ(𝑊 1,0

𝑞 (Ω)), and the following sets:

{∣𝜆∣ 12∇𝑃𝑣𝑅(𝜆) ∣ 𝜆 ∈ Σ𝜖,𝜆0},
{
𝜆

∂

∂𝜆
(∣𝜆∣ 12∇𝑃𝑣𝑅(𝜆)) ∣ 𝜆 ∈ Σ𝜖,𝜆0

}
,

{∇2𝑃𝑣𝑅(𝜆) ∣ 𝜆 ∈ Σ𝜖,𝜆0},
{
𝜆

∂

∂𝜆
(∇2𝑃𝑣𝑅(𝜆)) ∣ 𝜆 ∈ Σ𝜖,𝜆0

}
are ℛ-bounded families in ℒ(𝑊 1,0

𝑞 (Ω), 𝐿𝑞(Ω)).

By Shibata and Tanaka [19] we see that 𝐴 is an admissible sectorial operator.
Therefore, we have the following theorem.

Theorem 2.3. Let 1 < 𝑞 < ∞. Then 𝐴 generates a 𝐶0 semigroup {𝑇 (𝑡)}𝑡≥0 on
𝑊 1,0
𝑞 (Ω) that is analytic, and there exist positive constants 𝑐 and 𝑀 such that

sup
𝑡>0

𝑒−𝑐𝑡∥𝑇 (𝑡)(𝑓, �⃗� )∥𝑊 1,0
𝑞 (Ω) + sup

𝑡>0
𝑒−𝑐𝑡𝑡

1
2 ∥∇𝑃𝑣𝑇 (𝑡)(𝑓, �⃗� )∥𝐿𝑞(Ω)

+ sup
𝑡>0

𝑒−𝑐𝑡𝑡∥∇2𝑃𝑣𝑇 (𝑡)(𝑓, �⃗� )∥𝐿𝑞(Ω) ≤ 𝑀∥(𝑓, �⃗� )∥𝑊 1,0
𝑞 (Ω)

for any (𝑓, �⃗� ) ∈ 𝑊 1,0
𝑞 (Ω).

Employing the argument due to Shibata and Shimizu [18], we also see that 𝐴
is an admissible ℛ sectorial operator, so that by the Weis operator-valued Fourier
multiplier theorem we have the following theorem.

Theorem 2.4. Let 1 < 𝑝, 𝑞 < ∞. Set 𝐸𝑝,𝑞 = [𝑊 1,0
𝑞 (Ω),𝒟𝑞(𝐴)]1−1/𝑝,𝑝, where [⋅, ⋅]𝜃,𝑝

denotes the real interpolation functor. For a Banach space 𝑋, we define the spaces
𝐿𝑝,𝛾((0,∞), 𝑋) and 𝑊 1

𝑝,𝛾((0,∞), 𝑋) by

𝐿𝑝,𝛾((0,∞), 𝑋) = {𝑓 ∈ 𝐿𝑝,loc((0,∞), 𝑋) ∣ 𝑒−𝛾𝑡𝑓 ∈ 𝐿𝑝((0,∞), 𝑋)},
𝑊 1
𝑝,𝛾((0,∞), 𝑋) = {𝑓 ∈ 𝐿𝑝,𝛾((0,∞), 𝑋) ∣ 𝑒−𝛾𝑡𝑓𝑡 ∈ 𝐿𝑝((0,∞), 𝑋)}.

Then, there exists a constant 𝛾0 > 0 such that for any (𝜌0, �⃗�0) ∈ 𝐸𝑝,𝑞 and (𝑓, �⃗� ) ∈
𝐿𝑝,𝛾0((0,∞),𝑊 1,0

𝑞 (Ω)) the problem (2.1) admits a unique solution (𝜌, �⃗� ) such that

𝜌 ∈ 𝑊 1
𝑝,𝛾0((0,∞),𝑊 1

𝑞 (Ω)),

�⃗� ∈ 𝑊 1
𝑝,𝛾0((0,∞), 𝐿𝑞(Ω)

2) ∩ 𝐿𝑝,𝛾0((0,∞),𝑊 2
𝑞 (Ω)

2).
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Moreover, there exists a constant 𝐶𝑝,𝑞 such that for any 𝛾 ≥ 𝛾0

∥𝑒−𝛾𝑡(𝜌𝑡, 𝛾𝜌)∥𝐿𝑝((0,∞),𝑊 1
𝑞 (Ω)) + ∥𝑒−𝛾𝑡(�⃗�𝑡, 𝛾�⃗�)∥𝐿𝑝((0,∞),𝐿𝑞(Ω)2)

+ 𝛾
1
2 ∥𝑒−𝛾𝑡∇�⃗� ∥𝐿𝑝((0,∞),𝐿𝑞(Ω)2) + ∥𝑒−𝛾𝑡∇2�⃗� ∥𝐿𝑝((0,∞),𝐿𝑞(Ω)2)

≤ 𝐶𝑝,𝑞(∥(𝜌0, �⃗�0)∥𝐸𝑝,𝑞 + ∥𝑒−𝛾𝑡(𝑓, �⃗� )∥𝐿𝑝((0,∞),𝑊 1,0
𝑞 (Ω))).

In order to solve (1.1) locally in time by using Theorem 2.4, we have to
eliminate the material derivative causing the hyperbolic effect. By this reason, we
go to the Lagrange coordinate from the Euler coordinate. Let �⃗�(𝑥, 𝑡) be a velocity
vector field in the Euler coordinate 𝑥 and let 𝑥(𝜉, 𝑡) be a solution of the Cauchy
problem:

𝑑𝑥

𝑑𝑡
= �⃗�(𝑥, 𝑡) (𝑡 > 0), 𝑥∣𝑡=0 = 𝜉 = (𝜉1, . . . , 𝜉𝑛).

If a velocity vector field �⃗�(𝜉, 𝑡) is known as a function of the Lagrange coordinate
𝜉, then the connection between the Euler coordinate and the Lagrange coordinate
is written in the form:

𝑥 = 𝜉 +

∫ 𝑡
0

�⃗�(𝜉, 𝜏) 𝑑𝜏 = 𝑋𝑢(𝜉, 𝑡).

Passing to the Lagrange coordinate in (1.1) and setting 𝜌(𝑋𝑢(𝜉, 𝑡), 𝑡) = 𝜌0+𝜃(𝜉, 𝑡),
we have

𝜃𝑡 + (𝜌0 + 𝜃)div �⃗��⃗� = 0 in Ω× (0, 𝑇 ),

(𝜌0 + 𝜃)�⃗�𝑡 − 𝜇Δ�⃗� �⃗� − (𝜇+ 𝜇′)∇�⃗�div �⃗� �⃗�
+∇�⃗�[𝑃 (𝜌0 + 𝜃)] = �⃗�(𝑋𝑢(𝜉, 𝑡), 𝑡) in Ω× (0, 𝑇 ),

�⃗�∣∂Ω = 0, (𝜃, �⃗�)∣𝑡=0 = (𝜃0, �⃗�0). (2.3)

Employing the argument in [16, appendix] to calculate the change of variables in
(2.3), we see that the first two equations in (2.3) are rewritten in the form:

𝜃𝑡 + 𝜌0div �⃗� + 𝜌0𝑉1(�⃗�)∇�⃗� + 𝜃(div �⃗� + 𝑉1(�⃗�)∇�⃗�) = 0,

𝜌0�⃗�𝑡 − 𝜇Δ�⃗� − (𝜇+ 𝜇′)∇div �⃗� + 𝑃 ′(𝜌0)∇𝜃 + 𝜃�⃗�𝑡 + 𝑉2(�⃗�)∇2�⃗�

+ (𝑃 ′(𝜌0 + 𝜃)− 𝑃 ′(𝜌0))∇𝜃 + 𝑃 ′(𝜌0 + 𝜃)𝑉3(�⃗�)∇𝜃 = �⃗�(𝑋�⃗�(𝜉, 𝑡), 𝑡),

(2.4)

where 𝑉𝑖(�⃗�) (𝑖 = 1, 2, 3) have the forms: 𝑉𝑖(�⃗�) = 𝑊𝑖(
∫ 𝑡
0 ∇�⃗�(𝜉, 𝜏) 𝑑𝜏) with some

polynomials 𝑊𝑖(𝑠) such that 𝑊𝑖(0) = 0. Therefore, setting

𝜃 = (𝜌0/
√

𝑃 ′(𝜌0))𝜃, 𝛼 = 𝜇/𝜌0, 𝛽 = (𝜇+ 𝜇′)/𝜌0, 𝛾 =
√

𝑃 ′(𝜌0), (2.5)

we have a quasi-linear system:

𝑈𝑡 − 𝐴𝑈 +𝑄(𝑈) = 𝐹 (𝑡 > 0), 𝑈 ∣𝑡=0 = 𝑈0

with 𝑈 = (𝜃, �⃗�), 𝑈0 = (𝜌0/
√

𝑃 ′(𝜌0))(𝜌0 − 𝜌0), �⃗�0). Applying Theorem 2.4 yields
a local in time unique existence of solutions to (2.3). As was proved in Ströhmer
[21], the map 𝑥 = 𝑋𝑢(𝜉, 𝑡) is a diffeomorphism on Ω, so that we have the following
theorem.
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Theorem 2.5. Let 𝑝 and 𝑞 be indices such that 𝑛 < 𝑞 < ∞ and 2 < 𝑝 < ∞. Let
𝑃 (𝜌) be a smooth function defined on (𝜌0/8, 8𝜌0) and we assume that there exist
positive constants 𝜌1 and 𝜌2 such that

𝜌1 < 𝑃 ′(𝜌) < 𝜌2 for any 𝜌 ∈ (𝜌0/8, 8𝜌0). (2.6)

We assume that two viscosity constants 𝜇 and 𝜇′ satisfy the condition: 𝜇 > 0 and
𝜇 + 𝜇′ > 0. Then, for any 𝑀 > 0 there exists a time 𝑇 > 0 such that for any
initial data (𝜌0 − 𝜌0, �⃗�0) ∈ 𝐸𝑝,𝑞 with ∥(𝜌0 − 𝜌0, �⃗�0)∥𝐸𝑝,𝑞 ≤ 𝑀 , the problem (1.1)

with �⃗� = 0⃗ admits a unique solution (𝜃, �⃗�) such that

𝜃 ∈ 𝑊 1
𝑝 ((0, 𝑇 ),𝑊

1
𝑞 (Ω)),

�⃗� ∈ 𝑊 1
𝑞 ((0, 𝑇 ), 𝐿𝑞(Ω)

2) ∩ 𝐿𝑝((0, 𝑇 ),𝑊
2
𝑞 (Ω)

2).

Now, we consider a global in time unique existence theorem of strong solutions
to (1.1) when Ω is a 𝐶1,1 bounded domain. To assure the uniqueness for 𝜆 = 0 in
the resolvent problem, we have to assume that

∫
Ω 𝑓 𝑑𝑥 = 0 in the bounded domain

case. Therefore, we consider the operator 𝐴 on �̇� 1,0
𝑞 (Ω) with �̇� 1,0

𝑞 (Ω) = {(𝑓, �⃗�) ∈
𝑊 1,0
𝑞 (Ω) ∣ ∫Ω 𝑓 𝑑𝑥 = 0} and its domain is now �̇�𝑞(𝐴) = 𝒟𝑞(𝐴)∩�̇� 1,0

𝑞 (Ω). Applying
the homotopic argument to the results due to [19], we see that the resolvent set
𝜌(𝐴) of 𝐴 contains a set Ξ∪{𝜆 ∈ ℂ ∣ ∣𝜆∣ ≤ 𝜆1} for some positive number 𝜆1, where
the set Ξ is defined by Ξ = ∪0<𝜖<𝜋/2Ξ𝜖 and Ξ𝜖 is defined by

Ξ𝜖 = {𝜆 ∈ ℂ ∖ {0} ∣ ∣ arg𝜆∣ < 𝜋 − 𝜖}

∩
{
𝜆 ∈ ℂ ∣

(
Re𝜆+

𝛾2

𝛼+ 𝛽
+ 𝜖

)2

+ (Im𝜆)2 >

(
𝛾2

𝛼+ 𝛽
+ 𝜖

)2
}

.
(2.7)

Therefore, {𝑇 (𝑡)}𝑡≥0 decays exponentially, that is there exist positive constants 𝜎
and 𝑀 such that

sup
𝑡>0

𝑒𝜎𝑡∥𝑇 (𝑡)(𝑓, �⃗� )∥𝑊 1,0
𝑞 (Ω) + sup

𝑡>0
𝑒𝜎𝑡𝑡

1
2 ∥∇𝑃𝑣𝑇 (𝑡)(𝑓, �⃗� )∥𝐿𝑞(Ω)

+ sup
𝑡>0

𝑒𝜎𝑡𝑡∥∇2𝑃𝑣𝑇 (𝑡)(𝑓, �⃗� )∥𝐿𝑞(Ω) ≤ 𝑀∥(𝑓, �⃗� )∥𝑊 1,0
𝑞 (Ω)

(2.8)

for any (𝑓, �⃗� ) ∈ �̇� 1,0
𝑞 (Ω). Combining (2.8) and the localization technique due to

[17], we have the following theorem.

Theorem 2.6. Let Ω be a bounded 𝐶1,1 domain. Let 1 < 𝑝, 𝑞 < ∞. Set �̇�𝑝,𝑞 =

[�̇� 1,0
𝑞 (Ω), �̇�𝑞(𝐴)]1−1/𝑝,𝑝. Then, there exists a 𝛾 > 0 such that for any (𝜌0, �⃗�0) ∈

�̇�𝑝,𝑞 and (𝑓, �⃗� ) ∈ 𝐿𝑝,−𝛾((0,∞),𝑊 1,0
𝑞 (Ω)) the problem (2.1) admits a unique solu-

tion (𝜌, �⃗�) such that

𝜌 ∈ 𝑊 1
𝑝,−𝛾((0,∞),𝑊 1

𝑞 (Ω)),

�⃗� ∈ 𝑊 1
𝑝,−𝛾((0,∞), 𝐿𝑞(Ω)

2) ∩ 𝐿𝑝,−𝛾((0,∞),𝑊 2
𝑞 (Ω)

2)
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and there holds the estimate:

∥𝑒𝛾𝑡(𝜌𝑡, 𝜌)∥(0,∞,𝑊 1
𝑞 (Ω)) + ∥𝑒𝛾𝑡�⃗�𝑡∥𝐿𝑝((0,∞),𝐿𝑞(Ω)2) + ∥𝑒𝛾𝑡�⃗� ∥𝐿𝑝((0,∞),𝑊 2

𝑞 (Ω)2)

≤ 𝐶𝑝,𝑞(∥(𝜌0, �⃗�0)∥𝐸𝑝,𝑞 + ∥𝑒𝛾𝑡(𝑓, �⃗� )∥𝐿𝑝((0,∞),𝑊 1,0
𝑞 (Ω))).

Applying Theorem 2.6, we have the following global in time unique existence
theorem for (1.1) with small initial data.

Theorem 2.7. Let Ω be a bounded 𝐶1,1 domain. Let 𝑝 and 𝑞 be indices such that
𝑛 < 𝑞 < ∞ and 2 < 𝑝 < ∞. Let 𝑃 (𝜌) be a smooth function defined on (𝜌0/8, 8𝜌0)
that satisfies the condition (2.6). We assume that two viscosity constants 𝜇 and
𝜇′ satisfy the condition: 𝜇 > 0 and 𝜇+ 𝜇′ > 0. Then, there exists a small positive
number 𝜖 such that for any initial data (𝜌0−𝜌0, �⃗�0) ∈ �̇�𝑝,𝑞 with ∥(𝜌0−𝜌0, �⃗�0)∥�̇�𝑝,𝑞

≤
𝜖, the problem (1.1) with �⃗� = 0⃗ admits a unique solution (𝜃, �⃗�) such that

𝜃 ∈ 𝑊 1
𝑝 ((0,∞),𝑊 1

𝑞 (Ω)),

�⃗� ∈ 𝑊 1
𝑞 ((0,∞), 𝐿𝑞(Ω)

2) ∩ 𝐿𝑝((0,∞),𝑊 2
𝑞 (Ω)

2).

Moreover, there exists a positive number 𝛾 such that there holds the estimate:

∥𝑒𝛾𝑡(𝜃𝑡, 𝜃)∥(0,∞,𝑊 1
𝑞 (Ω)) + ∥𝑒𝛾𝑡�⃗�𝑡∥𝐿𝑝((0,∞),𝐿𝑞(Ω)2) + ∥𝑒𝛾𝑡�⃗� ∥𝐿𝑝((0,∞),𝑊 2

𝑞 (Ω)2)

≤ 𝐶𝑝,𝑞∥(𝜃0, �⃗�0)∥𝐸𝑝,𝑞 .

3. Some decay properties of the Stokes semigroup in a
2-dimensional exterior domain

In this section, we consider some decay properties of solutions to the linear equation
(2.1) when Ω is a 2-dimensional exterior domain. If we consider the Stokes semi-
group of incompressible viscous fluid flow in a 2-dimensional exterior domain, the
boundedness of the semigroup in 𝐿𝑝(Ω) for any 1 < 𝑝 < ∞ was proved by Borchers
and Varnhorn [1]. And, the 𝐿𝑝-𝐿𝑞 decay property was proved by Maremonti and
Solonnikov [11] and Dan and Shibata [2] independently. In the compressible viscous
fluid flow case, we have the following theorem.

Theorem 3.1 (𝑳𝒑-𝑳𝒒 estimate). Let Ω be a 2-dimensional exterior domain of 𝐶1,1

class and let {𝑇 (𝑡)}𝑡≥0 be the Stokes semigroup given in Theorem 2.3. Let 𝑝 and
𝑞 be indices such that 1 ≤ 𝑞 ≤ 2 ≤ 𝑝 < ∞. Then, for any F = (𝑓, �⃗� ) ∈ 𝑊 1,0

𝑝 (Ω) ∩
𝑊 0,0
𝑞 (Ω) and 𝑡 ≥ 1 we have

∥𝑇 (𝑡)F∥𝐿𝑝(Ω) ≤ 𝐶𝑡−(
1
𝑞− 1

𝑝 )(∥F∥𝐿𝑞(Ω) + ∥F∥𝑊 1,0
𝑝 (Ω)) (1 < 𝑞 ≤ 2),

∥𝑇 (𝑡)F∥𝐿𝑝(Ω) ≤ 𝐶𝑡−(1−
1
𝑝 )(log 𝑡)(∥F∥𝐿1(Ω) + ∥F∥𝑊 1,0

𝑝 (Ω)),

∥∇𝑇 (𝑡)F∥𝐿𝑝(Ω) ≤ 𝐶𝑡−
1
𝑞 (∥F∥𝐿𝑞(Ω) + ∥F∥𝑊 1,0

𝑝 (Ω)) (2 < 𝑝 < ∞),

∥∇𝑇 (𝑡)F∥𝐿2(Ω) ≤ 𝐶𝑡−
1
𝑞 (log 𝑡)(∥F∥𝐿𝑞(Ω) + ∥F∥𝑊 1,0

2 (Ω)).
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Remark 3.2. Combining Theorem 3.1 with 𝑝 = 𝑞 = 2 and Theorem 2.3, we have
the boundedness of the semigroup, that is

∥𝑇 (𝑡)(𝑓, �⃗� )∥𝑊 1,0
2 (Ω) ≤ 𝑀∥(𝑓, �⃗� )∥𝑊 1,0

2 (Ω)

for any 𝑡 > 0 and (𝑓, �⃗� ) ∈ 𝑊 1,0
2 (Ω). Unlike the incompressible viscous fluid flow

case, it seems that we are unable to prove the boundedness of the semigroup except
for 𝑝 = 2, because of the hyperbolic-parabolic effect of the linear operator 𝐴 which
is discussed a little bit more after the solution formula (3.2) to the Cauchy problem
in ℝ2 below.

To prove Theorem 3.1, the key step is to prove the following theorem.

Theorem 3.3 (Local energy decay). Let 1 < 𝑝 < ∞ and let 𝑏0 be a positive number
such that Ω𝑐 ⊂ 𝐵𝑏0 , 𝐵𝐿 being the ball of radius 𝐿 with center at the origin in ℝ2.

For 𝑏 > 𝑏0, let 𝑊
1,0
𝑝,𝑏 (Ω) denote a subset of 𝑊

1,0
𝑝 (Ω) defined by

𝑊 1,0
𝑝,𝑏 (Ω) = {(𝑓, �⃗� ) ∈ 𝑊 1,0

𝑝 (Ω) ∣ (𝑓(𝑥), �⃗�(𝑥)) vanishes for ∣𝑥∣ > 𝑏}.
Then, for any 𝑏 > 𝑏0 there exists a constant 𝐶 = 𝐶𝑝,𝑏 such that

∥𝑇 (𝑡)(𝑓, �⃗� )∥𝑊 1,2
𝑝 (Ω𝑏)

≤ 𝐶𝑡−1(log 𝑡)−2∥(𝑓, �⃗� )∥𝑊 1,0
𝑝 (Ω)

for any (𝑓, �⃗� ) ∈ 𝑊 1,0
𝑝,𝑏 (Ω) and 𝑡 ≥ 1. Here, we have set Ω𝑏 = Ω ∩ 𝐵𝑏.

To prove Theorem 3.1, we also need to know the 𝐿𝑝-𝐿𝑞 decay estimate of
solutions to the problem in ℝ2:⎧⎨⎩

𝜃𝑡 + 𝛾div �⃗� = 0 in ℝ2 × (0,∞),

�⃗�𝑡 − 𝛼Δ�⃗� − 𝛽∇(div �⃗�) + 𝛾∇𝜃 = 0⃗ in ℝ2 × (0,∞),

(𝜃, �⃗� )∣𝑡=0 = (𝜃0, �⃗�0) = (𝜌0, 𝑣01, 𝑣02).

(3.1)

By taking the Fourier transform of (3.1) with respect to 𝑥 and solving the ordinary
differential equation with respect to 𝑡, we have

𝜚(𝜉, 𝑡) = −𝑖𝛾
𝑒𝜆+(𝜉)𝑡 − 𝑒𝜆−(𝜉)𝑡

𝜆+(𝜉) − 𝜆−(𝜉)

2∑
𝑗=1

𝜉𝑗𝑣0𝑗(𝜉)− 𝜆−(𝜉)𝑒𝜆+(𝜉)𝑡 − 𝜆+(𝜉)𝑒
𝜆−(𝜉)𝑡

𝜆+(𝜉)− 𝜆−(𝜉)
𝜚0(𝜉),

𝑣ℓ(𝜉, 𝑡) = 𝑒−𝛼∣𝜉∣
2𝑡

2∑
𝑗=1

(𝛿ℓ𝑗 − 𝜉ℓ𝜉𝑗 ∣𝜉∣−2)𝑣0𝑗(𝜉)− 𝑖𝛾
𝑒𝜆+(𝜉)𝑡 − 𝑒𝜆−(𝜉)𝑡

𝜆+(𝜉) − 𝜆−(𝜉)
𝜉ℓ𝜚0(𝜉)

− ((𝛼 + 𝛽)∣𝜉∣2 + 𝜆−(𝜉))𝑒𝜆+(𝜉)𝑡 − ((𝛼+ 𝛽)∣𝜉∣2 + 𝜆+(𝜉))𝑒
𝜆−(𝜉)𝑡

(𝜆+(𝜉)− 𝜆−(𝜉))∣𝜉∣2
2∑
𝑗=1

𝜉ℓ𝜉𝑗𝑣0𝑗(𝜉)

(3.2)

where 𝜌(𝜉, 𝑡) and 𝑣ℓ(𝜉, 𝑡) (𝜉 = (𝑥1, 𝜉2) ∈ ℝ2) are the Fourier transform of 𝜌(𝑥, 𝑡)
and 𝑣ℓ(𝑥, 𝑡) with respect to 𝑥 (�⃗� = (𝑣1, 𝑣2)), and

𝜆±(𝜉) = −𝛼+ 𝛽

2
∣𝜉∣2 ±

√(
𝛼+ 𝛽

2

)2

∣𝜉∣4 − 𝛾2∣𝜉∣2.
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To show a decay estimate of (𝜚(𝑥, 𝑡), �⃗� (𝑥, 𝑡)), we divide the solution formulas of
(3.2) into the low frequency part and the high frequency part and we use the
following facts:

𝜆+(𝜉) = − 2𝛾2

𝛼+ 𝛽
+𝑂(∣𝜉∣−2), as ∣𝜉∣ → ∞,

𝜆−(𝜉) = −(𝛼+ 𝛽)∣𝜉∣2 + 2𝛾2

𝛼+ 𝛽
+𝑂(∣𝜉∣−2) as ∣𝜉∣ → ∞,

𝜆±(𝜉) = ±𝑖𝛾∣𝜉∣ − 𝛼+ 𝛽

2
∣𝜉∣2 +𝑂(∣𝜉∣3) as ∣𝜉∣ → 0.

Especially, the expansion formula for small ∣𝜉∣ shows the hyperbolic-parabolic cou-
pled feature of solutions, that is the hyperbolic feature comes from ±𝑖𝛾∣𝜉∣ and the
parabolic one from −2−1(𝛼+𝛽)∣𝜉∣2. Employing the same argument as in the proof
of Theorem 3.1 of Kobayashi-Shibata [10], we have the following theorem.

Theorem 3.4. Let (𝜚, �⃗�) be a vector of functions given in (3.2). Then, (𝜚, �⃗�) solves
the equation (3.1). Moreover, there exist 𝜚0, 𝜚∞, �⃗� 0 and �⃗�∞ such that 𝜚 = 𝜚0 +
𝜚∞, �⃗� = �⃗�0 + �⃗�∞ and the following estimates hold for non-negative integers ℓ and
𝑚:
(i) For all 𝑡 ≥ 1, there exists a 𝐶 = 𝐶(𝑚, ℓ, 𝑝, 𝑞) > 0 such that∑

∣𝛼∣=ℓ
∥∂𝑚𝑡 ∂𝛼𝑥 (𝜚

0(𝑡), �⃗�0(𝑡))∥𝐿𝑝(ℝ2) ≤ 𝐶𝑡−(
1
𝑞− 1

𝑝 )−𝑚+ℓ
2 ∥(𝜚0, �⃗�0)∥𝐿𝑞(ℝ2),

where 1 ≤ 𝑞 ≤ 2 ≤ 𝑝 ≤ ∞.
(ii) Set (𝑘)+ = 𝑘 if 𝑘 ≥ 0 and (𝑘)+ = 0 if 𝑘 < 0. Let 1 < 𝑝 < ∞. Then, there exist
positive constants 𝐶 and 𝑐 such that for any 𝑡 ≥ 1

∥∂𝑚𝑡 ∇ℓ𝜚∞(𝑡)∥𝐿𝑝(ℝ2) ≤ 𝐶𝑒−𝑐𝑡
{
∥∇2𝑚+ℓ𝜚0∥𝐿𝑝(ℝ2) + ∥∇(2𝑚+ℓ−1)+ �⃗�0∥𝐿𝑝(ℝ2)

}
,

∥∂𝑚𝑡 ∇ℓ�⃗�∞(𝑡)∥𝐿𝑝(ℝ2) ≤ 𝐶𝑒−𝑐𝑡
{
∥∇(2𝑚+ℓ−1)+𝜚0∥𝐿𝑝(ℝ2) + ∥∇(2𝑚+ℓ−2)+ �⃗�0∥𝐿𝑝(ℝ2)

}
.

Combining the decay estimate near the boundary guaranteed by Theorem
3.3 and the decay estimate at far field guaranteed by Theorem 3.4 by a cut-off
technique, we can prove Theorem 3.1. The argument is rather standard (cf. [10]
and [2]), so that we would like to omit the detailed proof.

To prove Theorem 3.3, we use the strategy due to [2] and [8]. Our proof is
very technical and rather long, so that we just give a sketch of our proof below
and we would like to refer to [5] for the detailed proof. To prove Theorem 3.3, we
consider the resolvent equation:

𝜆𝜌+ 𝛾div �⃗� = 𝑓, 𝜆�⃗� − 𝛼Δ�⃗� − 𝛽∇(div �⃗�) + 𝛾∇𝜌 = �⃗� in Ω, �⃗�∣∂Ω = 0⃗. (3.3)

According to Shibata-Tanaka [19], we have a stronger result concerning the resol-
vent of 𝐴 as the admissible sectoriality of 𝐴 defined in Definition 2.2. In fact, let Ξ
and Ξ𝜖 be sets defined in (2.7). Then, the resolvent set 𝜌(𝐴) of 𝐴 contains Ξ and
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for any 𝜖 (0 < 𝜖 < 𝜋/2) and 𝜆0 > 0, there exists a constant 𝐶 = 𝐶𝜖,𝜆0 such that
there holds the resolvent estimate:

∣𝜆∣∥𝑅(𝜆)(𝑓, �⃗� )∥𝑊 1,0
𝑝 (Ω) + ∣𝜆∣ 12 ∥∇𝑃𝑣𝑅(𝜆)(𝑓, �⃗�)∥𝐿𝑝(Ω)

+ ∥∇2𝑃𝑣𝑅(𝜆)(𝑓, �⃗�)∥𝐿𝑝(Ω) ≤ 𝐶∥(𝑓, �⃗� )∥𝑊 1,0
𝑝 (Ω)

(3.4)

for any (𝑓, �⃗� ) ∈ 𝑊 1,0
𝑝 (Ω) and 𝜆 ∈ Ξ𝜖 with ∣𝜆∣ ≥ 𝜆0, where 𝑅(𝜆) = (𝜆𝐼 − 𝐴)−1.

Therefore, to prove Theorem 3.3 what we have to investigate is the behavior of
𝑅(𝜆) near 𝜆 = 0. Since Ω is unbounded, 𝜆 = 0 is in the continuous spectrum of 𝐴,
and therefore to investigate the asymptotic behavior of 𝑅(𝜆) we have to shrink the

domain of 𝐴 from 𝑊 1,0
𝑝 (Ω) to 𝑊 1,0

𝑝,𝑏 (Ω) and widen the range of 𝐴 from 𝑊 1,2
𝑝 (Ω)

to 𝑊 1,2
𝑝 (Ω𝑏). Namely, we use the topology of ℒ(𝑊 1,0

𝑝,𝑏 (Ω),𝑊
1,2
𝑝 (Ω𝑏)) that is weaker

than that of ℒ(𝑊 1,0
𝑝 (Ω),𝑊 1,2

𝑝 (Ω)). This is the reason why we are interested in the
local energy estimate. The following lemma is the key in proving Theorem 3.3.

Lemma 3.5. Let 1 < 𝑝 < ∞ and 0 < 𝜀 < 𝜋/2. Then, there exist 𝜎 > 0 and

𝑆(𝜆) ∈ Anal (𝑈𝜎,ℒ(𝑊 1,0
𝑝,𝑏 (Ω),𝑊

1,2
𝑝 (Ω𝑏))) such that

𝑆(𝜆)(𝑓, 𝑔) = (𝜆𝐼 − 𝐴)−1(𝑓, 𝑔) (𝑓, 𝑔) ∈ 𝑊 1,0
𝑝,𝑏 (Ω) (𝜆 ∈ 𝑈𝜎 ∩ Ξ),

𝑆(𝜆) = 𝑆0 + 𝑆1(log 𝜆)
−1 +𝒪 ((log 𝜆)−2

)
(𝜆 ∈ 𝑈𝜎),

where 𝑆0, 𝑆1 ∈ ℒ(𝑊 1,0
𝑝,𝑏 (Ω),𝑊

1,2
𝑝 (Ω𝑏)), and 𝑈𝜎 = {𝜆 ∈ ℂ∖(−∞, 0] ∣ ∣𝜆∣ < 𝜎}.

Once getting Lemma 3.5, we can prove Theorem 3.3 as follows. Let F =
(𝑓, �⃗� ) ∈ 𝑊 1,0

𝑝,𝑏 (Ω) and choose 𝛿 > 0 so small that Γ1 = ∪±{𝜆 ∈ ℂ ∣ arg𝜆 =

±((𝜋/2) + 𝛿), ∣𝜆∣ ≥ 𝜎/2} ⊂ Ξ. If we set Γ2 = Γ3 ∪ Γ4 where

Γ3 = ∪± {𝜆 = −(𝜎/2) sin 𝛿 ± 𝑖ℓ ∣ 0 ≤ ℓ ≤ (𝜎/2) cos 𝛿},
Γ4 : a smooth loop jointing the points 𝜆 = 𝑒𝑖𝜋(𝜎/2) sin 𝛿 and 𝜆 = 𝑒−𝑖𝜋(𝜎/2) sin 𝛿

and going around the cut in ℂ∖(−∞, 0],

then, by Lemma 3.5 the semigroup {𝑇 (𝑡)}𝑡≥0 is represented by

𝑇 (𝑡)F =
1

2𝜋𝑖

∫
Γ1

𝑒𝜆𝑡(𝜆𝐼 − 𝐴)−1F 𝑑𝜆+
1

2𝜋𝑖

∫
Γ2

𝑒𝜆𝑡𝑆(𝜆)F 𝑑𝜆.

By (3.4) and Lemma 3.5, the integrations over Γ1 and Γ3 decay exponentially
and the integration over Γ4 decays 𝑡−1(log 𝑡)−2. This completes the proof of The-
orem 3.3.

To prove Lemma 3.5, first we prove that the operator 𝑆(𝜆) has the expansion
formula:

𝑆(𝜆)F = 𝜆𝑠(log 𝜆)𝜏 (𝑆0F+ (log𝜆)−1𝑆1F+ ⋅ ⋅ ⋅ ) +𝒪(𝜆𝑠+1(log𝜆)𝛽) (3.5)

for 𝜆 ∈ 𝑈𝜎 and F ∈ 𝑊 1,0
𝑝,𝑏 (Ω) with some integers 𝑠, 𝜏 and 𝛽. In fact, the inverse of 𝜆𝐼

+ compact operator has such expansion formula in general, the idea of which goes
back to Seeley [15] (and also Vainberg [24]). We used the Seeley idea to prove (3.5).
Then, by the contradiction argument and the uniqueness of solution to (3.3), we
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can show that 𝑠 = 0 and 𝜏 = 0. In fact, we assume that there exists a F ∈ 𝑊 1,0
𝑝,𝑏 (Ω)

such that F = (𝑓, �⃗� ) ∕= (0, 0⃗) and 𝑆0F ∕= (0, 0⃗). We plug the expansion formula

(3.5) into (3.3). Then, if 𝑠 > 0, letting 𝜆 → 0, we see that F = (0, 0⃗). If 𝑠 < 0,

then we can construct a (𝜌, �⃗� ) ∈ 𝑊 1,2
𝑝,loc(Ω) such that (𝜌, �⃗� )∣Ω𝑏

= 𝑆0F, and (𝜌, �⃗� )
satisfies the homogeneous equation:

𝜆𝜌+ 𝛾div �⃗� = 0, 𝜆�⃗� − 𝛼Δ�⃗� − 𝛽∇(div �⃗�) + 𝛾∇𝜌 = 0⃗ in Ω, �⃗�∣∂Ω = 0,

and the radiation condition: 𝜌(𝑥) = 𝑂(∣𝑥∣−1) and �⃗�(𝑥) = 𝑂(1) as ∣𝑥∣ → ∞. But
then, using the uniqueness theorem due to Dan-Shibata [2], we see that (𝜌, �⃗� ) =

(0.⃗0), which implies that 𝑆0F = (0, 0⃗). This leads to a contradiction. Therefore,
𝑠 = 0. Then, the same argument also implies that 𝜏 = 0, which completes the
proof of Lemma 3.5.

4. Global in time unique existence theorem of strong solution to
(1.1) in a 2-dimensional exterior domain

In this section, we state our global in time unique existence theorem for the equa-
tion (1.1) in a 2-dimensional exterior domain2. We assume that the boundary of

Ω is a compact 𝐶4,1 hypersurface and that �⃗� = 0⃗ for simplicity. Following rather
standard notation, we rewrite 𝑊 0,0

𝑝 (Ω) = 𝐿𝑝(Ω)
3, 𝑊 ℓ

2 (Ω) = 𝐻ℓ, 𝑊 ℓ
2 (Ω)

2 = Hℓ,

𝑊 ℓ,𝑚
2 = 𝐻ℓ,𝑚, ∥ ⋅ ∥𝐿𝑝(Ω) = ∥ ⋅ ∥𝑝, ∥ ⋅ ∥𝑊 ℓ

2 (Ω) = ∥ ⋅ ∥𝐻ℓ and ∥ ⋅ ∥𝑊 ℓ,𝑚
2 (Ω) = ∥ ⋅ ∥𝐻ℓ,𝑚

only in this section. To define 𝑃 (𝜌0) and 𝑃 (𝜌), we assume that

𝜌0/2 ≤ 𝜌0(𝑥) ≤ 2𝜌0 for any 𝑥 ∈ Ω, (4.1)

𝜌0/4 ≤ 𝜌(𝑥, 𝑡) ≤ 4𝜌0 for any (𝑥, 𝑡) ∈ Ω× (0,∞). (4.2)

Let 𝑘 stand for 1 or 2 and 𝑋𝑘 denote the class of our strong solutions to (1.1),
which is defined by

𝑋𝑘 =

{
(𝜌, �⃗�) ∣ 𝜌 − 𝜌0 ∈

∩𝑘

𝑗=0
𝐶𝑗([0,∞, 𝐻𝑘+2−𝑗), 𝜌 satisfies (4.2),

∂ℓ𝜌 ∈ 𝐿2((0,∞), 𝐻𝑘+1) (ℓ = 1, 2), ∂𝑗𝑡 𝜌 ∈ 𝐿2((0,∞), 𝐻𝑘+2−𝑗) (𝑗 = 1, 𝑘),

�⃗� ∈
∩𝑘

𝑗=0
𝐶𝑗([0,∞),H𝑘+2−2𝑗), ∂ℓ�⃗� ∈ 𝐿2((0,∞),H𝑘+2) (ℓ = 1, 2),

∂𝑗𝑡 �⃗� ∈ 𝐿2((0,∞),H𝑘+3−2𝑗) (𝑗 = 1, 𝑘)

}
.

And also, 𝑁𝑘(𝑡) denotes the norms of our solutions in 𝑋𝑘, which is defined by

𝑁1(𝑡) = sup
0<𝑠<𝑡

(∥(𝜌(𝑠)− 𝜌0, �⃗�(𝑠))∥𝐻3 + ∥∂𝑠(𝜌(𝑠), �⃗�(𝑠))∥𝐻2,1 )

+
(∫ 𝑡

0

(∥∇(𝜌(𝑠), �⃗�(𝑠))∥2𝐻2,3 + ∥∂𝑠(𝜌(𝑠), �⃗�(𝑠))∥2𝐻2 𝑑𝑠
) 1

2

,

2The detailed proof is given in a forthcoming paper [7].
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𝑁2(𝑡) = sup
0<𝑠<𝑡

(∥(𝜌(𝑠)− 𝜌0, �⃗�(𝑡))∥𝐻4 + ∥∂𝑠(𝜌(𝑠), �⃗�(𝑠))∥𝐻3,2 + ∥∂2
𝑠 (𝜌(𝑠), �⃗�(𝑠))∥𝐻2,0 )

+
(∫ 𝑡

0

(∥∇(𝜌(𝑠), �⃗�(𝑠))∥2𝐻3,4 + ∥∂𝑠(𝜌(𝑠), �⃗�(𝑠))∥2𝐻3 + ∥∂2
𝑠 (𝜌(𝑠), �⃗�(𝑠))∥2𝐻2,1 𝑑𝑠

) 1
2

.

Let us define the compatibility condition on the initial data (𝜌0, �⃗�0) that is a
necessary condition for the existence of strong solutions in𝑋𝑘. If the equation (1.1)

admits a solution in 𝑋𝑘, then ∂𝑗𝑡 (𝜌, �⃗�)∣𝑡=0 (𝑗 = 1, 𝑘) are determined successively by

the initial data (𝜌0, �⃗�0) through the equation (1.1). We write (𝜌𝑗 , �⃗�𝑗) = ∂𝑗𝑡 (𝜌, �⃗�)∣𝑡=0

(𝑗 = 1, 𝑘). In fact,

𝜌1 = −(�⃗�0 ⋅ ∇)𝜌0 − 𝜌0div �⃗�0,

�⃗�1 = −(�⃗�0 ⋅ ∇)�⃗�0 +
𝜇

𝜌0
Δ�⃗�0 +

𝜇+ 𝜇′

𝜌0
∇div �⃗�0 − ∇𝑃 (𝜌0)

𝜌0
.

To define (𝜌2, �⃗�2), we differentiate the equations in (1.1) once with respect to t, put
the resultant equations on 𝑡 = 0 and use (𝜌0, �⃗�0) and (𝜌1, �⃗�1). On the other hand,

the boundary condition: �⃗�(𝑥, 𝑡)∣∂Ω = 0⃗ for any 𝑡 > 0 requires that ∂𝑡�⃗�(𝑥, 𝑡)∣∂Ω = 0,
because ∂𝑡�⃗�(𝑥, 𝑡) ∈ H𝑘, so that the boundary trace ∂𝑡�⃗�(𝑥, 𝑡)∣∂Ω exists. Combining
this observation and the definition of 𝑋𝑘 implies that the initial data (𝜌0, �⃗�0)
should satisfy the following condition:

𝜌0 − 𝜌0 ∈ 𝐻𝑘+2, 𝜌𝑗 ∈ 𝐻𝑘+2−𝑗 (𝑗 = 1, 𝑘),

�⃗�𝑗 ∈ H𝑘+2−2𝑗 (𝑗 = 0, 1, 𝑘), �⃗�𝑗∣∂Ω = 0⃗ (𝑗 = 0, 1).
(4.3)

Note that when 𝑘 = 2, ∂2
𝑡 �⃗� ∈ 𝐿2(Ω)

2, so that the boundary trace ∂2
𝑡 �⃗�∣∂Ω does

not necessary exit. Therefore, it is not necessary to assume that �⃗�2∣∂Ω = 0. The
following theorem is our results concerning the global in time unique existence of
strong solutions to (1.1) and their decay properties.

Theorem 4.1. Let 𝑘 = 1 or 2. Let 𝑃 (𝜌) be a smooth function defined on (𝜌0/8, 8𝜌0)
that satisfies the condition (2.6). We assume that two viscosity constants 𝜇 and
𝜇′ satisfy the condition: 𝜇 > 0 and 𝜇 + 𝜇′ ≥ 0. Then, there exists an 𝜖 > 0 such
that if (𝜌0, �⃗�0) satisfies the conditions (4.1), (4.3) and ∥(𝜌0 − 𝜌0, �⃗�0)∥𝐻3 ≤ 𝜖, then

the equation (1.1) with �⃗� = 0⃗ admits a global in time unique solution (𝜌, �⃗�) ∈ 𝑋𝑘

which satisfies the estimate

𝑁𝑘(𝑡) ≤ 𝐶∥(𝜌 − 𝜌0, �⃗�0)∥𝐻𝑘+2 (4.4)

for any 𝑡 > 0 with some constant 𝐶.

Moreover, if we assume that (𝜌0−𝜌0, �⃗�0) ∈ 𝐿1 and that ∥(𝜌0−𝜌0, �⃗�0)∥𝐻4 ≤ 𝜖
additionally, then we have the following decay estimate:

∥(𝜌(𝑡)− 𝜌0, �⃗�(𝑡) )∥2 = 𝑂(𝑡−
1
2 log 𝑡),

∥∇(𝜌(𝑡), �⃗�(𝑡))∥2 = 𝑂(𝑡−1 log 𝑡),

∥∂𝑡(𝜌(𝑡), �⃗�(𝑡))∥𝐻2,1 + ∥(∇𝜌(𝑡),∇2�⃗�(𝑡))∥𝐻1 = 𝑂(𝑡−1).

(4.5)
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In what follows, we give a sketch of our proof of Theorem 4.1. Let (⋅, ⋅) denote
the 𝐿2 inner-product on Ω and we use the abbreviation: ∥ ⋅ ∥2 = ∥ ⋅ ∥. Instead of
Gagliardo-Nirenberg-Sobolev inequality: ∥�⃗�∥6 ≤ 𝐶∥∇�⃗�∥ in the 3-dimensional case,
we use the Sobolev inequality:

∥�⃗�∥4 ≤ 𝐶∥�⃗�∥ 1
2 ∥∇�⃗�∥ 1

2 for �⃗� ∈ H1 with �⃗�∣∂Ω = 0⃗. (4.6)

We know the existence of a local in time solutions to (1.1), so that we prove a
priori estimates of such local in time solutions. Therefore, we assume that (𝜌, �⃗�) is
a solution to (1.1) and satisfies the range condition (4.2). Substituting 𝜌 = 𝜌0 + 𝜃
into (1.1), we have

𝜃𝑡 +div (𝜌�⃗�) = 0, 𝜌(�⃗�𝑡 + �⃗� ⋅ ∇�⃗�)− 𝜇Δ�⃗� − (𝜇+ 𝜇′)∇div �⃗�+ 𝑃 ′(𝜌)∇𝜃 = 0⃗. (4.7)

Multiplying the first equation of (4.7) by 𝜃 and the second equation of (4.7) by
(𝜌/𝑃 ′(𝜌))�⃗�, integrating the resulting formulas over Ω and summing two equalities
up, by integration by parts we have

1

2

𝑑

𝑑𝑡
{∥𝜃∥2+( 𝜌2

𝑃 ′(𝜌)
�⃗�, �⃗�)}− 1

2
(
( 𝜌2

𝑃 ′(𝜌)

)
𝑡
�⃗�, �⃗�)+(

𝜌2

𝑃 ′(𝜌)
�⃗�⋅∇�⃗�, �⃗�)+𝜇(

𝜌

𝑃 ′(𝜌)
∇�⃗�,∇�⃗�)

+ (𝜇+ 𝜇′)(
𝜌

𝑃 ′(𝜌)
div �⃗�, div �⃗�) + (∇

( 𝜌

𝑃 ′(𝜌)

)
�⃗�,∇�⃗�) + (∇

( 𝜌

𝑃 ′(𝜌)

)
⋅ �⃗�, div �⃗�).

(4.8)

Using (4.6), (2.6) and (4.2), we proceed our estimates as follows:(
𝜌2

𝑃 ′(𝜌)
�⃗�, �⃗�

)
≥ 𝜌−1

1 (𝜌0/4)
2∥�⃗� ∥2,∣∣∣∣(( 𝜌2

𝑃 ′(𝜌)

)
𝑡
�⃗�, �⃗�

)∣∣∣∣ ≤ 𝐶∥𝜃𝑡∥∥�⃗� ∥2𝐿4 ≤ 𝐶∥�⃗�∥∥𝜃𝑡∥∥∇�⃗� ∥,∣∣∣∣( 𝜌2

𝑃 ′(𝜌)
�⃗� ⋅ ∇�⃗�, �⃗�

)∣∣∣∣ ≤ 𝐶∥�⃗�∥2𝐿4∥∇�⃗�∥ ≤ 𝐶∥�⃗�∥∥∇�⃗� ∥2,

𝜇

(
𝜌

𝑃 ′(𝜌)
∇�⃗�,∇�⃗�

)
≥ 𝜇(𝜌0/4)𝜌

−1
1 ∥∇�⃗� ∥2

(𝜇+ 𝜇′)
(

𝜌

𝑃 ′(𝜌)
div �⃗�, div �⃗�

)
≥ 0,∣∣∣∣𝜇(∇( 𝜌

𝑃 ′(𝜌)

)
�⃗�,∇�⃗�

)∣∣∣∣+ ∣∣∣∣(𝜇+ 𝜇′)
(
∇
( 𝜌

𝑃 ′(𝜌)

)
⋅ �⃗�,∇�⃗�

)∣∣∣∣
≤ 𝐶∣(∣∇𝜌∣∣�⃗�∣, ∣∇�⃗�∣)∣ ≤ 𝐶∥�⃗�∥∞∥∇𝜃∥∥∇�⃗�∥.

(4.9)

Integrating (4.8) on (0, 𝑡) and using the estimates (4.9), we have

∥(𝜃(𝑡), �⃗�(𝑡))∥2 +
∫ 𝑡
0

∥∇�⃗�(𝑠)∥2 𝑑𝑠 ≤ 𝐶{∥𝜌0 − 𝜌0, �⃗�0)∥2

+

∫ 𝑡
0

(∥�⃗�(𝑠)∥+ ∥�⃗�(𝑠)∥∞)(∥∇�⃗�(𝑠)∥2 + ∥∇𝜃(𝑠)∥2 + ∥𝜃𝑠(𝑠)∥2) 𝑑𝑠}.
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for some constant 𝐶. Differentiating the equations with respect to 𝑡 and using the
multiplicative method as above, we also have the estimate for

∥∂𝑗𝑡 (𝜃(𝑡), �⃗�(𝑡))∥2 +
∫ 𝑡
0

∥∇∂𝑗𝑠 �⃗�(𝑠)∥2 𝑑𝑠.
Here, if necessary, we use the mollifier with respect to the time variable and the
Friedrichs commutator lemma, so that we may assume that (𝜃, �⃗�) is smooth enough
in 𝑡. To get the rest of required estimates of 𝜃(𝑡) and �⃗�(𝑡) appearing in the definition
of 𝑁𝑘(𝑡), we can copy the argument due to Matsumura and Nishida [13], which
is very complicated to explain here, so that we refer to [13] for this argument.
Finally, we arrive at the inequality:

𝑁3(𝑡) ≤ 𝐶1∥(𝜌0 − 𝜌0, �⃗�0)∥𝐻3 + 𝐶2𝑁3(𝑡)
3
2 , (4.10)

𝑁4(𝑡) ≤ 𝐶3∥(𝜌0 − 𝜌0, �⃗�0)∥𝐻4 + 𝐶4𝑁3(𝑡)
1
2𝑁4(𝑡) (4.11)

for some positive constants 𝐶𝑖 (𝑖 = 1, 2, 3, 4) as long as the solution (𝜌(𝑡), �⃗�(𝑡))
exists and satisfies suitable regularity condition and assumption (4.2). Let 𝜎 > 0

be a small number such that 𝐶2𝜎
1
2 ≤ 1/2 and we choose 𝜖 > 0 so small that

𝐶1∥(𝜌0 − 𝜌0, �⃗�0)∥𝐻3 ≤ 𝐶1𝜖 < 𝜎/4. From (4.10) we have 𝑁3(𝑡) ≤ 𝜎/4 + (1/2)𝑁3(𝑡)
whenever 𝑁3(𝑡) ≤ 𝜎. Thus, assuming that 𝑁3(𝑡) ≤ 𝜎, we have 𝑁3(𝑡) ≤ 𝜎/2. If
we choose 𝜖 > 0 small enough, then by the continuity of solutions up to 𝑡 = 0 we
may assume that 𝑁3(𝑡) ≤ 𝜎 in some short interval (0, 𝑇1). But then, 𝑁3(𝑡) ≤ 𝜎/2,
and therefore we can prolong solution to larger time interval (0, 𝑇2) with 𝑁3(𝑡) ≤
𝜎. Repeated use of this argument implies the global in time existence of strong
solutions to (1.1) that possesses the estimate (4.4). If (𝜌 − 𝜌0, �⃗�0) ∈ 𝐻4,4, then

choosing 𝜎 > 0 so small that 𝐶2𝜎
1
2 ≤ 1/2, by (4.11) we have (4.4) with 𝑘 = 2.

Since we already have (4.4) when (𝜌−𝜌0, �⃗�0) ∈ 𝐻4,4, to prove (4.5) it suffices
to consider the linear problem:

𝜃𝑡 + 𝜌0div �⃗� = 𝑓 in Ω× (0,∞),

𝜌0�⃗�𝑡 − 𝜇Δ�⃗� − (𝜇+ 𝜇′)∇div �⃗�+ 𝑃 ′(𝜌0)∇𝜃 = �⃗� in Ω× (0,∞), (4.12)

�⃗�∣∂Ω = 0⃗, (𝜃, �⃗�)∣𝑡=0 = (𝜌0 − 𝜌0, �⃗�0),

where we have set 𝑓 = −div (𝜃�⃗�) and
�⃗� = −�⃗� ⋅ ∇�⃗�+ (𝜌−1 − (𝜌0)

−1)(𝜇Δ�⃗�+ (𝜇+ 𝜇′)∇div �⃗�)− (𝑃 ′(𝜌)− 𝑃 ′(𝜌0))∇𝜃.

First we consider the decay estimate of the time derivatives of (𝜃, �⃗�). To this end,
we differentiate the equations in (4.12) with respect to 𝑡 and we consider the
equation:

(𝑡𝜃𝑡)𝑡 + 𝜌0div (𝑡�⃗�𝑡) = 𝑓𝑡 + 𝜃𝑡,

𝜌0(𝑡�⃗�𝑡)𝑡 − 𝜇Δ�⃗�𝑡 − (𝜇+ 𝜇′)∇div �⃗�𝑡 + 𝑃 ′(𝜌0)∇(𝑡𝜃𝑡) = 𝑡�⃗�𝑡 + �⃗�𝑡.

in Ω × (0,∞) with boundary condition 𝑡�⃗�∣∂Ω = 0⃗ and zero initial data. Since we
already know the estimates for 𝜃𝑡 and �⃗�𝑡 on the right-hand side, employing the
multiplicative technique and the Matsumura and Nishida argument, we have the

319Compressible Viscous Fluid Flow



estimate: ∥(𝜃𝑡, �⃗�𝑡)∥𝐻2,1 ≤ 𝐶𝑡−1. And then, moving 𝜃𝑡 and �⃗�𝑡 to the right-hand
sides in (4.12) and using the elliptic estimate (so-called Cattabriga estimate after

late Cattabriga), we have ∥(∇𝜃(𝑡),∇2�⃗�(𝑡))∥𝐻1 ≤ 𝐶𝑡−1. Finally, choosing 𝜃, 𝛼, 𝛽
and 𝛾 in the same way as in (2.5) and applying Theorem 3.1, we have

∥(𝜌(𝑡)− 𝜌0, �⃗�(𝑡))∥ ≤ 𝐶𝑡−
1
2 log 𝑡, ∥∇(𝜌(𝑡), �⃗�(𝑡))∥ ≤ 𝐶𝑡−1 log 𝑡.

This ends a rough explanation of our approach to (1.1).
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On Canonical Solutions of a Moment Problem
for Rational Matrix-valued Functions

Bernd Fritzsche, Bernd Kirstein and Andreas Lasarow

Abstract. We discuss extremal solutions of a certain finite moment problem
for rational matrix functions which satisfy an additional rank condition. We
will see, among other things, that these solutions are molecular nonnegati-
ve Hermitian matrix-valued Borel measures on the unit circle and that these
measures have a particular structure. We study the above-mentioned solutions
in all generality, but later focus on the nondegenerate case. In this case, the
family of these special solutions can be parametrized by the set of unitary
matrices. This realization allows us to further examine the structure of these
solutions. Here, the analysis of the structural properties relies, to a great
extent, on the theory of orthogonal rational matrix functions on the unit circle.

Mathematics Subject Classification (2000). 30E05, 42C05, 44A60, 47A56.

Keywords. Nonnegative Hermitian matrix measures, matrix moment problem,
orthogonal rational matrix functions, matricial Carathéodory functions.

0. Introduction

A moment problem for rational matrix-valued functions with finitely many given
data, which we will call Problem (R), will serve as main focus (see Section 2,
where Problem (R) is stated). This problem can be regarded as a generalization
of the truncated trigonometric matrix moment problem. For an introduction to
Problem (R) and related topics, we refer the reader to [23]–[25].

In many ways, we build on previous work in [30] and [31] (see also [40]),
where we discussed extremal solutions of Problem (R) in the nondegenerate case.
For instance, the considerations in [30] and [31] led to some entropy optimality and
some maximality properties of right and left outer spectral factors with respect
to the Löwner semiordering for Hermitian matrices in keeping with Arov and
Krĕın in [4] (see also [3, Chapter 10] as well as [19, Chapter 11]). However, we

The third author’s research for this paper was supported by the German Research Foundation
(Deutsche Forschungsgemeinschaft) on badge LA 1386/3–1.
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now concern ourselves with another kind of extremal solutions for Problem (R),
namely solutions which can be understood as having the highest degree of degene-
racy. Because these solutions share many of the structural properties of particular
solutions to the nondegenerate matricial Schur problem studied in [22, Section 5],
we will call these extremal solutions the canonical solutions of Problem (R).

A matricial extension of the theory of orthogonal rational functions on the
unit circle by Bultheel, González-Vera, Hendriksen, and Nj̊astad in [12] (see also
[8]–[11]) drew our attention to Problem (R). Thus, the work here is connected to
that of [26], [27], [32], and [39] as well.

The classical Gaussian quadrature formulas are exact on sets of polynomials
and, in a sense, optimal (for a survey, see [33]). The Szegő quadrature formulas are
the counterpart (on the unit circle) to the Gaussian formulas. This is underscored
by the fact that these formulas are exact on sets of Laurent polynomials. Since
Laurent polynomials are rational functions with poles at the origin and at infinity,
it seems natural to next consider the more general case in which there are poles at
several other fixed points in the extended complex plane. This leads to orthogonal
(or, more precisely, para-orthogonal) rational functions with arbitrary, but fixed
poles. For a discussion of the rational Szegő quadrature formulas from a numerical
perspective, we refer the reader to [16] (see also [15] and [34]).

As explained in [8], para-orthogonal rational (complex-valued) functions can
be used to obtain quadrature formulas on the unit circle. This is achieved in much
the same way as in the classical polynomial case, covered in [37] by Jones, Nj̊astad,
and Thron (see also Geronimus [35, Theorem 20.1]). The present work includes
ideas which could lead to similar results for rational matrix functions. It should also
be mentioned that [10] offers an alternate approach to obtaining Szegő quadrature
formulas with rational (complex-valued) functions, using Hermite interpolation.
Furthermore, [7] (see also [13]) demonstrates how, based on the matricial repre-
sentation for orthogonal rational functions on the unit circle (recently established
in [45]), the nodes and weights for rational quadrature formulas can be obtained.
This method emphasizes the relationship between para-orthogonal rational func-
tions and eigenvalue problems for special matrices.

In [23, Theorem 31], a particular solution of Problem (R) was built from
given data. Using much the same idea, we construct the members of the family of
extremal solutions of Problem (R), studied in [30] and [31]. We focus, mainly, on
the nondegenerate case. In broad terms, this means that the given moment matrix
G for Problem (R) must meet an additional regularity condition. We will specify
this condition as part of the final two sections. Then it will become clear that the
set of particular solutions we later discussed and the family of solutions introduced
in [30] share many formal structural properties.

In [31] we verified, among other things, that the Riesz–Herglotz transform of
a member of the family of extremal solutions is a rational matrix function which
can be expressed in terms of orthogonal rational matrix functions. Here, too, there
is a connection to our present work. For the nondegenerate case, the solutions we
later discuss make up a family of solutions of Problem (R), where the elements of
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the associated family of Riesz–Herglotz transforms admit representations similar
to the ones mentioned above. These representations differ in that strictly contrac-
tive matrices appear as parameters in the representations of [31], whereas those
considered below have unitary matrices as parameters. That canonical solutions
of Problem (R) can be characterized in this way is one of our main results.

For the special case of complex-valued functions, the family of extremal so-
lutions studied in this paper consists of those elements which can be used to get
rational Szegő quadrature formulas. For this case, these elements correspond in a
certain way to molecular measures which are composed of a minimal number of
Dirac measures (cf. Remark 2.15). However, we will see that the matrix case is
somewhat more complicated. In particular, a canonical solution of Problem (R) in
general cannot be characterized by the property that it admits a representation
as a sum of Dirac measures with a minimal number of summands. The first main
result of the paper clarifies this and points out an overall characterization (see
Theorem 2.10). Furthermore, for the nondegenerate case, the associated weights
of the mass points of canonical solutions of Problem (R) are not given by the
values of related reproducing kernels (or of the Christoffel functions) in general,
whereas the opposite is the case for complex-valued functions (compare, e.g., The-
orem 4.3 and Remark 4.11). Nevertheless, we will present a connection between
these weights and values of related reproducing kernels (see (4.5) and (4.11)). This
is the most important result of this paper.

The basic approach, in the nondegenerate case, will rely heavily on the theory
of orthogonal rational matrix functions with respect to nonnegative Hermitian
matrix Borel measures on the unit circle. Part of the work here can thus be seen
as a generalization of our previous work in [29, Section 9], where the Szegő theory
of orthogonal matrix polynomials was used to describe extremal solutions of the
matricial Carathéodory problem. There, the corresponding extremal properties
within the solution set were related to the maximal weights assigned to points
of the unit circle (see also Arov [2] and Sakhnovich [44]). Our objective was not
only to obtain similar results (as in [29, Section 9] for the matricial Carathéodory
problem) for Problem (R), but also to gain additional insight into the structure of
particular solutions for maximal weights.

It seems, at this point, best to forgot a substantial discussion of the concrete
extremal properties of maximal weights within the solution set of Problem (R) to
allow for more detail elsewhere. We intend, however, to return to this topic at a
later time. (In the classical case for complex-valued functions, the corresponding
extremal problems can be dealt with via para-orthogonal rational functions.)

This paper is organized as follows. In anticipation of our main topic, we
present some facts on canonical nonnegative definite sequences of matrices in Sec-
tion 1. There, our main interest will be in characterizing what it means for a non-
negative definite sequence to be canonical (see Theorem 1.7 and Corollary 1.14).
Section 2 begins with a quick review of the notation we will be using which, to
a large extent, carries over from previous publications. Afterwards, we turn our
attention to the main theme of this paper, namely towards canonical solutions of
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Problem (R). Naturally, we begin by stating Problem (R) and then continue with
basic observations on the canonical solutions associated with this problem. We
will see that these solutions to Problem (R) are molecular matrix measures with
a very specific structure (see Theorem 2.10 and Remark 2.14). In particular, the
Fourier coefficient sequence for a canonical solution is always a canonical nonnega-
tive definite sequences of matrices. The spectral measure belonging to a canonical
nonnegative definite sequences of matrices is, conversely, a canonical solution of a
suitably chosen Problem (R). We have kept Sections 1 and 2 more general, but in
later sections, focus increasingly on the nondegenerate case. It is in this case that
the canonical solutions of Problem (R) can be parametrized by the set of unitary
matrices (of suitable size). In Section 3 we discuss two such parameterizations
(see Theorems 3.6 and 3.10). Finally, in Section 4, Theorem 3.6 will allow us to
further examine the structure of canonical solutions regarding Problem (R) in the
nondegenerate case (see Theorem 4.3).

1. On canonical nonnegative definite sequences of matrices and
corresponding matrix measures

First, we explain some general notation and terms which we use in this paper.

Let ℕ0 and ℕ be the set of all nonnegative integers and the set of all positive
integers, respectively. For each 𝑘 ∈ ℕ0 and each 𝜏 ∈ ℕ0 or 𝜏 = +∞, let ℕ𝑘,𝜏 be
the set of all integers 𝑛 for which 𝑘 ≤ 𝑛 ≤ 𝜏 holds. Furthermore, let 𝔻 and 𝕋
be the unit disk and the unit circle of the complex plane ℂ, respectively, i.e., let
𝔻 := {𝑤 ∈ ℂ : ∣𝑤∣ < 1} and 𝕋 := {𝑧 ∈ ℂ : ∣𝑧∣ = 1}. We will use the notation ℂ0

for the extended complex plane ℂ ∪ {∞}.
Throughout this paper, let 𝑝, 𝑞 ∈ ℕ. If 𝔛 is a nonempty set, then 𝔛𝑝×𝑞 stands

for the set of all 𝑝 × 𝑞 matrices each entry of which belongs to 𝔛. If A belongs
to ℂ𝑝×𝑞, then the null space (resp., the range) of a A will be denoted by 𝒩 (A)
(resp., ℛ(A)), the notation A∗ means the adjoint matrix of A, and A+ stands
for the Moore–Penrose inverse of A. For the null matrix which belongs to ℂ𝑝×𝑞

we will write 0𝑝×𝑞. The identity matrix which belongs to ℂ𝑞×𝑞 will be denoted
by I𝑞. If A ∈ ℂ𝑞×𝑞, then detA is the determinant of A and ReA (resp., ImA)
stands for the real (resp., imaginary) part of A, i.e., ReA := 1

2 (A +A∗) (resp.,
ImA := 1

2i (A − A∗)). We will write A ≥ B (resp., A > B) when A and B are
Hermitian matrices (in particular, square and of the same size) such thatA−B is a
nonnegative (resp., positive) Hermitian matrix. Recall that a complex 𝑝×𝑞 matrix
A is contractive (resp., strictly contractive) when I𝑞 ≥ A∗A (resp., I𝑞 > A∗A). IfA
is a nonnegative Hermitian matrix, then

√
A stands for the (unique) nonnegative

Hermitian matrix B given by B2 = A.

Now, we turn our attention to the main definition of this section. If 𝜏 ∈ ℕ0

and if (c𝑘)
𝜏
𝑘=0 is a sequence of complex 𝑞 × 𝑞 matrices, then (c𝑘)

𝜏
𝑘=0 is called
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nonnegative definite (resp., positive definite) when the block Toeplitz matrix

T𝜏 :=

⎛⎜⎜⎜⎝
c0 c∗1 . . . c∗𝜏
c1 c0

. . .
...

...
. . .

. . . c∗1
c𝜏 . . . c1 c0

⎞⎟⎟⎟⎠ (1.1)

is nonnegative (resp., positive) Hermitian. A sequence (c𝑘)
∞
𝑘=0 of complex 𝑞 × 𝑞

matrices is nonnegative definite (resp., positive definite) if, for all 𝜏 ∈ ℕ0, the
sequence (c𝑘)

𝜏
𝑘=0 is nonnegative definite (resp., positive definite).

Suppose that 𝜏 ∈ ℕ or 𝜏 = +∞ and let 𝑛 ∈ ℕ1,𝜏 . A nonnegative definite
sequence (c𝑘)

𝜏
𝑘=0 of complex 𝑞 × 𝑞 matrices is called canonical of order 𝑛 when

rankT𝑛 = rankT𝑛−1, (1.2)

where T𝑛 and T𝑛−1 are the block Toeplitz matrices given via (1.1). Note that the
size of T𝑛 is (𝑛+ 1)𝑞 × (𝑛+ 1)𝑞, whereas the size of T𝑛−1 is 𝑛𝑞 × 𝑛𝑞.

Example 1.1. Let 𝑟 ∈ ℕ and let 𝑧1, 𝑧2, . . . , 𝑧𝑟 ∈ 𝕋 be pairwise different. Further-
more, let (A𝑗)

𝑟
𝑗=1 be a sequence of nonnegative Hermitian 𝑞 × 𝑞 matrices and let

c𝑘 :=
𝑟∑
𝑠=1

𝑧−𝑘𝑠 A𝑠

for each 𝑘 ∈ ℕ0. By [29, Remarks 9.4 and 9.5] it is proven that the sequence
(c𝑘)

∞
𝑘=0 of complex 𝑞 × 𝑞 matrices is nonnegative definite and that

rankT𝑚 =

𝑟∑
𝑠=1

rankA𝑠

for each 𝑚 ∈ ℕ0 with 𝑚 ≥ 𝑟 − 1. In particular, for each 𝑛 ∈ ℕ with 𝑛 ≥ 𝑟, the
nonnegative definite sequence (c𝑘)

∞
𝑘=0 is canonical of order 𝑛.

Remark 1.2. Let (c𝑘)
𝜏
𝑘=0 be (with 𝜏 ∈ ℕ or 𝜏 = +∞) a nonnegative definite

sequence of complex 𝑞 × 𝑞 matrices and let 𝑛 ∈ ℕ1,𝜏 . By (1.1) and some well-
known results on nonnegative definite sequence (use, e.g., [18, Remark 3.4.3] along
with [18, Lemma 1.1.7]) one can see that the following statements are equivalent:

(i) The sequence (c𝑘)
𝜏
𝑘=0 is canonical of order 𝑛.

(ii) For each 𝑚 ∈ ℕ𝑛,𝜏 , the sequence (c𝑘)𝜏𝑘=0 is canonical of order 𝑚.
(iii) For each 𝑚 ∈ ℕ𝑛,𝜏 , the equality rankT𝑚 = rankT𝑛−1 holds.

The main result in this section will be a characterization of the property that
a nonnegative definite sequence (c𝑘)

𝜏
𝑘=0 is canonical of order 𝑛 in terms of c𝑛.

As an intermediate result we will first prove that any finite nonnegative definite
sequence can be extended to such a sequence which is canonical. In doing so, we
will use some formulas on the extension of nonnegative definite sequences stated
in [18, Section 3.4]. Furthermore, the following lemma will be useful in the proofs.

Lemma 1.3. Let K, L, and R be complex 𝑞 × 𝑞 matrices. Then:
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(a) The equality KK∗=LL+ (resp., K∗K=RR+) holds if and only if there is a
unitary 𝑞×𝑞 matrix U (resp., V) such that K=LL+U (resp., K=VRR+).

(b) Suppose that the identities KK∗ = LL+ and K∗K = RR+ hold and let W
be a unitary 𝑞 × 𝑞 matrix. Then the following statements are equivalent:
(i) K = LL+W.
(ii) K =WRR+.
Moreover, if (i) is satisfied, then K = LL+WRR+ and LL+ =WRR+W∗.
In particular, (i) implies K = KK∗K and K = LL+KRR+.

(c) If the equations K = LL+WRR+ and LL+ = WRR+W∗ are fulfilled for
some unitary 𝑞 × 𝑞 matrix W, then KK∗ = LL+ and K∗K = RR+ hold.

(d) The rank identity rankL = rankR holds if and only if there is a unitary 𝑞×𝑞
matrix W such that LL+ =WRR+W∗.

Proof. (a) Obviously, if there exists a unitary 𝑞×𝑞 matrixU such that the identity
K = LL+U holds, then we get

KK∗ = LL+UU∗(LL+)∗ = LL+LL+ = LL+.

Conversely, we suppose now that the equality KK∗ = LL+ is fulfilled. Then the
polar decomposition of complex matrices implies the existence of a unitary 𝑞 × 𝑞
matrix U such that K =

√
KK∗U holds, where (note [18, Theorem 1.1.1])
√
KK∗ =

√
LL+ = LL+.

Therefore, it follows that K = LL+U. Similarly, one can verify that K∗K = RR+

holds if and only if there is a unitary 𝑞 × 𝑞 matrix V such that K = VRR+.
(b) Let (i) be fulfilled. Therefore, we have

K∗ = W∗(LL+)∗ = W∗LL+.

Consequently, from K∗K = RR+ it follows that

RR+ = K∗K = W∗LL+LL+W = W∗LL+W,

i.e., that LL+ =WRR+W∗ holds. Furthermore, this along with (i) yields

WRR+ = WW∗LL+W = LL+W = K.

Hence, (i) leads to (ii). A similar argumentation shows that (ii) implies (i). Thus,
(i) is equivalent to (ii). Taking this into account, from (i) one can conclude as
an intermediate step that K = LL+K and K = KRR+. So, in view of (ii) and
KK∗ = LL+, one can finally see that

K = LL+K = LL+WRR+, K = LL+K = KK∗K,

and
K = LL+K = LL+KRR+.

(c) Suppose that K = LL+WRR+ and LL+ =WRR+W∗ are fulfilled for some
unitary 𝑞 × 𝑞 matrix W. Then we obtain

KK∗ = LL+WRR+(RR+)∗W∗(LL+)∗ = LL+WRR+W∗LL+ = LL+

and analogously K∗K = RR+.
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(d) The assertion of part (d) is an immediate consequence of the rank identities
rankL = rankLL+ and rankR = rankRR+ in combination with the fact that
LL+ and RR+ are nonnegative Hermitian 𝑞× 𝑞 matrices, where only 0 and 1 can
appear as eigenvalues. □

In the following, with some 𝑛 ∈ ℕ0, let (c𝑘)
𝑛
𝑘=0 be a sequence of complex

𝑞 × 𝑞 matrices which is nonnegative definite. Using (c𝑘)
𝑛
𝑘=0, then we set

L𝑛+1 :=

{
c0 if 𝑛 = 0

c0−Z𝑛T
+
𝑛−1Z

∗
𝑛 if 𝑛 ≥ 1 ,

R𝑛+1 :=

{
c0 if 𝑛 = 0

c0−Y∗
𝑛T

+
𝑛−1Y𝑛 if 𝑛 ≥ 1 ,

(1.3)

and

M𝑛+1 :=

{
0𝑞×𝑞 if 𝑛 = 0

Z𝑛T
+
𝑛−1Y𝑛 if 𝑛 ≥ 1 ,

(1.4)

where (if 𝑛 ≥ 1) the matrix T𝑛−1 is given via (1.1) with 𝜏 = 𝑛 − 1 and where

Y𝑛 :=

⎛⎜⎜⎝
c1
c2
...
c𝑛

⎞⎟⎟⎠ and Z𝑛 :=
(
c𝑛, c𝑛−1, . . . , c1

)
.

Since (c𝑘)
𝑛
𝑘=0 is nonnegative definite, in view of (1.3) and [18, Lemma 1.1.9] one

can see that L𝑛+1 ≥ 0𝑞×𝑞 and R𝑛+1 ≥ 0𝑞×𝑞. Furthermore, it is well known that
the extended sequence (c𝑘)

𝑛+1
𝑘=0 with some c𝑛+1 ∈ ℂ𝑞×𝑞 is also nonnegative definite

if and only if there is a contractive 𝑞 × 𝑞 matrix K such that the representation
c𝑛+1 =M𝑛+1 +

√
L𝑛+1K

√
R𝑛+1 is satisfied (see, e.g., [18, Theorem 3.4.1]).

Later on (like in [18]), we use the notation 𝔎(M;A,B) with certain complex
𝑞 × 𝑞 matrices M, A, and B for the set of all complex 𝑞 × 𝑞 matrices X fulfilling
X =M+AKB with some contractive 𝑞×𝑞 matrixK. In other words, 𝔎(M;A,B)
is the matrix ball with center M, left semi-radius A, and right semi-radius B.
Furthermore (taking the elementary case 𝑞 = 1 into account), we call the set of
all complex 𝑞 × 𝑞 matrices Y fulfilling the equality Y = M + AUB with some
unitary 𝑞 × 𝑞 matrix U the boundary of the matrix ball 𝔎(M;A,B).

Remark 1.4. Let 𝑛 ∈ ℕ and suppose that (c𝑘)
𝑛
𝑘=0 is a sequence of complex 𝑞 × 𝑞

matrices which is nonnegative definite. Furthermore, let L𝑛+1 and R𝑛+1 be the
complex 𝑞 × 𝑞 matrices defined as in (1.3). Based on [18, Lemmas 1.1.7 and 1.1.9]
one can see that the following statements are equivalent:

(i) The nonnegative definite sequence (c𝑘)
𝑛
𝑘=0 is canonical of order 𝑛.

(ii) L𝑛+1 = 0𝑞×𝑞.
(iii) R𝑛+1 = 0𝑞×𝑞.

The following result implies that each finite nonnegative definite sequence of
matrices admits a canonical extension.
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Proposition 1.5. Let 𝑛 ∈ ℕ0 and let (c𝑘)
𝑛
𝑘=0 be a sequence of complex 𝑞×𝑞 matrices

which is nonnegative definite. Let L𝑛+1 and R𝑛+1 be given by (1.3). Then:

(a) There is a unitary 𝑞 × 𝑞 matrix W𝑛+1 such that

L𝑛+1L
+
𝑛+1 =W𝑛+1R𝑛+1R

+
𝑛+1W

∗
𝑛+1. (1.5)

(b) Let M𝑛+1 be defined as in (1.4) and let W𝑛+1 be a unitary 𝑞× 𝑞 matrix such
that (1.5) holds. Then, by setting

c𝑛+1 :=M𝑛+1 +
√
L𝑛+1W𝑛+1

√
R𝑛+1, (1.6)

(c𝑘)
𝑛+1
𝑘=0 is a nonnegative definite sequence which is canonical of order 𝑛+1.

(c) Suppose that c𝑛+1 ∈ ℂ𝑞×𝑞 such that (c𝑘)𝑛+1
𝑘=0 forms a nonnegative definite

sequence which is canonical of order 𝑛+1. Furthermore, let M𝑛+2 be defined
as in (1.4) with (c𝑘)

𝑛+1
𝑘=0 instead of (c𝑘)

𝑛
𝑘=0. For a given c𝑛+2 ∈ ℂ𝑞×𝑞, then

(c𝑘)
𝑛+2
𝑘=0 is a nonnegative definite sequence if and only if c𝑛+2 =M𝑛+2.

Proof. (a) Since (c𝑘)
𝑛
𝑘=0 is nonnegative definite, the matrix T𝑛 defined as in (1.1)

with 𝜏 = 𝑛 is nonnegative Hermitian. Consequently, in view of (1.1) and [18,
Lemmas 1.1.7 and 1.1.9] one can see that the identity

rankL𝑛+1 = rankR𝑛+1

holds. Thus, by using part (d) of Lemma 1.3 one can realize that there is a unitary
𝑞 × 𝑞 matrix W𝑛+1 fulfilling (1.5).
(b) Let c𝑛+1 be defined as in (1.6) and let

K𝑛+1 := L𝑛+1L
+
𝑛+1W𝑛+1R𝑛+1R

+
𝑛+1.

Recalling thatW𝑛+1 is a unitary 𝑞× 𝑞 matrix, from (1.6) and [18, Theorem 3.4.1]
it follows that the extended sequence (c𝑘)

𝑛+1
𝑘=0 is nonnegative definite as well, where

c𝑛+1 = M𝑛+1 +
√
L𝑛+1W𝑛+1

√
R𝑛+1

= M𝑛+1 +
√
L𝑛+1L𝑛+1L

+
𝑛+1W𝑛+1R𝑛+1R

+
𝑛+1

√
R𝑛+1 (1.7)

= M𝑛+1 +
√
L𝑛+1K𝑛+1

√
R𝑛+1

(note [18, Lemma 1.1.6]). Furthermore, because of part (c) of Lemma 1.3 we get
K𝑛+1K

∗
𝑛+1 = L𝑛+1L

+
𝑛+1 (and K∗

𝑛+1K𝑛+1 = R𝑛+1R
+
𝑛+1). Hence (note that the

matrix T𝑛+1 defined as in (1.1) with 𝜏 = 𝑛 + 1 is nonnegative Hermitian since
the sequence (c𝑘)

𝑛+1
𝑘=0 is nonnegative definite), by (1.7) and (1.1) one can conclude

(use, e.g., [18, Remark 3.4.3]) that the complex 𝑞 × 𝑞 matrices L𝑛+2 defined via
(1.3) is equal to 0𝑞×𝑞. Admittedly, from Remark 1.4 it follows that the nonnegative

definite sequence (c𝑘)
𝑛+1
𝑘=0 is canonical of order 𝑛.

(c) Taking into account that T𝑛+1 ≥ 0𝑞×𝑞 and that L𝑛+2 = 0𝑞×𝑞 (see Remark 1.4),
the assertion of part (c) is an immediate consequence of [18, Theorem 3.4.1]. □

Corollary 1.6. Let 𝜏 ∈ ℕ or 𝜏 = +∞ and let 𝑛 ∈ ℕ1,𝜏 . Suppose that (c𝑘)
𝜏
𝑘=0 is

a sequence of complex 𝑞 × 𝑞 matrices such that (c𝑘)
𝑛
𝑘=0 is a nonnegative definite

sequence which is canonical of order 𝑛. Furthermore, for each 𝑚 ∈ ℕ𝑛,𝜏 ∖ {𝜏},
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let M𝑚+1 be the complex 𝑞 × 𝑞 matrix defined as in (1.4) with (c𝑘)
𝑚
𝑘=0 instead of

(c𝑘)
𝑛
𝑘=0. Then the following statements are equivalent:

(i) (c𝑘)
𝜏
𝑘=0 is a nonnegative definite sequence which is canonical of order 𝑛.

(ii) (c𝑘)
𝜏
𝑘=0 is a nonnegative definite sequence.

(iii) c𝑘 =M𝑘 for each 𝑘 ∈ ℕ𝑛+1,𝜏 .

Proof. Use part (c) of Proposition 1.5 along with Remark 1.2. □
Theorem 1.7. Let 𝜏 ∈ ℕ or 𝜏 = +∞ and let 𝑛 ∈ ℕ1,𝜏 . Suppose that (c𝑘)

𝜏
𝑘=0 is a

sequence of complex 𝑞× 𝑞 matrices which is nonnegative definite. Furthermore, let

K𝑛 :=
√
L𝑛

+
(c𝑛 − M𝑛)

√
R𝑛

+
, where L𝑛 and R𝑛 are given by (1.3) and where

M𝑛 is given by (1.4) using (c𝑘)
𝑛−1
𝑘=0 . Then the following statements are equivalent:

(i) The nonnegative definite sequence (c𝑘)
𝜏
𝑘=0 is canonical of order 𝑛.

(ii) K𝑛K
∗
𝑛 = L𝑛L

+
𝑛 .

(iii) K∗
𝑛K𝑛 = R𝑛R

+
𝑛 .

(iv) There is a unitary 𝑞 × 𝑞 matrix W such that K𝑛 = L𝑛L
+
𝑛WR𝑛R

+
𝑛 and

L𝑛L
+
𝑛 =WR𝑛R

+
𝑛W

∗ hold.
(v) There is a unitary 𝑞 × 𝑞 matrix W such that c𝑛 = M𝑛 +

√
L𝑛W

√
R𝑛 and

L𝑛L
+
𝑛 =WR𝑛R

+
𝑛W

∗ hold.
Moreover, if (i) is satisfied, then K𝑛K

∗
𝑛K𝑛 = K𝑛 holds and c𝑘 = M𝑘 for each

𝑘 ∈ ℕ𝑛+1,𝜏 , where M𝑘 is defined via (1.4) using (c𝑘)
𝑘−1
𝑘=0.

Proof. Obviously, the assumptions ensure that the sequences (c𝑘)
𝑛
𝑘=0 and (c𝑘)

𝑛−1
𝑘=0

are nonnegative definite. Let L𝑛+1 and R𝑛+1 be the complex 𝑞 × 𝑞 matrices de-
fined as in (1.3). Suppose that (i) is fulfilled. In particular, the nonnegative definite
sequence (c𝑘)

𝑛
𝑘=0 is canonical of order 𝑛. Consequently, from Remark 1.4 we get

L𝑛+1 = 0𝑞×𝑞. Thus, because of the choice of K𝑛 and [18, Lemma 1.1.6 and Re-
mark 3.4.3] it follows that

0𝑞×𝑞 =
√
L𝑛

+
L𝑛+1

√
L𝑛

+

=
√
L𝑛

+√
L𝑛(I𝑞 −K𝑛K

∗
𝑛)
√
L𝑛
√
L𝑛

+

= L𝑛L
+
𝑛 −K𝑛K

∗
𝑛,

i.e., that K𝑛K
∗
𝑛 = L𝑛L

+
𝑛 holds. Hence, (i) yields (ii). Since Remark 1.4 shows

that the equation L𝑛+1 = 0𝑞×𝑞 holds if and only if R𝑛+1 = 0𝑞×𝑞, by using [18,
Lemma 1.1.6 and Remark 3.4.3] one can also conclude that (ii) is equivalent to
(iii). Therefore, from parts (a) and (b) of Lemma 1.3 one can realize that (ii)
implies (iv) and that the identity K𝑛K

∗
𝑛K𝑛 = K𝑛 is satisfied. Now, we suppose

that (iv) is satisfied. Recalling the choice of the complex 𝑞 × 𝑞 matrix K𝑛 and
that (c𝑘)

𝑛
𝑘=0 is a nonnegative definite sequence, based on [18, Theorem 3.4.1] in

combination with the first identity in (iv) we get

c𝑛 = M𝑛 +
√
L𝑛K𝑛

√
R𝑛

= M𝑛 +
√
L𝑛L𝑛L

+
𝑛WR𝑛R

+
𝑛

√
R𝑛

= M𝑛 +
√
L𝑛W

√
R𝑛.
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Thus, (iv) results in (v). Taking into account that (c𝑘)
𝑛−1
𝑘=0 is a nonnegative defi-

nite sequence, applying Proposition 1.5 one can see that (v) implies (i). Finally,
Corollary 1.6 yields c𝑘 =M𝑘 for each 𝑘 ∈ ℕ𝑛+1,𝜏 . □

In particular, Theorem 1.7 (resp., Corollary 1.6) shows that, if (c𝑘)
𝜏
𝑘=0 is

a nonnegative definite sequence of matrices which is canonical of order 𝑛 with
𝜏 ∈ ℕ or 𝜏 = +∞ and 𝑛 ∈ ℕ1,𝜏 , then the elements with a greater index than 𝑛
are uniquely determined by (c𝑘)

𝑛
𝑘=0. It is therefore enough to study nonnegative

definite sequences (c𝑘)
𝑛
𝑘=0 which are canonical of order 𝑛 with 𝑛 ∈ ℕ.

Corollary 1.8. Let 𝑛 ∈ ℕ and c𝑛 ∈ ℂ𝑞×𝑞. Suppose that (c𝑘)𝑛−1
𝑘=0 is a positive definite

sequence of complex 𝑞× 𝑞 matrices. Furthermore, let L𝑛, R𝑛, and M𝑛 be given by
(1.3) and (1.4) using (c𝑘)

𝑛−1
𝑘=0 . Then the following statements are equivalent:

(i) (c𝑘)
𝑛
𝑘=0 is a nonnegative definite sequence which is canonical of order 𝑛.

(ii) K :=
√
L𝑛

+
(c𝑛−M𝑛)

√
R𝑛

+
is a unitary 𝑞× 𝑞 matrix such that the equality

c𝑛 =M𝑛 +
√
L𝑛K

√
R𝑛 holds.

(iii) There is a unitary 𝑞 × 𝑞 matrix U such that c𝑛 =M𝑛 +
√
L𝑛U

√
R𝑛.

Moreover, if (i) is satisfied, then the matrices
√
L𝑛 and

√
R𝑛 are nonsingular and

there exists a unique matrix K ∈ ℂ𝑞×𝑞 such that c𝑛 =M𝑛 +
√
L𝑛K

√
R𝑛 holds,

namely K=
√
L𝑛

−1
(c𝑛 −M𝑛)

√
R𝑛

−1
.

Proof. Since (c𝑘)
𝑛−1
𝑘=0 is a positive definite sequence, the block Toeplitz matrix

defined as in (1.1) with 𝜏 = 𝑛 − 1 is positive Hermitian. Thus, the matrices
L𝑛 and R𝑛 are positive Hermitian 𝑞 × 𝑞 matrices (see, e.g., [18, Remark 3.4.1]).
Consequently, the assertion is an immediate consequence of Theorem 1.7. □

Remark 1.9. Let 𝑛 ∈ ℕ and let (c𝑘)
𝑛−1
𝑘=0 be a positive definite sequence of complex

𝑞 × 𝑞 matrices. Because of Corollary 1.8 it follows that there is a bijective corres-
pondence between the set ℭ[(c𝑘)

𝑛−1
𝑘=0 ] of all c𝑛 ∈ ℂ𝑞×𝑞 such that (c𝑘)

𝑛
𝑘=0 is a

nonnegative definite sequence which is canonical of order 𝑛 and the set of all
unitary 𝑞 × 𝑞 matrices. In particular, Corollary 1.8 implies that the set ℭ[(c𝑘)

𝑛−1
𝑘=0 ]

is the boundary of the matrix ball 𝔎(M𝑛;
√
L𝑛,

√
R𝑛).

In view of Theorem 1.7 we consider a simple example (with 𝜏 = 𝑛 = 1 and
𝑞 = 2) which shows that the identity K𝑛K

∗
𝑛K𝑛 = K𝑛 does not in general imply

that a nonnegative definite sequence (c𝑘)
𝜏
𝑘=0 is canonical of order 𝑛.

Example 1.10. Let

c0 :=

(
1 0
0 1

)
and c1 :=

(
1 0
0 0

)
.

It is not hard to check that (c𝑘)
1
𝑘=0 is a nonnegative definite sequence such that

K1 = c1 holds, where K1 is defined as in Theorem 1.7 (with 𝜏 = 𝑛 = 1). In
particular, the identityK1K

∗
1K1 = K1 is fulfilled, but rankT1 = 3 ∕= 2 = rankT0.

The following example points out that Remark 1.9 is a consequence of the
fact that the underlying sequence is positive definite.
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Example 1.11. Let

c0 :=

(
1 0
0 0

)
, c1 :=

(
0 0
0 0

)
, and W :=

(
0 1
1 0

)
.

By a straightforward calculation one can see that (c𝑘)
1
𝑘=0 is a nonnegative definite

sequence and W is a unitary matrix such that the identity

c1 =M1 +
√
L1W

√
R1

holds, where the matrices M1, L1, and R1 are given by (1.3) and (1.4), but
rankT1 = 2 ∕= 1 = rankT0. In particular, the set ℭ[(c𝑘)

0
𝑘=0] does not coincide

with the boundary of the matrix ball 𝔎(M1;
√
L1,

√
R1).

We will use ℳ𝑞
≥(𝕋,𝔅𝕋) to denote the set of all nonnegative Hermitian 𝑞 × 𝑞

measures defined on the 𝜎-algebra 𝔅𝕋 of all Borel subsets of the unit circle 𝕋.
Furthermore, given a matrix measure 𝐹 ∈ ℳ𝑞

≥(𝕋,𝔅𝕋), we set

c
(𝐹 )
ℓ :=

∫
𝕋

𝑧−ℓ𝐹 (d𝑧) (1.8)

for an integer ℓ. For each 𝑛 ∈ ℕ0, let

T(𝐹 )
𝑛 :=

(
c
(𝐹 )
𝑗−𝑘
)𝑛
𝑗,𝑘=0

. (1.9)

In Sections 3 and 4, particular attention will be paid to the situation that
some nondegeneracy condition holds. In doing so, an 𝐹 ∈ ℳ𝑞

≥(𝕋,𝔅𝕋) is called

nondegenerate of order 𝑛 if the matrix T
(𝐹 )
𝑛 is nonsingular. We write ℳ𝑞,𝑛

≥ (𝕋,𝔅𝕋)

for the set of all 𝐹 ∈ ℳ𝑞
≥(𝕋,𝔅𝕋) which are nondegenerate of order 𝑛.

As is well known, via (1.8), there is a close relationship between nonnegative
definite sequences of 𝑞 × 𝑞 matrices and measures belonging to ℳ𝑞

≥(𝕋,𝔅𝕋) (see,

e.g., [18, Theorems 2.2.1 and 3.4.2]). We will give next some information on the
measures which are associated with canonical nonnegative definite sequences.

In what follows, the notation 𝜀𝑧 with some 𝑧 ∈ 𝕋 stands for the Dirac measure
defined on𝔅𝕋 with unit mass located at 𝑧. We shall show that an 𝐹 ∈ ℳ𝑞

≥(𝕋,𝔅𝕋)
which is associated with a canonical nonnegative definite sequence of 𝑞×𝑞 matrices
admits the representation

𝐹 =
𝑟∑
𝑠=1

𝜀𝑧𝑠A𝑠 (1.10)

for some 𝑟 ∈ ℕ, pairwise different points 𝑧1, 𝑧2, . . . , 𝑧𝑟 ∈ 𝕋, and a sequence (A𝑠)𝑟𝑠=1

of nonnegative Hermitian 𝑞 × 𝑞 matrices.
Recall that a function Ω : 𝔻 → ℂ𝑞×𝑞 which is holomorphic in 𝔻 and satisfies

the condition ReΩ(𝑤) ≥ 0𝑞×𝑞 for each 𝑤 ∈ 𝔻 is a 𝑞 × 𝑞 Carathéodory function (in
𝔻). In particular, if 𝐹 ∈ ℳ𝑞

≥(𝕋,𝔅𝕋), then Ω : 𝔻 → ℂ𝑞×𝑞 defined by

Ω(𝑤) :=

∫
𝕋

𝑧 + 𝑤

𝑧 − 𝑤
𝐹 (d𝑧)

is a 𝑞 × 𝑞 Carathéodory function (see, e.g., [18, Theorem 2.2.2]). We will call this
matrix-valued function Ω the Riesz–Herglotz transform of (the Borel measure) 𝐹 .
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The following result shows that each nonnegative definite sequence which is
canonical of some order has the form considered in Example 1.1.

Proposition 1.12. Let 𝑛 ∈ ℕ and let (c𝑘)
𝑛
𝑘=0 be a sequence of complex 𝑞×𝑞 matrices.

Then the following statements are equivalent:

(i) (c𝑘)
𝑛
𝑘=0 is a nonnegative definite sequence which is canonical of order 𝑛.

(ii) There is a unique 𝐹∈ ℳ𝑞
≥(𝕋,𝔅𝕋) such that c𝑘= c

(𝐹 )
𝑘 holds for 𝑘∈ℕ0,𝑛.

If (i) is satisfied, then the matrix measure 𝐹 in (ii) admits (1.10) with some 𝑟 ∈ ℕ,
pairwise different points 𝑧1, 𝑧2, . . . , 𝑧𝑟 ∈ 𝕋, and a sequence (A𝑠)𝑟𝑠=1 of nonnegative
Hermitian 𝑞 × 𝑞 matrices. In particular, if (i) holds, then

c𝑘 =
∑𝑟

𝑠=1
𝑧−𝑘𝑠 A𝑠, 𝑘 ∈ ℕ0,𝑛.

Proof. Let (i) be fulfilled. In particular, the sequence (c𝑘)
𝑛
𝑘=0 of complex 𝑞 × 𝑞

matrices is nonnegative definite. Thus, [18, Theorem 3.4.2] implies that there exists
a measure 𝐹 ∈ ℳ𝑞

≥(𝕋,𝔅𝕋) such that

c𝑘 = c
(𝐹 )
𝑘 , 𝑘 ∈ ℕ0,𝑛, (1.11)

holds. Using Theorem 1.7 along with the fact that a measure 𝐻 ∈ ℳ𝑞
≥(𝕋,𝔅𝕋) is

uniquely determined by its sequence (c
(𝐻)
𝑘 )∞𝑘=0 of moments (cf. [18, Theorem 2.2.1])

one can see that the measure 𝐹 is uniquely determined by (1.11). Consequently,
(i) implies (ii). We suppose now that (ii) holds. From [18, Theorem 2.2.1] in com-
bination with (1.11) it follows that the sequence (c𝑘)

𝑛
𝑘=0 of complex 𝑞× 𝑞 matrices

is nonnegative definite. Furthermore, because of [18, Theorems 3.4.1 and 3.4.2]
(note also [18, Remark 3.4.3]) one can conclude that (ii) yields

L𝑛+1 = 0𝑞×𝑞,

where L𝑛+1 is the matrix defined via (1.3). Hence, Remark 1.4 shows that the
nonnegative definite sequence (c𝑘)

𝑛
𝑘=0 is canonical of order 𝑛, i.e., that (i) holds.

It remains to be shown that, if (i) is satisfied, then the measure 𝐹 in (ii) admits
(1.10) with some 𝑟 ∈ ℕ, pairwise different points 𝑧1, 𝑧2, . . . , 𝑧𝑟 ∈ 𝕋, and a sequence
(A𝑠)

𝑟
𝑠=1 of nonnegative Hermitian 𝑞 × 𝑞 matrices. Since (i) implies (ii), in view of

the matricial version of the Riesz–Herglotz Theorem (see, e.g., [18, Theorem 2.2.2])
along with [28, Theorem 6.7] one can conclude that the Riesz–Herglotz transform
Ω of 𝐹 admits the representation

Ω(𝑤) =
∑𝑟

𝑠=1

𝑧𝑠 + 𝑤

𝑧𝑠 − 𝑤
A𝑠, 𝑤 ∈ 𝔻,

for some 𝑟 ∈ ℕ, pairwise different points 𝑧1, 𝑧2, . . . , 𝑧𝑟 ∈ 𝕋, and a sequence (A𝑠)𝑟𝑠=1

of nonnegative Hermitian 𝑞 × 𝑞 matrices. But (note again [18, Theorem 2.2.2]),
this leads to the asserted representation of 𝐹 . In particular, in view of (1.8) we get

c𝑘 = c
(𝐹 )
𝑘 =

∑𝑟

𝑠=1
𝑧−𝑘𝑠 A𝑠 (1.12)

for each 𝑘 ∈ ℕ0,𝑛. □
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Following the notation in [24, Section 6], Proposition 1.12 shows that a mea-
sure which is associated with a canonical nonnegative definite sequence of 𝑞 × 𝑞
matrices is a (special) molecular measure in ℳ𝑞

≥(𝕋,𝔅𝕋).

Let 𝐹 ∈ ℳ𝑞
≥(𝕋,𝔅𝕋). If 𝑟 ∈ ℕ and if there is a subset Δ of 𝑟 elements of 𝕋

such that 𝐹 (𝕋 ∖Δ) = 0𝑞×𝑞 holds, then 𝐹 is called molecular of order at most 𝑟.
We call 𝐹 molecular when 𝐹 is molecular of order at most 𝑟 for some 𝑟 ∈ ℕ. Also
(as a convention), 𝐹 is molecular of order at most 0 means that 𝐹 (𝐵) = 0𝑞×𝑞 for
each 𝐵 ∈ 𝔅𝕋 (i.e., that 𝐹 is the zero measure 𝔬𝑞 in ℳ𝑞

≥(𝕋,𝔅𝕋)).

Corollary 1.14. Suppose that (c𝑘)
∞
𝑘=0 is a sequence of complex 𝑞×𝑞 matrices. Then

the following statements are equivalent:

(i) There is an 𝑛 ∈ ℕ such that (c𝑘)
∞
𝑘=0 is a nonnegative definite sequence which

is canonical of order 𝑛.
(ii) There exists a measure 𝐹 ∈ ℳ𝑞

≥(𝕋,𝔅𝕋) which is molecular such that the

identity c𝑘= c
(𝐹 )
𝑘 is satisfied for each 𝑘 ∈ ℕ0.

(iii) There are some 𝑟 ∈ ℕ, pairwise different points 𝑧1, 𝑧2, . . . , 𝑧𝑟 ∈ 𝕋, and a
sequence (A𝑗)

𝑟
𝑗=1 of nonnegative Hermitian 𝑞 × 𝑞 matrices such that

c𝑘 =

𝑟∑
𝑠=1

𝑧−𝑘𝑠 A𝑠, 𝑘 ∈ ℕ0.

Proof. The measure 𝐹 ∈ ℳ𝑞
≥(𝕋,𝔅𝕋) is molecular means that there exist some

𝑟 ∈ ℕ and a subset Δ of 𝑟 elements of 𝕋 such that 𝐹 (𝕋 ∖ Δ) = 0𝑞×𝑞 holds.
Therefore, the measure 𝐹 ∈ ℳ𝑞

≥(𝕋,𝔅𝕋) is molecular if and only if there are

some 𝑟 ∈ ℕ, pairwise different points 𝑧1, 𝑧2, . . . , 𝑧𝑟 ∈ 𝕋, and a sequence (A𝑗)𝑟𝑗=1 of
nonnegative Hermitian 𝑞×𝑞 matrices such that 𝐹 admits (1.10). Thus, recalling [18,
Theorem 2.2.1] and Corollary 1.6, from Proposition 1.12 one can see that (i) implies
(ii). We suppose now that (ii) is fulfilled. Since the measure 𝐹 ∈ ℳ𝑞

≥(𝕋,𝔅𝕋) is
molecular, there are some 𝑟 ∈ ℕ, pairwise different points 𝑧1, 𝑧2, . . . , 𝑧𝑟 ∈ 𝕋, and
a sequence (A𝑗)

𝑟
𝑗=1 of nonnegative Hermitian 𝑞 × 𝑞 matrices such that 𝐹 admits

(1.10). Consequently, in view of (ii) and (1.8) we get (1.12) for each 𝑘 ∈ ℕ0. Hence,
(ii) yields (iii). Finally, because of Example 1.1 one can see that (iii) results in
(i). □

Note that there is a relationship between the integers 𝑛 and 𝑟 occurring in
Corollary 1.14, but the number 𝑛 does not coincide with 𝑟 in general (cf. [29,
Example 9.11]). However, in the scalar case 𝑞 = 1, one can always choose 𝑛 = 𝑟.
This fact will be emphasized by the following remark.

Remark 1.15. Let 𝑛 ∈ ℕ and suppose that (𝑐𝑘)
∞
𝑘=0 is a sequence of complex

numbers. Because of Corollary 1.14 and [24, Proposition 6.4 and Corollary 6.12]
one can conclude that the following statements are equivalent:

(i) (𝑐𝑘)
∞
𝑘=0 is a nonnegative definite sequence which is canonical of order 𝑛.

(ii) There exists a measure 𝐹 ∈ ℳ1
≥(𝕋,𝔅𝕋) which is molecular of order at most

𝑛 such that 𝑐𝑘 = c
(𝐹 )
𝑘 holds for each 𝑘 ∈ ℕ0.
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(iii) There are pairwise different points 𝑧1, 𝑧2, . . . , 𝑧𝑛 ∈ 𝕋 and a sequence (𝑎𝑗)
𝑛
𝑗=1

of nonnegative real numbers such that

𝑐𝑘 =

𝑛∑
𝑠=1

𝑎𝑠𝑧
−𝑘
𝑠 , 𝑘 ∈ ℕ0.

Moreover (see again [24, Corollary 6.12]), if (i) holds and if T𝑛 is the matrix
given via (1.1), then rankT𝑛 is the smallest nonnegative integer 𝑚 such that the
nonnegative definite sequence (𝑐𝑘)

∞
𝑘=0 is canonical of order 𝑚.

The next sections will offer us further insight into the structure of the mole-
cular matrix measures which are associated with canonical nonnegative definite
sequences (cf. Corollaries 2.12 and 4.10). Roughly speaking, we will see that these
measures can be characterized by a special structure involving the corresponding
weights. In particular, the relationship between the integers 𝑛 and 𝑟 occurring in
Corollary 1.14 will become more clear.

2. On canonical solutions of Problem (R), the general case

Let 𝜏 ∈ ℕ or 𝜏 = +∞. Let (𝛼𝑗)
𝜏
𝑗=1 be a sequence of numbers belonging to ℂ ∖ 𝕋

and let 𝑛 ∈ ℕ0,𝜏 . If 𝑛 = 0, then let 𝜋𝛼,0 be the constant function on ℂ0 with value
1 and let ℛ𝛼,0 denote the set of all constant complex-valued functions defined on
ℂ0. Let ℙ𝛼,0 := ∅ and ℤ𝛼,0 := ∅. If 𝑛 ∈ ℕ, then let 𝜋𝛼,𝑛 : ℂ → ℂ be given by

𝜋𝛼,𝑛(𝑢) :=

𝑛∏
𝑗=1

(1− 𝛼𝑗𝑢)

and letℛ𝛼,𝑛 denote the set of all rational functions 𝑓 which admit a representation
𝑓 =

𝑝𝑛
𝜋𝛼,𝑛

with some polynomial 𝑝𝑛 : ℂ → ℂ of degree not greater than 𝑛. Furthermore
(using the convention 1

0
:= ∞), let

ℙ𝛼,𝑛 :=
𝑛∪
𝑗=1

{
1

𝛼𝑗

}
and ℤ𝛼,𝑛 :=

𝑛∪
𝑗=1

{𝛼𝑗} .

Let 𝐹 ∈ ℳ𝑞
≥(𝕋,𝔅𝕋). Similar to [23]–[25], the right (resp., left) ℂ𝑞×𝑞-module

ℛ𝑞×𝑞𝛼,𝑛 will have a matrix-valued inner product by(
𝑋,𝑌
)
𝐹,𝑟

:=

∫
𝕋

(
𝑋(𝑧)
)∗

𝐹 (d𝑧)𝑌 (𝑧)(
resp.,

(
𝑋,𝑌
)
𝐹,𝑙

:=

∫
𝕋

𝑋(𝑧)𝐹 (d𝑧)
(
𝑌 (𝑧)
)∗ )

for all 𝑋,𝑌 ∈ ℛ𝑞×𝑞𝛼,𝑛 . (For details on integration theory for nonnegative Hermiti-
an 𝑞 × 𝑞 measures, we refer to Kats [38] and Rosenberg [41]–[43].) Moreover, if
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(𝑋𝑘)
𝑛
𝑘=0 is a sequence of matrix functions belonging to ℛ𝑞×𝑞𝛼,𝑛 , then with (𝑋𝑘)

𝑛
𝑘=0

we associate the nonnegative Hermitian matrix

G
(𝐹 )
𝑋,𝑛 :=

(∫
𝕋

(
𝑋𝑗(𝑧)

)∗
𝐹 (d𝑧)𝑋𝑘(𝑧)

)𝑛
𝑗,𝑘=0(

resp., H
(𝐹 )
𝑋,𝑛 :=

(∫
𝕋

𝑋𝑗(𝑧)𝐹 (d𝑧)
(
𝑋𝑘(𝑧)

)∗)𝑛
𝑗,𝑘=0

)
.

We now consider the following moment problem for rational matrix-valued
functions, called Problem (R).

Problem (R): Let 𝑛 ∈ ℕ and 𝛼1, 𝛼2, . . . , 𝛼𝑛 ∈ ℂ ∖ 𝕋. Let G ∈ ℂ(𝑛+1)𝑞×(𝑛+1)𝑞 and
suppose that 𝑋0, 𝑋1, . . . , 𝑋𝑛 is a basis of the right ℂ𝑞×𝑞-module ℛ𝑞×𝑞𝛼,𝑛 . Describe the

set ℳ[(𝛼𝑗)
𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0] of all measures 𝐹 ∈ ℳ𝑞

≥(𝕋,𝔅𝕋) such that G
(𝐹 )
𝑋,𝑛 =G.

If 𝛼𝑗 = 0 for each 𝑗 ∈ ℕ1,𝑛, then ℛ𝑞×𝑞𝛼,𝑛 is the set of all complex 𝑞 × 𝑞 matrix
polynomials of degree not greater than 𝑛. Thus, Problem (R) leads to the truncated
trigonometric matrix moment problem, choosing 𝑋𝑘 as the complex 𝑞 × 𝑞 matrix
polynomial 𝐸𝑘,𝑞 given by

𝐸𝑘,𝑞(𝑢) := 𝑢𝑘I𝑞, 𝑢 ∈ ℂ, (2.1)

for each 𝑘 ∈ ℕ0,𝑛 (cf. [23, Section 2]). In this case (see also (1.8) and (1.9)), we
write ℳ[T

(𝐹 )
𝑛 ] instead of ℳ[(𝛼𝑗)

𝑛
𝑗=1,T

(𝐹 )
𝑛 ; (𝐸𝑘,𝑞)

𝑛
𝑘=0].

In what follows, unless otherwise indicated, let 𝛼1, 𝛼2, . . . , 𝛼𝑛 ∈ ℂ ∖ 𝕋 with
some 𝑛 ∈ ℕ. Furthermore, in view of Problem (R), let G ∈ ℂ(𝑛+1)𝑞×(𝑛+1)𝑞 and
suppose that 𝑋0, 𝑋1, . . . , 𝑋𝑛 is a basis of the right ℂ𝑞×𝑞-module ℛ𝑞×𝑞𝛼,𝑛 .

Similar to the notation of the previous section (cf. (1.2)), we will call a mea-
sure 𝐹 which belongs to ℳ[(𝛼𝑗)

𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0] a canonical solution when

rankT
(𝐹 )
𝑛+1 = rankG. (2.2)

We point out that (see (1.8) and (1.9)) the size of the block Toeplitz matrix
T

(𝐹 )
𝑛+1 in (2.2) is (𝑛+ 2)𝑞 × (𝑛+ 2)𝑞, whereas the size of G is (𝑛+ 1)𝑞 × (𝑛+ 1)𝑞.

We next consider how this definition applies to the solution set of Problem (R)
and to nonnegative definite sequences.

Remark 2.1. Let 𝐹 ∈ ℳ𝑞
≥(𝕋,𝔅𝕋). Recalling [18, Theorems 2.2.1] and the special

choice of ℳ[T
(𝐹 )
𝑛 ] (see also (1.1) and (1.9) along with (1.8)), a comparison of (2.2)

with (1.2) shows immediately that the following statements are equivalent:

(i) 𝐹 is a canonical solution in ℳ[T
(𝐹 )
𝑛 ].

(ii) (c
(𝐹 )
𝑘 )∞𝑘=0 is a nonnegative definite sequence which is canonical of order 𝑛+1.

(iii) (c
(𝐹 )
𝑘 )𝑛+1

𝑘=0 is a nonnegative definite sequence which is canonical of order 𝑛+1.

It turns out that the notion canonical solution is independent of the concrete
way of looking at a problem. This will be clarified by the following.
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Remark 2.2. Let 𝐹 ∈ ℳ[(𝛼𝑗)
𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0]. Recalling G

(𝐹 )
𝑋,𝑛 = G, from [24,

Theorem 4.4] it follows that the identity

rankT(𝐹 )
𝑛 = rankG (2.3)

is satisfied. Because of (2.2) and (2.3) one can see that 𝐹 is a canonical solution
in ℳ[(𝛼𝑗)

𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0] if and only if

rankT
(𝐹 )
𝑛+1 = rankT(𝐹 )

𝑛 .

Thus, Remark 2.1 shows that 𝐹 is a canonical solution in ℳ[(𝛼𝑗)
𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0]

if and only if (c
(𝐹 )
𝑘 )∞𝑘=0 is a nonnegative definite sequence which is canonical of

order 𝑛+1. In particular (cf. Remark 1.2), if the measure 𝐹 is a canonical solution

in ℳ[(𝛼𝑗)
𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0] and if 𝑚 ∈ ℕ with 𝑚 ≥ 𝑛, then rankT

(𝐹 )
𝑚 = rankT

(𝐹 )
𝑛 .

Remark 2.3. Let 𝐹 ∈ ℳ𝑞
≥(𝕋,𝔅𝕋). In view of Remark 2.2 one can in particular

see that the following statements are equivalent:

(i) (c
(𝐹 )
𝑘 )∞𝑘=0 is a nonnegative definite sequence which is canonical of order 𝑛+1.

(ii) There exist points 𝛼1, 𝛼2, . . . , 𝛼𝑛 ∈ ℂ ∖ 𝕋 and a basis 𝑋0, 𝑋1, . . . , 𝑋𝑛 of the
right ℂ𝑞×𝑞-module ℛ𝑞×𝑞𝛼,𝑛 such that the measure 𝐹 is a canonical solution in

ℳ[(𝛼𝑗)
𝑛
𝑗=1,G

(𝐹 )
𝑋,𝑛; (𝑋𝑘)

𝑛
𝑘=0].

(iii) The measure 𝐹 is a canonical solution inℳ[(𝛼𝑗)
𝑛
𝑗=1,G

(𝐹 )
𝑋,𝑛; (𝑋𝑘)

𝑛
𝑘=0] for every

choice of points 𝛼1, 𝛼2, . . . , 𝛼𝑛 ∈ ℂ ∖ 𝕋 and each basis 𝑋0, 𝑋1, . . . , 𝑋𝑛 of the

right ℂ𝑞×𝑞-module ℛ𝑞×𝑞𝛼,𝑛 .

Remark 2.4. If 𝐹 ∈ ℳ[(𝛼𝑗)
𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0] and if 𝐹

(𝛼,𝑛) : 𝔅𝕋 → ℂ𝑞×𝑞 is given by

𝐹 (𝛼,𝑛)(𝐵) :=

∫
𝐵

( 1

𝜋𝛼,𝑛(𝑧)
I𝑞

)∗
𝐹 (d𝑧)

( 1

𝜋𝛼,𝑛(𝑧)
I𝑞

)
(with a view to [23, Proposition 5]), then [24, Lemma 1.1, Remark 3.9, and Propo-
sition 4.2] in combination with Remark 2.2 imply that 𝐹 is a canonical solution in

ℳ[(𝛼𝑗)
𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0] if and only if 𝐹

(𝛼,𝑛) is a canonical solution inℳ[T
(𝐹 (𝛼,𝑛))
𝑛 ].

If 𝐹 ∈ ℳ𝑞
≥(𝕋,𝔅𝕋) and if Ω stands for the Riesz–Herglotz transform of 𝐹 ,

then Ω+ is a 𝑞 × 𝑞 Carathéodory function as well (see, e.g., [14, Theorem 4.5]).
Taking this and the matricial version of the Riesz–Herglotz Theorem (see [18,
Theorem 2.2.2]) into account, the unique measure 𝐹# ∈ ℳ𝑞

≥(𝕋,𝔅𝕋) fulfilling(
Ω(𝑤)

)+
=

∫
𝕋

𝑧 + 𝑤

𝑧 − 𝑤
𝐹#(d𝑧), 𝑤 ∈ 𝔻,

is called the reciprocal measure corresponding to 𝐹 . (This is a generalization of [18,
Definition 3.6.10].)

In view of the concept of reciprocal measures in the set ℳ𝑞
≥(𝕋,𝔅𝕋) we men-

tion the following (cf. [31, Proposition 6.3]).

Remark 2.5. Let 𝐹# be the reciprocal measure corresponding to 𝐹 . Based on [14,
Lemma 4.3] and Remark 2.2, by a similar argumentation as for [18, Lemma 3.6.24],

338 B. Fritzsche, B. Kirstein and A. Lasarow



it follows that 𝐹 is a canonical solution in ℳ[(𝛼𝑗)
𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0] if and only if

its reciprocal measure 𝐹# is a canonical solution in ℳ[(𝛼𝑗)
𝑛
𝑗=1,G

(𝐹#)
𝑋,𝑛 ; (𝑋𝑘)

𝑛
𝑘=0].

Regarding Problem (R) we assume, from now on, the following.

Basic assumption: Let 𝛼1, 𝛼2, . . . , 𝛼𝑛 ∈ ℂ ∖ 𝕋 with some 𝑛 ∈ ℕ. Furthermore, let
𝑋0, 𝑋1, . . . , 𝑋𝑛 be a basis of the right ℂ𝑞×𝑞-module ℛ𝑞×𝑞𝛼,𝑛 and suppose that the

matrix G ∈ ℂ(𝑛+1)𝑞×(𝑛+1)𝑞 is chosen such that the set ℳ[(𝛼𝑗)
𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0] is

nonempty. In this case, 𝐹 stands for an element of ℳ[(𝛼𝑗)
𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0].

The fundamental question regarding the existence of a canonical solution for
Problem (R) can be simply answered as follows.

Theorem 2.6. There is (always) a canonical solution in ℳ[(𝛼𝑗)
𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0].

Proof. Note that we have assumed that

ℳ[(𝛼𝑗)
𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0] ∕= ∅

holds. To prove the assertion, in view of [23, Proposition 5] and Remark 2.4 one can
restrict the considerations without loss of generality to the special case in which
𝛼𝑗 = 0 for each 𝑗 ∈ ℕ1,𝑛, the underlying matrixG is a nonnegative Hermitian 𝑞×𝑞
block Toeplitz matrix, and 𝑋𝑘 coincides with the complex 𝑞×𝑞 matrix polynomial
𝐸𝑘,𝑞 defined by (2.1) for each 𝑘 ∈ ℕ0,𝑛. For this case (note Remark 2.1), however,
Proposition 1.5 in combination with [18, Theorem 3.4.2] implies the existence of
such canonical solution. □

The next considerations are related to Proposition 1.12 (note Remark 2.1).

Lemma 2.7. Let 𝛼𝑛+1 ∈ ℂ ∖ 𝕋 and suppose that 𝑌0, 𝑌1, . . . , 𝑌𝑛+1 is a basis of the

right ℂ𝑞×𝑞-module ℛ𝑞×𝑞𝛼,𝑛+1. Then the measure 𝐹 is a canonical solution in the set

ℳ[(𝛼𝑗)
𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0] if and only if

ℳ[(𝛼𝑗)
𝑛+1
𝑗=1 ,G

(𝐹 )
𝑌,𝑛+1; (𝑌𝑘)

𝑛+1
𝑘=0 ] = {𝐹}. (2.4)

Proof. Since 𝐹 ∈ ℳ[(𝛼𝑗)
𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0], we have

G
(𝐹 )
𝑋,𝑛 =G. (2.5)

By [25, Theorem 1] we know that (2.4) holds if and only if the identity

rankG
(𝐹 )
𝑌,𝑛+1 = rankG

(𝐹 )
𝑋,𝑛

is satisfied. Therefore, recalling (2.2) and (2.5), by using the fact that [24, Theo-
rem 4.4] implies rankG

(𝐹 )
𝑌,𝑛+1 = rankT

(𝐹 )
𝑛+1 we obtain the assertion. □

Based on Lemma 2.7 one can conclude that the values of the Riesz–Herglotz
transform of a canonical solution of Problem (R) are in a certain way unique within
the possible values of some Riesz–Herglotz transform associated with a solution of
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that problem. In fact, we get the following characterization (cf. [31, Corollary 5.9]).

Here, the function Ω̂ : ℂ ∖ 𝕋 → ℂ𝑞×𝑞 is defined by

Ω̂(𝑣) :=

⎧⎨⎩ Ω(𝑣) if 𝑣 ∈ 𝔻

−
(
Ω
(

1
𝑣

))∗
if 𝑣 ∈ ℂ ∖ (𝔻 ∪ 𝕋)

for some holomorphic function Ω : 𝔻 → ℂ𝑞×𝑞 and Ω̂(𝑡)(𝑣) is the value of the 𝑡th

derivative of the function Ω̂ at the point 𝑣 ∈ ℂ ∖ 𝕋 for 𝑡 ∈ ℕ0.

Proposition 2.8. Suppose that 𝛼𝑗𝛼𝑘 ∕= 1 holds for all 𝑗, 𝑘 ∈ ℕ1,𝑛. Let 𝑚 be the num-
ber of pairwise different points amongst (𝛼𝑗)

𝑛
𝑗=0 with 𝛼0 := 0 and let 𝛾1, 𝛾2, . . . , 𝛾𝑚

denote these points. Furthermore, let Ω be the Riesz–Herglotz transform of 𝐹 as
well as let Ω𝑣 := Ω̂(𝑣) if 𝑣 ∈ ℂ ∖ (𝕋 ∪ ℙ𝛼,𝑛 ∪ ℤ𝛼,𝑛) and let Ω𝛾𝑘 := Ω̂(𝑙𝑘)(𝛾𝑘) if
𝑘 ∈ ℕ1,𝑚, where 𝑙𝑘 stands for the number of occurrences of 𝛾𝑘 in (𝛼𝑗)

𝑛
𝑗=0. Let

𝑣 ∈ ℂ ∖ (𝕋 ∪ ℙ𝛼,𝑛 ∪ ℤ𝛼,𝑛). Then the following statements are equivalent:

(i) 𝐹 is a canonical solution in ℳ[(𝛼𝑗)
𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0].

(ii) 𝐹 is the unique element in the set ℳ[(𝛼𝑗)
𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0] such that the value

Ω̂(𝑣) given by its Riesz–Herglotz transform coincides with Ω𝑣.

(iii) 𝐹 is the unique element in ℳ[(𝛼𝑗)
𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0] so that the value Ω̂

(𝑙𝑘)(𝛾𝑘)
related to its Riesz–Herglotz transform coincides with Ω𝛾𝑘 for some 𝑘 ∈ ℕ1,𝑚.

(iv) For all 𝑘 ∈ ℕ1,𝑚, 𝐹 is the unique element in ℳ[(𝛼𝑗)
𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0] so that

the value Ω̂(𝑙𝑘)(𝛾𝑘) related to its Riesz–Herglotz transform coincides with Ω𝛾𝑘 .

Proof. Let 𝛼𝑛+1 := 𝑣. Furthermore, let 𝑌0, 𝑌1, . . . , 𝑌𝑛+1 be a basis of the right
ℂ𝑞×𝑞-module ℛ𝑞×𝑞𝛼,𝑛+1. Recalling 𝐹 ∈ ℳ[(𝛼𝑗)

𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0] (which implies the

equality in (2.5)), from the interrelation between Problem (R) and an interpolation
problem of Nevanlinna–Pick type for matrix-valued Carathéodory functions (see,
e.g., [30, Proposition 2.1]) it follows that (ii) is satisfied if and only if (2.4) holds.
Thus, an application of Lemma 2.7 yields that (i) is equivalent to (ii). A similar
argumentation, based on the setting 𝛼𝑛+1 := 𝛾𝑘 for some 𝑘 ∈ ℕ1,𝑚, shows that (i)
holds if and only if (iii) (resp., (iv)) is satisfied. □

Remark 2.9. Obviously, G = 0(𝑛+1)𝑞×(𝑛+1)𝑞 holds if and only if rankG = 0. In
particular, rankG = 0 holds if and only if 𝐹 (𝐵) = 0𝑞×𝑞 is satisfied for each 𝐵 ∈ 𝔅𝕋

(i.e., if 𝐹 ∈ ℳ[(𝛼𝑗)
𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0] is the zero measure 𝔬𝑞 in ℳ𝑞

≥(𝕋,𝔅𝕋)).

In view of Remark 2.3 and Corollary 1.14 one can see that a canonical solution
in ℳ[(𝛼𝑗)

𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0] is a molecular measure. In fact, canonical solutions in

ℳ[(𝛼𝑗)
𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0] can be characterized by a special structure with respect

to mass points and corresponding weights as follows.

Theorem 2.10. The following statements are equivalent:

(i) 𝐹 is a canonical solution in ℳ[(𝛼𝑗)
𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0].

340 B. Fritzsche, B. Kirstein and A. Lasarow



(ii) There is a finite subset Δ of 𝕋 such that 𝐹 (𝕋 ∖Δ) = 0𝑞×𝑞 and∑
𝑧∈Δ

rank𝐹 ({𝑧}) = rankG.

In particular, if (i) holds, then 𝐹 is molecular of order at most rankG.

Proof. First, suppose that (i) is fulfilled. Because of Remark 2.3 and Proposi-
tion 1.12 there exist some 𝑟 ∈ ℕ, pairwise different points 𝑧1, 𝑧2, . . . , 𝑧𝑟 ∈ 𝕋, and
a sequence (A𝑠)

𝑟
𝑠=1 of nonnegative Hermitian 𝑞 × 𝑞 matrices such that 𝐹 admits

the representation (1.10). Therefore, in view of (1.8) we get

c
(𝐹 )
𝑘 =

𝑟∑
𝑠=1

𝑧−𝑘𝑠 A𝑠

for each 𝑘 ∈ ℕ0. Hence, recalling (1.9), from Example 1.1 it follows that

rankT(𝐹 )
𝑚 =

𝑟∑
𝑠=1

rankA𝑠 (2.6)

for each 𝑚 ∈ ℕ0 with 𝑚 ≥ 𝑟 − 1. Since the measure 𝐹 is a canonical solution in
ℳ[(𝛼𝑗)

𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0], by (2.2) and (2.6) along with Remark 2.2 we obtain then

rankG = rankT
(𝐹 )
𝑛+1 = rankT

(𝐹 )
𝑛+𝑟 =

𝑟∑
𝑠=1

rankA𝑠.

Thus, if we set Δ := {𝑧1, 𝑧2, . . . , 𝑧𝑟}, then 𝐹 (𝕋 ∖Δ) = 0𝑞×𝑞 and∑
𝑧∈Δ

rank𝐹 ({𝑧}) = rankG

hold. In particular, (i) implies (ii). Furthermore, if (i) holds, then from the argu-
mentation above one can see that 𝐹 is molecular of order at most rankG. Con-
versely, we suppose now (ii). Hence, there are some 𝑟 ∈ ℕ, pairwise different points
𝑧1, 𝑧2, . . . , 𝑧𝑟 ∈ 𝕋, and a sequence (A𝑠)𝑟𝑠=1 of nonnegative Hermitian 𝑞×𝑞 matrices
such that the matrix measure 𝐹 admits (1.10). This leads to the inequality

rankT
(𝐹 )
𝑛+1 ≤

𝑟∑
𝑠=1

rankA𝑠

(see, e.g., [24, Theorem 6.6] or [29, Remark 9.4]). Since (1.10) and (ii) yield
𝑟∑
𝑠=1

rankA𝑠 =
∑
𝑧∈Δ

rank𝐹 ({𝑧}) = rankG

and since the estimate rankT
(𝐹 )
𝑛 ≤ rankT

(𝐹 )
𝑛+1 is always satisfied (see, e.g., [18,

Lemmas 1.1.7 and 1.1.9] as well as [24, Remarks 3.9 and 3.10]), we obtain

rankT(𝐹 )
𝑛 ≤ rankT

(𝐹 )
𝑛+1 ≤ rankG.

Furthermore, from [24, Theorem 4.4] and 𝐹 ∈ ℳ[(𝛼𝑗)
𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0] we get

(2.3). Therefore, (2.2) is fulfilled, i.e., (i) holds. □
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Corollary 2.11. Suppose that the solution 𝐹 admits (1.10) with some 𝑟 ∈ ℕ1,𝑛+1,
pairwise different points 𝑧1, 𝑧2, . . . , 𝑧𝑟 ∈ 𝕋, and a sequence (A𝑠)𝑟𝑠=1 of nonnegative
Hermitian 𝑞×𝑞 matrices.Then 𝐹 is a canonical solution inℳ[(𝛼𝑗)

𝑛
𝑗=1,G;(𝑋𝑘)

𝑛
𝑘=0],

where G is singular in the case of 𝑟 ∕= 𝑛 + 1. Moreover, if 𝑟 = 𝑛 + 1, then G is
nonsingular if and only if A𝑠 is nonsingular for each 𝑠 ∈ ℕ1,𝑟.

Proof. Taking 𝑟 ≤ 𝑛+1 into account and using Example 1.1 (cf. [29, Remark 9.4]),
a similar argumentation as in the proof of Theorem 2.10 (cf. (2.6)) implies

rankT(𝐹 )
𝑛 =

𝑟∑
𝑠=1

rankA𝑠.

Furthermore, by [24, Theorem 4.4] and 𝐹 ∈ ℳ[(𝛼𝑗)
𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0] we have (2.3).

Thus, if we set Δ := {𝑧1, 𝑧2, . . . , 𝑧𝑟}, then (1.10) yields 𝐹 (𝕋 ∖Δ) = 0𝑞×𝑞 and∑
𝑧∈Δ

rank𝐹 ({𝑧}) =
𝑟∑
𝑠=1

rankA𝑠 = rankT(𝐹 )
𝑛 = rankG.

Finally, an application of Theorem 2.10 shows that 𝐹 is a canonical solution in
ℳ[(𝛼𝑗)

𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0]. Moreover, the (𝑛+1)𝑞× (𝑛+1)𝑞 matrix G is singular if

𝑟 ∕= 𝑛+ 1 and in the case 𝑟 = 𝑛+ 1 it follows that G is nonsingular if and only if
A𝑠 is nonsingular for each 𝑠 ∈ ℕ1,𝑟. □

Corollary 2.12. Let 𝜏 ∈ ℕ or 𝜏 = +∞ and let 𝑚 ∈ ℕ1,𝜏 . Suppose that (c𝑘)
𝜏
𝑘=0 is

a sequence of complex 𝑞 × 𝑞 matrices. The following statements are equivalent:

(i) (c𝑘)
𝜏
𝑘=0 is a nonnegative definite sequence which is canonical of order 𝑚.

(ii) There are an 𝐻∈ℳ𝑞
≥(𝕋,𝔅𝕋) and a finite Δ ⊂ 𝕋 so that 𝐻(𝕋∖Δ) = 0𝑞×𝑞 and∑
𝑧∈Δ

rank𝐻({𝑧}) = rankT
(𝐻)
𝑚−1,

where c𝑘= c
(𝐻)
𝑘 for each 𝑘 ∈ ℕ0,𝜏 .

(iii) There are some ℓ ∈ ℕ, pairwise different points 𝑧1, 𝑧2, . . . , 𝑧ℓ ∈ 𝕋, and a se-
quence (A𝑗)

ℓ
𝑗=1 of nonnegative Hermitian 𝑞 × 𝑞 matrices such that

ℓ∑
𝑠=1

rankA𝑠 = rankT𝑚−1 and c𝑘 =

ℓ∑
𝑠=1

𝑧−𝑘𝑠 A𝑠, 𝑘 ∈ ℕ0,𝜏 ,

where T𝑚−1 is the block Toeplitz matrix given by (1.1) with 𝜏 = 𝑚 − 1.

In particular, if (i) is satisfied, then one can choose Δ and 𝑧1, 𝑧2, . . . , 𝑧ℓ in (ii) and
(iii) such that Δ = {𝑧1, 𝑧2, . . . , 𝑧ℓ} and ℓ ≤ max{1, rankT𝑚−1}.
Proof. Recalling Remark 2.1 and Proposition 1.12, the assertion for 𝑛 ≥ 2 follows
from Theorem 2.10 along with Corollary 1.14. The case 𝑛 = 1 is then a consequence
of Remark 1.2 and [29, Remark 9.4]. □

Remark 2.14. Suppose that G ∕= 0(𝑛+1)𝑞×(𝑛+1)𝑞. Furthermore, let 𝑟1 := rankG
and let 𝑟2 be the smallest integer not less than

𝑟1
𝑞 . If 𝐹 is a canonical solution in

ℳ[(𝛼𝑗)
𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0], then Theorem 2.10 and Remark 2.9 imply that 𝐹 admits
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(1.10) with some 𝑟 ∈ ℕ𝑟2,𝑟1 , pairwise different points 𝑧1, 𝑧2, . . . , 𝑧𝑟 ∈ 𝕋, and a
sequence (A𝑠)

𝑟
𝑠=1 of nonnegative Hermitian 𝑞×𝑞 matrices each of which is not equal

to the zero matrix. (Similarly, if (i) is fulfilled in Corollary 2.12 and if c0 ∕= 0𝑞×𝑞,
then the matrix measure 𝐻 in (ii) admits such a representation.)

In the scalar case 𝑞 = 1, the situation is somewhat more straightforward.
This fact will be emphasized by the following remark (cf. Remark 1.15).

Remark 2.15. Observe the special case 𝑞 = 1, where G ∈ ℂ(𝑛+1)×(𝑛+1) and where
𝑋0, 𝑋1, . . . , 𝑋𝑛 is a basis of the linear space ℛ𝛼,𝑛. Then 𝐹 is a canonical solution
in ℳ[(𝛼𝑗)

𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0] if and only if there exists a set Δ of exactly rankG

pairwise different points belonging to 𝕋 such that 𝐹 (𝕋 ∖ Δ) = 0 holds and that
𝐹 ({𝑧}) ∕= 0 is satisfied for each 𝑧 ∈ Δ. This follows from Theorem 2.10 (note
also [24, Proposition 6.4 and Corollary 6.12]). Moreover, since rankG ∕= 𝑛 + 1 is
equivalent to the condition ℳ[(𝛼𝑗)

𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0] = {𝐹} (cf. [25, Theorem 1]),

based on Theorem 2.6 one can see that 𝐹 is a canonical solution (and the unique
element) in ℳ[(𝛼𝑗)

𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0] when rankG ∕= 𝑛+ 1.

The case 𝑛 = 0 which includes only a condition on the total weight 𝐹 (𝕋) of
some measure 𝐹 ∈ ℳ𝑞

≥(𝕋,𝔅𝕋) actually does not enter into Problem (R). However,
we now present a few comments on this elementary case.

Let 𝑋0 ∈ ℛ𝑞×𝑞𝛼,0 , i.e., suppose that 𝑋0 is a constant function defined on ℂ0

with some complex 𝑞×𝑞 matrix X0 as value. Then 𝑋0 is a basis of the right ℂ𝑞×𝑞-
module ℛ𝑞×𝑞𝛼,0 if and only if detX0 ∕= 0. Moreover, if detX0 ∕= 0 and if G ∈ ℂ𝑞×𝑞,
then there exists a matrix measure 𝐹 ∈ ℳ𝑞

≥(𝕋,𝔅𝕋) such that∫
𝕋

(
𝑋0(𝑧)

)∗
𝐹 (d𝑧)𝑋0(𝑧) =G (2.7)

holds if and only if G ≥ 0𝑞×𝑞 (see also [18, Theorem 3.4.2]).

Suppose that detX0 ∕= 0 and that G ≥ 0𝑞×𝑞. Similar to the notation intro-
duced at the beginning of this section (see (2.2)), an 𝐹 ∈ ℳ𝑞

≥(𝕋,𝔅𝕋) fulfilling

(2.7) is called a canonical solution of that problem when

rankT
(𝐹 )
1 = rankG. (2.8)

(If X0 = I𝑞, then we will use the term canonical solution in ℳ[G].) In fact, the
argumentations above (and below) are also applicable to this elementary case and
lead to adequate results (cf. Corollary 2.12). In particular, for such a canonical
solution 𝐹 , it must not exist a set Δ of exactly rankG pairwise different points
belonging to 𝕋 such that 𝐹 (𝕋 ∖Δ) = 0𝑞×𝑞 holds and 𝐹 ({𝑧}) ∕= 0 for each 𝑧 ∈ Δ
in the case 𝑞 ≥ 2 (see also [29, Example 9.11]). This is, however, in contrast to the
scalar case 𝑞 = 1 (cf. Remark 2.15).

343Canonical Solutions of a Rational Matrix Moment Problem



3. Descriptions of canonical solutions in the nondegenerate case

Starting with this section, we concentrate the considerations on the nondegenerate
case, where the underlying complex (𝑛+ 1)𝑞 × (𝑛+ 1)𝑞 matrix G in Problem (R)
is assumed to be nonsingular. Furthermore, unless otherwise indicated, we assume
that 𝑋0, 𝑋1, . . . , 𝑋𝑛 is a basis of the right ℂ𝑞×𝑞-module ℛ𝑞×𝑞𝛼,𝑛 and that the solu-
tion set ℳ[(𝛼𝑗)

𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0] is nonempty, where 𝑛 ∈ ℕ and where the points

𝛼1, 𝛼2, . . . , 𝛼𝑛 ∈ ℂ ∖ 𝕋 are arbitrary, but fixed.

Remark 3.1. Let 𝐹 ∈ ℳ[(𝛼𝑗)
𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0]. For the nondegenerate case, in view

of Theorem 2.10 it follows that 𝐹 is a canonical solution inℳ[(𝛼𝑗)
𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0]

if and only if there exists a finite subset Δ of 𝕋 such that 𝐹 (𝕋 ∖Δ) = 0𝑞×𝑞 and∑
𝑧∈Δ

rank𝐹 ({𝑧}) = (𝑛+ 1)𝑞.

In particular, such a canonical solution 𝐹 is molecular of order at most (𝑛+ 1)𝑞.

Remark 3.2. Let 𝐹 ∈ ℳ[(𝛼𝑗)
𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0] and suppose that 𝐹 admits (1.10)

for an 𝑟 ∈ ℕ1,𝑛+1, pairwise different points 𝑧1, 𝑧2, . . . , 𝑧𝑟 ∈ 𝕋, and a sequence
(A𝑠)

𝑟
𝑠=1 of nonnegative Hermitian 𝑞 × 𝑞 matrices. By Corollary 2.11 (note that

here detG ∕= 0) it follows that 𝐹 is a canonical solution inℳ[(𝛼𝑗)
𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0],

where 𝑟 = 𝑛+ 1 and the matrix A𝑠 is nonsingular for each 𝑠 ∈ ℕ1,𝑟.

Remark 3.3. Suppose that 𝐹 is a canonical solution in ℳ[(𝛼𝑗)
𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0].

In view of Remarks 2.14 and 3.1 one can see that the matrix measure 𝐹 admits
(1.10) with some 𝑟 ∈ ℕ𝑛+1,(𝑛+1)𝑞, pairwise different points 𝑧1, 𝑧2, . . . , 𝑧𝑟 ∈ 𝕋, and
a sequence (A𝑠)

𝑟
𝑠=1 of nonnegative Hermitian 𝑞 × 𝑞 matrices each of which is

not equal to the zero matrix. In particular, 𝐹 admits such a representation with
𝑟 = (𝑛+ 1)𝑞 if and only if rankA𝑠 = 1 for each 𝑠 ∈ ℕ1,𝑟.

We are now going to verify that, in the nondegenerate case, the canonical
solutions of Problem (R) form a family which can be parametrized by the set
of unitary matrices (cf. Corollary 1.8). Here, our considerations tie in with the
necessary and sufficient condition in [31] and [40] for the fact that a measure
belongs to the solution set of Problem (R). This condition is expressed in terms
of orthogonal rational matrix functions. We first recall the relevant objects.

As to an application of results stated in [26] (see also [27] and [39]), we focus
on the situation in which the elements of the underlying sequence (𝛼𝑗)

𝑛
𝑗=1 are in

a sense well positioned with respect to 𝕋. In doing so, the notation 𝒯1 stands for
the set of all sequences (𝛼𝑗)

∞
𝑗=1 of complex numbers which satisfy 𝛼𝑗𝛼𝑘 ∕= 1 for all

𝑗, 𝑘 ∈ ℕ. Obviously, if (𝛼𝑗)∞𝑗=1 ∈ 𝒯1, then 𝛼𝑗 ∕∈ 𝕋 for all 𝑗 ∈ ℕ.
Let (𝛼𝑗)

∞
𝑗=1 ∈ 𝒯1 and 𝛼0 := 0. Furthermore, for each 𝑘 ∈ ℕ0, let

𝜂𝑘 :=

⎧⎨⎩
−1 if 𝛼𝑘 = 0

𝛼𝑘
∣𝛼𝑘∣ if 𝛼𝑘 ∕= 0
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and let the function 𝑏𝛼𝑘 : ℂ0 ∖ { 1
𝛼𝑘

}→ ℂ be defined by

𝑏𝛼𝑘(𝑢) :=

⎧⎨⎩
𝜂𝑘

𝛼𝑘 − 𝑢

1− 𝛼𝑘𝑢
if 𝑢 ∈ ℂ ∖ { 1

𝛼𝑘

}
1

∣𝛼𝑘∣ if 𝑢 = ∞ .

Let 𝑚 ∈ ℕ0. If 𝐵
(𝑞)
𝛼,0 stands for the constant function on ℂ0 with value I𝑞 and if

𝐵
(𝑞)
𝛼,𝑗 :=

( 𝑗∏
𝑘=1

𝑏𝛼𝑘

)
I𝑞, 𝑗 ∈ ℕ1,𝑚,

then the system 𝐵
(𝑞)
𝛼,0, 𝐵

(𝑞)
𝛼,1, . . . , 𝐵

(𝑞)
𝛼,𝑚 forms a basis of the right (resp., left) ℂ𝑞×𝑞-

module ℛ𝑞×𝑞𝛼,𝑚 (see, e.g., [24, Section 2]). Accordingly, if 𝑋 ∈ ℛ𝑞×𝑞𝛼,𝑚, then there are

unique matrices A0,A1, . . . ,A𝑚 belonging to ℂ𝑞×𝑞 such that

𝑋 =

𝑚∑
𝑘=0

A𝑘𝐵
(𝑞)
𝛼,𝑘.

Based on this, the reciprocal rational (matrix-valued ) function 𝑋 [𝛼,𝑚] of 𝑋 with
respect to (𝛼𝑗)

∞
𝑗=1 and 𝑚 is given by

𝑋 [𝛼,𝑚] :=

𝑚∑
𝑘=0

A∗
𝑚−𝑘𝐵

(𝑞)
𝛽,𝑘,

where (𝛽𝑗)
∞
𝑗=1 is defined by 𝛽𝑗 := 𝛼𝑚+1−𝑗 for each 𝑗 ∈ ℕ1,𝑚 and 𝛽𝑗 := 𝛼𝑗 otherwise

(cf. [26, Section 2]). Note that, in the special case that 𝛼𝑗 = 0 for each 𝑗 ∈ ℕ1,𝑚,
a function 𝑋 ∈ ℛ𝑞×𝑞𝛼,𝑚 is a complex 𝑞 × 𝑞 matrix polynomial of degree not greater

than 𝑚 and 𝑋 [𝛼,𝑚] is the reciprocal matrix polynomial �̃� [𝑚] of 𝑋 with respect to
𝕋 and formal degree 𝑚 (as used, e.g., in [17] or [18, Section 1.2]).

Let 𝐹 ∈ ℳ𝑞
≥(𝕋,𝔅𝕋). Suppose that 𝜏 ∈ ℕ0 or 𝜏 = +∞. A sequence (𝑌𝑘)

𝜏
𝑘=0

of matrix functions with 𝑌𝑘 ∈ ℛ𝑞×𝑞𝛼,𝑘 for each 𝑘 ∈ ℕ0,𝜏 is called a left (resp., right)

orthonormal system corresponding to (𝛼𝑗)
∞
𝑗=1 and 𝐹 when(

𝑌𝑚, 𝑌𝑠

)
𝐹,𝑙

= 𝛿𝑚,𝑠I𝑞

(
resp.,

(
𝑌𝑚, 𝑌𝑠

)
𝐹,𝑟

= 𝛿𝑚,𝑠I𝑞

)
, 𝑚, 𝑠 ∈ ℕ0,𝜏 ,

where 𝛿𝑚,𝑠 := 1 if 𝑚 = 𝑠 and 𝛿𝑚,𝑠 := 0 otherwise (cf. [26, Definition 3.3]). If
(𝐿𝑘)

𝜏
𝑘=0 is a left orthonormal system and if (𝑅𝑘)

𝜏
𝑘=0 is a right orthonormal system,

respectively, corresponding to (𝛼𝑗)
∞
𝑗=1 and 𝐹 , then we call [(𝐿𝑘)

𝜏
𝑘=0, (𝑅𝑘)

𝜏
𝑘=0] a pair

of orthonormal systems corresponding to (𝛼𝑗)
∞
𝑗=1 and 𝐹 .

In what follows, let L0 andR0 be nonsingular complex 𝑞×𝑞 matrices fulfilling

L∗
0L0 = R0R

∗
0 (3.1)
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and let (U𝑗)
𝜏
𝑗=1 be a sequence of complex 2𝑞 × 2𝑞 matrices such that

U∗
𝑗 j𝑞𝑞U𝑗 =

{
j𝑞𝑞 if (1− ∣𝛼𝑗−1∣)(1 − ∣𝛼𝑗 ∣) > 0

−j𝑞𝑞 if (1− ∣𝛼𝑗−1∣)(1 − ∣𝛼𝑗 ∣) < 0
(3.2)

for each 𝑗 ∈ ℕ1,𝜏 (with 𝜏 ≥ 1), where j𝑞𝑞 is the 2𝑞 × 2𝑞 signature matrix given by

j𝑞𝑞 :=

(
I𝑞 0𝑞×𝑞
0𝑞×𝑞 −I𝑞

)
and where we use for technical reasons the setting 𝛼0 := 0. Besides, let

𝜌𝑗 :=

⎧⎨⎩

√
1− ∣𝛼𝑗 ∣2
1− ∣𝛼𝑗−1∣2 if (1− ∣𝛼𝑗−1∣)(1 − ∣𝛼𝑗 ∣) > 0

−
√

∣𝛼𝑗 ∣2 − 1

1− ∣𝛼𝑗−1∣2 if (1− ∣𝛼𝑗−1∣)(1 − ∣𝛼𝑗 ∣) < 0

for each 𝑗 ∈ ℕ1,𝜏 . As in [27, Section 3], we define sequences of rational matrix
functions (𝐿𝑘)

𝜏
𝑘=0 and (𝑅𝑘)

𝜏
𝑘=0 by the initial conditions

𝐿0(𝑢) = L0 and 𝑅0(𝑢) = R0 (3.3)

for each 𝑢 ∈ ℂ and recursively by(
𝐿𝑗(𝑢)

𝑅
[𝛼,𝑗]
𝑗 (𝑢)

)
= 𝜌𝑗

1− 𝛼𝑗−1𝑢

1− 𝛼𝑗𝑢
U𝑗

(
𝑏𝛼𝑗−1(𝑢)I𝑞 0𝑞×𝑞
0𝑞×𝑞 I𝑞

)(
𝐿𝑗−1(𝑢)

𝑅
[𝛼,𝑗−1]
𝑗−1 (𝑢)

)
for each 𝑗 ∈ ℕ1,𝜏 and each 𝑢 ∈ ℂ∖ℙ𝛼,𝑗 . The pair [(𝐿𝑘)𝜏𝑘=0, (𝑅𝑘)

𝜏
𝑘=0] of rational ma-

trix functions is called the pair which is left-generated by [(𝛼𝑗)
𝜏
𝑗=1; (U𝑗)

𝜏
𝑗=1;L0,R0].

Roughly speaking, there is a bijective correspondence between pairs which
are left-generated and pairs of orthonormal systems of rational matrix functions
(see [27] for details). Based on this relationship we will use the notation dual pair
of orthonormal systems as explained below.

Let 𝐹 ∈ ℳ𝑞,𝜏
≥ (𝕋,𝔅𝕋) and let [(𝐿𝑘)

𝜏
𝑘=0, (𝑅𝑘)

𝜏
𝑘=0] be a pair of orthonormal

systems corresponding to (𝛼𝑗)
𝜏
𝑗=1 and 𝐹 . First, we consider the case 𝜏 = 0. Obvi-

ously (cf. [26, Remark 5.3]), there are nonsingular L0,R0 ∈ ℂ𝑞×𝑞 satisfying (3.1)
and (3.3). The pair [(𝐿#

𝑘 )
0
𝑘=0, (𝑅

#
𝑘 )

0
𝑘=0] which is given, for each 𝑢 ∈ ℂ, by

𝐿#
0 (𝑢) = L−∗

0 and 𝑅#
0 (𝑢) = R−∗

0

is called the dual pair of orthonormal systems corresponding to [(𝐿𝑘)
0
𝑘=0, (𝑅𝑘)

0
𝑘=0].

Now, let 𝜏 ≥ 1 and (recalling [27, Remark 3.5, Definition 3.6, Proposition 3.14, and
Theorem 4.12]) let (U𝑗)

𝜏
𝑗=1 be the unique sequence of complex 2𝑞 × 2𝑞 matrices

fulfilling (3.2) for each 𝑗 ∈ ℕ1,𝜏 such that [(𝐿𝑘)
𝜏
𝑘=0, (𝑅𝑘)

𝜏
𝑘=0] is the pair which is

left-generated by [(𝛼𝑗)
𝜏
𝑗=1; (U𝑗)

𝜏
𝑗=1;L0,R0] with some nonsingular 𝑞 × 𝑞 matrices

L0 and R0 satisfying (3.1) and (3.3). The pair [(𝐿
#
𝑘 )
𝜏
𝑘=0, (𝑅

#
𝑘 )
𝜏
𝑘=0] which is left-

generated by [(𝛼𝑗)
𝜏
𝑗=1; ( j𝑞𝑞U𝑗 j𝑞𝑞)

𝜏
𝑗=1;L

−∗
0 ,R−∗

0 ] is the dual pair of orthonormal

systems corresponding to [(𝐿𝑘)
𝜏
𝑘=0, (𝑅𝑘)

𝜏
𝑘=0].
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In view of Problem (R), again, let 𝑛 ∈ ℕ and let 𝑋0, 𝑋1, . . . , 𝑋𝑛 be a basis
of the right ℂ𝑞×𝑞-module ℛ𝑞×𝑞𝛼,𝑛 . Furthermore, suppose that G is a nonsingular
matrix such that ℳ[(𝛼𝑗)

𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0] ∕= ∅ holds. Taking [31, Remark 3.3]

into account, a pair of orthonormal systems [(𝐿𝑘)
𝑛
𝑘=0, (𝑅𝑘)

𝑛
𝑘=0] corresponding to

(𝛼𝑗)
∞
𝑗=1 and some 𝐹 ∈ ℳ[(𝛼𝑗)

𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0] is called a pair of orthonormal

systems corresponding to ℳ[(𝛼𝑗)
𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0]. ([31, Remark 3.3] points out

that the additional assumption detG ∕= 0 is essential for the existence of such a
pair of orthonormal systems.) Keeping this in mind, we will also speak of the dual
pair of orthonormal systems corresponding to this pair [(𝐿𝑘)

𝑛
𝑘=0, (𝑅𝑘)

𝑛
𝑘=0].

From now on, let [(𝐿𝑘)
𝑛
𝑘=0, (𝑅𝑘)

𝑛
𝑘=0] be a pair of orthonormal systems corres-

ponding to the solution set ℳ[(𝛼𝑗)
𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0] and let [(𝐿

#
𝑘 )
𝑛
𝑘=0, (𝑅

#
𝑘 )
𝑛
𝑘=0] be

the dual pair of orthonormal systems corresponding to [(𝐿𝑘)
𝑛
𝑘=0, (𝑅𝑘)

𝑛
𝑘=0].

With a view to the concept of reciprocal measures in the set ℳ𝑞
≥(𝕋,𝔅𝕋), we

have to note the following (see also Remark 2.5).

Remark 3.4. Let 𝐹 ∈ ℳ[(𝛼𝑗)
𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0] and let 𝐹# be the reciprocal mea-

sure corresponding to 𝐹 . In view of [39, Theorem 4.6] and the terms introduced

above it follows that [(𝐿#
𝑘 )
𝑛
𝑘=0, (𝑅

#
𝑘 )
𝑛
𝑘=0] is a pair of orthonormal systems corres-

ponding to ℳ[(𝛼𝑗)
𝑛
𝑗=1,G

(𝐹#)
𝑋,𝑛 ; (𝑋𝑘)

𝑛
𝑘=0], where [(𝐿𝑘)

𝑛
𝑘=0, (𝑅𝑘)

𝑛
𝑘=0] is obviously the

dual pair of orthonormal systems corresponding to [(𝐿#
𝑘 )
𝑛
𝑘=0, (𝑅

#
𝑘 )
𝑛
𝑘=0].

In what follows, the rational matrix functions

𝑃
(𝛼)
𝑛;U := 𝑅[𝛼,𝑛]

𝑛 + 𝑏𝛼𝑛U𝐿𝑛 and 𝑃
(𝛼,#)
𝑛;U := (𝑅#

𝑛 )
[𝛼,𝑛] − 𝑏𝛼𝑛U𝐿#

𝑛
(3.4)(

resp., 𝑄
(𝛼)
𝑛;U := 𝐿[𝛼,𝑛]

𝑛 + 𝑏𝛼𝑛𝑅𝑛U and 𝑄
(𝛼,#)
𝑛;U := (𝐿#

𝑛 )
[𝛼,𝑛] − 𝑏𝛼𝑛𝑅

#
𝑛U
)

with some unitary 𝑞×𝑞 matrix U will be of particular interest. Here, as an aside, we
briefly mention that the matrix functions in (3.4) can be interpreted as elements
of special para-orthogonal systems of rational matrix functions (note Remark 3.4
as well as [32, Theorem 3.8, Definition 6.1, and Proposition 6.15]).

Remark 3.5. Because of (3.4) and the unitarity of U it follows that the rational

matrix function Ψ
(𝛼)
𝑛;U :=

(
𝑃

(𝛼)
𝑛;U

)−1
𝑃

(𝛼,#)
𝑛;U admits the representation

Ψ
(𝛼)
𝑛;U =

( 1

𝑏𝛼𝑛
U∗𝑅[𝛼,𝑛]

𝑛 + 𝐿𝑛

)−1( 1

𝑏𝛼𝑛
U∗(𝑅#

𝑛 )
[𝛼,𝑛] − 𝐿#

𝑛

)
.

Thus, [31, Lemma 5.7] implies that Ψ
(𝛼)
𝑛;U = 𝑄

(𝛼,#)
𝑛;U

(
𝑄

(𝛼)
𝑛;U

)−1
and

Ψ
(𝛼)
𝑛;U =

( 1

𝑏𝛼𝑛
(𝐿#
𝑛 )

[𝛼,𝑛]U∗ − 𝑅#
𝑛

)( 1

𝑏𝛼𝑛
𝐿[𝛼,𝑛]
𝑛 U∗ +𝑅𝑛

)−1

as well, where the complex 𝑞 × 𝑞 matrices 𝑃
(𝛼)
𝑛;U(𝑣),

1
𝑏𝛼𝑛 (𝑣)U

∗𝑅[𝛼,𝑛]
𝑛 (𝑣) + 𝐿𝑛(𝑣),

𝑄
(𝛼)
𝑛;U(𝑣), and

1
𝑏𝛼𝑛 (𝑣)𝐿

[𝛼,𝑛]
𝑛 (𝑣)U∗ +𝑅𝑛(𝑣) are nonsingular for each 𝑣 ∈ 𝔻 ∖ ℙ𝛼,𝑛.

The values of the function Ψ
(𝛼)
𝑛;U in Remark 3.5 are subject to a geometrical

constraint. More precisely, the restriction of that function to 𝔻 is a 𝑞× 𝑞 Carathé-
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odory function. In fact, by using the notation of Remark 3.5, we get a characteri-
zation of canonical solutions of Problem (R) for the nondegenerate case as follows.

Theorem 3.6. Let (𝛼𝑗)
∞
𝑗=1 ∈ 𝒯1. Furthermore, let 𝐹 ∈ ℳ𝑞

≥(𝕋,𝔅𝕋) and let Ω be
the Riesz–Herglotz transform of 𝐹 . Then the following statements are equivalent:

(i) 𝐹 is a canonical solution in ℳ[(𝛼𝑗)
𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0].

(ii) There is a unitary 𝑞× 𝑞 matrix U such that Ω(𝑣) = Ψ
(𝛼)
𝑛;U(𝑣) for 𝑣 ∈ 𝔻∖ℙ𝛼,𝑛.

Moreover, if (i) holds, then the unitary 𝑞×𝑞 matrix U in (ii) is uniquely determined.

Proof. Denote by 𝒮𝑞×𝑞(𝔻) the set of all functions 𝑆 : 𝔻 → ℂ𝑞×𝑞 which are holo-
morphic in 𝔻 and which have a contractive 𝑞 × 𝑞 matrix as their value 𝑆(𝑤) for
each 𝑤 ∈ 𝔻. Furthermore, for each 𝑆 ∈ 𝒮𝑞×𝑞(𝔻) and 𝑣 ∈ 𝔻 ∖ ℙ𝛼,𝑛, let

Ω𝑆(𝑣) :=
(
(𝐿#
𝑛 )

[𝛼,𝑛](𝑣)− 𝑏𝛼𝑛(𝑣)𝑅
#
𝑛 (𝑣)𝑆(𝑣)

)(
𝐿[𝛼,𝑛]
𝑛 (𝑣)+ 𝑏𝛼𝑛(𝑣)𝑅𝑛(𝑣)𝑆(𝑣)

)−1

if 𝛼𝑛 ∈ 𝔻 and in the case of 𝛼𝑛 ∕∈ 𝔻 let

Ω𝑆(𝑣) :=
( 1

𝑏𝛼𝑛(𝑣)
(𝐿#
𝑛 )

[𝛼,𝑛](𝑣)𝑆(𝑣)−𝑅#
𝑛 (𝑣)
)( 1

𝑏𝛼𝑛(𝑣)
𝐿[𝛼,𝑛]
𝑛 (𝑣)𝑆(𝑣)+𝑅𝑛(𝑣)

)−1

(where the inverse matrices exist according to [31, Lemma 5.7]). Let (i) be ful-
filled. In particular, we have that 𝐹 belongs to ℳ[(𝛼𝑗)

𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0]. Thus, [40,

Theorem 4.6] implies that there exists a uniquely determined matrix function 𝑆
belonging to 𝒮𝑞×𝑞(𝔻) such that

Ω(𝑣) = Ω𝑆(𝑣), 𝑣 ∈ 𝔻 ∖ ℙ𝛼,𝑛. (3.5)

Recalling (2.2), due to (i) and the fact that the matrix G is nonsingular it follows

rankT
(𝐹 )
𝑛+1 = (𝑛+ 1)𝑞. (3.6)

From (3.5) and (3.6) along with [40, Remark 4.7] one can conclude that 𝑆(0) is a
unitary 𝑞 × 𝑞 matrix. Because of 𝑆 ∈ 𝒮𝑞×𝑞(𝔻) this yields that 𝑆 is the constant
function on 𝔻 with that unitary 𝑞 × 𝑞 matrix 𝑆(0) as value (see, e.g., [18, Corol-
lary 2.3.2]). Therefore, in view of the definition of Ω𝑆 and Remark 3.5 we get (ii).
Moreover, since the matrix function 𝑆 ∈ 𝒮𝑞×𝑞(𝔻) in (3.5) is uniquely determined,
we find that the unitary 𝑞× 𝑞 matrix U in (ii) is uniquely determined. Conversely,
we suppose now that (ii) holds. Obviously, a constant function on 𝔻 with a unitary
𝑞 × 𝑞 matrix as value belongs to 𝒮𝑞×𝑞(𝔻). Consequently, by using Remark 3.5 in
combination with [31, Theorem 5.8] we obtain that the matrix measure 𝐹 belongs
to the solution set ℳ[(𝛼𝑗)

𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0]. Furthermore, the unitarity of U and

[40, Remark 4.7] yield that (3.6) holds. Hence, taking (2.2) and the nonsingularity
of G into account, it finally follows that (i) is fulfilled. □

In view of Theorem 3.6 (note also [18, Theorem 2.2.2]), if U is a unitary
𝑞 × 𝑞 matrix, then we will use the notation 𝐹

(𝛼)
𝑛;U and Ω

(𝛼)
𝑛;U. Here, 𝐹

(𝛼)
𝑛;U stands for

the (uniquely determined) matrix measure belonging to ℳ𝑞
≥(𝕋,𝔅𝕋) such that its

Riesz–Herglotz transform Ω
(𝛼)
𝑛;U satisfies Ω

(𝛼)
𝑛;U(𝑣) = Ψ

(𝛼)
𝑛;U(𝑣) for each 𝑣 ∈ 𝔻 ∖ ℙ𝛼,𝑛.
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Corollary 3.7. Let (𝛼𝑗)
∞
𝑗=1 ∈ 𝒯1. Let 𝑚 be the number of pairwise different points

amongst (𝛼𝑗)
𝑛
𝑗=0 with 𝛼0 := 0 and let 𝛾1, 𝛾2, . . . , 𝛾𝑚 denote these points, where 𝑙𝑘

stands for the number of occurrences of 𝛾𝑘 in (𝛼𝑗)
𝑛
𝑗=0 for all 𝑘 ∈ ℕ1,𝑚. Suppose

that 𝐹 ∈ ℳ[(𝛼𝑗)
𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0] and let Ω be the Riesz–Herglotz transform of 𝐹 .

If U is a unitary 𝑞 × 𝑞 matrix, then the following statements are equivalent:

(i) 𝐹 = 𝐹
(𝛼)
𝑛;U.

(ii) There is some 𝑣 ∈ ℂ ∖ (𝕋 ∪ ℙ𝛼,𝑛 ∪ ℤ𝛼,𝑛) such that Ω̂(𝑣) =
ˆ
Ω

(𝛼)
𝑛;U(𝑣).

(iii) There exists some 𝑘 ∈ ℕ1,𝑚 such that Ω̂(𝑙𝑘)(𝛾𝑘) =
(ˆ
Ω

(𝛼)
𝑛;U

)(𝑙𝑘)(𝛾𝑘).
(iv) For each 𝑘 ∈ ℕ1,𝑚, the equality Ω̂

(𝑙𝑘)(𝛾𝑘) =
(ˆ
Ω

(𝛼)
𝑛;U

)(𝑙𝑘)(𝛾𝑘) holds.
Proof. Use Theorem 3.6 in combination with Proposition 2.8. □

Remark 3.8. Let the assumptions of Corollary 3.7 be fulfilled. Furthermore, sup-
pose that 𝑤 ∈ 𝔻 ∖ (ℙ𝛼,𝑛 ∪ ℤ𝛼,𝑛) (resp., 𝑤 = 𝛾𝑘 for a 𝑘 ∈ ℕ1,𝑚 with 𝛾𝑘 ∈ 𝔻). From
[40, Proposition 5.1] (resp., [40, Proposition 5.5]) we know that the set of possible
values for Ω(𝑤) (resp., 1

𝑙𝑘!
Ω(𝑙𝑘)(𝑤)) fills a matrix ball 𝔎(M𝑤;A𝑤,B𝑤). In [40], the

corresponding parameters M𝑤, A𝑤, and B𝑤 are also expressed in terms of ortho-
gonal rational matrix functions. Based on these formulas along with Theorem 3.6
and Corollary 3.7 one can realize that the matrix measure 𝐹 is a canonical solu-
tion in ℳ[(𝛼𝑗)

𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0] if and only if the value Ω(𝑤) (resp., 1

𝑙𝑘!
Ω(𝑙𝑘)(𝑤))

belongs to the boundary of 𝔎(M𝑤;A𝑤,B𝑤) (cf. Remark 1.9).

The representation of the Riesz–Herglotz transform Ω
(𝛼)
𝑛;U of the matrix mea-

sure 𝐹
(𝛼)
𝑛;U (defined as in Corollary 3.7 with some unitary 𝑞 × 𝑞 matrix U) which

appears in Theorem 3.6 depends on the choice of the pair of orthonormal systems
[(𝐿𝑘)

𝑛
𝑘=0, (𝑅𝑘)

𝑛
𝑘=0] corresponding to ℳ[(𝛼𝑗)

𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0] (with associated dual

pair [(𝐿#
𝑘 )
𝑛
𝑘=0, (𝑅

#
𝑘 )
𝑛
𝑘=0]). However, by [31, Lemma 5.6] one can see that this is

not essential. If we choose another pair of orthonormal systems [(�̃�𝑘)
𝑛
𝑘=0, (�̃�𝑘)

𝑛
𝑘=0]

corresponding to the solution set ℳ[(𝛼𝑗)
𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0] (with associated dual

pair [(�̃�#
𝑘 )
𝑛
𝑘=0, (�̃�

#
𝑘 )
𝑛
𝑘=0]), then the only possible difference is that another unitary

𝑞 × 𝑞 matrix Ũ occurs in that representation of Ω
(𝛼)
𝑛;U.

The rational matrix functions 𝐿𝑛, 𝑅𝑛, 𝐿
#
𝑛 , and 𝑅#

𝑛 occurring in the represen-
tation of Ω

(𝛼)
𝑛;U can be constructed from the given data in different ways. In view of

the recurrence relations for orthogonal rational matrix functions one needs to de-
termine the corresponding matrices, which realize these. In keeping with that, one
can apply the formulas presented in [27]. Moreover, because of [31, Remark 5.4]
one can also use Szegő parameters to obtain representations of Ω

(𝛼)
𝑛;U. In partic-

ular, the associated Szegő parameters can be calculated by integral formulas. In
addition, the rational matrix functions 𝐿#

𝑛 and 𝑅#
𝑛 can be extracted directly from

𝐿𝑛 and 𝑅𝑛 by using the integral formulas in [39, Section 5] as well.

Below, we will present an alternative to gain descriptions of the Riesz–Her-
glotz transform of a canonical solution of Problem (R) for the nondegenerate case.
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In other words, we will reformulate the above representations in terms of repro-
ducing kernels based on the procedure already used in [31, Section 6].

Along the lines of the scalar theory of reproducing kernels, which goes back
to [1] by Aronszajn, this machinery can be extended to the matrix case (see, e.g.,
[5], [6], [20], [21], and [36]). The reproducing kernels of the ℂ𝑞×𝑞-Hilbert modules
of rational matrix functions, which are of particular interest here, were studied
intensively in [23], [25], and [26] (see also [30]).

Let 𝑚 ∈ ℕ0 and 𝛼1, 𝛼2, . . . , 𝛼𝑚 ∈ ℂ ∖ 𝕋. Suppose that 𝐹 ∈ ℳ𝑞,𝑚
≥ (𝕋,𝔅𝕋). In

view of [24, Theorem 5.8] and [23, Theorem 10] one can see that by (ℛ𝑞×𝑞𝛼,𝑚, (⋅, ⋅)𝐹,𝑟)
(resp., (ℛ𝑞×𝑞𝛼,𝑚, (⋅, ⋅)𝐹,𝑙)) a right (resp., left) ℂ𝑞×𝑞-Hilbert module with reproducing
kernel 𝐾

(𝛼,𝐹 )
𝑚;𝑟 (resp., 𝐾

(𝛼,𝐹 )
𝑚;𝑙 ) is given. Here, the relevant kernel is a mapping from

(ℂ0 ∖ ℙ𝛼,𝑚) × (ℂ0 ∖ ℙ𝛼,𝑚) into ℂ𝑞×𝑞. In fact, if 𝑋0, 𝑋1, . . . , 𝑋𝑚 is a basis of the
right (resp., left) ℂ𝑞×𝑞-module ℛ𝑞×𝑞𝛼,𝑚, then the representation

𝐾(𝛼,𝐹 )
𝑚;𝑟 (𝑣, 𝑤) =

(
𝑋0(𝑣), 𝑋1(𝑣), . . . , 𝑋𝑚(𝑣)

)(
G

(𝐹 )
𝑋,𝑚

)−1

⎛⎜⎜⎜⎝
(
𝑋0(𝑤)

)∗(
𝑋1(𝑤)

)∗
...(

𝑋𝑚(𝑤)
)∗
⎞⎟⎟⎟⎠

(
resp., 𝐾

(𝛼,𝐹 )
𝑚;𝑙 (𝑤, 𝑣) =

((
𝑋0(𝑤)

)∗
,
(
𝑋1(𝑤)

)∗
, . . . ,
(
𝑋𝑚(𝑤)

)∗)(
H

(𝐹 )
𝑋,𝑚

)−1

⎛⎜⎜⎝
𝑋0(𝑣)
𝑋1(𝑣)
...

𝑋𝑚(𝑣)

⎞⎟⎟⎠)

holds for all 𝑣, 𝑤 ∈ ℂ0∖ℙ𝛼,𝑚 (cf. [23, Remark 12]). Furthermore, for 𝑤 ∈ ℂ0∖ℙ𝛼,𝑚,
let 𝐴

(𝛼,𝐹 )
𝑚,𝑤 : ℂ0 ∖ ℙ𝛼,𝑚 → ℂ𝑞×𝑞 (resp., 𝐶(𝛼,𝐹 )

𝑚,𝑤 : ℂ0 ∖ ℙ𝛼,𝑚 → ℂ𝑞×𝑞) be defined by

𝐴(𝛼,𝐹 )
𝑚,𝑤 (𝑣) := 𝐾(𝛼,𝐹 )

𝑚;𝑟 (𝑣, 𝑤)
(
resp., 𝐶(𝛼,𝐹 )

𝑚,𝑤 (𝑣) := 𝐾
(𝛼,𝐹 )
𝑚;𝑙 (𝑤, 𝑣)

)
.

Let (𝛼𝑗)
∞
𝑗=1 ∈ 𝒯1 and 𝑛 ∈ ℕ. Also, in view of Problem (R), let 𝑋0, 𝑋1, . . . , 𝑋𝑛

be a basis of the right ℂ𝑞×𝑞-module ℛ𝑞×𝑞𝛼,𝑛 and suppose that G is a nonsingular
matrix such that ℳ[(𝛼𝑗)

𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0] ∕= ∅. Let 𝑣, 𝑤 ∈ ℂ0 ∖ ℙ𝛼,𝑛. Then we set

𝐴(𝛼)
𝑛,𝑤(𝑣) :=

(
𝑋0(𝑣), 𝑋1(𝑣), . . . , 𝑋𝑛(𝑣)

)
G−1
(
𝑋0(𝑤), 𝑋1(𝑤), . . . , 𝑋𝑛(𝑤)

)∗
(3.7)

and

𝐶(𝛼)
𝑛,𝑤(𝑣) :=

⎛⎜⎜⎜⎜⎝
𝑋

[𝛼,𝑛]
0 (𝑤)

𝑋
[𝛼,𝑛]
1 (𝑤)
...

𝑋
[𝛼,𝑛]
𝑛 (𝑤)

⎞⎟⎟⎟⎟⎠
∗

G−1

⎛⎜⎜⎜⎜⎝
𝑋

[𝛼,𝑛]
0 (𝑣)

𝑋
[𝛼,𝑛]
1 (𝑣)
...

𝑋
[𝛼,𝑛]
𝑛 (𝑣)

⎞⎟⎟⎟⎟⎠ . (3.8)

Because of these settings, if 𝐹 ∈ ℳ[(𝛼𝑗)
𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0], then it follows

𝐴(𝛼,𝐹 )
𝑛,𝑤 = 𝐴(𝛼)

𝑛,𝑤 and 𝐶(𝛼,𝐹 )
𝑛,𝑤 = 𝐶(𝛼)

𝑛,𝑤 (3.9)
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(see also [31, Remark 2.1]). In particular (cf. [25, Proposition 11]), we have

𝐴(𝛼)
𝑛,𝑤(𝑤) > 0𝑞×𝑞 and 𝐶(𝛼)

𝑛,𝑤(𝑤) > 0𝑞×𝑞, 𝑤 ∈ ℂ0 ∖ ℙ𝛼,𝑛. (3.10)

Based on [31, Remarks 6.1 and 6.2], similar to (3.7) and (3.8), we set

𝐴(𝛼,#)
𝑛,𝑤 (𝑣) :=

(
𝑋0(𝑣), 𝑋1(𝑣), . . . , 𝑋𝑛(𝑣)

)(
G#
)−1
(
𝑋0(𝑤), 𝑋1(𝑤), . . . , 𝑋𝑛(𝑤)

)∗
and

𝐶(𝛼,#)
𝑛,𝑤 :=

⎛⎜⎜⎜⎜⎝
𝑋

[𝛼,𝑛]
0 (𝑤)

𝑋
[𝛼,𝑛]
1 (𝑤)
...

𝑋
[𝛼,𝑛]
𝑛 (𝑤)

⎞⎟⎟⎟⎟⎠
∗

(
G#
)−1

⎛⎜⎜⎜⎜⎝
𝑋

[𝛼,𝑛]
0 (𝑣)

𝑋
[𝛼,𝑛]
1 (𝑣)
...

𝑋
[𝛼,𝑛]
𝑛 (𝑣)

⎞⎟⎟⎟⎟⎠ ,

where G# ∈ ℂ(𝑛+1)𝑞×(𝑛+1)𝑞 stands for matrix G
(𝐹#)
𝑋,𝑛 which is (uniquely) given by

the reciprocal measure 𝐹# corresponding to an 𝐹 ∈ ℳ[(𝛼𝑗)
𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0].

Remark 3.9. By Remark 3.5 and [31, Lemma 6.4] (note (3.10)) one can conclude
that, for some unitary 𝑞 × 𝑞 matrix V, the rational matrix function

Φ
(𝛼)
𝑛;V :=

(
𝐴(𝛼,#)
𝑛,𝛼𝑛 Ω−∗

𝑛

√
𝐴

(𝛼)
𝑛,𝛼𝑛(𝛼𝑛)

−1

− 𝑏𝛼𝑛(𝐶
(𝛼,#)
𝑛,𝛼𝑛 )[𝛼,𝑛]Ω−1

𝑛

√
𝐶

(𝛼)
𝑛,𝛼𝑛(𝛼𝑛)

−1

V
)

⋅
(
𝐴(𝛼)
𝑛,𝛼𝑛

√
𝐴

(𝛼)
𝑛,𝛼𝑛(𝛼𝑛)

−1

+ 𝑏𝛼𝑛(𝐶
(𝛼)
𝑛,𝛼𝑛)

[𝛼,𝑛]

√
𝐶

(𝛼)
𝑛,𝛼𝑛(𝛼𝑛)

−1

V
)−1

,

where Ω𝑛 := (𝐿#
𝑛 )

[𝛼,𝑛](𝛼𝑛)
(
𝐿
[𝛼,𝑛]
𝑛 (𝛼𝑛)

)−1
, admits also the representations

Φ
(𝛼)
𝑛;V =

(√
𝐶

(𝛼)
𝑛,𝛼𝑛(𝛼𝑛)

−1

𝐶(𝛼)
𝑛,𝛼𝑛 + 𝑏𝛼𝑛V

√
𝐴

(𝛼)
𝑛,𝛼𝑛(𝛼𝑛)

−1

(𝐴(𝛼)
𝑛,𝛼𝑛)

[𝛼,𝑛]
)−1

⋅
(√

𝐶
(𝛼)
𝑛,𝛼𝑛(𝛼𝑛)

−1

Ω−∗
𝑛 𝐶(𝛼,#)

𝑛,𝛼𝑛 − 𝑏𝛼𝑛V

√
𝐴

(𝛼)
𝑛,𝛼𝑛(𝛼𝑛)

−1

Ω−1
𝑛 (𝐴(𝛼,#)

𝑛,𝛼𝑛 )
[𝛼,𝑛]
)
,

Φ
(𝛼)
𝑛;V =

( 1
𝑏𝛼𝑛

𝐴(𝛼,#)
𝑛,𝛼𝑛 Ω−∗

𝑛

√
𝐴

(𝛼)
𝑛,𝛼𝑛(𝛼𝑛)

−1

V∗ − (𝐶(𝛼,#)
𝑛,𝛼𝑛 )[𝛼,𝑛]Ω−1

𝑛

√
𝐶

(𝛼)
𝑛,𝛼𝑛(𝛼𝑛)

−1)
⋅
( 1
𝑏𝛼𝑛

𝐴(𝛼)
𝑛,𝛼𝑛

√
𝐴

(𝛼)
𝑛,𝛼𝑛(𝛼𝑛)

−1

V∗ + (𝐶(𝛼)
𝑛,𝛼𝑛)

[𝛼,𝑛]

√
𝐶

(𝛼)
𝑛,𝛼𝑛(𝛼𝑛)

−1)−1

,

Φ
(𝛼)
𝑛;V =

( 1
𝑏𝛼𝑛

V∗
√

𝐶
(𝛼)
𝑛,𝛼𝑛(𝛼𝑛)

−1

𝐶(𝛼)
𝑛,𝛼𝑛 +

√
𝐴

(𝛼)
𝑛,𝛼𝑛(𝛼𝑛)

−1

(𝐴(𝛼)
𝑛,𝛼𝑛)

[𝛼,𝑛]
)−1

⋅
( 1
𝑏𝛼𝑛

V∗
√

𝐶
(𝛼)
𝑛,𝛼𝑛(𝛼𝑛)

−1

Ω−∗
𝑛 𝐶(𝛼,#)

𝑛,𝛼𝑛 −
√

𝐴
(𝛼)
𝑛,𝛼𝑛(𝛼𝑛)

−1

Ω−1
𝑛 (𝐴(𝛼,#)

𝑛,𝛼𝑛 )
[𝛼,𝑛]
)
.

As an aside, we note that [31, Lemma 6.4] points out some other possibilities
to calculate the nonsingular 𝑞 × 𝑞 matrix Ω𝑛 in Remark 3.9.

Using the notation of Remark 3.9, we get the following characterization of
canonical solutions of Problem (R) for the nondegenerate case (similar to Theo-
rem 3.6, but now) in terms of reproducing kernels of rational matrix functions.
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Theorem 3.10. Let (𝛼𝑗)
∞
𝑗=1 ∈ 𝒯1. Furthermore, let 𝐹 ∈ ℳ𝑞

≥(𝕋,𝔅𝕋) and let Ω be
the Riesz–Herglotz transform of 𝐹 . Then the following statements are equivalent:

(i) 𝐹 is a canonical solution in ℳ[(𝛼𝑗)
𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0].

(ii) There is a unitary 𝑞× 𝑞 matrix V such that Ω(𝑣) = Φ
(𝛼)
𝑛;V(𝑣) for 𝑣 ∈ 𝔻∖ℙ𝛼,𝑛.

Moreover, if (i) holds, then the unitary 𝑞×𝑞 matrix V in (ii) is uniquely determined.

Proof. Use Theorem 3.6 along with [31, Lemma 6.4]. □

As an aside, we briefly mention that similar to Corollary 3.7 one can draw a
conclusion based on Theorem 3.10 instead of Theorem 3.6.

Note that, for a fixed canonical solution of Problem (R), the unitary matrices
U and V occurring in Theorems 3.6 and 3.10 do not coincide in general. Further-
more, in view of Remark 2.1 (see also Proposition 1.12), Theorems 3.6 and 3.10
can be used for nonnegative definite sequences of matrices which are canonical of
order 𝑛+1. In this context, Theorems 3.6 and 3.10 are related to [29, Theorem 6.5,
Theorem 6.9, and Proposition 10.3].

In Theorem 3.6 (resp., Theorem 3.10) the condition (𝛼𝑗)
∞
𝑗=1 ∈ 𝒯1 is cho-

sen, since we want to apply the results on orthogonal rational matrix functions
stated in [26] and [27]. However, for the somewhat more general case that only
𝛼1, 𝛼2, . . . , 𝛼𝑛 ∈ ℂ ∖ 𝕋 is assumed, one can at least conclude the following.

Proposition 3.11. Suppose that 𝛼1, 𝛼2, . . . , 𝛼𝑛 ∈ ℂ∖𝕋. Then there is a bijective cor-
respondence between the set of all canonical solutions in ℳ[(𝛼𝑗)

𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0]

and the set of all unitary 𝑞 × 𝑞 matrices. In particular, there exist uncountably
infinitely many canonical solutions in ℳ[(𝛼𝑗)

𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0].

Proof. Taking [24, Theorem 5.6 and Remark 5.10] into account, in view of [23,
Proposition 5] and Remark 2.4 one can restrict the considerations without loss of
generality to the special case in which 𝛼𝑗 = 0 for each 𝑗 ∈ ℕ1,𝑛, the underlying
matrix G is a nonnegative Hermitian 𝑞 × 𝑞 block Toeplitz matrix, and in which
𝑋𝑘 coincides with the complex 𝑞 × 𝑞 matrix polynomial 𝐸𝑘,𝑞 defined by (2.1)
for each 𝑘 ∈ ℕ0,𝑛. For this case, however, the assertion follows immediately from
Theorem 3.6 (resp., Theorem 3.10 or Remark 1.9 along with Proposition 1.12). □

Remark 3.12. Suppose that 𝛼1, 𝛼2, . . . , 𝛼𝑛 ∈ ℂ∖𝕋. Observe the special case 𝑞 = 1,
where G is a nonsingular (𝑛 + 1) × (𝑛 + 1) matrix and where 𝑋0, 𝑋1, . . . , 𝑋𝑛
is a basis of the linear space ℛ𝛼,𝑛. For this case, in view of Remark 2.15 (see
also Remark 3.3) it follows that an 𝐹 ∈ ℳ[(𝛼𝑗)

𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0] is a canonical

solution if and only if 𝐹 admits (1.10) with 𝑟 = 𝑛 + 1, some pairwise different
points 𝑧1, 𝑧2, . . . , 𝑧𝑟 ∈ 𝕋, and a sequence (A𝑠)𝑟𝑠=1 of positive numbers. Moreover,
Proposition 3.11 shows that there is a bijective correspondence between the set of
all canonical solutions in ℳ[(𝛼𝑗)

𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0] and the unit circle 𝕋.

Finally, we now consider the elementary case 𝑛 = 0, based on a constant
function 𝑋0 defined on ℂ0 with a nonsingular 𝑞 × 𝑞 matrix X0 as value and a
positive Hermitian 𝑞 × 𝑞 matrix G. Suppose that 𝐹 ∈ ℳ𝑞

≥(𝕋,𝔅𝕋). Then, similar
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to Theorem 3.6 or Theorem 3.10 (cf. [29, Remark 6.8 and Example 9.11]), one can
conclude that 𝐹 is a canonical solution with respect to (2.7) and (2.8) if and only
if the Riesz–Herglotz transform Ω of 𝐹 admits the representation

Ω(𝑣) =
√
X0G−1X∗

0

−1
W

⎛⎜⎜⎜⎜⎜⎝
𝑧1+𝑣
𝑧1−𝑣 0 ⋅ ⋅ ⋅ 0

0 𝑧2+𝑣
𝑧2−𝑣

. . .
...

...
. . .

. . . 0

0 ⋅ ⋅ ⋅ 0
𝑧𝑞+𝑣
𝑧𝑞−𝑣

⎞⎟⎟⎟⎟⎟⎠W∗√X0G−1X∗
0

−1
(3.11)

for each 𝑣 ∈ 𝔻 with some unitary 𝑞 × 𝑞 matrix W and (not necessarily pairwise
different) points 𝑧1, 𝑧2, . . . , 𝑧𝑞 ∈ 𝕋. In view of (3.11) and the matricial version of the
Riesz–Herglotz Theorem (see [18, Theorem 2.2.2]) it follows that 𝐹 is a canonical
solution with respect to (2.7) and (2.8) if and only if 𝐹 admits the representation

𝐹 =
√
X0G−1X∗

0

−1
W

⎛⎜⎜⎜⎜⎝
𝜀𝑧1 𝔬1 ⋅ ⋅ ⋅ 𝔬1

𝔬1 𝜀𝑧2
. . .

...
...

. . .
. . . 𝔬1

𝔬1 ⋅ ⋅ ⋅ 𝔬1 𝜀𝑧𝑞

⎞⎟⎟⎟⎟⎠W∗√X0G−1X∗
0

−1
(3.12)

(where 𝔬1 is the zero measure in ℳ1
≥(𝕋,𝔅𝕋)) with some unitary 𝑞 × 𝑞 matrix

W and points 𝑧1, 𝑧2, . . . , 𝑧𝑞 ∈ 𝕋. In particular, one can see that for a canonical
solution in this context each case of 𝑟 mass points with 𝑟 ∈ ℕ1,𝑞 is possible.

4. Some conclusions from Theorem 3.6

Because of Remarks 2.9 and 2.14 (see also Theorem 2.10) we already know that
canonical solutions of Problem (R) are molecular matrix measures with a spe-
cial structure. In the present section, we will provide somewhat more insight into
the weights corresponding to mass points which are associated with canonical solu-
tions of Problem (R) for the nondegenerate case. The characterization of canonical
solutions in Theorem 3.6 will be our starting point.

From now on, unless otherwise indicated, we act on the assumption that a ba-
sis 𝑋0, 𝑋1, . . . , 𝑋𝑛 of the right ℂ𝑞×𝑞-module ℛ𝑞×𝑞𝛼,𝑛 is given and that G is a nonsin-
gular (𝑛+1)𝑞×(𝑛+1)𝑞 matrix such thatℳ[(𝛼𝑗)

𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0] ∕= ∅ holds, where

(𝛼𝑗)
∞
𝑗=1 ∈ 𝒯1 and 𝑛 ∈ ℕ are arbitrary, but fixed. Let [(𝐿𝑘)

𝑛
𝑘=0, (𝑅𝑘)

𝑛
𝑘=0] be a pair

of orthonormal systems corresponding to the solution set ℳ[(𝛼𝑗)
𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0]

and let [(𝐿#
𝑘 )
𝑛
𝑘=0, (𝑅

#
𝑘 )
𝑛
𝑘=0] be the dual pair of orthonormal systems corresponding

to [(𝐿𝑘)
𝑛
𝑘=0, (𝑅𝑘)

𝑛
𝑘=0]. Furthermore, based on a unitary 𝑞×𝑞 matrix U, let the ratio-

nal matrix functions 𝑃
(𝛼)
𝑛;U and 𝑃

(𝛼,#)
𝑛;U (resp., 𝑄

(𝛼)
𝑛;U and 𝑄

(𝛼,#)
𝑛;U ) be given by (3.4).

In view of (3.4) and the choice of the set ℛ𝑞×𝑞𝛼,𝑛 there exist (uniquely deter-

mined) complex 𝑞× 𝑞 matrix polynomials 𝑝
(𝛼)
𝑛;U and 𝑝

(𝛼,#)
𝑛;U (resp., 𝑞

(𝛼)
𝑛;U and 𝑞

(𝛼,#)
𝑛;U )
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of degree not greater than 𝑛+ 1 such that the identities

𝑃
(𝛼)
𝑛;U =

1

𝜛𝛼,𝑛
𝑝
(𝛼)
𝑛;U and 𝑃

(𝛼,#)
𝑛;U =

1

𝜛𝛼,𝑛
𝑝
(𝛼,#)
𝑛;U(

resp., 𝑄
(𝛼)
𝑛;U =

1

𝜛𝛼,𝑛
𝑞
(𝛼)
𝑛;U and 𝑄

(𝛼,#)
𝑛;U =

1

𝜛𝛼,𝑛
𝑞
(𝛼,#)
𝑛;U

)
are satisfied, where 𝜛𝛼,𝑛 : ℂ → ℂ is the polynomial defined by

𝜛𝛼,𝑛(𝑢) := (1− 𝛼𝑛𝑢)

𝑛∏
𝑗=1

(1− 𝛼𝑗𝑢)
(
= (1− 𝛼𝑛𝑢)𝜋𝛼,𝑛(𝑢)

)
.

With regard to these particular complex 𝑞 × 𝑞 matrix polynomials one can realize
the following, where we use (for technical reasons) the notation

𝜂 := (−1)𝑛+1 ⋅ 𝜂𝑛 ⋅ 𝜂1 ⋅ . . . ⋅ 𝜂𝑛
(
=

𝑏𝛼𝑛(0) ⋅ 𝑏𝛼1(0) ⋅ . . . ⋅ 𝑏𝛼𝑛(0)(
𝜛𝛼,𝑛
)[𝑛+1]

(0)

)
.

Lemma 4.1. Let 𝑝
(𝛼)
𝑛;U, 𝑝

(𝛼,#)
𝑛;U , 𝑞

(𝛼)
𝑛;U, and 𝑞

(𝛼,#)
𝑛;U be the complex 𝑞 × 𝑞 matrix poly-

nomials and 𝜂 be the complex number given by the expressions above. Then:

(a) The equalities 𝑝
(𝛼)
𝑛;U = 𝜂U(𝑞

(𝛼)
𝑛;U)

[𝑛+1] and 𝑝
(𝛼,#)
𝑛;U = −𝜂U(

˜
𝑞
(𝛼,#)
𝑛;U )[𝑛+1] hold. In

particular, for each 𝑣 ∈ ℂ, the relations 𝒩 (𝑝(𝛼)𝑛;U(𝑣))=𝒩 ((𝑞(𝛼)𝑛;U)[𝑛+1](𝑣)
)
and

𝒩 (𝑝(𝛼,#)
𝑛;U (𝑣)

)
=𝒩 ((˜𝑞(𝛼,#)

𝑛;U )[𝑛+1](𝑣)
)
are satisfied as well as, for each 𝑧 ∈ 𝕋,

𝒩 (𝑝(𝛼)𝑛;U(𝑧))=𝒩 ((𝑞(𝛼)𝑛;U(𝑧))∗) and 𝒩 (𝑝(𝛼,#)
𝑛;U (𝑧)

)
=𝒩 ((𝑞(𝛼,#)

𝑛;U (𝑧))∗
)
hold.

(b) There is some 𝑤 ∈ 𝕋 (resp., �̆� ∈ 𝕋) such that det 𝑝(𝛼)𝑛;U=𝑤 det(𝑞
(𝛼)
𝑛;U)

[𝑛+1] and

det 𝑝
(𝛼,#)
𝑛;U = (−1)𝑞𝑤 det(

˜
𝑞
(𝛼,#)
𝑛;U )[𝑛+1] (resp., such that det 𝑝

(𝛼)
𝑛;U = �̆� det 𝑞

(𝛼)
𝑛;U

and det 𝑝
(𝛼,#)
𝑛;U = �̆� det 𝑞

(𝛼,#)
𝑛;U ) hold.

(c) There exist at most 𝑛+ 1 pairwise different points 𝑢1, 𝑢2, . . . , 𝑢𝑛+1 ∈ ℂ such

that 𝑝
(𝛼)
𝑛;U(𝑢𝑠) = 0𝑞×𝑞 (resp., 𝑝

(𝛼,#)
𝑛;U (𝑢𝑠) = 0𝑞×𝑞) for each 𝑠 ∈ ℕ1,𝑛+1 and there

exist at most (𝑛 + 1)𝑞 pairwise different points 𝑧1, 𝑧2, . . . , 𝑧(𝑛+1)𝑞 ∈ ℂ such

that det 𝑝
(𝛼)
𝑛;U(𝑧𝑠) = 0 (resp., det 𝑝

(𝛼,#)
𝑛;U (𝑧𝑠) = 0) for each 𝑠 ∈ ℕ1,(𝑛+1)𝑞.

(d) If any of the 𝑞×𝑞 matrices 𝑝
(𝛼)
𝑛;U(𝑧), 𝑞

(𝛼)
𝑛;U(𝑧), (𝑝

(𝛼)
𝑛;U)

[𝑛+1](𝑧), or (𝑞
(𝛼)
𝑛;U)

[𝑛+1](𝑧)

(resp., 𝑝
(𝛼,#)
𝑛;U (𝑧), 𝑞

(𝛼,#)
𝑛;U (𝑧), (

˜
𝑝
(𝛼,#)
𝑛;U )[𝑛+1](𝑧), or (

˜
𝑞
(𝛼,#)
𝑛;U )[𝑛+1](𝑧)) is singular

for some 𝑧 ∈ ℂ, then all of them are singular, where the point 𝑧 must belong

to 𝕋 and 𝑝
(𝛼,#)
𝑛;U (𝑧) ∕= 0𝑞×𝑞 (resp., 𝑝

(𝛼)
𝑛;U(𝑧) ∕= 0𝑞×𝑞).

(e) If the value 𝑝
(𝛼)
𝑛;U(𝑢), 𝑞

(𝛼)
𝑛;U(𝑢), (𝑝

(𝛼)
𝑛;U)

[𝑛+1](𝑢), or (𝑞
(𝛼)
𝑛;U)

[𝑛+1](𝑢) (resp., 𝑝
(𝛼,#)
𝑛;U (𝑢),

𝑞
(𝛼,#)
𝑛;U (𝑢), (

˜
𝑝
(𝛼,#)
𝑛;U )[𝑛+1](𝑢), or (

˜
𝑞
(𝛼,#)
𝑛;U )[𝑛+1](𝑢)) is 0𝑞×𝑞 for some 𝑢 ∈ ℂ, then all

of them are 0𝑞×𝑞, where 𝑢 ∈ 𝕋 and det 𝑝
(𝛼,#)
𝑛;U (𝑢) ∕= 0 (resp., det 𝑝

(𝛼)
𝑛;U(𝑢) ∕= 0).
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(f) The complex 𝑞 × 𝑞 matrix polynomials 𝑝
(𝛼)
𝑛;U, 𝑞

(𝛼)
𝑛;U, (𝑝

(𝛼)
𝑛;U)

[𝑛+1], (𝑞
(𝛼)
𝑛;U)

[𝑛+1],

𝑝
(𝛼,#)
𝑛;U , 𝑞

(𝛼,#)
𝑛;U , (

˜
𝑝
(𝛼,#)
𝑛;U )[𝑛+1], and (

˜
𝑞
(𝛼,#)
𝑛;U )[𝑛+1] are of (exact) degree 𝑛+1 and

each of them has a nonsingular matrix as leading coefficient.

Proof. (a) Let 𝑙𝑛 and 𝑟𝑛 be the (uniquely determined) complex 𝑞× 𝑞 matrix poly-
nomials of degree not greater than 𝑛 such that the relations

𝐿𝑛 =
1

𝜋𝛼,𝑛
𝑙𝑛 and 𝑅𝑛 =

1

𝜋𝛼,𝑛
𝑟𝑛

are satisfied. Thus, in view of [26, Proposition 2.13] we get

𝐿[𝛼,𝑛]
𝑛 =

𝜂

𝜋𝛼,𝑛
�̃� [𝑛]𝑛 and 𝑅[𝛼,𝑛]

𝑛 =
𝜂

𝜋𝛼,𝑛
𝑟 [𝑛]
𝑛

with 𝜂 := (−𝜂1) ⋅ . . . ⋅ (−𝜂𝑛). Similarly, [26, Proposition 2.13] leads to

(𝑄
(𝛼)
𝑛;U)

[𝛼,𝑛+1] =
𝜂

𝜛𝛼,𝑛
(𝑞

(𝛼)
𝑛;U)

[𝑛+1],

where 𝜂 = (−𝜂1)⋅ . . . ⋅(−𝜂𝑛)⋅(−𝜂𝑛) holds (cf. the choice of 𝜂) and where 𝛼𝑛+1 = 𝛼𝑛
(for technical reasons). Consequently, because of (3.4) it follows that

1

𝜛𝛼,𝑛(𝑢)
𝑝
(𝛼)
𝑛;U(𝑢) = 𝑃

(𝛼)
𝑛;U(𝑢) =

𝜂

𝜋𝛼,𝑛(𝑢)
𝑟 [𝑛]
𝑛 (𝑢) +

𝑏𝛼𝑛(𝑢)

𝜋𝛼,𝑛(𝑢)
U𝑙𝑛(𝑢)

(4.1)

=
1

𝜛𝛼,𝑛(𝑢)

(
𝜂(1−𝛼𝑛𝑢)𝑟

[𝑛]
𝑛 (𝑢) + 𝜂𝑛(𝛼𝑛−𝑢)U𝑙𝑛(𝑢)

)
and (using some rules for working with reciprocal rational matrix functions pre-
sented in [26, Section 2]) that

𝜂

𝜛𝛼,𝑛(𝑢)
U(𝑞

(𝛼)
𝑛;U)

[𝑛+1](𝑢) = U(𝑄
(𝛼)
𝑛;U)

[𝛼,𝑛+1](𝑢) = U
(
𝑏𝛼𝑛(𝑢)𝐿𝑛(𝑢) +U∗𝑅[𝛼,𝑛]

𝑛 (𝑢)
)

=
𝑏𝛼𝑛(𝑢)

𝜋𝛼,𝑛(𝑢)
U𝑙𝑛(𝑢) +

𝜂

𝜋𝛼,𝑛(𝑢)
𝑟 [𝑛]
𝑛 (𝑢)

=
1

𝜛𝛼,𝑛(𝑢)

(
𝜂𝑛(𝛼𝑛−𝑢)U𝑙𝑛(𝑢) + 𝜂(1−𝛼𝑛𝑢)𝑟

[𝑛]
𝑛 (𝑢)

)
for each 𝑢 ∈ ℂ ∖ ℙ𝛼,𝑛. This implies 𝑝

(𝛼)
𝑛;U = 𝜂U(𝑞

(𝛼)
𝑛;U)

[𝑛+1]. In particular, we get

𝒩 (𝑝(𝛼)𝑛;U(𝑣)) = 𝒩 ((𝑞(𝛼)𝑛;U)[𝑛+1](𝑣)
)

for each 𝑣 ∈ ℂ. Let 𝑧 ∈ 𝕋. Since (𝑞(𝛼)𝑛;U)
[𝑛+1](𝑧) = 𝑧𝑛+1

(
𝑞
(𝛼)
𝑛;U(𝑧)

)∗
(see, e.g., [18,

Lemma 1.2.2]), we obtain

𝒩 (𝑝(𝛼)𝑛;U(𝑧)) = 𝒩 ((𝑞(𝛼)𝑛;U)[𝑛+1](𝑧)
)
= 𝒩 ((𝑞(𝛼)𝑛;U(𝑧))∗).

An analogous argumentation yields the relations for 𝑝
(𝛼,#)
𝑛;U and 𝑞

(𝛼,#)
𝑛;U .
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(b) From the first two identities in (a) it follows immediately that

det 𝑝
(𝛼)
𝑛;U = 𝑤 det(𝑞

(𝛼)
𝑛;U)

[𝑛+1] and det 𝑝
(𝛼,#)
𝑛;U =(−1)𝑞𝑤 det(

˜
𝑞
(𝛼,#)
𝑛;U )[𝑛+1]

hold for some 𝑤 ∈ 𝕋. Furthermore, similar to (4.1) one can find that

1

𝜛𝛼,𝑛(𝑢)
𝑞
(𝛼)
𝑛;U(𝑢) =

1

𝜛𝛼,𝑛(𝑢)

(
𝜂(1−𝛼𝑛𝑢)�̃�

[𝑛]
𝑛 (𝑢) + 𝜂𝑛(𝛼𝑛−𝑢)𝑟𝑛(𝑢)U

)
for each 𝑢 ∈ ℂ∖ℙ𝛼,𝑛. Beyond that, by [26, Proposition 2.13 and Theorem 6.10] we

know that det 𝑟
[𝑛]
𝑛 = �̆� det �̃�

[𝑛]
𝑛 for some �̆� ∈ 𝕋. Thus, recalling [26, Remark 6.2

and Lemma 6.5] and [18, Lemma 1.1.8], from (4.1) one can conclude

det 𝑝
(𝛼)
𝑛;U(𝑢) = det

(
𝜂(1−𝛼𝑛𝑢)I𝑞 + 𝜂𝑛(𝛼𝑛−𝑢)U𝑙𝑛(𝑢)

(
𝑟 [𝑛]
𝑛 (𝑢)

)−1
)
det 𝑟 [𝑛]

𝑛 (𝑢)

= �̆�
(
𝜂(1−𝛼𝑛𝑢)

)𝑞
det
(
I𝑞 +

𝜂𝑛(𝛼𝑛−𝑢)

𝜂(1−𝛼𝑛𝑢)
U
(
�̃� [𝑛]𝑛 (𝑢)

)−1
𝑟𝑛(𝑢)

)
det �̃� [𝑛]𝑛 (𝑢)

= �̆�
(
𝜂(1−𝛼𝑛𝑢)

)𝑞
det
(
I𝑞+

𝑏𝛼𝑛(𝑢)

𝜂
𝑟𝑛(𝑢)U

(
�̃� [𝑛]𝑛 (𝑢)

)−1
)
det �̃� [𝑛]𝑛 (𝑢)

= �̆� det 𝑞
(𝛼)
𝑛;U(𝑢)

for each 𝑢 ∈ ℂ ∖ ℙ𝛼,𝑛 satisfying det 𝑟
[𝑛]
𝑛 (𝑢) ∕= 0. Note that [26, Corollaries 4.4

and 4.7] and [18, Lemma 1.2.3] imply that the polynomial det 𝑟
[𝑛]
𝑛 has at most 𝑛𝑞

pairwise different zeros. Therefore, by a continuity argument we get

det 𝑝
(𝛼)
𝑛;U = �̆� det 𝑞

(𝛼)
𝑛;U.

Since [26, Proposition 2.13 and Theorem 6.10] along with [39, Proposition 3.5 and

Theorem 4.6] involving det 𝑟
[𝑛]
𝑛,# = �̆� det �̃�

[𝑛]
𝑛,#, where 𝑙𝑛,# and 𝑟𝑛,# are the 𝑞 × 𝑞

matrix polynomials of degree not greater than 𝑛 such that the representations

𝐿#
𝑛 =

1

𝜋𝛼,𝑛
𝑙𝑛,# and 𝑅#

𝑛 =
1

𝜋𝛼,𝑛
𝑟𝑛,#

are fulfilled, an analogous argumentation shows

det 𝑝
(𝛼,#)
𝑛;U = �̆� det 𝑞

(𝛼,#)
𝑛;U .

(d) Let any of the matrices 𝑝
(𝛼)
𝑛;U(𝑧), 𝑞

(𝛼)
𝑛;U(𝑧), (𝑝

(𝛼)
𝑛;U)

[𝑛+1](𝑧), or (𝑞
(𝛼)
𝑛;U)

[𝑛+1](𝑧) be

singular for some 𝑧 ∈ ℂ. By (b) we see that all of them are singular matrices. Let
𝛼𝑛 ∈ 𝔻. With a view to [26, Corollary 4.4 and Remark 6.2] and [27, Theorem 3.10

and Lemma 3.11] we find out that det 𝑟
[𝑛]
𝑛 (𝑣) ∕= 0 for each 𝑣 ∈ 𝔻. Additionally,

considering [26, Corollary 4.4], from [31, Lemma 3.11] it follows that the matrix

𝑏𝛼𝑛(𝑣) 𝑙𝑛(𝑣)
(
𝑟
[𝑛]
𝑛 (𝑣)

)−1
is strictly contractive for each 𝑣 ∈ 𝔻 ∖ ℙ𝛼,𝑛. Accordingly,

an elementary result on matricial Schur functions (see, e.g., [18, Lemma 2.1.5])

shows that 𝑏𝛼𝑛(𝑣) 𝑙𝑛(𝑣)
(
𝑟
[𝑛]
𝑛 (𝑣)

)−1
is strictly contractive for each 𝑣 ∈ 𝔻. Thus
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(use, e.g., [18, Remark 1.1.2 and Lemma 1.1.13]), for each 𝑣 ∈ 𝔻, the matrix
𝑏𝛼𝑛(𝑣)
𝜂 U𝑙𝑛(𝑣)

(
𝑟
[𝑛]
𝑛 (𝑣)

)−1
is strictly contractive as well and

det 𝑝
(𝛼)
𝑛;U(𝑣) =

(
𝜂(1−𝛼𝑛𝑣)

)𝑞
det
(
I𝑞 +

𝑏𝛼𝑛(𝑣)

𝜂
U𝑙𝑛(𝑣)

(
𝑟 [𝑛]
𝑛 (𝑣)

)−1
)
det 𝑟 [𝑛]

𝑛 (𝑣) ∕= 0.

Similarly, based on [26, Corollary 4.4 and Remark 6.2], [27, Theorem 3.10 and

Lemma 3.11], and [31, Lemma 3.11] we have det 𝑙𝑛(𝑣) ∕= 0 and one can verify that
𝜂

𝑏𝛼𝑛(𝑣)
U∗ 𝑟 [𝑛]

𝑛 (𝑣)
(
𝑙𝑛(𝑣)
)−1

is a strictly contractive matrix and

det 𝑝
(𝛼)
𝑛;U(𝑣) ∕= 0

for each 𝑣 ∈ 𝔻 in the case of 𝛼𝑛 ∈ ℂ ∖𝔻. Combining this with (b) we obtain

det(𝑝
(𝛼)
𝑛;U)

[𝑛+1](𝑣) ∕= 0

for each 𝑣 ∈ 𝔻 as well. Therefore, from [18, Lemma 1.2.3] one can conclude that

𝑧 ∈ 𝕋. We suppose now, for a moment, that 𝑝
(𝛼,#)
𝑛;U (𝑢) = 0𝑞×𝑞 for some 𝑢 ∈ 𝕋.

Thus, we have 𝑃
(𝛼,#)
𝑛;U (𝑢) = 0𝑞×𝑞 such that in view of (3.4) and [31, Lemma 3.11]

we see that the matrix (𝑅#
𝑛 )

[𝛼,𝑛](𝑢) is nonsingular and that

U = 𝑏𝛼𝑛(𝑢)
(
𝐿#
𝑛 (𝑢)
(
(𝑅#
𝑛 )

[𝛼,𝑛](𝑢)
)−1
)∗

.

Moreover, from [39, Proposition 3.3] we can deduce that

𝑅#
𝑛 (𝑢)𝑅

[𝛼,𝑛]
𝑛 (𝑢) + (𝐿#

𝑛 )
[𝛼,𝑛](𝑢)𝐿𝑛(𝑢) = 2

1−∣𝛼𝑛∣2
∣1−𝛼𝑛𝑢∣2𝐵

(𝑞)
𝛼,𝑛(𝑢).

In summary, recalling (3.4) and 𝑢 ∈ 𝕋, by using [26, Lemma 2.2] we get

𝑃
(𝛼)
𝑛;U(𝑢) = 𝑅[𝛼,𝑛]

𝑛 (𝑢) + ∣𝑏𝛼𝑛(𝑢)∣2
(
𝐿#
𝑛 (𝑢)
(
(𝑅#
𝑛 )

[𝛼,𝑛](𝑢)
)−1
)∗

𝐿𝑛(𝑢)

=
(
(𝑅#
𝑛 )

[𝛼,𝑛](𝑢)
)−∗((

(𝑅#
𝑛 )

[𝛼,𝑛](𝑢)
)∗

𝑅[𝛼,𝑛]
𝑛 (𝑢) +

(
𝐿#
𝑛 (𝑢)
)∗

𝐿𝑛(𝑢)
)

= 𝐵
(𝑞)
𝛼,𝑛(𝑢)

(
(𝑅#
𝑛 )

[𝛼,𝑛](𝑢)
)−∗(

𝑅#
𝑛 (𝑢)𝑅

[𝛼,𝑛]
𝑛 (𝑢) + (𝐿#

𝑛 )
[𝛼,𝑛](𝑢)𝐿𝑛(𝑢)

)
= 2

1−∣𝛼𝑛∣2
∣1−𝛼𝑛𝑢∣2

(
(𝑅#
𝑛 )

[𝛼,𝑛](𝑢)
)−∗

.

In particular, the matrix 𝑃
(𝛼)
𝑛;U(𝑢) is nonsingular. Since 𝑝

(𝛼)
𝑛;U(𝑧) is singular, it follows

that 𝑝
(𝛼,#)
𝑛;U (𝑧) ∕= 0𝑞×𝑞 holds. Using the already proved part of (d) in combination

with Remark 3.4 one can infer that, for some 𝑧 ∈ ℂ, if any element of the set{
𝑝
(𝛼,#)
𝑛;U (𝑧), 𝑞

(𝛼,#)
𝑛;U (𝑧), (

˜
𝑝
(𝛼,#)
𝑛;U )[𝑛+1](𝑧), (

˜
𝑞
(𝛼,#)
𝑛;U )[𝑛+1](𝑧)

}
is a singular matrix, then all of them are singular, where 𝑧 ∈ 𝕋 and 𝑝

(𝛼)
𝑛;U(𝑧) ∕= 0𝑞×𝑞.

(e) Considering (a) and (b), the assertion of (e) follows from (d).
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(f) By (d) one can see that the complex 𝑞×𝑞 matrices (𝑝
(𝛼)
𝑛;U)

[𝑛+1](0), (𝑞
(𝛼)
𝑛;U)

[𝑛+1](0),

𝑝
(𝛼)
𝑛;U(0), and 𝑞

(𝛼)
𝑛;U(0) as well as (

˜
𝑝
(𝛼,#)
𝑛;U )[𝑛+1](0), (

˜
𝑞
(𝛼,#)
𝑛;U )[𝑛+1](0), 𝑝

(𝛼,#)
𝑛;U (0), and

𝑞
(𝛼,#)
𝑛;U (0) are all nonsingular. This entails that each function of the set{

𝑝
(𝛼)
𝑛;U, 𝑞

(𝛼)
𝑛;U, (𝑝

(𝛼)
𝑛;U)

[𝑛+1], (𝑞
(𝛼)
𝑛;U)

[𝑛+1], 𝑝
(𝛼,#)
𝑛;U , 𝑞

(𝛼,#)
𝑛;U , (

˜
𝑝
(𝛼,#)
𝑛;U )[𝑛+1], (

˜
𝑞
(𝛼,#)
𝑛;U )[𝑛+1]

}
is a complex 𝑞 × 𝑞 matrix polynomial of (exact) degree 𝑛 + 1 with a nonsingular
𝑞 × 𝑞 matrix as leading coefficient.
(c) This is a consequence of the Fundamental Theorem of Algebra and (f). □

Lemma 4.2. Let 𝑃
(𝛼)
𝑛;U, 𝑃

(𝛼,#)
𝑛;U , 𝑄

(𝛼)
𝑛;U, and 𝑄

(𝛼,#)
𝑛;U be the rational matrix function

given by (3.4) with a unitary 𝑞 × 𝑞 matrix U. Furthermore, let 𝛼𝑛+1 = 𝛼𝑛. Then:

(a) The equalities 𝑃
(𝛼)
𝑛;U = U(𝑄

(𝛼)
𝑛;U)

[𝛼,𝑛+1] and 𝑃
(𝛼,#)
𝑛;U = −U(𝑄(𝛼,#)

𝑛;U )[𝛼,𝑛+1] are

satisfied. In particular, the relations 𝒩 (𝑃 (𝛼)
𝑛;U(𝑣)

)
=𝒩 ((𝑄(𝛼)

𝑛;U)
[𝛼,𝑛+1](𝑣)

)
and

𝒩 (𝑃 (𝛼,#)
𝑛;U (𝑣)

)
=𝒩 ((𝑄(𝛼,#)

𝑛;U )[𝛼,𝑛+1](𝑣)
)
for all 𝑣 ∈ ℂ0 ∖ ℙ𝛼,𝑛 holds as well as

𝒩 (𝑃 (𝛼)
𝑛;U(𝑧)

)
=𝒩 ((𝑄(𝛼)

𝑛;U(𝑧))
∗)and 𝒩 (𝑃 (𝛼,#)

𝑛;U (𝑧)
)
=𝒩 ((𝑄(𝛼,#)

𝑛;U (𝑧))∗
)
for 𝑧∈𝕋.

(b) There is a 𝑤 ∈ 𝕋 (resp., a �̆� ∈ 𝕋) such that det𝑃 (𝛼)
𝑛;U=𝑤 det(𝑄

(𝛼)
𝑛;U)

[𝛼,𝑛+1] and

det𝑃
(𝛼,#)
𝑛;U = (−1)𝑞𝑤 det(𝑄

(𝛼,#)
𝑛;U )[𝛼,𝑛+1] (resp., that det𝑃

(𝛼)
𝑛;U = �̆� det𝑄

(𝛼)
𝑛;U

and det𝑃
(𝛼,#)
𝑛;U = �̆� det𝑄

(𝛼,#)
𝑛;U ) hold.

(c) There exist at most 𝑛+1 pairwise different points 𝑢1, 𝑢2, . . . , 𝑢𝑛+1 ∈ ℂ0∖ℙ𝛼,𝑛
such that 𝑃

(𝛼)
𝑛;U(𝑢𝑠) = 0𝑞×𝑞 (resp., 𝑃

(𝛼,#)
𝑛;U (𝑢𝑠) = 0𝑞×𝑞) for each 𝑠 ∈ ℕ1,𝑛+1

and at most (𝑛+ 1)𝑞 pairwise different points 𝑧1, 𝑧2, . . . , 𝑧(𝑛+1)𝑞 ∈ ℂ0 ∖ ℙ𝛼,𝑛
such that det𝑃

(𝛼)
𝑛;U(𝑧𝑠) = 0 (resp., det𝑃

(𝛼,#)
𝑛;U (𝑧𝑠) = 0) for each 𝑠 ∈ ℕ1,(𝑛+1)𝑞.

(d) If 𝑃
(𝛼)
𝑛;U(𝑧), 𝑄

(𝛼)
𝑛;U(𝑧), (𝑃

(𝛼)
𝑛;U)

[𝛼,𝑛+1](𝑧), or (𝑄
(𝛼)
𝑛;U)

[𝛼,𝑛+1](𝑧) (resp., 𝑃
(𝛼,#)
𝑛;U (𝑧),

𝑄
(𝛼,#)
𝑛;U (𝑧), (𝑄

(𝛼,#)
𝑛;U )[𝛼,𝑛+1](𝑧), or (𝑄

(𝛼,#)
𝑛;U )[𝛼,𝑛+1](𝑧)) is a singular 𝑞×𝑞 matrix

for some 𝑧 ∈ ℂ0 ∖ℙ𝛼,𝑛, then all of them are singular, where 𝑧 must belong to

𝕋 and 𝑃
(𝛼,#)
𝑛;U (𝑧) ∕= 0𝑞×𝑞 (resp., 𝑃

(𝛼)
𝑛;U(𝑧) ∕= 0𝑞×𝑞).

(e) If any of the values 𝑃
(𝛼)
𝑛;U(𝑢), 𝑄

(𝛼)
𝑛;U(𝑢), (𝑃

(𝛼)
𝑛;U)

[𝛼,𝑛+1](𝑢), or (𝑄
(𝛼)
𝑛;U)

[𝛼,𝑛+1](𝑢)

(resp., of 𝑃
(𝛼,#)
𝑛;U (𝑢), 𝑄

(𝛼,#)
𝑛;U (𝑢), (𝑄

(𝛼,#)
𝑛;U )[𝛼,𝑛+1](𝑢), or (𝑄

(𝛼,#)
𝑛;U )[𝛼,𝑛+1](𝑢)) is

equal to 0𝑞×𝑞 for some 𝑢 ∈ ℂ0 ∖ ℙ𝛼,𝑛, then all of them are equal to 0𝑞×𝑞,
where 𝑢 ∈ 𝕋 and det𝑃

(𝛼,#)
𝑛;U (𝑢) ∕= 0 (resp., det𝑃

(𝛼)
𝑛;U(𝑢) ∕=0).

(f) The matrix functions 𝑃
(𝛼)
𝑛;U, 𝑄

(𝛼)
𝑛;U, (𝑃

(𝛼)
𝑛;U)

[𝛼,𝑛+1], (𝑄
(𝛼)
𝑛;U)

[𝛼,𝑛+1], 𝑃
(𝛼,#)
𝑛;U , 𝑄

(𝛼,#)
𝑛;U ,

(𝑃
(𝛼,#)
𝑛;U )[𝛼,𝑛+1], and (𝑄

(𝛼,#)
𝑛;U )[𝛼,𝑛+1] belong to ℛ𝑞×𝑞𝛼,𝑛+1 ∖ ℛ𝑞×𝑞𝛼,𝑛 .

Proof. Taking (3.4) and the choice of the complex 𝑞 × 𝑞 matrix polynomials 𝑝
(𝛼)
𝑛;U,

𝑝
(𝛼,#)
𝑛;U , 𝑞

(𝛼)
𝑛;U, and 𝑞

(𝛼,#)
𝑛;U in Lemma 4.1 into account, the assertions of (a)–(e) are

an easy consequence of Lemma 4.1 along with [26, Proposition 2.13]. Furthermore,

from (d) we can conclude that the complex 𝑞 × 𝑞 matrices (𝑃
(𝛼)
𝑛;U)

[𝛼,𝑛+1](𝛼𝑛+1),
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(𝑄
(𝛼)
𝑛;U)

[𝛼,𝑛+1](𝛼𝑛+1), 𝑃
(𝛼)
𝑛;U(𝛼𝑛+1), and𝑄

(𝛼)
𝑛;U(𝛼𝑛+1) as well as (𝑃

(𝛼,#)
𝑛;U )[𝛼,𝑛+1](𝛼𝑛+1),

(𝑄
(𝛼,#)
𝑛;U )[𝛼,𝑛+1](𝛼𝑛+1), 𝑃

(𝛼,#)
𝑛;U (𝛼𝑛+1), and 𝑄

(𝛼,#)
𝑛;U (𝛼𝑛+1) are all nonsingular. This

leads in combination with [26, Equation (2.10)] to (f). □

Recall that, in view of [32], the rational matrix functions defined by (3.4)
can be interpreted as elements of special para-orthogonal systems. In this regard,
Lemma 4.2 is closely related to [32, Theorem 6.8].

Now, based on Theorem 3.6 and Lemma 4.2, we gain somewhat more insight
into the structure of canonical solutions of Problem (R) for the nondegenerate case.
In view of Theorem 3.6 and Corollary 3.7, having fixed a unitary 𝑞 × 𝑞 matrix U,

we will reapply the notation 𝐹
(𝛼)
𝑛;U for the matrix measure belonging to ℳ𝑞

≥(𝕋,𝔅𝕋)

such that its Riesz–Herglotz transform Ω
(𝛼)
𝑛;U satisfies the identity

Ω
(𝛼)
𝑛;U(𝑣) = Ψ

(𝛼)
𝑛;U(𝑣), 𝑣 ∈ 𝔻 ∖ ℙ𝛼,𝑛.

In doing so, Ψ
(𝛼)
𝑛;U is the rational matrix function defined as in Remark 3.5 by

Ψ
(𝛼)
𝑛;U :=

(
𝑃

(𝛼)
𝑛;U

)−1
𝑃

(𝛼,#)
𝑛;U .

Theorem 4.3. Let (𝛼𝑗)
∞
𝑗=1 ∈ 𝒯1 and let 𝑛 ∈ ℕ. Let 𝑋0, 𝑋1, . . . , 𝑋𝑛 be a basis of

the right ℂ𝑞×𝑞-module ℛ𝑞×𝑞𝛼,𝑛 and suppose that G is a nonsingular matrix such that
ℳ[(𝛼𝑗)

𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0] ∕= ∅ holds. Furthermore, let U be a unitary 𝑞 × 𝑞 matrix

and let 𝑃
(𝛼)
𝑛;U and 𝑄

(𝛼)
𝑛;U be the rational matrix functions given by (3.4). Then:

(a) There exist some 𝑟 ∈ ℕ𝑛+1,(𝑛+1)𝑞, pairwise different points 𝑧1, 𝑧2, . . . , 𝑧𝑟 ∈ 𝕋,
and a sequence (A𝑠)

𝑟
𝑠=1 of nonnegative Hermitian 𝑞 × 𝑞 matrices each of

which is not equal to the zero matrix such that the representation

𝐹
(𝛼)
𝑛;U =

𝑟∑
𝑠=1

𝜀𝑧𝑠A𝑠 (4.2)

holds. In particular, the equality
𝑟∑
𝑠=1

rankA𝑠 = (𝑛+ 1)𝑞 (4.3)

is satisfied, where ℛ(A𝑠) = ℛ(𝐹 (𝛼)
𝑛;U({𝑧𝑠})

)
for each 𝑠 ∈ ℕ1,𝑟.

(b) If 𝑧 ∈ 𝕋, then the relations

𝒩 (𝑃 (𝛼)
𝑛;U(𝑧)

)
= 𝒩 ((𝑄(𝛼)

𝑛;U(𝑧))
∗) = ℛ(𝐹 (𝛼)

𝑛;U({𝑧})
)

(4.4)

and
𝐹

(𝛼)
𝑛;U({𝑧})𝐴(𝛼)

𝑛,𝑧(𝑧)x = x, x ∈ ℛ(𝐹 (𝛼)
𝑛;U({𝑧})

)
, (4.5)

hold, where 𝐴
(𝛼)
𝑛,𝑧(𝑧) = 𝐶

(𝛼)
𝑛,𝑧 (𝑧) and where 𝐴

(𝛼)
𝑛,𝑧 and 𝐶

(𝛼)
𝑛,𝑧 are the rational

matrix functions given by (3.7) and (3.8) with 𝑤 = 𝑧.

(c) For some 𝑧 ∈ ℂ0∖ℙ𝛼,𝑛, det𝑃 (𝛼)
𝑛;U(𝑧) = 0 holds if and only if 𝑧∈ {𝑧1, 𝑧2, . . . , 𝑧𝑟}.
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Proof. Obviously, to prove (4.2) it is enough to show that the Riesz–Herglotz

transform Ω
(𝛼)
𝑛;U of 𝐹

(𝛼)
𝑛;U admits the representation

Ω
(𝛼)
𝑛;U(𝑣) =

𝑟∑
𝑠=1

𝑧𝑠 + 𝑣

𝑧𝑠 − 𝑣
A𝑠, 𝑣 ∈ 𝔻, (4.6)

with some 𝑟 ∈ ℕ𝑛+1,(𝑛+1)𝑞, pairwise different points 𝑧1, 𝑧2, . . . , 𝑧𝑟 ∈ 𝕋, and a
sequence (A𝑠)

𝑟
𝑠=1 of nonnegative Hermitian 𝑞 × 𝑞 matrices each of which is not

equal to the zero matrix. From part (c) of Lemma 4.2 we know that the set Δ of

points 𝑧 ∈ ℂ0 ∖ ℙ𝛼,𝑛 such that det𝑃
(𝛼)
𝑛;U(𝑧) = 0 holds consists of at most (𝑛+ 1)𝑞

pairwise different elements. Let 𝑧 ∈ 𝕋 ∖Δ. From [39, Proposition 3.3] we get

𝐿𝑛(𝑧)𝑅
#
𝑛 (𝑧) = 𝐿#

𝑛 (𝑧)𝑅𝑛(𝑧), (𝑅#
𝑛 )

[𝛼,𝑛](𝑧)𝐿[𝛼,𝑛]
𝑛 (𝑧) = 𝑅[𝛼,𝑛]

𝑛 (𝑧)(𝐿#
𝑛 )

[𝛼,𝑛](𝑧)

as well as
𝐿𝑛(𝑧)(𝐿

#
𝑛 )

[𝛼,𝑛](𝑧) + 𝐿#
𝑛 (𝑧)𝐿

[𝛼,𝑛]
𝑛 (𝑧) = 2

1−∣𝛼𝑛∣2
∣1−𝛼𝑛𝑧∣2𝐵

(𝑞)
𝛼,𝑛(𝑧),

(𝑅#
𝑛 )

[𝛼,𝑛](𝑧)𝑅𝑛(𝑧) +𝑅[𝛼,𝑛]
𝑛 (𝑧)𝑅#

𝑛 (𝑧) = 2
1−∣𝛼𝑛∣2
∣1−𝛼𝑛𝑧∣2𝐵

(𝑞)
𝛼,𝑛(𝑧).

Hence, if Ψ
(𝛼)
𝑛;U :=

(
𝑃

(𝛼)
𝑛;U

)−1
𝑃

(𝛼,#)
𝑛;U as in Remark 3.5 and if

𝑁(𝑧) := 2ReΨ
(𝛼)
𝑛;U(𝑧),

then by (3.4), [26, Lemma 2.2], 𝑧 ∈ 𝕋 ∖Δ, and the unitarity of U it follows

𝑁(𝑧) =
(
𝑃

(𝛼)
𝑛;U(𝑧)

)−1
𝑃

(𝛼,#)
𝑛;U (𝑧) +

((
𝑃

(𝛼)
𝑛;U(𝑧)

)−1
𝑃

(𝛼,#)
𝑛;U (𝑧)

)∗
=
(
𝑃

(𝛼)
𝑛;U(𝑧)

)−1
(
𝑃

(𝛼,#)
𝑛;U (𝑧)

(
𝑃

(𝛼)
𝑛;U(𝑧)

)∗
+ 𝑃

(𝛼)
𝑛;U(𝑧)

(
𝑃

(𝛼,#)
𝑛;U (𝑧)

)∗ )(
𝑃

(𝛼)
𝑛;U(𝑧)

)−∗

=
(
𝑃

(𝛼)
𝑛;U(𝑧)

)−1
(
(𝑅#
𝑛 )

[𝛼,𝑛](𝑧)
(
𝑅[𝛼,𝑛]
𝑛 (𝑧)

)∗
+ 𝑏𝛼𝑛(𝑧)(𝑅

#
𝑛 )

[𝛼,𝑛](𝑧)
(
𝐿𝑛(𝑧)

)∗
U∗

− 𝑏𝛼𝑛(𝑧)U𝐿#
𝑛 (𝑧)
(
𝑅[𝛼,𝑛]
𝑛 (𝑧)

)∗−U𝐿#
𝑛 (𝑧)
(
𝐿𝑛(𝑧)

)∗
U∗

− 𝑏𝛼𝑛(𝑧)𝑅
[𝛼,𝑛]
𝑛 (𝑧)

(
𝐿#
𝑛 (𝑧)
)∗
U∗ + 𝑏𝛼𝑛(𝑧)U𝐿𝑛(𝑧)

(
(𝑅#
𝑛 )

[𝛼,𝑛](𝑧)
)∗

−U𝐿𝑛(𝑧)
(
𝐿#
𝑛 (𝑧)
)∗
U∗+𝑅[𝛼,𝑛]

𝑛 (𝑧)
(
(𝑅#
𝑛 )

[𝛼,𝑛](𝑧)
)∗)(

𝑃
(𝛼)
𝑛;U(𝑧)

)−∗

= 𝐵
(𝑞)
𝛼,𝑛(𝑧)

(
𝑃

(𝛼)
𝑛;U(𝑧)

)−1
(
(𝑅#
𝑛 )

[𝛼,𝑛](𝑧)𝑅𝑛(𝑧) + 𝑏𝛼𝑛(𝑧)(𝑅
#
𝑛 )

[𝛼,𝑛](𝑧)𝐿[𝛼,𝑛]
𝑛 (𝑧)U∗

− 𝑏𝛼𝑛(𝑧)U𝐿#
𝑛 (𝑧)𝑅𝑛(𝑧)−U𝐿#

𝑛 (𝑧)𝐿
[𝛼,𝑛]
𝑛 (𝑧)U∗+𝑅[𝛼,𝑛]

𝑛 (𝑧)𝑅#
𝑛 (𝑧)

− 𝑏𝛼𝑛(𝑧)𝑅
[𝛼,𝑛]
𝑛 (𝑧)(𝐿#

𝑛 )
[𝛼,𝑛](𝑧)U∗ + 𝑏𝛼𝑛(𝑧)U𝐿𝑛(𝑧)𝑅

#
𝑛 (𝑧)

−U𝐿𝑛(𝑧)(𝐿
#
𝑛 )

[𝛼,𝑛](𝑧)U∗
)(

𝑃
(𝛼)
𝑛;U(𝑧)

)−∗

= 2
1−∣𝛼𝑛∣2
∣1−𝛼𝑛𝑧∣2

(
𝑃

(𝛼)
𝑛;U(𝑧)

)−1(
I𝑞 −UU∗)(𝑃 (𝛼)

𝑛;U(𝑧)
)−∗

= 0𝑞×𝑞.

Recall that the set Δ consists of at most (𝑛 + 1)𝑞 elements, that Ω
(𝛼)
𝑛;U is by

definition the restriction of the rational matrix function Ψ
(𝛼)
𝑛;U to 𝔻, and that
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Ω
(𝛼)
𝑛;U(0) = 𝐹

(𝛼)
𝑛;U(𝕋). Taking this and 𝑁(𝑧) = 0𝑞×𝑞 into account, an application of

[28, Lemma 6.6] yields the representation (4.6) with some 𝑟 ∈ ℕ1,(𝑛+1)𝑞, pairwise
different points 𝑧1, 𝑧2, . . . , 𝑧𝑟 ∈ 𝕋, and some sequence (A𝑠)𝑟𝑠=1 of nonnegative Her-
mitian 𝑞 × 𝑞 matrices. Since Theorem 3.6 implies that the matrix measure 𝐹

(𝛼)
𝑛;U

belongs to the solution set ℳ[(𝛼𝑗)
𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0] and since G is nonsingular,

in view of [24, Theorem 5.6 and Proposition 6.1] and (4.6) one can conclude that
𝑟 ∈ ℕ𝑛+1,(𝑛+1)𝑞 and that A𝑠 ∕= 0𝑞×𝑞 for each 𝑠 ∈ ℕ1,𝑟. In particular, we get that
𝐹 admits the asserted representation subject to (4.2) and that

𝐹
(𝛼)
𝑛;U({𝑧}) =

{
0𝑞×𝑞 if 𝑧 ∈ 𝕋 ∖ {𝑧1, 𝑧2, . . . , 𝑧𝑟}
A𝑠 if 𝑧 = 𝑧𝑠 for some 𝑠 ∈ ℕ1,𝑟 .

Consequently, the relation

ℛ(𝐹 (𝛼)
𝑛;U({𝑧})

)
=

{
0𝑞×1 if 𝑧 ∈ 𝕋 ∖ {𝑧1, 𝑧2, . . . , 𝑧𝑟}

ℛ(A𝑠) if 𝑧 = 𝑧𝑠 for some 𝑠 ∈ ℕ1,𝑟

(4.7)

holds. Considering (3.4), a comparison of the choice of 𝐹
(𝛼)
𝑛;U with (4.6) shows that

𝑃
(𝛼,#)
𝑛;U (𝑢) = 𝑃

(𝛼)
𝑛;U(𝑢)

𝑟∑
𝑠=1

𝑧𝑠 + 𝑢

𝑧𝑠 − 𝑢
A𝑠 (4.8)

for each 𝑢 ∈ ℂ ∖ (ℙ𝛼,𝑛 ∪ {𝑧1, 𝑧2, . . . , 𝑧𝑟}). In view of (4.8), part (f) of Lemma 4.2,
and ℙ𝛼,𝑛 ⊂ ℂ0 ∖ 𝕋 one can see that {𝑧1, 𝑧2, . . . , 𝑧𝑟} ⊆ Δ and that

ℛ(A𝑠) ⊆ 𝒩 (𝑃 (𝛼)
𝑛;U(𝑧𝑠)

)
for all 𝑠∈ℕ1,𝑟. Now, let 𝑧∈Δ. Therefore, there is some x∈ℂ𝑞×1∖{0𝑞×1} such that
𝑃

(𝛼)
𝑛;U(𝑧)x = 0𝑞×1, where part (d) of Lemma 4.2 implies 𝑧 ∈ 𝕋. Thus, (3.4) yields

x∗
(
𝑅[𝛼,𝑛]
𝑛 (𝑧)

)∗
= −x∗(𝑏𝛼𝑛(𝑧)𝐿𝑛(𝑧))∗U∗.

Accordingly, by (3.4) and (4.8) we get

x∗
((

𝑅[𝛼,𝑛]
𝑛 (𝑧)

)∗
(𝑅#
𝑛 )

[𝛼,𝑛](𝑢) + 𝑏𝛼𝑛(𝑧)𝑏𝛼𝑛(𝑢)
(
𝐿𝑛(𝑧)

)∗
𝐿#
𝑛 (𝑢)
)

= −x∗(𝑏𝛼𝑛(𝑧)𝐿𝑛(𝑧))∗U∗
(
(𝑅#
𝑛 )

[𝛼,𝑛](𝑢)− 𝑏𝛼𝑛(𝑢)U𝐿#
𝑛 (𝑢)
)

= −x∗(𝑏𝛼𝑛(𝑧)𝐿𝑛(𝑧))∗U∗
(
𝑅[𝛼,𝑛]
𝑛 (𝑢) + 𝑏𝛼𝑛(𝑢)U𝐿𝑛(𝑢)

) 𝑟∑
𝑠=1

𝑧𝑠 + 𝑢

𝑧𝑠 − 𝑢
A𝑠

= x∗
((

𝑅[𝛼,𝑛]
𝑛 (𝑧)

)∗
𝑅[𝛼,𝑛]
𝑛 (𝑢)− 𝑏𝛼𝑛(𝑧)𝑏𝛼𝑛(𝑢)

(
𝐿𝑛(𝑧)

)∗
𝐿𝑛(𝑢)

) 𝑟∑
𝑠=1

𝑧𝑠 + 𝑢

𝑧𝑠 − 𝑢
A𝑠

for each 𝑢 ∈ ℂ ∖ (ℙ𝛼,𝑛 ∪ {𝑧1, 𝑧2, . . . , 𝑧𝑟}). Recalling ℳ[(𝛼𝑗)
𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0] ∕= ∅

and (3.9), this leads along with the Christoffel–Darboux formulas for orthogonal
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rational matrix functions (see [26, Lemma 5.1 and Corollary 5.5] and [39, Propo-
sition 3.1]) to the relation

x∗
(

2

1− 𝑧𝑢
I𝑞 −

𝑛∑
𝑘=0

(
𝐿𝑘(𝑧)

)∗
𝐿#
𝑘 (𝑢)

)
= x∗

𝑛∑
𝑘=0

(
𝐿𝑘(𝑧)

)∗
𝐿𝑘(𝑢)

𝑟∑
𝑠=1

𝑧𝑠 + 𝑢

𝑧𝑠 − 𝑢
A𝑠

= x∗𝐶(𝛼)
𝑛,𝑧 (𝑢)

𝑟∑
𝑠=1

𝑧𝑠 + 𝑢

𝑧𝑠 − 𝑢
A𝑠

for each 𝑢 ∈ ℂ ∖ (ℙ𝛼,𝑛 ∪ {𝑧, 𝑧1, 𝑧2, . . . , 𝑧𝑟}). Consequently, for some 𝑠 ∈ ℕ1,𝑟, a
continuity argument gives rise to 𝑧 = 𝑧𝑠 and to

x∗ = x∗𝐶(𝛼)
𝑛,𝑧𝑠(𝑧𝑠)A𝑠. (4.9)

From (4.9) it follows x ∈ ℛ(A𝑠). Summing up, we obtain Δ = {𝑧1, 𝑧2, . . . , 𝑧𝑟} and
(4.4) for each 𝑧 ∈ 𝕋 (note ℛ(A𝑠) ⊆ 𝒩 (𝑃 (𝛼)

𝑛;U(𝑧𝑠)
)
and (4.7) along with part (a) of

Lemma 4.2). Furthermore, taking into account Δ = {𝑧1, 𝑧2, . . . , 𝑧𝑟} and (4.7), in
view of (4.4) and the Fundamental Theorem of Algebra one can conclude that (4.3)
holds (cf. part (c) of Lemma 4.1 and part (c) of Lemma 4.2). For 𝑧 ∈ 𝕋, based on
(3.7) and (3.8) along with some rules for working with reciprocal rational matrix
functions stated in [26, Section 2] one can also see that the equality

𝐴(𝛼)
𝑛,𝑧(𝑧) = 𝐶(𝛼)

𝑛,𝑧 (𝑧)

is satisfied (besides, note (3.9) and [24, Theorem 5.6] as well as [25, Lemma 5]),
where from (3.10) we know that 𝐴

(𝛼)
𝑛,𝑧(𝑧) is a positive Hermitian 𝑞 × 𝑞 matrix.

Thus, by using (4.9) and Δ = {𝑧1, 𝑧2, . . . , 𝑧𝑟} in combination with (4.4) and (4.7)
we obtain that (4.5) holds as well. □

As an aside we will point out that, based on (4.3) and [24, Theorem 6.6], one
can conclude that the matrix measure 𝐹

(𝛼)
𝑛;U is a canonical solution of Problem (R)

in an alternative way (to the given proof in Theorem 3.6). Furthermore, since the
proof of Theorem 4.3 is performed without recourse to Theorem 2.10 (and Propo-
sition 1.12), this leads to an alternative approach to Remarks 3.1–3.3 as well.

With a view to the functions given by (3.4) and the concept of reciprocal mea-
sures in ℳ𝑞

≥(𝕋,𝔅𝕋), Theorem 4.3 implies the following (cf. [31, Proposition 6.3]).

Corollary 4.4. Let the assumptions of Theorem 4.3 be fulfilled. Furthermore, let

𝐹
(𝛼,#)
𝑛;U be the reciprocal measure corresponding to the matrix measure 𝐹

(𝛼)
𝑛;U. Then:

(a) There exist some ℓ ∈ ℕ𝑛+1,(𝑛+1)𝑞, pairwise different points 𝑢1, 𝑢2, . . . , 𝑢ℓ ∈ 𝕋,
and a sequence (A#

𝑠 )
ℓ
𝑠=1 of nonnegative Hermitian 𝑞 × 𝑞 matrices each of

which is not equal to the zero matrix such that

𝐹
(𝛼,#)
𝑛;U =

ℓ∑
𝑠=1

𝜀𝑢𝑠A
#
𝑠 .
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In particular, the equality

ℓ∑
𝑠=1

rankA#
𝑠 = (𝑛+ 1)𝑞

is satisfied, where ℛ(A#
𝑠 ) = ℛ(𝐹 (𝛼,#)

𝑛;U ({𝑢𝑠})
)
for each 𝑠 ∈ ℕ1,ℓ.

(b) If 𝑧 ∈ 𝕋, then the relations

𝒩 (𝑃 (𝛼,#)
𝑛;U (𝑧)

)
= 𝒩 ((𝑄(𝛼,#)

𝑛;U (𝑧))∗
)
= ℛ(𝐹 (𝛼,#)

𝑛;U ({𝑧}))
and

𝐹
(𝛼,#)
𝑛;U ({𝑧})𝐴(𝛼,#)

𝑛,𝑧 (𝑧)x = x, x ∈ ℛ(𝐹 (𝛼,#)
𝑛;U ({𝑧})),

hold, where 𝐴
(𝛼,#)
𝑛,𝑧 (𝑧) = 𝐶

(𝛼,#)
𝑛,𝑧 (𝑧).

(c) For a 𝑧 ∈ ℂ0 ∖ℙ𝛼,𝑛, det𝑃 (𝛼,#)
𝑛;U (𝑧) = 0 holds if and only if 𝑧∈ {𝑢1, 𝑢2, . . . , 𝑢ℓ}.

Proof. Recalling that the matrix G is nonsingular, by [31, Remarks 6.1 and 6.2]
and the choice of G# we see that the matrix G# is nonsingular as well. Further-
more, in view of Theorem 3.6 we know that 𝐹

(𝛼)
𝑛;U ∈ ℳ[(𝛼𝑗)

𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0]. Thus,

for each 𝑤 ∈ ℂ0 ∖ ℙ𝛼,𝑛, similar to (3.9) we get

𝐴
(𝛼,𝐹

(𝛼,#)
𝑛;U )

𝑛,𝑤 = 𝐴(𝛼,#)
𝑛,𝑤 and 𝐶

(𝛼,𝐹
(𝛼,#)
𝑛;U )

𝑛,𝑤 = 𝐶(𝛼,#)
𝑛,𝑤 .

Taking this into account (note also Remark 2.5 and Theorem 3.6), the assertion
is a direct consequence of Theorem 4.3 along with Remarks 3.4 and 3.5. □

In view of Theorem 4.3 we emphasize the following special cases.

Corollary 4.5. Let the assumptions of Theorem 4.3 be fulfilled. Furthermore, let

𝐹
(𝛼,#)
𝑛;U be the reciprocal measure corresponding to 𝐹

(𝛼)
𝑛;U. Let 𝑧 ∈ 𝕋. Then:

(a) The following statements are equivalent:

(i) det𝐹
(𝛼)
𝑛;U({𝑧}) ∕= 0.

(ii) 𝑃
(𝛼)
𝑛;U(𝑧) = 0𝑞×𝑞 (resp., 𝑄

(𝛼)
𝑛;U(𝑧) = 0𝑞×𝑞).

Moreover, if (i) is satisfied, then det𝑃
(𝛼,#)
𝑛;U (𝑧) ∕= 0 (resp., det𝑄

(𝛼,#)
𝑛;U (𝑧) ∕= 0).

In particular, if (i) holds, then 𝐹
(𝛼,#)
𝑛;U ({𝑧}) = 0𝑞×𝑞.

(b) The following statements are equivalent:

(iii) 𝐹
(𝛼)
𝑛;U({𝑧}) = 0𝑞×𝑞.

(iv) det𝑃
(𝛼)
𝑛;U(𝑧) ∕= 0 (resp., det𝑄

(𝛼)
𝑛;U(𝑧) ∕= 0).

Moreover, if 𝑃
(𝛼,#)
𝑛;U (𝑧) = 0𝑞×𝑞 (resp., 𝑄

(𝛼,#)
𝑛;U (𝑧) = 0𝑞×𝑞) is fulfilled, then (iii)

is satisfied. In particular, if det𝐹
(𝛼,#)
𝑛;U ({𝑧}) ∕= 0, then (iii) holds.

Proof. The equivalence of (i) and (ii) (resp., of (iii) and (iv)) is an immediate
consequence of Theorem 4.3 (see (4.4)). Taking this into account, from parts (d)

and (e) of Lemma 4.2 one can see that, if (i) is satisfied, then det𝑃
(𝛼,#)
𝑛;U ∕= 0

and det𝑄
(𝛼,#)
𝑛;U ∕= 0. Similarly, if 𝑃

(𝛼,#)
𝑛;U = 0𝑞×𝑞 (resp., 𝑄

(𝛼,#)
𝑛;U = 0𝑞×𝑞) holds, then

parts (d) and (e) of Lemma 4.2 imply (iii). Finally, an application of part (b) of
Corollary 4.4 completes the proof. □
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Corollary 4.6. Let the assumptions of Theorem 4.3 be fulfilled. Furthermore, let

𝐹
(𝛼,#)
𝑛;U be the reciprocal measure corresponding to the matrix measure 𝐹

(𝛼)
𝑛;U. Then

the following statements are equivalent:

(i) For each 𝑧 ∈ 𝕋, the value 𝐹
(𝛼)
𝑛;U({𝑧}) is either a nonsingular matrix or 0𝑞×𝑞.

(ii) There exist exactly 𝑛 + 1 pairwise different points 𝑧1, 𝑧2, . . . , 𝑧𝑛+1 ∈ 𝕋 such

that the value 𝐹
(𝛼)
𝑛;U({𝑧𝑠}) is nonsingular for each 𝑠 ∈ ℕ1,𝑛+1.

(iii) There exist exactly 𝑛 + 1 pairwise different points 𝑧1, 𝑧2, . . . , 𝑧𝑛+1 ∈ 𝕋 such

that 𝐹
(𝛼)
𝑛;U({𝑧𝑠}) ∕= 0𝑞×𝑞 holds for each 𝑠 ∈ ℕ1,𝑛+1.

(iv) For each 𝑧∈ 𝕋, the value𝑃 (𝛼)
𝑛;U(𝑧) (resp.,𝑄

(𝛼)
𝑛;U(𝑧)) is either nonsingular or 0𝑞×𝑞.

(v) There exist exactly 𝑛 + 1 pairwise different points 𝑢1, 𝑢2, . . . , 𝑢𝑛+1 ∈ 𝕋 such

that 𝑃
(𝛼)
𝑛;U(𝑢𝑠) = 0𝑞×𝑞 (resp., 𝑄

(𝛼)
𝑛;U(𝑢𝑠) = 0𝑞×𝑞) holds for each 𝑠 ∈ ℕ1,𝑛+1.

(vi) There exist exactly 𝑛 + 1 pairwise different points 𝑢1, 𝑢2, . . . , 𝑢𝑛+1 ∈ 𝕋 such

that 𝑃
(𝛼)
𝑛;U(𝑢𝑠) (resp., 𝑄

(𝛼)
𝑛;U(𝑢𝑠)) is singular for each 𝑠 ∈ ℕ1,𝑛+1.

Moreover, if (i) is satisfied, then {𝑧1, 𝑧2, . . . , 𝑧𝑛+1} = {𝑢1, 𝑢2, . . . , 𝑢𝑛+1} holds in
view of the points occurring in (ii), (iii), (v), and (vi), where det𝑃

(𝛼,#)
𝑛;U (𝑧𝑠) ∕= 0

(resp., det𝑄
(𝛼,#)
𝑛;U (𝑧𝑠) ∕= 0) and 𝐹

(𝛼,#)
𝑛;U ({𝑧𝑠}) = 0𝑞×𝑞 for each 𝑠 ∈ ℕ1,𝑛+1.

Proof. Use Theorem 4.3 in combination with Corollary 4.5. □

We briefly mention that the functions 𝑃
(𝛼)
𝑛;U, 𝑃

(𝛼,#)
𝑛;U , 𝑄

(𝛼)
𝑛;U, and 𝑄

(𝛼,#)
𝑛;U in Co-

rollaries 4.5 and 4.6 can also be replaced by the corresponding reciprocal functions(
𝑃

(𝛼)
𝑛;U

)[𝛼,𝑛+1]
,
(
𝑃

(𝛼,#)
𝑛;U

)[𝛼,𝑛+1]
,
(
𝑄

(𝛼)
𝑛;U

)[𝛼,𝑛+1]
, and

(
𝑄

(𝛼,#)
𝑛;U

)[𝛼,𝑛+1]
(cf. Lemma 4.2).

Recalling Theorem 3.6, we see that Theorem 4.3 and the resulting Corollaries
offer us further insight into the weights corresponding to mass points which are
associated with canonical solutions of Problem (R) for the nondegenerate case. In
this regard, Corollary 4.6 is closely related to Remark 3.2 (see also Corollary 4.9).
Furthermore, for the somewhat more general case that only 𝛼1, 𝛼2, . . . , 𝛼𝑛 ∈ ℂ ∖𝕋
(instead of (𝛼𝑗)

∞
𝑗=1 ∈ 𝒯1), one can conclude the following.

Proposition 4.7. Let 𝑛 ∈ ℕ and let 𝛼1, 𝛼2, . . . , 𝛼𝑛 ∈ ℂ∖𝕋. Let 𝑋0, 𝑋1, . . . , 𝑋𝑛 be a
basis of the right ℂ𝑞×𝑞-module ℛ𝑞×𝑞𝛼,𝑛 and suppose that G is a nonsingular matrix
such that ℳ[(𝛼𝑗)

𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0] ∕= ∅ holds. Furthermore, let 𝐹 be a canonical

solution in ℳ[(𝛼𝑗)
𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0]. Then the matrix measure 𝐹 admits (1.10)

with some 𝑟 ∈ ℕ𝑛+1,(𝑛+1)𝑞, pairwise different points 𝑧1, 𝑧2, . . . , 𝑧𝑟 ∈ 𝕋, and a
sequence (A𝑠)

𝑟
𝑠=1 of nonnegative Hermitian 𝑞 × 𝑞 matrices each of which is not

equal to the zero matrix. In particular, (4.3) is satisfied. Moreover, if 𝑧 ∈ 𝕋 and if

𝐴(𝛼)
𝑛,𝑧(𝑧) :=

(
𝑋0(𝑧), 𝑋1(𝑧), . . . , 𝑋𝑛(𝑧)

)
G−1
(
𝑋0(𝑧), 𝑋1(𝑧), . . . , 𝑋𝑛(𝑧)

)∗
, (4.10)

then
𝐹 ({𝑧})𝐴(𝛼)

𝑛,𝑧(𝑧)x = x, x ∈ ℛ(𝐹 ({𝑧})). (4.11)

Proof. Because of Remark 3.3 we already know that the matrix measure 𝐹 admits
(1.10) with some 𝑟 ∈ ℕ𝑛+1,(𝑛+1)𝑞, pairwise different points 𝑧1, 𝑧2, . . . , 𝑧𝑟 ∈ 𝕋, and
a sequence (A𝑠)

𝑟
𝑠=1 of nonnegative Hermitian 𝑞 × 𝑞 matrices each of which is not
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equal to the zero matrix. This and the fact that 𝐹 is a canonical solution in the set
ℳ[(𝛼𝑗)

𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0] ∕= ∅ implies along with Remark 3.1 that (4.3) is fulfilled

as well. It remains to be shown that (4.11) holds. For this, let 𝑧 ∈ 𝕋 and (based
on 𝐹 ) let 𝐹 (𝛼,𝑛) be the measure given as in Remark 2.4. In view of (1.10) we get

𝐹 (𝛼,𝑛)({𝑧}) = 1

∣𝜋𝛼,𝑛(𝑧)∣2𝐹 ({𝑧}).

Furthermore, the choice 𝐹 ∈ ℳ[(𝛼𝑗)
𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0] and (4.10) lead to

𝐴(𝛼,𝐹 )
𝑛,𝑧 (𝑧) = 𝐴(𝛼)

𝑛,𝑧(𝑧).

Hence, by using [23, Remarks 12 and 29] one can conclude that

𝐴(𝛼)
𝑛,𝑧(𝑧) =

1

∣𝜋𝛼,𝑛(𝑧)∣2𝐴𝑛,𝑧(𝑧),

where

𝐴𝑛,𝑧(𝑧) =
(
𝐸0,𝑞(𝑧), . . . , 𝐸𝑛,𝑞(𝑧)

)(
T(𝐹 (𝛼,𝑛))
𝑛

)−1
(
𝐸0,𝑞(𝑧), . . . , 𝐸𝑛,𝑞(𝑧)

)∗
and where 𝐸𝑘,𝑞 is the matrix polynomial defined as in (2.1) for each 𝑘 ∈ ℕ0,𝑛.
Note that 𝐴𝑛,𝑧(𝑧) is the special matrix given via (3.7) in which 𝛼𝑗 = 0 for each
𝑗 ∈ ℕ1,𝑛 and 𝑋𝑘 = 𝐸𝑘,𝑞 for each 𝑘 ∈ ℕ0,𝑛 is chosen as well as 𝑣 = 𝑤 = 𝑧 and G

is replaced by T
(𝐹 (𝛼,𝑛))
𝑛 . Thus, taking Theorem 3.6 and Remark 2.4 into account,

(4.11) follows from Theorem 4.3 (see (4.5)). □

Corollary 4.8. Let the assumptions of Proposition 4.7 be fulfilled. Furthermore, let
𝐹# be the reciprocal measure corresponding to a 𝐹 . Then

𝐹# =

ℓ∑
𝑠=1

𝜀𝑢𝑠A
#
𝑠 and

ℓ∑
𝑠=1

rankA#
𝑠 = (𝑛+ 1)𝑞

hold with some ℓ ∈ ℕ𝑛+1,(𝑛+1)𝑞, pairwise different points 𝑢1, 𝑢2, . . . , 𝑢ℓ ∈ 𝕋, and a
sequence (A#

𝑠 )
ℓ
𝑠=1 of nonnegative Hermitian 𝑞 × 𝑞 matrices each of which is not

equal to the zero matrix. Moreover, if 𝑧 ∈ 𝕋 and if

𝐴(𝛼,#)
𝑛,𝑧 (𝑧) :=

(
𝑋0(𝑧), 𝑋1(𝑧), . . . , 𝑋𝑛(𝑧)

)(
G#
)−1
(
𝑋0(𝑧), 𝑋1(𝑧), . . . , 𝑋𝑛(𝑧)

)∗
, (4.12)

then
𝐹#({𝑧})𝐴(𝛼,#)

𝑛,𝑧 (𝑧)x = x, x ∈ ℛ(𝐹#({𝑧})).
Proof. By using a similar argumentation as in the proof of Corollary 4.4, the
assertion follows from Proposition 4.7 along with Remark 2.5. □

Corollary 4.9. Let the assumptions of Proposition 4.7 be fulfilled. Furthermore, let

𝐹# be the reciprocal measure corresponding to 𝐹 and let 𝐴
(𝛼)
𝑛,𝑧(𝑧) and 𝐴

(𝛼,#)
𝑛,𝑧 (𝑧) be

the complex 𝑞 × 𝑞 matrices given by (4.10) and (4.12) for some 𝑧 ∈ 𝕋.

(a) Let 𝑧 ∈ 𝕋. Then det𝐹 ({𝑧}) ∕= 0 holds if and only if 𝐹 ({𝑧}) = (𝐴(𝛼)
𝑛,𝑧(𝑧)

)−1
.

Moreover, if det𝐹 ({𝑧}) ∕= 0 is satisfied, then 𝐹#({𝑧}) = 0𝑞×𝑞. In particular,
if det𝐹 ({𝑧}) ∕= 0, then 𝐹#({𝑧}) ∕= (𝐴(𝛼,#)

𝑛,𝑧 (𝑧)
)−1

holds.
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(b) The following statements are equivalent:
(i) For each 𝑧 ∈ 𝕋, the value 𝐹 ({𝑧}) is either a nonsingular matrix or 0𝑞×𝑞.
(ii) For each 𝑧 ∈ 𝕋, the value 𝐹 ({𝑧}) is either (𝐴(𝛼)

𝑛,𝑧(𝑧)
)−1

or 0𝑞×𝑞.
(iii) There exist exactly 𝑛+ 1 pairwise different points 𝑢1, 𝑢2, . . . , 𝑢𝑛+1 ∈ 𝕋

such that 𝐹 ({𝑢𝑠}) =
(
𝐴

(𝛼)
𝑛,𝑢𝑠(𝑢𝑠)

)−1
for each 𝑠 ∈ ℕ1,𝑛+1.

(iv) There exist exactly 𝑛+ 1 pairwise different points 𝑢1, 𝑢2, . . . , 𝑢𝑛+1 ∈ 𝕋
such that the value 𝐹 ({𝑢𝑠}) is nonsingular for each 𝑠 ∈ ℕ1,𝑛+1.

(v) There exist exactly 𝑛+ 1 pairwise different points 𝑢1, 𝑢2, . . . , 𝑢𝑛+1 ∈ 𝕋
such that 𝐹 ({𝑢𝑠}) ∕= 0𝑞×𝑞 holds for each 𝑠 ∈ ℕ1,𝑛+1.

(vi) For some 𝑟∈ℕ1,𝑛+1, pairwise different points 𝑧1, 𝑧2, . . . , 𝑧𝑟 ∈𝕋, and se-
quence (A𝑠)

𝑟
𝑠=1 of nonnegative Hermitian 𝑞×𝑞 matrices,𝐹 admits (1.10).

Moreover, if (i) is satisfied, then in view of (ii)–(vi) the relations 𝑟 = 𝑛 + 1

and {𝑧1, 𝑧2, . . . , 𝑧𝑛+1} = {𝑢1, 𝑢2, . . . , 𝑢𝑛+1} hold, where A𝑠 =
(
𝐴

(𝛼)
𝑛,𝑧𝑠(𝑧𝑠)

)−1

as well as 𝐹#({𝑧𝑠}) = 0𝑞×𝑞 and 𝐹#({𝑧𝑠}) ∕= (𝐴(𝛼,#)
𝑛,𝑧𝑠 (𝑧𝑠)

)−1
for 𝑠 ∈ ℕ1,𝑛+1.

Proof. Let 𝑧 ∈ 𝕋. Taking into account that (4.10) implies 𝐴
(𝛼)
𝑛,𝑧(𝑧) > 0𝑞×𝑞 (cf.

(3.10)), from Proposition 4.7 (see, in particular, (4.11)) it follows directly that the
condition det𝐹 ({𝑧}) ∕= 0 holds if and only if

𝐹 ({𝑧}) = (𝐴(𝛼)
𝑛,𝑧(𝑧)

)−1
.

Moreover, since the concept of reciprocal measures in the set ℳ𝑞
≥(𝕋,𝔅𝕋) is in-

dependent of the chosen points 𝛼1, 𝛼2, . . . , 𝛼𝑛 belonging to ℂ ∖ 𝕋, by using The-
orem 3.6 and part (a) of Corollary 4.5 along with Remarks 2.3 and 2.5 one can
conclude that det𝐹 ({𝑧}) ∕= 0 implies the equality 𝐹#({𝑧}) = 0𝑞×𝑞. In particular,
because of 𝐴

(𝛼,#)
𝑛,𝑧 (𝑧) > 0𝑞×𝑞 holds, we have 𝐹#({𝑧}) ∕= (𝐴(𝛼,#)

𝑛,𝑧 (𝑧)
)−1

in the case
of det𝐹 ({𝑧}) ∕= 0. Consequently, part (a) is proven. Recalling (a) and Remark 3.2,
part (b) is a simple consequence of Proposition 4.7 (note (4.3)). □

Corollary 4.10. Let 𝜏 ∈ ℕ or 𝜏 = +∞ and let 𝑚 ∈ ℕ1,𝜏 . Suppose that (c𝑘)
𝜏
𝑘=0 is a

sequence of complex 𝑞× 𝑞 matrices such that the block Toeplitz matrix T𝑚−1 given
via (1.1) is nonsingular. Then the following statements are equivalent:

(i) (c𝑘)
𝜏
𝑘=0 is a nonnegative definite sequence which is canonical of order 𝑚.

(ii) There are an 𝐹∈ ℳ𝑞
≥(𝕋,𝔅𝕋) and a finite Δ ⊂ 𝕋 so that 𝐹 (𝕋∖Δ) = 0𝑞×𝑞 and∑

𝑧∈Δ
rank𝐹 ({𝑧}) = 𝑚𝑞

hold, where c𝑘= c
(𝐹 )
𝑘 for each 𝑘 ∈ ℕ0,𝜏 .

(iii) There are some ℓ ∈ ℕ𝑚,𝑚𝑞, pairwise different points 𝑧1, 𝑧2, . . . , 𝑧ℓ ∈ 𝕋, and a
sequence (A𝑗)

ℓ
𝑗=1 of nonnegative Hermitian 𝑞 × 𝑞 matrices each of which is

not equal to the zero matrix such that
ℓ∑
𝑠=1

rankA𝑠 = 𝑚𝑞 and c𝑘 =
ℓ∑
𝑠=1

𝑧−𝑘𝑠 A𝑠, 𝑘 ∈ ℕ0,𝜏 .
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If (i) holds, then one can choose Δ = {𝑧1, 𝑧2, . . . , 𝑧ℓ} regarding (ii) and (iii), where

A𝑠

(
𝑧0𝑠I𝑞, . . . , 𝑧

𝑚−1
𝑠 I𝑞

)
T−1
𝑚−1

(
𝑧0𝑠I𝑞, . . . , 𝑧

𝑚−1
𝑠 I𝑞

)∗
x = x, x ∈ ℛ(A𝑠),

for each 𝑠 ∈ ℕ1,ℓ. In particular, if (i) is satisfied, then the nonsingularity of the
matrix A𝑠 for some 𝑠 ∈ ℕ1,ℓ occurring in (iii) is equivalent to the identity

A𝑠 =

((
𝑧0𝑠I𝑞, . . . , 𝑧

𝑚−1
𝑠 I𝑞

)
T−1
𝑚−1

(
𝑧0𝑠I𝑞, . . . , 𝑧

𝑚−1
𝑠 I𝑞

)∗)−1

.

Proof. Taking rankT𝑚−1 = 𝑚𝑞 and Remark 2.14 into account, the equivalence of
(i)–(iii) is an easy consequence of Corollary 2.12. Based on that, in the elementary
case 𝑚 = 1, the rest of the assertion is obvious (cf. (3.12) or [29, Example 9.11]).
Furthermore, if 𝑚 ≥ 2, then the remaining part of the assertion follows from
Proposition 4.7 along with Remark 2.1. □

At first glance, the situation studied in Corollary 4.6 (resp., in part (b) of
Corollary 4.9) seems slightly artificial, but does occur (for instance, always in the
scalar case 𝑞 = 1 which we will next see).

Remark 4.11. Consider the case 𝑞 = 1, where G is a nonsingular (𝑛+1)× (𝑛+1)
matrix and where 𝑋0, 𝑋1, . . . , 𝑋𝑛 is a basis of the linear space ℛ𝛼,𝑛. Suppose that
𝐹 ∈ ℳ[(𝛼𝑗)

𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0]. In view of Remark 2.15 and Corollary 4.9 it follows

that 𝐹 is a canonical solution in ℳ[(𝛼𝑗)
𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0] for that case if and only

if there are pairwise different points 𝑧1, 𝑧2, . . . , 𝑧𝑛+1 ∈ 𝕋 such that 𝐹 admits

𝐹 =

𝑛+1∑
𝑠=1

1

𝐴
(𝛼)
𝑛,𝑧𝑠(𝑧𝑠)

𝜀𝑧𝑠 .

Thus, by using Remark 2.5 and Corollary 4.9 one can see that 𝐹 is a canonical
solution inℳ[(𝛼𝑗)

𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0] if and only if there are pairwise different points

𝑢1, 𝑢2, . . . , 𝑢𝑛+1 ∈ 𝕋 so that the reciprocal measure 𝐹# corresponding to 𝐹 admits

𝐹# =

𝑛+1∑
𝑠=1

1

𝐴
(𝛼,#)
𝑛,𝑢𝑠 (𝑢𝑠)

𝜀𝑢𝑠 ,

where 𝑧𝑗 ∕= 𝑢𝑘 for all 𝑗, 𝑘 ∈ ℕ1,𝑛+1.

Let us again consider the elementary case 𝑛 = 0, based on a constant function
𝑋0 defined on ℂ0 with a nonsingular 𝑞×𝑞 matrixX0 as value, a positive Hermitian
𝑞 × 𝑞 matrix G, and a measure 𝐹 ∈ ℳ𝑞

≥(𝕋,𝔅𝕋) fulfilling (2.7). We already know
that 𝐹 is a canonical solution of that problem if and only if the Riesz–Herglotz
transform Ω of 𝐹 admits (3.11) for each 𝑣 ∈ 𝔻 with some unitary 𝑞 × 𝑞 matrix
W and points 𝑧1, 𝑧2, . . . , 𝑧𝑞 ∈ 𝕋. Thus, it is clear that the relevant results in this
section for canonical solutions are valid in the case 𝑛 = 0 as well. Moreover, one
can see that, if Ω admits (3.11), then the Riesz–Herglotz transform Ω# of the
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reciprocal measure 𝐹# corresponding to 𝐹 satisfies

Ω#(𝑣) =
√
X0G−1X∗

0W

⎛⎜⎜⎜⎜⎜⎝
−𝑧1+𝑣
−𝑧1−𝑣 0 ⋅ ⋅ ⋅ 0

0 −𝑧2+𝑣
−𝑧2−𝑣

. . .
...

...
. . .

. . . 0

0 ⋅ ⋅ ⋅ 0
−𝑧𝑞+𝑣
−𝑧𝑞−𝑣

⎞⎟⎟⎟⎟⎟⎠W∗√X0G−1X∗
0

for each 𝑣 ∈ 𝔻. Therefore (cf. (3.12)), we get the representation

𝐹# =
√
X0G−1X∗

0W

⎛⎜⎜⎜⎜⎝
𝜀−𝑧1 𝔬1 ⋅ ⋅ ⋅ 𝔬1

𝔬1 𝜀−𝑧2
. . .

...
...

. . .
. . . 𝔬1

𝔬1 ⋅ ⋅ ⋅ 𝔬1 𝜀−𝑧𝑞

⎞⎟⎟⎟⎟⎠W∗√X0G−1X∗
0 .

In particular, if 𝐹 admits (1.10) with 𝑟 = 1 and some 𝑧1 ∈ 𝕋, then A1 is a positive
Hermitian 𝑞 × 𝑞 matrix and

𝐹# = 𝜀−𝑧1A
−1
1 .

With a view to the special case of 𝑛 = 0 (resp., of 𝑞 = 1 in Remark 4.11), we
present an example for 𝑛 > 1 and 𝑞 > 1 which clarifies that, if 𝐹 is a canonical
solution ofℳ[(𝛼𝑗)

𝑛
𝑗=1,G; (𝑋𝑘)

𝑛
𝑘=0] such that 𝐹 ({𝑧}) is nonsingular for some 𝑧 ∈ 𝕋,

then it can be possible that 𝐹#({𝑢}) is singular for all 𝑢 ∈ 𝕋, where 𝐹# stands
for the reciprocal measure corresponding to 𝐹 (even under the strong condition
that 𝐹 admits (1.10) with 𝑟 = 𝑛+ 1; cf. Corollaries 4.6 and 4.9).

Example 4.12. Let 𝛼1 ∈ ℂ ∖𝕋 and let 𝑋0, 𝑋1 be a basis of the right ℂ2×2-module
ℛ2×2
𝛼,1 . Furthermore, let 𝐹 := 𝜀1A1 + 𝜀−1A2, where

A1 :=

(
1 0
0 1

)
and A2 :=

(
1 1
1 2

)
.

Then 𝐹 ∈ ℳ2
≥(𝕋,𝔅𝕋) and the matrices G

(𝐹 )
𝑋,1, A1, and A2 are nonsingular, where

𝐴
(𝛼,𝐹 )
1,1 (1) = A1 as well as 𝐴

(𝛼,𝐹 )
1,−1 (−1) = A−1

2 and where

A−1
2 =

(
2 −1
−1 1

)
.

Moreover, 𝐹 is a canonical solution in ℳ[(𝛼𝑗)
1
𝑗=1,G

(𝐹 )
𝑋,1; (𝑋𝑘)

1
𝑘=0] and the recipro-

cal measure 𝐹# corresponding to 𝐹 is given by

𝐹# = 𝜀𝑧1B1 + 𝜀𝑧1B1 + 𝜀−𝑧1B2 + 𝜀−𝑧1 B2,

where 𝑧1 :=
1√
5
(1 + 2i) and where

B1 :=
1

20

(
3− √

5
√
5− 1√

5− 1 2

)
and B2 :=

1

20

(
3 +

√
5 −√

5− 1

−√
5− 1 2

)
.

In particular, the complex 2 × 2 matrices 𝐹 ({1}) and 𝐹 ({−1}) are nonsingular,
but 𝐹#({𝑢}) is singular for each 𝑢 ∈ 𝕋.
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Proof. Obviously, 1 and −1 are pairwise different points belonging to 𝕋 as well as
A1 and A2 are positive Hermitian 2× 2 matrices, where A−1

1 = A1 and

A−1
2 =

(
2 −1
−1 1

)
.

In particular, the choice of 𝐹 implies 𝐹 ∈ ℳ2
≥(𝕋,𝔅𝕋). Furthermore, in view of

Corollary 2.11 we get that the matrixG
(𝐹 )
𝑋,1 is nonsingular and that 𝐹 is a canonical

solution in ℳ[(𝛼𝑗)
1
𝑗=1,G

(𝐹 )
𝑋,1; (𝑋𝑘)

1
𝑘=0]. Hence, by using Corollary 4.9 and (3.9) we

get 𝐴
(𝛼,𝐹 )
1,1 (1) = A1 and 𝐴

(𝛼,𝐹 )
1,−1 (−1) = A−1

2 . Moreover, one can check that the

Riesz–Herglotz transform Ω of 𝐹 satisfies the representation

Ω(𝑣) =
1

(1 − 𝑣)(1 + 𝑣)

(
(1 + 𝑣)2 + (1− 𝑣)2 (1− 𝑣)2

(1− 𝑣)2 (1 + 𝑣)2 + 2(1− 𝑣)2

)
for each 𝑣 ∈ 𝔻. Thus, for each 𝑣 ∈ 𝔻, one can conclude that detΩ(𝑣) ∕= 0 and that(

Ω(𝑣)
)−1

=
(1 − 𝑣)(1 + 𝑣)

5𝑣4 + 6𝑣2 + 5

(
(1 + 𝑣)2 + 2(1− 𝑣)2 −(1− 𝑣)2

−(1− 𝑣)2 (1 + 𝑣)2 + (1 − 𝑣)2

)
.

Consequently, by a straightforward calculation one can see that the reciprocal
measure 𝐹# corresponding to 𝐹 admits the representation

𝐹# = 𝜀𝑧1B1 + 𝜀𝑧1B1 + 𝜀−𝑧1B2 + 𝜀−𝑧1 B2.

Finally, since 𝑧1, 𝑧1, −𝑧1, and −𝑧1 are pairwise different points and since B1 and
B2 are singular 2 × 2 matrices, the value 𝐹#({𝑢}) is a singular matrix for each
𝑢 ∈ 𝕋. There again, we have 𝐹 ({1}) = A1 and 𝐹 ({−1}) = A2 which shows that
the values 𝐹 ({1}) and 𝐹 ({−1}) are nonsingular matrices. □

Some final remarks

We discussed canonical solutions of a certain finite moment problem for rational
matrix functions, i.e., of Problem (R). These solutions can be understood as having
the highest degree of degeneracy (see (2.2)). Among other things, we showed that
these solutions are molecular nonnegative Hermitian matrix-valued Borel measures
on the unit circle which have a particular structure.

For the special case in which 𝑞 = 1 (i.e., of complex-valued functions), the
family of extremal solutions we studied in this paper consists of those elements
which can be used to get rational Szegő quadrature formulas. In particular, for
𝑞 = 1, these elements can be characterized by the property that they admit re-
presentations as sums of Dirac measures with a minimal number of terms. Fur-
thermore, in the nondegenerate case, the associated weights of the mass points of
canonical solutions of Problem (R) with 𝑞 = 1 are given by the values of related
reproducing kernels (or of the Christoffel functions). However, the case of matrix-
valued functions is somewhat more complicated. To emphasize this, we presented
the main results of canonical solutions of Problem (R) and stated what these imply
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for the special case 𝑞 = 1 (compare Theorem 2.10 with Remark 2.15, Theorem 3.6
with Remark 3.12, and Theorem 4.3 with Remark 4.11).

Since the analysis of structural properties of canonical solutions of Prob-
lem (R) relies on the theory of orthogonal rational matrix functions on the unit cir-
cle 𝕋, we have mostly restrict the considerations that the poles of the underlying
rational matrix functions are in a sense well positioned with respect to 𝕋 (i.e.,
we assumed (𝛼𝑗)

∞
𝑗=1 ∈ 𝒯1). But, we might used these results to obtain similar

statements for the general case (see Propositions 3.11 and 4.7).
Important results are the formulas (4.5) and (4.11) which point out some

connection between the weights of canonical solutions of Problem (R) and values
of related reproducing kernels of rational matrix functions. These will finally lead
to profound conclusions concerning extremal properties of maximal weights within
the solution set of Problem (R) for the nondegenerate case. (In particular, this will
be the starting point for considering a subclass of canonical solutions which realize
at least in one mass point an analogous weight as canonical solutions in the special
case 𝑞 = 1.) This will be done in a forthcoming work.
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[9] Bultheel, A.; González-Vera, P.; Hendriksen, E.; Nj̊astad, O.: Moment problems and
orthogonal functions, J. Comput. Appl. Math. 48 (1993), 49–68.
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Maximal 𝑳𝒑-regularity for a 2D
Fluid-Solid Interaction Problem

Karoline Götze

Abstract. We study a coupled system of equations which appears as a suit-
able linearization of the model for the free motion of a rigid body in a New-
tonian fluid in two space dimensions. For this problem, we show maximal 𝐿𝑝-
regularity estimates. The method rests on a suitable reformulation of the prob-
lem as the question of invertibility of a bounded operator on 𝑊 1,𝑝(0, 𝑇 ;ℝ3).
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1. Introduction

The free motion of a rigid body in a Newtonian fluid is a classical problem in
fluid mechanics and it has been studied extensively, especially during the last 15
years. It is known that weak solutions exist in two and three space dimensions,
see, e.g., [4, 7]. The existence of strong solutions was shown in the 𝐿2-setting, in
[9] and [15]. However, several interesting open problems remain, as for example
the attainability of steady falls when gravity is applied, the problem of collision of
several bodies or in the study of a non-Newtonian coupled flow. For a summary of
results and a discussion of open problems, we refer to [8].

The aim of this paper is to show maximal 𝐿𝑝-regularity estimates for a system
of equations which appears as a suitable linearization for this problem in two
dimensions. For the proof, we use a versatile method which can also be applied
to generalized Newtonian fluids and, similarly, in three space dimensions, [10].
The main difficulty lies in the strong, non-local coupling between fluid and body
movements. To deal with this, Hilbert space techniques are available, where the
geometric properties of the rigid body can be encoded in the underlying function

This work was supported by the international research training group 1529: mathematical fluid
dynamics.
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space, [9], [15]. We introduce a different approach, putting these properties into
the operator, based on the idea in [8] of how to decompose the coupling forces.

The paper is organized as follows. In the next section, we introduce the
linearized model and the main result, as well as some definitions and notations.
Section 3 is devoted to several preliminary estimates for the fluid velocity and
pressure. The main part is Section 4, where we construct a suitable reduction of the
problem to the question of invertibility of a bounded operator on 𝑊 1,𝑝(0, 𝑇 ;ℝ3).
In the last Section 5, we prove this invertibility and the main result.

2. Model and main result

We consider the equations⎧⎨⎩

𝑢𝑡 − 𝜇Δ𝑢+∇𝜋 = 𝑓0, in 𝐽𝑇0 × 𝒟,
div 𝑢 = 0, in 𝐽𝑇0 × 𝒟,

𝑢(𝑡, 𝑦)− 𝑣ℬ(𝑡, 𝑦) = 0, 𝑡 ∈ 𝐽𝑇0 , 𝑦 ∈ Γ,
𝑢(0) = 𝑢0, in 𝒟,

m𝜉′ +
∫
ΓT(𝑢, 𝜋)𝑁 d𝜎 = 𝑓1, in 𝐽𝑇0 ,

𝐼Ω′ +
∫
Γ
𝑦⊥T(𝑢, 𝜋)𝑁 d𝜎 = 𝑓2, in 𝐽𝑇0 ,

𝜉(0) = 𝜉0,
Ω(0) = Ω0,

(2.1)

for an arbitrary time 𝑇0 > 0, 𝐽𝑇0 := (0, 𝑇0). In the first four lines, we have the
Stokes equations for the fluid velocity field 𝑢 and scalar pressure 𝜋 in an exterior
domain 𝒟 ⊂ ℝ2. The body occupies the bounded domain ℬ = ℝ2∖𝒟 and body and
fluid meet at the boundary Γ of ℬ with normal 𝑁 . The body moves with velocity

𝑣ℬ(𝑡, 𝑦) = 𝜉(𝑡) + Ω(𝑡)𝑦⊥,

where 𝜉(𝑡) ∈ ℝ2 is its translational velocity and Ω(𝑡) ∈ ℝ its angular velocity at

time 𝑡 and we write

(
𝑥1

𝑥2

)⊥
=

(
𝑥2

−𝑥1

)
for all (𝑥1, 𝑥2)

𝑇 ∈ ℝ2. We assume 1

for the density of the fluid and a density 𝜌ℬ(𝑦) > 0, a mass m =
∫
ℬ 𝜌ℬ(𝑥) d𝑥 and

a moment of inertia 𝐼 =
∫
ℬ 𝜌ℬ(𝑥)∣𝑥∣2 d𝑥 for the rigid body.

The movement of body and fluid is coupled in both ways. The equations on
the body velocity include the Newtonian stress tensor

T(𝑢, 𝑝) = 2𝜇𝐷(𝑢)− 𝜋Id,

where 𝜇 is the kinematic viscosity and

𝐷(𝑢) :=
1

2
(∇𝑢 + (∇𝑢)𝑇 )

the deformation tensor. The fluid exerts a drag or lift force − ∫ΓT(𝑢, 𝜋)𝑁 𝑑𝜎 and

a torque − ∫
Γ
𝑦⊥T(𝑢, 𝜋)𝑁 𝑑𝜎 on the body. On the other hand, the full velocity

𝑣ℬ of the body influences the fluid flow via Dirichlet no-slip conditions on the
interface Γ.
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The aim of the paper is to show the following main result, yielding an iso-
morphism between the data 𝑓0, 𝑓1, 𝑓2, 𝑢0, 𝜉0 and Ω0 and the solution 𝑢, 𝜋, 𝜉,Ω of
(2.1) in the natural spaces of maximal 𝐿𝑝-regularity.

For 1 ≤ 𝑝, 𝑞 ≤ ∞, 0 < 𝛼 ≤ 2 and a domain 𝒟 of class 𝐶2,1, we denote by
𝐵𝛼𝑝,𝑞(𝒟), 𝐻𝛼,𝑝(𝒟) and �̇�1,𝑝(𝒟) the Besov spaces, Bessel potential spaces and the
homogeneous Sobolev space of order one, respectively. They are defined on these
domains by interpolation or restriction, see [16, Section III.4.3]. The usual Sobolev
spaces of order 𝑚 ∈ ℕ are denoted by 𝑊𝑚,𝑝(𝒟). Especially if we denote the norms
of these spaces, we may omit stating whether they are scalar- or vector-valued in ℝ.

Theorem 1. Let 𝒟 be a domain of class 𝐶2,1 in ℝ2 as described above. We assume

that 1 < 𝑝, 𝑞 < ∞, 1
2𝑞 +

1
𝑝 ∕= 1, 𝜉0 ∈ ℝ2, Ω0 ∈ ℝ and that 𝑢0 ∈ 𝐵

2−2/𝑝
𝑞,𝑝 (𝒟) satisfies

the compatibility conditions div 𝑢0 = 0 and 𝑢0∣Γ(𝑦) = 𝜉0 + Ω0𝑦
⊥, if 1

2𝑞 +
1
𝑝 < 1

and (𝑢0∣Γ ⋅ 𝑁)(𝑦) = (𝜉0 + Ω0𝑦
⊥) ⋅ 𝑁(𝑦), 𝑥 ∈ Γ, if 1

2𝑞 +
1
𝑝 > 1. We assume that

𝑓0 ∈ 𝐿𝑝(𝐽𝑇0 ;𝐿
𝑞(𝒟)), 𝑓1 ∈ 𝐿𝑝(𝐽𝑇0 ;ℝ

2) and that 𝑓2 ∈ 𝐿𝑝(𝐽𝑇0 ;ℝ). Then there exists
a unique strong solution

𝑢 ∈ 𝐿𝑝(𝐽𝑇0 ;𝑊
2,𝑞(𝒟)) ∩ 𝑊 1,𝑝(𝐽𝑇0 ;𝐿

𝑞(𝒟)) =: 𝑋𝑇0𝑝,𝑞,
𝜋 ∈ 𝐿𝑝(𝐽𝑇0 ; �̇�

1,𝑞(𝒟)) =: 𝑌 𝑇0𝑝,𝑞 ,
𝜉 ∈ 𝑊 1,𝑝(𝐽𝑇0 ;ℝ

2),

Ω ∈ 𝑊 1,𝑝(𝐽𝑇0),

which satisfies the estimate

∥𝑢∥
𝑋

𝑇0
𝑝,𝑞

+ ∥𝜋∥
𝑌
𝑇0
𝑝,𝑞

+ ∥𝜉∥𝑊 1,𝑝(𝐽𝑇0)
+ ∥Ω∥𝑊 1,𝑝(𝐽𝑇0)

≤ 𝐶(∥𝑓0∥𝐿𝑝(𝐽𝑇0 ,𝐿𝑞(𝒟)) + ∥(𝑓1, 𝑓2)∥𝐿𝑝(𝐽𝑇0) + ∥𝑢0∥𝐵2−2/𝑝
𝑞,𝑝 (𝒟)

+ ∣(𝜉0,Ω0)∣),
where the constant 𝐶 depends only on the geometry of the body and on 𝑇0.

Remark 2. The compatibility conditions on 𝑢0, 𝜉0 and Ω0 are a consequence of
our construction of the solution below and of the characterization of the time-
trace space 𝑍𝑝,𝑞 := (𝐿𝑞𝜎,𝑊

2,𝑞 ∩ 𝑊 1,𝑞
0 ∩ 𝐿𝑞𝜎)1−1/𝑝,𝑝 given in [2, Theorem 3.4].

To prove the theorem, we first give preliminary classical estimates on the
Stokes problem with inhomogeneous boundary conditions and the corresponding
local pressure estimates in the next section. The most important argument is done
in Section 4, where we give a reformulation of the full system (2.1) in terms of a
linear equation in 𝑊 1,𝑝(0, 𝑇0;ℝ2+1).

3. Preliminary results

The following proposition is a classical result due to Solonnikov [14], see also [12,
Theorem 2.7] for the case 𝑝 ∕= 𝑞.

Proposition 3. Let 𝒟 ⊂ ℝ𝑛, 𝑛 ≥ 2, be a bounded or exterior domain of class 𝐶2,1

and 1 < 𝑝, 𝑞 < ∞, 0 < 𝑇 < 𝑇0, 𝑓 ∈ 𝐿𝑝(𝐽𝑇 ;𝐿
𝑞
𝜎(Ω)) and 𝑢0 ∈ 𝑍𝑝,𝑞. Then there
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exists a unique solution 𝑢 ∈ 𝑋𝑇𝑝,𝑞, 𝜋 ∈ 𝑌 𝑇𝑝,𝑞 to the Stokes problem⎧⎨⎩
∂𝑡𝑢 −Δ𝑢+∇𝜋 = 𝑓, in 𝐽𝑇 × 𝒟,

div 𝑢 = 0, in 𝐽𝑇 × 𝒟,
𝑢∣∂𝒟 = 0, on 𝐽𝑇 × Γ,
𝑢(0) = 𝑢0

(3.1)

and there exists a constant 𝐶 > 0 independent of 𝑇, 𝑢0 and 𝑓 , such that

∥𝑢∥𝑋𝑇
𝑝,𝑞

+ ∥𝜋∥𝑌 𝑇
𝑝,𝑞

≤ 𝐶(∥𝑓∥𝐿𝑝(𝐿𝑞) + ∥𝑢0∥𝑍𝑝,𝑞 ).

We now consider the following special situation of inhomogeneous Dirichlet
boundary data: Let ℎ ∈ 𝑊 1,𝑝(𝐽𝑇 ;𝐶

2(∂𝒟;ℝ2)) be a function on the boundary of
an exterior domain 𝒟 of class 𝐶2,1 such that there exists an extension 𝐻 of ℎ to
𝒟 satisfying

𝐻 ∣∂𝒟 = ℎ, 𝐻 ∈ 𝑊 1,𝑝(𝐽𝑇 ;𝐶
2(𝒟)), and div𝐻 = 0. (3.2)

In particular, ℎ and 𝐻 could be given by a rigid motion 𝜉 + Ω𝑦⊥ on ℝ2, where
𝜉 ∈ 𝑊 1,𝑝(𝐽𝑇 ;ℝ2), Ω ∈ 𝑊 1,𝑝(𝐽𝑇 ;ℝ). We choose open balls 𝐵1, 𝐵2 ⊂ ℝ2 such that
𝒟𝑐 ⊂ 𝐵1 ⊂ 𝐵1 ⊂ 𝐵2 and define a cut-off function 𝜒 ∈ 𝐶∞(ℝ2; [0, 1]) satisfying

𝜒(𝑦) :=

{
1 if 𝑦 ∈ 𝐵1,
0 if 𝑦 ∈ 𝒟 ∖ 𝐵2.

(3.3)

Then we define

𝑏ℎ := 𝜒𝐻 − 𝐵𝐾((∇𝜒)𝐻), (3.4)

where 𝐾 ⊂ ℝ2 is a bounded open set which contains the annulus 𝐵1∖𝐵2 and 𝐵𝐾
denotes the Bogovskĭı operator with respect to the domain 𝐾, cf. [3]. It follows
that 𝑏ℎ ∈ 𝑊 1,𝑝(0, 𝑇 ;𝐶2

𝑐,𝜎(ℝ
𝑛)) due to div 𝑏ℎ = ∇𝜒𝐻 +𝜒div𝐻 −∇𝜒𝐻 = 0 and by

setting 𝑢 := 𝑢𝑏 + 𝑏ℎ, we can solve the Stokes problem⎧⎨⎩
𝑢𝑡 −Δ𝑢+∇𝜋 = 𝑓 in 𝐽𝑇 × 𝒟,

div 𝑢 = 0 in 𝐽𝑇 × 𝒟,
𝑢∣∂Ω = ℎ on 𝐽𝑇 × ∂𝒟,
𝑢(0) = 𝑢0 in 𝒟,

(3.5)

and get the estimate

∥𝑢∥𝑋𝑇
𝑝,𝑞

+ ∥𝜋∥𝑌 𝑇
𝑝,𝑞

≤ 𝐶(∥𝑓∥𝐿𝑝(𝐽𝑇0 ,𝐿𝑞(𝒟)) + ∥𝑢0 − 𝑏ℎ(0)∥𝑍𝑝,𝑞 + ∥𝑏ℎ∥𝑋𝑇
𝑝,𝑞
) (3.6)

by Proposition 3. Corresponding to this result, we define solution operators

𝒰(𝑓, ℎ, 𝑢0) ∈ 𝑋𝑇𝑝,𝑞, 𝒫(𝑓, ℎ, 𝑢0) ∈ 𝑌 𝑇𝑝,𝑞 (3.7)

for the inhomogeneous problem (3.5).

We also need the following embedding property of 𝑋𝑇𝑝,𝑞, which follows from
the mixed derivatives theorem, see, e.g., [5, Lemma 4.1] and which can be proved
as in [5, Lemma 4.3] or as in [6, Theorem 1.7.2].
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Proposition 4. Let 𝒟 ⊂ ℝ𝑛 be a 𝐶1,1-domain with compact boundary, assume
𝑝, 𝑞 ∈ (1,∞), 𝛼 ∈ (0, 1) and fix 𝑇0 > 0. Then

𝑋𝑇0𝑝,𝑞 ↪→ 𝐻𝛼,𝑝(𝐽𝑇0 ;𝐻
2(1−𝛼),𝑞(𝒟)).

At this point we also note the elementary embedding constants

∥𝑓∥𝑝 ≤ 𝑇 1/𝑝−1/𝑞 ∥𝑓∥𝑞 for all 𝑓 ∈ 𝐿𝑞(𝐽𝑇 ),∞ ≥ 𝑞 > 𝑝 ≥ 1, (3.8)

and

∥𝑓∥∞ ≤ 𝑇 1/𝑝′ ∥𝑓∥𝑊 1,𝑝(𝐽𝑇 ) for all 𝑓 ∈
0
𝑊 1,𝑝(𝐽𝑇 ),

1

𝑝
+

1

𝑝′
= 1, (3.9)

where we define

0
𝑊 1,𝑝(𝐽𝑇 ) = {𝑓 ∈ 𝑊 1,𝑝(𝐽𝑇 ) : lim

𝑡→0
𝑓(𝑡) = 0}.

The last preliminary result gives locally improved time regularity for the
pressure in (3.1) for suitable 𝑓 . For a proof, see [13] and [10].

Lemma 5. Let 𝒟 ⊂ ℝ𝑛, 𝑛 ≥ 2, be an exterior domain of class 𝐶2,1, 1 < 𝑝, 𝑞 < ∞,
0 < 𝑇 < 𝑇0, and 𝑓 ∈ 𝐿𝑝(𝐽𝑇 ;𝐿

𝑞
𝜎(Ω)). Then if the pressure part 𝜋 = 𝒫(𝑓, 0, 0) ∈ 𝑌 𝑇𝑝,𝑞

of the solution of (3.5) with zero initial and boundary conditions is chosen in a
way that 𝜋 ∈ 𝐿𝑝(𝐽𝑇 ;𝐿

𝑞(𝒟𝑅)) and
∫
𝒟𝑅

𝜋 = 0 for some 𝑅 > 0, 𝒟𝑅 := 𝒟 ∩ 𝐵𝑅, it

satisfies the estimate

∥𝜋∥𝐿𝑝(𝐽𝑇 ;𝐿𝑞(𝒟𝑅)) ≤ 𝐶𝑇𝛼/𝑝 ∥𝑓∥𝐿𝑝(𝐽𝑇 ;𝐿𝑞(𝒟)) for all 0 ≤ 𝛼 <
1

2𝑞
.

4. A reformulation of the problem

The reformulation procedure for problem (2.1) can be split into three smaller steps.
First we obtain homogeneous initial conditions by subtracting 𝑢∗ = 𝒰(𝑓0, 𝜉0 +
Ω0𝑦

⊥, 𝑢0) and 𝜋∗ = 𝒫(𝑓0, 𝜉0 + Ω0𝑦
⊥, 𝑢0) from 𝑢, 𝜋 and 𝜉0,Ω0 from 𝜉,Ω, respec-

tively, with the estimate

∥𝑢∗∥𝑋𝑇
𝑝,𝑞

+ ∥𝜋∗∥𝑌 𝑇
𝑝,𝑞

≤ 𝐶(∥𝑓0∥𝑝,𝑞 + ∥𝑢0∥𝐵2−2/𝑝
𝑞,𝑝 (𝒟)

+ ∣(𝜉0,Ω0)∣).

Secondly, we consider the functions 𝑣(𝑖) and 𝑉 solving the weak Neumann
problems{

Δ𝑣(𝑖) = 0 in 𝒟,
∂𝑣(𝑖)

∂𝑁 ∣Γ = 𝑁𝑖 on Γ,
and

{
Δ𝑉 = 0 in 𝒟,
∂𝑉
∂𝑁 ∣Γ = 𝑁 ⋅ 𝑦⊥ on Γ.

By [11], we obtain strong regularity and the estimate

∥∇𝑣(𝑖)∥𝑊 2,𝑟(𝒟), ∥∇𝑉 ∥𝑊 2,𝑟(𝒟) ≤ 𝐶 (4.1)

for every 1 < 𝑟 < ∞.
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This gives rise to the following construction. Let 0 < 𝑇 ≤ 𝑇0. For any given
𝜉 ∈

0
𝑊 1,𝑝(𝐽𝑇 ;ℝ2), Ω ∈

0
𝑊 1,𝑝(𝐽𝑇 ;ℝ), we define

𝑣𝜉,Ω(𝑡) :=
∑
𝑖

𝜉𝑖(𝑡)𝑣
(𝑖) +Ω(𝑡)𝑉 for all 𝑡 ∈ 𝐽𝑇 , (4.2)

which implies that⎧⎨⎩
Δ𝑣𝜉,Ω(𝑡) = 0, in 𝒟,

∂𝑣𝜉,Ω(𝑡)

∂𝑁
∣Γ = (𝜉(𝑡) + 𝑦⊥Ω(𝑡)) ⋅ 𝑁, on Γ,

is satisfied. It follows immediately from (4.2) that

∥∇𝑣𝜉,Ω∥𝑊 1,𝑝(𝐽𝑇 ;𝑊 2,𝑞(𝒟)) + ∥∂𝑡𝑣𝜉,Ω∥𝑌 𝑇
𝑝,𝑞

≤ 𝐶 ∥(𝜉,Ω)∥𝑊 1,𝑝(𝐽𝑇 ) . (4.3)

In the following, we define new unknown functions �̂�, �̂�, 𝜉, Ω̂ by

𝑢 := 𝑢∗ + �̂�+∇𝑣𝜉,Ω̂,

𝜋 := 𝜋∗ + �̂� − ∂𝑡𝑣𝜉,Ω̂,

𝜉 := 𝜉0 + 𝜉,

Ω := Ω0 + Ω̂.

Instead of (2.1), we then get the equivalent problem⎧⎨⎩

�̂�𝑡−Δ�̂�+∇�̂� = 0 in 𝐽𝑇 × 𝒟,
div �̂� = 0 in 𝐽𝑇 × 𝒟,

�̂�∣Γ = ℎ(𝜉, Ω̂) on 𝐽𝑇 × Γ,
�̂�(0) = 0 in 𝒟,

m𝜉′+
∫
ΓT(�̂�, �̂� − ∂𝑡𝑣𝜉,Ω̂)𝑁 d𝜎 = 𝑓1−

∫
ΓT(𝑢

∗, 𝜋∗)𝑁 d𝜎 in 𝐽𝑇 ,

𝐼Ω̂′+
∫
Γ
𝑦⊥T(�̂�, �̂� − ∂𝑡𝑣𝜉,Ω̂)𝑁 d𝜎 = 𝑓2−

∫
Γ
𝑦⊥T(𝑢∗, 𝜋∗)𝑁 d𝜎 in 𝐽𝑇 ,

𝜉(0) = 0,

Ω̂(0) = 0,
(4.4)

where

ℎ(𝜉, Ω̂)(𝑡, 𝑦) := 𝜉(𝑡) + 𝑦⊥Ω̂(𝑡)− ∇𝑣𝜉,Ω̂∣Γ(𝑡, 𝑦). (4.5)

Due to the correction by 𝑣𝜉,Ω̂, we get the additional condition 𝑢∣Γ𝑁 = 0 on the

boundary. As 𝑣𝜉,Ω̂ was defined to absorb the normal component of the interface

velocity into the pressure, the correction ∇𝑣𝜉,Ω̂ applied to 𝑢 does not affect the

rigid body. This can be seen from the following calculations. It holds that(∫
Γ

𝐷(∇𝑣𝜉,Ω̂))𝑁 d𝜎
)
𝑖
=

∫
Γ

(∂𝑖∇𝑣𝜉,Ω̂) ⋅ 𝑁 d𝜎

=

∫
𝒟
div (∂𝑖∇𝑣𝜉,Ω̂) =

∫
𝒟

∂𝑖Δ𝑣𝜉,Ω̂ = 0
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and that∫
Γ

𝑦⊥𝐷(∇𝑣𝜉,Ω̂))𝑁 d𝜎 =

∫
𝒟
div (

2∑
𝑖=1

𝑦⊥𝑖 ∂𝑖∂1𝑣𝜉,Ω̂,

2∑
𝑖=1

𝑦⊥𝑖 ∂𝑖∂2𝑣𝜉,Ω̂)

=

∫
𝒟
(∂1∂2 − ∂2∂1)𝑣𝜉,Ω̂ + (−𝑦2∂1 + 𝑦1∂2)Δ𝑣𝜉,Ω̂

= 0.

For convenience of notation and in order to reformulate the problem, let

𝕀 :=
(
mIdℝ2 0
0 𝐼

)
(4.6)

the constant momentum matrix for the body and let 𝒥 : (𝑊 1,𝑞
loc (𝒟))2×2 → ℝ3 the

integral operator given by

𝒥 (𝑀) =

( ∫
Γ 𝑀𝑁 d𝜎∫

Γ
𝑦⊥𝑀𝑁 d𝜎

)
. (4.7)

For all 𝜀 > 0, by the boundedness of the trace operator 𝛾 : 𝐻𝜀+1/𝑞,𝑞(𝒟) →
𝐿𝑞(Γ),we get

∣𝒥 (𝑀)∣ ≤ 𝐶 ∥𝛾(𝑀)∥𝐿1(Γ;ℝ4) ≤ 𝐶 ∥𝛾(𝑀)∥𝐿𝑞(Γ);ℝ4) ≤ 𝐶 ∥𝑀∥𝐻𝜀+1/𝑞,𝑞(𝒟;ℝ4) , (4.8)

for all 𝑀 ∈ 𝐻𝜀+1/𝑞,𝑞(𝒟;ℝ2×2). Furthermore, we define an added mass

𝕄 =

⎛⎝ ∫
Γ 𝑣(1)𝑁1 d𝜎

∫
Γ 𝑣(2)𝑁1 d𝜎

∫
Γ 𝑉 𝑁1 d𝜎∫

Γ 𝑣(1)𝑁2 d𝜎
∫
Γ 𝑣(2)𝑁2 d𝜎

∫
Γ 𝑉 𝑁2 d𝜎∫

Γ
𝑣(1)𝑦⊥ ⋅ 𝑁 d𝜎

∫
Γ
𝑣(2)𝑦⊥ ⋅ 𝑁 d𝜎

∫
Γ
𝑉 𝑦⊥ ⋅ 𝑁 d𝜎

⎞⎠
of the body, cf. [8, p. 685]. The point of this definition is that we get

𝒥 (∂𝑡𝑣𝜉,Ω̂Idℝ2) = 𝕄
(

𝜉′

Ω̂′

)
,

so that the body equations in (4.4) can be rewritten as

(𝕀+𝕄)

(
𝜉′

Ω̂′

)
=

(
𝑓1
𝑓2

)
− 𝒥T(𝒰(0, ℎ(𝜉, Ω̂), 0),𝒫(0, ℎ(𝜉, Ω̂), 0))− 𝒥T(𝑢∗, 𝜋∗).

(4.9)
Furthermore, we obtain the following properties of the added mass matrix.

Lemma 6. The matrix 𝕄 is symmetric and semi positive-definite.

Proof. The matrix 𝕄 is symmetric because by the Gauss theorem and the prop-
erties of 𝑣(𝑖), 𝑉 ,∫

Γ

𝑣(𝑖)𝑁𝑗 d𝜎 =

∫
Γ

𝑣(𝑖)
∂𝑣(𝑗)

∂𝑁
d𝜎 =

∫
𝒟

∇𝑣(𝑖) ⋅ ∇𝑣(𝑗) =

3∑
𝑙=1

∫
𝒟
∂𝑙𝑣

(𝑖)∂𝑙𝑣
(𝑗),
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and similarly,∫
Γ

𝑣(𝑖)𝑦⊥ ⋅ 𝑁 d𝜎 =

∫
Γ

𝑣(𝑖)
∂𝑉

∂𝑁
d𝜎 =

∫
𝒟

∇𝑣(𝑖) ⋅ ∇𝑉 =

∫
Γ

𝑉 𝑁𝑖 d𝜎.

The existence of these integrals follows from (4.1) for 𝑟 = 2. Furthermore, for all
𝑧 = (𝑥1, 𝑥2, 𝑦)

𝑇 ∈ ℝ3,

𝑧𝑇𝕄𝑧 =

2∑
𝑖=1

∫
𝒟

[
(𝑥2

1(∂𝑖𝑣
(1))2 + 𝑥2

2(∂𝑖𝑣
(2))2 + 𝑦2(∂𝑖𝑉 )

2

+ 2𝑥1𝑥2(∂𝑖𝑣
(1))(∂𝑖𝑣

(2)) + 2𝑥1𝑦(∂𝑖𝑣
(1))(∂𝑖𝑉 ) + 2𝑥2𝑦(∂𝑖𝑣

(2))(∂𝑖𝑉 )
]

=

2∑
𝑖=1

∫
𝒟

(
𝑥1(∂𝑖𝑣

(1)) + 𝑥2(∂𝑖𝑣
(2)) + 𝑦(∂𝑖𝑉 )

)2
≥ 0

by the Gauss Theorem. □

For every choice of the body’s density 𝜌ℬ > 0, 𝕀 is strictly positive, so
Lemma 6 yields that 𝕀+𝕄 is invertible.

Thus, as a third step in our reformulation, instead of problem (4.4) we can
write the equation (

𝜉

Ω̂

)
= ℛ
(

𝜉

Ω̂

)
+ 𝑓∗, (4.10)

where ℛ :
0
𝑊 1,𝑝(𝐽𝑇 ;ℝ3) →

0
𝑊 1,𝑝(𝐽𝑇 ;ℝ3) is given by

ℛ(𝜉, Ω̂)(𝑡) :=
∫ 𝑡
0

(𝕀+𝕄)−1𝒥
[
T(𝒰(0, ℎ(𝜉, Ω̂), 0),𝒫(0, ℎ(𝜉, Ω̂), 0))

]
(𝑠) d𝑠

and

𝑓∗(𝑡) :=
∫ 𝑡
0

(𝕀+𝕄)−1

[(
𝑓1
𝑓2

)
− 𝒥T(𝑢∗, 𝜋∗)

]
(𝑠) d𝑠.

Note that despite its appearance, (4.9) is not an ODE, but we can consider it as
a linear fixed point problem in this way.

5. Proof of Theorem 1

In this section, we show that for sufficiently small 𝑇 , 0 < 𝑇 ≤ 𝑇0, Id−ℛ is invertible
and thus gives a solution for (2.1). By iteration, the solution extends to 𝐽𝑇0 .

Lemma 7. The map ℛ is bounded linear and ∥ℛ∥ℒ(0𝑊 1,𝑝(𝐽𝑇 ;ℝ3)) < 1 for sufficiently

small 0 < 𝑇 ≤ 𝑇0.

Proof. Let (𝜉, Ω̂) ∈
0
𝑊 1,𝑝(𝐽𝑇 ;ℝ3). The functions

𝐻(𝑡, 𝑦) = 𝜉(𝑡) + Ω̂(𝑡)𝑦⊥ − ∇𝑣𝜉,Ω̂(𝑡, 𝑦)
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and ℎ(𝜉, Ω̂) = 𝐻 ∣Γ satisfy the conditions (3.2), so that we get
∥𝒰(0, ℎ(𝜉, Ω̂), 0)∥𝑋𝑇

𝑝,𝑞
+ ∥𝒫(0, ℎ(𝜉, Ω̂), 0)∥𝑌 𝑇

𝑝,𝑞
≤ 𝐶∥𝑏ℎ(𝜉,Ω̂)∥𝑋𝑇

𝑝,𝑞

≤ 𝐶∥(𝜉, Ω̂)∥𝑊 1,𝑝(𝐽𝑇 )

(5.1)

by (3.6). In the following, we abbreviate

𝑢 = 𝒰(0, ℎ(𝜉, Ω̂), 0)),
�̂� = 𝒫(0, ℎ(𝜉, Ω̂), 0)).

We can apply Lemma 5 to show

∥�̂�∥𝐿𝑝(𝐽𝑇 ;𝐿𝑞(𝒟𝑅)) ≤ 𝐶𝑇𝛼/𝑝∥𝑏ℎ(𝜉,Ω̂)∥𝑋𝑇
𝑝,𝑞

≤ 𝐶𝑇𝛼/𝑝∥(𝜉, Ω̂)∥𝑊 1,𝑝(𝐽𝑇 )

(5.2)

for a suitable choice of 𝑅 > 0 and 0 ≤ 𝛼 < 1
2𝑞 . Here, 𝑏ℎ(𝜉,Ω̂) = 𝜒ℎ(𝜉, Ω̂) −

𝐵𝐾(∇𝜒ℎ(𝜉, Ω̂)) ∈ 𝑊 1,𝑝(𝐽𝑇 ;𝐶
∞
𝑐,𝜎(ℝ

3)) is the auxiliary function from (3.4), which

moves the boundary condition ℎ(𝜉, Ω̂) to the right-hand side of the Stokes equation.
By construction, it is solenoidal and it satisfies

∂𝑡𝑏ℎ(𝜉,Ω̂)∣Γ ⋅ 𝑁 = ∂𝑡ℎ(𝜉, Ω̂) ⋅ 𝑁 = 0

and Δ𝑏∣Γ = 0 on the boundary, so that the right-hand side Δ𝑏ℎ(𝜉,Ω̂) − ∂𝑡𝑏ℎ(𝜉,Ω̂) ∈
𝐿𝑝(𝐽𝑇 ;𝐿

𝑞
𝜎(𝒟)) satisfies the assumption in Lemma 5. If we choose 𝜀 > 0 such that

1/𝑞 + 𝜀 < 1,
1

𝑟
:= −𝛼+

1

𝑝
> − 1

2𝑞
+
1

𝑝

and set 𝛽 := 1
𝑝 − 1

𝑟 , it follows that by (4.8), (3.8), Proposition 4, and (5.1), we

have

∥𝒥 (𝐷(�̂�))∥𝐿𝑝(𝐽𝑇 ) ≤ 𝐶∥�̂�∥𝐿𝑝(𝐽𝑇 ;𝐻1+1/𝑞+𝜀,𝑞(𝒟))

≤ 𝐶𝑇 𝛽∥�̂�∥𝐿𝑟(𝐽𝑇 ;𝐻1+1/𝑞+𝜀,𝑞(𝒟))

≤ 𝐶𝑇 𝛽∥�̂�∥𝐻𝛼,𝑝(𝐽𝑇 ;𝐻2−2𝛼,𝑞(𝒟))

≤ 𝐶𝑇 𝛽∥�̂�∥𝑋𝑇
𝑝,𝑞

≤ 𝐶𝑇 𝛽∥(𝜉, Ω̂)∥𝑊 1,𝑝(𝐽𝑇 ), (5.3)

where the constant 𝐶 does not depend on 𝑇 , 0 < 𝑇 ≤ 𝑇0, as 𝑢(0) = 0. Let now
𝑐 := 1

𝑞 + 𝜀 < 1. Similarly, by interpolation, by the Poincaré inequality, by (5.2)

and by (5.1),

∥𝒥 (�̂�Idℝ2)∥𝐿𝑝(𝐽𝑇 ) ≤ 𝐶∥�̂�∥𝐿𝑝(𝐽𝑇 ;𝐻1/𝑞+𝜀,𝑞(𝒟𝑅))

≤ 𝐶∥�̂�∥𝑐𝐿𝑝(𝐽𝑇 ;𝐿𝑞(𝒟𝑅))∥�̂�∥1−𝑐𝐿𝑝(𝐽𝑇 ;𝑊 1,𝑞(𝒟𝑅))

≤ 𝐶𝑇 𝑐𝛼/𝑝∥(𝜉, Ω̂)∥𝑊 1,𝑝(𝐽𝑇 )∥�̂�∥1−𝑐
𝑌 𝑇
𝑝,𝑞

≤ 𝐶𝑇 𝑐𝛼/𝑝∥(𝜉, Ω̂)∥𝑊 1,𝑝(𝐽𝑇 )
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for all 0 ≤ 𝛼 < 1
2𝑞 . In conclusion, by (4.3) and (3.8) and (3.9),

∥ℛ(𝜉, Ω̂)∥𝑊 1,𝑝(𝐽𝑇 ) ≤ 𝐶∥𝒥T(�̂�+∇𝑣𝜉,Ω̂, �̂�)∥𝐿𝑝(𝐽𝑇 )

≤ 𝐶∥∇𝑣𝜉,Ω̂∥𝐿𝑝(𝐽𝑇 ;𝑊 2,𝑞(𝒟)) + 𝐶(𝑇 𝛽 + 𝑇 𝑐𝛼/𝑝)∥(𝜉, Ω̂)∥𝑊 1,𝑝(𝐽𝑇 )

≤ 𝐶(𝑇 + 𝑇 𝛽 + 𝑇 𝑐𝛼/𝑝)∥(𝜉, Ω̂)∥𝑊 1,𝑝(𝐽𝑇 )

and ℛ(𝜉, Ω̂)(0) = 0 by definition, so that

𝐿 := ∥ℛ∥ℒ(0𝑊 1,𝑝(𝐽𝑇 )) < 1 (5.4)

for small 𝑇 . □

Clearly, by (3.6), we have

∥𝑓∗∥𝑊 1,𝑝(𝐽𝑇 ) ≤ 𝐶

∥∥∥∥( 𝑓1
𝑓2

)
− 𝒥T(𝑢∗, 𝜋∗)

∥∥∥∥
𝐿𝑝(𝐽𝑇 )

≤ 𝐶(∥𝑓0∥𝐿𝑝(𝐽𝑇 ,𝐿𝑞(𝒟)) + ∥(𝑓1, 𝑓2)∥𝐿𝑝(𝐽𝑇 )

+ ∥𝑢0∥𝐵2−2/𝑝
𝑞,𝑝 (𝒟)

+ ∣(𝜉0,Ω0)∣),
and thus 𝑓∗ ∈

0
𝑊 1,𝑝(𝐽𝑇 ;ℝ3).

The lemma shows that for some 𝑇 > 0, which depends on the geometry of the
body but not on the initial data, the operator Id−ℛ is invertible. Thus, a unique

solution (𝜉, Ω̂) to (4.10) exists on this time interval. Furthermore, we obtain the
estimate

∥(𝜉, Ω̂)∥𝑊 1,𝑝(𝐽𝑇 ) ≤ (1− 𝐿)𝐶(∥𝑓0∥𝑝,𝑞 + ∥(𝑓1, 𝑓2)∥𝑝 + ∥𝑢0∥𝐵2−2/𝑝
𝑞,𝑝 (𝒟)

+ ∣(𝜉0,Ω0)∣).

Plugging the solution 𝜉, Ω̂ into (4.2) and setting

𝑢 = 𝒰(0, ℎ(𝜉, Ω̂), 0)),
�̂� = 𝒫(0, ℎ(𝜉, Ω̂), 0)),

yields solutions

𝑢 := �̂�+∇𝑣𝜉+𝜉0,Ω̂+Ω0
+ 𝑢∗ ∈ 𝑋𝑇𝑝,𝑞,

𝜋 := �̂� + ∂𝑡𝑣𝜉+𝜉0,Ω̂+Ω0
− 𝜋∗ ∈ 𝑌 𝑇𝑝,𝑞,

𝜉 := 𝜉 + 𝜉0 ∈ 𝑊 1,𝑝(𝐽𝑇 ),

Ω := Ω̂ + Ω0 ∈ 𝑊 1,𝑝(𝐽𝑇 )

of (2.1) and the estimate

∥𝑢∥𝑋𝑇
𝑝,𝑞

+ ∥𝜋∥𝑌 𝑇
𝑝,𝑞

+ ∥(𝜉,Ω)∥𝑊 1,𝑝(𝐽𝑇 )

≤ 𝐶(∥𝑓0∥𝐿𝑝(𝐿𝑞) + ∥(𝑓1, 𝑓2)∥𝐿𝑝 + ∥𝑢0∥𝐵2−2/𝑝
𝑞,𝑝 (𝒟)

+ ∣(𝜉0,Ω0)∣).
The uniqueness of the solution for this linear problem immediately follows from
the estimate. Since the length 𝑇 of our time interval arises from condition (5.4) in
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the proof of Lemma 7, it is unaffected by the initial data and external forces and
since

𝑋𝑇𝑝,𝑞 ↪→ 𝐶([0, 𝑇 ]; {𝑢 ∈ 𝐵2−2/𝑝
𝑞,𝑝 (𝒟) : div 𝑢 = 0})

see [1, Theorem III.4.10.2], and 𝑊 1,𝑝(𝐽𝑇 ) ↪→ 𝐶([0, 𝑇 ]), we can take 𝑢(𝑇 ), 𝜉(𝑇 ),
Ω(𝑇 ) as initial values for solving the problem up to time 2𝑇 . Iterating this pro-
cedure and gluing together the solutions on (𝑘𝑇, (𝑘 + 1)𝑇 ) 𝑘 = 0, 1, 2, . . . yields a
solution on 𝐽𝑇0 . We can see that it satisfies the above estimate on every subinterval
of 𝐽𝑇0 , as we can choose any starting time 𝑇𝑠 ∈ [0, 𝑇0 − 𝑇 ) to find a solution by
the above procedure on [𝑇𝑠, 𝑇𝑠 + 𝑇 ). This proves Theorem 1.
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Transfer Functions for Pairs
of Wandering Subspaces

Rolf Gohm

Abstract. To a pair of subspaces wandering with respect to a row isometry
we associate a transfer function which in general is multi-Toeplitz and in
interesting special cases is multi-analytic. Then we describe in an expository
way how characteristic functions from operator theory as well as transfer
functions from noncommutative Markov chains fit into this scheme.
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Introduction

It is evident to all workers in these fields that the relationship between operator
theory and the theory of analytic functions is the source of many deep results.
In recent work [6] of the author a transfer function, which is in fact a multi-
analytic operator, has been introduced in the context of noncommutative Markov
chains. These can be thought of as toy models for interaction processes in quantum
physics. The theory of multi-analytic operators, pioneered by Popescu [8, 9] and
others in the late 1980’s, has developed into a very successful generalization of the
relationship mentioned above. Hence it is natural to expect that noncommutative
Markov chains and their transfer functions open up a possibility to apply these
tools in the study of models in quantum physics.

This paper is the result of an effort to discover the common geometric un-
derpinning which ties together these at first sight rather different settings. It is
found in the tree-like structure of wandering subspaces of row isometries, more
precisely: the transfer function describes the relative position of two such trees.
This is worked out in Section 1 below. One of the main results in Section 1 is a
geometric characterization of pairs of subspaces with a multi-analytic operator as
their transfer function.
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With this work done we are in a position to discuss the existing applications
in a new light which highlights common features. In Section 2 we give, from this
point of view, an expository treatment of characteristic functions, both the well-
known characteristic function of a contraction in the sense of Sz.-Nagy and Foias
[13] and the less well-known characteristic function of a lifting introduced by Dey
and Gohm [4]. In Section 3 we explain in the same short but expository style
the transfer function of a noncommutative Markov chain from [6] and sketch a
generalization which is natural in the setting of this paper. We hope and expect
that this presentation is helpful for operator theorists to find their way into an
area of potentially interesting applications.

1. Pairs of subspaces

Let ℋ̂ be a Hilbert space and 𝑉 = (𝑉1, . . . , 𝑉𝑑) a row isometry on ℋ̂. Recall that
this means that the 𝑉𝑘 : ℋ̂ → ℋ̂ are isometries with orthogonal ranges. Here 𝑑 ∈ ℕ
and additionally we also include the possibility of a sequence (𝑉1, 𝑉2, . . .) of such
isometries, writing symbolically 𝑑 = ∞ in this case.

Let 𝐹+
𝑑 be the free semigroup with 𝑑 generators (which we denote 1, . . . , 𝑑).

Its elements are (finite) words in the generators, including the empty word (which
we denote by 0). The binary operation is concatenation of words. Let 𝛼 = 𝛼1 . . . 𝛼𝑟,
with the 𝛼ℓ ∈ {1, . . . , 𝑑}, be such a word. We denote by ∣𝛼∣ = 𝑟 the length of the
word 𝛼. Further we define

𝑉𝛼 := 𝑉𝛼1 . . . 𝑉𝛼𝑟

(𝑉0 is the identity operator). By 𝑉 ∗
𝛼 we mean (𝑉𝛼)

∗ = 𝑉 ∗
𝛼𝑟 . . . 𝑉 ∗

𝛼1 . We refer to
[8, 9, 2, 3, 4] for further background about this type of multi-variable operator
theory.

We want to establish an efficient description of the relative position of pairs

of subspaces and their translates under a row isometry 𝑉 = (𝑉1, . . . , 𝑉𝑑) on ℋ̂.
Suppose 𝒰 and 𝒴 are Hilbert spaces and 𝑖0 : 𝒰 → ℋ̂ and 𝑗0 : 𝒴 → ℋ̂ are isometric
embeddings into ℋ̂. Further we write 𝑖𝜔 := 𝑉𝜔𝑖0 and 𝑖𝜔(𝒰) =: 𝒰𝜔, similarly
𝑗𝜎 := 𝑉𝜎𝑗0 and 𝑗𝜎(𝒴) =: 𝒴𝜎, where 𝜔, 𝜎 ∈ 𝐹+

𝑑 . To describe the relative position of
𝒰𝜔 and 𝒴𝜎 we consider the contraction

𝐾(𝜎, 𝜔) := 𝑗∗𝜎 𝑖𝜔 : 𝒰 → 𝒴 .

Note that

𝑗𝜎𝐾(𝜎, 𝜔) 𝑖∗𝜔 : ℋ̂ → ℋ̂
is nothing but the orthogonal projection onto 𝒴𝜎 restricted to 𝒰𝜔. The embeddings
introduced above allow us to represent these contractions for varying 𝜎 and 𝜔 on
common Hilbert spaces 𝒰 and 𝒴.
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Lemma 1.1. 𝐾(𝜎, 𝜔) for varying 𝜎 and 𝜔 is a multi-Toeplitz kernel, i.e.,

𝐾 : 𝐹+
𝑑 × 𝐹+

𝑑 → ℬ(𝒰 ,𝒴)
such that

𝐾(𝜎, 𝜔) =

⎧⎨⎩
𝐾(𝛼, 0) i𝑓 𝜎 = 𝜔𝛼
𝐾(0, 𝛼) i𝑓 𝜔 = 𝜎𝛼

0 o𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒.

Proof. If 𝜎 = 𝜔𝛼 then

𝐾(𝜎, 𝜔) = 𝑗∗𝜎 𝑖𝜔 = 𝑗∗0𝑉
∗
𝜔𝛼𝑉𝜔𝑖0 = 𝑗∗0𝑉

∗
𝛼𝑉

∗
𝜔 𝑉𝜔𝑖0 = 𝑗∗0𝑉

∗
𝛼 𝑖0 = 𝐾(𝛼, 0) .

Similarly if 𝜔 = 𝜎𝛼 then

𝐾(𝜎, 𝜔) = 𝑗∗0𝑉𝛼𝑖0 = 𝐾(0, 𝛼) .

Otherwise the orthogonality of the ranges of the 𝑉𝑘 forces 𝐾(𝜎, 𝜔) to be 0. □

Multi-Toeplitz kernels, in the positive definite case, have been investigated
by Popescu, cf. [11]. For more recent developments see also [2, 3]. Our focus will
be on the analytic case, see Theorem 1.2 below.

Let us introduce further notation and terminology. We define

𝒰+ := span {𝒰𝛼 : 𝛼 ∈ 𝐹+
𝑑 }

ℋ := ℋ̂ ⊖ 𝒰+.

𝒰+ is the smallest closed subspace invariant for all 𝑉𝑘 containing 𝒰0, and ℋ is
invariant for all 𝑉 ∗

𝑘 .

A subspace𝒲 ⊂ ℋ̂ is called wandering if 𝑉𝛼𝒲 ⊥ 𝑉𝛽𝒲 for 𝛼 ∕= 𝛽 (𝛼, 𝛽 ∈ 𝐹+
𝑑 ).

We suppose from now on that 𝒰0 is wandering. Then 𝒰+ =
⊕
𝛼∈𝐹+

𝑑
𝒰𝛼 (orthogonal

direct sum), 𝑉𝑘ℋ ⊂ ℋ ⊕ 𝒰0 for all 𝑘 = 1, . . . , 𝑑 and 𝑉 ∗
𝛼 𝒰0 ⊂ ℋ for all 𝛼 ∕= 0.

We can identify the space 𝒰+ with ℓ2(𝐹+
𝑑 ,𝒰), the 𝒰-valued square-summable

functions on 𝐹+
𝑑 , in the natural way. If 𝒴0 is also wandering then we can associate

a multi-Toeplitz operator

𝑀 : ℓ2(𝐹+
𝑑 ,𝒰) → ℓ2(𝐹+

𝑑 ,𝒴)
with a matrix given by the multi-Toeplitz kernel𝐾 from Lemma 1.1. In fact, using
the identifications of 𝒰+ =

⊕
𝛼∈𝐹+

𝑑
𝒰𝛼 with ℓ2(𝐹+

𝑑 ,𝒰) and of 𝒴+ =
⊕
𝛼∈𝐹+

𝑑
𝒴𝛼

with ℓ2(𝐹+
𝑑 ,𝒴) we see that 𝑀 is nothing but the orthogonal projection onto 𝒴+

restricted to 𝒰+. Hence 𝑀 is a contraction which describes the relative position
of 𝒰+ and 𝒴+.

We are interested in the case where the multi-Toeplitz kernel 𝐾 (resp. the
multi-Toeplitz operator 𝑀) is multi-analytic, i.e., 𝐾(0, 𝛼) = 0 for all 𝛼 ∕= 0. We
note that the notion of multi-analytic operators has been studied in great detail
by Popescu, cf. for example [10].

The following theorem gives several characterizations of multi-analyticity in
our setting. The notation 𝑃𝒳 for the orthogonal projection onto a subspace 𝒳 is
used without further comments.
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Theorem 1.2. Suppose that 𝒰0 is wandering for the row isometry 𝑉 on ℋ̂ and let

𝒴0 be any subspace of ℋ̂. Then the following assertions are equivalent:
(1) 𝐾 is multi-analytic.
(2) 𝒰0 ⊥ 𝑉 ∗

𝛼𝒴0 for all 𝛼 ∕= 0.
(3) 𝒴0 ⊂ ℋ ⊕ 𝒰0.
(4) 𝑉 ∗

𝑘 𝒴0 ⊂ ℋ for all 𝑘 = 1, . . . , 𝑑.
(5) 𝑉 ∗

𝛼𝒴0 ⊂ ℋ for all 𝛼 ∕= 0.

Assertions (1)–(5) imply the following assertion:

(6) 𝑃𝒴+𝑉𝛼𝑥 = 𝑉𝛼𝑃𝒴+𝑥 for all 𝛼 ∈ 𝐹+
𝑑 and 𝑥 ∈ 𝒰+.

If in addition 𝒴0 is also wandering for 𝑉 then (6) is equivalent to (1)–(5) and can
be rewritten as

(6′) 𝑀 𝑆𝒰
𝛼 = 𝑆𝒴

𝛼 𝑀 for all 𝛼 ∈ 𝐹+
𝑑 , where 𝑆𝒰 and 𝑆𝒴 are the row shifts obtained

by restricting 𝑉 to 𝒰+ and 𝒴+ and𝑀 = 𝑃𝒴+ ∣𝒰+ is the multi-Toeplitz operator
introduced above.

Let us describe the relative position of the embedded subspaces 𝒰 and 𝒴
characterized in Theorem 1.2 by saying that there is an orthogonal 𝒴-past. This
terminology is suggested by (5) and some additional motivation for it is given at
the end of this section.

Proof. (1) ⇔ (2). In fact,

0 = 𝐾(0, 𝛼) = 𝑗∗0𝑉𝛼𝑖0

means exactly that 𝑉𝛼𝒰0 is orthogonal to 𝒴0 or, equivalently, that 𝒰0 is orthogonal
to 𝑉 ∗

𝛼𝒴0.

(2) ⇒ (3). If (3) is not satisfied then there exists 𝑦 ∈ 𝒴0 and 𝛼 ∕= 0 such that
𝑃𝒰𝛼𝑦 ∕= 0. But then 𝑃𝒰0𝑉 ∗

𝛼 𝑦 ∕= 0 contradicting (2).

(3) ⇒ (4). Because for 𝑘 = 1, . . . , 𝑑

𝑉𝑘
⊕
𝛼∈𝐹+

𝑑

𝒰𝛼 ⊂
⊕
𝛼∕=0

𝒰𝛼 ⊥ ℋ ⊕ 𝒰0

we conclude from 𝒴0 ⊂ ℋ ⊕ 𝒰0 that 𝒰+ ⊥ 𝑉 ∗
𝑘 𝒴0, hence 𝑉 ∗

𝑘 𝒴0 ⊂ ℋ.
(4) ⇒ (5) follows from the fact that ℋ is invariant for the 𝑉 ∗

𝑘 and

(5) ⇒ (2) is obvious.

(3) ⇒ (6). It is elementary that 𝑃𝑉𝛼𝒴+𝑉𝛼 = 𝑉𝛼𝑃𝒴+ for all 𝛼 ∈ 𝐹+
𝑑 . To get (6),

that is 𝑃𝒴+𝑉𝛼𝑥 = 𝑉𝛼𝑃𝒴+𝑥 for all 𝛼 ∈ 𝐹+
𝑑 and 𝑥 ∈ 𝒰+, it is therefore enough to

consider all vectors of the form 𝑉𝛽𝑦 where 𝑦 ∈ 𝒴0 and 𝛽 ∈ 𝐹+
𝑑 is a word which

does not begin with 𝛼 and to show that such vectors are always orthogonal to 𝑉𝛼𝑥
where 𝑥 ∈ 𝒰+. By (3) we have 𝒴0 ⊂ ℋ⊕𝒰0 which implies, because 𝑉𝑘ℋ ⊂ ℋ⊕𝒰0

for all 𝑘 = 1, . . . , 𝑑, that 𝑉𝛽𝑦 is contained in the span of ℋ and of all 𝑉𝛾𝒰0 where

the word 𝛾 ∈ 𝐹+
𝑑 does not begin with 𝛼. This is indeed orthogonal to 𝑉𝛼𝑥 because

𝒰0 is wandering.
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Conversely we prove, under the additional assumption that 𝒴0 is wandering, the
implication (6′) ⇒ (2). If (2) is not satisfied then there exists 𝑢 ∈ 𝒰0 and 𝛼 ∕= 0
such that 𝑉𝛼𝑢 is not orthogonal to 𝒴0. Hence

𝑃𝒴0 𝑀 𝑆𝒰
𝛼𝑢 = 𝑃𝒴0𝑉𝛼𝑢 ∕= 0 .

On the other hand, from 𝒴0 wandering, we get

𝑃𝒴0𝑆
𝒴
𝛼𝑀𝑢 = 0

and hence 𝑀 𝑆𝒰
𝛼 ∕= 𝑆𝒴

𝛼 𝑀 . □

Note that if 𝒴0 is not wandering then in general (6) does not imply (1)–(5),

in other words (6) may be true without 𝐾 being multi-analytic. Choose 𝒴0 = ℋ̂
for example. Though in this paper we are mainly interested in pairs of wandering
subspaces it is very useful to observe that all the other implications in Theorem 1.2
hold more general. For example it can be convenient in applications to start with
a bigger subspace 𝒴0 and to restrict only later to a suitable wandering subspace.

Now consider the following operators:

𝐴𝑘 := 𝑉 ∗
𝑘 ∣ℋ : ℋ → ℋ, 𝐵𝑘 := 𝑉 ∗

𝑘 𝑖0 : 𝒰 → ℋ, 𝑘 = 1, . . . , 𝑑

𝐶 := 𝑗∗0 ∣ℋ : ℋ → 𝒴, 𝐷 := 𝑗∗0 𝑖0 : 𝒰 → 𝒴 .

Note that the assumption that 𝒰0 is wandering is needed to show that the
𝐵𝑘 map 𝒰 into ℋ. If 𝐾 is multi-analytic then it is determined by these operators.
In fact, it is elementary to check that

𝐾(𝛼, 0) = 𝑗∗0𝑉
∗
𝛼 𝑖0 =

⎧⎨⎩
𝐷 if 𝛼 = 0

𝐶 𝐵𝛼 if ∣𝛼∣ = 1

𝐶 𝐴𝛼𝑟 . . . 𝐴𝛼2 𝐵𝛼1 if 𝛼 = 𝛼1 . . . 𝛼𝑟, 𝑟 = ∣𝛼∣ ≥ 2.

These formulas suggest an interpretation from the point of view of linear
system theory.

� � �
output space 𝒴 input space 𝒰internal space ℋ

𝐶 𝐴𝑘 𝐵𝑘

�
𝐷

In fact, if we interpret 𝑢 ∈ 𝒰 as an input then we can think of 𝐶𝐴𝛽𝐵𝑘𝑢 as a
family of outputs originating from it, stored in suitable copies of 𝒴. Motivated by
these observations we say, in the case of an orthogonal 𝒴-past, that the associated
multi-analytic kernel𝐾 (or the multi-analytic operator𝑀 if available) is a transfer
function (for the embedded spaces 𝒰 and 𝒴).

We remark that the scheme is close to the formalism of Ball-Vinnikov in [3],
compare for example formula (3.3.2) therein. Essentially the same construction,
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but in a commutative-variable setting, appears in [1]. In the later section onMarkov
chains in this paper we describe another reappearance of this structure which
has been observed in [6]. For the moment, to make our terminology even more
plausible, let us consider the simplest case where 𝒰0 and 𝒴0 are both wandering
and 𝑑 = 1 (i.e., 𝑉 is a single isometry). Let𝐻2(𝒰) resp.𝐻2(𝒴) denote the 𝒰-valued
resp. 𝒴-valued Hardy space on the complex unit disc 𝔻. For example a function
in 𝐻2(𝒰) has the form

𝔻 ∋ 𝑧 �→
∞∑
𝑛=0

𝑎𝑛𝑧
𝑛 w𝑖𝑡ℎ 𝑎𝑛 ∈ 𝒰 .

There is a natural unitary from
⊕∞
𝑛=0 𝒰𝑛 onto 𝐻2(𝒰), taking the summands as

coefficients (similar for 𝒴). It can be used to move operators from one Hilbert
space to the other. For more details see for example [5], Chapter IX. This allows
us to summarize the previous discussions in this special case as follows.

Corollary 1.3. If 𝒰0 and 𝒴0 are a pair of wandering subspaces (for an isometry
𝑉 ) with orthogonal 𝒴-past then 𝑀 := 𝑃𝒴+ ∣𝒰+ moved to the Hardy spaces becomes
a contractive multiplication operator 𝑀Θ with

Θ(𝑧) = 𝐷 +

∞∑
𝑛=1

𝐶𝐴𝑛−1𝐵𝑧𝑛 = 𝐷 + 𝐶(𝐼ℋ − 𝑧𝐴)−1𝑧𝐵 .

Here 𝐴 := 𝐴1 = 𝑉 ∗∣ℋ, 𝐵 := 𝐵1 = 𝑉 ∗𝑖0 and Θ ∈ 𝐻∞
1 (𝒰 ,𝒴), the unit ball of the

algebra of bounded analytic functions on 𝔻 with values in ℬ(𝒰 ,𝒴), the bounded
operators from 𝒰 to 𝒴.

This means that in this case 𝑀 is an analytic operator in the sense of [12]
(except for the insignificant fact that it operates between different Hilbert spaces).

In the general noncommutative case we can similarly encode all the entries
𝐾(𝛼, 0) (as described above) into a formal power series which fully describes a
multi-analytic operator 𝑀 .

Corollary 1.4. If 𝒰0 is a wandering subspace for a row isometry 𝑉 = (𝑉1, . . . , 𝑉𝑑)
and 𝒴0 is another subspace then, with indeterminates 𝑧1, . . . , 𝑧𝑑 which are freely
noncommuting among each other but commuting with the operators,

Θ(𝑧1, . . . , 𝑧𝑑) :=
∑
𝛼∈𝐹+

𝑑

𝐾(𝛼, 0) 𝑧𝛼 = 𝐷+𝐶

∞∑
𝑟=1

(𝑍𝐴)𝑟−1𝑍𝐵 = 𝐷+𝐶(𝐼ℋ−𝑍𝐴)−1𝑍𝐵

where 𝑍 = (𝑧1 𝐼ℋ, . . . , 𝑧𝑑 𝐼ℋ), 𝐴 = (𝐴1, . . . , 𝐴𝑑)
𝑇 , 𝐵 = (𝐵1, . . . , 𝐵𝑑)

𝑇 , the trans-
pose indicating that 𝐴 and 𝐵 should be interpreted as (operator-valued) column
vectors.

Such a formalism is explained in more detail and used systematically in [3].
Using the language of system theory we have all the relevant information in the
so-called system matrix

Σ =

(
𝐴 𝐵
𝐶 𝐷

)
.
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Let us put these results into the context of other work already done in opera-
tor theory and focus on the case 𝑑 = 1 again. We could have extended the isometry
𝑉 to a unitary 𝑉 on a larger Hilbert space. If we now define 𝒴𝑘 = 𝑉 𝑘𝒴0 also for
𝑘 < 0 then it is natural to call

⊕
𝑘<0 𝒴𝑘 the 𝒴-past. In this extended setting the

fact that we have orthogonal 𝒴-past ensures that 𝑉 is a coupling in the sense
of [5], Chapter VII.7, between the right shifts on the orthogonal spaces

⊕∞
𝑘≥0 𝒰𝑛

and
⊕
𝑘<0 𝒴𝑘. Further our operator 𝑀 can now be interpreted as the contractive

intertwining lifting of the zero intertwiner between the two shifts which is canon-
ically associated to the coupling 𝑉 . See [5], Chapter VII.8, for this construction.
We don’t go into this here, the book [5] contains detailed discussions how analytic
functions arise in the classification of such structures.

We remark that in the case 𝑑 > 1 it is more complicated to develop the
analogue of such a ‘two-sided’ setting but this has been worked out in [2, 3] within
a theory of Haplitz kernels and Cuntz weights. For the purposes of this paper it
turns out that the simpler ‘one-sided’ setting, as presented in this section and in
particular in Theorem 1.2, is sufficient.

2. Examples: Characteristic functions

The examples in this section are well known and the main emphasis is therefore
to show that they fit naturally into the scheme developed in the previous section
and that thinking about them in this way simplifies the constructions. For further
simplification we only work through the details of the case 𝑑 = 1, i.e., a single
isometry 𝑉 : ℋ̂ → ℋ̂.

Suppose that 𝒰0 and 𝒴0 are a pair of wandering subspaces with orthogonal
𝒴-past and with system matrix

Σ =

(
𝐴 𝐵
𝐶 𝐷

)
: ℋ ⊕ 𝒰 → ℋ ⊕ 𝒴.

For the adjoint Σ∗ we obtain from the definition of 𝐴,𝐵,𝐶,𝐷:

Σ∗ =
(

𝐴∗ 𝐶∗

𝐵∗ 𝐷∗

)
: ℎ ⊕ 𝑦 �→ 𝑃𝐻

[
𝑉 ℎ+ 𝑗0(𝑦)

]⊕ 𝑖∗0𝑃𝒰0
[
𝑉 ℎ+ 𝑗0(𝑦)

]
.

2.1. Example

Let us consider a special case of the previous setting where 𝑉 ℋ ⊥ 𝑗0(𝒴). Then Σ∗

is isometric, i.e., Σ is a coisometry.

Conversely, for any Hilbert spaces ℋ, 𝒰 , 𝒴 let Σ =

(
𝐴 𝐵
𝐶 𝐷

)
: ℋ ⊕ 𝒰 → ℋ ⊕𝒴

be any coisometry. Now define the Hilbert space ℋ̂ := ℋ ⊕⊕∞
𝑛=0 𝒰𝑛 with the 𝒰𝑛

copies of 𝒰 , the embeddings
𝑖0(𝒰) := 𝒰0, 𝑗0 := (𝐼ℋ ⊕ 𝑖0)Σ

∗∣𝒴
and an isometry 𝑉 by 𝑉 ∣ℋ := (𝐼ℋ ⊕ 𝑖0)Σ

∗∣ℋ and acting as a right shift on 𝒰+ =⊕∞
𝑛=0 𝒰𝑛. Then 𝒰0 and 𝒴0 are a pair of wandering subspaces with orthogonal
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𝒴-past and with system matrix Σ. In fact, orthogonal 𝒴-past is clear from 𝒴0 ⊂
ℋ ⊕ 𝒰0 and Theorem 1.2 and then 𝒴0 wandering is an immediate consequence of
𝑉 ℋ ⊥ 𝑗0(𝒴) and the specific form of 𝑉 .

This situation occurs in the Sz.-Nagy-Foias theory of characteristic functions
for contractions. Let us sketch briefly how this fits in. Let 𝑇 ∈ ℬ(ℋ) be a contrac-
tion. Then we have defect operators 𝐷𝑇 =

√
𝐼 − 𝑇 ∗𝑇 and 𝐷𝑇∗ with defect spaces

𝒟𝑇 and 𝒟𝑇∗ defined as the closure of their ranges. The reader can easily check
that the construction above applies with 𝒰 = 𝒟𝑇 , 𝒴 = 𝒟𝑇∗ and with the unitary
rotation matrix

Σ =

(
𝐴 𝐵
𝐶 𝐷

)
=

(
𝑇 ∗ 𝐷𝑇
𝐷𝑇∗ −𝑇

)
: ℋ ⊕ 𝒰 → ℋ ⊕ 𝒴.

Then 𝑉 is the minimal isometric dilation of 𝑇 and the transfer function for the
pair 𝒰0 and 𝒴0 given by

Θ(𝑧) = −𝑇 +𝐷𝑇∗(𝐼ℋ − 𝑧𝑇 ∗)−1𝑧 𝐷𝑇

is nothing but the well-known Sz.-Nagy-Foias characteristic function of 𝑇 . In fact
it is characteristic in the sense that it characterizes 𝑇 up to unitary equivalence
only if 𝑇 is completely non-unitary (cf. [13] or [5]). So in the general case it may
be better to refer to Θ as the transfer function associated to 𝑇 .

It is possible to handle the multi-variable case (𝑑 > 1), first studied by
Popescu in [9], in a very similar way and the result, if expressed in the notation
explained for Corollary 1.4, is very similar: The transfer function associated to a

row contraction 𝑇 = (𝑇1, . . . , 𝑇𝑑) :
⊕𝑑

1 ℋ → ℋ is

Θ(𝑧1, . . . , 𝑧𝑑) = −𝑇 +𝐷𝑇∗(𝐼ℋ − 𝑍𝑇 ∗)−1𝑍𝐷𝑇

where 𝑍 = (𝑧1 𝐼ℋ, . . . , 𝑧𝑑 𝐼ℋ). It is shown in ([9], 5.4) that Θ is characteristic in
the sense of being a complete unitary invariant if 𝑇 is completely non-coisometric.
It is further shown in ([3], 5.3.3) that to get a complete unitary invariant in the
class of completely non-unitary row contractions one can consider a characteristic
pair (Θ, 𝐿) where 𝐿 is a Cuntz weight.

2.2. Example

But there are other possibilities to obtain a pair of wandering subspaces 𝒰0 and
𝒴0 with orthogonal 𝒴-past than the scheme explained in the previous example.
We go back to the case 𝑑 = 1 and assume again that ℋ̂ := ℋ⊕⊕∞

𝑛=0 𝒰𝑛 and that
an isometry 𝑉 is given on ℋ̂ which acts as a right shift on

⊕∞
𝑛=0 𝒰𝑛. Now suppose

further that ℋ𝑆 is a subspace of ℋ which is 𝑉 ∗-invariant. Then for any subspace
𝒴0 satisfying

𝒴0 ⊂ span{ℋ𝑆 , 𝑉 ℋ𝑆} ⊖ ℋ𝑆
it follows that 𝒰0 and 𝒴0 are a pair of wandering subspaces with orthogonal 𝒴-
past. In fact, because 𝒴0 ⊥ ℋ𝑆 we have for 𝑘 ≥ 1 that 𝑉 𝑘𝒴0 ⊥ ℋ𝑆 , but also
𝑉 𝑘−1𝒴0 ⊥ ℋ𝑆 so that 𝑉 𝑘𝒴0 ⊥ 𝑉 ℋ𝑆 . Hence 𝑉 𝑘𝒴0 ⊥ 𝒴0 for all 𝑘 ≥ 1, i.e., 𝒴0 is a
wandering subspace. Together with 𝑉 ℋ ⊂ ℋ⊕𝒰0 and Theorem 1.2 this establishes
the claim.
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This situation occurs in the theory of characteristic functions for liftings (cf.
[4]). As this is less well known than the Sz.-Nagy-Foias theory in the previous
example and the presentation in [4] gives the general case 𝑑 ≥ 1 using a different
approach and a different notation we think it is instructive to work out explicitly
some details of this transfer function in the case 𝑑 = 1 with the methods of this
paper.

As in the previous subsection let 𝑇 ∈ ℬ(ℋ) be a contraction, 𝒰 := 𝒟𝑇 , ℋ̂ :=
ℋ ⊕⊕∞

𝑛=0 𝒰𝑛, 𝑖0(𝒰) = 𝒰0, 𝑉 the minimal isometric dilation and we still have
𝐴 = 𝑉 ∗∣ℋ = 𝑇 ∗ and 𝐵 = 𝑉 ∗𝑖0 = 𝐷𝑇 . But now suppose that ℋ = ℋ𝑆 ⊕ ℋ𝑅 such
that ℋ𝑆 is invariant for 𝑇 ∗, in other words 𝑇 is a block matrix

𝑇 =

(
𝑆 0
𝑄 𝑅

)
with respect toℋ = ℋ𝑆⊕ℋ𝑅. We also say that 𝑇 ∈ ℬ(ℋ) is a lifting of 𝑆 ∈ ℬ(ℋ𝑆).
Then 𝑉 is also an isometric dilation of 𝑆, i.e., 𝑃ℋ𝑆𝑉

𝑛∣ℋ𝑆 = 𝑆𝑛 for all 𝑛 ∈ ℕ, and
it restricts to the minimal isometric dilation 𝑉𝑆 of 𝑆 on a reducing subspace. The
subspace ℋ𝑆 is invariant for 𝑉 ∗ and we obtain a situation as described in the
beginning of this subsection by putting 𝒴 := 𝒟𝑆 and for ℎ𝑆 ∈ ℋ𝑆

𝑗0(𝐷𝑆ℎ𝑆) := (𝑉𝑆 − 𝑆)ℎ𝑆 = (𝑉 − 𝑆)ℎ𝑆 = 𝑄ℎ𝑆 ⊕ 𝑖0(𝐷𝑇ℎ𝑆) ∈ ℋ𝑅 ⊕ 𝒰0 .

Hence we have orthogonal 𝒴-past and 𝒰0 and 𝒴0 are both wandering.
It is well known about contractive liftings such as 𝑇 that we always have

𝑄 = 𝐷𝑅∗ 𝛾∗𝐷𝑆 : ℋ𝑆 → ℋ𝑅
with a contraction 𝛾 : 𝒟𝑅∗ → 𝒟𝑆 (cf. [5], Chapter IV, Lemma 2.1). We conclude
that

𝐶 = 𝑗∗0 ∣ℋ = 𝛾 𝐷𝑅∗ 𝑃ℋ𝑅 .

To compute 𝐷 = 𝑗∗0 𝑖0 more explicitly note that for ℎ𝑆 ∈ ℋ𝑆 , ℎ𝑅 ∈ ℋ𝑅
𝑗∗0𝑉 ℎ𝑆 = 𝑗∗0

(
𝑆ℎ𝑆 ⊕ 𝑗0(𝐷𝑆ℎ𝑆) = 𝐷𝑆ℎ𝑆 , 𝑗∗0𝑉 ℎ𝑅 = 0,

[the latter because 𝑉 ℋ𝑅 ⊥ span{𝑉 ℋ𝑆 ,ℋ𝑆} ⊃ 𝑗0(𝒟𝑆)].
With ℋ ∋ ℎ = ℎ𝑆 ⊕ ℎ𝑅 ∈ ℋ𝑆 ⊕ ℋ𝑅 we can compute 𝐷 as follows:

𝐷(𝐷𝑇ℎ) = 𝑗∗0
(
(𝑉 − 𝑇 )ℎ

)
= 𝑗∗0𝑉 ℎ − 𝑗∗0𝑇ℎ = 𝑗∗0 (𝑉 ℎ𝑆 + 𝑉 ℎ𝑅)− 𝐶𝑇ℎ

= 𝐷𝑆ℎ𝑆 − 𝛾𝐷𝑅∗(𝑇ℎ𝑆 +𝑅ℎ𝑅)

= (𝐷𝑆 − 𝛾𝐷𝑅∗𝑄)ℎ𝑆 − 𝛾𝐷𝑅∗𝑅ℎ𝑅

= (𝐷𝑆 − 𝛾𝐷𝑅∗𝑄)ℎ𝑆 − 𝛾𝑅𝐷𝑅ℎ𝑅

(using 𝐷𝑅∗𝑅 = 𝑅𝐷𝑅 in the last line). Hence we get a transfer function

Θ(𝑧) = 𝐷 +
∑
𝑛≥1

𝛾𝐷𝑅∗𝑃ℋ𝑅(𝑧𝑇
∗)𝑛−1𝑧𝐷𝑇 = 𝐷 + 𝛾𝐷𝑅∗𝑃ℋ𝑅(𝐼ℋ − 𝑧𝑇 ∗)−1𝑧𝐷𝑇

= 𝐷 +
∑
𝑛≥1

𝛾𝐷𝑅∗(𝑧𝑅∗)𝑛−1𝑃ℋ𝑅𝑧𝐷𝑇 = 𝐷 + 𝛾𝐷𝑅∗(𝐼ℋ𝑅 − 𝑧𝑅∗)−1𝑃ℋ𝑅𝑧𝐷𝑇 .
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The domain of Θ(𝑧) (for each 𝑧) is 𝒰 = 𝒟𝑇 . We gain additional insights by
evaluating Θ(𝑧) on 𝐷𝑇ℎ𝑅 = 𝐷𝑅ℎ𝑅 with ℎ𝑅 ∈ ℋ𝑅 and on 𝐷𝑇ℎ𝑆 with ℎ𝑆 ∈ ℋ𝑆 .

Θ(𝑧)(𝐷𝑇ℎ𝑅) = 𝐷(𝐷𝑇ℎ𝑅) +
∑
𝑛≥1

𝛾𝐷𝑅∗(𝑧𝑅∗)𝑛−1𝑃ℋ𝑅𝑧𝐷𝑇 (𝐷𝑇ℎ𝑅)

= 𝛾
[− 𝑅 +𝐷𝑅∗(𝐼 − 𝑧𝑅∗)−1𝑧𝐷𝑅

]
(𝐷𝑅ℎ𝑅)

which shows that Θ(𝑧) restricted to 𝐷𝑇ℋ𝑅 = 𝐷𝑅ℋ𝑅 is nothing but 𝛾 times the
transfer function associated to 𝑅 in the sense of Sz.-Nagy and Foias, as discussed in
the previous subsection. Its presence can be explained by the fact that 𝑉 restricted
to ℋ̂ ⊖ ℋ𝑆 also provides an isometric dilation of 𝑅. For the other restriction
Θ(𝑧)∣𝐷𝑇ℋ𝑆 we find, using 𝑃ℋ𝑅𝑧𝐷

2
𝑇ℎ𝑆 = 𝑃ℋ𝑅𝑧(𝐼 − 𝑇 ∗𝑇 )ℎ𝑆 = −𝑧𝑅∗𝑄ℎ𝑆 ,

Θ(𝑧)(𝐷𝑇ℎ𝑆) = 𝐷(𝐷𝑇ℎ𝑆) +
∑
𝑛≥1

𝛾𝐷𝑅∗(𝑧𝑅∗)𝑛−1𝑃ℋ𝑅𝑧𝐷𝑇 (𝐷𝑇ℎ𝑆)

=

⎡⎣𝐷𝑆 − 𝛾𝐷𝑅∗𝑄 −
∑
𝑛≥1

𝛾𝐷𝑅∗(𝑧𝑅∗)𝑛𝑄

⎤⎦ (ℎ𝑆)
=

⎡⎣𝐷𝑆 − 𝛾𝐷𝑅∗
∑
𝑛≥0

(𝑧𝑅∗)𝑛𝑄

⎤⎦ (ℎ𝑆)
=
[
𝐼 − 𝛾𝐷𝑅∗(𝐼 − 𝑧𝑅∗)−1𝐷𝑅∗𝛾∗

]
𝐷𝑆ℎ𝑆 .

Again the multi-variable case (𝑑 > 1) can be handled similarly and yields
similar results. Here we investigate a row contraction 𝑇 = (𝑇1, . . . , 𝑇𝑑) which is a
lifting in the sense that

𝑇𝑘 =

(
𝑆𝑘 0
𝑄𝑘 𝑅𝑘

)
for all 𝑘 = 1, . . . , 𝑑. All the formulas for transfer functions derived above have been
written in a form which makes sense and which is still valid for the multi-variable
case if we simply replace the variable 𝑧 by 𝑍 = (𝑧1𝐼, . . . , 𝑧𝑑𝐼) (as in Corollary 1.4)
and the vectors ℎ𝑆 , ℎ𝑅 by 𝑑-tuples of vectors.

These transfer functions have been introduced in [4]; see Section 4 therein,
in particular formulas (4.6) and (4.5), for an alternative approach to the facts
sketched above. Among other things it is further investigated in [4] in which cases
such transfer functions are characteristic for the lifting, i.e., characterize the lifting
𝑇 given 𝑆 up to unitary equivalence.

3. Examples: Noncommutative Markov chains

There is another way how transfer functions as described in Section 1 appear in
applications, namely in the theory of noncommutative Markov chains. This has
been observed in [6] and to work out a common framework in order to facilitate
the discussion of similarities has been a major motivation for this paper.
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We quickly review the setting of [6] as far as it is needed to make our point,
referring to that paper for more details. An interaction is defined as a unitary

𝑈 : ℋ ⊗ 𝒦 → ℋ ⊗ 𝒫
where ℋ,𝒦,𝒫 are Hilbert spaces. In quantum physics it is common to describe the
aggregation of different parts by a tensor product of Hilbert spaces and in this case
we may think of 𝑈 as one step of a discretized interacting dynamics. (For such an
interpretation we may take 𝒦 = 𝒫 and think of 𝒦 and 𝒫 as describing the same
part before and after the interaction. But mathematically it is more transparent to
treat them as two distinguishable spaces.) If ℋ represents a fixed quantum system,
say an atom, and interactions take place with a wave passing by, say a light beam,
then it is natural, at least as a toy model, to represent repeated interactions (𝑛
steps) by

𝑈(𝑛) := 𝑈𝑛 . . . 𝑈2𝑈1 : ℋ ⊗
𝑛⊗
ℓ=1

𝒦ℓ �→ ℋ ⊗
𝑛⊗
ℓ=1

𝒫ℓ

where the 𝒦ℓ (resp. 𝒫ℓ) are copies of 𝒦 (resp. 𝒫), and 𝑈ℓ acts as 𝑈 from ℋ ⊗ 𝒦ℓ
to ℋ ⊗ 𝒫ℓ, identical at the other parts.

��
��

�

. . .

1 2 3

atom beam ℋ ⊗ 𝒦1 ⊗ 𝒦2 ⊗ 𝒦3 . . .

𝑈1

𝑈2

𝑈3

Choosing unit vectors Ω𝒦 ∈ 𝒦 and Ω𝒫 ∈ 𝒫 we can also form infinite tensor
products along these unit vectors and obtain 𝑈(𝑛) for every 𝑛 ∈ ℕ on a common
Hilbert space. Such a toy model of quantum repeated interactions can mathemat-
ically be thought of as a noncommutative Markov chain. We refer to [6] for some
motivation for this terminology by analogies with classical Markov chains.

It is proved in [6] (in a slightly different language) that if we have another
unit vector Ωℋ ∈ ℋ such that 𝑈(Ωℋ⊗Ω𝒦) = Ωℋ ⊗Ω𝒫 (we call these unit vectors
vacuum vectors in this case) then we obtain a pair of wandering subspaces 𝒰0 and
𝒴0 with orthogonal 𝒴-past for a row isometry 𝑉 , notation consistent with Section
1, as follows:

ℋ̂ := ℋ ⊗
∞⊗
ℓ=1

𝒦ℓ ⊃ ℋ ⊗
∞⊗
ℓ=1

Ω𝒦ℓ
≃ ℋ,

i.e., the latter subspace of ℋ̂ is identified with ℋ. The row isometry 𝑉 on ℋ̂ is of
the form

𝑉 := (𝑉1, . . . , 𝑉𝑑), 𝑑 = dim 𝒫 ,

where dim 𝒫 is the number of elements in an orthonormal basis of 𝒫 . Let (𝜖𝑘)𝑑𝑘=1

be such an orthonormal basis of 𝒫 = 𝒫1, fixed from now on.
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Then for 𝜉 ∈ ℋ and 𝜂 ∈⊗∞
ℓ=1 𝒦ℓ

𝑉𝑘
(
𝜉 ⊗ 𝜂

)
:= 𝑈∗

1 (𝜉 ⊗ 𝜖𝑘 ⊗ 𝜂) ∈ (ℋ ⊗ 𝒦1)⊗
∞⊗
ℓ=2

𝒦ℓ.

Note that 𝜂 is shifted to the right in the tensor product and appears as 𝜂 ∈⊗∞
ℓ=2 𝒦ℓ

on the right-hand side. It is immediate that 𝑉 is a row isometry. To get used to
this definition the reader is invited to verify the formula

𝑉𝛼
(
𝜉 ⊗ 𝜂

)
= 𝑈(𝑟)∗(𝜉 ⊗ 𝜖𝛼1 ⊗ ⋅ ⋅ ⋅ ⊗ 𝜖𝛼𝑟 ⊗ 𝜂) ∈ (ℋ ⊗ 𝒦1 ⊗ ⋅ ⋅ ⋅ 𝒦𝑟)⊗

∞⊗
ℓ=𝑟+1

𝒦ℓ

where 𝛼 = 𝛼1 . . . 𝛼𝑟 ∈ 𝐹+
𝑑 with ∣𝛼∣ = 𝑟 and on the right-hand side 𝜂 now appears

as 𝜂 ∈⊗∞
ℓ=𝑟+1 𝒦ℓ. It becomes clear that the properties of the repeated interaction

are encoded into properties of the row isometry 𝑉 .

Finally we define the pair of embedded subspaces:

𝒰 := ℋ ⊗ (Ω𝒦
)⊥ ⊂ ℋ ⊗ 𝒦 ,

𝒰0 = 𝑖0(𝒰) := ℋ ⊗ (Ω𝒦1

)⊥ ⊗
∞⊗
ℓ=2

Ω𝒦ℓ
,

𝒴 :=
(
Ω𝒫
)⊥ ⊂ 𝒫 ,

𝒴0 = 𝑗0(𝒴) := 𝑈∗
1

(
Ωℋ ⊗ (Ω𝒫1)

⊥ ⊗
∞⊗
ℓ=2

Ω𝒦ℓ

)
.

From the specific form of the isometries 𝑉𝑘 it is easy to check that 𝒰0 is
wandering and that ℋ̂ = ℋ⊕𝒰+. The proof that 𝒴0 is wandering can be found in
[6] or deduced from Proposition 3.1 below (which covers a more general situation).
From Theorem 1.2 we have an associated transfer function which can be made
explicit as a multi-analytic kernel 𝐾 or as a (contractive) multi-analytic operator
𝑀 . It may be called a transfer function of the noncommutative Markov process.
With ℎ⊕𝑢 ∈ ℋ⊕𝒰 = ℋ⊗𝒦 (here we identify ℋ with ℋ⊗Ω𝒦) we find the operators
𝐴𝑘, 𝐵𝑘, 𝐶,𝐷 appearing in the system matrix Σ to be related to the interaction 𝑈 by

𝑈(ℎ ⊕ 𝑢) =

𝑑∑
𝑘=1

(
𝐴𝑘ℎ+𝐵𝑘𝑢

)⊗ 𝜖𝑘 ∈ ℋ ⊗ 𝒫

𝑃Ωℋ⊗𝒴 𝑈(ℎ ⊕ 𝑢) = 𝐶ℎ+𝐷𝑢 ∈ 𝒴
(where we have to identify Ωℋ ⊗ 𝒴 and 𝒴 for the last equation). It is further dis-
cussed in [6] how for models in quantum physics these operators and the coefficients
of the transfer function built from them can be interpreted, and it is shown that
the transfer function can be used to study questions about observability and about
scattering theory (outgoing Cuntz scattering systems [3] and scattering theory for
Markov chains [7]).
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Let us finally indicate that the additional ideas introduced in this paper pro-
vide a flexible setting for generalizations. Let us consider the situation above but
without assuming the existence of vacuum vectors. With Ω𝒦 ∈ 𝒦 being an arbi-
trary unit vector we can easily check that 𝒰0 as defined above is still a wandering
subspace for 𝑉 . Hence for an arbitrary subspace 𝒴0 of

ℋ ⊕ 𝒰0 = ℋ ⊗ 𝒦1 ⊗
∞⊗
ℓ=2

Ω𝒦ℓ

we conclude, by Theorem 1.2, that we have orthogonal 𝒴-past and there exists a
corresponding transfer function corresponding to a multi-analytic kernel 𝐾. When
is 𝒴0 wandering? A sufficient criterion generalizing the situation with vacuum
vectors is provided by the following

Proposition 3.1. Let ℋ𝑆 be a subspace of ℋ such that 𝑈
(ℋ𝑆 ⊗ Ω𝒦

) ⊂ ℋ𝑆 ⊗ 𝒫.
Then any subspace

𝒴0 ⊂ 𝑈∗
1 (ℋ𝑆 ⊗ 𝒫1)⊖ (ℋ𝑆 ⊗ Ω𝒦1)

is wandering.
(Here we adapt the convention to omit a tensoring with

⊗∞
ℓ=2Ω𝒦ℓ

in the notation.)

Proof. Let 𝜁 ∈ ℋ̂ be any vector orthogonal to ℋ𝑆 ⊗ Ω𝒦1 . Our first observation is
that for all 𝑘 = 1, . . . , 𝑑 the vectors 𝑉𝑘𝜁 are orthogonal to ℋ𝑆 ⊗ Ω𝒦1 too. In fact,
we can write 𝜁 = 𝜁1 ⊕ 𝜁2 where 𝜁1 = 𝜉0 ⊗ 𝜂 with 𝜉0 ∈ ℋ𝑆 and with 𝜂 ∈⊗∞

ℓ=1 𝒦ℓ
orthogonal to

⊗∞
ℓ=1Ω𝒦ℓ

and 𝜁2 ∈ (ℋ ⊖ ℋ𝑆) ⊗
⊗∞
ℓ=1 𝒦ℓ. Using the specific form

of 𝑉𝑘 it follows immediately that 𝑉𝑘𝜁1 is orthogonal to ℋ𝑆 ⊗Ω𝒦1 and the same is
also true for 𝑉𝑘𝜁2 taking into account the assumption 𝑈

(ℋ𝑆 ⊗Ω𝒦
) ⊂ ℋ𝑆 ⊗ 𝒫 , in

the form: 𝑈∗
1

(
(ℋ ⊖ ℋ𝑆)⊗ 𝒫1

)
is orthogonal to ℋ𝑆 ⊗ Ω𝒦1 .

The second observation is that for all 𝑘 = 1, . . . , 𝑑 the vectors 𝑉𝑘𝜁 are orthog-
onal to 𝑈∗

1 (ℋ𝑆 ⊗ 𝒫1). As 𝜁 can be approximated by a finite sum
∑
𝑗 𝜉𝑗 ⊗ 𝜂𝑗 with

𝜉𝑗 ∈ ℋ and 𝜂𝑗 ∈⊗∞
ℓ=1 𝒦ℓ we may assume for simplicity that 𝜁 is of this form. But

then
∑
𝑗 𝜉𝑗 ⊗ 𝜖𝑘 ⊗ 𝜂𝑗 is orthogonal to ℋ𝑆 ⊗𝒫1 and now an application of 𝑈∗

1 gives
us the result.

Applying these observations repeatedly to elements of 𝒴0 we conclude that
𝒴0 is orthogonal to 𝑉𝛼𝒴0 for all 𝛼 ∕= 0. This implies that 𝒴0 is wandering. □
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1. Introduction

We consider a class of functions on [0,∞) that can be described in various ways:

∙ As the Euler-d’Alembert1 class of infinitely differentiable functions 𝑦 : [0,∞)→
R that satisfy a homogeneous linear differential equation with real constant
coefficients:

𝑦(𝑛) + 𝑎1𝑦
(𝑛−1) + 𝑎2𝑦

(𝑛−2) + ⋅ ⋅ ⋅+ 𝑎𝑛𝑦 = 0,

with real initial conditions:

𝑦(0) = 𝑏1, 𝑦
(1)(0) = 𝑏2, . . . , 𝑦

(𝑛−1)(0) = 𝑏𝑛.

∙ As the matrix-exponential class of functions of the form

𝑦(𝑡) = 𝑐𝑒𝐴𝑡𝑏, 𝐴 ∈ R𝑛×𝑛, 𝑐 ∈ R1×𝑛, 𝑏 ∈ R𝑛×1,

with 𝑡 ≥ 0, where 𝐴, 𝑏, 𝑐 are independent of 𝑡. While the triple (𝐴, 𝑏, 𝑐) need
not be unique, one such triple can always be chosen so that, for some choice of
the positive integer 𝑛, the sets of vectors {𝑏,𝐴𝑏,...,𝐴𝑛−1𝑏}, {𝑐,𝑐𝐴,...,𝑐𝐴𝑛−1}
are bases for R𝑛. Such triples are said to provide a minimal realization of
the function 𝑦. For the theory of minimal realization we refer to the theory
of linear state space systems, (cf., e.g., [3] or Chapter 10 of [4] for a more
algebraic approach).

∙ As the class 𝐸𝑃𝑇 of real exponential-polynomial-trigonometric functions 𝑦 :
[0,∞) → R of the form

𝑦(𝑡) = ℜ
(
𝐾∑
𝑘=1

𝑝𝑘(𝑡)𝑒
𝜇𝑘𝑡

)
=
1

2

𝐾∑
𝑘=1

𝑝𝑘(𝑡)𝑒
𝜇𝑘𝑡 +

1

2

𝐾∑
𝑘=1

𝑝𝑘(𝑡)𝑒
𝜇𝑘𝑡,

where 𝑝𝑘 ∈ C[𝑡], 𝜇𝑘 ∈ C, 𝑘 = 1, 2, . . . ,𝐾, 𝑡 ≥ 0, and the bar denotes
complex conjugation. Note that this can also be written in the form 𝑦(𝑡) =∑𝑑
𝑖=0 𝑞𝑖(𝑡)𝑒

𝜆𝑖𝑡 cos(𝜃𝑖𝑡 + 𝜏𝑖), where the 𝑞𝑖 are real polynomials, 𝜆𝑖, 𝜃𝑖 and 𝜏𝑖
are real numbers, and 𝐾 ≤ 𝑑 ≤ 2𝐾.

The fact that these classes are equal is well known. For instance, using the
companion matrix associated with the characteristic polynomial 𝑧𝑛+𝑎1𝑧

𝑛−1+⋅ ⋅ ⋅+
𝑎𝑛, it can be seen that the second class contains the first. The Cayley-Hamilton
theorem ensures that the first class is contained in the second. That the second
class is contained in the third follows from the theory of the Jordan normal form.
Since, finally, for every number 𝜆, it’s easy to see that(

𝑑

𝑑𝑡
− 𝜆

)𝑘+1

(𝑡𝑘𝑒𝜆𝑡) = 0, 𝑘 = 0, 1, 2, . . . ,

and the Euler-d’Alembert class forms a ring of functions, every 𝐸𝑃𝑇 function sat-
isfies a homogeneous linear differential equation with constant coefficients. Thus,
the third class is a subset of the first.

1cf. Euler (1743), d’Alembert (1748)
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A further useful characterization of this class can be given as the class of
continuous functions on [0,∞) whose Laplace transform exists on a right half-
plane of the complex plane, and is a proper rational function there. In fact, the
Laplace transform of 𝑡 �→ 𝑐𝑒𝐴𝑡𝑏 is equal to 𝑟(𝑧) = 𝑐(𝑧𝐼 −𝐴)−1𝑏 for all 𝑧 ∈ C with
ℜ𝑧 > max{ℜ𝜆 : det(𝐴 − 𝜆𝐼) = 0}. (This is well known in linear systems theory
where 𝑟 is called the transfer function, and the corresponding 𝐸𝑃𝑇 function is
called the impulse response function.) Conversely, for any strictly proper rational
function 𝑟, one can construct a triple (𝐴, 𝑏, 𝑐) such that 𝑟(𝑧) = 𝑐(𝑧𝐼 − 𝐴)−1𝑏, and
the corresponding 𝐸𝑃𝑇 function is 𝑐𝑒𝐴𝑡𝑏.

Important subclasses can be characterized by the location of the eigenvalues
of the matrix 𝐴 in a minimal realization (𝐴, 𝑏, 𝑐) of an 𝐸𝑃𝑇 function. The subclass
𝑃 of polynomials coincides with the subclass for which all eigenvalues of 𝐴 are zero.
The subclass 𝐸 of real exponential sums, i.e., linear combinations with constant
coefficients of real exponential functions of the form 𝑡 �→ 𝑒𝜆𝑡 coincides with the
subclass for which the eigenvalues are real and distinct. The subclass 𝑇 is the
subclass for which the eigenvalues are purely imaginary and distinct.

Clearly, 𝐸𝑃𝑇 functions are ubiquitous in the mathematical sciences! Here we
want to mention some places where they are required to be non-negative on [0,∞).

∙ In financial mathematics they appear as forward rate curves, e.g., the Nelson-
Siegel forward rate curves (cf. [5]):

𝑡 �→ 𝑧0 + 𝑧1𝑒
−𝜆𝑡 + 𝑧2𝑡𝑒

−𝜆𝑡,

or the Svensson forward rate curves (cf. [6]). As the function values of these
curves denote interest rates, we want them to be non-negative!

∙ In probability theory they appear as probability density functions; such func-
tions must be non-negative and integrate to one over [0,∞). For instance,
they occur in the form of Gamma densities with positive integer shape pa-
rameter 𝑘:

𝑓(𝑡; 𝑘, 𝛽) =
(
𝛽𝑘/(𝑘 − 1)!

)
𝑡𝑘−1𝑒−𝑡𝛽, 𝑡 ≥ 0, 𝑘 ∈ N, 𝛽 > 0.

∙ In systems theory they appear as impulse response functions of linear systems.
In the case of so-called positive (respectively, non-negative) systems it is a
requirement that the impulse response functions be positive (respectively,
non-negative).

Given the importance of non-negative 𝐸𝑃𝑇 functions in these and other
areas, the question arises of how to analyze whether a given 𝐸𝑃𝑇 function is non-
negative or not, and how to characterize classes of non-negative 𝐸𝑃𝑇 functions.
The present paper addresses these questions. We provide (i) a necessary condi-
tion and (ii) a sufficient condition for the non-negativity of the tail of an 𝐸𝑃𝑇
function, and (iii) a method that can be used to determine whether the sufficient
condition is satisfied. Use will be made of an earlier method, that was found by
the authors, to determine whether an 𝐸𝑃𝑇 function is non-negative on any finite
closed subinterval of [0,∞). In the next section, a summary of that method will
be given, as it will be used in the sequel.
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2. Non-negativity analysis on a finite interval – a summary

In [10], a method is presented to determine non-negativity of an 𝐸𝑃 function 𝑦
on an interval [0, 𝑇 ], where 0 < 𝑇 < ∞. This is based on the construction of a
generalized Budan-Fourier sequence (𝐵𝐹 -sequence) given by 𝑦. Such a function
can be represented as 𝑦(𝑡) := 𝑐𝑒𝐴𝑡𝑏, for some minimal triple (𝐴, 𝑏, 𝑐) ∈ R𝑛×𝑛 ×
R𝑛×1 ×R1×𝑛, where the eigenvalues of 𝐴 are real numbers, and can be ordered in
decreasing order as 𝜆1 ≥ 𝜆2 ≥ ⋅ ⋅ ⋅ ≥ 𝜆𝑛. For such an 𝐸𝑃 function 𝑦, a 𝐵𝐹 -sequence
is generated on [0, 𝑇 ] by:

𝑦0(𝑡) := 𝑦(𝑡) = 𝑐𝑒𝐴𝑡𝑏,

𝑦1(𝑡) := 𝑐(𝜆1𝐼 − 𝐴)𝑒𝐴𝑡𝑏,

𝑦2(𝑡) := 𝑐(𝜆1𝐼 − 𝐴)(𝜆2𝐼 − 𝐴)𝑒𝐴𝑡𝑏,
...

𝑦𝑛(𝑡) := 𝑐(𝜆1𝐼 − 𝐴)(𝜆2𝐼 − 𝐴) . . . (𝜆𝑛𝐼 − 𝐴)𝑒𝐴𝑡𝑏 ≡ 0.

This sequence has the property that 𝑦𝑘 has at most one sign-changing zero in
between any two consecutive sign-changing zeros or boundary points of 𝑦𝑘+1, 𝑘 =
0, 1, . . . , 𝑛−1 on [0, 𝑇 ]. Using this, and applying a bisection technique one can find
all sign-changing zeros of 𝑦𝑛, 𝑦𝑛−1, . . . , 𝑦0, and hence determine whether or not 𝑦
is non-negative on [0, 𝑇 ].

Also in [10], a 𝐵𝐹 -sequence is presented for any 𝐸𝑃𝑇 function 𝑦 on [0, 𝑇 ].
This allows us to determine whether 𝑦(𝑡) ≥ 0, ∀𝑡 ∈ [0, 𝑇 ]. Based on this we now
want to study the possible tail behaviour of 𝐸𝑃𝑇 functions. Obviously, if we can
show that an 𝐸𝑃𝑇 function 𝑦 is non-negative for all 𝑡 ≥ 𝑇0 for some 𝑇0 > 0, and
we can verify that 𝑦 is non-negative on [0, 𝑇0] using the 𝐵𝐹 -sequence method,
then non-negativity of 𝑦 on [0,∞) follows.

3. A special representation of 𝑬𝑷𝑻 functions

The following representation of an arbitrary 𝐸𝑃𝑇 function will play an important
role in the remainder of the paper.

Theorem 3.1. Any 𝐸𝑃𝑇 function 𝑦 can be written in the form

𝑦(𝑡) =

𝑁∑
𝑘=0

𝑏𝑘(𝑡)ℜ𝑓𝑘(𝑒
𝑖𝜃1𝑡, 𝑒𝑖𝜃2𝑡, . . . , 𝑒𝑖𝜃𝑚𝑡), (3.1)

where each 𝑏𝑘 is an 𝐸P function of the form

𝑏𝑘(𝑡) = (𝑡+ 𝑇1)
𝑑𝑘𝑒𝜆𝑘(𝑡+𝑇1), 𝑘 = 0, 1, . . . , 𝑁,

for some 𝑇1 ≥ 0, such that 𝑏0(𝑡) > 𝑏1(𝑡) > ⋅ ⋅ ⋅ > 𝑏𝑁(𝑡) > 0, ∀𝑡 > 0, each 𝑓𝑘 is a
multivariate trigonometric polynomial in 𝑚 complex variables, and {𝜃1, 𝜃2, . . . , 𝜃𝑚}
is a subset of R that is linearly independent over Q.
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Remark. A function 𝑓 on the 𝑚-dimensional unit torus

T𝑚 = {𝑧 = (𝑧1, 𝑧2, . . . , 𝑧𝑚) : ∣𝑧𝑗 ∣ = 1, 𝑗 = 1, 2, . . . ,𝑚},
will be defined to be a multivariate trigonometric polynomial if it is of the form

𝑓(𝑧) =
∑
𝛼∈𝐼𝑚

𝑐𝛼𝑧
𝛼, 𝑧 ∈ T𝑚,

where 𝑐𝛼 ∈ C, for each multi-index 𝛼=(𝛼1,𝛼2,...,𝛼𝑚)∈ 𝐼𝑚, 𝑧𝛼 := 𝑧𝛼11 𝑧𝛼22 ⋅⋅⋅𝑧𝛼𝑚𝑚
and 𝐼 is a finite subset of the integers Z. So, in particular, negative powers are
allowed. Note that, for 𝑧 ∈ T𝑚, ℜ𝑓(𝑧) = 1

2𝑓(𝑧1, 𝑧2, . . . , 𝑧𝑚)+
1
2𝑓(𝑧

−1
1 , 𝑧−1

2 , . . . , 𝑧−1
𝑚 )

where 𝑓(𝑧) =
∑
𝛼∈𝐼𝑚 𝑐𝛼𝑧

𝛼, and 𝑐𝛼 is the complex conjugate of 𝑐𝛼.

Proof. From the representation of a complex 𝐸𝑃𝑇 function as a sum of products
of polynomials with complex exponential functions, it follows, by treating each
of the monomials in the polynomials separately, that an 𝐸𝑃𝑇 function 𝑦 can be
written as

𝑦(𝑡) = ℜ
(
𝑁∑
𝑘=0

�̃�𝑘(𝑡)ℓ̃𝑘(𝑒
𝑖𝜂1𝑡, 𝑒𝑖𝜂2𝑡, . . . , 𝑒𝑖𝜂𝐾 𝑡)

)
where each �̃�𝑘 is an 𝐸𝑃 function of the form

�̃�𝑘(𝑡) = 𝑡𝑑𝑘𝑒𝜆𝑘𝑡, 𝑘 = 0, 1, . . . , 𝑁,

such that �̃�0(𝑡) > �̃�1(𝑡) > ⋅ ⋅ ⋅ > �̃�𝑁(𝑡), ∀𝑡 > 𝑇1 for some sufficiently large number

𝑇1 > 0; and, for each 𝑘 = 0, 1, 2, . . . , 𝑁 , ℓ̃𝑘(𝑤1, 𝑤2, . . . , 𝑤𝐾) is a degree-one (linear)
polynomial defined on T𝐾 . Here, the 𝜆𝑘 are the real parts of the eigenvalues of the
matrix 𝐴 and 𝜂𝑗 are the imaginary parts of the non-real eigenvalues of 𝐴, where 𝐴
is the square matrix in a minimal (𝐴, 𝑏, 𝑐) representation of 𝑦, so that 𝑦(𝑡) = 𝑐𝑒𝐴𝑡𝑏.
Because of the nature of 𝐸𝑃 functions, for each 𝑘 = 0, 1, 2, . . . , 𝑁 − 1,

lim
𝑡→∞

�̃�𝑘+1(𝑡)

�̃�𝑘(𝑡)
= 0.

Hence, �̃�𝑘(𝑡) = 𝑜(�̃�0(𝑡)) as 𝑡 → ∞, for each 𝑘 = 1, 2, . . . , 𝑁 .
Now consider the auxiliary function 𝑔(𝑡) := 𝑐𝑒−𝐴𝑇1𝑒𝐴𝑡𝑏. Note that 𝑔(𝑡+𝑇1) =

𝑦(𝑡) for all 𝑡 ≥ 0. The function 𝑔 belongs to 𝐸𝑃𝑇 , and hence it has a representation
of the same form as 𝑦. In fact, since minimal representations of both 𝑔 and 𝑦 involve
the same matrix 𝐴, the same exponential functions appear in both, so that

𝑔(𝑡) = ℜ
(
𝑁∑
𝑘=0

�̃�𝑘(𝑡)ℓ̂𝑘(𝑒
𝑖𝜂1𝑡, 𝑒𝑖𝜂2𝑡, . . . , 𝑒𝑖𝜂𝐾 𝑡)

)
,

with �̂�𝑘 again a linear polynomial on the 𝐾-dimensional torus, for each 𝑘 =
0, 1, . . . , 𝑁 . It follows from 𝑦(𝑡) = 𝑔(𝑡+ 𝑇1) that

𝑦(𝑡) = ℜ
(
𝑁∑
𝑘=0

𝑏𝑘(𝑡)ℓ𝑘(𝑒
𝑖𝜂1𝑡, 𝑒𝑖𝜂2𝑡, . . . , 𝑒𝑖𝜂𝐾𝑡)

)
,
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where ℓ𝑘 is another linear polynomial on T𝐾 , for each 𝑘 = 0, 1, . . . , 𝑁 . Now con-
sider the vector space 𝑉 over the field of rational numbers Q spanned by the
set of the real numbers {𝜂1, 𝜂2, . . . , 𝜂𝐾}. Let 𝑚 be the dimension of this vec-
tor space 𝑉 , and consider a 𝑉 -basis {𝜃1, 𝜃2, . . . , 𝜃𝑚} which has the special prop-
erty that each of the elements 𝜂1, 𝜂2, . . . , 𝜂𝐾 can be expressed as a linear com-
bination of the basis elements with integer coefficients. Such a basis can be ob-
tained from an arbitrary basis by an appropriate basis transformation. To see this,
let {𝜃1, 𝜃2, . . . , 𝜃𝑚} be an arbitrary 𝑉 -basis, and suppose that 𝜂 = �̃�𝜃, where

𝜂 = (𝜂1, 𝜂2, . . . , 𝜂𝐾)
′, 𝜃 = (𝜃1, 𝜃2, . . . , 𝜃𝑚)

′, and �̃� ∈ Q𝐾×𝑚. Let 𝛿𝑖 ∈ N denote

the least common denominator of the 𝑖th column of �̃� , for each 𝑖 = 1, 2, . . . ,𝑚.

Then take 𝜃𝑗 :=
𝜃𝑗
𝛿𝑗

and let 𝐷 be the diagonal matrix with 𝛿𝑖 as its 𝑖th diago-

nal element. Then the entries of 𝑀 = �̃�𝐷 are integers, and {𝜃1, 𝜃2, . . . , 𝜃𝑚} is
a basis with the required property. Let the (𝑖, 𝑗)th element of 𝑀 be denoted by
𝑚𝑖,𝑗 ∈ Z. We can now replace each 𝜂𝑗 in the expression ℓ𝑘(𝑒

𝑖𝜂1𝑡, 𝑒𝑖𝜂2𝑡, . . . , 𝑒𝑖𝜂𝐾𝑡)
by 𝜂𝑗 =

∑𝑚
𝑖=1 𝑚𝑗,𝑖𝜃𝑖. Once that is done for each 𝜂𝑗 then we obtain a trigonometric

polynomial 𝑓𝑘 on T𝑚, with

𝑓𝑘(𝑒
𝑖𝜃1𝑡, 𝑒𝑖𝜃2𝑡, . . . , 𝑒𝑖𝜃𝑚𝑡) = ℓ𝑘(𝑒

𝑖𝜂1𝑡, 𝑒𝑖𝜂2𝑡, . . . , 𝑒𝑖𝜂𝐾𝑡).

If we denote by 𝑚𝑗 the multi-index given by the 𝑗th row of 𝑀 , then we can write

𝑓𝑘(𝑧) = ℓ𝑘(𝑧
𝑚1 , 𝑧𝑚2 , . . . , 𝑧𝑚𝐾 ), 𝑘 = 1, 2, . . . , 𝑁.

By construction, the set {𝜃1, 𝜃2, . . . , 𝜃𝑚} is linearly independent over Q. □

Let us say that an 𝐸𝑃𝑇 function 𝑦 is non-negative eventually if there exists
a non-negative number 𝑇 such that 𝑦(𝑡) ≥ 0 for all 𝑡 ≥ 𝑇 . So, if an 𝐸𝑃𝑇 function
is non-negative eventually, and hence non-negative on [𝑇,∞) for some 𝑇 ≥ 0, then
one can apply the 𝐵𝐹 -sequence approach to determine whether it is non-negative
on [0, 𝑇 ) as well, and hence on all of [0,∞).

Theorem 3.2. Suppose an 𝐸𝑃𝑇 function 𝑦 has the representation (3.1). Assume
without loss of generality that the real part of the polynomial 𝑓0 is not the zero
function, i.e., ℜ𝑓0 ∕≡ 0. Necessary conditions for 𝑦 to be non-negative eventually
are that

(i) ℜ𝑓0(𝑧) ≥ 0, ∀𝑧 ∈ T𝑚,
(ii) ℜ𝑓0 has a positive constant term, 𝜆0 is a real eigenvalue of 𝐴, and

𝜆0 = max{𝜆𝑘 : 𝑘 = 0, 1, 2 . . . , 𝑁}.
Proof. ad (i) Since {𝜃1, 𝜃2, . . . , 𝜃𝑚} is linearly independent over Q, it follows from
Kronecker’s approximation theorem [7] that, for any number 𝑇 > 0, {(𝑓0(𝑧), 𝑓1(𝑧),
. . ., 𝑓𝑁(𝑧)) : 𝑧 ∈ T𝑚} is the closure of the set

{(𝑓0(𝑒𝑖𝜃1𝑡, . . . , 𝑒𝑖𝜃𝑚𝑡), . . . , 𝑓𝑁 (𝑒𝑖𝜃1𝑡, . . . , 𝑒𝑖𝜃𝑚𝑡)) : 𝑡 ≥ 𝑇 }.
This implies that if there exists a point 𝑧 ∈ T𝑚 with the property that ℜ𝑓0(𝑧) =:
−𝜖 < 0, then, due to the continuity of 𝑓0, for each 𝑇 > 0, there will be a number

404 B. Hanzon and F. Holland



𝑡 > 𝑇 such that ℜ𝑓0(𝑒
𝑖𝜃1𝑡, . . . , 𝑒𝑖𝜃𝑚𝑡) < −𝜖/2. Because they are continuous func-

tions on a compact set, the functions 𝑓1, 𝑓2, . . . , 𝑓𝑁 are bounded on T𝑚, and so
𝑏𝑘(𝑡)𝑓𝑘(𝑒

𝑖𝜃1𝑡, 𝑒𝑖𝜃2𝑡, . . . , 𝑒𝑖𝜃𝑚𝑡), 𝑘 = 1, 2, . . . , 𝑁 , are all 𝑜 (𝑏0(𝑡)) as 𝑡 → ∞. It fol-
lows that 𝑦 has negative values for some 𝑡 > 𝑇 , for any positive number 𝑇 . Since
this conflicts with the hypothesis, it follows that ℜ𝑓0(𝑧) ≥ 0 for all 𝑧 on the unit
torus T𝑚.

ad (ii) As is well known, the constant term of any trigonometric polynomial
in 𝑚 variables can be obtained by integrating it over the unit torus (viewed as
a subset of Euclidean space), and dividing by (2𝜋)𝑚. Applying this to the non-
negative and not identically zero function

𝑧 �→ 1

2
𝑓0(𝑧1, 𝑧2, . . . , 𝑧𝑚) +

1

2
𝑓0(𝑧

−1
1 , 𝑧−1

2 , . . . , 𝑧−1
𝑚 ), 𝑧 = (𝑧1, 𝑧2, . . . , 𝑧𝑚) ∈ T𝑚,

we obtain that the real part of the constant term of 𝑓0 is positive. This implies
that the real part of the constant term of the corresponding linear polynomial ℓ0
is also positive (the constant terms in both 𝑓0 and ℓ0 are the same, since only the
non-constant terms can change when going from ℓ0 to 𝑓0), and hence that the real
number 𝜆0 is an eigenvalue of 𝐴, with multiplicity 𝑑0 + 1. That 𝜆0 is at least as
big as the real part of the other eigenvalues follows from the fact that 𝑏0 is at least
as large as the 𝑏𝑘, 𝑘 = 1, 2, . . . , 𝑁 . □

Remark. The fact that if 𝑡 �→ 𝑐𝑒𝐴𝑡𝑏 is a minimal representation of a function
𝑦 ∈ 𝐸𝑃𝑇 , and is eventually non-negative, then 𝐴 must have a dominant real
eigenvalue is also shown in [11], using the classical Pringsheim theorem about
power series with nonnegative coefficients. The discrete analogue of this result is
dealt with in [9].

The question of determining criteria for the non-negativity of a trigonomet-
rical polynomial on T𝑚 arises naturally from this theorem. While the well-known
L. Fejér and F. Riesz characterization of non-negative trigonometric polynomials
of one real variable settles the issue when 𝑚 = 1 [12], the question is more chal-
lenging when 𝑚 ≥ 2. However, it’s easy to resolve it for a polynomial that is linear
in each variable separately.

Theorem 3.3. Let

𝑓(𝑧) = 𝑐0 +

𝑚∑
𝑘=1

𝑐𝑘𝑧𝑘, 𝑧 = (𝑧1, 𝑧2, . . . , 𝑧𝑚) ∈ T𝑚.

Then the real part of 𝑓 is non-negative on T𝑚 if and only if
𝑚∑
𝑘=1

∣𝑐𝑘∣ ≤ ℜ𝑐0.

Proof. If the displayed condition holds, and 𝑧 ∈ T𝑚, then

ℜ𝑓(𝑧) = ℜ𝑐0 +
𝑚∑
𝑘=1

ℜ{𝑐𝑘𝑧𝑘} ≥ ℜ𝑐0 −
𝑚∑
𝑘=1

∣𝑐𝑘𝑧𝑘∣ = ℜ𝑐0 −
𝑚∑
𝑘=1

∣𝑐𝑘∣ ≥ 0,
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whence the sufficiency part follows. Conversely, if ℜ𝑓 ≥ 0 on T𝑚, and 1 ≤ 𝑗 ≤ 𝑚,
consider 𝑐𝑗 : if 𝑐𝑗 ∕= 0, select 𝑤𝑗 so that 𝑤𝑗𝑐𝑗 = −∣𝑐𝑗∣; and otherwise select 𝑤𝑗 = 1.
Then, 𝑤 = (𝑤1, 𝑤2, . . . , 𝑤𝑚) ∈ T𝑚 and so

0 ≤ ℜ𝑓(𝑤) = ℜ𝑐0 −
𝑚∑
𝑘=1

∣𝑐𝑘∣,

whence the necessity part follows. □

Theorem 3.4. Suppose 𝑦 ∈ 𝐸𝑃𝑇 . Then, in the notation of Theorem 3.1, a sufficient
condition for 𝑦 to be non-negative on [𝑇,∞), 𝑇 ≥ 0 is that

∀𝑧 ∈ T𝑚 : ∀𝑡 ∈ [𝑇,∞) :
𝑁∑
𝑘=0

𝑏𝑘(𝑡)ℜ𝑓𝑘(𝑧) ≥ 0. (3.2)

Proof. This is self-evident. □

At this point, the following examples may help to elucidate matters.

Example 1. Let

𝑔(𝑡) =
1

2
+
1

2
cos 2𝑡 − 2(cos 𝑡)𝑒−𝑡 + 𝑒−2𝑡, 0 ≤ 𝑡 < ∞.

Then 𝑔 belongs to 𝐸𝑃𝑇 , and is non-negative on [0,∞). Also,

𝑔(𝑡) = ℜ(𝑏0(𝑡)𝑓0(𝑒𝑖𝑡) + 𝑏1(𝑡)𝑓1(𝑒
𝑖𝑡) + 𝑏2(𝑡)𝑓2(𝑒

𝑖𝑡)
)
,

where 𝑏0(𝑡) = 1, 𝑏1(𝑡) = 𝑒−𝑡, 𝑏2(𝑡) = 𝑒−2𝑡, and

𝑓0(𝑧) =
1 + 𝑧2

2
, 𝑓1(𝑧) = −2𝑧, 𝑓2(𝑧) = 1, ∀𝑧 ∈ C.

Proof. That 𝑔 ∈ 𝐸𝑃𝑇 is clear, and its non-negativity can be easily verified directly.
But this also follows from Theorem 3.4 because, if 𝑧 ∈ C, with ∣𝑧∣ = 1, and
𝑡 ∈ [0,∞), then

ℜ(𝑏0(𝑡)𝑓0(𝑧) + 𝑏1(𝑡)𝑓1(𝑧) + 𝑏2(𝑡)𝑓2(𝑧)
)
= ℜ(1 + 𝑧2

2
− 2𝑧𝑒−𝑡 + 𝑒−2𝑡

)
=
2𝑧𝑧 + 𝑧2 + 𝑧2

4
− 2ℜ𝑧𝑒−𝑡 + 𝑒−2𝑡

= (ℜ𝑧)2 − 2ℜ𝑧𝑒−𝑡 + 𝑒−2𝑡

=
(
ℜ𝑧 − 𝑒−𝑡

)2
≥ 0. □

Example 2. Let

ℎ(𝑡) = 2 + cos𝜋𝑡+ cos 𝑡 − 𝑒−𝑡, 0 ≤ 𝑡 < ∞.

Then ℎ belongs to 𝐸𝑃𝑇 , and is eventually non-negative on [0,∞). However, it
fails to satisfy the sufficient condition (3.2).
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Proof. That ℎ ∈ 𝐸𝑃𝑇 is clear. Moreover,

ℎ(𝑡) = ℜ(𝑏0(𝑡)𝑓0(𝑒𝑖𝑡, 𝑒𝑖𝜋𝑡) + 𝑏1(𝑡)𝑓1(𝑒
𝑖𝑡, 𝑒𝑖𝜋𝑡)

)
,

where 𝑏0(𝑡) = 1, 𝑏1(𝑡) = 𝑒−𝑡, and

𝑓0(𝑧1, 𝑧2) = 2 + 𝑧1 + 𝑧2, 𝑓1(𝑧1, 𝑧2) = −1.
Hence,

ℜ(𝑏0(𝑡)𝑓0(−1,−1) + 𝑏1(𝑡)𝑓1(−1,−1)
)
= −𝑒−𝑡 < 0, ∀𝑡 ≥ 0.

Nevertheless, ℎ is eventually non-negative. The verification of this fact is
due to Pat McCarthy, the essentials of whose proof we reproduce here with his
permission. So, suppose ℎ(𝑥) = 0 for some positive 𝑥, so that

2 + cos𝜋𝑥 + cos𝑥 = 𝑒−𝑥,

whence

2 sin2
(
𝑥 − 𝜋

2

)
= 1 + cos𝑥 ≤ 𝑒−𝑥, and 2 sin2

(
𝜋𝑥 − 𝜋

2

)
= 1 + cos𝜋𝑥 ≤ 𝑒−𝑥.

But there are non-negative integers 𝑝, 𝑞 such that

2𝑝 ≤ 𝑥 ≤ 2𝑝+ 2, and 2𝑞𝜋 ≤ 𝑥 ≤ (2𝑞 + 2)𝜋.

Moreover, it is easy to easy to see that sin 𝑠 ≥ 2𝑠/𝜋 if 0 ≤ 𝑠 ≤ 𝜋/2, so that

sin2
(
𝑡 − 𝜋

2

)
≥ (𝑡 − 𝜋)2

𝜋2
, if 0 ≤ 𝑡 ≤ 2𝜋.

Hence, by periodicity,

2(𝑥 − (2𝑞 + 1)𝜋)2

𝜋2
≤ 2 sin2

(
(𝑥 − 2𝑞𝜋)− 𝜋

2

)
= 1 + cos𝑥 ≤ 𝑒−𝑥 ≤ 𝑒−2𝑞𝜋,

and so

∣𝑥 − (2𝑞 + 1)𝜋∣ ≤ 𝜋𝑒−𝑞𝜋√
2

,

Similarly,

∣𝑥 − (2𝑝+ 1)∣ ≤ 𝑒−𝑥/2√
2

≤ 𝑒−𝑞𝜋√
2

.

By the triangle inequality it now follows that∣∣∣∣𝜋 − 2𝑝+ 1

2𝑞 + 1

∣∣∣∣ ≤ (𝜋 + 1)𝑒𝜋/2𝑒−
𝜋
2 (2𝑞+1)

(2𝑞 + 1)
√
2

.

However, it is well known that such an inequality can hold for at most finitely
many pairs of non-negative integers 𝑝, 𝑞. Otherwise, it conflicts, for instance, with
Kurt Mahler’s remarkable result that, if 𝑎, 𝑏 are positive integers, then∣∣∣𝜋 − 𝑎

𝑏

∣∣∣ > 1

𝑏42
.

(For improvements of this, see [8].) In the light of this fact, it now follows that ℎ
has at most a finite number of positive real zeros. Since ℎ(𝑡) > 1 whenever 𝑡 is a
multiple of 2𝜋, it follows that ℎ is eventually non-negative, as claimed. □
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Remarks.

∙ The sufficient condition (3.2) also applies to functions for which a representa-
tion like (3.1) holds, even when {𝜃1, 𝜃2, . . . , 𝜃𝑚} is not linearly independent.

∙ A special case in which the sufficient condition for eventual non-negativity
holds is when ℜ𝑓0 has a positive minimum on the unit torus; the sufficient
condition (3.2) is satisfied in that case for sufficiently large 𝑇 , because 𝑏𝑘(𝑡) =
𝑜(𝑏0(𝑡)), 𝑘 = 1, 2, . . . , 𝑁 , as 𝑡 → ∞.

∙ A further special case of this occurs when the set of eigenvalues with max-
imum real part consists just of one point (higher multiplicity would be no
problem in this case, only the location of the points matters here). According
to Theorem 3.2, such an eigenvalue would actually have to be real. Then ℜ𝑓0
is a positive constant, and hence the sufficient condition (3.2) is satisfied for
sufficiently large 𝑇 .

∙ And a further special case of this is when the function is actually an 𝐸𝑃
function, because then all eigenvalues are real, hence, also, the one with
largest real part.

∙ The class of 𝐸𝑃𝑇 functions satisfying (3.2) is likely to be important in prac-
tice; for this class, one can determine non-negativity on [0,∞) by determining
an appropriate 𝑇 such that the function is non-negative for all 𝑡 > 𝑇 , while
for 𝑡 ∈ [0, 𝑇 ] one can use the 𝐵𝐹 -sequence approach mentioned in Section
2 to determine non-negativity (assuming it is possible to determine the sign
of the 𝐸𝑃𝑇 functions involved in the 𝐵𝐹 -sequence at each of the points at
which we need to know it).

4. A projection on the boundary of a set of non-negative functions

The question now arises as to how one can ascertain that a given 𝐸𝑃𝑇 function
satisfies the sufficient condition for some sufficiently large value of 𝑇 . As was
noted in the previous section, if ℜ𝑓0 has a positive minimum over the unit torus,
then the sufficient condition is indeed satisfied for sufficiently large values of 𝑇 .
If this function has minimum zero (recall that non-negativity of this function is
a necessary condition) and ℜ𝑓1 has a positive minimum, then again the sufficient
condition is satisfied for large enough 𝑇 . In fact, more generally, if there exists a
value 0 < 𝜆 ≤ 1 such that ℜ(𝑓0 + 𝜆𝑓1) has positive minimum, then there exists
a value of 𝑇 such that the sufficient condition is satisfied (use 𝑏0(𝑡) > 𝑏1(𝑡)/𝜆
for sufficiently large 𝑇 and replace 𝑏0 by 𝑏1/𝜆; as ℜ𝑓0 ≥ 0 the result follows). Of
course, for any given 𝐸𝑃𝑇 function, one could try to analyze whether it satisfies
the sufficient condition using these or other “ad hoc” arguments. In what follows,
we will present a more systematic method to analyze the problem.

We first introduce some notation. For 𝑧 = (𝑧1, 𝑧2, . . . , 𝑧𝑚) ∈ T𝑚, and 𝑘 =
0, 1, 2, . . . , 𝑁 , let

Φ𝑘(𝑧) =
1

2
𝑓𝑘(𝑧1, 𝑧2, . . . , 𝑧𝑚) +

1

2
𝑓𝑘(𝑧

−1
1 , 𝑧−1

2 , . . . , 𝑧−1
𝑚 ),
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and define

Φ(𝑧) := (Φ0(𝑧),Φ1(𝑧), . . . ,Φ𝑁 (𝑧))
′,

so that Φ maps the unit torus T𝑚 into R𝑁+1. Let 𝐹 = Φ(T𝑚) denote the subset
of R𝑁+1 of points in the image of Φ.

Let 𝑏 = (𝑏0, 𝑏1, . . . , 𝑏𝑁 ), and let 𝑇 > 0 be given. Define the following subsets of
(column vectors) ofR𝑁+1 that relate, respectively, to non-negativity and positivity
of linear combinations of the 𝐸𝑃 functions 𝑏0, 𝑏1, . . . , 𝑏𝑁 , for 𝑡 ≥ 𝑇 :

𝑄 := {𝜙 ∈ R𝑁+1 : 𝑏(𝑡)𝜙 ≥ 0, ∀𝑡 ∈ [𝑇,∞)},

𝑃 := {𝜙 ∈ R𝑁+1 : 𝑏(𝑡)𝜙 > 0, ∀𝑡 ∈ [𝑇,∞)}.
Let ∂𝑄 be the boundary of 𝑄 in R𝑁+1.

Remark. Note that 𝑄 ∖ 𝑃 ⊆ ∂𝑄, 𝑄 ∖ 𝑃 ∕= ∂𝑄. To see this, consider, for instance,
the case 𝑁 = 1 and 𝑇 = 0, when 𝑏0(𝑡) = 𝑒−𝛼0𝑡, 𝑏1(𝑡) = 𝑒−𝛼1𝑡, where 0 < 𝛼0 < 𝛼1.
The set 𝑄 consists of vectors 𝜙 = (𝜙0, 𝜙1) such that

𝑒−𝛼0𝑡𝜙0 + 𝑒−𝛼1𝑡𝜙1 ≥ 0, ∀ 𝑡 ≥ 0.

Then (𝜙0, 𝜙1) = (0, 1) ∈ ∂𝑄 ∖ (𝑄 ∖ 𝑃 ), as (−𝜖, 1) ∕∈ 𝑄, ∀𝜖 > 0; (0, 1) ∈ 𝑃 ⊂ 𝑄. □
Define the projection

R𝑁+1 → R𝑁+1, 𝜙 =

⎛⎜⎜⎜⎝
𝜙0

𝜙1

...
𝜙𝑁

⎞⎟⎟⎟⎠ �→ 𝑅(𝜙) =

⎛⎜⎜⎜⎝
𝜌0
𝜙1

...
𝜙𝑁

⎞⎟⎟⎟⎠

by 𝜌0 = min

⎧⎨⎩𝜙0 :

⎛⎜⎜⎜⎝
𝜙0

𝜙1

...
𝜙𝑁

⎞⎟⎟⎟⎠ ∈ 𝑄

⎫⎬⎭
Note that 𝜌0 ≥ 0 (due to the dominance of 𝑏0 over 𝑏1, . . . , 𝑏𝑁 ). Let 𝑅0(𝜙) :=
𝑒′1𝑅(𝜙) = 𝜌0 and let 𝐿(𝜙) := 𝜙0 − 𝜌0 = 𝑒′1𝜙 − 𝑅0(𝜙)), ∀𝜙 ∈ R𝑁+1, where
𝑒1, 𝑒2, . . . , 𝑒𝑁+1 form the standard basis for R𝑁+1.

This function has some interesting properties.

Proposition 4.1.

(i) The function 𝐿 is Lipschitz continuous with respect to the ℓ1 norm on R𝑁+1,

and ∣𝐿(𝜙)− 𝐿(𝜙)∣ ≤ ∣∣𝜙 − 𝜙∣∣1 for any 𝜙, 𝜙 ∈ R𝑁+1.

(ii) 𝐿(𝜙) ≥ 0 ⇐⇒ 𝜙 ∈ 𝑄.

Proof. ad (i) Consider a pair of vectors 𝜙, 𝜙 ∈ R𝑁+1. As before, let 𝜌0 denote

𝑅0(𝜙). Similarly, let 𝜌0 denote 𝑅0(𝜙). Then 𝐿(𝜙)−𝐿(𝜙) = 𝜙0−𝜙0+𝜌0−𝜌0. Using
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the fact that

𝑒1 − 𝑒𝑗 =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1
0
...
0

−1
0
...
0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
∈ 𝑄, ∀𝑗 ∈ {2, 3, . . . , 𝑁 + 1},

it can be seen that:

𝜌0 − 𝜌0 ≤ ∣𝜙1 − 𝜙1∣+ ∣𝜙2 − 𝜙2∣+ ⋅ ⋅ ⋅+ ∣𝜙𝑁 − 𝜙𝑁 ∣.
Similarly, it can be seen that

𝜌0 − 𝜌0 ≤ ∣𝜙1 − 𝜙1∣+ ∣𝜙2 − 𝜙2∣+ ⋅ ⋅ ⋅+ ∣𝜙𝑁 − 𝜙𝑁 ∣,
and hence we obtain

∣𝜌0 − 𝜌0∣ ≤ ∣𝜙1 − 𝜙1∣+ ∣𝜙2 − 𝜙2∣+ ⋅ ⋅ ⋅+ ∣𝜙𝑁 − 𝜙𝑁 ∣.
It follows that

∣𝐿(𝜙)− 𝐿(𝜙)∣ ≤ ∣∣𝜙 − 𝜙∣∣1.
ad (ii) For any 𝜙 ∈ 𝑄, increasing the first entry gives another vector in 𝑄, because
it corresponds to adding a positive multiple of 𝑏0 to a non-negative 𝐸𝑃 function,
which gives another non-negative 𝐸𝑃 function. It follows, by construction of 𝐿,
that if 𝐿(𝜙) ≥ 0, then 𝜙 ∈ 𝑄. Also, if 𝜙 ∈ 𝑄, then, by construction, 𝐿(𝜙) ≥ 0,
hence the statement in the proposition follows. □

This result can now be applied as follows.

Let 𝑇 be fixed. We can parametrize the torus T𝑚 by a map 𝑍 : (R/Z)𝑚 →
T𝑚 that is given by 𝜔 = (𝜔1, 𝜔2, . . . , 𝜔𝑚) �→ 𝑍(𝜔) = (𝑒2𝜋𝑖𝜔1 , 𝑒2𝜋𝑖𝜔2 , . . . , 𝑒2𝜋𝑖𝜔𝑚).
Here, the 𝜔𝑗 are taken to be real numbers between zero and one. Composing this
with Φ one can parametrize 𝐹 by 𝐹 = Φ(𝑍([0, 1)𝑚)) = Φ(𝑍([0, 1]𝑚)). Now note
that min𝜙∈𝐹 𝐿(𝜙) is non-negative if and only if 𝐹 ⊂ 𝑄 if and only if the sufficient
condition (3.2) holds. As 𝐹 is compact (T𝑚 is compact and 𝐿 is continuous), this
minimum exists. We can build a grid in [0, 1]𝑚 with a prescribed mesh size 𝜇 > 0,
i.e., every point in the set is at a distance of at most 𝜇 to a point in the grid.
Because the composition Φ ∘ 𝑍 is real analytic, and 𝐿 is Lipschitz continuous,
the composition 𝐿(Φ ∘𝑍) is Lipschitz continuous as well, and a uniform Lipschitz
constant can be found for this mapping using the previous proposition, together
with the fact that the derivatives of 𝜔 �→ Φ(𝑍(𝜔)) consist of trigonometric poly-
nomials each of which can be bounded by the sum of the absolute values of their
coefficients. Therefore, one can construct a lower bound for the minimum within
distance 𝜖 > 0 of the minimum, for arbitrarily small positive 𝜖 by calculating the
values of 𝜔 �→ 𝐿(Φ(𝑍(𝜔))) on the grid with sufficiently small mesh size 𝜇. That
leaves the question on how 𝐿(𝜙) can actually be calculated for a given vector
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𝜙 = Φ(𝑍(𝜔)). Here, we can use the fact that, for any 𝐸𝑃 function 𝑦(𝑡) := 𝑏(𝑡)𝜙,
non-negativity can be verified by determining a 𝑇1 such that 𝑦(𝑡) > 0 for all 𝑡 > 𝑇1

if such a number 𝑇1 exists and if so, determining the minimum of 𝑦 on [𝑇, 𝑇1] us-
ing the 𝐵𝐹 -sequence algorithm. So, we can check for each point in R𝑁+1 to see
whether it is in 𝑄 or not. The idea is now to apply the bisection technique to
determine 𝑅0(𝜙) and hence 𝐿(𝜙). Recall that 𝑅0(𝜙) ≥ 0. In the bisection algo-
rithm we will create vectors which are obtained from 𝜙 by replacing the first entry
by another number, say 𝑟 = 𝑟(𝑛), where 𝑛 = 0, 1, 2, . . . denote the stages in the
algorithm. Note that 𝑟 < 0 gives a vector outside 𝑄. If taking 𝑟 = 0 gives a vector
in 𝑄, then 𝑅0(𝜙) = 0, and we can stop. Now, assume taking 𝑟 = 0 produces a
vector outside 𝑄 and let 𝑟(0) := 0. If 𝜙 ∈ 𝑄, we can take 𝑟(1) = 𝜙0; otherwise,
one can take 𝑟(1) = ∣𝜙1∣ + ∣𝜙2∣ + ⋅ ⋅ ⋅ + ∣𝜙𝑁 ∣ to be sure that we obtain a vector
in 𝑄 (this follows from the fact that 𝑏0 ≥ 𝑏1 ≥ ⋅ ⋅ ⋅ ≥ 𝑏𝑁 ). Now do bisection to
create a sequence 𝑟(𝑛), 𝑛 = 0, 1, 2, . . ., where each next value in the sequence is
a mid-point between two earlier values in the sequence depending on whether the
various corresponding vectors are inside or outside 𝑄. At each stage, the pair 𝑟(𝑛)
and 𝑟(𝑛+1) corresponds to a pair of vectors one of which is inside 𝑄 and the other
one is outside 𝑄. This sequence will converge, and the limit will lie in 𝑄, because
𝑄 is closed! So, this gives us 𝑅0(𝜙), and hence also 𝐿(𝜙).

Note that if ℜ𝑓0 has minimum equal to zero, and ℜ𝑓0(𝑧) = 0, then 𝐿(Φ(𝑧)) =
𝑅0(Φ(𝑧)) = 0. Therefore, in that case the minimum of 𝐿 on 𝐹 is at most zero.
Therefore, this method will not guarantee that the sufficient condition (3.2) is
satisfied. On the other hand, if the sufficient condition is not satisfied, then, for a
sufficiently refined mesh, the grid calculations will reveal this.

5. Conclusions and further research

Further research is needed in order to obtain systematic methods that can tell
us whether a given 𝐸𝑃𝑇 function satisfies the sufficient condition (3.2) presented
here. It may be possible to obtain this using algebraic methods (exploiting the
ring structure of the class of 𝐸𝑃 functions).

Also, it would be interesting to study the properties of the class of 𝐸𝑃𝑇
functions that satisfy condition (3.2), such as the possible invariance under certain
operations (addition, multiplication etc.). Gaining a better understanding in the
class of 𝐸𝑃𝑇 functions that are non-negative, but do not satisfy the sufficient
conditions is also of interest.

To verify the necessary condition one needs to verify whether a certain multi-
variable trigonometric polynomial is non-negative. Non-negativity of polynomials
including trigonometric polynomials is a topic of active research at the moment,
where techniques from constructive algebra, real algebraic geometry and numer-
ical optimization (such as interior point methods for convex optimization) are
combined. See, e.g., [13] and references given there.

For practical applications it will be important to see how one can deal with
questions of linear dependence and independence of certain numbers over the ra-
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tional numbers. If these numbers are replaced by approximations (e.g., through
round-off procedures) the dependency structure could be changed inadvertently.
However, if the 𝐸𝑃𝑇 functions are obtained by operating on other 𝐸𝑃𝑇 functions
(addition, multiplication, convolution etc.) rational dependencies may well show
up explicitly.

Acknowledgement.We record our indebtedness to an eagle-eyed referee who drew
our attention to several points that needed to be clarified.
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Compactness of the 𝝏-Neumann Operator
on Weighted (0, 𝒒)-forms

Friedrich Haslinger

Abstract. As an application of a characterization of compactness of the ∂-
Neumann operator we derive a sufficient condition for compactness of the
∂-Neumann operator on (0, 𝑞)-forms in weighted 𝐿2-spaces on ℂ𝑛.
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Keywords. ∂-Neumann problem, Sobolev spaces, compactness.

1. Introduction

In this paper we continue the investigations of [12] and [11] concerning existence

and compactness of the canonical solution operator to ∂ on weighted 𝐿2-spaces
over ℂ𝑛.

Let 𝜑 : ℂ𝑛 −→ ℝ+ be a plurisubharmonic 𝒞2-weight function and define the
space

𝐿2(ℂ𝑛, 𝜑) =
{
𝑓 : ℂ𝑛 −→ ℂ :

∫
ℂ𝑛

∣𝑓 ∣2 𝑒−𝜑 𝑑𝜆 < ∞
}

,

where 𝜆 denotes the Lebesgue measure, the space 𝐿2
(0,𝑞)(ℂ

𝑛, 𝜑) of (0, 𝑞)-forms with

coefficients in 𝐿2(ℂ𝑛, 𝜑), for 1 ≤ 𝑞 ≤ 𝑛. Let

(𝑓, 𝑔)𝜑 =

∫
ℂ𝑛

𝑓 𝑔𝑒−𝜑 𝑑𝜆

denote the inner product and

∥𝑓∥2𝜑 =
∫
ℂ𝑛

∣𝑓 ∣2𝑒−𝜑 𝑑𝜆

the norm in 𝐿2(ℂ𝑛, 𝜑).
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We consider the weighted ∂-complex

𝐿2
(0,𝑞−1)(ℂ

𝑛, 𝜑)
∂−→←−
∂∗
𝜑

𝐿2
(0,𝑞)(ℂ

𝑛, 𝜑)
∂−→←−
∂∗
𝜑

𝐿2
(0,𝑞+1)(ℂ

𝑛, 𝜑),

where for (0, 𝑞)-forms 𝑢 =
∑′

∣𝐽∣=𝑞 𝑢𝐽 𝑑𝑧𝐽 with coefficients in 𝒞∞0 (ℂ𝑛) we have

∂𝑢 =
∑
∣𝐽∣=𝑞

′
𝑛∑
𝑗=1

∂𝑢𝐽
∂𝑧𝑗

𝑑𝑧𝑗 ∧ 𝑑𝑧𝐽 ,

and

∂
∗
𝜑𝑢 = −

∑
∣𝐾∣=𝑞−1

′
𝑛∑
𝑘=1

𝛿𝑘𝑢𝑘𝐾 𝑑𝑧𝐾 ,

where 𝛿𝑘 =
∂
∂𝑧𝑘

− ∂𝜑
∂𝑧𝑘

.

There is an interesting connection between ∂ and the theory of Schrödinger
operators with magnetic fields, see for example [5], [2], [8] and [6] for recent con-
tributions exploiting this point of view.

The complex Laplacian on (0, 𝑞)-forms is defined as

□𝜑 := ∂ ∂
∗
𝜑 + ∂

∗
𝜑∂,

where the symbol □𝜑 is to be understood as the maximal closure of the operator
initially defined on forms with coefficients in 𝒞∞0 , i.e., the space of smooth functions
with compact support.

□𝜑 is a selfadjoint and positive operator, which means that
(□𝜑𝑓, 𝑓)𝜑 ≥ 0 , for 𝑓 ∈ dom(□𝜑).

The associated Dirichlet form is denoted by

𝑄𝜑(𝑓, 𝑔) = (∂𝑓, ∂𝑔)𝜑 + (∂
∗
𝜑𝑓, ∂

∗
𝜑𝑔)𝜑, (1.1)

for 𝑓, 𝑔 ∈ dom(∂) ∩ dom(∂
∗
𝜑). The weighted ∂-Neumann operator 𝑁𝜑,𝑞 is – if it

exists – the bounded inverse of □𝜑.

We indicate that a (0, 1)-form 𝑓 =
∑𝑛
𝑗=1 𝑓𝑗 𝑑𝑧𝑗 belongs to dom(∂

∗
𝜑) if and

only if
𝑛∑
𝑗=1

(
∂𝑓𝑗
∂𝑧𝑗

− ∂𝜑

∂𝑧𝑗
𝑓𝑗

)
∈ 𝐿2(ℂ𝑛, 𝜑)

and that forms with coefficients in 𝒞∞0 (ℂ𝑛) are dense in dom(∂)∩ dom(∂∗𝜑) in the
graph norm 𝑓 �→ (∥∂𝑓∥2𝜑 + ∥∂∗𝜑𝑓∥2𝜑)

1
2 (see [10]).

We consider the Levi-matrix

𝑀𝜑 =

(
∂2𝜑

∂𝑧𝑗∂𝑧𝑘

)
𝑗𝑘
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of 𝜑 and suppose that the sum 𝑠𝑞 of any 𝑞 (equivalently: the smallest 𝑞) eigenvalues
of 𝑀𝜑 satisfies

lim inf
∣𝑧∣→∞

𝑠𝑞(𝑧) > 0. (1.2)

We show that (1.2) implies that there exists a continuous linear operator

𝑁𝜑,𝑞 : 𝐿
2
(0,𝑞)(ℂ

𝑛, 𝜑) −→ 𝐿2
(0,𝑞)(ℂ

𝑛, 𝜑),

such that □𝜑 ∘ 𝑁𝜑,𝑞𝑢 = 𝑢, for any 𝑢 ∈ 𝐿2
(0,𝑞)(ℂ

𝑛, 𝜑).

If we suppose that the sum 𝑠𝑞 of any 𝑞 (equivalently: the smallest 𝑞) eigen-
values of 𝑀𝜑 satisfies

lim
∣𝑧∣→∞

𝑠𝑞(𝑧) = ∞. (1.3)

Then the ∂-Neumann operator 𝑁𝜑,𝑞 : 𝐿
2
(0,𝑞)(ℂ

𝑛, 𝜑) −→ 𝐿2
(0,𝑞)(ℂ

𝑛, 𝜑) is compact.

This generalizes results from [12] and [11], where the case of 𝑞 = 1 was
handled.

Finally we discuss some examples in ℂ2.

2. The weighted Kohn-Morrey formula

First we compute

(□𝜑𝑢, 𝑢)𝜑 = ∥∂𝑢∥2𝜑 + ∥∂∗𝜑𝑢∥2𝜑
for 𝑢 ∈ dom(□𝜑).

We obtain

∥∂𝑢∥2𝜑 + ∥∂∗𝜑𝑢∥2𝜑 =
∑

∣𝐽∣=∣𝑀∣=𝑞

′
𝑛∑

𝑗,𝑘=1

𝜖𝑘𝑀𝑗𝐽

∫
ℂ𝑛

∂𝑢𝐽
∂𝑧𝑗

∂𝑢𝑀
∂𝑧𝑘

𝑒−𝜑 𝑑𝜆

+
∑

∣𝐾∣=𝑞−1

′
𝑛∑

𝑗,𝑘=1

∫
ℂ𝑛

𝛿𝑗𝑢𝑗𝐾𝛿𝑘𝑢𝑘𝐾 𝑒−𝜑 𝑑𝜆,

where 𝜖𝑘𝑀𝑗𝐽 = 0 if 𝑗 ∈ 𝐽 or 𝑘 ∈ 𝑀 or if 𝑘 ∪ 𝑀 ∕= 𝑗 ∪ 𝐽, and equals the sign of

the permutation
(
𝑘𝑀
𝑗𝐽

)
otherwise. The right-hand side of the last formula can be

rewritten as∑
∣𝐽∣=𝑞

′
𝑛∑
𝑗=1

∥∥∥∥∂𝑢𝐽∂𝑧𝑗

∥∥∥∥2
𝜑

+
∑

∣𝐾∣=𝑞−1

′
𝑛∑

𝑗,𝑘=1

∫
ℂ𝑛

(
𝛿𝑗𝑢𝑗𝐾𝛿𝑘𝑢𝑘𝐾 − ∂𝑢𝑗𝐾

∂𝑧𝑘

∂𝑢𝑘𝐾
∂𝑧𝑗

)
𝑒−𝜑 𝑑𝜆,

see [18] Proposition 2.4 for the details. Now we mention that for 𝑓, 𝑔 ∈ 𝒞∞0 (ℂ𝑛)
we have (

∂𝑓

∂𝑧𝑘
, 𝑔

)
𝜑

= −(𝑓, 𝛿𝑘𝑔)𝜑
and hence([

𝛿𝑗,
∂

∂𝑧𝑘

]
𝑢𝑗𝐾 , 𝑢𝑘𝐾

)
𝜑

= −
(
∂𝑢𝑗𝐾
∂𝑧𝑘

,
∂𝑢𝑘𝐾
∂𝑧𝑗

)
𝜑

+ (𝛿𝑗𝑢𝑗𝐾 , 𝛿𝑘𝑢𝑘𝐾)𝜑.
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Since [
𝛿𝑗 ,

∂

∂𝑧𝑘

]
=

∂2𝜑

∂𝑧𝑗∂𝑧𝑘
,

we get

∥∂𝑢∥2𝜑+∥∂∗𝜑𝑢∥2𝜑 =
∑
∣𝐽∣=𝑞

′
𝑛∑
𝑗=1

∥∥∥∥∂𝑢𝐽∂𝑧𝑗

∥∥∥∥2
𝜑

+
∑

∣𝐾∣=𝑞−1

′
𝑛∑

𝑗,𝑘=1

∫
ℂ𝑛

∂2𝜑

∂𝑧𝑗∂𝑧𝑘
𝑢𝑗𝐾𝑢𝑘𝐾 𝑒−𝜑 𝑑𝜆.

(2.1)
Formula (2.1) is a version of the Kohn-Morrey formula, compare [18] or [16].

Proposition 2.1. Let 1 ≤ 𝑞 ≤ 𝑛 and suppose that the sum 𝑠𝑞 of any 𝑞 (equivalently:
the smallest 𝑞) eigenvalues of 𝑀𝜑 satisfies

lim inf
∣𝑧∣→∞

𝑠𝑞(𝑧) > 0. (2.2)

Then there exists a uniquely determined bounded linear operator

𝑁𝜑,𝑞 : 𝐿
2
(0,𝑞)(ℂ

𝑛, 𝜑) −→ 𝐿2
(0,𝑞)(ℂ

𝑛, 𝜑),

such that □𝜑 ∘ 𝑁𝜑,𝑞𝑢 = 𝑢, for any 𝑢 ∈ 𝐿2
(0,𝑞)(ℂ

𝑛, 𝜑).

Proof. Let 𝜇𝜑,1 ≤ 𝜇𝜑,2 ≤ ⋅ ⋅ ⋅ ≤ 𝜇𝜑,𝑛 denote the eigenvalues of 𝑀𝜑 and suppose
that 𝑀𝜑 is diagonalized. Then, in a suitable basis,∑

∣𝐾∣=𝑞−1

′
𝑛∑

𝑗,𝑘=1

∂2𝜑

∂𝑧𝑗∂𝑧𝑘
𝑢𝑗𝐾𝑢𝑘𝐾 =

∑
∣𝐾∣=𝑞−1

′
𝑛∑
𝑗=1

𝜇𝜑,𝑗 ∣𝑢𝑗𝐾 ∣2

=
∑

𝐽=(𝑗1,...,𝑗𝑞)

′ (𝜇𝜑,𝑗1 + ⋅ ⋅ ⋅+ 𝜇𝜑,𝑗𝑞 )∣𝑢𝐽 ∣2

≥ 𝑠𝑞∣𝑢∣2

It follows from (2.1) that there exists a constant 𝐶 > 0 such that

∥𝑢∥2𝜑 ≤ 𝐶(∥∂𝑢∥2𝜑 + ∥∂∗𝜑𝑢∥2𝜑) (2.3)

for each (0, 𝑞)-form 𝑢 ∈dom (∂)∩ dom (∂
∗
𝜑). For a given 𝑣 ∈ 𝐿2

(0,𝑞)(ℂ
𝑛, 𝜑) consider

the linear functional 𝐿 on dom (∂)∩ dom (∂
∗
𝜑) given by 𝐿(𝑢) = (𝑢, 𝑣)𝜑. Notice that

dom (∂)∩ dom (∂
∗
𝜑) is a Hilbert space in the inner product 𝑄𝜑. Since we have by

(2.3)

∣𝐿(𝑢)∣ = ∣(𝑢, 𝑣)𝜑∣ ≤ ∥𝑢∥𝜑 ∥𝑣∥𝜑 ≤ 𝐶𝑄𝜑(𝑢, 𝑢)
1/2 ∥𝑣∥𝜑.

Hence by the Riesz representation theorem there exists a uniquely determined
(0, 𝑞)-form 𝑁𝜑,𝑞𝑣 such that

(𝑢, 𝑣)𝜑 = 𝑄𝜑(𝑢,𝑁𝜑,𝑞𝑣) = (∂𝑢, ∂𝑁𝜑,𝑞𝑣)𝜑 + (∂
∗
𝜑𝑢, ∂

∗
𝜑𝑁𝜑,𝑞𝑣)𝜑,
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from which we immediately get that □𝜑 ∘ 𝑁𝜑,𝑞𝑣 = 𝑣, for any 𝑣 ∈ 𝐿2
(0,𝑞)(ℂ

𝑛, 𝜑). If

we set 𝑢 = 𝑁𝜑,𝑞𝑣 we get again from 2.3

∥∂𝑁𝜑,𝑞𝑣∥2𝜑 + ∥∂∗𝜑𝑁𝜑,𝑞𝑣∥2𝜑 = 𝑄𝜑(𝑁𝜑,𝑞𝑣,𝑁𝜑,𝑞𝑣) = (𝑁𝜑,𝑞𝑣, 𝑣)𝜑 ≤ ∥𝑁𝜑,𝑞𝑣∥𝜑 ∥𝑣∥𝜑
≤ 𝐶1(∥∂𝑁𝜑,𝑞𝑣∥2𝜑 + ∥∂∗𝜑𝑁𝜑,𝑞𝑣∥2𝜑)1/2 ∥𝑣∥𝜑,

hence

(∥∂𝑁𝜑,𝑞𝑣∥2𝜑 + ∥∂∗𝜑𝑁𝜑,𝑞𝑣∥2𝜑)1/2 ≤ 𝐶2∥𝑣∥𝜑
and finally again by (2.3)

∥𝑁𝜑,𝑞𝑣∥𝜑 ≤ 𝐶3(∥∂𝑁𝜑,𝑞𝑣∥2𝜑 + ∥∂∗𝜑𝑁𝜑,𝑞𝑣∥2𝜑)1/2 ≤ 𝐶4∥𝑣∥𝜑,
where 𝐶1, 𝐶2, 𝐶3, 𝐶4 > 0 are constants. Hence we get that 𝑁𝜑,𝑞 is a continuous
linear operator from 𝐿2

(0,𝑞)(ℂ
𝑛, 𝜑) into itself (see also [13] or [4]). □

3. Compactness of 𝑵𝝋,𝒒

We use a characterization of precompact subsets of 𝐿2-spaces, see [1]:

A bounded subset 𝒜 of 𝐿2(Ω) is precompact in 𝐿2(Ω) if and only if for every
𝜖 > 0 there exists a number 𝛿 > 0 and a subset 𝜔 ⊂⊂ Ω such that for every 𝑢 ∈ 𝒜
and ℎ ∈ ℝ𝑛 with ∣ℎ∣ < 𝛿 both of the following inequalities hold:

(i)

∫
Ω

∣�̃�(𝑥 + ℎ)− 𝑢(𝑥)∣2 𝑑𝑥 < 𝜖2 , (ii)

∫
Ω∖𝜔

∣𝑢(𝑥)∣2 𝑑𝑥 < 𝜖2, (3.1)

where �̃� denotes the extension by zero of 𝑢 outside of Ω.

In addition we define an appropriate Sobolev space and prove compactness
of the corresponding embedding, for related settings see [3], [14], [15] .

Definition 3.1. Let

𝒲𝑄𝜑
𝑞 = {𝑢 ∈ 𝐿2

(0,𝑞)(ℂ
𝑛, 𝜑) : ∥∂𝑢∥2𝜑 + ∥∂∗𝜑𝑢∥2𝜑 < ∞}

with norm

∥𝑢∥𝑄𝜑 = (∥∂𝑢∥2𝜑 + ∥∂∗𝜑𝑢∥2𝜑)1/2.

Remark 3.2. 𝒲𝑄𝜑
𝑞 coincides with the form domain dom(∂) ∩ dom(∂

∗
𝜑) of 𝑄𝜑 (see

[9], [10]).

Proposition 3.3. Let 𝜑 be a plurisubharmonic 𝒞2- weight function. Let 1 ≤ 𝑞 ≤ 𝑛
and suppose that the sum 𝑠𝑞 of any 𝑞 (equivalently: the smallest 𝑞) eigenvalues of
𝑀𝜑 satisfies

lim
∣𝑧∣→∞

𝑠𝑞(𝑧) = ∞. (3.2)

Then 𝑁𝜑,𝑞 : 𝐿
2
(0,𝑞)(ℂ

𝑛, 𝜑) −→ 𝐿2
(0,𝑞)(ℂ

𝑛, 𝜑) is compact.
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Proof. For (0, 𝑞) forms one has by (2.1) and Proposition 2.1 that

∥∂𝑢∥2𝜑 + ∥∂∗𝜑𝑢∥2𝜑 ≥
∫
ℂ𝑛

𝑠𝑞(𝑧) ∣𝑢(𝑧)∣2 𝑒−𝜑(𝑧) 𝑑𝜆(𝑧). (3.3)

We indicate that the embedding

𝑗𝜑,𝑞 : 𝒲𝑄𝜑
𝑞 ↪→ 𝐿2

(0,𝑞)(ℂ
𝑛, 𝜑)

is compact by showing that the unit ball of 𝒲𝑄𝜑
𝑞 is a precompact subset of

𝐿2
(0,𝑞)(ℂ

𝑛, 𝜑), which follows by the above-mentioned characterization of precom-

pact subsets in 𝐿2-spaces with the help of G̊arding’s inequality to verify (3.1)
(i)(see for instance [7] or [4]) and to verify (3.1) (ii): we have∫

ℂ𝑛∖𝔹𝑅
∣𝑢(𝑧)∣2𝑒−𝜑(𝑧) 𝑑𝜆(𝑧) ≤

∫
ℂ𝑛∖𝔹𝑅

𝑠𝑞(𝑧)∣𝑢(𝑧)∣2
inf{𝑠𝑞(𝑧) : ∣𝑧∣ ≥ 𝑅}𝑒

−𝜑(𝑧)𝑑𝜆(𝑧),

which implies by (3.3) that∫
ℂ𝑛∖𝔹𝑅

∣𝑢(𝑧)∣2𝑒−𝜑(𝑧) 𝑑𝜆(𝑧) ≤ ∥𝑢∥2𝑄𝜑

inf{𝑠𝑞(𝑧) : ∣𝑧∣ ≥ 𝑅} < 𝜖,

if 𝑅 is big enough, see [11] for the details.
This together with the fact that 𝑁𝜑,𝑞 = 𝑗𝜑,𝑞 ∘ 𝑗∗𝜑,𝑞, (see [18]) gives the desired

result. □

Remark 3.4. If 𝑞 = 1 condition (3.2) means that the lowest eigenvalue 𝜇𝜑,1 of 𝑀𝜑

satisfies

lim
∣𝑧∣→∞

𝜇𝜑,1(𝑧) = ∞. (3.4)

This implies compactness of 𝑁𝜑,1 (see [11]).

Examples: a) We consider the plurisubharmonic weight function

𝜑(𝑧, 𝑤) = ∣𝑧∣2∣𝑤∣2 + ∣𝑤∣4

on ℂ2. The Levi matrix of 𝜑 has the form( ∣𝑤∣2 𝑧𝑤
𝑤𝑧 ∣𝑧∣2 + 4∣𝑤∣2

)
and the eigenvalues are

𝜇𝜑,1(𝑧, 𝑤) =
1

2

(
5∣𝑤∣2 + ∣𝑧∣2 −

√
9∣𝑤∣4 + 10∣𝑧∣2∣𝑤∣2 + ∣𝑧∣4

)
=

16∣𝑤∣4
2
(
5∣𝑤∣2 + ∣𝑧∣2 +√9∣𝑤∣4 + 10∣𝑧∣2∣𝑤∣2 + ∣𝑧∣4

) ,
and

𝜇𝜑,2(𝑧, 𝑤) =
1

2

(
5∣𝑤∣2 + ∣𝑧∣2 +

√
9∣𝑤∣4 + 10∣𝑧∣2∣𝑤∣2 + ∣𝑧∣4

)
.
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It follows that (3.4) fails, since even

lim
∣𝑧∣→∞

∣𝑧∣2𝜇𝜑,1(𝑧, 0) = 0,

but

𝑠2(𝑧, 𝑤) =
1

4
Δ𝜑(𝑧, 𝑤) = ∣𝑧∣2 + 5∣𝑤∣2,

hence (3.2) is satisfied for 𝑞 = 2.

b) In the next example we consider decoupled weights. Let 𝑛 ≥ 2 and

𝜑(𝑧1, 𝑧2, . . . , 𝑧𝑛) = 𝜑(𝑧1) + 𝜑(𝑧2) + ⋅ ⋅ ⋅+ 𝜑(𝑧𝑛)

be a plurisubharmonic decoupled weight function and suppose that ∣𝑧ℓ∣2Δ𝜑ℓ(𝑧ℓ) →
+∞, as ∣𝑧ℓ∣ → ∞ for some ℓ ∈ {1, . . . , 𝑛}. Then the ∂-Neumann operator𝑁𝜑,1
acting on 𝐿2

(0,1)(ℂ
𝑛, 𝜑) fails to be compact (see [12], [9], [17]).

Finally we discuss two examples in ℂ2 : for 𝜑(𝑧1, 𝑧2) = ∣𝑧1∣2 + ∣𝑧2∣2 all eigen-
values of the Levi matrix are 1 and 𝑁𝜑,1 fails to be compact by the above result
on decoupled weights, for the weight function 𝜑(𝑧1, 𝑧2) = ∣𝑧1∣4+ ∣𝑧2∣4 the eigenval-
ues are 4∣𝑧1∣2 and 4∣𝑧2∣2 and 𝑁𝜑,1 fails to be compact again by the above result,
whereas 𝑁𝜑,2 is compact by 3.3.
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Dislocation Problems for Periodic Schrödinger
Operators and Mathematical Aspects of Small
Angle Grain Boundaries

Rainer Hempel and Martin Kohlmann

Abstract. We discuss two types of defects in two-dimensional lattices, namely
(1) translational dislocations and (2) defects produced by a rotation of the
lattice in a half-space.

For Lipschitz-continuous and ℤ2-periodic potentials, we first show that
translational dislocations produce spectrum inside the gaps of the periodic
problem; we also give estimates for the (integrated) density of the associated
surface states. We then study lattices with a small angle defect where we
find that the gaps of the periodic problem fill with spectrum as the defect
angle goes to zero. To introduce our methods, we begin with the study of
dislocation problems on the real line and on an infinite strip. Finally, we
consider examples of muffin tin type. Our overview refers to results in [HK1,
HK2].

Mathematics Subject Classification (2000). Primary 35J10, 35P20, 81Q10.

Keywords. Schrödinger operators, eigenvalues, spectral gaps.

1. Introduction

In solid state physics, pure matter in a crystallized form is usually described by
a periodic Schrödinger operator −Δ + 𝑉 (𝑥) in ℝ3, where the potential 𝑉 is a
periodic function. In reality, however, crystals are not perfectly periodic since the
periodic pattern of atomic arrangement is disturbed by various types of crystal
defects, most notably:

– point defects where single atoms are removed (vacancies) or replaced by for-
eign atoms (impurities),

– large scale defects that produce a surface at which two portions of the lattice
(or two different half-lattices) face each other (line defects, grain boundaries).
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For the modeling of point defects, random Schrödinger operators are the
appropriate setting (cf., e.g., [PF] or [V]). Here we present a deterministic approach
to some two-dimensional models with defects from the second class.

Let 𝑉 : ℝ2 → ℝ be (bounded and) periodic with respect to the lattice ℤ2 and
consider the family of potentials

𝑊𝑡(𝑥, 𝑦) :=

{
𝑉 (𝑥, 𝑦), 𝑥 ≥ 0,
𝑉 (𝑥 + 𝑡, 𝑦), 𝑥 < 0,

𝑡 ∈ [0, 1]. (1.1)

We then let 𝐷𝑡 := −Δ + 𝑊𝑡 denote the associated (self-adjoint) Schrödinger
operators, acting in 𝐿2(ℝ2). The operators 𝐷𝑡 are the Hamiltonians for a two-
dimensional lattice where the potential equals the ℤ2-periodic function 𝑉 on {𝑥 ≥
0} and a shifted copy of 𝑉 for {𝑥 < 0}, i.e., we study a dislocation problem. We
call 𝑊𝑡 the dislocation potential, 𝑡 the dislocation parameter and 𝐷𝑡 the dislocation
operators. The spectrum of 𝐷0 = 𝐷1 is purely absolutely continuous and has a
band-gap structure,

𝜎(𝐷0) = 𝜎ess(𝐷0) = ∪∞
𝑘=1[𝑎𝑘, 𝑏𝑘], 𝑎𝑘 < 𝑏𝑘 ≤ 𝑎𝑘+1. (1.2)

The spectral gaps (𝑏𝑘, 𝑎𝑘+1) are denoted as Γ𝑘. For simplicity, we will sometimes
write 𝑎 and 𝑏 for the edges of a given Γ𝑘 with Γ𝑘 ∕= ∅. We shall say that a gap
Γ𝑘 = (𝑎, 𝑏) is non-trivial if 𝑎 < 𝑏 and 𝑎 is above the infimum of the essential
spectrum of the given self-adjoint operator.

We will show that the operators 𝐷𝑡 possess surface states (i.e., spectrum
produced by the interface) in the gaps Γ𝑘 of 𝐷0, for suitable values of 𝑡 ∈ (0, 1).
More strongly, we have a positivity result for the (integrated) density of the surface
states associated with the above spectrum in the gaps. Here we first have to choose
an appropriate scaling which permits to distinguish the bulk from the surface
density of states. To this end, we consider the operators −Δ + 𝑊𝑡 on squares
𝑄𝑛 = (−𝑛, 𝑛)2 with Dirichlet boundary conditions, for 𝑛 large, count the number
of eigenvalues inside a compact subset of a non-degenerate spectral gap of 𝐷0 and
scale with 𝑛−2 for the bulk and with 𝑛−1 for the surface states. Taking the limit
𝑛 → ∞ (which exists as explained in [KS, EKSchrS]), we obtain the (integrated)
density of states measures 𝜚bulk(𝐷𝑡, 𝐼) for the bulk and 𝜚surf(𝐷𝑡, 𝐽) for the surface
states of this model; here 𝐼 ⊂ ℝ and 𝐽 ⊂ ℝ∖𝜎(𝐷0) are open intervals and 𝐽 ⊂
ℝ∖𝜎(𝐷0). (The fact that an integrated surface density of states exists does not
necessarily mean it is non-zero and there are only rare examples where we know
𝜚surf to be non-trivial.) Our first main result can be described as follows:

1.1. Theorem. If (𝑎, 𝑏) is a non-trivial spectral gap of the periodic operator −Δ+𝑉 ,
acting in 𝐿2(ℝ2) with 𝑉 Lipschitz-continuous, then for any interval (𝛼, 𝛽) with
𝑎 < 𝛼 < 𝛽 < 𝑏 there is a 𝑡 ∈ (0, 1) such that 𝜚surf(𝐷𝑡, (𝛼, 𝛽)) > 0.

We also explain how to obtain upper bounds (as in [HK2]) for the surface
density of states. In Section 2, we will outline a proof of Theorem 1.1 starting from
dislocation problems on ℝ and on the strip Σ := ℝ × [0, 1]. The one-dimensional
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dislocation problem has been studied extensively by Korotyaev [K1, K2], and we
use the 1D model mainly for testing our methods in the simplest possible case.

The techniques and results connected with Theorem 1.1 are mainly presented
as a preparation for the study of rotational defects where we consider the potential

𝑉𝜗(𝑥, 𝑦) :=

{
𝑉 (𝑥, 𝑦), 𝑥 ≥ 0,
𝑉 (𝑀−𝜗(𝑥, 𝑦)), 𝑥 < 0,

(1.3)

where 𝑀𝜗 ∈ ℝ2×2 is the usual orthogonal matrix associated with rotation through
the angle 𝜗. The self-adjoint operators 𝑅𝜗 := −Δ+𝑉𝜗 in 𝐿2(ℝ2) are the Hamilto-
nians for two half-lattices given by the potential 𝑉 in {𝑥 ≥ 0} and a rotated copy
of 𝑉 for {𝑥 < 0}; we obtain an interface at 𝑥 = 0 where the two copies meet under
the defect angle 𝜗. Our main assumption is that the periodic operator 𝐻 := 𝑅0

has a non-trivial gap (𝑎, 𝑏). We then have 𝑅𝜗 → 𝑅𝜗0 in the strong resolvent sense
as 𝜗 → 𝜗0 ∈ [0, 𝜋/2); in particular 𝑅𝜗 converges to 𝐻 in the strong resolvent sense
as 𝜗 → 0. Our main result, Theorem 1.2 below, shows that the spectrum of 𝑅𝜗
is discontinuous at 𝜗 = 0; in particular, 𝑅𝜗 cannot converge to 𝐻 in the norm
resolvent sense as 𝜗 → 0.

1.2. Theorem. Let 𝐻, 𝑅𝜗 and (𝑎, 𝑏) as above with a Lipschitz-continuous poten-
tial 𝑉 . Then, for any 𝜀 > 0, there exists 0 < 𝜗𝜀 < 𝜋/2 such that for any 𝐸 ∈ (𝑎, 𝑏)
we have

𝜎(𝑅𝜗) ∩ (𝐸 − 𝜀, 𝐸 + 𝜀) ∕= ∅, ∀0 < 𝜗 < 𝜗𝜀. (1.4)

As an illustration, we will consider potentials of muffin tin type which can be
specified by fixing a radius 0 < 𝑟 < 1/2 for the discs where the potential vanishes,
and the center 𝑃0 = (𝑥0, 𝑦0) ∈ [0, 1)2 for the generic disc. In other words, we
consider the periodic sets

Ω𝑟,𝑃0 := ∪(𝑖,𝑗)∈ℤ2𝐵𝑟(𝑃0 + (𝑖, 𝑗)), (1.5)

and we let 𝑉 = 𝑉𝑟,𝑃0 be zero on Ω𝑟,𝑃0 while we assume that 𝑉 is infinite on
ℝ2 ∖ Ω𝑟,𝑃0 . If 𝐻𝑖,𝑗 is the Dirichlet Laplacian of the disc 𝐵𝑟(𝑃0 + (𝑖, 𝑗)), then the
form sum of−Δ and 𝑉𝑟,𝑃0 is⊕(𝑖,𝑗)∈ℤ2𝐻𝑖,𝑗 . In our examples, we can see the behavior
of surface states in the dislocation problem and the rotation problem for −Δ+𝑉𝑟,𝑃0
directly.

The paper is organized as follows: Section 2 is devoted to the dislocation
problem on ℝ, on Σ and in ℝ2. Section 3 is about a small angle defect model in
2D and explains some details of the proof of Theorem 1.2. Finally, in Section 4, we
turn to dislocations and rotations for muffin tin potentials where results analogous
to Theorem 1.1 and Theorem 1.2 can be obtained. For further reading, we refer
to [HK1, HK2].
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2. Dislocation problems on the real line, on the strip ℝ × [0, 1],
and in the plane

In this section, we study Schrödinger operators in one and two dimensions where
the potential is obtained from a periodic potential by a coordinate shift on {𝑥 < 0}.
We begin with a brief overview of the one-dimensional dislocation problem. In a
second step, we study the dislocation problem on the strip Σ = ℝ × [0, 1] which
provides a connection between the dislocation problems in one and two dimensions.
Finally, we deal with dislocations in ℝ2. Some of the results obtained in this section
will be used in our treatment of rotational defects in the following section.

Let ℎ0 denote the (unique) self-adjoint extension of − d2

d𝑥2 defined on 𝐶∞
𝑐 (ℝ).

Our basic class of potentials is given by

𝒫 := {𝑉 ∈ 𝐿1,loc(ℝ,ℝ) ∣ ∀𝑥 ∈ ℝ : 𝑉 (𝑥+ 1) = 𝑉 (𝑥)} . (2.1)

Potentials 𝑉 ∈ 𝒫 belong to the class 𝐿1, loc, unif(ℝ) which coincides with the Kato-
class on the real line; in particular, any 𝑉 ∈ 𝒫 has relative form-bound zero with
respect to ℎ0 and thus the form sum 𝐻 of ℎ0 and 𝑉 ∈ 𝒫 is well defined (cf.
[CFrKS]).

For 𝑉 ∈ 𝒫 and 𝑡 ∈ [0, 1], we define the dislocation potentials 𝑊𝑡 by 𝑊𝑡(𝑥) :=
𝑉 (𝑥), for 𝑥 ≥ 0, and 𝑊𝑡(𝑥) := 𝑉 (𝑥+ 𝑡), for 𝑥 < 0. As before, the form-sum 𝐻𝑡 of
ℎ0 and 𝑊𝑡 is well defined.

We begin with some well-known results pertaining to the spectrum of 𝐻 =
𝐻0. As explained in [E, RS-IV], we have

𝜎(𝐻) = 𝜎ess(𝐻) = ∪∞
𝑘=1[𝛾𝑘, 𝛾

′
𝑘], (2.2)

where the numbers 𝛾𝑘 and 𝛾′𝑘 satisfy 𝛾𝑘 < 𝛾′𝑘 ≤ 𝛾𝑘+1, for all 𝑘 ∈ ℕ, and 𝛾𝑘 → ∞ as
𝑘 → ∞. Moreover, the spectrum of𝐻 is purely absolutely continuous. The intervals
[𝛾𝑘, 𝛾

′
𝑘] are called the spectral bands of 𝐻 . The open intervals Γ𝑘 := (𝛾′𝑘, 𝛾𝑘+1) are

the spectral gaps of 𝐻 ; we say the 𝑘th gap is open or non-degenerate if 𝛾𝑘+1 > 𝛾′𝑘.
It is easy to see ([HK1]) that

𝜎ess(𝐻𝑡) = 𝜎ess(𝐻), 0 ≤ 𝑡 ≤ 1, (2.3)

since inserting a Dirichlet boundary condition at a finite number of points means a
finite rank perturbation of the resolvent, as is well known. Hence each non-trivial
gap (𝑎, 𝑏) of 𝐻 is a gap in the essential spectrum of 𝐻𝑡, for all 𝑡. However, the
dislocation may produce discrete (and simple) eigenvalues inside the spectral gaps
of 𝐻 : for any (𝑎, 𝑏) with inf 𝜎ess(𝐻) < 𝑎 < 𝑏 and (𝑎, 𝑏) ∩ 𝜎(𝐻) = ∅ there exists
𝑡 ∈ (0, 1) such that

𝜎(𝐻𝑡) ∩ (𝑎, 𝑏) ∕= ∅. (2.4)

We thus have the following picture: while the essential spectrum remains un-
changed under the perturbation, eigenvalues of 𝐻𝑡 cross the (non-trivial) gaps
of 𝐻 as 𝑡 ranges through (0, 1). These eigenvalues of 𝐻𝑡 can be described by con-
tinuous functions of 𝑡 (cf. [K1, K2] and Lemma 2.1 below). Lemma 2.1 states the
(more or less obvious) fact that the eigenvalues of 𝐻𝑡 inside a given gap Γ𝑘 of
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𝐻 can be described by an (at most) countable, locally finite family of continuous
functions, defined on suitable subintervals of [0, 1]. The proof of Lemma 2.1 uses a
straight-forward compactness argument (cf. [HK1]). The result stated in Lemma
2.1 is presumably far from optimal if one assumes periodicity of the potential. On
the other hand, the lemma and its proof in [HK1] allow for a generalization to
non-periodic situations.

2.1. Lemma. Let 𝑉 ∈ 𝒫 and 𝑘 ∈ ℕ and suppose that the gap Γ𝑘 of 𝐻 is open. Then
there is a (finite or countable) family of continuous functions 𝑓𝑗 : (𝛼𝑗 , 𝛽𝑗) → Γ𝑘,
where 0 ≤ 𝛼𝑗 < 𝛽𝑗 ≤ 1, with the following properties:

(i) For all 𝑗 and for all 𝛼𝑗 < 𝑡 < 𝛽𝑗, 𝑓𝑗(𝑡) is an eigenvalue of 𝐻𝑡. Conversely,
for any 𝑡 ∈ (0, 1) and any eigenvalue 𝐸 ∈ Γ𝑘 of 𝐻𝑡 there is a unique index 𝑗
such that 𝑓𝑗(𝑡) = 𝐸.

(ii) As 𝑡 ↓ 𝛼𝑗 (or 𝑡 ↑ 𝛽𝑗), the limit of 𝑓𝑗(𝑡) exists and belongs to the set {𝑎, 𝑏}.
(iii) For all but a finite number of indices 𝑗 the range of 𝑓𝑗 does not intersect a

given compact subinterval of Γ𝑘.

Under stronger assumptions on 𝑉 one can show that the eigenvalue branches
are Hölder- or Lipschitz-continuous, or even analytic (cf. [K1]): we consider poten-
tials from the classes

𝒫𝛼 :=
{
𝑉 ∈ 𝒫

∣∣∣∣ ∃𝐶 ≥ 0:

∫ 1

0

∣𝑉 (𝑥+ 𝑠)− 𝑉 (𝑥)∣ d𝑥 ≤ 𝐶𝑠𝛼, ∀0 < 𝑠 ≤ 1

}
, (2.5)

where 0 < 𝛼 ≤ 1. The class 𝒫𝛼 consists of all periodic functions 𝑉 ∈ 𝒫 which
are (locally) 𝛼-Hölder-continuous in the 𝐿1-mean; for 𝛼 = 1 this is a Lipschitz-
condition in the 𝐿1-mean. The class 𝒫1 is of particular practical importance since
it contains the periodic step functions. As shown by J. Voigt, 𝒫1 coincides with the
class of periodic functions on the real line which are locally of bounded variation
(cf. [HK1]).

2.2. Proposition. For 𝑉 ∈ 𝒫1, let (𝑎, 𝑏) denote any of the gaps Γ𝑘 of 𝐻 and let
𝑓𝑗 : (𝛼𝑗 , 𝛽𝑗) → (𝑎, 𝑏) be as in Lemma 2.1. Then the functions 𝑓𝑗 are uniformly
Lipschitz-continuous. More precisely, there exists a constant 𝐶 ≥ 0 such that for
all 𝑗

∣𝑓𝑗(𝑡)− 𝑓𝑗(𝑡
′)∣ ≤ 𝐶∣𝑡 − 𝑡′∣, 𝛼𝑗 ≤ 𝑡, 𝑡′ ≤ 𝛽𝑗 . (2.6)

If 0 < 𝛼 < 1 and 𝑉 ∈ 𝒫𝛼, then each of the functions 𝑓𝑗 : (𝛼𝑗 , 𝛽𝑗) → (𝑎, 𝑏) is
locally uniformly Hölder-continuous, i.e., for any compact subset [𝛼′

𝑗 , 𝛽
′
𝑗] ⊂ (𝛼𝑗 , 𝛽𝑗)

there is a constant 𝐶 = 𝐶(𝑗, 𝛼′
𝑗 , 𝛽

′
𝑗) such that ∣𝑓𝑗(𝑡) − 𝑓𝑗(𝑡

′)∣ ≤ 𝐶∣𝑡 − 𝑡′∣𝛼, for all
𝑡, 𝑡′ ∈ [𝛼′

𝑗 , 𝛽
′
𝑗 ].

Our basic result in the study of the one-dimensional dislocation problem says
that at least 𝑘 eigenvalues move from the upper to the lower edge of the 𝑘th gap
as the dislocation parameter ranges from 0 to 1. Using the notation of Lemma 2.1
and writing 𝑓𝑖(𝛼𝑖) := lim𝑡↓𝛼𝑖 𝑓𝑖(𝑡), 𝑓𝑖(𝛽𝑖) := lim𝑡↑𝛽𝑖 𝑓𝑖(𝑡), we define

𝒩𝑘 := #{𝑖 ∣ 𝑓𝑖(𝛼𝑖) = 𝑏, 𝑓𝑖(𝛽𝑖) = 𝑎} −#{𝑖 ∣ 𝑓𝑖(𝛼𝑖) = 𝑎, 𝑓𝑖(𝛽𝑖) = 𝑏} (2.7)
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(note that both terms on the RHS of eqn. (2.7) are finite by Lemma 2.1 (iii)).
Thus 𝒩𝑘 is precisely the number of eigenvalue branches of 𝐻𝑡 that cross the 𝑘th
gap moving from the upper to the lower edge minus the number crossing from
the lower to the upper edge. Put differently, 𝒩𝑘 is the spectral multiplicity which
effectively crosses the gap Γ𝑘 in downwards direction as 𝑡 increases from 0 to 1.
We then have the following result.

2.3. Theorem. (cf. [K1, HK1]) Let 𝑉 ∈ 𝒫 and let 𝑘 ∈ ℕ be such that the 𝑘th spectral
gap of 𝐻 is open, i.e., 𝛾′𝑘 < 𝛾𝑘+1. Then 𝒩𝑘 = 𝑘.

In fact, the results obtained by Korotyaev in [K1, K2] are more detailed;
e.g., Korotyaev shows that the dislocation operator produces at most two states
(an eigenvalue and a resonance) in a gap of the periodic problem. On the other
hand, our variational arguments are more flexible and allow an extension to higher
dimensions, as we will see in the sequel. The main idea of our proof – somewhat
reminiscent of [DH, ADH] – goes as follows: consider a sequence of approximations

on intervals (−𝑛− 𝑡, 𝑛) with associated operators 𝐻𝑛,𝑡 = − d2

d𝑥2 +𝑊𝑡 with periodic
boundary conditions. We first observe that the gap Γ𝑘 is free of eigenvalues of 𝐻𝑛,0
and 𝐻𝑛,1 since both operators are obtained by restricting a periodic operator on
the real line to some interval of length equal to an entire multiple of the period,
with periodic boundary conditions. Second, the operators𝐻𝑛,𝑡 have purely discrete
spectrum and it follows from Floquet theory (cf. [E, RS-IV]) that𝐻𝑛,0 has precisely
2𝑛 eigenvalues in each band while 𝐻𝑛,1 has precisely 2𝑛 + 1 eigenvalues in each
band. As a consequence, effectively 𝑘 eigenvalues of 𝐻𝑛,𝑡 must cross any fixed
𝐸 ∈ Γ𝑘 as 𝑡 increases from 0 to 1. To obtain the result of Theorem 2.3 we only
have to take the limit 𝑛 → ∞; cf. [HK1] for the technical arguments. In [HK1], we
also discuss a one-dimensional periodic step potential and perform some explicit
(and also numerical) computations resulting in a plot of an eigenvalue branch for
the associated dislocation problem.

We now turn to the dislocation problem on the infinite strip Σ = ℝ×[0, 1]. Let
𝑉 : ℝ2 → ℝ be ℤ2-periodic and Lipschitz continuous. We denote by 𝑆𝑡 the (self-
adjoint) operator −Δ +𝑊𝑡, acting in 𝐿2(Σ), with periodic boundary conditions
in the 𝑦-variable and with 𝑊𝑡 defined as in eqn. (1.1); again, the parameter 𝑡
ranges between 0 and 1. Since 𝑆0 is periodic in the 𝑥-variable, its spectrum has a
band-gap structure. To see that the essential spectrum of the family 𝑆𝑡 does not
depend on the parameter 𝑡, i.e., 𝜎ess(𝑆𝑡) = 𝜎ess(𝑆0) for all 𝑡 ∈ [0, 1], it suffices to
prove compactness of the resolvent difference (𝑆𝑡− 𝑐)−1− (𝑆𝑡,𝐷− 𝑐)−1, where 𝑆𝑡,𝐷
is 𝑆𝑡 with an additional Dirichlet boundary condition at 𝑥 = 0, say. (While, in
one dimension, adding in a Dirichlet boundary condition at a single point causes
a rank-one perturbation of the resolvent, the resolvent difference is now Hilbert-
Schmidt, which can be seen from the following well-known line of argument: If
−ΔΣ denotes the (negative) Laplacian in 𝐿2(Σ) and −ΔΣ;𝐷 is the (negative)
Laplacian in 𝐿2(Σ) with an additional Dirichlet boundary condition at 𝑥 = 0,
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then (−ΔΣ + 1)−1 − (−ΔΣ;𝐷 + 1)−1 has an integral kernel which can be written
down explicitly using the Green’s function for −ΔΣ and the reflection principle.)

While the band gap structure of the essential spectrum of 𝑆𝑡 is independent of
𝑡 ∈ [0, 1], 𝑆𝑡 will have discrete eigenvalues in the spectral gaps of 𝑆0 for appropriate
values of 𝑡. We have the following result.

2.4. Theorem. Assume that 𝑉 is Lipschitz-continuous. Let (𝑎, 𝑏) denote a non-
trivial spectral gap of 𝑆0 and let 𝐸 ∈ (𝑎, 𝑏). Then there exists 𝑡 = 𝑡𝐸 ∈ (0, 1) such
that 𝐸 is a discrete eigenvalue of 𝑆𝑡.

As on the real line, we work with approximating problems on finite size
sections of the infinite strip Σ. Let Σ𝑛,𝑡 := (−𝑛−𝑡, 𝑛)×(0, 1) for 𝑛 ∈ ℕ, and consider
𝑆𝑛,𝑡 := −Δ + 𝑊𝑡 acting in 𝐿2(Σ𝑛,𝑡) with periodic boundary conditions in both
coordinates. The operator 𝑆𝑛,𝑡 has compact resolvent and purely discrete spectrum
accumulating only at +∞. The rectangles Σ𝑛,0 (respectively, Σ𝑛,1) consist of 2𝑛
(respectively, 2𝑛+1) period cells. By routine arguments (see, e.g., [RS-IV, E]), the
number of eigenvalues below the gap (𝑎, 𝑏) is an integer multiple of the number of
cells in these rectangles; we conclude that eigenvalues of 𝑆𝑛,𝑡 must cross the gap
as 𝑡 increases from 0 to 1. Thus for any 𝑛 ∈ ℕ we can find 𝑡𝑛 ∈ (0, 1) such that
𝐸 ∈ 𝜎disc(𝑆𝑛,𝑡𝑛); furthermore, there are eigenfunctions 𝑢𝑛 ∈ 𝐷(𝑆𝑛,𝑡𝑛) satisfying
𝑆𝑛,𝑡𝑛𝑢𝑛 = 𝐸𝑢𝑛, ∣∣𝑢𝑛∣∣ = 1, and ∣∣∇𝑢𝑛∣∣ ≤ 𝐶 for some constant 𝐶 ≥ 0. Multiplying 𝑢𝑛
with a suitable cut-off function, we obtain (after extracting a suitable subsequence)
functions 𝑣𝑛 ∈ 𝐷(𝑆𝑡) and 𝑡 ∈ (0, 1) satisfying

∣∣(𝑆𝑡 − 𝐸)𝑣𝑛∣∣ → 0 and ∣∣𝑣𝑛∣∣ → 1, (2.8)

as 𝑛 → ∞, which implies 𝐸 ∈ 𝜎(𝑆𝑡), cf. [HK1].

Finally, we consider the dislocation problem on the plane ℝ2 where we study
the operators

𝐷𝑡 = −Δ+𝑊𝑡, 0 ≤ 𝑡 ≤ 1. (2.9)

Denote by 𝑆𝑡(𝜗) the operator 𝑆𝑡 on the strip Σ with 𝜗-periodic boundary condi-
tions in the 𝑦-variable. Since 𝑊𝑡 is periodic with respect to 𝑦, we have

𝐷𝑡 ≃
∫ ⊕

[0,2𝜋]

𝑆𝑡(𝜗)
d𝜗

2𝜋
; (2.10)

in particular, 𝐷𝑡 has no singular continuous part, cf. [DS]. As for the spectrum of
𝑆𝑡 inside the gaps of 𝑆0, Theorem 2.4 yields the following result.

2.5. Theorem. Assume that 𝑉 is Lipschitz-continuous. Let (𝑎, 𝑏) denote a non-
trivial spectral gap of 𝐷0 and let 𝐸 ∈ (𝑎, 𝑏). Then there exists 𝑡 = 𝑡𝐸 ∈ (0, 1) with
𝐸 ∈ 𝜎(𝐷𝑡).

Proof. Let 𝑣𝑛 ∈ 𝐷(𝑆𝑡) denote an approximate solution of the eigenvalue problem
for 𝑆𝑡 and 𝐸; see (2.8). We extend 𝑣𝑛 to a function 𝑣𝑛(𝑥, 𝑦) on ℝ2 which is periodic
in 𝑦. By multiplying 𝑣𝑛 by smooth cut-off functions Φ𝑛(𝑥, 𝑦), we obtain functions

𝑤𝑛 = 𝑤𝑛(𝑥, 𝑦) :=
1

∣∣Φ𝑛𝑣𝑛∣∣Φ𝑛𝑣𝑛 (2.11)
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belonging to the domain of 𝐷𝑡 and satisfying ∣∣𝑤𝑛∣∣ = 1, supp 𝑤𝑛 ⊂ [−𝑛, 𝑛]2, and

(𝐷𝑡 − 𝐸)𝑤𝑛 → 0, 𝑛 → ∞; (2.12)

this implies the desired result. □
The stronger statement in Theorem 1.1. follows by a very similar line of argu-

ment. The upshot is that the dislocation moves enough states through the gap to
have a non-trivial (integrated) surface density of states, for suitable parameters 𝑡.

The lower estimate established in Theorem 1.1. is complemented by an up-
per bound which is of the expected order (up to a logarithmic factor) in [HK2].
Note that the situation treated in [HK2] is far more general than the rotation or
dislocation problems studied so far. In fact, here we allow for different potentials
𝑉1 on the left and 𝑉2 on the right which are only linked by the assumption that
there is a common spectral gap; neither 𝑉1 nor 𝑉2 are required to be periodic. The
proof uses technology which is fairly standard and is based on exponential decay
estimates for resolvents, cf. [S].

2.6. Theorem. Let 𝑉1, 𝑉2 ∈ 𝐿∞(ℝ2,ℝ) and suppose that the interval (𝑎, 𝑏) ⊂ ℝ
does not intersect the spectra of the self-adjoint operators 𝐻𝑘 := −Δ+𝑉𝑘, 𝑘 = 1, 2,
both acting in the Hilbert space 𝐿2(ℝ2). Let

𝑊 := 𝜒{𝑥<0} ⋅ 𝑉1 + 𝜒{𝑥≥0} ⋅ 𝑉2 (2.13)

and define 𝐻 := −Δ+𝑊 , a self-adjoint operator in 𝐿2(ℝ2). Finally, we let 𝐻(𝑛)

denote the self-adjoint operator −Δ+𝑊 acting in 𝐿2(𝑄𝑛) with Dirichlet boundary
conditions. Then, for any interval [𝑎′, 𝑏′] ⊂ (𝑎, 𝑏), we have

lim sup𝑛→∞
(
1/(𝑛 log𝑛)

)
𝑁[𝑎′,𝑏′](𝐻

(𝑛)) < ∞, (2.14)

where 𝑁[𝑎′,𝑏′](𝐻
(𝑛)) denotes the number of eigenvalues of 𝐻(𝑛) in [𝑎′, 𝑏′].

We note that the factor log𝑛 in eqn. (2.14) can presumably be dropped
under appropriate assumptions (H. Cornean, private communication); however,
this seems to require substantially different, and less elementary, methods.

3. Rotational defect in a two-dimensional lattice

In this section, we will use our results on the translational problem to obtain
spectral information about rotational problems in the limit of small angles. Our
main theorem deals with the following situation. Let 𝑉 : ℝ2 → ℝ be a Lipschitz-
continuous function which is periodic w.r.t. the lattice ℤ2. For 𝜗 ∈ (0, 𝜋/2), let

𝑀𝜗 :=

(
cos𝜗 − sin𝜗
sin𝜗 cos𝜗

)
∈ ℝ2×2, (3.1)

and 𝑉𝜗 as in (1.3). We then let 𝐻0 denote the (unique) self-adjoint extension of
−Δ ↾ 𝐶∞

𝑐 (ℝ
2), acting in the Hilbert space 𝐿2(ℝ2), and

𝑅𝜗 := 𝐻0 + 𝑉𝜗, 𝐷(𝑅𝜗) = 𝐷(𝐻0). (3.2)

Then 𝑅𝜗 is essentially self-adjoint on 𝐶∞
𝑐 (ℝ

2) and semi-bounded from below.
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Now our key observation consists in the following: for any 𝑡 ∈ (0, 1) given,
any 𝜀 > 0, and any 𝑛 ∈ ℕ, we can find points (0, 𝜂) on the 𝑦-axis with 𝜂 ∈ ℕ such
that

∣𝑉𝜗(𝑥, 𝑦)− 𝑊𝑡(𝑥, 𝑦)∣ < 𝜀, (𝑥, 𝑦) ∈ 𝑄𝑛(0, 𝜂), (3.3)

where 𝑄𝑛(0, 𝜂) = (−𝑛, 𝑛) × (𝜂 − 𝑛, 𝜂 + 𝑛), provided 𝜗 > 0 is small enough and
satisfies a condition which ensures an appropriate alignment of the period cells
on the 𝑦-axis. Put differently: for very small angles, the rotated potential 𝑉𝜗 will
almost look like a dislocation potential 𝑊𝑡, on suitable squares 𝑄𝑛(0, 𝜂).

To prove Theorem 1.2 we proceed as follows: Fix an arbitrary 𝐸 in a gap of
𝐻 = 𝐻0 + 𝑉 = 𝑅0. Knowing that there exists 𝑡 ∈ (0, 1) such that 𝐸 ∈ 𝜎disc(𝐷𝑡),
we choose an associated approximate eigenfunction as constructed in the proof of
Theorem 2.5 and shift it along the 𝑦 axis until its support is contained in 𝑄𝑛(0, 𝜂).
In this way we obtain an approximate eigenfunction for 𝑅𝜗 and 𝐸. It is easy to see
that, in view of the Lipschitz continuity and the ℤ2-periodicity of 𝑉 , the geometric
conditions for the estimate (3.3) are

∣𝑘 tan𝜗 − [𝑘 tan𝜗]− 𝑡∣ < 𝜀, ∣𝑘/ cos𝜗 − 𝜂∣ < 𝜀 (3.4)

for some 𝑘 ∈ ℕ. It thus remains to prove the existence of natural numbers 𝑘
satisfying the conditions in (3.4), for given 𝜗 ∈ (0, 𝜋/2). Actually, the existence of
numbers 𝑘 as desired can only be established for a dense set of angles.

3.1. Lemma. Let 𝕋2 = ℝ2/ℤ2 be the flat two-dimensional torus and let 𝑇𝜗 : 𝕋2 → 𝕋2

be defined by

𝑇𝜗(𝑥, 𝑦) := (𝑥+ tan𝜗, 𝑦 + 1/ cos𝜗). (3.5)

Then there is a set Θ ⊂ (0, 𝜋/2) with countable complement such that the trans-
formation 𝑇𝜗 in (3.5) is ergodic for all 𝜗 ∈ Θ.

The assertion of Theorem 1.2 now follows from Birkhoff’s ergodic theorem,
cf. [CFS, HK2]: Let us first assume that 𝜗 ∈ Θ. Let 𝜀 > 0 and let us denote by
𝜒 = 𝜒𝑄 the characteristic function of the set 𝑄 := (𝑡 − 𝜀, 𝑡 + 𝜀) × (−𝜀, 𝜀) ⊂ 𝕋2.
Then

lim
𝑛→∞

1

𝑛

𝑛−1∑
𝑚=0

𝜒(𝑇𝑚𝜗 (0, 0)) =

∫
𝑄

d𝑥d𝑦 = 4𝜀2 > 0. (3.6)

By a simple approximation argument the statement of Theorem 1.2 also holds for
angles 𝜗 /∈ Θ. Altogether, this completes the proof of Theorem 1.2.

Recall that strong resolvent convergence implies upper semi-continuity of the
spectrum while the spectrum may contract considerably when the limit is reached.
In the present section, we are dealing with a situation where the spectrum in fact
behaves discontinuously at 𝜗 = 0 since, counter to first intuition, the spectrum of
𝑅𝜗 “fills” the gap (𝑎, 𝑏) as 0 ∕= 𝜗 → 0. This implies, in particular, that 𝑅𝜗 cannot
converge to 𝐻 in the norm resolvent sense, as 𝜗 → 0.
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4. Muffin tin potentials

In this section, we present a class of examples where one can arrive at rather
precise statements that illustrate some of the phenomena described before. Our
potentials 𝑉 = 𝑉𝑟,𝑃0 are of muffin tin type, as defined in the introduction.

(1) The dislocation problem. In the simplest case we would take 𝑥0 = 1/2
and 𝑦0 = 0 so that the disks 𝐵𝑟(1/2+ 𝑖, 𝑗), for 𝑖, 𝑗 ∈ ℤ, will not intersect or touch
the interface {(𝑥, 𝑦) ∣ 𝑥 = 0}, for 0 < 𝑟 < 1/2. Defining the dislocation potential
𝑊𝑡 as in (1.1), we see that there are bulk states given by the Dirichlet eigenvalues
of all the discs that do not meet the interface, and there may be surface states
given as the Dirichlet eigenvalues of the sets 𝐵𝑟(1/2− 𝑡, 𝑗)∩{𝑥 < 0} for 𝑗 ∈ ℤ and
1/2− 𝑟 < 𝑡 < 1/2 + 𝑟.

More precisely, let 𝜇𝑘 = 𝜇𝑘(𝑟) denote the Dirichlet eigenvalues of the Lapla-
cian on the disc of radius 𝑟, ordered by min-max and repeated according to their
respective multiplicities. The Dirichlet eigenvalues of the domains 𝐵𝑟(1/2− 𝑡, 0)∩
{𝑥 < 0}, for 1/2− 𝑟 < 𝑡 < 1/2 + 𝑟, are denoted as 𝜆𝑘(𝑡) = 𝜆𝑘(𝑡, 𝑟); they are con-
tinuous, monotonically decreasing functions of 𝑡 and converge to 𝜇𝑘 as 𝑡 ↑ 1/2+ 𝑟
and to +∞ as 𝑡 ↓ 1/2 − 𝑟. In this simple model, the eigenvalues 𝜇𝑘 correspond
to the bands of a periodic operator. We see that the gaps are crossed by surface
states as 𝑡 increases from 0 to 1, in agreement with Theorem 1.1. In [HK1] we also
discuss muffin tin potentials with dislocation in the 𝑦 direction.

(2) The rotation problem. In [HK2], we look at three types of muffin tin
potentials and discuss the effect of the “filling up” of the gaps at small angles of
rotation. We begin with muffin tins with walls of infinite height, then approximate
by muffin tin potentials of height 𝑛, for 𝑛 ∈ ℕ large. By another approximation
step, one may obtain examples with Lipschitz-continuous potentials. These exam-
ples show, among other things, that Schrödinger operators of the form 𝑅𝜗 may in
fact have spectral gaps for some 𝜗 > 0. For the sake of brevity, we only state our
main results and refer to [HK2] for further details.

We write (in the notation of (1.5)) Ω𝑟 = Ω𝑟,(1/2,1/2) and

Ω𝑟,𝜗 := Ω𝑟 ∩ {𝑥 ≥ 0} ∪ (𝑀𝜗Ω𝑟) ∩ {𝑥 < 0}, (4.1)

and let 𝐻𝑟,𝜗 denote the Dirichlet Laplacian on Ω𝑟,𝜗 for 0 < 𝑟 < 1/2 and 0 ≤ 𝜗 ≤
𝜋/4. Denote the Dirichlet eigenvalues of the Laplacian 𝐻𝑟 of Ω𝑟 by (�̃�𝑗(𝑟))𝑗∈ℕ ,
with �̃�𝑗(𝑟) → ∞ as 𝑗 → ∞ and �̃�𝑗(𝑟) < �̃�𝑗+1(𝑟) for all 𝑗 ∈ ℕ; note that the
eigenvalues �̃�𝑗 may have multiplicity > 1.

4.1. Proposition. Let (𝑎, 𝑏) be one of the gaps (�̃�𝑗 , �̃�𝑗+1) and let 0 < 𝑟 < 1/2 be
fixed.

(a) Each �̃�𝑗(𝑟), 𝑗 = 1, 2, . . ., is an eigenvalue of infinite multiplicity of 𝐻𝑟,𝜗, for
all 0 ≤ 𝜗 ≤ 𝜋/2. The spectrum of 𝐻𝑟,𝜗 is pure point, for all 0 ≤ 𝜗 ≤ 𝜋/2.

(b) For any 𝜀 > 0 there is a 𝜗𝜀 = 𝜗𝜀(𝑟) > 0 such that any interval (𝛼, 𝛽) ⊂ (𝑎, 𝑏)
with 𝛽 − 𝛼 ≥ 𝜀 contains an eigenvalue of 𝐻𝑟,𝜗 for any 0 < 𝜗 < 𝜗𝜀.
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(c) There exists a set Θ ⊂ (0, 𝜋/2) of full measure such that 𝜎(𝐻𝑟,𝜗) = [�̃�1(𝑟),∞).
The eigenvalues different from the �̃�𝑗(𝑟) are of finite multiplicity for 𝜗 ∈ Θ.

4.2. Remark. If tan𝜗 is rational, the grid 𝑀𝜗ℤ2 is periodic in the 𝑥- and 𝑦-
directions with 𝜗-dependent periods 𝑝, 𝑞 ∈ ℕ. As a consequence,𝐻𝑟,𝜗 has at most a
finite number of eigenvalues in (𝑎, 𝑏) for tan𝜗 rational, each of them of infinite mul-
tiplicity. Hence we see a drastic change in the spectrum for tan𝜗 ∈ ℚ as compared
with 𝜗 ∈ Θ. Furthermore, if tan𝜗 is rational with tan𝜗 /∈ {1/(2𝑘 + 1) ∣ 𝑘 ∈ ℕ},
then there is some 𝑟𝜗 > 0 such that 𝜎(𝐻𝑟,𝜗) = 𝜎(𝐻𝑟) for all 0 < 𝑟 < 𝑟𝜗.

We next turn to muffin tin potentials of finite height. Here we define the
potential 𝑉𝑟,𝜗 to be zero on Ω𝑟,𝜗 and 𝑉𝑟,𝜗 = 1 on the complement of Ω𝑟,𝜗, where
0 < 𝑟 < 1/2 and 0 ≤ 𝜗 ≤ 𝜋/4; we also let 𝐻𝑟,𝑛,𝜗 := 𝐻0 + 𝑛𝑉𝑟,𝜗. The periodic
operators 𝐻𝑟,𝑛,0 have purely absolutely continuous spectrum and 𝐻𝑟,𝑛,𝜗 → 𝐻𝑟,𝜗
in the sense of norm resolvent convergence, uniformly for 𝜗 ∈ [0, 𝜋/4].

4.3. Proposition. Let (𝑎, 𝑏) be one of the gaps (�̃�𝑗 , �̃�𝑗+1). We then have:

(a) For tan𝜗 ∈ ℚ the spectrum of 𝐻𝑟,𝑛,𝜗 has gaps inside the interval (𝑎, 𝑏) for 𝑛
large. More precisely, if 𝐻𝑟,𝜗 has a gap (𝑎

′, 𝑏′) ⊂ (𝑎, 𝑏), then, for 𝜀 > 0 given,
the interval (𝑎′ + 𝜀, 𝑏′ − 𝜀) will be free of spectrum of 𝐻𝑟,𝑛,𝜗 for 𝑛 large.

(b) For any 𝜀 > 0 there are 𝜗0 > 0 and 𝑛0 > 0 such that any interval (𝑐 − 𝜀, 𝑐+
𝜀) ⊂ (𝑎, 𝑏) contains spectrum of 𝐻𝑟,𝑛,𝜗 for all 0 < 𝜗 < 𝜗0 and 𝑛 ≥ 𝑛0.

By similar arguments, we can approximate 𝑉𝑟,𝜗 by Lipschitz-continuous muf-
fin tin potentials that converge monotonically (from below) to 𝑉𝑟,𝜗 in such a way
that norm resolvent convergence holds for the associated Schrödinger operators
(again uniformly in 𝜗 ∈ [0, 𝜋/4]). The spectral properties obtained are analogous
to the ones stated in Proposition 4.3. Note, however, that the statement corre-
sponding to part (𝑏) in Proposition 4.3 is weaker than the result of our main
Theorem 1.1.
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The Riemann Boundary Value Problem on
Non-rectifiable Arcs and the Cauchy Transform

Boris A. Kats

Abstract. In this paper we introduce an alternative way of defining the curvi-
linear Cauchy integral over non-rectifiable arcs on the complex plane. We
construct this integral as the convolution of the distribution (2𝜋𝑖𝑧)−1 with
a certain distribution such that its support is a non-rectifiable arc. These
convolutions are called Cauchy transforms. As an application, solvability con-
ditions of the Riemann boundary value problem are derived under very weak
conditions on the boundary.

Mathematics Subject Classification (2000). Primary 30E25; secondary 30E20.

Keywords. Non-rectifiable arc, metric dimension, Cauchy transform, Riemann
boundary value problem.

Introduction

Let Γ be a non-rectifiable Jordan arc on the complex plane. In the present paper
we construct analogs of the curvilinear integral

∫
Γ 𝜙(𝑧)𝑑𝑧 and the Cauchy integral

(2𝜋𝑖)−1
∫
Γ 𝜙(𝑡)(𝑡− 𝑧)−1𝑑𝑡 for non-rectifiable arcs and apply these constructions to

solve the Riemann boundary value problem on such arcs.

We put Γ∘ := Γ ∖ {𝑎1, 𝑎2}, where 𝑎1 and 𝑎2 are the endpoints of the arc Γ.
Below we consider non-rectifiable arcs Γ under the following additional restriction:

– we can find a finite domain Δ with piecewise-smooth boundary such that
Γ∘ ⊂ Δ and Δ ∖ Γ consists of two connected components Δ+ and Δ−.

If Γ satisfies this restriction then we call it a 𝐺-arc. We assume that the arc
Γ is directed from the point 𝑎1 to the point 𝑎2, and that the domains Δ

+ and Δ−

are located on the left and on the right from Γ correspondingly.

This work was partially supported by Russian Fund for Basic Researches.
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Let a function 𝐹 (𝑧) be locally integrable in the domain Δ. We identify it
with the distribution

𝐹 : 𝐶∞
0 (Δ) ∋ 𝜙 �→

∫∫
Δ

𝐹 (𝜁)𝜙(𝜁)𝑑𝜁𝑑𝜁.

As usual, 𝐶∞
0 (Δ) is the test space consisting of all infinitely smooth functions with

compact supports in Δ.

We assume that a function 𝐹 is holomorphic in Δ ∖ Γ and has boundary
values 𝐹+(𝑡) and 𝐹−(𝑡) from the left and from the right at each point 𝑡 ∈ Γ∘. If
the arc Γ is rectifiable then by virtue of the Green formula we have

⟨∂𝐹, 𝜙⟩ := −
∫∫

Δ

𝐹 (𝜁)
∂𝜙

∂𝜁
𝑑𝜁𝑑𝜁 = −

(∫∫
Δ+

+

∫∫
Δ−

)
∂𝐹𝜙

∂𝜁
𝑑𝜁𝑑𝜁

=

∫
Γ

(𝐹+(𝜁) − 𝐹−(𝜁))𝜙(𝜁)𝑑𝜁.

Thus, the distribution

⟨∂𝐹, 𝜙⟩ =
∫
Γ

𝑗𝐹 (𝜁)𝜙(𝜁)𝑑𝜁

is weighted integration over Γ, and its weight

𝑗𝐹 (𝜁) = 𝐹+(𝜁)− 𝐹−(𝜁), 𝜁 ∈ Γ,

is the jump of function 𝐹 on Γ.

If Γ is not rectifiable, then we consider the distribution ∂𝐹 as generalized
integration. In the present paper we study certain properties of the generalized
integrations (Section 1) and its Cauchy transforms (Section 2). In the final Section
3 we apply these results to solve the Riemann boundary value problem on non-
rectifiable arcs.

1. Integrations and dimensions

Let us put 𝐷 := ℂ∖Γ. We assume that a function 𝐹 (𝑧) is holomorphic in 𝐷, it has
boundary values 𝐹+(𝑡) and 𝐹−(𝑡) from the left and from the right at each point
𝑡 ∈ Γ∘, 𝐹 (∞) = 0, and 𝐹 is integrable in a neighborhood of each of the endpoints

𝑎1 and 𝑎2. Then the distributional derivative ∂𝐹 is defined on 𝐶∞
0 (ℂ) ≡ 𝐶∞

0 . We
call ∂𝐹 primary integration and use notation

∫
[𝐹 ] instead of ∂𝐹 .

Let 𝔛 be a functional space such that 𝐶∞(C) is dense in 𝔛 and 𝔛𝐶∞ = 𝔛,
i.e., 𝑓𝜙 ∈ 𝔛 for any 𝜙 ∈ 𝐶∞, 𝑓 ∈ 𝔛. If a primary integration

∫
[𝐹 ] is continuous

in 𝔛, then it is continuable up to functional
∫
[𝐹 ] on 𝔛 and generates a family of

distributions 〈∫
[𝐹 ]𝑓, 𝜙

〉
:=

∫
[𝐹 ]𝑓(𝜁)𝜙(𝜁)𝑑𝜁. (1)

We call them integrations and write
∫
[𝐹 ]𝑓𝜙𝑑𝜁 instead of ⟨∫ [𝐹 ]𝑓, 𝜙⟩.
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In the present paper we define the space 𝔛 in terms of the Hölder condition

ℎ𝜈(𝑓,𝐴) := sup

{ ∣𝑓(𝑡′)− 𝑓(𝑡′′)∣
∣𝑡′ − 𝑡′′∣𝜈 : 𝑡′, 𝑡′′ ∈ 𝐴, 𝑡′ ∕= 𝑡′′

}
< ∞, (2)

where 𝐴 is a compact set on the complex plane, 𝜈 ∈ (0, 1]. Let 𝐻𝜈(𝐴) stand for
the set of all functions 𝑓 defined on 𝐴 which satisfy condition (2). It is Banach
space with norm ∥𝑓∥𝐶(𝐴) + ℎ𝜈(𝑓,𝐴), where ∥𝑓∥𝐶(𝐴) = sup{∣𝑓(𝜁)∣ : 𝜁 ∈ 𝐴}. But
𝐶∞ is not dense in this space. We denote 𝐻∗(𝐴, 𝜈) :=

∪
𝜇>𝜈 𝐻𝜇(𝐴) and fix a

sequence of exponents {𝜈𝑗} such that 1 > 𝜈1 > 𝜈2 > ⋅ ⋅ ⋅ > 𝜈𝑗 > 𝜈𝑗+1 > ⋅ ⋅ ⋅ and
lim𝑗→∞ 𝜈𝑗 = 𝜈. The values {ℎ𝜈𝑗 (⋅, 𝐴)}, 𝑗 = 1, 2, . . . and ∥𝑓∥𝐶(𝐴) are semi-norms,
and the space 𝐻∗(𝐴, 𝜈) is countably normed. Obviously, 𝐶∞ is dense there and
𝐻∗(𝐴, 𝜈)𝐶∞ = 𝐻∗(𝐴, 𝜈). Thus, we can use 𝐻∗(𝐴, 𝜈) as the space 𝔛.

In accordance with the Whitney theorem (see, for instance, [1]) any function
𝑓 ∈ 𝐻𝜈(𝐴) is extendable to a function 𝑓𝑤 which is defined in the whole complex
plane and satisfies there the Hölder condition with the same exponent 𝜈.

We will describe the continuity of primary integrations in 𝐻∗(Γ, 𝜈) in terms
of chain dimension of the 𝐺-arc Γ. The analogous characteristics for closed curves
is introduced in [2].

A rectifiable chain ℭ is a sequence of pairs (Δ𝑗 , 𝑠𝑗), where Δ𝑗 is domain with
rectifiable boundary, 𝑠𝑗 is either 1 or −1, 𝑗 = 0, 1, 2, . . . , and 𝑠0 = 1. Given a chain
ℭ, we associate the sequence of domains 𝐵𝑗 , 𝑗 = 0, 1, 2, . . . , such that 𝐵0 = Δ0,
𝐵𝑗 = 𝐵𝑗−1 ∪Δ𝑗 for 𝑠𝑗 = 1, and 𝐵𝑗 = 𝐵𝑗−1 ∖Δ𝑗 for 𝑠𝑗 = −1, 𝑗 = 1, 2, . . . . We say
that the chain ℭ converges to the 𝐺-arc Γ if it satisfies the following conditions:

i. if 𝑠𝑗 = −1, then Δ𝑗 ⊂ 𝐵𝑗−1, 𝑗 = 1, 2, . . . ;

ii. if 𝑠𝑗 = 1, then Δ𝑗 ∩ 𝐵𝑗−1 ⊂ ∂Δ𝑗 , 𝑗 = 1, 2, . . . ;
iii. lim𝑗→∞ dist(Γ,Δ𝑗) = 0;
iv. the set

∪
𝑛≥0

∩
𝑗≥𝑛 𝐵𝑗 is one of the components Δ

+, Δ−.

Let 𝑑 be a value from the segment [1, 2]. We define the 𝑑-mass of the chain
ℭ by the equality

𝑀𝑑(ℭ) :=
∑
𝑗≥0

Λ(Δ𝑗)𝑤
𝑑−1(Δ𝑗),

where Λ(Δ𝑗) is the length of boundary of domain Δ𝑗 , and 𝑤(Δ𝑗) is the width of
this domain, i.e., it is equal to the diameter of the largest disk lying in Δ𝑗 .

If 𝑀𝑑(ℭ) < ∞ for some rectifiable chain ℭ which is convergent to Γ, then we
associate the value 𝑑 to the set 𝔉(Γ).

Definition 1.1. The chain dimension of the 𝐺-arc Γ is the greatest lower bound of
the set 𝔉(Γ):

dmcΓ := inf 𝔉(Γ).

Let us compare this notion of dimension with the following well-known version
of fractal dimension

dmbΓ = lim sup
𝜀→0

log𝑁(𝜀,Γ)

− log 𝜀
,

435The Riemann Boundary Value Problem on Non-rectifiable Arcs



where 𝑁(𝜀,Γ) is the least number of disks of diameter 𝜀 covering Γ. It is called
upper metric dimension [3], box dimension, or Minkowski dimension [4]. In the
same way as in the paper [2], we see that 1 ≤ dmc Γ ≤ dmbΓ ≤ 2 for any 𝐺-
arc Γ. Moreover, for any value 𝑑 ∈ (1, 2] we can construct a 𝐺-arc Γ such that
𝑑 = dmbΓ > dmcΓ.

The main result of this section is the following.

Theorem 1.2. Assume that Γ is a 𝐺-arc, 𝐹 (𝑧) is a holomorphic in ℂ ∖ Γ function
such that its boundary values 𝐹+(𝑡) and 𝐹−(𝑡) from the left and from the right
exist at any point 𝑡 ∈ Γ∘, 𝐹 is integrable with any degree 𝑝 > 1 in a neighborhood
of endpoints 𝑎1 and 𝑎2, and 𝐹 (∞) = 0.

If dmcΓ < 2, then the primary integration
∫
[𝐹 ] is continuous in the space

𝐻∗(𝐴, dmcΓ− 1).

The proof is analogous to the proof of Theorem 1 in [5].
Thus, the primary integration

∫
[𝐹 ] extends to a functional on the space

𝐻∗(Γ,dmcΓ−1) and determines the family of integrations ∫ [𝐹 ]𝑓 , 𝑓 ∈𝐻∗(Γ,dmcΓ−
1), by formula (1). Let us describe the explicit construction of these integrations.
If 𝑓 ∈ 𝐻∗(Γ, dmcΓ− 1), then 𝑓 ∈ 𝐻𝜈(Γ) for any 𝜈 > dmcΓ− 1. We fix real values
𝜈 and 𝑑 such that 1 > 𝜈 > 𝑑− 1 > dmc Γ− 1. By definition of the chain dimension
we find a rectifiable chain ℭ = {(Δ0, 𝑠0), (Δ1, 𝑠1), (Δ2, 𝑠2), . . . } with finite 𝑑-mass
convergent to Γ. We extend 𝑓 from Γ onto ℂ by means of the Whitney extension

operator (see [1]), restrict the extension on the compact set ∂ℭ :=
∪
𝑗≥0 ∂Δ𝑗 and

again extend this restriction onto ℂ by the Whitney extension operator. Let 𝑓∗ be
the result of that double Whitney extension. Then the following Lemma holds.

Lemma 1.3. The first partial derivatives of 𝑓∗ belong to 𝐿𝑝loc(ℂ) for any

𝑝 <
2− dmcΓ

1− 𝜈
.

The proof of this lemma is analogous to the proof of the parallel result in the
paper [2]. The right side of the last inequality exceeds 1 under the assumptions of
Theorem 1.2. Therefore, if 𝜔 is smooth function with compact support equaling
1 in a neighborhood of Γ, then the first partial derivatives of the product 𝜔𝑓∗

belong to 𝐿𝑝(ℂ) for certain 𝑝 > 1. This fact allows one to write the integrations
as follows: ∫

[𝐹 ]𝑓(𝜁)𝜙(𝜁)𝑑𝜁 = −
∫∫

ℂ

𝐹 (𝜁)
∂𝜔𝜙𝑓∗

∂𝜁
𝑑𝜁𝑑𝜁. (3)
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2. The Cauchy transform of integrations

A number of recent publications (see, for instance, [6, 7, 8]) deal with various
properties of the Cauchy transforms of measures. The Cauchy transform of a finite
measure 𝜇 on the complex plane is the integral

C𝜇 :=
1

2𝜋𝑖

∫
𝑑𝜇(𝜁)

𝜁 − 𝑧
.

If the support 𝑆 of the measure 𝜇 is rectifiable curve and 𝑑𝜇 = 𝑓(𝜁)𝑑𝜁, then we
have the Cauchy type integral

C(𝑓(𝜁)𝑑𝜁) =
1

2𝜋𝑖

∫
Γ

𝑓(𝜁)𝑑𝜁

𝜁 − 𝑧
. (4)

The Cauchy transform of a distribution 𝜑 with compact support 𝑆 on the
complex plane is defined by the equality

C𝜑 :=
1

2𝜋𝑖

〈
𝜑,

1

𝜁 − 𝑧

〉
,

where 𝑧 ∕∈ 𝑆, and 𝜑 is applied to the Cauchy kernel 𝐸(𝜁 − 𝑧) := 1
2𝜋𝑖(𝜁−𝑧) viewed

as a function of the variable 𝜁. In other words, it is the convolution 𝜑 ∗𝐸 where 𝐸
is the distribution 1

2𝜋𝑖𝜁 . As 𝐸 is the fundamental solution of differential operator

∂ (i.e., ∂𝐸 = 𝛿0, see [1]), since ∂C𝜑 = 𝜑, and the function C𝜑(𝑧) is holomorphic
in C ∖ 𝑆. Obviously, it vanishes at the point ∞.

Let us consider the Cauchy transforms of the integrations
∫
[𝐹 ]𝑓 . We put

Φ(𝑧) := C

∫
[𝐹 ]𝑓 =

1

2𝜋𝑖

〈∫
[𝐹 ]𝑓,

1

𝜁 − 𝑧

〉
, 𝑧 ∈ ℂ ∖ Γ. (5)

More precisely, we must replace here the function 1
𝜁−𝑧 by

𝜔𝑧(𝜁)
𝜁−𝑧 , where the function

𝜔𝑧(𝜁) ∈ 𝐶∞
0 (ℂ) is equal to 1 in a neighborhood of Γ and vanishes in a neighborhood

of the point 𝑧. By virtue of the equality (3) we obtain the representation

Φ(𝑧) = 𝐹 (𝑧)𝑓∗(𝑧)𝜔(𝑧)− 1

2𝜋𝑖

∫∫
ℂ

𝐹 (𝜁)
∂𝑓∗𝜔
∂𝜁

𝑑𝜁𝑑𝜁

𝜁 − 𝑧
. (6)

The function 𝜔 ∈ 𝐶∞
0 (ℂ) is equal to 1 in a neighborhood of Γ.

The properties of the integral term of (6) are well known (see, for instance,

[1]). If 𝐹 (𝜁)∂𝑓
∗𝜔
∂𝜁

∈ 𝐿𝑝(ℂ), 𝑝 > 2, then it is continuous in the whole complex plane

and satisfies the Hölder condition with exponent 1 − 2
𝑝 . By virtue of Lemma 1.3

the exponent 𝑝 exceeds 2 under restriction 𝜈 > 1
2 dmcΓ. Then the integral term of

(6) satisfies the Hölder condition with exponent 𝜇− 𝜀 in the whole complex plane,
where

𝜇 =
2𝜈 − dmcΓ

2− dmcΓ
(7)

and 𝜀 is an arbitrarily small positive number.
The first term of the right side of (6) has jump of 𝑗𝐹 (𝑡)𝑓(𝑡) on Γ

∘. The factor
𝑓∗(𝑧)𝜔(𝑧) satisfies the Hölder condition with exponent 𝜈 > 𝜇 in sufficiently small
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closed half-neighborhoods of points 𝑡 ∈ Γ∘. The smoothness of the whole product
𝐹 (𝑧)𝑓∗(𝑧)𝜔(𝑧) and its growth at the points 𝑎1,2 depend on 𝐹 (𝑧). We restrict 𝐹
near Γ as follows.

Definition 2.1. We say that a function 𝐹 (𝑧) holomorphic in ℂ ∖ Γ is in the class
H∘
𝛼(Γ) if it satisfies the Hölder condition with exponent 𝛼 in a sufficiently small

closed half-neighborhood of any point 𝑡 ∈ Γ∘.

As a result, we obtain

Theorem 2.2. Assume that Γ is a 𝐺-arc, that 𝐹 (𝑧) is a function holomorphic in
ℂ ∖ Γ such that its boundary values 𝐹+(𝑡) and 𝐹−(𝑡) exist both from the left and
from the right at any point 𝑡 ∈ Γ∘, that 𝐹 is integrable with any degree 𝑝 > 1 in
certain neighborhoods of endpoints 𝑎1 and 𝑎2, and that 𝐹 (∞) = 0.

If 𝑓 ∈ 𝐻∗(Γ, 1
2 dmcΓ), then the Cauchy transform Φ(𝑧) of integration

∫
[𝐹 ]𝑓

has continuous boundary values Φ+(𝑡) and Φ−(𝑡) from the left and from the right
at any point 𝑡 ∈ Γ∘,

Φ+(𝑡)− Φ−(𝑡) = 𝑗𝐹 (𝑡)𝑓(𝑡), 𝑡 ∈ Γ∘, (8)

and near the endpoints of Γ the function Φ satisfies estimates

Φ(𝑧) = 𝑓(𝑎𝑗)𝐹 (𝑧) + 𝑜(1), 𝑧 → 𝑎𝑗 , 𝑗 = 1, 2. (9)

In addition, for 𝐹 ∈ H∘
𝛼(Γ) we have Φ(𝑧) ∈ H∘

𝛽(Γ), where 𝛽 = min{𝛼, 𝜇 − 𝜀}, 𝜇 is
defined by equality (7) and 𝜀 > 0 is arbitrarily small.

3. The Riemann boundary value problem on non-rectifiable arcs

Let us consider the Riemann boundary value problem on non-rectifiable 𝐺-arc,
i.e., the problem of finding a function Φ(𝑧) holomorphic in ℂ ∖ Γ such that

Φ+(𝑡) = 𝐺(𝑡)Φ−(𝑡) + 𝑔(𝑡), 𝑡 ∈ Γ∘, (10)

and
Φ(𝑧) = 𝑂(∣𝑧 − 𝑎𝑗 ∣−𝛾), 𝑧 → 𝑎𝑗, 𝑗 = 1, 2, 𝛾 = 𝛾(Φ) < 1. (11)

The solution of this problem is well known for piecewise smooth arcs Γ (see, for
instance, [9, 10]). In this case the solution is expressed in terms of Cauchy-type
integrals over Γ. In the present paper we show that for non-rectifiable arcs the
solutions are representable by Cauchy transforms of integrations as introduced
above.

In the simplest case 𝐺 ≡ 1 the Riemann boundary-value problem turns into
a so-called jump problem:

Φ+(𝑡)− Φ−(𝑡) = 𝑓(𝑡), 𝑡 ∈ Γ∘. (12)

If 𝑗𝐹 (𝑡) ≡ 1 then by virtue of Theorem 2.2 the Cauchy transform of integration∫
[𝐹 ]𝑓 gives a solution of this problem. We consider function

𝑘Γ(𝑧) =
1

2𝜋𝑖
log

𝑧 − 𝑎2
𝑧 − 𝑎1

,
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where the branch of logarithm is determined by means of the cut along Γ and
condition 𝑘Γ(∞) = 0. Obviously, 𝑘Γ ∈ H∘

1(Γ), and the jump of this function on

Γ equals to 1. If Γ is 𝐺-arc, then 𝑘Γ(𝑧) =
(−1)𝑗

2𝜋𝑖 log ∣𝑧 − 𝑎𝑗 ∣ + 𝑂(1) for 𝑧 → 𝑎𝑗 ,
𝑗 = 1, 2. Thus, we obtain

Theorem 3.1. If Γ is 𝐺-arc and 𝑓 ∈ 𝐻∗(Γ, 1
2 dmcΓ), then the Cauchy transform

Φ0(𝑧) = C

∫
[𝑘Γ]𝑓(𝑧) (13)

is a solution of the jump problem (12). In addition, it satisfies the estimate

Φ0(𝑧) =
(−1)𝑗
2𝜋𝑖

𝑓(𝑎𝑗) log ∣𝑧 − 𝑎𝑗 ∣+𝑂(1), 𝑧 → 𝑎𝑗 , 𝑗 = 1, 2, (14)

Φ0 ∈ H∘
𝜇−𝜀(Γ) for any sufficiently small 𝜀 > 0, and Φ0(∞) = 0.

Let us denote by dmhΓ the Hausdorff dimension of arc Γ. If dmhΓ > 1, then
we can find a non-trivial function Φ1(𝑧) holomorphic in ℂ ∖Γ which is continuous
in ℂ and vanishes at the point at infinity (see, for instance, [11]). Then the sum
Φ0(𝑧) +

∑𝑛
𝑘=1 𝑐𝑘Φ

𝑘
1(𝑧) satisfies the equality (12) for any 𝑛 and 𝑐𝑘, 𝑘 = 1, 2, . . . .

Thus, the set of solutions of the jump problem on the non-rectifiable arc is infinite
in general. On the other hand, if a holomorphic function in ℂ∖Γ Φ(𝑧) satisfies the
Hölder condition with exponent 𝜆 > dmhΓ− 1 in a neighborhood of Γ, then Φ(𝑧)
is holomorphic in the whole plane ℂ (see [11]). Thus, for

dmhΓ− 1 < 𝜆 < 𝜇 (15)

the function Φ0(𝑧) is a unique solution of the jump problem in the class H∘
𝜆(Γ)

which vanishes at the point at infinity and satisfies the condition (11). The restric-
tion (15) has meaning only if

dmhΓ− 1 < 𝜇 =
2𝜈 − dmcΓ

2− dmcΓ
. (16)

Then we consider the Riemann boundary value problem (10) in the class of
functions satisfying conditions (11) and Φ(∞) = 0. We assume that the coefficients
𝐺 and 𝑔 of the problem (10) belong to the space 𝐻∗(Γ, 1

2 dmcΓ) and 𝐺(𝑡) ∕= 0

for 𝑡 ∈ Γ. Then 𝐺(𝑡) = exp 𝑓(𝑡), 𝑓 ∈ 𝐻∗(Γ, 1
2 dmcΓ), and the problem (12)

with jump 𝑓 has a solution Φ0(𝑧) := C[𝑘Γ]𝑓(𝑧) satisfying relation (14). We put
𝑣𝑗 = ℜ(−1)𝑗(2𝜋𝑖)−1𝑓(𝑎𝑗), 𝜅𝑗 =]𝑣𝑗[+1, where ]𝑥[:= max{𝑛 ∈ ℕ : 𝑛 < 𝑥}, 𝑗 = 1, 2,
𝜅 := 𝜅1 + 𝜅2, and

𝑋(𝑧) := (𝑧 − 𝑎1)
−𝜅1(𝑧 − 𝑎2)

−𝜅2 expΦ0(𝑧).

The function 𝑋 satisfies estimates (11), and 𝑋−1(𝑧) is bounded near the points
𝑎1 and 𝑎2. Obviously, 𝑋

+(𝑡) = 𝐺(𝑡)𝑋−(𝑡). We apply customary factorization and
reduce the Riemann boundary value problem to the jump problem

Φ+(𝑡)

𝑋+(𝑡)
− Φ−(𝑡)

𝑋−(𝑡)
=

𝑔(𝑡)

𝑋+(𝑡)
, 𝑡 ∈ Γ∘. (17)
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We consider the function

Ψ(𝑧) := C

∫ [
1

𝑋

]
ℎ(𝑧),

where ℎ ∈ 𝐻∗(Γ, 1
2 dmcΓ) will be defined later. Clearly,

Ψ+(𝑡)−Ψ−(𝑡) =
ℎ(𝑡)

𝑋+(𝑡)
− ℎ(𝑡)

𝑋−(𝑡)
=
(1− 𝐺(𝑡))ℎ(𝑡)

𝑋+(𝑡)
.

Hence, the function Ψ satisfies the equality

Ψ+(𝑡)−Ψ−(𝑡) =
𝑔(𝑡)

𝑋+(𝑡)

for

ℎ(𝑡) =
𝑔(𝑡)

1− 𝐺(𝑡)
.

Thus, for 𝐺(𝑡) ∕= 1 the product

Φ(𝑧) := 𝑋(𝑧)C

∫ [
1

𝑋

](
𝑔

1− 𝐺

)
(𝑧)

satisfies the boundary value condition (10). As a result, we obtain

Theorem 3.2. Assume that Γ is a 𝐺-arc satisfying restriction (16), 𝐺 and 𝑔 belong
to 𝐻∗(Γ, 1

2 dmc Γ) and 𝐺(𝑡) ∕= 0, 1 on Γ. Then the family of solutions of the problem
(10), (11) in the class H∘

𝜆(Γ) with 𝜆 ∈ (dmhΓ− 1, 𝜇] has the same structure as in
the classical case of piecewise smooth arc (see [10, 9]), i.e., for 𝜅 > 0 this family is
affine 𝜅-dimensional over ℂ and for 𝜅 ≤ 0 it consists of unique solution existing
under −𝜅 conditions.

Apparently, the detailed study of the jump problem (17) enables one to re-
move the restriction that 𝐺(𝑡) ∕= 1.

Let us note that the similarity of solvability of the Riemann boundary value
problem on non-rectifiable 𝐺-arcs and on piecewise smooth arcs is rather formal.
In the case of non-rectifiable arc we need additional conditions both for existence
(the condition 𝜈 > 1

2 dmcΓ) and for uniqueness (the condition Φ(𝑧) ∈ H∘
𝜆(Γ),

𝜆 ∈ (dmhΓ− 1, 𝜇]) of the solutions.
The first solution of the Riemann boundary value problem on non-rectifiable

arcs was constructed in the paper [12] for 𝜈 > 1
2 dmbΓ. In the present paper we

replace the dimension dmbΓ by the lower value dmcΓ. In addition, we obtain
explicit solutions in terms of the Cauchy transforms.
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1. Decay of Fourier transforms

Let 𝑈 be open in ℝ3 and consider a surface 𝑆 ⊂ 𝑈 , which is 𝒞1 except a finite
number of isolated points. We assume that the singularities at these points are
“biplanar”, in a sense which will be recalled in a moment. In particular our as-
sumptions on the singularities will imply that compactly supported continuous
functions defined on 𝑆 are integrable, when we integrate with respect to the mea-
sure given by the surface element on 𝑆. When 𝑓 is a bounded compactly supported
function defined on 𝑆 we can then associate a distribution 𝑢 with it by the map

𝒞∞0 (𝑈) ∋ 𝜑 → 𝑢(𝜑) =
∫
𝑆 𝜑𝑓𝑑𝜎, where 𝑑𝜎 denotes the surface element on 𝑆. (The

notations are as in standard distribution theory.) Our main result will be that the
Fourier transform 𝜆 → �̂�(𝜆) of 𝑢 decays at infinity of order ∣𝜆∣−1/2 ln(1 + ∣𝜆∣),
provided 𝑓 satisfies some natural regularity assumptions, which we will describe
in Proposition 1.3. In Section 2 below we will then show how this result relates to
the problem of long time behavior of solutions to the system of crystal acoustics
in a case when biplanar singularities appear.

We next describe the setting of our problem in detail. We assume that 𝑆 is
given by an equation ℎ(𝑥, 𝑦, 𝑧) = 0, where ℎ : 𝑈 → ℝ is a 𝒞1-function. The condi-
tions which we mention at this moment are not related to the three-dimensional
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case, so for a short while, we shall denote the variables by “𝑥” (and may think
that all conditions refer to some surfaces in ℝ𝑛).

We assume that 0 ∈ 𝑈 and that ℎ(0) = 0, grad𝑥 ℎ(0) = 0. In principle 0
could then be a singular point of 𝑆 and we assume that 𝑆 does not have other
singular points in an open neighborhood 𝑈 ′ of 0 in 𝑈 . More precisely, we assume
that ℎ(𝑥) = 0 implies grad𝑥 ℎ(𝑥) ∕= 0 when 𝑥 ∕= 0, 𝑥 ∈ 𝑈 ′. We define the “tangent
set” to 𝑆 at 0 to consist of all vectors 𝑣 ∈ ℝ3 for which we can find a 𝒞1-curve
𝛾 : (−𝑐, 𝑐) → 𝑆 with 𝛾(0) = 0 and �̇�(0) = 𝑣. We say that 0 is a biplanarly singular
point if the tangent set is the union of two distinct planes.

It may be worthwhile to describe a simple situation in which such bipla-
nar singularities appear. We first recall that if ℎ is a 𝒞∞-function defined in a
neighborhood of the origin in ℝ𝑛 and if the derivatives of ℎ up to inclusively or-
der 𝑠 − 1 vanish, then we call “localization polynomial” of ℎ at 0 the polynomial
𝐽𝑠ℎ(𝑣) =

∑
∣𝛼∣=𝑠 ∂

𝛼
𝑥 ℎ(0)𝑣

𝛼/𝛼!. (It is just the Taylor polynomial of order 𝑠 of ℎ at

0.) Clearly, tangent vectors 𝑣 to 𝑆 at 0 must satisfy 𝐽𝑠ℎ(𝑣) = 0, but the converse
is also almost true: if 𝑣 satisfies 𝐽𝑠ℎ(𝑣) = 0 and grad𝑣 𝐽𝑠ℎ(𝑣) ∕= 0, then 𝑣 must be
a tangent vector to 𝑆 at 0 (cf., e.g., [5]). An example is when 𝐽𝑠ℎ(𝑣) = 𝑣21 − 𝑣22 .

From this moment on we return definitively to the case of three variables and
the variables will be denoted again by (𝑥, 𝑦, 𝑧). The Fourier dual variables will be
denoted by 𝜆 = (𝜉, 𝜂, 𝜏).

An example of a surface with a biplanar singularity is when 𝑈 = ℝ3 and 𝑆
is given by ℎ(𝑥, 𝑦, 𝑧) = 𝑧2 − 2(𝑥2 + 𝑦2)𝑧 + 𝑥4 + 2𝑥2𝑦2 + 𝑦4 − 𝛿2𝑥2 − 𝛿2𝑦4, with 𝛿

a constant. In this case, 𝑆 consists of the two sheets 𝑧 = 𝑥2 + 𝑦2 ± 𝛿
√

𝑥2 + 𝑦4,

but the equation 𝑧 − 𝑥2 − 𝑦2 − 𝛿
√

𝑥2 + 𝑦4 = 0, already defines a surface with a
biplanar singularity in the sense above at 0. Indeed, in our main result we shall
work with precisely such a sheet in a situation which is only slightly more general.
More precisely, we assume that for some neighborhood 𝑉 of the origin in ℝ2

𝑆 = {(𝑥, 𝑦, 𝑧); 𝑧 = 𝑔(𝑥, 𝑦), (𝑥, 𝑦) ∈ 𝑉 },
where 𝑔 : 𝑉 → ℝ is for some constants 𝐴,𝐵,𝐶,𝐴1, 𝐵1, 𝐶1, 𝛿, a function of form

𝐴𝑥2 + 2𝐵𝑥𝑦 + 𝐶𝑦2 + 𝑔1(𝑥, 𝑦) + 𝛿
√

𝐴1𝑥2 + 2𝐵1𝑥𝑦2 + 𝐶1𝑦4 + 𝑔2(𝑥, 𝑦). (1.1)

Here 𝑔1, 𝑔2 : 𝑉 → ℝ are two functions in 𝒞∞(𝑉 ). In addition we suppose that:
(i) 𝑔1(𝑥, 𝑦) = 𝑂(∣(𝑥, 𝑦)∣3), for (𝑥, 𝑦) → 0,
(ii) 𝑔2(𝑥, 𝑦) = 𝑜(∣(𝑥2 + 𝑦4)∣), for (𝑥, 𝑦) → 0,
(iii) the functions (𝑥, 𝑦) → 𝐴𝑥2 +2𝐵𝑥𝑦+𝐶𝑦2, (𝑥, 𝑡) → 𝐴1𝑥

2 + 2𝐵1𝑥𝑡+𝐶1𝑡
2 are

strictly positive for (𝑥, 𝑦) ∕= 0, (𝑥, 𝑡) ∕= 0,
(iv) max(∣𝐴∣, ∣𝐵∣, ∣𝐶∣) ≤ 1, max(∣𝐴1∣, ∣𝐵1∣, ∣𝐶1∣) ≤ 1 and 𝛿 is small and positive.

Thus, 𝑆 has a singular point at 0 ∈ ℝ3 and the singularity is biplanar there.

Remark 1.1. The condition (iv) just means that if we denote by 𝐴′
1 = 𝛿2𝐴1, 𝐵

′
1 =

𝛿2𝐵1, 𝐶
′
1 = 𝛿2𝐶1, then the constants 𝐴′

1, 𝐵
′
1, 𝐶

′
1 are small compared with the

constants 𝐴,𝐵,𝐶. As for the constant 𝛿 we shall assume it to be small. Indeed,
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what we need is that the second derivatives of the function

𝛿
√

𝐴1𝑥2 + 2𝐵1𝑥𝑦2 + 𝐶1𝑦4 + 𝑔2(𝑥, 𝑦)

must be small when compared with the second derivatives of the term 𝐴𝑥2 +
2𝐵𝑥𝑦 + 𝐶𝑦2 + 𝑔1(𝑥, 𝑦).

Furthermore the estimates which we obtain later on will depend on 𝛿, but
must not depend on 𝐴1, 𝐵1, 𝐶1.

Finally, the assumption (iii) implies in particular that 𝐴𝑥2 + 2𝐵𝑥𝑦 + 𝐶𝑦2 ≥
𝑐1∣(𝑥, 𝑦)∣2 and 𝐴1𝑥

2 + 2𝐵1𝑥𝑡+ 𝐶1𝑡
2 ≥ 𝑐2∣(𝑥, 𝑡)∣2, for some constants 𝑐1, 𝑐2.

We mentioned already that 𝑆 is not smooth at 0. The quantity which mea-
sures the strength of the singularity is in some sense

Δ = 𝐴1𝑥
2 + 2𝐵1𝑥𝑦

2 + 𝐶1𝑦
4 + 𝑔2(𝑥, 𝑦),

but in a neighborhood of the origin, the main contribution will come from the part
Δ′ = 𝐴1𝑥

2+2𝐵1𝑥𝑦
2+𝐶1𝑦

4 of Δ. Indeed, from the assumptions on Δ′ and the fact
that 𝑔2 = 𝑜(∣(𝑥2+ 𝑦4)∣), for (𝑥, 𝑦) → 0 it follows that we have Δ(𝑥, 𝑦) ≥ 𝑐(𝑥2+ 𝑦4)
in a neighborhood of 0 for some constant 𝑐 > 0. We also recall that the surface

element 𝑑𝜎 on 𝑆 is given by
√
1 + 𝑔2𝑥(𝑥, 𝑦) + 𝑔2𝑦(𝑥, 𝑦) 𝑑(𝑥, 𝑦). The following easy

estimates for derivatives of 𝑔 and the function (1+𝑔2𝑥(𝑥, 𝑦)+𝑔2𝑦(𝑥, 𝑦))
1/2 is needed

in the arguments:

Remark 1.2. There are constants 𝑐, 𝜀 such that

∣ grad𝑥,𝑦
√
Δ(𝑥, 𝑦)∣ ≤ 𝑐, ∣ grad𝑥,𝑦 𝑔(𝑥, 𝑦)∣ ≤ 𝑐,

∣𝐻𝑥,𝑦
√
Δ(𝑥, 𝑦)∣ ≤ 𝑐√

Δ(𝑥, 𝑦)
, ∣𝐻𝑥,𝑦𝑔(𝑥, 𝑦)∣ ≤ 𝑐√

Δ(𝑥, 𝑦)
, (1.2)

provided 0 ∕= ∣(𝑥, 𝑦)∣ ≤ 𝜀. (𝐻𝑥,𝑦𝑓 is for a given function 𝑓 the Hessian matrix of 𝑓
in the variables (𝑥, 𝑦).)

Note that it follows from these estimates also that we have for the same (𝑥, 𝑦)

(1 + 𝑔2𝑥(𝑥, 𝑦) + 𝑔2𝑦(𝑥, 𝑦))
1/2 ≤ 𝑐, ∣ grad𝑥,𝑦(1 + 𝑔2𝑥(𝑥, 𝑦) + 𝑔2𝑦(𝑥, 𝑦))

1/2∣ ≤ 𝑐. (1.3)

If 𝐹 is now a function which is defined on 𝑆, the Fourier transform of the
density 𝐹𝑑𝜎 can be written as

𝐼(𝜉, 𝜂, 𝜏) =

∫
𝑆

exp [𝑖𝑥𝜉 + 𝑖𝑦𝜂 + 𝑖𝑔(𝑥, 𝑦)𝜏 ]𝐹 (𝑥, 𝑦, 𝑔(𝑥, 𝑦))𝑑𝜎, (𝜉, 𝜂, 𝜏) ∈ ℝ3. (1.4)

We have not yet specified explicit conditions under which this integral converges.
Actually, since (1 + 𝑔2𝑥(𝑥, 𝑦) + 𝑔2𝑦(𝑥, 𝑦))

1/2 is bounded, local integrability near 0
holds if we assume for example that 𝐹 is bounded in a neighborhood of the origin.
However, application of results from the theory of stationary phase requires at
least that 𝐹 be also differentiable in the variables in which we want to apply
this method. It seems reasonable to ask for conditions which are modeled on the
regularity properties and estimates which we have obtained for the surface element
in Remark 1.2. We can now state the main result
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Proposition 1.3. Assume that 𝑆 is as above and let 𝐹 : 𝑆 → ℂ be a continuous
function which is bounded in a neighborhood of the origin which is such that the
function 𝑓(𝑥, 𝑦) = 𝐹 (𝑥, 𝑦, 𝑔(𝑥, 𝑦)) is 𝒞1 for (𝑥, 𝑦) ∕= 0 small, and for which there
is a constant 𝑐 such that

∣ grad(𝑥,𝑦) 𝐹 (𝑥, 𝑦, 𝑔(𝑥, 𝑦))∣ ≤ 𝑐/
√
Δ(𝑥, 𝑦) for 0 ∕= ∣(𝑥, 𝑦)∣ small.

If 𝛿 and 𝜅 are small enough, we can find a constant 𝑐′, such that

𝐼(𝜉, 𝜂, 𝜏) =

∫
𝑆

exp [𝑖𝜉𝑥+ 𝑖𝜂𝑦 + 𝑖𝜏𝑧]𝐹 (𝑥, 𝑦, 𝑧)𝑑𝜎,

satisfies the estimate

∣𝐼(𝜉, 𝜂, 𝜏)∣ ≤ 𝑐′(1 + ∣(𝜉, 𝜂, 𝜏)∣)−1/2 ln(1 + ∣(𝜉, 𝜂, 𝜏)∣), (1.5)

provided 𝐹 (𝑥, 𝑦, 𝑔(𝑥, 𝑦)) vanishes for ∣(𝑥, 𝑦)∣ ≥ 𝜅.

The proof of proposition 1.3 will be given in a forthcoming paper. (For a
related result see [1].) We only mention here a result from the method of stationary
phase, due to E. Stein, [12], which is used in the argument and a lemma which
collects two intermediate estimates needed when we want to apply the result of
Stein to the situation at hand.

Lemma 1.4 (Stein). Let 𝜑 be a real-valued function on the interval [𝑎, 𝑏] which is
𝑘 times differentiable. Assume that 𝑘 ≥ 2 and that ∣𝜑(𝑘)(𝑟)∣ ≥ 1 for all 𝑟. Also
consider 𝜓 ∈ 𝒞1[𝑎, 𝑏]. Then it follows that

∣
∫ 𝑏
𝑎

𝑒𝑖𝑡𝜑(𝑟)𝜓(𝑟)𝑑𝑟∣ ≤ 𝑐1𝑡
−1/𝑘

[
∣𝜓(𝑏)∣+

∫ 𝑏
𝑎

∣𝜓′(𝑟)∣𝑑𝑟
]
, for 𝑡 > 0,

for some constant 𝑐1 which does not depend on 𝜑, 𝜓, 𝑎 and 𝑏.

Lemma 1.5. There are constants 𝑐, 𝑐′, 𝜅, such that sup𝛼 ∣ ∂
∂𝑟
(𝑟𝑓(𝑟 cos𝛼, 𝑟 sin𝛼))∣ ≤

𝑐𝑟−1 for 𝑟 ≤ 𝜅,
∣∣∣ 𝑑2
𝑑𝑟2

[𝜏𝑔(𝑟 cos𝛼, 𝑟 sin𝛼) + 𝑟𝜉 cos𝛼+ 𝑟𝜂 sin𝛼]
∣∣∣ ≥ 𝑐′(∣𝜉∣ + ∣𝜂∣ + ∣𝜏 ∣),

uniformly in 𝛼, and for ∣𝜏 ∣ ≥ (∣𝜉∣+ ∣𝜂∣), ∣(𝑥, 𝑦)∣ ≤ 𝜅.

2. Applications to crystal theory

We recall the (homogeneous) system of crystal acoustics in the specific case of
tetragonal crystals (see [9]). It is

∂2
𝑡

⎛⎝ 𝑢1(𝑡, 𝑥)
𝑢2(𝑡, 𝑥)
𝑢3(𝑡, 𝑥)

⎞⎠ = 𝐴(∂𝑥)

⎛⎝ 𝑢1(𝑡, 𝑥)
𝑢2(𝑡, 𝑥)
𝑢3(𝑡, 𝑥)

⎞⎠ , (2.1)

where 𝐴(∂𝑥) is the differential matrix⎛⎝ 𝑐11∂
2
11 + 𝑐66∂

2
22 + 𝑐44∂

2
33 (𝑐12 + 𝑐66)∂

2
12 (𝑐13 + 𝑐44)∂

2
13

(𝑐12 + 𝑐66)∂
2
12 𝑐66∂

2
11 + 𝑐11∂

2
22 + 𝑐44∂

2
33 (𝑐13 + 𝑐44)∂

2
23

(𝑐13 + 𝑐44)∂
2
13 (𝑐13 + 𝑐44)∂

2
23 𝑐44∂

2
11 + 𝑐44∂

2
22 + 𝑐33∂

2
33

⎞⎠
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(Here ∂𝑖𝑗 = ∂𝑥𝑖∂𝑥𝑗 , etc.) Note that variables in the physical space ℝ3 are now
denoted by 𝑥 = (𝑥1, 𝑥2, 𝑥3), 𝑡 corresponds to the time variable, and the Fourier
dual variables to 𝑥 are denoted by 𝜉 = (𝜉1, 𝜉2, 𝜉3). (The notation has thus changed
with respect to Section 1.) We are interested in decay properties of global (say
𝒞∞) solutions 𝑢(𝑡, 𝑥) of the systems for 𝑡 → ∞. By this we mean that the
(𝑢1(𝑡, 𝑥), 𝑢2(𝑡, 𝑥), 𝑢3(𝑡, 𝑥)) are defined on all of ℝ4 and we are interested in es-
timates of type ∣𝑢𝑖(𝑡, 𝑥)∣ ≤ 𝑐(1 + ∣𝑡∣)−𝜒 (or similar) for some positive constant
𝜒 > 0, ∀𝑡. For such “pointwise” estimates to hold we must of course assume that
the support of the initial conditions 𝑢(0, 𝑥) and ∂𝑡𝑢(0, 𝑥) be compact in 𝑥.

Apart from their intrinsic interest, such estimates can be interesting when
one wants to study long-time existence of small nonlinear perturbations to the
system. Similar studies in the case of isotropic wave type equations are by now
classical, see, e.g., [3], [4], [10], [11].

The constants 𝑐𝑖𝑗 above are subject to a number of restrictions, and we men-
tion some of them which come from the fact that, due to physical considerations,
the system must be hyperbolic.

Remark 2.1. The conditions on constants which we assume are

𝑐𝑖𝑖 > 0, for 𝑖 = 1, 3, 4, 6, 𝑐66 − 𝑐12 > 0, 𝑐44 ∕= 𝑐13,

𝑐11 − 𝑐66 − 𝑐12 > 0, 𝑐33 − (𝑐13 + 𝑐44)
2

𝑐12 + 𝑐66
> 0.

Thus, when 𝑐11 = 𝑐66, we must have 𝑐12 < 0 and we shall assume that 𝑐44 > 𝑐66.
Cubic crystals are a particular case of tetragonal crystals. They are obtained when
we ask for the conditions 𝑐11 = 𝑐33, 𝑐44 = 𝑐66, 𝑐12 = 𝑐13. We observe that tetragonal
crystals depend on 6 constants, whereas cubic crystals depend only on 3 constants.

The way by which we want to obtain results on decay for solutions of the
system (2.1) is to represent them as parametric Fourier-type integrals which live
on the so-called “slowness surface” of the system. We briefly recall the relevant
terminology. The first thing is to recall that the “characteristic polynomial” asso-
ciated with the system is the polynomial 𝑝(𝜏, 𝜉) = det(𝜏2𝐼 − 𝐴(𝜉)), where 𝐴(𝜉)
is the 3 × 3 matrix which is obtained by formally replacing ∂2

𝑖𝑗 by 𝜉𝑖𝜉𝑗 in the
matrix 𝐴(∂𝑥). The characteristic surface of the system is given by the condition
{(𝜏, 𝜉) ∈ ℝ4; 𝑝(𝜏, 𝜉) = 0}. Hyperbolicity means here that the polynomial equation
𝑝(𝜏, 𝜉) = 0 has 6 real solutions 𝜏 if 𝜉 is real. Finally, we call “slowness surface” the
set {𝜉 ∈ ℝ3; 𝑝(1, 𝜉) = 0}. Most of the analysis is done on the slowness surface. This
is a compact algebraic surface of degree 6 in ℝ3 and its equation can be understood
best when one puts it into Kelvin’s form. To obtain this form, we introduce the
following notations:

𝑛1(𝜉1) = (𝑐12 + 𝑐66)𝜉
2
1 , 𝑛2(𝜉2) = (𝑐12 + 𝑐66)𝜉

2
2 , 𝑛3(𝜉3) =

(𝑐13 + 𝑐44)
2

𝑐12 + 𝑐66
𝜉23 ,

and

𝑑1(𝜏, 𝜉) = 𝜏2 − 𝑑′1(𝜉), 𝑑′1(𝜉) = 𝑐11𝜉
2
1 + 𝑐66𝜉

2
2 + 𝑐44𝜉

2
3 − (𝑐12 + 𝑐66)𝜉

2
1 ,
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𝑑2(𝜏, 𝜉) = 𝜏2 − 𝑑′2(𝜉), 𝑑′2(𝜉) = 𝑐66𝜉
2
1 + 𝑐11𝜉

2
2 + 𝑐44𝜉

2
3 − (𝑐12 + 𝑐66)𝜉

2
2 ,

𝑑3(𝜏, 𝜉) = 𝜏2 − 𝑑′3(𝜉), 𝑑′3(𝜉) = 𝑐44𝜉
2
1 + 𝑐44𝜉

2
2 + 𝑐33𝜉

2
3 − (𝑐13 + 𝑐44)

2

𝑐12 + 𝑐66
𝜉23 .

“Kelvin’s form” of the condition 𝑝(1, 𝜉) = 0 is then (see [2]):

𝑛1(𝜉1)

1− 𝑑′1(𝜉)
+

𝑛2(𝜉2)

1− 𝑑′2(𝜉)
+

𝑛3(𝜉3)

1− 𝑑′3(𝜉)
= 1. (2.2)

Hyperbolicity then implies that the slowness surface is a three-sheeted sur-
face. Indeed, in terms of the positive roots 𝜏𝑗(𝜉), 𝑗 = 1, 2, 3 of the characteristic
polynomial 𝜏 → 𝑝(𝜏, 𝜉), ordered, e.g., such that 𝜏1(𝜉) ≤ 𝜏2(𝜉) ≤ 𝜏3(𝜉), they can
be written as {𝜉 ∈ ℝ3; 𝜏𝑗(𝜉) = 1}. For later purpose, we also denote for 𝑖 = 4, 5, 6,
by 𝜏4(𝜉) = −𝜏1(𝜉), 𝜏5(𝜉) = −𝜏2(𝜉), 𝜏6(𝜉) = −𝜏3(𝜉) the negative roots of the
characteristic polynomial. (Observe that 𝑝(−𝜏, 𝜉) = 𝑝(𝜏, 𝜉), so if 𝑝(𝜏, 𝜉) = 0, also
𝑝(−𝜏, 𝜉) = 0.)

We next denote by 𝜑 = 𝑢(0, 𝑥) and by 𝜓 = ∂𝑡𝑢(0, 𝑥) the initial data of
some solution 𝑢 of the system (2.1). We mentioned already that we will assume
𝜑 and 𝜓 to have compact support. The solution 𝑢(𝑡, 𝑥) will then have (by “finite
propagation speed of signals”) compact support in the variable 𝑥, for all 𝑡, and
we can take the partial Fourier transform in the variable 𝑥. Denoting these partial
Fourier transform of 𝑢 by 𝑢(𝑡, 𝜉), we see that 𝑢 satisfies the following 3× 3 system
of ordinary differential equations in the variable 𝑡 with 𝜉 as a parameter:

∂2
𝑡 �̂�(𝑡, 𝜉) = 𝐴(𝜉)�̂�(𝑡, 𝜉).

The initial conditions are now �̂�(0, 𝜉) = 𝜑(𝜉), ∂𝑡�̂�(0, 𝜉) = 𝜓(𝜉), where we have
used “hats” also to denote the Fourier transform for functions which depend only
on 𝑥. This gives the possibility to write down 𝑢 explicitly in terms of Fourier type
integrals. Indeed, G.F.D. Duff gives explicit formulas for 𝑢 in terms of the roots
𝜏𝑗(𝜉), 𝑗 = 1, 2, 3, 4, 5, 6, of the characteristic polynomial 𝜏 → 𝑝(𝜏, 𝜉). He introduces
the notations

𝑇𝑖𝑝𝑗 =
(𝑛𝑖(𝜉)𝑛𝑗(𝜉))

1/2

2𝑖𝜏𝑝(𝜉)
⋅ (𝜏2𝑝 (𝜉)− 𝑑′𝑗+1(𝜉))(𝜏

2
𝑝 (𝜉)− 𝑑′𝑗+2(𝜉))

(𝜏2𝑝 (𝜉)− 𝑑′𝑖(𝜉))(𝜏2𝑝 (𝜉) − 𝜏2𝑝+1(𝜉))(𝜏
2
𝑝 (𝜉)− 𝜏2𝑝+2(𝜉))

, (2.3)

and shows, assuming that 𝜑 ≡ 0 (as is often done when one studies a Cauchy
problem), that

𝑢𝑖(𝑡, 𝑥) =

∫
ℝ3

6∑
𝑝=1

3∑
𝑗=1

𝑒𝑖𝑡𝜏𝑝(𝜉)+𝑖⟨𝑥,𝜉⟩𝑇𝑖𝑝𝑗(𝜉)𝜓𝑗(𝜉)𝑑𝜉, 𝑖 = 1, 2, 3. (2.4)

The problem with this representation is that it is singular at 𝜉 = 0 and also
when for some 𝜉0 ∕= 0 we have multiple roots. Note that, at a first glance, e.g., dou-
ble roots can create problems in the denominators of the expressions which define
the 𝑇𝑖𝑝𝑗 , since then one or the other of the factors (𝜏

2
𝑝 (𝜉)−𝜏2𝑝+1(𝜉))(𝜏

2
𝑝 (𝜉)−𝜏2𝑝+2(𝜉))

may vanish on the line 𝜈𝜉0, 𝜈 ∈ ℝ. (A more careful analysis shows moreover that
also the factors 𝜏2𝑝 (𝜉) − 𝑑′𝑗+2(𝜉) can vanish on that line.) The intersection of the
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line {𝜈𝜉0, 𝜈 ∈ ℝ}, with the slowness surface in such a situation, corresponds to
a multiple point on that surface. However, if we assume that 𝑐44 > 𝑐66, then we
can have at most “double” points on the surface, and for this reason in the fol-
lowing we will refer only to double points. Moreover, it is not difficult to show
that the double points on the slowness surface are isolated (and therefore, since
the slowness surface is compact, in finite number) and their location is easily cal-
culated, albeit the expressions which give them are quite involved. We will come
back to this problem in a forthcoming paper (also see [8]), and we only want
here to describe how we can deal with the difficulties related to the singularities
in (2.3). The first remark is that one can show that the singularities can only
be of three types: conical, uniplanar or biplanar, with biplanarity understood in
the sense it was defined above. The definitions for conical and uniplanar singu-
larities are perhaps better known, but for completeness we mention briefly that
for a surface 𝑆 ⊂ ℝ3 given in a neighborhood of 0 by an equation ℎ(𝑥) = 0,
ℎ(0) = 0, gradℎ(0) = 0, 𝐻ℎ(0) ∕= 0, the point 0 is a called “conical”, respectively
“uniplanar”, if for a suitable choice of linear coordinates 𝑦 = (𝑦1, 𝑦2, 𝑦3), we have
𝐽2ℎ = 𝑦21 − 𝑦22 − 𝑦23 , respectively 𝐽2ℎ = 𝑦21 , and if the surface can be written near 0
as 𝑦21+𝐴(𝑦2, 𝑦3)𝑦1+𝐵(𝑦1, 𝑦3) = 0, with 𝐴(0) = 0, 𝐵(0) = 0,∇𝑦𝐴(0) = 0 for some
𝒞∞- functions 𝐴, 𝐵. 𝑐1(∣𝑦2∣4 + ∣𝑦3∣4) ≤ 𝐴2(𝑦1, 𝑦2)− 4𝐵(𝑦1, 𝑦2) ≤ 𝑐2(∣𝑦2∣4 + ∣𝑦3∣4),
in a neighborhood of 0 for two constants 𝑐𝑖 > 0. 𝐻ℎ is again the Hessian of ℎ.
Geometrically speaking, 𝑆 is thus, if 0 is a uniplanarly singular point, the union

of the two sheets 𝑆± = {𝑦; 𝑦1 = 1
2(−𝐴(𝑦2, 𝑦3) ±√Δ(𝑦2, 𝑦2) )} and these sheets

have 𝑦1 = 0 as a common tangent plane at 0. Note that “biplanarity” is somehow
“intermediate” between “conicity” and “uniplanarity”.)

It is known that for cubic crystals only conical and uniplanar singularities
can appear: see, e.g., [2], [5]. Also in the tetragonal case this is the “generic”
situation. However, it was discovered by one of us (C.M.) that in the special case
when 𝑐11 = 𝑐66 (and only then), biplanar singularities will appear precisely on
the intersection of the slowness surface with the 𝜉1 and the 𝜉2 axis. It is in fact
not difficult to find the double points on the axes and they have the following
expressions:

(± 1√
𝑐44

, 0, 0), (± 1√
𝑐66

, 0, 0), (± 1√
𝑐11

, 0, 0),

(0,± 1√
𝑐44

, 0), (0,± 1√
𝑐66

, 0), (0,± 1√
𝑐11

, 0),

(0, 0,± 1√
𝑐44

), (0, 0,± 1√
𝑐44

), (0, 0,± 1√
𝑐33

).

It is clear from these expressions that when 𝑐11 = 𝑐66, then we have double points
on the 𝜉1 and on the 𝜉2 axis. There will always be a double point on the 𝜉3 axis
and in view of our assumption 𝑐44 > 𝑐66 we never have triple points. This latter
assumption will also imply that when 𝑐11 = 𝑐66, then the double points lie on the
outer sheets of the slowness surface.
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We conclude this note with some remarks on how one can study the integrals
which appear in (2.4) by reducing them to parametric integrals on the slowness
surface. The first thing is that for some constant 𝑐 we have ∣𝑇𝑖𝑝𝑗(𝜉)∣ ≤ 𝑐∣𝜉∣−1,
for 𝜉 ∈ ℝ3. This is not difficult to show and we refer to [2] and [6] for simi-
lar results. In particular this means that the integrands in (2.4) are absolutely
integrable in ℝ3. The contribution of a small neighborhood of the origin in 𝜉-
space to (2.4) will therefore be small, and we are left with the integrals there
for ∣𝜉∣ ≥ 1/∣𝑥∣, say. (The point why we are interested in ∣𝜉∣ ≥ 1/∣𝑥∣, is that our
argument in fact refers to the case when we assume that ∣𝑡∣ dominates ∣𝑥∣.) We
also observe that the functions 𝑇𝑖𝑝𝑗 are homogeneous of degree −1 and that the
exponent 𝑖𝑡𝜏𝑝(𝜉) + 𝑖⟨𝑥, 𝜉⟩ is homogeneous of degree 1. We want to show how one
can reduce estimates for (2.4) to estimates on the slowness surface of the system.
To be specific, we fix a small open conic neighborhood 𝐺 of the point (1, 0, 0)
and shall study the term in (2.4) for 𝑝 = 1 and some 𝑖, 𝑗. We also denote by
𝜌 : {∣(𝜉2, 𝜉3)∣ ≤ 𝜀} → ℝ the continuous function determined by the conditions

𝜏1(𝜌(𝜉
′), 𝜉′) ≡ 1, 𝜌(1, 0, 0) = 1/𝑐

1/2
66 , and by 𝐾 the map 𝐾(𝜈, 𝜉′) = 𝜈(𝜌(𝜉′), 𝜉′) = 𝜉.

The determinant of the Jacobian of this map is easily calculated and is for 𝜉′ ∕= 0
equal to 𝜈2(𝜌(𝜉′)−⟨𝜉′, grad𝜉′ 𝜌(𝜉′)⟩). (See [7].) We now change coordinates in (2.4)
for the term corresponding to 𝑝 = 1 and some 𝑖, 𝑗. The exponent 𝑖𝑡𝜏𝑝(𝜉) + 𝑖⟨𝑥, 𝜉⟩
is in the new coordinates 𝑖𝑡𝜈 + 𝑖𝜈𝜌(𝜉′)𝑥1 + 𝑖𝜈⟨𝑥′, 𝜉′⟩ and the term 𝑇𝑖1𝑗(𝜉)𝜓𝑗(𝜉)

transforms to 𝜈−1𝑇𝑖1𝑗(𝜌(𝜉
′), 𝜉′)𝜈2(𝜌(𝜉′)− ⟨𝜉′, grad𝜉′ 𝜌(𝜉′))⟩𝜓𝑗(𝜈(𝜌(𝜉′), 𝜉′)). We see

in this way that (2.4) has transformed into an integral in the variables (𝜈, 𝜉′).
When 𝜈 is fixed we obtain an integral in 𝜉′ which we may regard as an integral
on the sheet of the slowness surface corresponding to 𝜏1(𝜉) = 1 (which we have
parametrized by 𝜉′ → (𝜌(𝜉), 𝜉′)). It is a technical matter to show that the assump-
tions of proposition 1.3 hold when 𝜈 is fixed and one can also see how constants
depend on 𝜈. By arguing as in [7] we can obtain starting from this the following
result:

Proposition 2.2. Let 𝜒 : ℝ3 → ℝ be a function which is positively homogeneous of
degree 0, which vanishes identically outside Γ = {𝜉; ∣𝜉′∣ < 𝑑𝜉1}, which is identically
one in a conic neighborhood of (1, 0, 0) and is 𝒞∞ outside the origin. If 𝑑 > 0 is
small enough, there are constants 𝑐 and 𝑘 such that the functions 𝑣𝑖 defined by

𝑣𝑖(𝑡, 𝑥) =

∫
ℝ3

6∑
𝑝=1

3∑
𝑗=1

𝑒𝑖𝑡𝜏𝑝(𝜉)+𝑖⟨𝑥,𝜉⟩𝑇𝑖𝑝𝑗(𝜉)𝜓𝑗(𝜉)𝜒(𝜉)𝑑𝜉, 𝑖 = 1, 2, 3.

satisfy the estimate ∣𝑣𝑖(𝑡, 𝑥)∣ ≤ 𝑐(1 + ∣𝑡∣)−1/2 ln(1 + ∣𝑡∣)∑3
𝑗=1

∑
∣𝛼∣≤𝑘 ∣∣∂𝛼𝑥𝜓𝑗(𝑥)∣∣1,

where ∣∣𝑔∣∣1 is for some integrable function 𝑔 defined on ℝ3 its 𝐿1 norm ∣∣𝑔∣∣1 =∫
ℝ3

∣𝑔(𝑥)∣𝑑𝑥.
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Schatten-von Neumann Estimates for Resolvent
Differences of Robin Laplacians on a Half-space
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Abstract. The difference of the resolvents of two Laplacians on a half-space
subject to Robin boundary conditions is studied. In general this difference is
not compact, but it will be shown that it is compact and even belongs to some
Schatten-von Neumann class, if the coefficients in the boundary condition are
sufficiently close to each other in a proper sense. In certain cases the resolvent
difference is shown to belong even to the same Schatten-von Neumann class as
it is known for the resolvent difference of two Robin Laplacians on a domain
with a compact boundary.
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Keywords. Robin Laplacian, Schatten-von Neumann class, non-selfadjoint op-
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1. Introduction

Schatten-von Neumann properties for resolvent differences of elliptic operators
on domains have been studied basically since M.Sh. Birman’s famous paper [6],
which appeared fifty years ago and was followed by important contributions of
M.Sh. Birman and M.Z. Solomjak as well as of G. Grubb, see [7, 16, 17]; moreover,
the topic has attracted new interest very recently, see [4, 5, 20, 21, 26]. Recall
that a compact operator belongs to the Schatten-von Neumann class 𝔖𝑝 (weak
Schatten-von Neumann class 𝔖𝑝,∞) of order 𝑝 > 0 if the sequence of its singular

values is 𝑝-summable (is 𝑂(𝑘−1/𝑝) as 𝑘 → ∞); see Section 3 for more details. The
objective of the present paper is to study the resolvent difference of two (in general
non-selfadjoint) Robin Laplacians on the half-space ℝ𝑛+1

+ = {(𝑥′, 𝑥𝑛+1)
T : 𝑥′ ∈

ℝ𝑛, 𝑥𝑛+1 > 0}, 𝑛 ≥ 1, of the form

𝐴𝛼𝑓 = −Δ𝑓, dom(𝐴𝛼) =
{
𝑓 ∈ 𝐻2(ℝ𝑛+1

+ ) : ∂𝜈𝑓 ∣ℝ𝑛 = 𝛼𝑓 ∣ℝ𝑛
}
, (1.1)

in 𝐿2(ℝ𝑛+1
+ ) with a function 𝛼 : ℝ𝑛 → ℂ belonging to the Sobolev space𝑊 1,∞(ℝ𝑛),

i.e., 𝛼 is bounded and has bounded partial derivatives of first order; here 𝑓 ∣ℝ𝑛 is
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the trace of a function 𝑓 at the boundary ℝ𝑛 of ℝ𝑛+1
+ and ∂𝜈𝑓 ∣ℝ𝑛 is the trace of the

normal derivative of 𝑓 with the normal pointing outwards of ℝ𝑛+1
+ . We emphasize

that, as a special case, our discussion contains the resolvent difference of the self-
adjoint operator with a Neumann boundary condition and a Robin Laplacian. If
the half-space ℝ𝑛+1

+ is replaced by a domain with a compact, smooth boundary, it
is known that for real-valued 𝛼1 and 𝛼2 the operators 𝐴𝛼1 and 𝐴𝛼2 are selfadjoint
and the difference of their resolvents

(𝐴𝛼2 − 𝜆)−1 − (𝐴𝛼1 − 𝜆)−1 (1.2)

belongs to the class 𝔖𝑛
3 ,∞; see [5] and [4, 21], where also more general elliptic

differential expressions and certain non-selfadjoint cases are discussed.

On the half-space ℝ𝑛+1
+ the situation is fundamentally different. Here, in

general, the resolvent difference (1.2) is not even compact. For instance, if 𝛼1 ∕= 𝛼2

are real, positive constants, the essential spectra of 𝐴𝛼1 and 𝐴𝛼2 are given by
[−𝛼2

1,∞) and [−𝛼2
2,∞), respectively. Consequently, in this case the difference (1.2)

cannot be compact. Nevertheless, the main results of the present paper show that
under the assumption of a certain decay of the difference 𝛼2(𝑥)−𝛼1(𝑥) for ∣𝑥∣ → ∞,
compactness of the resolvent difference in (1.2) can be guaranteed, and that this
difference belongs to 𝔖𝑝 or 𝔖𝑝,∞ for certain 𝑝, if 𝛼2 − 𝛼1 has a compact support
or belongs to 𝐿𝑞(ℝ𝑛) for some 𝑞. It is a question of special interest under which
assumptions on 𝛼2 − 𝛼1 the difference (1.2) belongs to 𝔖𝑛

3
,∞, i.e., to the same

class as in the case of a domain with a compact boundary. Our results show that
if 𝛼2 −𝛼1 has a compact support this is always true, and that in dimensions 𝑛 > 3
a sufficient condition is

𝛼2 − 𝛼1 ∈ 𝐿𝑛/3(ℝ𝑛).

If 𝛼2−𝛼1 ∈ 𝐿𝑝(ℝ𝑛) with 𝑝 ≥ 1 and 𝑝 > 𝑛/3, we show that the resolvent difference
in (1.2) belongs to the larger class 𝔖𝑝 ⊋ 𝔖𝑛

3 ,∞. In dimensions 𝑛 = 1, 2 for 𝛼2 −
𝛼1 ∈ 𝐿1(ℝ𝑛) the difference (1.2) belongs to the trace class 𝔖1. As an immediate
consequence, for 𝑛 = 1, 2 and real-valued 𝛼1, 𝛼2 with 𝛼2 − 𝛼1 ∈ 𝐿1(ℝ𝑛) wave
operators for the pair {𝐴𝛼1 , 𝐴𝛼2} exist and are complete, which is of importance
in scattering theory. Two further corollaries of our results concern the case that
𝐴𝛼1 is the Neumann operator, i.e., 𝛼1 = 0: on the one hand, if 𝛼2 is real-valued
and satisfies some decay condition, then the Neumann operator and the absolutely
continuous part of 𝐴𝛼2 are unitarily equivalent, cf. [27]; on the other hand, with
the help of recent results from perturbation theory for non-selfadjoint operators,
see [9, 22], we conclude some statements on the accumulation of the (in general
non-real) eigenvalues in the discrete spectrum of 𝐴𝛼2 .

Our results complement and extend the result by M.Sh. Birman in [6]. He
considers a realization of a symmetric second-order elliptic differential expression
on an unbounded domain with combined boundary conditions, a Robin boundary
condition on a compact part and a Dirichlet boundary condition on the remaining
non-compact part of the boundary, and showed that the resolvent difference of
the described realization and the realization with a Dirichlet boundary condition
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on the whole boundary belongs to the class 𝔖𝑛
2
,∞. It is remarkable that in our

situation in some cases the singular values converge faster than in the situation
Birman considers. This phenomenon is already known for domains with compact
boundaries, when a Neumann boundary condition instead of a Dirichlet boundary
condition is considered; see [4].

It is worth mentioning that all results in this paper on compactness and
Schatten-von Neumann estimates remain valid for −Δ replaced by a Schrödinger
differential expression −Δ + 𝑉 with a real-valued, bounded potential 𝑉 and the
proofs are completely analogous.

Our considerations are based on an abstract concept from the extension the-
ory of symmetric operators, namely, the notion of quasi-boundary triples, which
was introduced by J. Behrndt and M. Langer in [2] and has been developed further
by them together with the first author of the present paper in [5]. The key tool
provided by the theory of quasi-boundary triples is a convenient factorization of
the resolvent difference in (1.2). For the proof of our main theorem we combine
this factorization with results on the compactness of the embedding of 𝐻1(Ω) into
𝐿2(Ω) for Ω being a (possibly unbounded) domain of finite measure and with 𝔖𝑝-

and 𝔖𝑝,∞-properties of the operator
√∣𝛼2 − 𝛼1∣(𝐼 − Δℝ𝑛)

−3/4; the proof of the
most optimal𝔖𝑛

3 ,∞-estimate is based on an asymptotic result proved by M. Cwikel
in [8], conjectured earlier by B. Simon in [28].

A short outline of this paper looks as follows. In Section 2 we give an overview
of some known results on quasi-boundary triples which are used in the further
analysis and provide a quasi-boundary triple for the Laplacian on the half-space;
furthermore we prove that for each two coefficients 𝛼1, 𝛼2 the operators 𝐴𝛼1 and
𝐴𝛼2 have joint points in their resolvent sets and that 𝐴𝛼 is selfadjoint if and only
if 𝛼 is real-valued. In Section 3 we establish sufficient conditions for the resolvent
difference (1.2) to be compact or even to belong to certain Schatten-von Neumann
classes. The paper concludes with some corollaries of the main results.

Let us fix some notation. If 𝑇 is a linear operator from a Hilbert space ℋ into
a Hilbert space 𝒢 we denote by dom𝑇 , ran𝑇 , and ker𝑇 its domain, range, and
kernel, respectively. If 𝑇 is densely defined, we write 𝑇 ∗ for the adjoint operator
of 𝑇 . If Θ and Λ are linear relations from ℋ to 𝒢, i.e., linear subspaces of ℋ × 𝒢,
we define their sum to be

Θ + Λ =
{{𝑓, 𝑔Θ + 𝑔Λ} : {𝑓, 𝑔Θ} ∈ Θ, {𝑓, 𝑔Λ} ∈ Λ

}
.

We write 𝑇 ∈ ℬ(ℋ,𝒢), if 𝑇 is a bounded, everywhere defined operator from ℋ into
𝒢; if 𝒢 = ℋ we simply write 𝑇 ∈ ℬ(𝒢). For a closed operator 𝑇 in ℋ we denote
by 𝜌(𝑇 ) and 𝜎(𝑇 ) its resolvent set and spectrum, respectively. Moreover, 𝜎d(𝑇 )
denotes the discrete spectrum of 𝑇 , i.e., the set of all eigenvalues of 𝑇 which are
isolated in 𝜎(𝑇 ) and have finite algebraic multiplicity, and 𝜎ess(𝑇 ) is the essential
spectrum of 𝑇 , which consists of all points 𝜆 ∈ ℂ such that 𝑇 − 𝜆 is not a semi-
Fredholm operator. Finally, for a bounded, measurable function 𝛼 : ℝ𝑛 → ℂ we
denote its norm by ∥𝛼∥∞ = sup𝑥∈ℝ𝑛 ∣𝛼(𝑥)∣. Furthermore, for simplicity we identify
𝛼 with the corresponding multiplication operator in 𝐿2(ℝ𝑛).
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2. Quasi-boundary triples and Robin Laplacians on a half-space

In this section we provide some general facts on quasi-boundary triples as intro-
duced in [2]. Afterwards we apply the theory to the Robin Laplacian in (1.1). Let
us start with the basic definition.

Definition 2.1. Let 𝐴 be a closed, densely defined, symmetric operator in a Hilbert
space (ℋ, (⋅, ⋅)ℋ). We say that {𝒢,Γ0,Γ1} is a quasi-boundary triple for 𝐴∗, if
𝑇 ⊂ 𝐴∗ is an operator satisfying 𝑇 = 𝐴∗ and Γ0 and Γ1 are linear mappings
defined on dom𝑇 with values in the Hilbert space (𝒢, (⋅, ⋅)𝒢) such that the following
conditions are satisfied.
(i) Γ :=

(
Γ0
Γ1

)
: dom𝑇 → 𝒢 × 𝒢 has a dense range.

(ii) The abstract Green identity

(𝑇𝑓, 𝑔)ℋ − (𝑓, 𝑇 𝑔)ℋ = (Γ1𝑓,Γ0𝑔)𝒢 − (Γ0𝑓,Γ1𝑔)𝒢 (2.1)

holds for all 𝑓, 𝑔 ∈ dom𝑇 .
(iii) 𝐴0 := 𝑇 ↾ ker Γ0 = 𝐴∗ ↾ ker Γ0 is selfadjoint.

We set 𝒢𝑖 = ranΓ𝑖, 𝑖 = 0, 1. Note that the definition of a quasi-boundary
triple as given above is only a special case of the original one given in [2] for the
adjoint of a closed, symmetric linear relation 𝐴. We remark that if {𝒢,Γ0,Γ1} is
a quasi-boundary triple with the additional property 𝒢0 = 𝒢, then {𝒢,Γ0,Γ1} is a
generalized boundary triple in the sense of [11]. Let us also mention that a quasi-
boundary triple for 𝐴∗ exists if and only if the deficiency indices dimker(𝐴∗∓𝑖) of𝐴
coincide. If {𝒢,Γ0,Γ1} is a quasi-boundary triple for 𝐴∗ with 𝑇 as in Definition 2.1,
then 𝐴 coincides with 𝑇 ↾ ker Γ.

The next proposition contains a sufficient condition for a triple {𝒢,Γ0,Γ1}
to be a quasi-boundary triple. For a proof see [2, Thm. 2.3]; cf. also [3, Thm. 2.3].

Proposition 2.2. Let ℋ and 𝒢 be Hilbert spaces and let 𝑇 be a linear operator in
ℋ. Assume that Γ0,Γ1 : dom𝑇 → 𝒢 are linear mappings such that the following
conditions are satisfied:
(a) Γ :=

(
Γ0
Γ1

)
: dom𝑇 → 𝒢 × 𝒢 has a dense range.

(b) The identity (2.1) holds for all 𝑓, 𝑔 ∈ dom𝑇 .
(c) 𝑇 ↾ ker Γ0 contains a selfadjoint operator and ker Γ0 ∩ ker Γ1 is dense in ℋ.
Then 𝐴 := 𝑇 ↾ ker Γ is a closed, densely defined, symmetric operator in ℋ and
{𝒢,Γ0,Γ1} is a quasi-boundary triple for 𝐴∗.

Let us recall next the definition of two related analytic objects, the 𝛾-field
and the Weyl function associated with a quasi-boundary triple.

Definition 2.3. Let 𝐴 be a closed, densely defined, symmetric operator in ℋ and
let {𝒢,Γ0,Γ1} be a quasi-boundary triple for 𝐴∗ with 𝑇 as in Definition 2.1 and
𝐴0 = 𝑇 ↾ ker Γ0. Then the operator-valued functions 𝛾 and 𝑀 defined by

𝛾(𝜆) :=
(
Γ0 ↾ ker(𝑇 − 𝜆)

)−1
and 𝑀(𝜆) := Γ1𝛾(𝜆), 𝜆 ∈ 𝜌(𝐴0),

are called the 𝛾-field and the Weyl function, respectively, corresponding to the
triple {𝒢,Γ0,Γ1}.
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These definitions coincide with the definitions of the 𝛾-field and the Weyl
function in the case that {𝒢,Γ0,Γ1} is an ordinary boundary triple, see [10]. It is
an immediate consequence of the decomposition

dom𝑇 = dom𝐴0 ∔ ker(𝑇 − 𝜆) = ker Γ0 ∔ ker(𝑇 − 𝜆), 𝜆 ∈ 𝜌(𝐴0), (2.2)

that the mappings 𝛾(𝜆) and 𝑀(𝜆) are well defined. Note that for each 𝜆 ∈ 𝜌(𝐴0),
𝛾(𝜆) maps 𝒢0 onto ker(𝑇 − 𝜆) ⊂ ℋ and 𝑀(𝜆) maps 𝒢0 into 𝒢1. Furthermore, it
follows immediately from the definitions of 𝛾(𝜆) and 𝑀(𝜆) that

𝛾(𝜆)Γ0𝑓𝜆 = 𝑓𝜆 and 𝑀(𝜆)Γ0𝑓𝜆 = Γ1𝑓𝜆, 𝑓𝜆 ∈ ker(𝑇 − 𝜆), (2.3)

holds for all 𝜆 ∈ 𝜌(𝐴0).
In the next proposition we collect some properties of the 𝛾-field and the Weyl

function; all statements can be found in [2, Proposition 2.6].

Proposition 2.4. Let 𝐴 be a closed, densely defined, symmetric operator in a Hilbert
space ℋ and let {𝒢,Γ0,Γ1} be a quasi-boundary triple for 𝐴∗ with 𝛾-field 𝛾 and
Weyl function𝑀 . Denote by 𝐴0 the restriction of 𝐴

∗ to ker Γ0. Then for 𝜆 ∈ 𝜌(𝐴0)
the following assertions hold.
(i) 𝛾(𝜆) is a bounded, densely defined operator from 𝒢 into ℋ.
(ii) The adjoint of 𝛾(𝜆) can be expressed as

𝛾(𝜆)∗ = Γ1(𝐴0 − 𝜆)−1 ∈ ℬ(ℋ,𝒢).
(iii) 𝑀(𝜆) is a densely defined, in general unbounded operator in 𝒢, whose range

is contained in 𝒢1 and which satisfies 𝑀(𝜆) ⊂ 𝑀(𝜆)∗.

A quasi-boundary triple provides a parametrization for a class of extensions of
a closed, densely defined, symmetric operator 𝐴. If {𝒢,Γ0,Γ1} is a quasi-boundary
triple for 𝐴∗ with 𝑇 as in Definition 2.1 and Θ is a linear relation in 𝒢, we denote
by 𝐴Θ the restriction of 𝑇 given by

𝐴Θ𝑓 = 𝑇𝑓, dom𝐴Θ =
{
𝑓 ∈ dom𝑇 :

( Γ0𝑓
Γ1𝑓

) ∈ Θ
}
. (2.4)

In contrast to the case of an ordinary boundary triple, this parametrization does
not cover all extensions of 𝐴 which are contained in 𝐴∗, and selfadjointness of Θ
does not imply selfadjointness or essential selfadjointness of 𝐴Θ; cf. [2, Proposi-
tion 4.11] for a counterexample and [2, Proposition 2.4]. The following proposition
shows that under certain conditions 𝜌(𝐴Θ) is non-empty, and it implies a sufficient
condition for selfadjointness of 𝐴Θ. It also provides a formula of Krein type for the
resolvent difference of 𝐴Θ and 𝐴0. In the present form the proposition is a special
case of [2, Theorem 2.8].

Proposition 2.5. Let 𝐴 be a closed, densely defined, symmetric operator in ℋ and
let {𝒢,Γ0,Γ1} be a quasi-boundary triple for 𝐴∗ with 𝐴0 = 𝐴∗ ↾ ker Γ0. Let 𝛾 be
the corresponding 𝛾-field and 𝑀 the corresponding Weyl function. Furthermore,
let Θ be a linear relation in 𝒢 and assume that (Θ − 𝑀(𝜆))−1 ∈ ℬ(𝒢) is satisfied
for some 𝜆 ∈ 𝜌(𝐴0). Then 𝜆 ∈ 𝜌(𝐴Θ) and

(𝐴Θ − 𝜆)−1 − (𝐴0 − 𝜆)−1 = 𝛾(𝜆)
(
Θ− 𝑀(𝜆)

)−1
𝛾(𝜆)∗ holds.
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In order to construct a specific quasi-boundary triple for −Δ on the half-
space ℝ𝑛+1

+ , 𝑛 ≥ 1, let us recall some basic facts on traces of functions from
Sobolev spaces. For proofs and further details see, e.g., [1, 19, 25]. We denote by
𝐻𝑠(ℝ𝑛+1

+ ) and 𝐻𝑠(ℝ𝑛) the 𝐿2-based Sobolev spaces of order 𝑠 ≥ 0 on ℝ𝑛+1
+ and

its boundary ℝ𝑛, respectively. The closure in 𝐻𝑠(ℝ𝑛+1
+ ) of the space of infinitely-

differentiable functions with a compact support is denoted by 𝐻𝑠0(ℝ
𝑛+1
+ ). The

trace map 𝐶∞
0 (ℝ𝑛+1

+ ) ∋ 𝑓 �→ 𝑓 ∣ℝ𝑛 ∈ 𝐶∞(ℝ𝑛) and the trace of the derivative

𝐶∞
0 (ℝ𝑛+1

+ ) ∋ 𝑓 �→ ∂𝜈𝑓 ∣ℝ𝑛 = − ∂𝑓
∂𝑥𝑛+1

∣∣
ℝ𝑛

∈ 𝐶∞(ℝ𝑛) in the direction of the normal
vector field pointing outwards of ℝ𝑛+1

+ extend by continuity to 𝐻𝑠(ℝ𝑛+1
+ ), 𝑠 > 3/2,

such that the mapping

𝐻𝑠(ℝ𝑛+1
+ ) ∋ 𝑓 �→

(
𝑓 ∣ℝ𝑛

∂𝜈𝑓 ∣ℝ𝑛
)

∈ 𝐻𝑠−1/2(ℝ𝑛)× 𝐻𝑠−3/2(ℝ𝑛)

is well defined and surjective onto 𝐻𝑠−1/2(ℝ𝑛)×𝐻𝑠−3/2(ℝ𝑛). Moreover, this map-
ping can be extended to the spaces

𝐻𝑠Δ(ℝ
𝑛+1
+ ) :=

{
𝑓 ∈ 𝐻𝑠(ℝ𝑛+1

+ ) : Δ𝑓 ∈ 𝐿2(ℝ𝑛+1
+ )
}
, 𝑠 ≥ 0;

cf. [14, 18, 19, 25]. We remark that for 𝑠 ≥ 2 the latter space coincides with the
usual Sobolev space 𝐻𝑠(ℝ𝑛). In contrast to the case 𝑠 ≥ 2, the mapping

𝐻𝑠Δ(ℝ
𝑛+1
+ ) ∋ 𝑓 �→

(
𝑓 ∣ℝ𝑛

∂𝜈𝑓 ∣ℝ𝑛
)

∈ 𝐻𝑠−1/2(ℝ𝑛)× 𝐻𝑠−3/2(ℝ𝑛), 𝑠 ∈ [0, 2),

is not surjective onto the product 𝐻𝑠−1/2(ℝ𝑛) × 𝐻𝑠−3/2(ℝ𝑛), but the separate
mappings

𝐻𝑠Δ(ℝ
𝑛+1
+ ) ∋ 𝑓 �→ 𝑓 ∣ℝ𝑛 ∈ 𝐻𝑠−1/2(ℝ𝑛), 𝑠 ∈ [0, 2),

and

𝐻𝑠Δ(ℝ
𝑛+1
+ ) ∋ 𝑓 �→ ∂𝜈𝑓 ∣ℝ𝑛 ∈ 𝐻𝑠−3/2(ℝ𝑛), 𝑠 ∈ [0, 2), (2.5)

are surjective onto 𝐻𝑠−1/2(ℝ𝑛) and 𝐻𝑠−3/2(ℝ𝑛), respectively.
Let us introduce the operator realizations of −Δ in 𝐿2(ℝ𝑛+1

+ ) given by

𝐴𝑓 = −Δ𝑓, dom𝐴 = 𝐻2
0 (ℝ

𝑛+1
+ ), (2.6)

and

𝑇𝑓 = −Δ𝑓, dom𝑇 = 𝐻
3/2
Δ (ℝ𝑛+1

+ ),

and the boundary mappings Γ0 and Γ1 defined by

Γ0𝑓 = ∂𝜈𝑓 ∣ℝ𝑛 , Γ1𝑓 = 𝑓 ∣ℝ𝑛 , 𝑓 ∈ dom𝑇. (2.7)

Furthermore, let us mention that the Neumann operator

𝐴N𝑓 = −Δ𝑓, dom𝐴N =
{
𝑓 ∈ 𝐻2(ℝ𝑛+1

+ ) : ∂𝜈𝑓
∣∣
ℝ𝑛

= 0
}
, (2.8)
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is selfadjoint in 𝐿2(ℝ𝑛+1
+ ) and its spectrum is given by 𝜎(𝐴N) = [0,∞); see,

e.g., [19, Chapter 9]. We prove now that the mappings Γ0 and Γ1 in (2.7) pro-
vide a quasi-boundary triple for the operator 𝐴∗ with 𝐴0 := 𝐴∗ ↾ kerΓ0 = 𝐴N.

Proposition 2.6. The operator 𝐴 in (2.6) is closed, densely defined, and symmetric,
and the triple {𝒢,Γ0,Γ1} with 𝒢 = 𝐿2(ℝ𝑛) and Γ0,Γ1 defined in (2.7) is a quasi-
boundary triple for 𝐴∗. Moreover, 𝐴∗ ↾ ker Γ0 = 𝐴N holds. For 𝜆 ∈ 𝜌(𝐴N) the
associated 𝛾-field is given by the Poisson operator

𝛾(𝜆)∂𝜈𝑓𝜆∣ℝ𝑛 = 𝑓𝜆, 𝑓𝜆 ∈ ker(𝑇 − 𝜆), (2.9)

and the associated Weyl function is given by the Neumann-to-Dirichlet map

𝑀(𝜆)∂𝜈𝑓𝜆∣ℝ𝑛 = 𝑓𝜆∣ℝ𝑛 , 𝑓𝜆 ∈ ker(𝑇 − 𝜆), (2.10)

and satisfies 𝑀(𝜆) ∈ ℬ(𝐿2(ℝ𝑛)).

Proof. We verify the conditions (a)–(c) of Proposition 2.2. The mapping

𝐻2(ℝ𝑛+1
+ ) ∋ 𝑓 �→

(
∂𝜈𝑓 ∣ℝ𝑛
𝑓 ∣ℝ𝑛

)
∈ 𝐻1/2(ℝ𝑛)× 𝐻3/2(ℝ𝑛)

is surjective, see above. Since it is a restriction of the mapping Γ =
(
Γ0
Γ1

)
, the

density of 𝐻1/2(ℝ𝑛)× 𝐻3/2(ℝ𝑛) in 𝐿2(ℝ𝑛) × 𝐿2(ℝ𝑛) yields (a). Condition (b) is
just the usual second Green identity,(−Δ𝑓, 𝑔

)− (𝑓,−Δ𝑔
)
= (𝑓 ∣ℝ𝑛 , ∂𝜈𝑔∣ℝ𝑛)− (∂𝜈𝑓 ∣ℝ𝑛 , 𝑔∣ℝ𝑛) ,

for 𝑓, 𝑔 ∈ 𝐻
3/2
Δ (ℝ𝑛+1

+ ), which can be found in, e.g., [14, Theorem 5.5]; here the

inner products in 𝐿2(ℝ𝑛+1
+ ) and in 𝐿2(ℝ𝑛) both are denoted by (⋅, ⋅). In order to

verify (c) we observe that the operator 𝑇 ↾ kerΓ0 is −Δ on the domain{
𝑓 ∈ 𝐻

3/2
Δ (ℝ𝑛+1

+ ) : ∂𝜈𝑓 ∣ℝ𝑛 = 0
}

in 𝐿2(ℝ𝑛+1
+ ), which contains the domain of the selfadjoint Neumann operator

𝐴N in (2.8). Moreover, ker Γ0 ∩ ker Γ1 = 𝐻2
0 (ℝ

𝑛+1
+ ) is dense in 𝐿2(ℝ𝑛+1

+ ). Thus

by Proposition 2.2 {𝐿2(ℝ𝑛),Γ0,Γ1} is a quasi-boundary triple for 𝐴∗ and the
statements on 𝐴 are true. In particular, 𝑇 ↾ ker Γ0 coincides with the Neumann
operator 𝐴N. The representations (2.9) and (2.10) follow immediately from (2.3)
and the definition of the boundary mappings Γ0 and Γ1. It remains to show that
𝑀(𝜆) is bounded and everywhere defined. Since by Proposition 2.4 (iii) 𝑀(𝜆) ⊂
𝑀(𝜆)∗ holds for each 𝜆 ∈ 𝜌(𝐴N) and the latter operator is closed,𝑀(𝜆) is closable.
It follows from dom𝑀(𝜆) = ranΓ0 = 𝐿2(ℝ𝑛), see (2.5), that 𝑀(𝜆) is even closed
and, hence, 𝑀(𝜆) ∈ ℬ(𝐿2(ℝ𝑛)

)
by the closed graph theorem. □

For the sake of completeness we remark that the adjoint of 𝐴 is given by

𝐴∗𝑓 = −Δ𝑓, dom𝐴∗ =
{
𝑓 ∈ 𝐿2(ℝ𝑛+1

+ ) : Δ𝑓 ∈ 𝐿2(ℝ𝑛+1
+ )
}
,

but this will not play a role in our further considerations.
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We are now able to provide some information on the operator 𝐴𝛼 in (1.1).

Theorem 2.7. Let 𝛼 ∈ 𝑊 1,∞(ℝ𝑛). Then each 𝜆 < −∥𝛼∥2∞ belongs to 𝜌(𝐴𝛼).
Moreover, 𝐴𝛼 is selfadjoint if and only if 𝛼 is real valued. In particular, in this
case 𝐴𝛼 is semibounded from below by −∥𝛼∥2∞.
Remark 2.8. We emphasize that in certain cases the estimate for the spectrum of
𝐴𝛼 given in Theorem 2.7 is very rough. For example, if 𝛼 is a real, nonpositive
function, the first Green identity implies that 𝐴𝛼 is even nonnegative.

Proof of Theorem 2.7. Let {𝐿2(ℝ𝑛),Γ0,Γ1} be the quasi-boundary triple for 𝐴∗ in
Proposition 2.6, 𝛾 the corresponding 𝛾-field, and 𝑀 the corresponding Weyl func-
tion. We verify first that with respect to the quasi-boundary triple {𝐿2(ℝ𝑛),Γ0,Γ1}
in Proposition 2.6 the operator 𝐴𝛼 admits a representation 𝐴𝛼 = 𝐴Θ in the sense
of (2.4) with

Θ =

{(
𝛼𝑓

𝑓

)
: 𝑓 ∈ 𝐿2(ℝ𝑛)

}
. (2.11)

In fact, it is obvious from the definitions that 𝐴𝛼 ⊂ 𝐴Θ holds, and it remains to
show dom𝐴Θ ⊂ 𝐻2(ℝ𝑛+1

+ ). Let 𝑓 ∈ dom𝐴Θ ⊂ dom𝑇 and 𝜂 ∈ 𝜌(𝐴N). By (2.2)
there exist 𝑓N ∈ dom𝐴N and 𝑓𝜂 ∈ ker(𝑇 −𝜂) with 𝑓 = 𝑓N+𝑓𝜂. Clearly, 𝑓N belongs

to 𝐻2(ℝ𝑛+1
+ ). Moreover, 𝑓 satisfies the boundary condition

𝛼Γ1𝑓 = Γ0𝑓 = Γ0𝑓𝜂;

in particular, ranΓ1 = 𝐻1(ℝ𝑛) and the regularity assumption on 𝛼 imply Γ0𝑓𝜂 ∈
𝐻1(ℝ𝑛) ⊂ 𝐻1/2(ℝ𝑛). Since the mapping 𝑓 �→ ∂𝜈𝑓 ∣ℝ𝑛 provides a bijection between
𝐻2(ℝ𝑛+1

+ ) ∩ ker(𝑇 − 𝜂) and 𝐻1/2(ℝ𝑛), see, e.g., [18, Section 3], it follows 𝑓𝜂 ∈
𝐻2(ℝ𝑛+1

+ ). This shows 𝑓 ∈ 𝐻2(ℝ𝑛+1
+ ) and, hence, 𝐴Θ = 𝐴𝛼.

Let 𝜆 < −∥𝛼∥2∞ be fixed. Then 𝜆 ∈ 𝜌(𝐴N) holds and by Proposition 2.5 in
order to verify 𝜆 ∈ 𝜌(𝐴𝛼) it is sufficient to show 0 ∈ 𝜌(Θ− 𝑀(𝜆)). Note first that
Θ is injective; hence we can write

(Θ− 𝑀(𝜆))
−1

= Θ−1
(
𝐼 − 𝑀(𝜆)Θ−1

)−1
, (2.12)

where the equality has first to be understood in the sense of linear relations. Since
Θ−1 = 𝛼 ∈ ℬ(𝐿2(ℝ𝑛)), we only need to show that 𝐼 − 𝑀(𝜆)Θ−1 has a bounded,
everywhere defined inverse. In fact, the Neumann-to-Dirichlet map is given by

𝑀(𝜆) = (−Δℝ𝑛 − 𝜆)−1/2,

where Δℝ𝑛 denotes the Laplacian in 𝐿2(ℝ𝑛), defined on 𝐻2(ℝ𝑛); cf., e.g., [19,
Chapter 9]. In particular, ∥𝑀(𝜆)∥ = 1/

√−𝜆 holds. This implies ∥𝑀(𝜆)Θ−1∥ < 1.
Now (2.12) yields that (Θ−𝑀(𝜆))−1 is a bounded operator, which is everywhere
defined. This implies 𝜆 ∈ 𝜌(𝐴𝛼).

It follows immediately from the Green identity that 𝐴𝛼 is symmetric if and
only if 𝛼 is real valued. In this case 𝐴𝛼 is even selfadjoint as 𝜌(𝐴𝛼)∩ℝ is nonempty.
Since we have shown that each 𝜆 < −∥𝛼∥2∞ belongs to 𝜌(𝐴𝛼), the statement on
the semiboundedness of 𝐴𝛼 follows immediately. This completes the proof. □
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3. Compactness and Schatten-von Neumann estimates for
resolvent differences of Robin Laplacians

The present section is devoted to our main results on compactness and Schatten-
von Neumann properties of the resolvent difference

(𝐴𝛼2 − 𝜆)−1 − (𝐴𝛼1 − 𝜆)−1 (3.1)

of two Robin Laplacians as in (1.1) with boundary coefficients 𝛼1 and 𝛼2 in de-
pendence of the asymptotic behavior of 𝛼2−𝛼1. Let us shortly recall the definition
of the Schatten-von Neumann classes and some of their basic properties. For more
details see [15, Chapter II and III] and [29]. Let 𝔖∞(𝒢,ℋ) denote the linear space
of all compact linear operators mapping the Hilbert space 𝒢 into the Hilbert space
ℋ. Usually the spaces 𝒢 and ℋ are clear from the context and we simply write
𝔖∞. For 𝐾 ∈ 𝔖∞ we denote by 𝑠𝑘(𝐾), 𝑘 = 1, 2, . . . , the singular values (or
𝑠-numbers) of 𝐾, i.e., the eigenvalues of the compact, selfadjoint, nonnegative op-
erator (𝐾∗𝐾)1/2, enumerated in decreasing order and counted according to their
multiplicities. Note that for a selfadjoint, nonnegative operator 𝐾 ∈ 𝔖∞ the sin-
gular values are precisely the eigenvalues of 𝐾.

Definition 3.1. An operator 𝐾 ∈ 𝔖∞ is said to belong to the Schatten-von Neu-
mann class 𝔖𝑝 of order 𝑝 > 0, if its singular values satisfy

∞∑
𝑘=1

(
𝑠𝑘(𝐾)

)𝑝
< ∞.

An operator 𝐾 is said to belong to the weak Schatten-von Neumann class 𝔖𝑝,∞
of order 𝑝 > 0, if

𝑠𝑘(𝐾) = 𝑂(𝑘−1/𝑝), 𝑘 → ∞,

holds.

Some well-known properties of the Schatten-von Neumann classes are col-
lected in the following lemma; for proofs see the above-mentioned references and [5,
Lemma 2.3].

Lemma 3.2. For 𝑝, 𝑞, 𝑟 > 0 the following assertions hold.

(i) Let 1
𝑝 +

1
𝑞 =

1
𝑟 . If 𝐾 ∈ 𝔖𝑝 and 𝐿 ∈ 𝔖𝑞, then 𝐾𝐿 ∈ 𝔖𝑟; if 𝐾 ∈ 𝔖𝑝,∞ and

𝐿 ∈ 𝔖𝑞,∞, then 𝐾𝐿 ∈ 𝔖𝑟,∞;

(ii) 𝐾 ∈ 𝔖𝑝 ⇐⇒ 𝐾∗ ∈ 𝔖𝑝 and 𝐾 ∈ 𝔖𝑝,∞ ⇐⇒ 𝐾∗ ∈ 𝔖𝑝,∞;

(iii) 𝔖𝑝 ⊂ 𝔖𝑝,∞ and 𝔖𝑝,∞ ⊂ 𝔖𝑞 for all 𝑞 > 𝑝, but 𝔖𝑝,∞ ∕⊂ 𝔖𝑝.

Let us now come to the investigation of compactness and Schatten-von Neu-
mann properties of (3.1). The condition

𝜇 ({𝑥 ∈ ℝ𝑛 : ∣𝛼(𝑥)∣ ≥ 𝜀}) < ∞ for all 𝜀 > 0 (3.2)

for 𝛼 = 𝛼2 − 𝛼1 turns out to be sufficient for the compactness of the resolvent
difference (3.1), see Theorem 3.6 below; here 𝜇 denotes the Lebesgue measure on
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ℝ𝑛. We remark that the condition (3.2) includes, e.g., the case that 𝛼 belongs to
𝐿𝑞(ℝ𝑛) for some 𝑞 ≥ 1, and the case that sup∣𝑥∣≥𝑟 ∣𝛼(𝑥)∣ → 0 as 𝑟 → ∞.

The following lemma contains the main ingredients of the proof of Theo-
rem 3.6 and Theorem 3.7 below.

Lemma 3.3. Let 𝒦 be a Hilbert space and let 𝐾 ∈ ℬ(𝒦, 𝐿2(ℝ𝑛)) be an operator
with ran𝐾 ⊂ 𝐻3/2(ℝ𝑛). Assume 𝛼 ∈ 𝐿∞(ℝ𝑛).

(i) If 𝛼 satisfies the condition (3.2), then 𝛼𝐾 ∈ 𝔖∞.
(ii) If 𝛼 has a compact support or if 𝑛 > 3 and 𝛼 ∈ 𝐿2𝑛/3(ℝ𝑛), then

𝛼𝐾 ∈ 𝔖 2𝑛
3 ,∞.

(iii) If 𝛼 ∈ 𝐿2(ℝ𝑛) and 𝑛 ≥ 3, then

𝛼𝐾 ∈ 𝔖𝑟 for all 𝑟 > 2𝑛/3.

(iv) If 𝛼 ∈ 𝐿𝑝(ℝ𝑛) for 𝑝 ≥ 2 and 𝑝 > 2𝑛
3 , then

𝛼𝐾 ∈ 𝔖𝑝.

Proof. Assume first that 𝛼 satisfies (3.2). Then there exists a sequence Ω1 ⊂
Ω2 ⊂ ⋅ ⋅ ⋅ of smooth domains of finite measure whose union is all of ℝ𝑛 such
that for each 𝑚 ∈ ℕ we have ∣𝛼(𝑥)∣ < 1

𝑚 for all 𝑥 ∈ ℝ𝑛 ∖ Ω𝑚. For each 𝑚 ∈ ℕ
let 𝜒𝑚 be the characteristic function of the set Ω𝑚. Denote by 𝑃𝑚 the canon-
ical projection from 𝐿2(ℝ𝑛) to 𝐿2(Ω𝑚) and by 𝐽𝑚 the canonical embedding of
𝐿2(Ω𝑚) into 𝐿2(ℝ𝑛). Then ran (𝑃𝑚𝜒𝑚𝐾) ⊂ 𝐻3/2(Ω𝑚) ⊂ 𝐻1(Ω𝑚) and, by em-
bedding statements, 𝑃𝑚𝜒𝑚𝐾 : 𝒦 → 𝐿2(Ω𝑚) is compact; see [12, Theorem 3.4
and Theorem 4.11] and [13, Chapter V]. Since 𝛼𝐽𝑚 is bounded, it turns out that
𝛼𝜒𝑚𝐾 = 𝛼𝐽𝑚𝑃𝑚𝜒𝑚𝐾 is compact. From the assumption (3.2) on 𝛼 it follows eas-
ily that the sequence of operators 𝛼𝜒𝑚𝐾 converges to 𝛼𝐾 in the operator-norm
topology. Thus also 𝛼𝐾 is compact, which is the assertion of item (i).

Let us assume that 𝛼 has a compact support and that Ω ⊂ ℝ𝑛 is a bounded,
smooth domain with Ω ⊃ supp𝛼. Let 𝑃 be the canonical projection in 𝐿2(ℝ𝑛)
onto 𝐿2(Ω) and let 𝐽 be the canonical embedding of 𝐿2(Ω) into 𝐿2(ℝ𝑛), and let
�̃� := 𝛼∣Ω. Since ran (𝑃𝐾) ⊂ 𝐻3/2(Ω) and Ω is a bounded, smooth domain, the
embedding operator from 𝐻3/2(Ω) into 𝐿2(Ω) is contained in the class 𝔖 2𝑛

3 ,∞,
see [23, Theorem 7.8]. It follows 𝑃𝐾 ∈ 𝔖 2𝑛

3 ,∞ as a mapping from 𝒦 into 𝐿2(Ω).

Since 𝐽�̃� is bounded, we obtain 𝛼𝐾 = 𝐽�̃�𝑃𝐾 ∈ 𝔖 2𝑛
3 ,∞.

The proofs of the remaining statements make use of spectral estimates for
the operator 𝛼𝐷 in 𝐿2(ℝ𝑛) with

𝐷 = (𝐼 −Δℝ𝑛)
−3/4 = 𝑔(−𝑖∇), 𝑔(𝑥) = (1 + ∣𝑥∣2)−3/4, 𝑥 ∈ ℝ𝑛, (3.3)

where the formal notation 𝑔(−𝑖∇) can be made precise with the help of the Fourier
transformation. We remark that 𝐷, regarded as an operator from 𝐿2(ℝ𝑛) into
𝐻3/2(ℝ𝑛), is an isometric isomorphism. Recall that a function 𝑓 is said to belong

462 V. Lotoreichik and J. Rohleder



to the weak Lebesgue space 𝐿𝑝,∞(ℝ𝑛) for some 𝑝 > 0, if the condition

sup
𝑡>0

(
𝑡𝑝𝜇
({𝑥 ∈ ℝ𝑛 : ∣𝑓(𝑥)∣ > 𝑡})) < ∞

is satisfied, where 𝜇 denotes the Lebesgue measure on ℝ𝑛. The function 𝑔 in (3.3)
belongs to 𝐿2𝑛/3,∞(ℝ𝑛). In fact, one easily verifies that the set {𝑥 ∈ ℝ𝑛 : ∣𝑔(𝑥)∣ >
𝑡} is contained in the ball of radius 𝑡−2/3 centered at the origin, and the formula
for the volume of a ball leads to the claim. Let now 𝑛 > 3 and 𝛼 ∈ 𝐿2𝑛/3(ℝ𝑛).
Then a result by M.Cwikel in [8] yields

𝛼𝐷 ∈ 𝔖 2𝑛
3 ,∞;

see also [29, Theorem 4.2]. We conclude

𝛼𝐾 = 𝛼𝐷𝐷−1𝐾 ∈ 𝔖 2𝑛
3 ,∞.

Thus we have proved (ii).
In order to show (iii) let us assume 𝛼 ∈ 𝐿2(ℝ𝑛) and 𝑛 ≥ 3. Since 𝛼 is bounded,

𝛼 ∈ 𝐿𝑝(ℝ𝑛) for each 𝑝 > 2. It is easy to check that 𝑔 in (3.3) belongs to 𝐿𝑝(ℝ𝑛)
for each 𝑝 > 2𝑛/3. The standard result [29, Theorem 4.1] and 𝛼, 𝑔 ∈ 𝐿𝑟(ℝ𝑛) for
all 𝑟 > 2𝑛/3 ≥ 2 imply

𝛼𝐷 ∈ 𝔖𝑟 for all 𝑟 > 2𝑛/3.

It follows

𝛼𝐾 = 𝛼𝐷𝐷−1𝐾 ∈ 𝔖𝑟 for all 𝑟 > 2𝑛/3,

which is the assertion of (iii).
Let now 𝛼 ∈ 𝐿𝑝(ℝ𝑛) for 𝑝 ≥ 2 and 𝑝 > 2𝑛/3. As above, 𝑔 ∈ 𝐿𝑝(ℝ𝑛) and [29,

Theorem 4.1] yields 𝛼𝐷 ∈ 𝔖𝑝. Hence, 𝛼𝐾 = 𝛼𝐷𝐷−1𝐾 ∈ 𝔖𝑝, which completes
the proof of (iv). □
Remark 3.4. The condition in Lemma 3.3 (i) can still be slightly weakened using
the optimal prerequisites on a domain Ω which imply compactness of the embed-
ding of 𝐻1(Ω) into 𝐿2(Ω); see, e.g., [13, Chapter VIII]. To avoid too inconvenient
and technical assumptions, we restrict ourselves to the above condition.

We continue with giving a factorization of the resolvent difference of two
Robin Laplacians. It is based on the formula of Krein type in Proposition 2.5 and
will be crucial for the proofs of our main results. We remark that an analogous for-
mula as below is well known for ordinary boundary triples and abstract boundary
conditions, see [10, Proof of Theorem 2].

Lemma 3.5. Let 𝛼1, 𝛼2 ∈ 𝑊 1,∞(ℝ𝑛) and let 𝐴𝛼1 , 𝐴𝛼2 be the corresponding Robin
Laplacians as in (1.1). Then

(𝐴𝛼2 − 𝜆)−1 − (𝐴𝛼1 − 𝜆)−1

= 𝛾(𝜆) (𝐼 − 𝛼1𝑀(𝜆))
−1
(𝛼2 − 𝛼1) (𝐼 − 𝑀(𝜆)𝛼2)

−1
𝛾(𝜆)∗

holds for each 𝜆 < −max{∥𝛼1∥2∞, ∥𝛼2∥2∞}, where 𝛾(𝜆) is the Poisson operator
in (2.9) and 𝑀(𝜆) is the Neumann-to-Dirichlet map in (2.10).

463Schatten-von Neumann Estimates for Resolvent Differences



Proof. Let 𝐴 be given as in (2.6) and let {𝐿2(ℝ𝑛),Γ0,Γ1} be the quasi-boundary
triple for 𝐴∗ in Proposition 2.6, so that 𝛾 is the corresponding 𝛾-field and 𝑀 is the
corresponding Weyl function. Let us fix 𝜆 as in the proposition. Then 𝜆 belongs
to 𝜌(𝐴𝛼1) ∩ 𝜌(𝐴𝛼2) by Theorem 2.7. Moreover, if Θ1 and Θ2 denote the linear
relations corresponding to 𝛼1 and 𝛼2, respectively, as in (2.11), then we have(
Θ2 − 𝑀(𝜆)

)−1 − (Θ1 − 𝑀(𝜆)
)−1

= 𝛼2

(
𝐼 − 𝑀(𝜆)𝛼2

)−1 − (𝐼 − 𝛼1𝑀(𝜆)
)−1

𝛼1

=
(
𝐼 − 𝛼1𝑀(𝜆)

)−1
((

𝐼 − 𝛼1𝑀(𝜆)
)
𝛼2 − 𝛼1

(
𝐼 − 𝑀(𝜆)𝛼2

))(
𝐼 − 𝑀(𝜆)𝛼2

)−1
,

which, together with Proposition 2.5, completes the proof. □

The following two theorems contain the main results of the present paper.
Since their proofs have similar structures, we give a joint proof below. The first of
the two main theorems states that under the condition (3.2) on 𝛼 = 𝛼2 − 𝛼1 the
resolvent difference (3.1) is compact.

Theorem 3.6. Let 𝛼1, 𝛼2 ∈ 𝑊 1,∞(ℝ𝑛), let 𝐴𝛼1 , 𝐴𝛼2 be the corresponding operators
as in (1.1), and let 𝛼 := 𝛼2 − 𝛼1 satisfy (3.2). Then

(𝐴𝛼2 − 𝜆)−1 − (𝐴𝛼1 − 𝜆)−1 ∈ 𝔖∞

holds for each 𝜆 ∈ 𝜌(𝐴𝛼1 ) ∩ 𝜌(𝐴𝛼2), and, in particular, 𝜎ess(𝐴𝛼1 ) = 𝜎ess(𝐴𝛼2).

As mentioned before, the condition (3.2) covers the case that 𝛼 belongs to
𝐿𝑝(ℝ𝑛) for an arbitrary 𝑝 > 0. For certain 𝑝, if 𝛼 ∈ 𝐿𝑝(ℝ𝑛), the result of Theo-
rem 3.6 can be improved as follows.

Theorem 3.7. Let 𝛼1, 𝛼2 ∈ 𝑊 1,∞(ℝ𝑛), let 𝐴𝛼1 , 𝐴𝛼2 be the corresponding operators
as in (1.1), and let 𝛼 := 𝛼2 − 𝛼1. Then for 𝜆 ∈ 𝜌(𝐴𝛼1) ∩ 𝜌(𝐴𝛼2) the following
assertions hold.

(i) If 𝛼 has a compact support or if 𝑛 > 3 and 𝛼 ∈ 𝐿𝑛/3(ℝ𝑛), then

(𝐴𝛼2 − 𝜆)−1 − (𝐴𝛼1 − 𝜆)−1 ∈ 𝔖𝑛
3
,∞.

(ii) If 𝛼 ∈ 𝐿1(ℝ𝑛) and 𝑛 = 3, then

(𝐴𝛼2 − 𝜆)−1 − (𝐴𝛼1 − 𝜆)−1 ∈ 𝔖𝑟 for all 𝑟 > 1.

(iii) If 𝛼 ∈ 𝐿𝑝(ℝ𝑛) for 𝑝 ≥ 1 and 𝑝 > 𝑛/3, then

(𝐴𝛼2 − 𝜆)−1 − (𝐴𝛼1 − 𝜆)−1 ∈ 𝔖𝑝.

Proof of Theorem 3.6 and Theorem 3.7. Let us fix 𝜆 < −max{∥𝛼1∥2∞, ∥𝛼2∥2∞}.
We first observe that

ran
(
(𝐼 − 𝑀(𝜆)𝛼2)

−1𝛾(𝜆)∗
) ⊂ 𝐻3/2(ℝ𝑛). (3.4)

Note first that dom𝐴N ⊂ 𝐻2(ℝ𝑛+1
+ ) and Proposition 2.4 (ii) imply ran𝛾(𝜆)∗ ⊂

𝐻3/2(ℝ𝑛). Thus, for 𝜑 ∈ ran (𝐼 − 𝑀(𝜆)𝛼2)
−1𝛾(𝜆)∗ we have 𝜑 − 𝑀(𝜆)𝛼2𝜑 ∈

𝐻3/2(ℝ𝑛), and ran𝑀(𝜆) ⊂ 𝐻1(ℝ𝑛) implies 𝜑 ∈ 𝐻1(ℝ𝑛). Since 𝛼2𝜑 belongs to
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𝐻1(ℝ𝑛), 𝑀(𝜆)𝛼2𝜑 automatically belongs to 𝐻2(ℝ𝑛); this can be seen as in the
proof of Theorem 2.7, see also [18, Section 3]. This proves (3.4). Analogously also

ran
(
(𝐼 − 𝑀(𝜆)𝛼1)

−1𝛾(𝜆)∗
) ⊂ 𝐻3/2(ℝ𝑛) (3.5)

holds. The factorization given in Lemma 3.5 can be written as

(𝐴𝛼2 − 𝜆)−1 − (𝐴𝛼1 − 𝜆)−1

= 𝛾(𝜆) (𝐼 − 𝛼1𝑀(𝜆))
−1
√

∣𝛼∣�̃�
√

∣𝛼∣ (𝐼 − 𝑀(𝜆)𝛼2)
−1

𝛾(𝜆)∗, (3.6)

where �̃�(𝑥) is given by 0 if 𝛼(𝑥) = 0 and by 𝛼(𝑥)/∣𝛼(𝑥)∣ if 𝛼(𝑥) ∕= 0.

If 𝛼 satisfies (3.2), then the same holds for 𝛼 replaced by
√∣𝛼∣. Now (3.4)

and Lemma 3.3 (i) imply√
∣𝛼∣ (𝐼 − 𝑀(𝜆)𝛼2)

−1
𝛾(𝜆)∗ ∈ 𝔖∞.

Since 𝛾(𝜆) (𝐼 − 𝛼1𝑀(𝜆))
−1√∣𝛼∣�̃� ∈ ℬ(𝐿2(ℝ𝑛)), the assertion of Theorem 3.6 fol-

lows from (3.6).

If 𝛼 has a compact support or if 𝑛 > 3 and 𝛼 belongs to 𝐿𝑛/3(ℝ𝑛), then
√∣𝛼∣

has a compact support or belongs to 𝐿2𝑛/3(ℝ𝑛), respectively; thus (3.4) and (3.5)
together with Lemma 3.3 (ii) imply√

∣𝛼∣(𝐼 − 𝑀(𝜆)𝛼2)
−1𝛾(𝜆)∗ ∈ 𝔖 2𝑛

3 ,∞ and
√

∣𝛼∣(𝐼 − 𝑀(𝜆)𝛼1)
−1𝛾(𝜆)∗ ∈ 𝔖 2𝑛

3 ,∞.

Taking the adjoint of the latter operator, Lemma (3.2) (i) and (ii) and (3.6)
yield Theorem 3.7 (i).

The proofs of Theorem 3.7 (ii) and (iii) are completely analogous; one uses
Lemma 3.3 (iii) and (iv), respectively, instead of item (ii). □

As an immediate consequence of Theorem 3.7 we obtain the following result
concerning scattering theory. Note that in the case 𝑛 < 3 and 𝛼2 − 𝛼1 ∈ 𝐿1(ℝ𝑛)
Theorem 3.7 (iii) implies that the difference (3.1) is contained in the trace class
𝔖1. Now basic statements from scattering theory yield the following corollary, see,
e.g., [24, Theorem X.4.12]; we remark that for 𝑛 = 1 this result can already be
found in [10, Section 9].

Corollary 3.8. Let 𝑛 < 3 and let 𝛼1, 𝛼2 ∈ 𝑊 1,∞(ℝ𝑛) be real valued with 𝛼2 −𝛼1 ∈
𝐿1(ℝ𝑛). Then wave operators for the pair of selfadjoint operators {𝐴𝛼1 , 𝐴𝛼2} exist
and are complete. Moreover, the absolutely continuous spectra of 𝐴𝛼1 and 𝐴𝛼2
coincide and their absolutely continuous parts are unitarily equivalent.

We would like to put some emphasis on the important special case 𝛼1 = 0,
in which 𝐴𝛼1 is the selfadjoint Neumann operator 𝐴N in (2.8). In this situation
Theorem 3.6 and Theorem 3.7 read as follows. Recall that the spectrum of 𝐴N has
the simple structure 𝜎(𝐴N) = 𝜎ess(𝐴N) = [0,∞).

Corollary 3.9. Let 𝛼 ∈ 𝑊 1,∞(ℝ𝑛) satisfy (3.2) and let 𝐴𝛼 be the operator in (1.1).
Then

(𝐴𝛼 − 𝜆)−1 − (𝐴N − 𝜆)−1 ∈ 𝔖∞
holds for each 𝜆 ∈ 𝜌(𝐴𝛼1 ) ∩ 𝜌(𝐴𝛼2), and, in particular, 𝜎ess(𝐴𝛼) = [0,∞).
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Corollary 3.10. Let 𝛼 ∈ 𝑊 1,∞(ℝ𝑛) and let 𝐴𝛼 be the operator in (1.1). Then for
𝜆 ∈ 𝜌(𝐴𝛼) ∩ 𝜌(𝐴N) the following assertions hold.

(i) If 𝛼 has a compact support or if 𝑛 > 3 and 𝛼 ∈ 𝐿𝑛/3(ℝ𝑛), then

(𝐴𝛼 − 𝜆)−1 − (𝐴N − 𝜆)−1 ∈ 𝔖𝑛
3 ,∞.

(ii) If 𝛼 ∈ 𝐿1(ℝ𝑛) and 𝑛 = 3, then

(𝐴𝛼 − 𝜆)−1 − (𝐴N − 𝜆)−1 ∈ 𝔖𝑟 for all 𝑟 > 1.

(iii) If 𝛼 ∈ 𝐿𝑝(ℝ𝑛) for 𝑝 ≥ 1 and 𝑝 > 𝑛/3, then

(𝐴𝛼 − 𝜆)−1 − (𝐴N − 𝜆)−1 ∈ 𝔖𝑝.

As a consequence of Corollary 3.9, applying [27, Proposition 5.11 (v) and (vii)]
we obtain the following statement on the absolutely continuous part of 𝐴𝛼, if 𝛼 is
real valued.

Corollary 3.11. Let 𝛼 ∈ 𝑊 1,∞(ℝ𝑛) be real valued satisfying (3.2) and let 𝐴𝛼 be
the selfadjoint operator in (1.1). Then 𝐴N and the absolutely continuous part of
𝐴𝛼 are unitarily equivalent.

We conclude our paper with an observation connected with the speed of accu-
mulation of the discrete spectrum of the operator 𝐴𝛼, where 𝛼 is a complex-valued
function subject to the condition (3.2). As Corollary 3.9 shows, the essential spec-
trum of 𝐴𝛼 in this case is given by [0,∞) and, additionally, discrete, (in general)
non-real eigenvalues may appear. The following statement combines our main re-
sult with some recent advances in the theory of non-selfadjoint perturbations of
selfadjoint operators; it is based on [22, Theorem 2.1].

Corollary 3.12. Let 𝛼 ∈ 𝑊 1,∞(ℝ𝑛) and let 𝐴𝛼 be the operator in (1.1). Then for
all 𝑎 > ∥𝛼∥2∞ the following assertions hold.

(i) If 𝛼 ∈ 𝐿𝑝(ℝ𝑛) for 𝑝 ≥ 1 and 𝑝 > 𝑛/3, then∑
𝜆∈𝜎d(𝐴𝛼)

dist
(
(𝜆+ 𝑎)−1, [0, 𝑎−1]

)𝑝
< ∞.

(ii) If 𝑛 ≥ 3 and 𝛼 ∈ 𝐿𝑛/3(ℝ𝑛), then∑
𝜆∈𝜎d(𝐴𝛼)

dist
(
(𝜆+ 𝑎)−1, [0, 𝑎−1]

)𝑛
3 +𝜀

< ∞ for all 𝜀 > 0.

Above the eigenvalues in the discrete spectrum are counted according to their alge-
braic multiplicities, and dist(⋅, ⋅) denotes the usual distance in the complex plane.

For the proof recall that the numerical range of a bounded operator 𝐴 in a
Hilbert space ℋ is defined as

Num(𝐴) := {(𝐴𝑓, 𝑓)ℋ : 𝑓 ∈ ℋ, ∥𝑓∥ℋ = 1} .

Proof. Let us assume first 𝛼 ∈ 𝐿𝑝(ℝ𝑛) for some 𝑝 ≥ 1 with 𝑝 > 𝑛/3. Clearly
−𝑎 ∈ 𝜌(𝐴N) and by Theorem 2.7 also −𝑎 ∈ 𝜌(𝐴𝛼). In view of the assumptions on
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𝛼 it follows from Corollary 3.10 (iii) that

(𝑎+𝐴𝛼)
−1 − (𝑎+𝐴N)

−1 ∈ 𝔖𝑝. (3.7)

The operator (𝑎+𝐴N)
−1 is bounded and selfadjoint and it has a purely essential

spectrum given by [0, 𝑎−1]. Since

Num
(
(𝑎+𝐴N)−1

)
= 𝜎
(
(𝑎+𝐴N)

−1
)
= [0, 𝑎−1]

and, trivially,

𝜆 ∈ 𝜎d(𝐴𝛼) ⇐⇒ (𝜆+ 𝑎)−1 ∈ 𝜎d

(
(𝑎+𝐴𝛼)

−1
)
,

the claim of (i) follows from [22, Theorem 2.1].
The proof of (ii) uses Corollary 3.10 (i) and (ii) instead of item (iii) and is

completely analogous. □
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Abstract. The paper studies the Hill–Schrödinger operators with potentials in
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ing the lengths of spectral gaps of these operators is found. The functions 𝜔
may be nonmonotonic. The space 𝐻𝜔 coincides with the Hörmander space
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1. Introduction

Let us consider the Hill–Schrödinger operators

𝑆(𝑞)𝑢 := −𝑢′′ + 𝑞(𝑥)𝑢, 𝑥 ∈ ℝ, (1)

with 1-periodic real-valued potentials

𝑞(𝑥) =
∑
𝑘∈ℤ

𝑞(𝑘)𝑒𝑖𝑘2𝜋𝑥 ∈ 𝐿2(𝕋,ℝ), 𝕋 := ℝ/ℤ.

This condition means that∑
𝑘∈ℤ

∣𝑞(𝑘)∣2 < ∞ and 𝑞(𝑘) = 𝑞(−𝑘), 𝑘 ∈ ℤ.

It is well known that the operators 𝑆(𝑞) are lower semibounded and self-
adjoint in the Hilbert space 𝐿2(ℝ). Their spectra are absolutely continuous and
have a zone structure [22].

Spectra of the operators 𝑆(𝑞) are completely defined by the location of the
endpoints of spectral gaps {𝜆0(𝑞), 𝜆

±
𝑛 (𝑞)}∞𝑛=1, which satisfy the inequalities:

−∞ < 𝜆0(𝑞) < 𝜆−1 (𝑞) ≤ 𝜆+
1 (𝑞) < 𝜆−2 (𝑞) ≤ 𝜆+

2 (𝑞) < ⋅ ⋅ ⋅ . (2)

Advances and Applications, Vol. 221, 469-479



Some gaps can degenerate, then corresponding bands merge. For even/odd num-
bers 𝑛 ∈ ℤ+ the endpoints of spectral gaps {𝜆0(𝑞), 𝜆

±
𝑛 (𝑞)}∞𝑛=1 are eigenvalues of

the periodic/semiperiodic problems on the interval (0, 1):

𝑆±(𝑞)𝑢 := −𝑢′′ + 𝑞(𝑥)𝑢 = 𝜆𝑢,

Dom(𝑆±(𝑞)) :=
{
𝑢 ∈ 𝐻2[0, 1]

∣∣∣𝑢(𝑗)(0) = ± 𝑢(𝑗)(1), 𝑗 = 0, 1
}
.

The interiors of spectral bands (stability zones)

ℬ0(𝑞) := (𝜆0(𝑞), 𝜆
−
1 (𝑞)), ℬ𝑛(𝑞) := (𝜆+

𝑛 (𝑞), 𝜆
−
𝑛+1(𝑞)), 𝑛 ∈ ℕ,

together with the collapsed gaps,

𝜆 = 𝜆−𝑛𝑖 = 𝜆+
𝑛𝑖 ,

are characterized as the set of those 𝜆 ∈ ℝ, for which all solutions of the equation

−𝑢′′ + 𝑞(𝑥)𝑢 = 𝜆𝑢 (3)

are bounded. The open spectral gaps (instability zones)

𝒢0(𝑞) := (−∞, 𝜆0(𝑞)), 𝒢𝑛(𝑞) := (𝜆−𝑛 (𝑞), 𝜆
+
𝑛 (𝑞)) ∕= ∅, 𝑛 ∈ ℕ,

form the set of those 𝜆 ∈ ℝ for which any nontrivial solution of the equation (3)
is unbounded.

We study the behaviour of the lengths of spectral gaps

𝛾𝑞(𝑛) := 𝜆+
𝑛 (𝑞)− 𝜆−𝑛 (𝑞), 𝑛 ∈ ℕ,

of the operators 𝑆(𝑞) in terms of behaviour of the Fourier coefficients {𝑞(𝑛)}𝑛∈ℕ of
the potentials 𝑞 with respect to test sequence spaces, that is in terms of potential
regularity.

Hochstadt [5, 6], Marchenko and Ostrovskii [14], McKean and Trubowitz
[12, 23] proved that the potential 𝑞(𝑥) is an infinitely differentiable function if and
only if the lengths of spectral gaps {𝛾𝑞(𝑛)}∞𝑛=1 decrease faster than an arbitrary
power of 1/𝑛:

𝑞(𝑥) ∈ 𝐶∞(𝕋,ℝ) ⇔ 𝛾𝑞(𝑛) = 𝑂(𝑛−𝑘), 𝑛 → ∞, 𝑘 ∈ ℤ+.

However, the scale of spaces
{
𝐶𝑘(𝕋,ℝ)

}
𝑘∈ℕ

turned out unusable to obtain

precise quantitative results. Marchenko and Ostrovskii [14] (see also [13]) found
that

𝑞 ∈ 𝐻𝑠(𝕋,ℝ) ⇔
∑
𝑛∈ℕ

(1 + 2𝑛)2𝑠𝛾2
𝑞 (𝑛) < ∞, 𝑠 ∈ ℤ+, (4)

where 𝐻𝑠(𝕋,ℝ), 𝑠 ∈ ℤ+, is the Sobolev space on the circle 𝕋.
Djakov and Mityagin [2], Pöschel [21] extended the Marchenko–Ostrovskii

Theorem (4) to a very general class of weights 𝜔 = {𝜔(𝑘)}𝑘∈ℕ satisfying the
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following conditions:

(i) 𝜔(𝑘) ↑ ∞, 𝑘 ∈ ℕ; (monotonicity)

(ii) 𝜔(𝑘 +𝑚) ≤ 𝜔(𝑘)𝜔(𝑚), 𝑘,𝑚 ∈ ℕ; (submultiplicity)

(iii)
log𝜔(𝑘)

𝑘
↓ 0, 𝑘 → ∞, (subexponentiality).

For such weights they proved that

𝑞 ∈ 𝐻𝜔(𝕋,ℝ) ⇔ {𝛾𝑞(⋅)} ∈ ℎ𝜔(ℕ). (5)

Here

𝐻𝜔 =

{∑
𝑘∈ℤ

𝑓 (𝑘)𝑒𝑖𝑘2𝜋𝑥 ∈ 𝐿2 (𝕋)

∣∣∣∣∣ ∑
𝑘∈ℕ

𝜔2(𝑘)∣𝑓(𝑘)∣2 < ∞, 𝑓(𝑘) = 𝑓(−𝑘), 𝑘 ∈ ℤ

}
,

and ℎ𝜔(ℕ) is the Hilbert space of weighted sequences generated by the weight 𝜔(⋅),

ℎ𝜔(ℕ) :=

{
𝑎 = {𝑎(𝑘)𝑘∈ℕ}

∣∣∣∣∣ ∑
𝑘∈ℕ

𝜔2(𝑘)∣𝑎(𝑘)∣2 < ∞
}

.

To characterize regularity of potentials in the finer way, in this paper we
apply the real function spaces 𝐻𝜔(𝕋,ℝ) where 𝜔(⋅) is a positive, in general, non-
monotonic weight. This extension is essential (see Remark 1.1). The space 𝐻𝜔 co-

incides with the Hörmander space 𝐻𝜔2 (𝕋,ℝ) with the weight function 𝜔(
√
1 + 𝜉2)

if 𝜔 ∈ OR (see Appendix A). In the case of the power weight𝐻𝜔2 (𝕋,ℝ) is a Sobolev
space.

2. Main result

As is well known, the sequence of the lengths of spectral gaps {𝛾𝑞(𝑛)}𝑛∈ℕ of the
Hill–Schrödinger operators 𝑆(𝑞) with 𝐿2(𝕋,ℝ)-potentials 𝑞 belongs to the sequence
space ℎ0

+(ℕ),

ℎ0
+(ℕ) :=

{
𝑎 = {𝑎(𝑘)}𝑘∈ℕ ∈ 𝑙2(ℕ) ∣ 𝑎(𝑘) ≥ 0, 𝑘 ∈ ℕ

}
.

Let us consider the map

𝛾 : 𝐿2(𝕋,ℝ) ∋ 𝑞 �→ {𝛾𝑞(𝑛)}𝑛∈ℕ ∈ ℎ0
+(ℕ).

Garnett and Trubowitz [4] established that for any sequence {𝛾(𝑛)}𝑛∈ℕ ∈ ℎ0
+(ℕ)

we can place the open intervals 𝐼𝑛 of the lengths 𝛾(𝑛) on the positive semi-axis
(0,∞) in a such single way that there exists a potential 𝑞 ∈ 𝐿2(𝕋,ℝ) for which
the sequence {𝛾(𝑛)}𝑛∈ℕ is a sequence of the lengths of spectral gaps of the Hill–
Schrödinger operator 𝑆(𝑞). Thus the map 𝛾 maps the space 𝐿2(𝕋,ℝ) onto the
sequence space ℎ0

+(ℕ):

𝛾(𝐿2(𝕋,ℝ)) = ℎ0
+(ℕ). (6)
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Note that Korotyaev [10] proved a more general result than (6): the mapping
𝐿2(𝕋,ℝ) ∋ 𝑞 �→ 𝑔(𝑞) = {(𝑔𝑠𝑛, 𝑔𝑐𝑛)}𝑛∈ℕ ∈ ℎ0(ℕ) ⊕ ℎ0(ℕ) is a real analytic isomor-
phism, where 𝑔𝑛 = (𝑔𝑠𝑛, 𝑔𝑐𝑛) are some spectral data such that ∣𝑔𝑛∣ = 1

2𝛾𝑞(𝑛). For
more detailed exposition of this problem see [10] and the references therein.

We use the notations:

ℎ𝜔+(ℕ) := {𝑎 = {𝑎(𝑘)}𝑘∈ℕ ∈ ℎ𝜔(ℕ) ∣ 𝑎(𝑘) ≥ 0, 𝑘 ∈ ℕ} ,

and

𝑏𝑘 ≪ 𝑎𝑘 ≪ 𝑐𝑘, 𝑘 ∈ ℕ.

It means that there exist the positive constants𝐶1 and 𝐶2 such that the inequalities

𝐶1𝑏𝑘 ≤ 𝑎𝑘 ≤ 𝐶2𝑐𝑘, 𝑘 ∈ ℕ,

hold.
The main purpose of this paper is to prove the following result.

Theorem 1. Let 𝑞 ∈ 𝐿2(𝕋,ℝ) and the weight 𝜔 = {𝜔(𝑘)}𝑘∈ℕ satisfy conditions:

𝑘𝑠 ≪ 𝜔(𝑘) ≪ 𝑘1+𝑠, 𝑠 ∈ [0,∞).

Then the map 𝛾 : 𝑞 �→ {𝛾𝑞(𝑛)}𝑛∈ℕ
satisfies the equalities:

(i) 𝛾 (𝐻𝜔(𝕋,ℝ)) = ℎ𝜔+(ℕ),

(ii) 𝛾−1
(
ℎ𝜔+(ℕ)

)
= 𝐻𝜔(𝕋,ℝ).

Theorem 1 immediately implies the following statement.

Corollary 1.1. Let for the weight 𝜔 = {𝜔(𝑘)}𝑘∈ℕ there exists the limit

lim
𝑘→∞

log𝜔(𝑘)

log 𝑘
= 𝑠 ∈ [0,∞),

called an order of the weight sequence 𝜔 = {𝜔(𝑘)}𝑘∈ℕ, and let for 𝑠 = 0 the values
of the weight 𝜔 = {𝜔(𝑘)}𝑘∈ℕ be separated from zero. Then

𝑞 ∈ 𝐻𝜔(𝕋,ℝ) ⇔ {𝛾𝑞(⋅)} ∈ ℎ𝜔(ℕ).

Let us remind that a measurable function 𝑓 > 0 satisfying the relationship

𝑓(𝜆𝑥)/𝑓(𝑥) → 𝜆𝑠, 𝑥 → ∞, (∀𝜆 > 0)

is called regular varying in Karamata’s sense of the index 𝑠. Its restriction to ℕ
we call a regular varying sequence in Karamata’s sense of the index 𝑠, for more
details see, for example, [1].

From Corollary 1.1 we obtain the following result.

Corollary 1.2 ([15]). Let the weight 𝜔 = {𝜔(𝑘)}𝑘∈ℕ be a regular varying sequence
in the Karamata sense of the index 𝑠 ∈ [0,∞), and let for 𝑠 = 0 its values be
separated from zero. Then

𝑞 ∈ 𝐻𝜔(𝕋,ℝ) ⇔ {𝛾𝑞(⋅)} ∈ ℎ𝜔(ℕ).
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Note that the assumption of Corollary 1.2 holds for instance for the weight

𝜔(𝑘) = (1 + 2𝑘)𝑠 (log(1 + 𝑘))𝑟1(log log(1 + 𝑘))𝑟2 . . . (log log . . . log(1 + 𝑘))𝑟𝑝 ,

𝑠 ∈ (0,∞), {𝑟1, . . . , 𝑟𝑝} ⊂ ℝ, 𝑝 ∈ ℕ.

The following example shows that statement (5) does not cover Corollary 1.1
and all the more Theorem 1.

Example. Let 𝑠 ∈ [0,∞). Set

𝜔(𝑘) :=

{
𝑘𝑠 log(1 + 𝑘) if 𝑘 ∈ 2ℕ;

𝑘𝑠 if 𝑘 ∈ (2ℕ− 1).

Then the weight 𝜔 = {𝜔(𝑘)}𝑘∈ℕ satisfies conditions of Corollary 1.1. But one can
prove that it is not equivalent to any monotonic weight.

Remark 1.1. Theorem 1 shows that if the sequence {∣𝑞(𝑛𝑘)∣}∞𝑘=1 decreases par-
ticularly fast on a certain subsequence {𝑛𝑘}∞𝑘=1 ⊂ ℕ, then so does sequence
{𝛾𝑞(𝑛𝑘)}∞𝑘=1 on the same subsequence. The converse statement is also true.

Remark 1.2. In the papers [9, 17, 11, 15, 3, 16] (see also the references therein)
the case of singular periodic potentials 𝑞 ∈ 𝐻−1(𝕋) was studied.

3. Preliminaries

Here we define Hilbert spaces of weighted two-sided sequences and formulate the
Convolution Lemma.

For every positive sequence 𝜔 = {𝜔(𝑘)}𝑘∈ℕ, its unique extension on ℤ exists
being a two-sided sequence satisfying the conditions:

(i) 𝜔(0) = 1; (ii) 𝜔(−𝑘) = 𝜔(𝑘), 𝑘 ∈ ℕ; (iii) 𝜔(𝑘) > 0, 𝑘 ∈ ℤ.

Let ℎ𝜔(ℤ) ≡ ℎ𝜔(ℤ,ℂ) be the Hilbert space of two-sided sequences:

ℎ𝜔(ℤ) :=

{
𝑎 = {𝑎(𝑘)}𝑘∈ℤ

∣∣∣∣∣∑
𝑘∈ℤ

𝜔2(𝑘)∣𝑎(𝑘)∣2 < ∞
}

,

(𝑎, 𝑏)ℎ𝜔(ℤ) :=
∑
𝑘∈ℤ

𝜔2(𝑘)𝑎(𝑘)𝑏(𝑘), 𝑎, 𝑏 ∈ ℎ𝜔(ℤ),

∥𝑎∥ℎ𝜔(ℤ) := (𝑎, 𝑎)
1/2
ℎ𝜔(ℤ), 𝑎 ∈ ℎ𝜔(ℤ).

For convenience we will denote by ℎ𝜔(𝑛) the 𝑛th element of a sequence 𝑎 =
{𝑎(𝑘)}𝑘∈ℤ in ℎ𝜔(ℤ).

The basic weights we apply are the power ones:

𝑤𝑠(𝑘) = (1 + 2∣𝑘∣)𝑠, 𝑠 ∈ ℝ.

In this case it is convenient to use shorter notations:

ℎ𝜔𝑠(ℤ) ≡ ℎ𝑠(ℤ), 𝑠 ∈ ℝ.
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The operation of convolution for the two-sided sequences

𝑎 = {𝑎(𝑘)}𝑘∈ℤ and 𝑏 = {𝑏(𝑘)}𝑘∈ℤ

is formally defined as follows:

(𝑎, 𝑏) �→ 𝑎 ∗ 𝑏, (𝑎 ∗ 𝑏)(𝑘) :=
∑
𝑗∈ℤ

𝑎(𝑘 − 𝑗) 𝑏(𝑗), 𝑘 ∈ ℤ.

Sufficient conditions for the convolution to exist as a continuous map are
given by the following known lemma, see for example [9, 17].

Lemma 2 (The Convolution Lemma). Let 𝑠, 𝑟 ≥ 0, and 𝑡 ≤ min(𝑠, 𝑟), 𝑡 ∈ ℝ. If
𝑠+ 𝑟 − 𝑡 > 1/2, then the convolution (𝑎, 𝑏) �→ 𝑎 ∗ 𝑏 is well defined as a continuous
map acting between the spaces:

(a) ℎ𝑠(ℤ) × ℎ𝑟(ℤ) → ℎ𝑡(ℤ); (b) ℎ−𝑡(ℤ)× ℎ𝑠(ℤ) → ℎ−𝑟(ℤ).

In the case 𝑠+ 𝑟 − 𝑡 < 1/2 this statement fails to hold.

4. The proofs

The basic point of our proof of Theorem 1 is a sharp asymptotic formula for the
lengths of spectral gaps {𝛾𝑞(𝑛)}𝑛∈ℕ of the operators 𝑆(𝑞) and the fundamental
result of [4, Theorem 1].

Lemma 3. The lengths of spectral gaps {𝛾𝑞(𝑛)}𝑛∈ℕ of the operators 𝑆(𝑞) with
𝑞 ∈ 𝐻𝑠(𝕋,ℝ), 𝑠 ∈ [0,∞), uniformly on the bounded sets of potentials 𝑞 in the
corresponding Sobolev spaces 𝐻𝑠(𝕋) for 𝑛 ≥ 𝑛0

(∥𝑞∥𝐻𝑠(𝕋)

)
satisfy the asymptotic

formula

𝛾𝑞(𝑛) = 2∣𝑞(𝑛)∣+ ℎ1+𝑠(𝑛). (7)

Proof of Lemma 3. To prove the asymptotic formula (7), we apply [8, Theorem 1.2]
and the Convolution Lemma.

Indeed, applying [8, Theorem 1.2] with 𝑞 ∈ 𝐻𝑠(𝕋,ℝ), 𝑠 ∈ [0,∞), we get∑
𝑛∈ℕ

(1 + 2𝑛)2(1+𝑠)
(
min±

∣∣∣𝛾𝑞(𝑛)± 2
√
(𝑞 + 𝜚)(−𝑛)(𝑞 + 𝜚)(𝑛)

∣∣∣)2

≤ 𝐶
(∥𝑞∥𝐻𝑠(𝕋)

)
,

(8)
where

𝜚(𝑛) :=
1

𝜋2

∑
𝑗∈ℤ∖{±𝑛}

𝑞(𝑛 − 𝑗)𝑞(𝑛+ 𝑗)

(𝑛 − 𝑗)(𝑛+ 𝑗)
.

Without losing generality we assume that

𝑞(0) = 0. (9)

Taking into account that the potentials 𝑞 are real valued we have

𝑞(𝑘) = 𝑞(−𝑘), 𝜚(𝑘) = 𝜚(−𝑘), 𝑘 ∈ ℤ.
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Therefore from inequality (8) we get the estimates

{𝛾𝑛(𝑞)− 2 ∣𝑞(𝑛) + 𝜚(𝑛)∣}𝑛∈ℕ
∈ ℎ1+𝑠(ℕ). (10)

Further, since by assumption 𝑞 ∈ 𝐻𝑠(𝕋,ℝ), that is {𝑞(𝑘)}𝑘∈ℤ ∈ ℎ𝑠(ℤ), then
taking into account assumption (9){

𝑞(𝑘)

𝑘

}
𝑘∈ℤ

∈ ℎ1+𝑠(ℤ), 𝑠 ∈ [0,∞).

Applying the Convolution Lemma we obtain

𝜚(𝑛) =
1

𝜋2

∑
𝑗∈ℤ

𝑞(𝑛 − 𝑗)𝑞(𝑛+ 𝑗)

(𝑛 − 𝑗)(𝑛+ 𝑗)
=

1

𝜋2

∑
𝑗∈ℤ

𝑞(2𝑛 − 𝑗)

2𝑛 − 𝑗
⋅ 𝑞(𝑗)

𝑗
(11)

=

({
𝑞(𝑘)

𝑘

}
𝑘∈ℤ

∗
{

𝑞(𝑘)

𝑘

}
𝑘∈ℤ

)
(2𝑛) ∈ ℎ1+𝑠(ℕ).

Finally, from (10) and (11) we get the necessary estimates (7).
The proof of Lemma 3 is complete. □

4.1. Proof of Theorem 1

Let 𝑞 ∈ 𝐿2(𝕋,ℝ) and 𝜔 = {𝜔(𝑘)}𝑘∈ℕ be a given weight satisfying the conditions
of Theorem 1:

𝑘𝑠 ≪ 𝜔(𝑘) ≪ 𝑘1+𝑠, 𝑠 ∈ [0,∞). (12)

At first, we need to prove the statement

𝑞 ∈ 𝐻𝜔(𝕋,ℝ) ⇔ {𝛾𝑞(⋅)} ∈ ℎ𝜔(ℕ). (13)

Due to the condition (12) the embeddings

𝐻1+𝑠(𝕋) ↪→ 𝐻𝜔(𝕋) ↪→ 𝐻𝑠(𝕋), (14)

ℎ1+𝑠(ℕ) ↪→ ℎ𝜔(ℕ) ↪→ ℎ𝑠(ℕ), 𝑠 ∈ [0,∞), (15)

are valid since

𝐻𝜔1(𝕋) ↪→ 𝐻𝜔2(𝕋), ℎ𝜔1(ℕ) ↪→ ℎ𝜔2(ℕ) if 𝜔1 ≫ 𝜔2. (16)

Let 𝑞 ∈ 𝐻𝜔(𝕋,ℝ), then from (14) we get 𝑞 ∈ 𝐻𝑠(𝕋,ℝ). Due to Lemma 3, we
find that

𝛾𝑞(𝑛) = 2∣𝑞(𝑛)∣+ ℎ1+𝑠(𝑛).

Applying (15) from the latter we derive

𝛾𝑞(𝑛) = 2∣𝑞(𝑛)∣+ ℎ𝜔(𝑛).

As a consequence, we obtain that {𝛾𝑞(⋅)} ∈ ℎ𝜔(ℕ).
The direct implication in statement (13) has been proved.
Let {𝛾𝑞(⋅)} ∈ ℎ𝜔(ℕ). Applying (15) we get {𝛾𝑞(⋅)} ∈ ℎ𝑠(ℕ). Further, from

(5) with 𝜔(𝑘) = (1 + 2𝑘)𝑠, 𝑠 ∈ [0,∞), we obtain 𝑞 ∈ 𝐻𝑠(𝕋,ℝ).
We have already proved the implication

𝑞 ∈ 𝐻𝑠(𝕋,ℝ) ⇒ 𝛾𝑞(𝑛) = 2∣𝑞(𝑛)∣+ ℎ𝜔(𝑛).

Hence {𝑞(⋅)} ∈ ℎ𝜔(ℕ) and 𝑞 ∈ 𝐻𝜔(𝕋,ℝ).
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The inverse implication in statement (13) has been proved. Now we are ready
to prove the statement of Theorem 1.

From statement (13) we get

𝛾 (𝐻𝜔(𝕋,ℝ)) ⊂ ℎ𝜔+(ℕ). (17)

To establish the equality (i) of Theorem 1 it is necessary to prove the inverse
inclusion to formula (17). So, let {𝛾(𝑛)}𝑛∈ℕ be an arbitrary sequence in the space
ℎ𝜔+(ℕ). Then {𝛾(𝑛)}𝑛∈ℕ ∈ ℎ0

+(ℕ). Due to [4, Theorem 1], a potential 𝑞 ∈ 𝐿2(𝕋,ℝ)
exists, such that the sequence {𝛾(𝑛)}𝑛∈ℕ ∈ ℎ0

+(ℕ) is its sequence of the lengths of
spectral gaps. Since by assumption {𝛾(𝑛)}𝑛∈ℕ ∈ ℎ𝜔+(ℕ) due to (13), we conclude
that 𝑞 ∈ 𝐻𝜔(𝕋,ℝ). Therefore the inclusion

𝛾 (𝐻𝜔(𝕋,ℝ)) ⊃ ℎ𝜔+(ℕ) (18)

holds.
Inclusions (17) and (18) give the equality (i).
Now, let us prove the equality (ii) of Theorem 1. Let {𝛾(𝑛)}𝑛∈ℕ be an ar-

bitrary sequence from the space ℎ𝜔+(ℕ) and 𝑞 ∈ 𝐿2(𝕋,ℝ) is such that 𝛾(𝑞) =
{𝛾(𝑛)}𝑛∈ℕ. Then according to (13) we have 𝑞 ∈ 𝐻𝜔(𝕋,ℝ). That is

𝛾−1
(
ℎ𝜔+(ℕ)

) ⊂ 𝐻𝜔(𝕋,ℝ). (19)

Conversely, let 𝑞 be an arbitrary function in the space 𝐻𝜔(𝕋,ℝ). Then, due
to statement (13), we have 𝛾𝑞 = {𝛾𝑞(𝑛)}𝑛∈ℕ ∈ ℎ𝜔+(ℕ). Therefore

𝛾−1
(
ℎ𝜔+(ℕ)

) ⊃ 𝐻𝜔(𝕋,ℝ). (20)

Inclusions (19) and (20) give the equality (ii) of Theorem 1.
The proof of Theorem 1 is complete.

Appendix A. Hörmander spaces on the circle

Let OR be a class of all Borel measurable functions 𝜔 : (0,∞) → (0,∞), for which
real numbers 𝑎, 𝑐 > 1 exist, such that

𝑐−1 ≤ 𝜔(𝜆𝑡)

𝜔(𝑡)
≤ 𝑐, 𝑡 ≥ 1, 𝜆 ∈ [1, 𝑎].

The space 𝐻𝜔2 (ℝ
𝑛), 𝑛 ∈ ℕ, consists of all complex-valued distributions 𝑢 ∈

𝒮 ′(ℝ𝑛) such that their Fourier transformations 𝑢 are locally Lebesgue integrable
on ℝ𝑛 and 𝜔(⟨𝜉⟩)∣𝑢(𝜉)∣ ∈ 𝐿2(ℝ𝑛) with ⟨𝜉⟩ := (1 + 𝜉2)1/2. This space is a Hilbert
space with respect to the inner product

(𝑢1, 𝑢2)𝐻𝜔
2 (ℝ𝑛) :=

∫
ℝ𝑛

𝜔2(⟨𝜉⟩)𝑢1(𝜉)𝑢2(𝜉) 𝑑𝜉.

It is a special case of the isotropic Hörmander spaces [7]. If Ω is a domain in
ℝ𝑛 with a smooth boundary, then the spaces 𝐻𝜔2 (Ω) are defined in a standard way.

Let Γ be an infinitely smooth closed oriented manifold of dimension 𝑛 ≥ 1
with density 𝑑𝑥 given on it. Let𝔇′(Γ) be a topological vector space of distributions
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on Γ dual to 𝐶∞(Γ) with respect to the extension by continuity of the inner product
in the space 𝐿2(Γ) := 𝐿2(Γ, 𝑑𝑥).

Now, let us define the Hörmander spaces on the manifold Γ. Choose a finite
atlas from the 𝐶∞-structure on Γ formed by the local charts 𝛼𝑗 : ℝ𝑛 ↔ 𝑈𝑗, 𝑗 =
1, . . . , 𝑟, where the open sets 𝑈𝑗 form a finite covering of the manifold Γ. Let
functions 𝜒𝑗 ∈ 𝐶∞(Γ), 𝑗 = 1, . . . , 𝑟, satisfying the condition supp𝜒𝑗 ⊂ 𝑈𝑗 form
a partition of unity on Γ. By definition, the linear space 𝐻𝜔2 (Γ) consists of all
distributions 𝑓 ∈ 𝔇′(Γ) such that (𝜒𝑗𝑓)∘𝛼𝑗 ∈ 𝐻𝜔2 (ℝ

𝑛) for every 𝑗, where (𝜒𝑗𝑓)∘𝛼𝑗
is a representation of the distribution 𝜒𝑗𝑓 in the local chart 𝛼𝑗 . In the space𝐻

𝜔
2 (Γ)

the inner product is defined by the formula

(𝑓1, 𝑓2)𝐻𝜔
2 (Γ) :=

𝑟∑
𝑗=1

((𝜒𝑗𝑓1) ∘ 𝛼𝑗 , (𝜒𝑗𝑓2) ∘ 𝛼𝑗)𝐻𝜔
2 (ℝ𝑛) ,

and induces the norm ∥𝑓∥𝐻𝜔
2 (Γ) := (𝑓, 𝑓)

1/2
𝐻𝜔
2 (Γ).

There exists an alternative definition of the space 𝐻𝜔2 (Γ) which shows that
this space does not depend (up to equivalence of norms) on the choice of the local
charts, the partition of unity and that it is a Hilbert space.

Let a ΨDO 𝐴 of order 𝑚 > 0 be elliptic on Γ, and let it be a positive un-

bounded operator on the space 𝐿2(Γ). For instance, we can set 𝐴 := (1− △Γ)
1/2,

where △Γ is the Beltrami–Laplace operator on the Riemannian manifold Γ. Re-
define the function 𝜔 ∈ OR on the interval 0 < 𝑡 < 1 by the equality 𝜔(𝑡) := 𝜔(1)
and introduce the norm

𝑓 �→ ∥𝜔(𝐴1/𝑚)𝑓∥𝐿2(Γ), 𝑓 ∈ 𝐶∞(Γ). (A.1)

Theorem A.1. If 𝜔 ∈ OR, then the space 𝐻𝜔2 (Γ) coincides up to the equivalence
of norms with the completion of the linear space 𝐶∞(Γ) by the norm (A.1).

Since the operator 𝐴 has a discrete spectrum, the space 𝐻𝜔2 (Γ) can be de-
scribed by means of the Fourier series. Let {𝜆𝑘}𝑘∈ℕ be a monotonically non-
decreasing, positive sequence of all eigenvalues of the operator 𝐴, enumerated
according to their multiplicity. Let {ℎ𝑘}𝑘∈ℕ be an orthonormal basis in the space
𝐿2(Γ) formed by the corresponding eigenfunctions of the operator 𝐴: 𝐴ℎ𝑘 = 𝜆𝑘ℎ𝑘.
Then for any distribution, the following expansion into the Fourier series converg-
ing in the linear space 𝔇′(Γ) holds:

𝑓 =

∞∑
𝑘=1

𝑐𝑘(𝑓)ℎ𝑘, 𝑓 ∈ 𝔇′(Γ), 𝑐𝑘(𝑓) := (𝑓, ℎ𝑘). (A.2)

Theorem A.2. The following formulae are fulfilled:

𝐻𝜔2 (Γ) =

{
𝑓 =

∞∑
𝑘=1

𝑐𝑘(𝑓)ℎ𝑘 ∈ 𝔇′(Γ)

∣∣∣∣∣
∞∑
𝑘=1

𝜔2(𝑘1/𝑛)∣𝑐𝑘(𝑓)∣2 < ∞
}

,

∥𝑓∥2𝐻𝜔
2 (Γ) ≍

∞∑
𝑘=1

𝜔2(𝑘1/𝑛)∣𝑐𝑘(𝑓)∣2.
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Note that for every distribution 𝑓 ∈ 𝐻𝜔2 (Γ), series (A.2) converges by the
norm of the space 𝐻𝜔2 (Γ). If values of the function 𝜔 are separated from zero, then
𝐻𝜔2 (Γ) ⊆ 𝐿2(Γ), and everywhere above we may replace the space 𝔇′(Γ) by the
space 𝐿2(Γ). For more details, see [18, 19] and [20].

Example. Let Γ = 𝕋. Then we choose 𝐴 =
(
1− 𝑑2/𝑑𝑥2

)1/2
, where we denote by

𝑥 the natural parametrization on 𝕋. The eigenfunctions ℎ𝑘 = 𝑒𝑖𝑘2𝜋𝑥, 𝑘 ∈ ℤ, of the
operator 𝐴 form an orthonormal basis in the space 𝐿2(𝕋). For 𝜔 ∈ OR we have

𝑓 ∈ 𝐻𝜔2 (𝕋) ⇔ 𝑓 =
∑
𝑘∈ℤ

𝑓(𝑘)𝑒𝑖𝑘2𝜋𝑥,
∑

𝑘∈ℤ∖{0}
∣𝑓(𝑘)∣2𝜔2(∣𝑘∣) < ∞.

In this case the function 𝑓 is real valued if and only if 𝑓(𝑘) = 𝑓(−𝑘), 𝑘 ∈ ℤ.
Therefore the class 𝐻𝜔 coincides with the Hörmander space 𝐻𝜔2 (𝕋,ℝ) with the

weight function 𝜔(
√
1 + 𝜉2) if 𝜔 ∈ OR.
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A Frucht Theorem for Quantum Graphs

Delio Mugnolo

Abstract. A celebrated theorem due to R. Frucht states that, roughly speak-
ing, each group is abstractly isomorphic to the symmetry group of some graph.
By “symmetry group” the group of all graph automorphisms is meant. We
provide an analogue of this result for quantum graphs, i.e., for Schrödinger
equations on a metric graph, after suitably defining the notion of symmetry.

Mathematics Subject Classification (2000). Primary 05C25; Secondary 35B06,
81Q35.

Keywords. Symmetries for evolution equations; quantum graphs; algebraic
graph theory.

1. Introduction

Beginning with the second half of the XIX century, symmetries have played an
important rôle in analysis. A key observation that paved the road to the seminal
work of Lie, Klein and Noether is the group structure typical of symmetries. Ever
since, the notion of symmetry has been very important in the theory of differential
equations, but has also appeared in further contexts eventually leading to the
typical general question:

Let Γ be a group and 𝐶 be a category. Is there an object in 𝐶 whose
group of symmetries is isomorphic to Γ?

Possibly, the earliest example of mathematical problem related to the above ques-
tion is the following, concerning the category of sets. Clearly, the notion of symme-
try is not univocal and strongly depends from the considered category. In the case
of sets, the symmetry group is by definition simply the group of all permutations
of the set’s elements.

∙ Let Γ be a group and 𝐶 be the category of sets. Is there an object of 𝐶
such that (a subgroup of) its symmetry group 𝑆𝑛 is isomorphic to Γ?

Yes, there is. Indeed, by Cayley’s theorem every group Γ is isomorphic to a
subgroup of the symmetric group on Γ (defined as the group of all bijections on Γ).
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Further examples include the following ones.

∙ Let Γ be a group and 𝐶 be the category of topological spaces. Is there an object
𝑀 of 𝐶 whose symmetry group (i.e., the group of all homeomorphisms on 𝑀)
is isomorphic to Γ?

Again, the answer is positive. Actually, such a topological space can be chosen
to be a complete, connected, locally connected, 1-dimensional metric space: this
has been proved by de Groot [9].

Symmetries also play an important rôle in graph theory. By definition, a
symmetry (or automorphism) of a graph 𝐺 is a permutation of nodes of 𝐺 that
preserves adjacency. Equivalently, a permutation is a symmetry of 𝐺 if and only
if it commutes with the adjacency matrix of 𝐺. With this definition, the following
can be formulated (here 𝐴(𝐺) denotes the group of all symmetries of a graph 𝐺).

∙ Let Γ be a finite group and 𝐶 the category of (simple) connected graphs. Is
there an object 𝐺 of 𝐶 whose symmetry group 𝐴(𝐺) is (abstractly) isomorphic
to Γ?

Yes, there is. This affirmative answer is the statement of Frucht’s classical
theorem [10] (in fact, there exist infinitely many, pairwise non-isomorphic, finite
graphs 𝐺 such that 𝐴(𝐺) ∼= Γ). This assertion has been significantly strengthened
by a later work of Sabidussi [21], who has shown that these graphs can be con-
structed to be 𝑘-regular for any 𝑘 ≥ 3, to have arbitrary connectivity, or arbitrary
chromatic number.1 We also mention the following related results.

∙ Let Γ be a finite group. Then for any 𝑘 ∈ {3, 4, 5} there exist uncountably
many, pairwise non-isomorphic, 𝑘-regular connected infinite (simple) graphs
𝐺 such that 𝐴(𝐺) ∼= Γ [15].

∙ Let Γ be an infinite group. Then there exists uncountably many, pairwise non-
isomorphic (simple) connected infinite graphs 𝐺 such that 𝐴(𝐺) ∼= Γ [9, 22].

An account of several further results related to Frucht’s theorem obtained
over the last decades can be found in [2, § 4].

Aim of this note is to discuss a question similar to the above ones with respect
to the category of quantum graphs. Quantum graphs arise as differential models
on quasi-1-dimensional quantum systems. The great attention such models have
received in the mathematical and physical communities is reflected by hundreds
of articles that have been published in the field of quantum graphs over the last
10 years. Two concise but excellent overviews on this topic have been provided
in [19, 16].

1Both Frucht and Sabidussi begin with the construction of a basic graph 𝐺 related to the Cayley
graph of the group Γ and then extend this construction to infinitely many further graphs by
suitably decorating 𝐺. However, already the basic graph 𝐺 is in general highly redundant: e.g.,
according to Frucht’s construction in [11] the 3-regular graph constructed in order to realize the

symmetric group 𝑆𝑛 has 8 ⋅ 𝑛! nodes, whereas the Petersen graph’ symmetry group is abstractly
isomorphic to 𝑆5 but the Pertersen graph has only 10 nodes.
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2. Quantum graphs

Let 𝐻 be a separable complex Hilbert space and 𝐴 a self-adjoint operator on 𝐻 .
By Stone’s theorem, the abstract Cauchy problem of Schrödinger type

𝑖𝑢′(𝑡) = 𝐴𝑢(𝑡), 𝑡 ∈ ℝ, 𝑢(0) = 𝑢0 ∈ 𝐻, (1)

is well posed and the solution 𝑢 is given by 𝑢(𝑡) := 𝑒𝑖𝑡𝐴𝑢0, where (𝑒
𝑖𝑡𝐴)𝑡∈ℝ denotes

the 𝐶0-group of unitary operators on 𝐻 generated by 𝐴.

In the following we will consider closed operators Σ : 𝐷(Σ) → 𝐻 such that

Σ𝑒𝑖𝑡𝐴𝑓 = 𝑒𝑖𝑡𝐴Σ𝑓 for all 𝑡 ∈ ℝ and 𝑓 ∈ 𝐷(Σ) (2)

In mathematical physics, a unitary operator Σ satisfying (2) is said to be a
symmetry of the system described by (1).

It has been observed in [7] that if 𝐴 is self-adjoint and dissipative (and hence
it generates both a 𝐶0-group (𝑒

𝑖𝑡𝐴)𝑡∈ℝ of unitary linear operators on 𝐻 and a 𝐶0-
semigroup (𝑒𝑡𝐴)𝑡≥0 of linear contractive operators on𝐻), then a closed subspace of
𝐻 is invariant under (𝑒𝑖𝑡𝐴)𝑡∈ℝ if and only if it is invariant under (𝑒

𝑡𝐴)𝑡≥0. Observe
that self-adjoint dissipative operators are always associated with a (symmetric,
𝐻-elliptic, continuous) sesquilinear form, cf. [18]. The following criterion holds.

Lemma 2.1. Let 𝑎 be a sesquilinear, symmetric, 𝐻-elliptic, continuous form with
dense domain 𝐷(𝑎) associated with an operator 𝐴 on 𝐻. Consider a closed operator
Σ on 𝐻. Then Σ satisfies (2) if and only if

∙ both Σ,Σ∗ leave 𝐷(𝑎) invariant and moreover
∙ for all 𝑓, 𝑔 ∈ 𝐷(𝑎)

𝑎(𝐿𝑓 +Σ∗𝑅𝑔,Σ∗Σ𝐿𝑓 − Σ∗𝑅𝑔) = 𝑎(Σ𝐿𝑓 +ΣΣ∗𝑅𝑔,Σ𝐿𝑓 − 𝑅𝑔),

where 𝐿 := (𝐼 + Σ∗Σ)−1. 𝑅 := (𝐼 + ΣΣ∗)−1 and hence 𝐼 − 𝑅 = ΣΣ∗𝑅 and
𝐼 − 𝐿 = Σ∗Σ𝐿.

We deduce as a special case the well-known characterization of unitary op-
erators that are symmetries: If Σ is unitary, then it is a symmetry of the system
described by (1) if and only if Σ𝑓 ∈ 𝐷(𝑎) and 𝑎(Σ𝑓,Σ𝑓) = 𝑎(𝑓, 𝑓) for all 𝑓 ∈ 𝐷(𝑎).

Proof. The proof of (1) is based on the observation that

Σ𝑒𝑖𝑡𝐴 = 𝑒𝑖𝑡𝐴Σ for all 𝑡 ∈ ℝ

if and only if the graph of Σ, i.e., the closed subspace

Graph(Σ) :=

{(
𝑥
Σ𝑥

)
∈ 𝐷(Σ)× 𝐻

}
is invariant under the matrix group(

𝑒𝑖𝑡𝐴 0
0 𝑒𝑖𝑡𝐴

)
, 𝑡 ∈ ℝ,
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on the Hilbert space 𝐻 × 𝐻 , or equivalently under the matrix semigroup(
𝑒𝑡𝐴 0
0 𝑒𝑡𝐴

)
, 𝑡 ≥ 0,

associated with the sesquilinear form a = 𝑎 ⊕ 𝑎 with dense domain 𝐷(a) :=
𝐷(𝑎)× 𝐷(𝑎). A classical formula due to von Neumann yields that the orthogonal
projection of 𝐻 × 𝐻 onto Graph(Σ) is given by

𝑃Graph(Σ) =

(
(𝐼 +Σ∗Σ)−1 Σ∗(𝐼 +ΣΣ∗)−1

Σ(𝐼 +Σ∗Σ)−1 𝐼 − (𝐼 +ΣΣ∗)−1

)
:=

(
𝐿 Σ∗𝑅
Σ𝐿 𝐼 − 𝑅

)
,

cf. [17, Thm. 23]. The remainder of the proof is based on a known criterion by
Ouhabaz, see [18, §2.1], stating that a closed subspace 𝑌 of a Hilbert space is
invariant under a semigroup associated with a form 𝑏 with domain 𝐷(𝑏) if and
only if

∙ the orthogonal projection 𝑃𝑌 onto 𝑌 leaves 𝐷(𝑏) invariant and
∙ 𝑏(𝑃𝑌 𝑓, 𝑓 − 𝑃𝑌 𝑓) = 0 for all 𝑓 ∈ 𝐷(𝑏).

Clearly

𝑃Graph(Σ)𝐷(a) ⊂ 𝐷(a)

if and only if each of the four entries of 𝑃Graph(Σ) leave𝐷(𝑎) invariant. In particular,
the upper-left entry leaves 𝐷(𝑎) invariant if and only if Σ∗Σ leaves 𝐷(𝑎) invariant,
but then the lower-left entry leaves 𝐷(𝑎) invariant if and only if additionally Σ
leaves 𝐷(𝑎) invariant, too. Similarly, the lower-right entry leaves 𝐷(𝑎) invariant
if and only if ΣΣ∗ leaves 𝐷(𝑎) invariant, but then the upper-right (resp., lower-
left) entry leaves 𝐷(𝑎) invariant if and only if additionally Σ∗ (resp., Σ) leaves
𝐷(𝑎) invariant, too. Since however invariance of 𝐷(𝑎) under Σ,Σ∗ already implies
invariance of 𝐷(𝑎) under ΣΣ∗,Σ∗Σ, the claim follows – the second condition is in
fact just a plain reformulation of Ouhabaz’s second condition. □

A special class of Cauchy problems is given by so-called quantum graphs.
In its easiest form (to which we restrict ourselves for the sake of simplicity), a
quantum graph 𝒢 is a pair (𝐺,𝐿), where 𝐺 = (𝑉,𝐸) is a (possibly infinite) simple
connected metric graph and 𝐿 is a Hamiltonian (i.e., a self-adjoint operator) on⊕
𝑒∈𝐸 𝐿2(𝑒). For technical reasons, edges have to be directed (in an arbitrary way

which is not further relevant for the problem) and given a metric structure. Hence,
we identify each edge 𝑒 = (𝑣, 𝑤) with the interval [0, 1] and write 𝜓(𝑣) := 𝜓(0)
and 𝜓(𝑤) := 𝜓(1) whenever we consider a function 𝜓 : (𝑣, 𝑤) ≡ [0, 1] → ℂ.

In this note, we consider for the sake of simplicity the easiest possible choice of
Hamiltonian: the second derivative. To each quantum graph is naturally associated
a system of Schrödinger type equations

𝑖
∂𝜓𝑒
∂𝑡

(𝑡, 𝑥) =
∂2𝜓𝑒
∂𝑥2

(𝑡, 𝑥), 𝑡 ∈ ℝ, 𝑥 ∈ (0, 1), 𝑒 ∈ 𝐸,

where 𝜓𝑒 : (𝑣, 𝑤) ≡ 𝑒 ≡ [0, 1] → ℂ, i.e., 𝜓 are vector-valued wavefunctions from
[0, 1] → ℓ2(𝐸). The natural operator theoretical setting of this problem includes
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the Hilbert space

𝐻 := 𝐿2(0, 1; ℓ2(𝐸)) ∼= 𝐿2(0, 1)⊗ ℓ2(𝐸) ∼=
⊕
𝑒∈𝐸

𝐿2(0, 1;ℂ)

and the Hamiltonian defined by the diagonal operator matrix

𝐿𝜓 := Δ𝜓 := diag

(
∂2𝜓𝑒
∂𝑥2

)
𝑒∈𝐸

.

Naturally, some compatibility conditions have to be satisfied in the boundary,
i.e., in the nodes of the graph. These are typically given by so-called continu-
ity/Kirchhoff coupling conditions

𝜓𝑒(𝑡, 𝑣) = 𝜓𝑓 (𝑡, 𝑣) for all 𝑡 ∈ ℝ, 𝑣 ∈ 𝑉, whenever 𝑒, 𝑓 ∼ 𝑣 (3)

(here and in the following we write 𝑒 ∼ 𝑣 if the edge 𝑒 is incident in the node 𝑣)
and moreover ∑

𝑒∼𝑣

∂𝜓𝑒
∂𝑛

(𝑡, 𝑣) = 0 for all 𝑡 ∈ ℝ, 𝑣 ∈ 𝑉.

Here ∂𝜓𝑒∂𝑛 denotes the outer normal derivative of 𝜓𝑒 at 0 or 1. Alternatively, we
may formulate the above boundary conditions by

𝜓 :=

(
𝜓(0)
𝜓(1)

)
∈ 𝑌 and 𝜓′ :=

(−𝜓′(0)
𝜓′(1)

)
∈ 𝑌 ⊥, (4)

where 𝑌 := Range 𝐼 is a closed subspace of ℓ2(𝐸) × ℓ2(𝐸). Here 𝐼 is the 𝑛 × 𝑚
(signed) incidence matrix 𝐺, and 𝐼+, 𝐼− are the matrices whose entries are the
positive and negative parts of the entries of 𝐼 and

𝐼 :=

(
(𝐼+)𝑇

(𝐼−)𝑇

)
. (5)

It can be easily shown that Δ is associated with the sesquilinear, symmetric,
𝐻-elliptic, continuous form 𝑎 defined by

𝑎(𝜓, 𝜙) :=

∫ 1

0

(𝜓′(𝑥)∣𝜙′(𝑥))ℓ2(𝐸)𝑑𝑥

with form domain

𝐷(𝑎) := {𝜓 ∈ 𝐻1(0, 1; ℓ2(𝐸)) : 𝜓 ∈ 𝑌 }.

Consistently with the general definition, a symmetry of a quantum graph 𝒢
is a unitary operator on 𝐻 that commutes with the unitary group generated by
𝑖Δ. Symmetries of 𝒢 define a group, which we denote by 𝔄(𝒢).
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3. Symmetries of quantum graphs

Following the pattern suggested in Section 1, one can address the following.

∙ Let Γ be a group and 𝐶 the category of quantum graphs. Is there an object 𝒢
of 𝐶 whose symmetry group 𝔄(𝒢) is abstractly isomorphic to 𝐺?

The above question can be easily answered in the negative. Since by linearity
of the Schrödinger equation 𝑈(1) is always abstractly isomorphic to a subgroup of
the symmetry group 𝔄(𝒢) of a quantum graph2, no finite group Γ can be abstractly
isomorphic to 𝔄(𝒢). The above isomorphy condition can be relaxed, though.

In the proof of our main theorem we will need the notion of edge symmetry of
a graph: by definition, this is a permutation of edges of 𝐺 that preserves edge adja-
cency (or equivalently, a permutation of edges that commutes with the adjacency
matrix of the line graph of 𝐺). In other words, by definition a permutation �̃� on
𝐸 is an edge symmetry if �̃�(𝑒), �̃�(𝑓) have a common endpoint whenever 𝑒, 𝑓 ∈ 𝐸
do. Edge symmetries form a group which is usually denoted by 𝐴∗(𝐺).

Now, observe that each symmetry 𝜋 ∈ 𝐴(𝐺) naturally induces an edge sym-
metry �̃� ∈ 𝐴∗(𝐺): simply define

�̃�(𝑒) := (𝜋(𝑣), 𝜋(𝑤)) whenever 𝑒 = (𝑣, 𝑤).

While clearly

𝐴′(𝐺) := {�̃� : 𝜋 ∈ 𝐴(𝐺)}
(whose elements we call induced edge symmetries) is a group, it can be strictly
smaller than 𝐴(𝐺): simply think of the graph 𝐺 defined by

for which 𝐴(𝐺) = 𝐶2×𝐶2 (independent switching of the adjacent nodes and/or of
the isolated nodes) but 𝐴′(𝐺) is trivial. However, this is an exceptional case. The
following has been proved by Sabidussi in the case of a finite group, but its proof
(see [14, Thm. 1]) carries over verbatim to the case of an infinite graph.

Lemma 3.1. Let 𝐺 be a simple graph. Then the groups 𝐴(𝐺) and 𝐴′(𝐺) are iso-
morphic provided that 𝐺 contains at most one isolated node and no isolated edge.

Hence, 𝐴(𝐺) ∼= 𝐴′(𝐺) in any connected graph with at least 3 nodes, and in
particular in any connected, 3-regular graph.

Theorem 3.2. Let Γ be a (possibly infinite) group. Then there exists a quantum
graph 𝒢 such that Γ is abstractly isomorphic to a subgroup of 𝔄(𝒢).
2While usual Schrödinger equations in ℝ3 are invariant under the Galilean transformations, this
is in general not true for quantum graphs. Indeed, a quantum graph constructed over a cycle

is invariant under space translation (that is, rotations), but this is not true in case of general
ramifications.
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Proof. To begin with, apply Frucht’s theorem or its infinite generalization and
consider some graph 𝐺 such that 𝐴(𝐺) is abstractly isomorphic to Γ: If Γ is
infinite consider an infinite connected graph yielded by the results of de Groot [9]
and Sabidussi [22], whereas if Γ is finite consider a 3-regular connected graph given
by Frucht’s theorem [11]. In any case, 𝐺 is connected and has more than 3 nodes,
hence by Lemma 3.1 𝐴(𝐺) ∼= 𝐴′(𝐺).

Now, any �̃� ∈ 𝐴′(𝐺) can be associated with a bounded linear operator Π on
𝐻 = 𝐿2(0, 1; ℓ2(𝐸)) defined by

(Π𝜓)𝑒 := 𝜓�̃�(𝑒), 𝜓 ∈ 𝐿2(𝑒), 𝑒 ∈ 𝐸. (6)

Such an operator is clearly unitary, since �̃� is a permutation, and the identifications

𝜋 �→ �̃� �→ Π

define a group

{Π ∈ ℒ(𝐻) : 𝜋 ∈ 𝐴(𝐺)} ∼= 𝐴(𝐺)

of unitary operators on 𝐻 .

It remains to prove that each such Π commutes with the unitary group
(𝑒𝑖𝑡Δ)𝑡≥0, or rather with its generator Δ. In order to apply Lemma 2.1, it suf-
fices to observe that Π is unitary and not dependent on the space variable, so that
the second condition is trivially satisfied.

Finally, observe that if 𝜓 ∈ 𝐷(𝑎), then clearly Π𝜓 ∈ 𝐻1(0, 1; ℓ2(𝐸)) and
moreover for all 𝑣 ∈ 𝑉 and all 𝑒, 𝑓 ∼ 𝑣 one has

Π𝜓𝑒(𝑣) = 𝜓�̃�(𝑒)(𝜋(𝑣)) = 𝜓�̃�(𝑓)(𝜋(𝑣)) = Π𝜓𝑓 (𝑣),

by definition of edge symmetry induced by 𝜋 and by (3). This yields invariance of
𝐷(𝑎) under Π and concludes the proof. □

Remark 3.3. In recent years, quantum systems over graphs under more general
boundary conditions have become popular. The easiest case is obtained whenever
the boundary conditions in (4) are replaced by

𝜓 ∈ 𝑌 ⊥ and 𝜓′ ∈ 𝑌, (7)

i.e., whenever a continuity condition is imposed on the normal derivatives and a
Kirchhoff one on the trace of the wavefunction. These are sometimes referred to
as anti-Kirchhoff boundary conditions or 𝛿′ coupling in the literature. Interest-
ing results are available for quantum graphs with such boundary conditions, see,
e.g., [12, 20].

Then, Theorem 3.2 also holds if instead, given a group, we look for a quantum
graph with boundary conditions (7) whose automorphism group contains a sub-
group abstractly isomorphic to 𝐴(𝐺). To see this, observe that the corresponding
Hamiltonian Δ⊥ is associated with the form 𝑎⊥ := 𝑎, but now defined on

𝐷(𝑎⊥) := {𝜓 ∈ 𝐻1(0, 1; ℓ2(𝐸)) : 𝜓 ∈ 𝑌 ⊥}.
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We have proved above that Π𝐷(𝑎) ⊂ 𝐷(𝑎). As observed in the proof of Lemma 2.1,
this is equivalent to asking that

𝑃Graph(Π)𝐷(a) ⊂ 𝐷(a),

or rather
𝑃Graph(�̃�)𝑌 ⊂ 𝑌.

In other words, the orthogonal projections 𝑃Graph(�̃�) and 𝑃𝑌 onto the closed sub-

spaces Graph(�̃�) and 𝑌 of ℓ2(𝐸) × ℓ2(𝐸) commute. But then also the orthogonal
projections 𝑃Graph(�̃�) and 𝑃𝑌 ⊥ = Id − 𝑃𝑌 onto Graph(�̃�) and 𝑌 ⊥ commute, i.e.,

Π𝐷(𝑎⊥) ⊂ 𝐷(𝑎⊥). The claim follows.

Remark 3.4. Clearly, any edge permutation �̃� induces a unitary operator Π on 𝐻
defined as in (6), but it generally ignores the adjacency structure of a graph. One
could imagine that a general edge symmetry �̃� ∈ 𝐴∗(𝐺) may then suffice in the
last part of the proof of Theorem 3.2, in order to deduce that Π is a symmetry of
𝔄(𝒢). This is tempting, because on the one hand edge symmetries seem to be more
general than induced edge symmetries (i.e., than elements of 𝐴′(𝐺)), on the other
hand they still preserve adjacency. However, general edge symmetries are not fit
for our framework, as the following example shows: the permutation �̃� ≡ (𝑒1 𝑒4)
(which is not induced by any of the two (node) symmetries) is clearly an edge
symmetry of the graph

𝑒1

𝑒2

𝑒3

𝑒4

but the induced unitary operator on 𝐻 does not preserve the boundary condi-
tions (3): in fact, both 𝑒1 and 𝑒4 are adjacent to (say) 𝑒2, but their node which is
common to 𝑒2 is different.

Is there room for a generalization of Theorem 3.2 invoking edge permutations
that are more general than those induced by (node) symmetries but less general
than edge symmetries? In the absolute majority of cases the answer is negative: a
classical result going back to Whitney (see [4, Cor. 9.5b]) states that in a connected
simple graph 𝐺 with at least three nodes the three groups 𝐴(𝐺), 𝐴′(𝐺), 𝐴∗(𝐺) are
pairwise isomorphic if and only if 𝐺 is different from each of the following graphs:
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4. Isospectral non-isomorphic graphs

“Can one hear the shape of a drum?”: this has become a popular question in
several mathematical fields, since Kac first addressed it in 1966. We conclude this
note by commenting on a simple application of the above results.

In the context of quantum graphs we do not have drums but networks (of
strings), and the corresponding question has been discussed in [6, 13]. In par-
ticular, it has been observed in [6] that there actually exist pairs of isospectral
quantum graphs (that is, isospectral Hamiltonians) constructed on graphs that
are not mutually isomorphic. This is a direct consequence of a useful description
of the spectrum of Δ obtained in [5, §6] in the case of regular graphs; and of the
well-known existence of pairs of isospectral3, non-isomorphic, connected regular
graphs, see, e.g., [8, § 6.1]4. Von Below’s result can be extended as follows.
Proposition 4.1. There exist arbitrarily long sequences of isospectral, pairwise non
isomorphic quantum graphs 𝒢1, . . . ,𝒢𝑁 whose automorphism groups 𝔄(𝒢1), . . . ,
𝔄(𝒢𝑁 ) contain subgroups that are abstractly isomorphic to arbitrary finite groups.
Proof. The main ingredient of the proof is a beautiful theorem that Babai has
obtained in [1], see also [8, § 5.4]:

Given a finite family of finite groups Γ1, . . . ,Γ𝑁 , there exist pairwise non-
isomorphic finite graphs 𝐺1, . . . , 𝐺𝑁 such that all graphs 𝐺1, . . . , 𝐺𝑁 are isospectral
and 𝐴(𝐺𝑖) is abstractly isomorphic to Γ𝑖 for all 𝑖 = 1, . . . , 𝑁 .

Carefully checking Babai’s proof shows that the graphs 𝐺1, . . . , 𝐺𝑁 can even
be taken to be 3-regular [3]. Now, in order to complete the proof it suffices to
take arbitrarily many groups Γ1, . . . ,Γ𝑁 . Then, Babai’s theorem yields pairwise
non-isomorphic, isospectral 3-regular graphs 𝐺1, . . . , 𝐺𝑁 (with 𝐴(𝐺𝑖) abstractly
isomorphic to Γ𝑖). By the above-mentioned result by von Below, isospectral regular
graphs induce isospectral quantum graphs. By the proof of Theorem 3.2, Γ𝑖 is also
abstractly isomorphic to a subgroup of 𝔄(𝒢𝑖). □
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1. Introduction

For a fixed positive integer 𝑛 ≥ 2, let 𝐵 be the open unit ball in R𝑛. Given 𝛼 > −1
and 1 ≤ 𝑝 < ∞, let 𝐿𝑝𝛼 = 𝐿𝑝(𝐵, 𝑑𝑉𝛼) denote the weighted Lebesgue spaces on 𝐵
where 𝑑𝑉𝛼 denotes the weighted measure given by

𝑑𝑉𝛼(𝑥) = (1− ∣𝑥∣2)𝛼 𝑑𝑉 (𝑥).

Here 𝑑𝑉 is the Lebesgue volume measure on 𝐵. For simplicity, we use the notation
𝑑𝑥 = 𝑑𝑉 (𝑥).

Given 𝛼 > −1 and 1 ≤ 𝑝 < ∞, the weighted harmonic Bergman space 𝑏𝑝𝛼 is
the space of all harmonic functions 𝑓 on 𝐵 such that

∥𝑓∥𝑏𝑝𝛼 :=
(∫
𝐵

∣𝑓 ∣𝑝 𝑑𝑉𝛼

)1/𝑝

< ∞.

We now recall the pseudo-hyperbolic on 𝐵. Let 𝜌 be the pseudo-hyperbolic
distance between two points 𝑥, 𝑦 ∈ 𝐵 defined by

𝜌(𝑥, 𝑦) =
∣𝑥 − 𝑦∣
[𝑥, 𝑦]

where

[𝑥, 𝑦] =
√
1− 2𝑥 ⋅ 𝑦 + ∣𝑥∣2∣𝑦∣2.
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The next theorem is our main result in this paper.

Theorem 1.1. Suppose 𝛼 > −1, 1 ≤ 𝑝 < ∞ and 𝑓 is harmonic in 𝐵. Then 𝑓 ∈ 𝑏𝑝𝛼
if and only if there exists a continuous function 𝑔 ∈ 𝐿𝑝𝛼 such that

∣𝑓(𝑥)− 𝑓(𝑦)∣ ≤ 𝜌(𝑥, 𝑦)[𝑔(𝑥) + 𝑔(𝑦)]

for all 𝑥, 𝑦 ∈ 𝐵.

In Section 2 we collect some lemmas to be used later. In Section 3 we prove
norm equivalences in terms of radial and gradient norms. In the last section, our
main theorem is proved.

Constants. In the rest of the paper we use the same letter 𝐶, often depending on
the allowed parameters, to denote various constants which may change at each
occurrence. For nonnegative quantities 𝑋 and 𝑌 , we often write 𝑋 ≲ 𝑌 if 𝑋 is
dominated by 𝑌 times some inessential positive constant. Also, we write 𝑋 ≈ 𝑌
if 𝑋 ≲ 𝑌 ≲ 𝑋 .

2. Preliminaries

For 𝑥 ∈ 𝐵 and 𝑟 ∈ (0, 1), let 𝐸𝑟(𝑥) denote the pseudo-hyperbolic ball of radius 𝑟
centered at 𝑥. A straightforward calculation shows that

𝐸𝑟(𝑥) = 𝐵

(
1− 𝑟2

1− 𝑟2∣𝑥∣2 𝑥,
1− ∣𝑥∣2
1− 𝑟2∣𝑥∣2 𝑟

)
(2.1)

where 𝐵(𝑎, 𝑡) is an Euclidean ball of radius 𝑡 centered at 𝑎.
The following lemma comes from [3].

Lemma 2.1. 𝜌 is a distance function on 𝐵.

The following two lemmas come from [2].

Lemma 2.2. The inequality

1− 𝜌(𝑥, 𝑦)

1 + 𝜌(𝑥, 𝑦)
≤ 1− ∣𝑥∣
1− ∣𝑦∣ ≤ 1 + 𝜌(𝑥, 𝑦)

1− 𝜌(𝑥, 𝑦)

holds for 𝑥, 𝑦 ∈ 𝐵.

Lemma 2.3. The inequality

1− 𝜌(𝑥, 𝑦)

1 + 𝜌(𝑥, 𝑦)
≤ [𝑥, 𝑎]

[𝑦, 𝑎]
≤ 1 + 𝜌(𝑥, 𝑦)

1− 𝜌(𝑥, 𝑦)

holds for 𝑥, 𝑦, 𝑎 ∈ 𝐵.

Lemma 2.4. Let 𝛼 > −1, 1 ≤ 𝑝 < ∞ and 𝑟 ∈ (0, 1). Then there exists a positive
constant 𝐶 = 𝐶(𝑝, 𝑟, 𝛼) such that

∣∇𝑓(𝑥)∣𝑝 ≤ 𝐶

(1 − ∣𝑥∣2)𝑛+𝛼+𝑝
∫
𝐸𝑟(𝑥)

∣𝑓 ∣𝑝 𝑑𝑉𝛼, 𝑥 ∈ 𝐵

for all function 𝑓 harmonic on 𝐵.

492 K. Nam, K. Na and E.S. Choi



Proof. Let 𝑟 ∈ (0, 1) and 𝑥 ∈ 𝐵. Taking Ω = 𝐸𝑟(𝑥) in Corollary 8.2 of [1], there
exists a constant 𝐶 = 𝐶(𝑝) > 0 such that∣∣∣∣ ∂𝑓∂𝑥𝑖

(𝑥)

∣∣∣∣𝑝 ≤ 𝐶

𝑑(𝑥, ∂𝐸𝑟(𝑥))𝑛+𝑝

∫
𝐸𝑟(𝑥)

∣𝑓 ∣𝑝 𝑑𝑉 (2.2)

where 𝑑(𝑥, ∂𝐸𝑟(𝑥)) denotes the Euclidean distance from a point 𝑥 to ∂𝐸𝑟(𝑥). Note
that from (2.1)

𝑑(𝑥, ∂𝐸𝑟(𝑥)) =
(1− ∣𝑥∣2)𝑟
1 + 𝑟∣𝑥∣ .

Thus, by Lemma 2.2 and (2.2), we have∣∣∣∣ ∂𝑓∂𝑥𝑖
(𝑥)

∣∣∣∣𝑝 ≤ 𝐶

(1− ∣𝑥∣2)𝑛+𝛼+𝑝
∫
𝐸𝑟(𝑥)

∣𝑓 ∣𝑝 𝑑𝑉𝛼

where the constant 𝐶 depends only on 𝑝, 𝑟 and 𝛼. Consequently, we obtain that

∣∇𝑓(𝑥)∣𝑝 ≤ 𝐶

(1− ∣𝑥∣2)𝑛+𝛼+𝑝
∫
𝐸𝑟(𝑥)

∣𝑓 ∣𝑝 𝑑𝑉𝛼

as desired. □

We use the notation 𝒟 for the radial differentiation defined by

𝒟𝑓(𝑥) =
𝑛∑
𝑖=1

𝑥𝑖
∂𝑓

∂𝑥𝑖
(𝑥), 𝑥 ∈ 𝐵

for functions 𝑓 ∈ 𝐶1(𝐵).

Proposition 2.5. Suppose 𝛼 > −1, 1 ≤ 𝑝 < ∞ and 𝑓 is harmonic on 𝐵. Then the
following conditions are equivalent.

(a) 𝑓 ∈ 𝑏𝑝𝛼.
(b) (1− ∣𝑥∣2)𝒟𝑓(𝑥) ∈ 𝐿𝑝𝛼.
(c) (1− ∣𝑥∣2)∣∇𝑓(𝑥)∣ ∈ 𝐿𝑝𝛼.

Proof. The implication (𝑐) =⇒ (𝑏) =⇒ (𝑎) has been proved by Theorem 5.1 of [5].
Also, see [4] for a proof. Thus we only need to prove the implication (𝑎) =⇒ (𝑐).

Assume 𝑓 ∈ 𝑏𝑝𝛼 and fix 𝑟 ∈ (0, 1). Then Lemma 2.4 and Fubini’s theorem give
us that∫

𝐵

(1− ∣𝑥∣2)𝑝∣∇𝑓(𝑥)∣𝑝 𝑑𝑉𝛼(𝑥) ≲
∫
𝐵

1

(1− ∣𝑥∣2)𝑛
∫
𝐸𝑟(𝑥)

∣𝑓(𝑦)∣𝑝 𝑑𝑉𝛼(𝑦) 𝑑𝑥

=

∫
𝐵

∣𝑓(𝑦)∣𝑝
∫
𝐵

𝜒𝐸𝑟(𝑥)(𝑦)

(1 − ∣𝑥∣2)𝑛 𝑑𝑥 𝑑𝑉𝛼(𝑦).

Here 𝜒𝐸𝑟(𝑥) denotes the characteristic function of the set 𝐸𝑟(𝑥). Using Lemma 2.2
and (2.1), we obtain∫

𝐵

𝜒𝐸𝑟(𝑥)(𝑦)

(1− ∣𝑥∣2)𝑛 𝑑𝑥 =

∫
𝐸𝑟(𝑦)

𝑑𝑥

(1 − ∣𝑥∣2)𝑛 ≈ 1 (2.3)

493Characterizations



so that ∫
𝐵

(1 − ∣𝑥∣2)𝑝∣∇𝑓(𝑥)∣𝑝 𝑑𝑉𝛼(𝑥) ≲
∫
𝐵

∣𝑓(𝑦)∣𝑝 𝑑𝑉𝛼(𝑦).

This completes the proof. □

3. Proof of the main theorem

Now we are ready to our main theorem.

We write 𝛽 for the hyperbolic distance between two points 𝑥, 𝑦 ∈ 𝐵 defined by

𝛽(𝑥, 𝑦) =
1

2
log

1 + 𝜌(𝑥, 𝑦)

1− 𝜌(𝑥, 𝑦)
.

Theorem 3.1. Suppose 𝛼 > −1, 1 ≤ 𝑝 < ∞ and 𝑓 is harmonic in 𝐵. Then the
following conditions are equivalent.

(a) 𝑓 ∈ 𝑏𝑝𝛼.
(b) There exists a continuous function 𝑔 ∈ 𝐿𝑝𝛼 such that

∣𝑓(𝑥)− 𝑓(𝑦)∣ ≤ 𝜌(𝑥, 𝑦)[𝑔(𝑥) + 𝑔(𝑦)]

for all 𝑥, 𝑦 ∈ 𝐵.
(c) There exists a continuous function 𝑔 ∈ 𝐿𝑝𝛼 such that

∣𝑓(𝑥) − 𝑓(𝑦)∣ ≤ 𝛽(𝑥, 𝑦)[𝑔(𝑥) + 𝑔(𝑦)].

for all 𝑥, 𝑦 ∈ 𝐵.
(d) There exists a continuous function 𝑔 ∈ 𝐿𝑝𝑝+𝛼 such that

∣𝑓(𝑥)− 𝑓(𝑦)∣ ≤ ∣𝑥 − 𝑦∣[𝑔(𝑥) + 𝑔(𝑦))].

for all 𝑥, 𝑦 ∈ 𝐵.

Proof. The implications (b) =⇒ (c) =⇒ (a) and (b) =⇒ (d) =⇒ (a) have been
proved in [4]. Thus we only need to prove the implication (a) =⇒ (b).

Let 𝑓 ∈ 𝑏𝑝𝛼. Fix 𝑟 ∈ (0, 1/2) and let 𝑥 ∈ 𝐸𝑟(𝑦). Then we have

∣𝑓(𝑥)− 𝑓(𝑦)∣ ≤
∫ 1

0

∣∣∣∣ 𝑑𝑑𝑡 [𝑓(𝑡(𝑥 − 𝑦) + 𝑦)]

∣∣∣∣ 𝑑𝑡
≤
∫ 1

0

∣𝑥 − 𝑦∣∣∇𝑓(𝑡(𝑥 − 𝑦) + 𝑦)∣ 𝑑𝑡. (3.1)

Since [𝑥, 𝑥] = 1− ∣𝑥∣2, Lemma 2.3 implies
∣𝑥 − 𝑦∣ ≈ 𝜌(𝑥, 𝑦)(1 − ∣𝑥∣2) ≈ 𝜌(𝑥, 𝑦)(1 − ∣𝑧∣2)

for all 𝑦, 𝑧 ∈ 𝐸𝑟(𝑥). So, letting

ℎ(𝑥) = sup
𝑧∈𝐸𝑟(𝑥)

(1− ∣𝑧∣2)∣∇𝑓(𝑧)∣,
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we have from (3.1)

∣𝑓(𝑥)− 𝑓(𝑦)∣ ≲ 𝜌(𝑥, 𝑦)ℎ(𝑥).

If 𝑥 ∈ 𝐸𝑟(𝑦)
𝑐, then

∣𝑓(𝑥)− 𝑓(𝑦)∣ ≤ 𝜌(𝑥, 𝑦)

{ ∣𝑓(𝑥)∣
𝑟

+
∣𝑓(𝑦)∣

𝑟

}
.

Let

𝑔(𝑥) =
∣𝑓(𝑥)∣

𝑟
+ ℎ(𝑥).

Then 𝑔 is continuous on 𝐵 and

∣𝑓(𝑥)− 𝑓(𝑦)∣ ≤ 𝜌(𝑥, 𝑦)[𝑔(𝑥) + 𝑔(𝑦)]

for all 𝑥, 𝑦 ∈ 𝐵.
Now, we need to show that 𝑔 ∈ 𝐿𝑝𝛼. By Lemma 2.1, 𝜌 satisfies the triangle

inequality. Thus we can see that 𝐸𝑟(𝑧) ⊂ 𝐸2𝑟(𝑥) for every 𝑧 ∈ 𝐸𝑟(𝑥). So Lemma
2.4 and Lemma 2.2 give us that

ℎ(𝑥)𝑝 ≲ sup
𝑧∈𝐸𝑟(𝑥)

1

(1− ∣𝑧∣2)𝑛+𝛼
∫
𝐸𝑟(𝑧)

∣𝑓(𝑦)∣𝑝 𝑑𝑉𝛼(𝑦)

≲ 1

(1− ∣𝑥∣2)𝑛+𝛼
∫
𝐸2𝑟(𝑥)

∣𝑓(𝑦)∣𝑝 𝑑𝑉𝛼(𝑦)

for all 𝑥 ∈ 𝐵. Consequently, we obtain by Fubini’s theorem,∫
𝐵

ℎ(𝑥)𝑝 𝑑𝑉𝛼(𝑥) ≲
∫
𝐵

1

(1 − ∣𝑥∣2)𝑛+𝛼
∫
𝐸2𝑟(𝑥)

∣𝑓(𝑦)∣𝑝 𝑑𝑉𝛼(𝑦) 𝑑𝑉𝛼(𝑥)

=

∫
𝐵

∣𝑓(𝑦)∣𝑝
∫
𝐸2𝑟(𝑦)

1

(1− ∣𝑥∣2)𝑛 𝑑𝑥 𝑑𝑉𝛼(𝑦)

≲
∫
𝐵

∣𝑓 ∣𝑝 𝑑𝑉𝛼
where the last inequality comes from (2.3).

The proof is complete. □
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Abstract. In this paper we present the explicit solution in closed analytic
form of Dirichlet and Neumann problems for the Helmholtz equation in the
non-convex and non-rectangular cone Ω0,𝛼 with 𝛼 = 4𝜋/3. Actually, these
problems are the only known cases of exterior (i.e., 𝛼 > 𝜋) wedge diffraction
problems explicitly solvable in closed analytic form with the present method.
To accomplish that, we reduce the BVPs in Ω0,𝛼 each to a pair of BVPs
with symmetry in the same cone and each BVP with symmetry to a pair
of semi-homogeneous BVPs in the convex half-cones. Since 𝛼/2 is an (odd)
integer part of 2𝜋, we obtain the explicit solution of the semi-homogeneous
BVPs for half-cones by so-called Sommerfeld potentials (resulting from special
Sommerfeld problems which are explicitly solvable).

Mathematics Subject Classification (2000). Primary 35J25; Secondary 30E25,
35J05, 45E10, 47B35, 47G30.

Keywords. Wedge diffraction problem; Helmholtz equation; boundary value
problem; half-line potential; pseudodifferential operator; Sommerfeld poten-
tial.

1. Introduction

The present work originates from diffraction theory, the time-harmonic scattering
of waves from infinite wedges in a so-called canonical formulation [15], [16], [21], [27]
where the basic problems are modeled by Dirichlet or Neumann boundary value
problems for the two-dimensional Helmholtz equation in a cone Ω with an angle
𝛼 ∈]0, 2𝜋]. With most of the existing methods the “interior problems” where 𝛼 < 𝜋
are somehow easier to tackle than the “exterior problems” where 𝜋 < 𝛼 < 2𝜋,
see for instance [12], [13], [21], [24], [27], [28]. Sometimes a structural difference
between the interior and the exterior problem (𝛼 vs. 𝜋 − 𝛼) becomes apparent
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and most interesting in what concerns the question of explicit solution, e.g., see
the case of 𝛼 = 𝜋/2 vs. 𝛼 = 3𝜋/2 in [1], [3], [4] and [17]. This observation holds
for the present boundary value problems (BVPs), as well. However, the solution
technique for the exterior problems with 𝛼 = 4𝜋/3 is surprising and absolutely
exceptional in view of the fact that it can be obtained from explicit solution of
the corresponding interior problems (𝛼 = 2𝜋/3) studied before, see [6]. The case
𝛼 = 4𝜋/3 represents the only non-convex cone (with 𝛼 ∈]𝜋, 2𝜋[) such that 𝛼/2 has
the form 𝛼/2 = 2𝜋/𝑛 with 𝑛 ∈ ℕ.

In that previous paper, we solved explicitly and analytically the following
boundary value problems. Let

Ω0,𝛼 = {(𝑥1, 𝑥2) ∈ ℝ2 : 0 < arg(𝑥1 + 𝑖𝑥2) < 𝛼}
be a convex cone with 𝛼 = 2𝜋/𝑛, 𝑛 ∈ ℕ2 = 2, 3, 4, . . ., bordered by

Γ1 = {(𝑥1, 𝑥2) ∈ ℝ2 : 𝑥1 > 0, 𝑥2 = 0},
Γ2 = {(𝑥1, 𝑥2) ∈ ℝ2 : arg(𝑥1 + 𝑖𝑥2) = 𝛼},

and the origin. We were looking for all weak solutions 𝑢 ∈ 𝐻1+𝜀(Ω0,𝛼) (𝜀 ∈ [0, 1/2[)
of the Helmholtz equation

(Δ + 𝑘2)𝑢 = 0 in Ω0,𝛼,

where the wave number 𝑘 is always complex with ℐ𝑚𝑘 > 0, briefly denoted by
𝑢 ∈ ℋ1+𝜀(Ω0,𝛼), which satisfy Dirichlet or Neumann conditions on the two half-
lines Γ1 and Γ2 bordering Ω0,𝛼, admitting the mixed type as well:

(DD) 𝑇0,Γ1𝑢 = 𝑔1 on Γ1, 𝑇0,Γ2𝑢 = 𝑔2 on Γ2 or (1.1)

(NN) 𝑇1,Γ1𝑢 = 𝑔1 on Γ1, 𝑇1,Γ2𝑢 = 𝑔2 on Γ2 or (1.2)

(DN) 𝑇0,Γ1𝑢 = 𝑔1 on Γ1, 𝑇1,Γ2𝑢 = 𝑔2 on Γ2,

respectively. Here and in what follows, 𝑇0,Γ𝑗 stand for the trace operators due to the

corresponding parts Γ𝑗 of the boundary, 𝑇1,Γ𝑗 = 𝑇0,Γ𝑗
∂
∂𝑛𝑗

, the normal derivative

𝑛𝑗 on Γ𝑗 is directed into the interior of Ω, and the boundary data 𝑔1 and 𝑔2 are

given in the corresponding trace space 𝐻1/2+𝜀(ℝ+) or 𝐻
−1/2+𝜀(ℝ+), where Γ𝑗 are

“copied onto ℝ+”. The range [0, 1/2[ of the regularity parameter 𝜀 is chosen for
convenience, see [18] and [25]. In some cases (connected with DD conditions), it
may be extended to ∣𝜀∣ < 1/2, and in some other cases (connected with mixed DN
conditions) it must be restricted to ∣𝜀∣ < 1/4 or to 𝜀 ∈ [0, 1/4[.

The extension of the results to cones Ω𝛽,𝛾 with 𝛾 − 𝛽 = 𝛼 is simply obtained
by rotation. For that purpose, consider the 𝛼-rotation ℛ𝛼 given by

𝑦 =

(
𝑦1
𝑦2

)
= ℛ𝛼 𝑥 =

(
cos𝛼 − sin𝛼
sin𝛼 cos𝛼

)(
𝑥1

𝑥2

)
.

The backward rotation is given by ℛ−1
𝛼 = ℛ−𝛼 : Ω±

𝛼 → Ω±
0 = Ω±, and we shall

denote the 𝛼-rotation operator acting on suitable functions (or distributions) by

(𝒥𝛼𝑓)(𝑥) = 𝑓(ℛ−1
𝛼 𝑥), 𝑥 ∈ ℝ2. (1.3)
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Here and in what follows, Ω±
𝛼 = ℛ𝛼Ω± = {ℛ𝛼 𝑥 : 𝑥 = (𝑥1, 𝑥2) ∈ Ω±}, where

Ω± = {(𝑥1, 𝑥2) ∈ ℝ2 : 𝑥2 ≷ 0} denotes the upper/lower half-planes, respectively.
The Dirichlet problems (DD) are uniquely solvable and well posed in corre-

sponding topologies under certain compatibility conditions for the Dirichlet data

𝑔1 − 𝑔2 ∈ �̃�1/2+𝜀(ℝ+), (1.4)

i.e., this function is extendible by zero onto the full line ℝ such that the zero
extension ℓ0(𝑔1 − 𝑔2) belongs to 𝐻1/2+𝜀(ℝ). For the study of “tilde spaces” we
refer to [5], [9], [11], [20]. The Neumann problems (NN) need a compatibility
condition

𝑔1 + 𝑔2 ∈ �̃�−1/2+𝜀(ℝ+), (1.5)

if and only if 𝜀 = 0 (as a rule, normal derivatives are directed into the interior of
Ω0,𝛼 if nothing else is said). The mixed problems (DN) are well posed without any
additional condition.

The spaces of functionals (𝑔1, 𝑔2) which satisfy the compatibility conditions
(1.4) and (1.5) will be denoted by𝐻1/2+𝜀(ℝ+)

2∼ for 𝜀 ∈ [0, 1/2[ and𝐻−1/2+𝜀(ℝ+)
2∼

(relevant for 𝜀 = 0), respectively, equipped with the norms

∥(𝑔1, 𝑔2)∥𝐻1/2+𝜀(ℝ+)2∼ = ∥𝑔1∥𝐻1/2+𝜀(ℝ+) + ∥𝑔1 − 𝑔2∥�̃�1/2+𝜀(ℝ+),

∥(𝑔1, 𝑔2)∥𝐻−1/2+𝜀(ℝ+)2∼ = ∥𝑔1∥𝐻−1/2+𝜀(ℝ+) + ∥𝑔1 + 𝑔2∥�̃�−1/2+𝜀(ℝ+).

The resolvent operators (𝑔1, 𝑔2) �→ 𝑢 ∈ ℋ1+𝜀(Ω0,𝛼) due to the DD and NN problem
were seen to be linear homeomorphisms, if 𝛼 = 2𝜋/𝑛, 𝑛 ∈ ℕ1 = 1, 2, 3, . . ., [6].

In particular cases, the solution is immediate, e.g., for 𝛼 = 𝜋, Ω0,𝛼 = Ω+

being the upper half-plane, cases DD and NN, respectively, we have the double
and simple layer potentials [11] in its simplest form [26]

𝑢(𝑥1, 𝑥2) = 𝒦𝐷,Ω+𝜄𝑔(𝑥1, 𝑥2) = ℱ−1
𝜉 8→𝑥1𝑒

−𝑡(𝜉)𝑥2𝜄𝑔(𝜉),

𝑢(𝑥1, 𝑥2) = 𝒦𝑁,Ω+𝜄𝑔(𝑥1, 𝑥2) = −ℱ−1
𝜉 8→𝑥1𝑒

−𝑡(𝜉)𝑥2𝑡−1(𝜉)𝜄𝑔(𝜉),

which are called line potentials (LIPs) with density 𝜄𝑔. Similarly, the solution of
the DD and NN problems in the lower half-plane Ω− are given, respectively, by

𝑢(𝑥1, 𝑥2) = 𝒦𝐷,Ω−𝜄𝑔(𝑥1, 𝑥2) = ℱ−1
𝜉 8→𝑥1𝑒

𝑡(𝜉)𝑥2𝜄𝑔(𝜉),

𝑢(𝑥1, 𝑥2) = 𝒦𝑁,Ω−𝜄𝑔(𝑥1, 𝑥2) = −ℱ−1
𝜉 8→𝑥1𝑒

𝑡(𝜉)𝑥2𝑡−1(𝜉)𝜄𝑔(𝜉).

Here ℱ denotes de Fourier transformation, 𝑓 = ℱ𝑓 , and 𝑡(𝜉) = (𝜉2 − 𝑘2)1/2 with
vertical branch cut from 𝑘 to −𝑘 via ∞, not crossing the real line. Considering
𝑔 = (𝑔1, 𝑔2) ∈ 𝐻𝑠(ℝ+)

2, 𝜄𝑔 is the “natural composition” of the two boundary data

𝜄𝑔(𝑥) =

{
𝑔1(𝑥), 𝑥 > 0
𝑔2(−𝑥), 𝑥 < 0

,

(where the data are given on ℝ+ as a copy of Γ𝑗), taking any value in 𝑥 = 0 if
𝑠 ∈ [0, 1/2[. For 𝑠 ∈] − 1/2, 1/2[ the formula might be replaced by 𝜄𝑔 = ℓ0𝑔1 +
𝒥 ℓ0𝑔2 (using the reflection operator 𝒥 𝑓(𝑥) = 𝑓(−𝑥), 𝑥 ∈ ℝ), i.e., by a continuous
extension of 𝜄𝑔 to negative values of 𝑠. On one hand, if (𝑔1, 𝑔2) ∈ 𝐻1/2+𝜀(ℝ+)

2
∼,
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we consider 𝜄𝑔 as a function of 𝐻1/2+𝜀(ℝ) since the value in a single point does
not matter. On the other hand, if (𝑔1, 𝑔2) ∈ 𝐻−1/2+𝜀(ℝ+)

2
∼, the functional 𝜄𝑔 ∈

𝐻−1/2+𝜀(ℝ) is understood in a distributional sense, cf. [6, Section 4], for details.
The solution of the mixed DN problem for the upper half-plane Ω+ needs

already more sophisticated methods such as the Wiener-Hopf technique but can
be presented explicitly, as well, by an analytic formula

𝑢(𝑥1, 𝑥2) = 𝒦𝐷𝑁,Ω+ (𝑔1, 𝑔2)(𝑥1, 𝑥2)

= ℱ−1
𝜉 8→𝑥1𝑒

−𝑡(𝜉)𝑥2𝑡−1/2
− (𝜉)

{
𝑃+𝑡

1/2
− ℓ̂𝑔1 − 𝑃−𝑡

−1/2
+ 𝒥 ℓ𝑔2

}
(𝜉)

= 𝒦𝐷,Ω+ 𝐴
𝑡
−1/2
−

{
𝑃+𝐴

𝑡
1/2
−

ℓ𝑔1 − 𝑃−𝐴
𝑡
−1/2
+

𝒥 ℓ𝑔2

}
(𝑥1, 𝑥2)

where 𝑡±(𝜉) = 𝜉 ± 𝑘 , 𝐴𝜙 = ℱ−1𝜙 ⋅ ℱ is referred to as a (distributional) con-
volution operator with Fourier symbol 𝜙, 𝑃± = ℓ0𝑟± are projectors in 𝐻𝜀(ℝ),
𝑃± = ℱℓ0𝑟±ℱ−1, and ℓ𝑔1, ℓ𝑔2 denote any extensions from ℝ+ to ℝ such that
ℓ𝑔1 ∈ 𝐻1/2+𝜀(ℝ) and ℓ𝑔2 ∈ 𝐻−1/2+𝜀(ℝ); the operator does not depend on the
particular choice of extension.

The method presented in [6] consists of a combination of our knowledge
about the analytical solution of Sommerfeld and rectangular wedge diffraction
problems, see [3], [4], [17] and [19], with new symmetry arguments that relate the
present to previously solved problems and yield the explicit analytical solution in
a great number of cases. For this purpose we introduce the so-called “Sommerfeld
potentials” (explicit solutions to special Sommerfeld problems) whose use turns
out to be most efficient, see Section 3. It is surprising that the case where the
angle is an integer part of 2𝜋 (where the cone is convex) can be solved completely
whilst the case of “rational” angles 𝛼 = 2𝜋𝑚/𝑛 for 𝑚 ≥ 2 appears much harder.
An exception is the rectangular exterior wedge problem (𝛼 = 3𝜋/2) which includes
the study of Hankel operators and can be solved in closed analytical form, cf. [1]
and [17].

The second exception, that will be studied in this paper, is the case of Dirich-
let and Neumann exterior wedge problems in Ω0,4𝜋/3, for which we present the
explicit solution in closed analytic form.

In order to obtain the solution of these problems we first show that the
solution of a DD or NN problem for the cone Ω0,𝛼 (𝛼 = 4𝜋/3) is given by the
sum of the solutions of two BVPs with symmetry in the same cone Ω0,𝛼 and
then show that the solution of each BVP with symmetry in Ω0,𝛼 is given by the
sum of the solutions of two semi-homogeneous BVPs for the half-cones Ω0,𝛼/2 and
Ω𝛼/2,𝛼. Since 𝛼/2 = 2𝜋/3, [6] gives us the explicit form of the solution of the
semi-homogeneous BVPs in the convex half-cones Ω0,𝛼/2 and Ω𝛼/2,𝛼, in terms of
the sum of Sommerfeld potentials, and consequently the explicit solution of the
Dirichlet and Neumann problems in Ω0,4𝜋/3. Hence the present work is a direct
extension of [6] which particularly shows the explicit formulas in the special case.

Unfortunately the mixed Dirichlet/Neumann problem (𝐷𝑁) is not reducible
in this way and needs a different method of explicit solution, so far only possible
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by series expansion, [7], and a rigorous approach based upon the treatise of BVPs
in conical Riemann surfaces that will be published elsewhere.

2. Reduction to a pair of problems in convex cones (half-angle)

Let 𝛼 = 4𝜋/3. By superposition we first reduce the 𝐷𝐷 and 𝑁𝑁 problems each to
a pair of boundary value problems with symmetry in Ω = Ω0,𝛼. As far as we know
this idea is new, at least in the present context.

Theorem 2.1. Let 𝜀 ∈]−1/2, 1/2[ and (𝑔1, 𝑔2) ∈ 𝐻1/2+𝜀(ℝ+)
2∼. Then the following

assertions are equivalent:

(i) 𝑢 ∈ ℋ1+𝜀(Ω) solves the DD problem in Ω.
(ii) 𝑢 = 𝑢𝑒 + 𝑢𝑜, 𝑢𝑒,𝑜 ∈ ℋ1+𝜀(Ω) and

(𝐷𝐷1) 𝑇0,Γ1𝑢
𝑒 = 𝑇0,Γ2𝑢

𝑒 = 𝑔𝑒 =
1

2
(𝑔1 + 𝑔2),

(𝐷𝐷2) 𝑇0,Γ1𝑢
𝑜 = −𝑇0,Γ2𝑢

𝑜 = 𝑔𝑜 =
1

2
(𝑔1 − 𝑔2).

Proof. The step from (i) to (ii) results from a decomposition of 𝑢 into the even and
the odd part with respect to the ray Γ =

{
(𝑥1, 𝑥2) ∈ ℝ2 : arg(𝑥1 + 𝑖𝑥2) = 𝛼/2

}
,

noting that the reflected function solves the Helmholtz equation, as well. The in-
verse conclusion is evident. Note that the case 𝜀 < 0 needs a separate investigation
as carried out in [6], at the end of Section 3. Roughly speaking one needs to admit
distributional solutions and to show that the involved operators have continuous
extensions. □

Figure 1 illustrates Theorem 2.1.
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Figure 1. Reduction of the DD problem for 𝑢 to DD problems for 𝑢𝑒

and for 𝑢𝑜
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Theorem 2.2. Let 𝜀 ∈ [0, 1/2[ and (𝑔1, 𝑔2) ∈ 𝐻−1/2+𝜀(ℝ+)
2
∼ (the tilde being rele-

vant only for 𝜀 = 0). Then the following assertions are equivalent:

(i) 𝑢 ∈ ℋ1+𝜀(Ω) solves the NN problem in Ω.
(ii) 𝑢 = 𝑢𝑒 + 𝑢𝑜, 𝑢𝑒,𝑜 ∈ ℋ1+𝜀(Ω) and

(𝑁𝑁1) 𝑇1,Γ1𝑢
𝑒 = 𝑇1,Γ2𝑢

𝑒 = 𝑔𝑒 =
1

2
(𝑔1 + 𝑔2),

(𝑁𝑁2) 𝑇1,Γ1𝑢
𝑜 = −𝑇1,Γ2𝑢

𝑜 = 𝑔𝑜 =
1

2
(𝑔1 − 𝑔2).

Proof. It is similar to the previous. Negative 𝜀 is avoided, see [6, Section 4]. □
Remark 2.3. The mixed Dirichlet/Neumann problem (DN) is not reducible in
this way. However, mixed Dirichlet/Neumann problems will become important
later on. We speak of equivalent (linear) problems, if they result from each other
by one-to-one substitutions in the solution and data spaces, and those are linear
homeomorphisms, cf. [2].

In a second step, we show that the BVPs considered in Theorems 2.1 and
2.2 in Ω0,𝛼 are each one equivalent to a pair of semi-homogeneous BVPs in the
convex half-cones Ω0,𝛼/2 and Ω𝛼/2,𝛼. For that purpose, consider

Γ =
{
(𝑥1, 𝑥2) ∈ ℝ2 : arg(𝑥1 + 𝑖𝑥2) =

𝛼

2

}
.

Theorem 2.4.

(i) Let 𝜀 ∈ ]− 1
4 ,

1
4

[
and 𝑔𝑒 ∈ 𝐻1/2+𝜀(ℝ+). The solution of the BVP with sym-

metry (DD1), 𝑢𝑒 ∈ ℋ1+𝜀(Ω), is given by

𝑢𝑒 =

{
𝑢𝑒1 in Ω0,𝛼/2

𝑢𝑒2 in Ω𝛼/2,𝛼
,

where 𝑢𝑒1 and 𝑢𝑒2 are, respectively, the solutions of the semi-homogeneous
BVPs
(a) 𝑇0,Γ1𝑢

𝑒
1 = 𝑔𝑒, 𝑇1,Γ𝑢

𝑒
1 = 0, with 𝑢𝑒1 ∈ ℋ1+𝜀(Ω0,𝛼/2),

(b) 𝑇1,Γ𝑢
𝑒
2 = 0, 𝑇0,Γ2𝑢

𝑒
2 = 𝑔𝑒, with 𝑢𝑒2 ∈ ℋ1+𝜀(Ω𝛼/2,𝛼).

(ii) Let 𝜀 ∈ ]− 1
2 ,

1
2

[
and 𝑔𝑜 ∈ �̃�1/2+𝜀(ℝ+). The solution of the BVP with sym-

metry (DD2), 𝑢𝑜 ∈ ℋ1+𝜀(Ω), is given by

𝑢𝑜 =

{
𝑢𝑜1 in Ω0,𝛼/2

𝑢𝑜2 in Ω𝛼/2,𝛼
,

where 𝑢𝑜1 and 𝑢𝑜2 are, respectively, the solutions of the semi-homogeneous
BVPs
(a) 𝑇0,Γ1𝑢

𝑜
1 = 𝑔𝑜, 𝑇0,Γ𝑢

𝑜
1 = 0, with 𝑢𝑜1 ∈ ℋ1+𝜀(Ω0,𝛼/2),

(b) 𝑇0,Γ𝑢
𝑜
2 = 0, 𝑇0,Γ2𝑢

𝑜
2 = −𝑔𝑜, with 𝑢𝑜2 ∈ ℋ1+𝜀(Ω𝛼/2,𝛼).

Proof. According to the boundary conditions on Γ (𝑇1,Γ𝑢
𝑒
1,2 = 0 or 𝑇0,Γ𝑢

𝑜
1,2 = 0,

respectively), the jumps of ∂𝑢/∂𝑛 and 𝑢 across Γ are zero, which means that the
functions 𝑢𝑒 and 𝑢𝑜 satisfy the Helmholtz equation throughout Γ. Finally, the
Dirichlet conditions on Γ1 and Γ2 are obviously satisfied. □
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Figures 2 and 3 illustrate Theorem 2.4.
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Figure 2. Pair of semi-homo-
geneous BVPs connected with
the DD problem for 𝑢𝑒
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Figure 3. Pair of semi-homo-
geneous BVPs connected with
the DD problem for 𝑢𝑜

Remark 2.5. In the first part of Theorem 2.4, the restriction in the regularity
parameter 𝜀 to ∣𝜀∣ < 1/4 is due to the semi-homogeneous DN and ND problems
(i) (a) and (b), respectively.

Similarly as before, we can prove the following.

Theorem 2.6. (i) Let 𝜀 ∈ [0, 1/2[ and 𝑔𝑒 ∈ �̃�−1/2+𝜀(ℝ+) (the tilde being rel-
evant only for 𝜀 = 0). The solution of the BVP with symmetry (NN1),
𝑢𝑒 ∈ ℋ1+𝜀(Ω), is given by

𝑢𝑒 =

{
𝑢𝑒1 in Ω0,𝛼/2

𝑢𝑒2 in Ω𝛼/2,𝛼
,

where 𝑢𝑒1 and 𝑢𝑒2 are, respectively, the solutions of the semi-homogeneous
BVPs
(a) 𝑇1,Γ1𝑢

𝑒
1 = 𝑔𝑒, 𝑇1,Γ𝑢

𝑒
1 = 0, with 𝑢𝑒1 ∈ ℋ1+𝜀(Ω0,𝛼/2),

(b) 𝑇1,Γ𝑢
𝑒
2 = 0, 𝑇1,Γ2𝑢

𝑒
2 = 𝑔𝑒, with 𝑢𝑒2 ∈ ℋ1+𝜀(Ω𝛼/2,𝛼).

(ii) Let 𝜀 ∈ [0, 1/4[ and 𝑔𝑜 ∈ 𝐻−1/2+𝜀(ℝ+). The solution of the BVP with sym-
metry (NN2), 𝑢𝑜 ∈ ℋ1+𝜀(Ω), is given by

𝑢𝑜 =

{
𝑢𝑜1 in Ω0,𝛼/2

𝑢𝑜2 in Ω𝛼/2,𝛼
,

where 𝑢𝑜1 and 𝑢𝑜2 are, respectively, the solutions of the semi-homogeneous
BVPs
(a) 𝑇1,Γ1𝑢

𝑜
1 = 𝑔𝑜, 𝑇0,Γ𝑢

𝑜
1 = 0, with 𝑢𝑜1 ∈ ℋ1+𝜀(Ω0,𝛼/2),

(b) 𝑇0,Γ𝑢
𝑜
2 = 0, 𝑇1,Γ2𝑢

𝑜
2 = −𝑔𝑜, with 𝑢𝑜2 ∈ ℋ1+𝜀(Ω𝛼/2,𝛼).

Figures 4 and 5 illustrate Theorem 2.6.
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Figure 4. Pair of semi-homo-
geneous BVPs connected with
the NN problem for 𝑢𝑒
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Figure 5. Pair of semi-homo-
geneous BVPs connected with
the NN problem for 𝑢𝑜

Remark 2.7. The method described in this section, relating solutions of BVPs in
a cone with solutions of BVPs in half-angled cones, works for any 𝛼 ∈]0, 2𝜋] and
even in conical Riemann surfaces [7] (with 𝛼 > 2𝜋) where it gains further interest.
Here we refined ourselves to 𝛼 = 4𝜋/3 for the sake of clarity.

3. Sommerfeld potentials

In the previous section, we proved that the BVPs with symmetry (DD1), (DD2),
(NN1) and (NN2) are equivalent to semi-homogeneous BVPs in cones with an
angle 2𝜋/3. In order to find the solution of these semi-homogeneous BVPs, we
will use the Sommerfeld potentials (SOPs) introduced in [6] according to the angle
𝛼 = 2𝜋.

The Sommerfeld potentials are the solutions of the Sommerfeld diffraction
problems in the slit-plane

ℝ2∖Σ = Ω0,2𝜋

where boundary data 𝑔1, 𝑔2 are given on the upper and lower banks Σ± of Σ =
ℝ+ × {0} (we write Γ1 = Σ+ and Γ2 = Σ− here, both copied to ℝ+ again). The
uniqueness of the Sommerfeld diffraction problem in the slit-plane with Dirichlet,
Neumann or mixed boundary conditions is well known [5], [11].

The Dirichlet problem for the Helmholtz equation in ℝ2∖Σ, provided
(𝑔1, 𝑔2) ∈ 𝐻1/2+𝜀(ℝ+)

2
∼, 𝜀 ∈ [0, 1/2[, is uniquely solved by the Sommerfeld po-

tential

𝑢 = 𝒦𝐷𝐷,ℝ2∖Σ(𝑔1, 𝑔2) =
{ 𝒦𝐷,Ω+ 𝑢+

0 in Ω+

𝒦𝐷,Ω− 𝑢−0 in Ω−

= 𝒦𝐷,Ω+ 𝑢+
0 +𝒦𝐷,Ω− 𝑢−0 ,(

𝑢+
0

𝑢−0

)
= Υ−1

𝐷

(
𝐼 0
0 Π1/2

)(
ℓ0 0
0 ℓ

)
Υ𝐷

(
𝑔1
𝑔2

)
, (3.1)
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where we used the notation

Υ𝐷 =

(
𝐼 −𝐼
𝐼 𝐼

)
,

Π𝑠 = 𝐴𝑡−𝑠
−

ℓ0𝑟+𝐴𝑡𝑠− : 𝐻𝑠+𝜀 → 𝐻𝑠+𝜀, 𝑠 ∈ ℝ, ∣𝜀∣ < 1/2

and, by convention, the two terms 𝒦𝐷,Ω±𝑢±0 are extended by zero from Ω± to
Ω0,2𝜋. The solution space consists of all𝐻

1+𝜀 functions which satisfy the Helmholtz
equation in any proper sub-cone of Ω0,2𝜋 and can be written as

ℋ1+𝜀(ℝ2∖Σ) =
{
𝑢 ∈ 𝐿2(ℝ2) : 𝑢∣Ω± ∈ 𝐻1+𝜀(Ω±), (Δ + 𝑘2)𝑢 = 0 in Ω+ ∪ Ω−,

𝑢+
0 − 𝑢−0 ∈ 𝐻

1/2+𝜀
+ , 𝑢+

1 − 𝑢−1 ∈ 𝐻
−1/2+𝜀
+

}
.

The two differences in the last line of the formula denote the jumps of the traces
𝑢+
0 −𝑢−0 = 𝑢(𝑥1, 0+0)−𝑢(𝑥1, 0−0) or of the 𝑥2-derivatives of 𝑢, namely 𝑢+

1 −𝑢−1 =
∂𝑢
∂𝑥2

(𝑥1, 0 + 0) − ∂𝑢
∂𝑥2

(𝑥1, 0 − 0), respectively, across the line 𝑥2 = 0. We use the

notation 𝐻𝑠± =
{
𝑓 ∈ 𝐻𝑠(ℝ) : supp 𝑓 ⊂ ℝ±

}
[8].

As for the rotated slit-planes ℝ2∖Σ𝛼 = Ω𝛼,𝛼+2𝜋, where Σ𝛼 = ℛ𝛼Σ and 𝛼 ∈ ℝ,
the Dirichlet problem for the Helmholtz equation in ℝ2∖Σ𝛼, provided (𝑔1, 𝑔2) ∈
𝐻1/2+𝜀(ℝ+)

2
∼, 𝜀 ∈ [0, 1/2[, is uniquely solved by the Sommerfeld potential

𝑢 = 𝒥𝛼 𝒦𝐷𝐷,ℝ2∖Σ(𝑔1, 𝑔2) = 𝒦𝐷𝐷,ℝ2∖Σ𝛼
(𝑔1, 𝑔2) =

{ 𝒦𝐷,Ω+
𝛼

𝑢+
0 in Ω+

𝛼

𝒦𝐷,Ω−
𝛼

𝑢−0 in Ω−
𝛼

,

where 𝑢±0 are given by (3.1). In this case, the solution space is defined by

ℋ1+𝜀(ℝ2∖Σ𝛼) = 𝒥𝛼ℋ1+𝜀(ℝ2∖Σ).
The Neumann problem for the Helmholtz equation in ℝ2∖Σ𝛼, with (𝑔1, 𝑔2) ∈

𝐻−1/2+𝜀(ℝ+)
2
∼ (in case 𝜀 = 0 only, superfluous for 𝜀 ∈]0, 1/2[), is uniquely solved

by the Sommerfeld potential

𝑢 = 𝒦𝑁𝑁,ℝ2∖Σ𝛼
(𝑔1, 𝑔2) =

{ 𝒦𝑁,Ω+
𝛼

𝑢+
1 in Ω+

𝛼

𝒦𝑁,Ω−
𝛼

𝑢−1 in Ω−
𝛼

,

(
𝑢+
1

𝑢−1

)
= Υ−1

𝑁

(
𝐼 0
0 Π−1/2

)(
ℓ0 0
0 ℓ

)
Υ𝑁

(
𝑔1

−𝑔2

)
,

Υ𝑁 =

(
𝐼 𝐼
𝐼 −𝐼

)
.

Note that in some publications (such as [19]) the normal derivative was taken
in the positive 𝑥2-direction in both banks Σ± of the screen Σ = ∂Ω (i.e., the
interior derivative 𝑔2 on the lower bank has here to be replaced by −𝑔2 in the
cited formulas, such that 𝑔1 + 𝑔2 = 𝑟+(𝑢

+
1 − 𝑢−1 ) satisfies (1.5) with identification

of Σ and ℝ+).
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Finally, the solution of the mixed Dirichlet/Neumann problem for the Helm-
holtz equation in ℝ2∖Σ, provided (𝑔1, 𝑔2) ∈ 𝐻1/2+𝜀(ℝ+) × 𝐻−1/2+𝜀(ℝ+), 𝜀 ∈
]−1/2, 1/2[, (considered by Meister in 1977, [14]) was given by a celebrated matrix
factorization due to Rawlins in 1981, [22], see also [10], [15], [23], and its operator
theoretical interpretation [19]:

𝑢 = 𝒦𝐷𝑁,ℝ2∖Σ(𝑔1, 𝑔2) =
{ 𝒦𝐷,Ω+𝑢+

0 in Ω+

𝒦𝑁,Ω−𝑢−1 in Ω−

= 𝒦𝐷,Ω+ 𝑢+
0 +𝒦𝑁,Ω− 𝑢−1 ,(

𝑢+
0

𝑢−1

)
= 𝒜𝑊−1

𝐷𝑁

(
𝑔1
𝑔2

)
,

𝑊−1
𝐷𝑁 = (𝑟+𝒜)−1

= 𝒜−1
+ ℓ0𝑟+𝒜−1

− ℓ,

𝒜 = ℱ−1

(
1 −𝑡−1

−𝑡 −1
)

ℱ = 𝒜− 𝒜+

= − 1√
4𝑘

ℱ−1

(−𝑡+− 𝑡−1𝑡−−
−𝑡−− −𝑡+−

)(
𝑡++ −𝑡−1𝑡−+

𝑡−+ 𝑡++

)
ℱ ,

where 𝑡±±(𝜉) =
(√

2𝑘 ± √
𝑘 ± 𝜉

)1/2
and the first/second index corresponds to the

first/second sign, respectively. In some papers the factors are written in terms of√
𝜉 − 𝑘 instead of

√
𝑘 − 𝜉 and one has to substitute

√
𝑘 − 𝜉 = 𝑖

√
𝜉 − 𝑘,

√
𝑘2 − 𝜉2 =

𝑖
√

𝜉2 − 𝑘2, due to the vertical branch cut from 𝑘 to ∞ in the upper half-plane and
from ∞ to −𝑘 in the lower half-plane.

Analogously, the mixed Dirichlet/Neumann problem for the Helmholtz equa-
tion in ℝ2∖Σ𝛼, provided (𝑔1, 𝑔2) ∈ 𝐻1/2+𝜀(ℝ+) × 𝐻−1/2+𝜀(ℝ+), 𝜀 ∈] − 1/2, 1/2[,
is uniquely solved by the Sommerfeld potential

𝑢 = 𝒥𝛼 𝒦𝐷𝑁,ℝ2∖Σ (𝑔1, 𝑔2).

Additionally, for the same boundary data 𝑔1, 𝑔2 given on the upper and lower
banks Σ±

𝛼 , we obtain by reflection the solution of the mixed Neumann/Dirichlet
problem for the Helmholtz equation in ℝ2∖Σ𝛼,

𝑢 = 𝒦𝑁𝐷,ℝ2∖Σ𝛼
(𝑔2, 𝑔1) = 𝑅𝒦𝐷𝑁,ℝ2∖Σ𝛼

(𝑔1, 𝑔2),

where the two conditions on Σ±
𝛼 are exchanged and 𝑅 is the reflection operator in

𝑥2-direction given by

𝑅𝑓(𝑥1, 𝑥2) = 𝑓(𝑥1,−𝑥2), (𝑥1, 𝑥2) ∈ ℝ2. (3.2)
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4. Solution of the reduced semi-homogeneous BVPs

Firstly we present the solutions of the semi-homogeneous BVPs in the convex cone
Ω0,𝛼/2 considered in Theorems 2.4 and 2.6.

Proposition 4.1.

(i) Let 𝜀∈]− 1
2 ,

1
2

[
. The solution of the semi-homogeneous problem 𝒫(𝐷𝐷,Ω0,𝛼/2)

𝑇0,Γ1𝑢
𝑜
1 = 𝑔𝑜, 𝑇0,Γ𝑢

𝑜
1 = 0 with 𝑔𝑜 ∈ �̃�1/2+𝜀(ℝ+)

is given by

𝑢𝑜1 = 𝒦𝐷,ℝ2∖Σ0
(𝑔𝑜, 0) +𝒦𝐷,ℝ2∖Σ𝛼/2

(𝑔𝑜, 0) +𝒦𝐷,ℝ2∖Σ𝛼
(0,−𝑔𝑜).

(ii) Let 𝜀 ∈ [0, 1
2

[
. The solution of the semi-homogeneous problem 𝒫(𝑁𝑁,Ω0,𝛼/2)

𝑇1,Γ1𝑢
𝑒
1 = 𝑔𝑒, 𝑇1,Γ𝑢

𝑒
1 = 0 with 𝑔𝑒 ∈ �̃�−1/2+𝜀(ℝ+),

the tilde being relevant only for 𝜀 = 0, is given by

𝑢𝑒1 = 𝒦𝑁,ℝ2∖Σ0
(𝑔𝑒, 0) +𝒦𝑁,ℝ2∖Σ𝛼/2

(𝑔𝑒, 0) +𝒦𝑁,ℝ2∖Σ𝛼
(0, 𝑔𝑒).

(iii) Let 𝜀∈]− 1
4 ,

1
4

[
. The solution of the semi-homogeneous problem 𝒫(𝐷𝑁,Ω0,𝛼/2)

𝑇0,Γ1𝑢
𝑒
1 = 𝑔𝑒, 𝑇1,Γ𝑢

𝑒
1 = 0 with 𝑔𝑒 ∈ 𝐻1/2+𝜀(ℝ+)

is given by

𝑢𝑒1 = 𝒦𝐷𝑁,ℝ2∖Σ0
(𝑔𝑒, 0) +𝒦𝐷𝑁,ℝ2∖Σ𝛼/2

(−𝑔𝑒, 0) +𝒦𝑁𝐷,ℝ2∖Σ𝛼
(0, 𝑔𝑒).

(iv) Let 𝜀∈]− 1
4 ,

1
4

[
. The solution of the semi-homogeneous problem 𝒫(𝑁𝐷,Ω0,𝛼/2)

𝑇1,Γ1𝑢
𝑜
1 = 𝑔𝑜, 𝑇0,Γ𝑢

𝑜
1 = 0 with 𝑔𝑜 ∈ 𝐻−1/2+𝜀(ℝ+)

is given by

𝑢𝑜1 = 𝒦𝑁𝐷,ℝ2∖Σ0
(𝑔𝑜, 0) +𝒦𝑁𝐷,ℝ2∖Σ𝛼/2

(−𝑔𝑜, 0) +𝒦𝐷𝑁,ℝ2∖Σ𝛼
(0,−𝑔𝑜).

All of them are unique for the indicated parameters.

Proof. These results follow from Theorems 3.9, 4.5 and 5.10, respectively, of [6].
Roughly speaking, uniqueness is shown by arguments based upon Green’s theorem,
cf. [1], [5], [11] for instance. A verification of the formulas is possible because of
symmetry arguments [7] incorporating the compatibility conditions [17], [20] by
help of the “tilde spaces” [9], [11]. □

Figures 6–9 illustrate the fact that the solutions of the semi-homogeneous
problems mentioned in Proposition 4.1 are composed of three terms defined in the
slit-planes ℝ2∖Σ0, ℝ2∖Σ𝛼/2 and ℝ2∖Σ𝛼. The “E” in “E-stars” stands for Torsten
Ehrhardt who presented the geometrical idea to us in 2003 during his visit at
Lisbon.

507Boundary Value Problems



𝐷𝑢𝑜1 = 0

Duo
1 = go

Duo
1 = 0𝐷𝑢𝑜1 = 𝑔𝑜

𝐷𝑢𝑜1 = −𝑔𝑜 𝐷𝑢𝑜1 = 0

������������

��
��
��
��
��
��

Figure 6. E-star for the
𝒫(𝐷𝐷,Ω0,𝛼/2)

𝑁𝑢𝑒1 = 0

Nue
1 = ge

Nue
1 = 0𝑁𝑢𝑒1 = 𝑔𝑒

𝑁𝑢𝑒1 = 𝑔𝑒 𝑁𝑢𝑒1 = 0

������������

��
��
��
��
��
��

Figure 7. E-star for the
𝒫(𝑁𝑁,Ω0,𝛼/2)

𝑁𝑢𝑒1 = 0

Due
1 = ge

Nue
1 = 0𝐷𝑢𝑒1 = −𝑔𝑒

𝐷𝑢𝑒1 = 𝑔𝑒 𝑁𝑢𝑒1 = 0

������������

��
��
��
��
��
��

Figure 8. E-star for the
𝒫(𝐷𝑁,Ω0,𝛼/2)

𝐷𝑢𝑜1 = 0

Nuo
1 = go

Duo
1 = 0𝑁𝑢𝑜1 = −𝑔𝑜

𝑁𝑢𝑜1 = −𝑔𝑜 𝐷𝑢𝑜1 = 0

������������

��
��
��
��
��
��

Figure 9. E-star for the
𝒫(𝑁𝐷,Ω0,𝛼/2)

Using the operator 𝒥𝛼 of 𝛼-rotation around zero, cf. (1.3), and the operator
𝑅 of reflection in 𝑥2-direction, cf. (3.2), we are able to relate the solutions of the
semi-homogeneous problems in Ω𝛼/2,𝛼 (mentioned in Theorems 2.4 and 2.6) with
the solutions of the semi-homogeneous problems in Ω0,𝛼/2, see Figure 10.

Corollary 4.2.

(i) Let 𝜀∈]− 1
2 ,

1
2

[
. The solution of the semi-homogeneous problem 𝒫(𝐷𝐷,Ω𝛼/2,𝛼)

𝑇0,Γ𝑢
𝑜
2 = 0, 𝑇0,Γ2𝑢

𝑜
2 = −𝑔𝑜 with 𝑔𝑜 ∈ �̃�1/2+𝜀(ℝ+)

is given by
𝑢𝑜2 = −𝒥𝛼/2𝑅𝒥−𝛼/2𝑢𝑜1,

where 𝑢𝑜1 is the solution of the corresponding semi-homogeneous problem
𝒫(𝐷𝐷,Ω0,𝛼/2).

(ii) Let 𝜀 ∈ [0, 1
2

[
. The solution of the semi-homogeneous problem 𝒫(𝑁𝑁,Ω𝛼/2,𝛼)

𝑇1,Γ𝑢
𝑒
2 = 0, 𝑇1,Γ2𝑢

𝑒
2 = 𝑔𝑒 with 𝑔𝑒 ∈ �̃�−1/2+𝜀(ℝ+),

the tilde being relevant only for 𝜀 = 0, is given by

𝑢𝑒2 = 𝒥𝛼/2𝑅𝒥−𝛼/2𝑢𝑒1,
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𝑥1

𝑥2

𝐷𝑢𝑜2 = 0

𝐷𝑢𝑜2 = −𝑔𝑜

������������
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��
��
��
��
��
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𝒥−𝛼/2−−−−→
𝑥1

𝑥2

𝐷𝑢𝑜2 = −𝑔𝑜

𝐷𝑢𝑜2 = 0
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𝐷𝑢𝑜1 = 0

𝐷𝑢𝑜1 = −𝑔𝑜
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𝒥𝛼/2←−−−−−
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𝑥2

𝐷𝑢𝑜1 = 0

𝐷𝑢𝑜1 = −𝑔𝑜��
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Figure 10. Relation between the solution of the problems
𝒫(𝐷𝐷,Ω𝛼/2,𝛼) and 𝒫(𝐷𝐷,Ω0,𝛼/2)

where 𝑢𝑒1 is the solution of the corresponding semi-homogeneous problem
𝒫(𝑁𝑁,Ω0,𝛼/2).

(iii) Let 𝜀∈]− 1
4 ,

1
4

[
. The solution of the semi-homogeneous problem 𝒫(𝐷𝑁,Ω𝛼/2,𝛼)

𝑇0,Γ𝑢
𝑜
2 = 0, 𝑇1,Γ2𝑢

𝑜
2 = −𝑔𝑜 with 𝑔𝑜 ∈ 𝐻−1/2+𝜀(ℝ+)

is given by
𝑢𝑜2 = −𝒥𝛼/2𝑅𝒥−𝛼/2𝑢𝑜1,

where 𝑢𝑜1 is the solution of the corresponding semi-homogeneous problem
𝒫(𝑁𝐷,Ω0,𝛼/2).

(iv) Let 𝜀∈]− 1
4 ,

1
4

[
. The solution of the semi-homogeneous problem 𝒫(𝑁𝐷,Ω𝛼/2,𝛼)

𝑇1,Γ𝑢
𝑒
2 = 0, 𝑇0,Γ2𝑢

𝑒
2 = 𝑔𝑒 with 𝑔𝑒 ∈ 𝐻1/2+𝜀(ℝ+)

is given by
𝑢𝑒2 = 𝒥𝛼/2𝑅𝒥−𝛼/2𝑢𝑒1,

where 𝑢𝑒1 is the solution of the corresponding semi-homogeneous problem
𝒫(𝐷𝑁,Ω0,𝛼/2).

All of them are unique for the indicated parameters.
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Remark 4.3. Using the definition of the rotation and reflection operators and after
some straightforward computations one shows that

𝑢𝑒,𝑜2 (𝑥1, 𝑥2) =
(𝒥𝛼/2𝑅𝒥−𝛼/2𝑢

𝑒,𝑜
1

)
(𝑥1, 𝑥2) = 𝑢𝑒,𝑜1

(
− 1

2𝑥1 +
√
3
2 𝑥2,

√
3
2 𝑥1 − 1

2𝑥2

)
,

for all (𝑥1, 𝑥2) ∈ Ω𝛼/2,𝛼.

5. Solution of the BVPs with symmetry in Ω = Ω0,𝜶

Now we come back to the BVPs with symmetry presented earlier in Section 2.

Theorem 5.1.

(i) Let 𝜀 ∈ ]− 1
4 ,

1
4

[
. The BVP with symmetry (DD1) is uniquely solved by 𝑢𝑒 ∈

ℋ1+𝜀(Ω) given by

𝑢𝑒 =

{
𝑢𝑒1 in Ω0,𝛼/2

𝑢𝑒2 in Ω𝛼/2,𝛼
=

{
𝑢𝑒1 in Ω0,𝛼/2

𝒥𝛼/2𝑅𝒥−𝛼/2𝑢𝑒1 in Ω𝛼/2,𝛼
,

where 𝑢𝑒1 = 𝒦𝐷𝑁,ℝ2∖Σ0
(𝑔𝑒, 0) +𝒦𝐷𝑁,ℝ2∖Σ𝛼/2

(−𝑔𝑒, 0) +𝒦𝑁𝐷,ℝ2∖Σ𝛼
(0, 𝑔𝑒).

(ii) Let 𝜀 ∈ ]− 1
2 ,

1
2

[
. The BVP with symmetry (DD2) is uniquely solved by 𝑢𝑜 ∈

ℋ1+𝜀(Ω) given by

𝑢𝑜 =

{
𝑢𝑜1 in Ω0,𝛼/2

𝑢𝑜2 in Ω𝛼/2,𝛼
=

{
𝑢𝑜1 in Ω0,𝛼/2

−𝒥𝛼/2𝑅𝒥−𝛼/2𝑢𝑜1 in Ω𝛼/2,𝛼
,

where 𝑢𝑜1 = 𝒦𝐷,ℝ2∖Σ0
(𝑔𝑜, 0) +𝒦𝐷,ℝ2∖Σ𝛼/2

(𝑔𝑜, 0) +𝒦𝐷,ℝ2∖Σ𝛼
(0,−𝑔𝑜).

Proof. The result follows from Theorem 2.4, Proposition 4.1 and Corollary 4.2.
□

Theorem 5.2. (i) Let 𝜀 ∈ [0, 1
4

[
. The BVP with symmetry (NN1) is uniquely

solved by 𝑢𝑒 ∈ ℋ1+𝜀(Ω) given by

𝑢𝑒 =

{
𝑢𝑒1 in Ω0,𝛼/2

𝑢𝑒2 in Ω𝛼/2,𝛼
=

{
𝑢𝑒1 in Ω0,𝛼/2

𝒥𝛼/2𝑅𝒥−𝛼/2𝑢𝑒1 in Ω𝛼/2,𝛼
,

where 𝑢𝑒1 = 𝒦𝑁,ℝ2∖Σ0
(𝑔𝑒, 0) +𝒦𝑁,ℝ2∖Σ𝛼/2

(𝑔𝑒, 0) +𝒦𝑁,ℝ2∖Σ𝛼
(0, 𝑔𝑒).

(ii) Let 𝜀 ∈ ]− 1
4 ,

1
4

[
. The BVP with symmetry (NN2) is uniquely solved by 𝑢𝑜 ∈

ℋ1+𝜀(Ω) given by

𝑢𝑜 =

{
𝑢𝑜1 in Ω0,𝛼/2

𝑢𝑜2 in Ω𝛼/2,𝛼
=

{
𝑢𝑜1 in Ω0,𝛼/2

−𝒥𝛼/2𝑅𝒥−𝛼/2𝑢𝑜1 in Ω𝛼/2,𝛼
,

where 𝑢𝑜1 = 𝒦𝑁𝐷,ℝ2∖Σ0
(𝑔𝑜, 0) +𝒦𝑁𝐷,ℝ2∖Σ𝛼/2

(−𝑔𝑜, 0) +𝒦𝐷𝑁,ℝ2∖Σ𝛼
(0,−𝑔𝑜).

Proof. It follows from Theorem 2.6, Proposition 4.1 and Corollary 4.2. □
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6. Analytic solution of DD and NN problems in Ω = Ω0,𝜶

Now we are in the position to present the final results: well-posedness and explicit
solution of the DD and NN problems in Ω0,𝛼 in closed analytical form.

Theorem 6.1. Let 𝜀 ∈ ]− 1
4 ,

1
4

[
. The Dirichlet problem for the Helmholtz equation

in Ω = Ω0,𝛼 in weak formulation with Dirichlet data 𝑔 = (𝑔1, 𝑔2) ∈ 𝐻1/2+𝜀(ℝ+)
2
∼

is uniquely solved by

𝑢 =

{
𝑢𝑒1 + 𝑢𝑜1 in Ω0,𝛼/2

𝒥𝛼/2𝑅𝒥−𝛼/2(𝑢𝑒1 − 𝑢𝑜1) in Ω𝛼/2,𝛼
,

where

𝑢𝑒1 = 𝒦𝐷𝑁,ℝ2∖Σ0
(𝑔𝑒, 0) +𝒦𝐷𝑁,ℝ2∖Σ𝛼/2

(−𝑔𝑒, 0) +𝒦𝑁𝐷,ℝ2∖Σ𝛼
(0, 𝑔𝑒)

and

𝑢𝑜1 = 𝒦𝐷,ℝ2∖Σ0
(𝑔𝑜, 0) +𝒦𝐷,ℝ2∖Σ𝛼/2

(𝑔𝑜, 0) +𝒦𝐷,ℝ2∖Σ𝛼
(0,−𝑔𝑜).

Proof. We just assemble the previous results: Theorem 2.1 shows that the DD
problem in Ω0,𝛼 is equivalent to a pair of symmetrized problems by decomposition
𝑢 = 𝑢𝑒 + 𝑢𝑜. Theorem 2.4 yields the equivalence of each of them to a pair of
semi-homogeneous BVPs in Ω0,𝛼/2 and Ω𝛼/2,𝛼, respectively. The solution of these
problems was given in Proposition 4.1 and Corollary 4.2. Hence we obtain the
explicit formulas, which represent the solution in dependence of the data, where the
resolvent operator is a linear homeomorphism in the above-mentioned spaces. □

Theorem 6.2. Let 𝜀 ∈ [0, 1
4

[
. The Neumann problem for the Helmholtz equation in

Ω = Ω0,𝛼 in weak formulation with Neumann data 𝑔 = (𝑔1, 𝑔2) ∈ 𝐻−1/2+𝜀(ℝ+)
2
∼

is uniquely solved by

𝑢 =

{
𝑢𝑒1 + 𝑢𝑜1 in Ω0,𝛼/2

𝒥𝛼/2𝑅𝒥−𝛼/2(𝑢𝑒1 − 𝑢𝑜1) in Ω𝛼/2,𝛼
,

where

𝑢𝑒1 = 𝒦𝑁,ℝ2∖Σ0
(𝑔𝑒, 0) +𝒦𝑁,ℝ2∖Σ𝛼/2

(𝑔𝑒, 0) +𝒦𝑁,ℝ2∖Σ𝛼
(0, 𝑔𝑒)

and

𝑢𝑜1 = 𝒦𝑁𝐷,ℝ2∖Σ0
(𝑔𝑜, 0) +𝒦𝑁𝐷,ℝ2∖Σ𝛼/2

(−𝑔𝑜, 0) +𝒦𝐷𝑁,ℝ2∖Σ𝛼
(0,−𝑔𝑜).

Proof. This is analogous to the proof of Theorem 6.1 and based on Theorem 2.2,
Theorem 2.6, Proposition 4.1 and Corollary 4.2, as well. □

Remark 6.3. If we consider 𝑔1 = 𝑔2 or 𝑔1 = −𝑔2 in the DD problem (1.1) or in
the NN problem (1.2), then we obtain a BVP with symmetry, (DD1) or (NN2),
respectively, with solution given by Theorems 5.1 and 5.2.

511Boundary Value Problems



Acknowledgment

The present work was partially supported by Centro de Matemática e Aplicações
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Abstract. In this paper the solvability of the infinite-dimensional Sylvester
differential equation is considered. This is an operator differential equation
on a Banach space. Conditions for the existence of a unique classical solution
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with a nonautonomous signal generator.
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1. Introduction

In this paper we consider the solvability of a Sylvester differential equation on a
Banach space. This is an operator differential equation of form

Σ̇(𝑡) = 𝐴(𝑡)Σ(𝑡) − Σ(𝑡)𝐵(𝑡) + 𝐶(𝑡), Σ(0) = Σ0, (1.1)

where (𝐴(𝑡),𝒟(𝐴(𝑡))) and (𝐵(𝑡),𝒟(𝐵(𝑡))) are families of unbounded operators on
Banach spaces 𝑋 and 𝑌 , respectively, 𝐶(⋅) is an operator-valued function and Σ0

is a bounded linear operator. The equations of this type have an application in
the output regulation of linear distributed parameter systems when the reference
signals are generated with a periodic exosystem of form

�̇�(𝑡) = 𝑆(𝑡)𝑣(𝑡), 𝑣(0) = 𝑣0 ∈ ℂ𝑞, (1.2a)

𝑦𝑟𝑒𝑓 (𝑡) = 𝐹 (𝑡)𝑣(𝑡). (1.2b)

By the periodicity of the exosystem we mean that 𝑆(⋅) and 𝐹 (⋅) are periodic
functions with the same period, i.e., there exists 𝜏 > 0 such that 𝑆(𝑡+ 𝜏) = 𝑆(𝑡)
and 𝐹 (𝑡+ 𝜏) = 𝐹 (𝑡) for all 𝑡 ∈ ℝ. Paunonen and Pohjolainen [9] have shown that
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the solvability of the output regulation problem related to this type of exosystem
can be characterized using the properties of the solution to a certain Sylvester
differential equation.

The results in [9] generalize the theory of periodic output regulation of lin-
ear finite-dimensional systems presented by Zhang and Serrani [13]. In the finite-
dimensional theory the Sylvester differential equations are ordinary matrix dif-
ferential equations and 𝐴(⋅), 𝐵(⋅) and 𝐶(⋅) are smooth matrix-valued functions.
However, if we want to consider output regulation of infinite-dimensional lin-
ear systems, the matrix-valued function 𝐴(⋅) becomes a family (𝐴(𝑡),𝒟(𝐴(𝑡)))
of unbounded operators associated to the closed-loop system consisting of the
distributed parameter system to be controlled and the controller.

The treatment of the Sylvester differential equation presented in this paper
generalizes the results on the solvability of finite-dimensional equations of this type
[13, 7]. Also the infinite-dimensional equation has been studied in the case where
𝐴(𝑡) ≡ 𝐴 and 𝐵(𝑡) ≡ 𝐵 are generators of strongly continuous semigroups [5, 4].
In the case of time-dependent families of operators some results are also known
for time-dependent Riccati equations [2]. On the other hand, in the time-invariant
case the equation becomes an infinite-dimensional Sylvester equation [1, 11, 12].
Our approach in solving the Sylvester differential equation (1.1) generalizes the
methods used in [11].

We have in [9] studied a Sylvester differential equation of form (1.1), where
(𝐴(𝑡),𝒟(𝐴(𝑡))) is a family of unbounded operators and 𝐵(𝑡) ≡ 𝐵 is a matrix.
In this paper we consider the solvability of the equation in a more general case
where also 𝐵(𝑡) are allowed to be unbounded operators. We restrict ourselves to a
situation where the domains of the unbounded operators are independent of time.
The main tools in our analysis are the strongly continuous evolution families as-
sociated to families of unbounded operators and nonautonomous abstract Cauchy
problems [10, Ch. 5], [6, Sec. VI.9].

We apply the theoretic results on the solvability of (1.1) to the output regu-
lation of infinite-dimensional systems. In particular we present a characterization
of the controllers achieving output regulation of a linear distributed parameter
system to the signals generated by a nonautonomous periodic signal generator.

The paper is organized as follows. In Section 2 we introduce notation, recall
the definition of a strongly continuous evolution family and state the basic as-
sumptions on the families of operators. The solvability of the Sylvester differential
equation is considered in Section 3. The main results of the paper are Theorems
3.2 and 3.3. In Section 4 we apply these results to output regulation. Section 5
contains concluding remarks.
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2. Notation and definitions

If 𝑋 and 𝑌 are Banach spaces and 𝐴 : 𝑋 → 𝑌 is a linear operator, we denote by
𝒟(𝐴) andℛ(𝐴) the domain and the range of 𝐴, respectively. The space of bounded
linear operators from 𝑋 to 𝑌 is denoted by ℒ(𝑋,𝑌 ). If 𝐴 : 𝑋 → 𝑋 , then 𝜎(𝐴) and
𝜌(𝐴) denote the spectrum and the resolvent set of 𝐴, respectively. For 𝜆 ∈ 𝜌(𝐴)
the resolvent operator is given by 𝑅(𝜆,𝐴) = (𝜆𝐼 − 𝐴)−1. The space of continuous
functions 𝑓 : 𝐼 ⊂ ℝ → 𝑋 is denoted by 𝐶(𝐼,𝑋) and the space of continuously
differentiable functions by 𝐶1(𝐼,𝑋). Finally, we denote by 𝐶(𝐼,ℒ𝑠(𝑋,𝑌 )) the
space of strongly continuous ℒ(𝑋,𝑌 )-valued functions.

In dealing with families of unbounded operators we use the theory of strongly
continuous evolution families [10, Ch. 5], [6, Sec. VI.9].

Definition 2.1 (A Strongly Continuous Evolution Family). A family of bounded
operators (𝑈(𝑡, 𝑠))𝑡≥𝑠 ⊂ ℒ(𝑋) is called a strongly continuous evolution family if

(a) 𝑈(𝑠, 𝑠) = 𝐼 for 𝑠 ∈ ℝ.
(b) 𝑈(𝑡, 𝑠) = 𝑈(𝑡, 𝑟)𝑈(𝑟, 𝑠) for 𝑡 ≥ 𝑟 ≥ 𝑠.

(c)
{
(𝑡, 𝑠) ∈ ℝ2

∣∣ 𝑡 ≥ 𝑠
} ∋ (𝑡, 𝑠) �→ 𝑈(𝑡, 𝑠) is a strongly continuous mapping.

A strongly continuous evolution family is called exponentially bounded if there
exist constants 𝑀 ≥ 1 and 𝜔 ∈ ℝ such that

∥𝑈(𝑡, 𝑠)∥ ≤ 𝑀𝑒𝜔(𝑡−𝑠)

for all 𝑡 ≥ 𝑠. The evolution family is called periodic (with period 𝜏 > 0) if

𝑈(𝑡+ 𝜏, 𝑠+ 𝜏) = 𝑈(𝑡, 𝑠)

for all 𝑡 ≥ 𝑠.

Strongly continuous evolution families are related to nonautonomous abstract
Cauchy problems. If we consider an equation

�̇�(𝑡) = 𝐴(𝑡)𝑥(𝑡) + 𝑓(𝑡),

𝑥(𝑠) = 𝑥𝑠 ∈ 𝑋

and if 𝑈(𝑡, 𝑠) is a strongly continuous evolution family associated to the family
(𝐴(𝑡),𝒟(𝐴(𝑡))) of operators, then if for every 𝑠 ∈ ℝ this equation has a classical
solution 𝑥(⋅) ∈ 𝐶1([𝑠,∞), 𝑋) such that 𝑥(𝑡) ∈ 𝒟(𝐴(𝑡)) for all 𝑡 ≥ 𝑠, this solution
is given by

𝑥(𝑡) = 𝑈(𝑡, 𝑠)𝑥𝑠 +

∫ 𝑡
𝑠

𝑈(𝑡, 𝑟)𝑓(𝑟)𝑑𝑠 (2.1)

for all 𝑡 ≥ 𝑠. If the family (𝐴(𝑡),𝒟(𝐴(𝑡))) of operators is periodic with period
𝜏 > 0, then also the associated evolution family is periodic with the same period.

Throughout this paper we consider a case where the domains of the un-
bounded operators are independent of time, i.e.,

𝐴(𝑡) : 𝒟(𝐴) ⊂ 𝑋 → 𝑋, 𝐵(𝑡) : 𝒟(𝐵) ⊂ 𝑌 → 𝑌
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for all 𝑡. We assume that there exist exponentially bounded strongly continuous
evolution families 𝑈𝐴(𝑡, 𝑠) and 𝑈𝐵(𝑡, 𝑠) related to the families (𝐴(𝑡),𝒟(𝐴)) and
(−𝐵(𝑡),𝒟(𝐵)) of operators, respectively, and that the evolution family 𝑈𝐵(𝑡, 𝑠)
satisfies Definition 2.1 for all 𝑡, 𝑠, 𝑟 ∈ ℝ. This means that the nonautonomous
abstract Cauchy problem associated to this family of operators can be solved
forward and backwards in time and the minus sign in the family of operators
corresponds to the reversal of time in the equation. Because of this, we can also
think of the situation in such a way that the evolution family related to the family
(𝐵(𝑡),𝒟(𝐵)) of operators satisfies Definition 2.1 for all 𝑡 ≤ 𝑟 ≤ 𝑠. Motivated by
this, we denote this evolution family by 𝑈𝐵(𝑠, 𝑡) for 𝑡 ≥ 𝑠.

3. The infinite-dimensional Sylvester differential equation

In this section we consider the infinite-dimensional Sylvester differential equation

Σ̇(𝑡) = 𝐴(𝑡)Σ(𝑡) − Σ(𝑡)𝐵(𝑡) + 𝐶(𝑡), Σ(0) = Σ0 (3.1)

on an interval [0, 𝑇 ]. The equation is considered in the strong sense for 𝑦 ∈ 𝒟(𝐵).
The main result of this paper is Theorem 3.2 which states sufficient conditions

for the existence of a classical solution to the Sylvester differential equation. As we
are motivated by the periodic output regulation problem for distributed parameter
systems [9], we will also show that if the families of operators (𝐴(𝑡),𝒟(𝐴)) and
(𝐵(𝑡),𝒟(𝐵)) and the function 𝐶(⋅) are periodic with the same period, then under
suitable additional assumptions on the growths of the evolution families 𝑈𝐴(𝑡, 𝑠)
and 𝑈𝐵(𝑠, 𝑡) the Sylvester differential equation has a unique periodic solution. This
result is presented in Theorem 3.3.

We begin by defining the classical solution of the Sylvester differential equa-
tion on the interval [0, 𝑇 ].

Definition 3.1. A strongly continuous function Σ(⋅) ∈ 𝐶([0, 𝑇 ],ℒ𝑠(𝑌,𝑋)) satisfying
Σ(⋅)𝑦 ∈ 𝐶1([0, 𝑇 ], 𝑋) and Σ(𝑡)𝑦 ∈ 𝒟(𝐴) for all 𝑦 ∈ 𝒟(𝐵) and 𝑡 ∈ [0, 𝑇 ] is called
the classical solution of the Sylvester differential equation (3.1) if it satisfies the
equation on [0, 𝑇 ].

The next theorem is the main result of the paper. It states sufficient condi-
tions for the solvability of the Sylvester differential equation on the interval [0, 𝑇 ].
The parabolic conditions [10, Sec. 5.6] appearing in the theorem essentially require
that the operators 𝐴(𝑡) for 𝑡 ∈ [0, 𝑇 ] are generators of analytic semigroups on 𝑋 .

Theorem 3.2. Assume the following are satisfied.

1. There exists 𝜇 ∈ ℝ such that 𝑈𝐴(𝑡, 𝑠) satisfies the parabolic conditions:

(P1) The domain 𝒟(𝐴) is dense in 𝑋.

(P2) We have {𝜆 ∈ ℂ ∣ Re𝜆 ≥ 𝜇 } ⊂ 𝜌(𝐴(𝑡)) for every 𝑡 ∈ [0, 𝑇 ] and there
exists a constant 𝑀 ≥ 1 such that

∥𝑅(𝜆,𝐴(𝑡))∥ ≤ 𝑀

∣𝜆 − 𝜇∣+ 1
, Re𝜆 ≥ 𝜇, 𝑡 ∈ [0, 𝑇 ].
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(P3) There exists a constant 𝐿 ≥ 0 such that for 𝑡, 𝑠, 𝑟 ∈ [0, 𝑇 ]

∥(𝐴(𝑡)− 𝐴(𝑠))𝑅(𝜇,𝐴(𝑟))∥ ≤ 𝐿∣𝑡 − 𝑠∣.
2. The domain 𝒟(𝐴(𝑡)∗) =: 𝒟(𝐴∗) is independent of 𝑡 ∈ [0, 𝑇 ] and dense in 𝑋∗.
For all 𝑥 ∈ 𝑋 and 𝑥∗ ∈ 𝒟(𝐴∗) the mapping

𝑡 �→ ⟨𝑥,𝐴(𝑡)∗𝑥∗⟩
is continuous on [0, 𝑇 ].

3. The domain 𝒟(𝐵) is dense in 𝑌 . For every 𝑦 ∈ 𝒟(𝐵) the function 𝐵(⋅)𝑦
is continuous, we have 𝑈𝐵(𝑠, 𝑡)𝑦 ∈ 𝒟(𝐵) and the evolution family 𝑈𝐵(𝑠, 𝑡)
satisfies the differentiation rules

∂

∂𝑡
𝑈𝐵(𝑠, 𝑡)𝑦 = −𝑈𝐵(𝑠, 𝑡)𝐵(𝑡)𝑦,

∂

∂𝑠
𝑈𝐵(𝑠, 𝑡)𝑦 = 𝐵(𝑠)𝑈𝐵(𝑠, 𝑡)𝑦.

for all 𝑡, 𝑠 ∈ [0, 𝑇 ].

4. For every 𝑦 ∈ 𝑌 the function 𝐶(⋅)𝑦 is Hölder continuous on [0, 𝑇 ].
5. Σ0(𝒟(𝐵)) ⊂ 𝒟(𝐴).

The infinite-dimensional Sylvester differential equation (3.1) has a unique classical
solution Σ(⋅) on [0, 𝑇 ] given by the formula

Σ(𝑡)𝑦 = 𝑈𝐴(𝑡, 0)Σ0𝑈𝐵(0, 𝑡)𝑦 +

∫ 𝑡
0

𝑈𝐴(𝑡, 𝑠)𝐶(𝑠)𝑈𝐵(𝑠, 𝑡)𝑦𝑑𝑠 (3.2)

for all 𝑦 ∈ 𝑌 .

Proof. Since 𝑈𝐴(𝑡, 𝑠) satisfies the parabolic conditions, we have from [10, Sec. 5.6]
that for all 𝑥 ∈ 𝑋 , 𝑥′ ∈ 𝒟(𝐴), and 𝑡 > 𝑠

∂

∂𝑡
𝑈𝐴(𝑡, 𝑠)𝑥 = 𝐴(𝑡)𝑈𝐴(𝑡, 𝑠)𝑥,

∂

∂𝑠
𝑈𝐴(𝑡, 𝑠)𝑥

′ = −𝑈𝐴(𝑡, 𝑠)𝐴(𝑠)𝑥
′.

Let 𝑦 ∈ 𝒟(𝐵), 𝑥∗ ∈ 𝒟(𝐴∗), and 𝑠 ∈ [0, 𝑇 ]. Using the differentiation rules for
𝑈𝐴(𝑡, 𝑠) and 𝑈𝐵(𝑠, 𝑡) we see that for any 𝑡 ∈ (𝑠, 𝑇 ]

∂

∂𝑡
⟨𝑈𝐴(𝑡, 𝑠)𝐶(𝑠)𝑈𝐵(𝑠, 𝑡)𝑦, 𝑥∗⟩

= ⟨𝐴(𝑡)𝑈𝐴(𝑡, 𝑠)𝐶(𝑠)𝑈𝐵(𝑠, 𝑡)𝑦, 𝑥∗⟩ − ⟨𝑈𝐴(𝑡, 𝑠)𝐶(𝑠)𝑈𝐵(𝑠, 𝑡)𝐵(𝑡)𝑦, 𝑥∗⟩
= ⟨𝑈𝐴(𝑡, 𝑠)𝐶(𝑠)𝑈𝐵(𝑠, 𝑡)𝑦,𝐴(𝑡)∗𝑥∗⟩ − ⟨𝑈𝐴(𝑡, 𝑠)𝐶(𝑠)𝑈𝐵(𝑠, 𝑡)𝐵(𝑡)𝑦, 𝑥∗⟩

∂

∂𝑡
⟨𝑈𝐴(𝑡, 0)Σ0𝑈𝐵(0, 𝑡)𝑦, 𝑥

∗⟩
= ⟨𝐴(𝑡)𝑈𝐴(𝑡, 0)Σ0𝑈𝐵(0, 𝑡)𝑦, 𝑥

∗⟩ − ⟨𝑈𝐴(𝑡, 0)Σ0𝑈𝐵(0, 𝑡)𝐵(𝑡)𝑦, 𝑥
∗⟩

= ⟨𝑈𝐴(𝑡, 0)Σ0𝑈𝐵(0, 𝑡)𝑦,𝐴(𝑡)
∗𝑥∗⟩ − ⟨𝑈𝐴(𝑡, 0)Σ0𝑈𝐵(0, 𝑡)𝐵(𝑡)𝑦, 𝑥

∗⟩.
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To show that (3.2) is a solution of the Sylvester differential equation we will use
the Leibniz integral rule [8, Lem. VIII.2.2]. This result states that if the function
𝑓 :
{
(𝑡, 𝑠)

∣∣ 0 ≤ 𝑠 ≤ 𝑡 ≤ 𝑇
} → ℂ is continuous, and if ∂

∂𝑡𝑓(𝑡, 𝑠) exists and is

continuous and uniformly bounded on
{
(𝑡, 𝑠)

∣∣ 0 ≤ 𝑠 < 𝑡 ≤ 𝑇
}
, then the mapping

𝑡 �→ ∫ 𝑡0 𝑓(𝑡, 𝑠)𝑑𝑠 is differentiable on (0, 𝑇 ) and

𝑑

𝑑𝑡

∫ 𝑡
0

𝑓(𝑡, 𝑠)𝑑𝑠 = 𝑓(𝑡, 𝑡) +

∫ 𝑡
0

∂

∂𝑡
𝑓(𝑡, 𝑠)𝑑𝑠.

Our assumptions imply that the function

(𝑡, 𝑠) → 𝑓(𝑡, 𝑠) = ⟨𝑈𝐴(𝑡, 𝑠)𝐶(𝑠)𝑈𝐵(𝑠, 𝑡)𝑦, 𝑥∗⟩
is continuous for 0 ≤ 𝑠 ≤ 𝑡 ≤ 𝑇 and the computation above shows that its deriv-
ative with respect to 𝑡 is continuous. It thus remains to show that this derivative
is uniformly bounded. Since the mappings (𝑡, 𝑠) → 𝑈𝐴(𝑡, 𝑠) and (𝑡, 𝑠) → 𝑈𝐵(𝑠, 𝑡)
are strongly continuous, there exist constants 𝑀𝐴,𝑀𝐵 > 0 such that

max
0≤𝑠≤𝑡≤𝑇

∥𝑈𝐴(𝑡, 𝑠)∥ ≤ 𝑀𝐴, max
0≤𝑠≤𝑡≤𝑇

∥𝑈𝐵(𝑠, 𝑡)∥ ≤ 𝑀𝐵.

Using these estimates we see that∣∣∣∣ ∂∂𝑡𝑓(𝑡, 𝑠)
∣∣∣∣ ≤ ∥𝑈𝐴(𝑡, 𝑠)𝐶(𝑠)𝑈𝐵(𝑠, 𝑡)𝑦∥ ⋅ ∥𝐴(𝑡)∗𝑥∗∥

+ ∥𝑈𝐴(𝑡, 𝑠)𝐶(𝑠)𝑈𝐵(𝑠, 𝑡)𝐵(𝑡)𝑦∥ ⋅ ∥𝑥∗∥
≤ ∥𝑈𝐴(𝑡, 𝑠)∥ ⋅ ∥𝐶(𝑠)∥ ⋅ ∥𝑈𝐵(𝑠, 𝑡)∥ (∥𝑦∥ ⋅ ∥𝐴(𝑡)∗𝑥∗∥+ ∥𝐵(𝑡)𝑦∥ ⋅ ∥𝑥∗∥)

≤ 𝑀𝐴𝑀𝐵 max
𝑟∈[0,𝑇 ]

∥𝐶(𝑟)∥
(
∥𝑦∥ max

𝑟∈[0,𝑇 ]
∥𝐴(𝑟)∗𝑥∗∥+ ∥𝑥∗∥ max

𝑟∈[0,𝑇 ]
∥𝐵(𝑟)𝑦∥

)
< ∞.

This concludes that we can use the Leibniz integral rule.

For the function Σ(⋅) defined in (3.2) we now have

𝑑

𝑑𝑡
⟨Σ(𝑡)𝑦, 𝑥∗⟩ = 𝑑

𝑑𝑡
⟨𝑈𝐴(𝑡, 0)Σ0𝑈𝐵(0, 𝑡)𝑦, 𝑥

∗⟩

+
𝑑

𝑑𝑡

∫ 𝑡
0

⟨𝑈𝐴(𝑡, 𝑠)𝐶(𝑠)𝑈𝐵(𝑠, 𝑡)𝑦, 𝑥∗⟩𝑑𝑠

= ⟨𝑈𝐴(𝑡, 0)Σ0𝑈𝐵(0, 𝑡)𝑦,𝐴(𝑡)
∗𝑥∗⟩ − ⟨𝑈𝐴(𝑡, 0)Σ0𝑈𝐵(0, 𝑡)𝐵(𝑡)𝑦, 𝑥

∗⟩

+

∫ 𝑡
0

(⟨𝑈𝐴(𝑡, 𝑠)𝐶(𝑠)𝑈𝐵(𝑠, 𝑡)𝑦,𝐴(𝑡)∗𝑥∗⟩ − ⟨𝑈𝐴(𝑡, 𝑠)𝐶(𝑠)𝑈𝐵(𝑠, 𝑡)𝐵(𝑡)𝑦, 𝑥∗⟩) 𝑑𝑠

+ ⟨𝑈𝐴(𝑡, 𝑡)𝐶(𝑡)𝑈𝐵(𝑡, 𝑡)𝑦, 𝑥∗⟩

= ⟨Σ(𝑡)𝑦,𝐴(𝑡)∗𝑥∗⟩ − ⟨Σ(𝑡)𝐵(𝑡)𝑦, 𝑥∗⟩+ ⟨𝐶(𝑡)𝑦, 𝑥∗⟩. (3.3)
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We will next show that the mapping 𝑡 �→ Σ(𝑡)𝑦 is continuously differentiable on
(0, 𝑇 ) and that Σ(𝑡)𝑦 ∈ 𝒟(𝐴) for all 𝑡 ∈ [0, 𝑇 ]. We will do this by first considering
the nonautonomous Cauchy problem

�̇�(𝑡) = 𝐴(𝑡)𝑥(𝑡) + 𝐶(𝑡)𝑈𝐵(𝑡, 0)𝑣, 𝑥(0) = Σ0𝑣,

where 𝑣 ∈ 𝒟(𝐵). Since 𝑥(0) ∈ 𝒟(𝐴) and since 𝑡 �→ 𝐶(𝑡)𝑈𝐵(𝑡, 0)𝑣 is Hölder con-
tinuous on [0, 𝑇 ] we have from [10, Thm. 5.7.1] that this equation has a unique
classical solution given by

𝑥(𝑡) = 𝑈𝐴(𝑡, 0)Σ0𝑣 +

∫ 𝑡
0

𝑈𝐴(𝑡, 𝑠)𝐶(𝑠)𝑈𝐵(𝑠, 0)𝑣𝑑𝑠

such that 𝑥(⋅) is continuously differentiable on (0, 𝑇 ) and 𝑥(𝑡) ∈ 𝒟(𝐴) for all
𝑡 ∈ [0, 𝑇 ]. If we denote by 𝐻(⋅) : [0, 𝑇 ] → ℒ(𝑌,𝑋) the strongly continuous map-
ping 𝑥(𝑡) = 𝐻(𝑡)𝑣, then for all 𝑣 ∈ 𝒟(𝐵) the function 𝑡 �→ 𝐻(𝑡)𝑣 is continuously
differentiable on (0, 𝑇 ) and 𝐻(𝑡)𝑣 ∈ 𝒟(𝐴). Since 𝑡 �→ 𝑈𝐵(0, 𝑡)𝑦 is strongly con-
tinuously differentiable, the choice 𝑣 = 𝑈𝐵(0, 𝑡)𝑦 ∈ 𝒟(𝐵) and a straight-forward
computation finally show that the function

𝑡 �→ 𝐻(𝑡)𝑈𝐵(0, 𝑡)𝑦 = 𝑈𝐴(𝑡, 0)Σ0𝑈𝐵(0, 𝑡)𝑦 +

∫ 𝑡
0

𝑈𝐴(𝑡, 𝑠)𝐶(𝑠)𝑈𝐵(𝑠, 0)𝑈𝐵(0, 𝑡)𝑦𝑑𝑠

= 𝑈𝐴(𝑡, 0)Σ0𝑈𝐵(0, 𝑡)𝑦 +

∫ 𝑡
0

𝑈𝐴(𝑡, 𝑠)𝐶(𝑠)𝑈𝐵(𝑠, 𝑡)𝑦𝑑𝑠

= Σ(𝑡)𝑦

is continuously differentiable on (0, 𝑇 ) and Σ(𝑡)𝑦 ∈ 𝒟(𝐴) for all [0, 𝑇 ]. Now equa-
tion (3.3) becomes

⟨ 𝑑

𝑑𝑡
Σ(𝑡)𝑦, 𝑥∗⟩ = ⟨𝐴(𝑡)Σ(𝑡)𝑦, 𝑥∗⟩ − ⟨Σ(𝑡)𝐵(𝑡)𝑦, 𝑥∗⟩+ ⟨𝐶(𝑡)𝑦, 𝑥∗⟩.

Since 𝑥∗ ∈ 𝒟(𝐴∗) was arbitrary and since 𝒟(𝐴∗) is dense in 𝑋∗, this implies

𝑑

𝑑𝑡
Σ(𝑡)𝑦 = 𝐴(𝑡)Σ(𝑡)𝑦 − Σ(𝑡)𝐵(𝑡)𝑦 + 𝐶(𝑡)𝑦.

This concludes that Σ(⋅) is a classical solution of the Sylvester differential equation.
To prove the uniqueness of the solution, let Σ1(⋅) ∈ 𝐶([0, 𝑇 ],ℒ𝑠(𝑌,𝑋)) be a

classical solution of the Sylvester differential equation (3.2). Letting 𝑦 ∈ 𝒟(𝐵) and
applying both sides of the equation to 𝑈𝐵(𝑠, 𝑡)𝑦 ∈ 𝒟(𝐵) for 𝑡 > 𝑠 we obtain

Σ̇1(𝑠)𝑈𝐵(𝑠, 𝑡)𝑦 = 𝐴(𝑠)Σ1(𝑠)𝑈𝐵(𝑠, 𝑡)𝑦 − Σ1(𝑠)𝐵(𝑠)𝑈𝐵(𝑠, 𝑡)𝑦 + 𝐶(𝑠)𝑈𝐵(𝑠, 𝑡)𝑦

⇒ 𝑈𝐴(𝑡, 𝑠)Σ̇1(𝑠)𝑈𝐵(𝑠, 𝑡)𝑦 = 𝑈𝐴(𝑡, 𝑠)𝐴(𝑠)Σ1(𝑠)𝑈𝐵(𝑠, 𝑡)𝑦

− 𝑈𝐴(𝑡, 𝑠)Σ1(𝑠)𝐵(𝑠)𝑈𝐵(𝑠, 𝑡)𝑦 + 𝑈𝐴(𝑡, 𝑠)𝐶(𝑠)𝑈𝐵(𝑠, 𝑡)𝑦

⇒ 𝑑

𝑑𝑠
(𝑈𝐴(𝑡, 𝑠)Σ1(𝑠)𝑈𝐵(𝑠, 𝑡)𝑦) = 𝑈𝐴(𝑡, 𝑠)𝐶(𝑠)𝑈𝐵(𝑠, 𝑡)𝑦
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Integrating both sides of the last equation from 0 to 𝑡 and using Σ1(0) = Σ0 gives∫ 𝑡
0

𝑈𝐴(𝑡, 𝑠)𝐶(𝑠)𝑈𝐵(𝑠, 𝑡)𝑦𝑑𝑠 = 𝑈𝐴(𝑡, 𝑡)Σ1(𝑡)𝑈𝐵(𝑡, 𝑡)𝑦 − 𝑈𝐴(𝑡, 0)Σ1(0)𝑈𝐵(0, 𝑡)𝑦

= Σ1(𝑡)𝑦 − 𝑈𝐴(𝑡, 0)Σ0𝑈𝐵(0, 𝑡)𝑦

and thus Σ1(⋅) = Σ(⋅). □

As already mentioned, the conditions imposed on the evolution family 𝑈𝐴(𝑡, 𝑠)
in Theorem 3.2 require that for 𝑡 ∈ [0, 𝑇 ] the operators 𝐴(𝑡) generate analytic
semigroups on 𝑋 . If these conditions are not satisfied, the solution (3.2) can under
weaker conditions be seen as a mild solution of the Sylvester differential equation
(3.1).

To illustrate the parabolic conditions we will present an example of a family
of unbounded operators satisfying these conditions.

Example. Let 𝛼(⋅), 𝛾(⋅) ∈ 𝐶([0, 𝑇 ],ℝ) be Lipschitz continuous functions such that
𝛼(𝑡) > 0 for all 𝑡 ∈ [0, 𝑇 ]. Consider a one-dimensional heat equation with time-
varying coefficients

∂𝑥

∂𝑡
(𝑧, 𝑡) = 𝛼(𝑡)

∂2𝑥

∂𝑡2
(𝑧, 𝑡) + 𝛾(𝑡)𝑥(𝑧, 𝑡),

𝑥(𝑧, 0) = 𝑥0(𝑧)

𝑥(0, 𝑡) = 𝑥(1, 𝑡) = 0

on the interval [0, 1]. This can be written as a nonautonomous Cauchy problem

�̇� = 𝐴(𝑡)𝑥(𝑡), 𝑥(𝑡) = 𝑥0 ∈ 𝑋

on the space 𝑋 = 𝐿2(0, 1) where the family of operators (𝐴(𝑡),𝒟(𝐴)) is given by
𝐴(𝑡)𝑥 = 𝛼(𝑡)𝑥′′ + 𝛾(𝑡)𝑥,

𝒟(𝐴) = { 𝑥 ∈ 𝑋
∣∣ 𝑥, 𝑥′ abs. cont. 𝑥′′ ∈ 𝐿2(0, 1), 𝑥(0) = 𝑥(1) = 0

}
.

Furthermore, the operators 𝐴(𝑡) have spectral decompositions [3, Ex. A.4.26]

𝐴(𝑡)𝑥 =

∞∑
𝑛=1

𝜆𝑛(𝑡)⟨𝑥, 𝜙𝑛⟩𝜙𝑛, 𝑥 ∈ 𝒟(𝐴) =
{
𝑥 ∈ 𝑋

∣∣∣ ∞∑
𝑛=1

𝑛4∣⟨𝑥, 𝜙𝑛⟩∣2 < ∞
}

where the eigenvalues are given by 𝜆𝑛(𝑡) = −𝛼(𝑡)𝑛2𝜋2+𝛾(𝑡) and the corresponding

eigenvectors 𝜙𝑛 =
√
2 sin(𝑛𝜋⋅) form an orthonormal basis of 𝑋 . These decompo-

sitions and the fact that 𝛼(⋅) and 𝛾(⋅) are Lipschitz continuous functions can be
used to verify that the parabolic conditions are satisfied.

We can also show that the second condition in Theorem 3.2 is satisfied for this
family of operators. The operators 𝐴(𝑡) are self-adjoint and thus we can achieve
this by showing that the mapping 𝑡 �→ 𝐴(𝑡)𝑥 is continuous for all 𝑥 ∈ 𝒟(𝐴). If we
define the operator 𝐴0 : 𝒟(𝐴) → 𝑋 by 𝐴0𝑥 = 𝑥′′ we can write

𝐴(𝑡)𝑥 = 𝛼(𝑡)𝐴0𝑥+ 𝛾(𝑡)𝑥, 𝑥 ∈ 𝒟(𝐴).
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Since the functions 𝛼(⋅) and 𝛾(⋅) are continuous, we can conclude that the second
condition in Theorem 3.2 is satisfied.

Families of operators satisfying the conditions concerning (𝐵(𝑡),𝒟(𝐵)) in-
clude, for example, all functions 𝐵(⋅) ∈ 𝐶([0, 𝑇 ],ℒ𝑠(𝑌 )) and the case where
𝐵(𝑡) ≡ 𝐵 is a generator of a strongly continuous group on 𝑌 .

We conclude this section by considering the periodic Sylvester differential
equation. By this we mean the equation

Σ̇(𝑡) = 𝐴(𝑡)Σ(𝑡) − Σ(𝑡)𝐵(𝑡) + 𝐶(𝑡) (3.4)

for 𝑡 ∈ ℝ when the families of unbounded operators and the function 𝐶(⋅) are peri-
odic with the same period 𝜏 > 0. The periodic solution of this equation is a periodic
function Σ(⋅) ∈ 𝐶(ℝ,ℒ𝑠(𝑌,𝑋)) which is a classical solution of the Sylvester dif-
ferential equation (3.1) with some initial condition Σ(0) = Σ0 ∈ ℒ(𝑌,𝑋) on an
interval [0, 𝑇 ]. The following theorem states that if the exponential growths of the
evolution families 𝑈𝐴(𝑡, 𝑠) and 𝑈𝐵(𝑠, 𝑡) satisfy a certain condition, then under the
assumptions of Theorem 3.2 the periodic Sylvester differential equation (3.4) has
a unique periodic solution and that this solution has period 𝜏 .

Theorem 3.3. Assume the conditions of Theorem 3.2 are satisfied and that the
evolution families (𝐴(𝑡),𝒟(𝐴)) and (𝐵(𝑡),𝒟(𝐵)) and the function 𝐶(⋅) are periodic
with period 𝜏 > 0. If there exist constants 𝑀𝐴,𝑀𝐵 ≥ 1 and 𝜔𝐴, 𝜔𝐵 ∈ ℝ such that
𝜔𝐴 + 𝜔𝐵 < 0 and such that for all 𝑡 ≥ 𝑠

∥𝑈𝐴(𝑡, 𝑠)∥ ≤ 𝑀𝐴𝑒
𝜔𝐴(𝑡−𝑠), ∥𝑈𝐵(𝑠, 𝑡)∥ ≤ 𝑀𝐵𝑒

𝜔𝐵(𝑡−𝑠),

then the periodic Sylvester differential equation (3.4) has a unique periodic solution
Σ∞(⋅) ∈ 𝐶(ℝ,ℒ𝑠(𝑌,𝑋)) such that Σ∞(⋅)𝑦 ∈ 𝐶1(ℝ, 𝑋) and Σ(𝑡)𝑦 ∈ 𝒟(𝐴) for all
𝑦 ∈ 𝒟(𝐵) and 𝑡 ∈ ℝ. The function Σ∞(⋅) has period 𝜏 and is given by the formula

Σ∞(𝑡)𝑦 =
∫ 𝑡
−∞

𝑈𝐴(𝑡, 𝑠)𝐶(𝑠)𝑈𝐵(𝑠, 𝑡)𝑦𝑑𝑠, 𝑦 ∈ 𝑌.

Proof. We will first show that Σ∞(⋅) is a classical solution of the Sylvester differ-
ential equation (3.1) on the interval [0, 2𝜏 ]. Since for every 𝑦 ∈ 𝑌 we have

Σ∞(𝑡)𝑦 = 𝑈𝐴(𝑡, 0)

∫ 0

−∞
𝑈𝐴(0, 𝑠)𝐶(𝑠)𝑈𝐵(𝑠, 0)𝑈𝐵(0, 𝑡)𝑦𝑑𝑠

+

∫ 𝑡
0

𝑈𝐴(𝑡, 𝑠)𝐶(𝑠)𝑈𝐵(𝑠, 𝑡)𝑦𝑑𝑠,

it suffices to show that the linear operator Σ∞(0) : 𝑌 → 𝑋 defined by

Σ∞(0)𝑦 =
∫ 0

−∞
𝑈𝐴(0, 𝑠)𝐶(𝑠)𝑈𝐵(𝑠, 0)𝑦𝑑𝑠, 𝑦 ∈ 𝑌
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is bounded and Σ∞(0)(𝒟(𝐵)) ⊂ 𝒟(𝐴). Our assumptions imply that for all 𝑦 ∈ 𝑌
we have∫ 0

−∞
∥𝑈𝐴(0, 𝑠)𝐶(𝑠)𝑈𝐵(𝑠, 0)𝑦∥𝑑𝑠 ≤ 𝑀𝐴𝑀𝐵 max

𝑟∈[0,𝜏 ]
∥𝐶(𝑟)∥

∫ 0

−∞
𝑒−(𝜔𝐴+𝜔𝐵)𝑠𝑑𝑠 ⋅ ∥𝑦∥

=: 𝑀∥𝑦∥,
where 𝑀 < ∞. This concludes that Σ∞(0) : 𝑌 → 𝑋 is a well-defined linear
operator and since∥∥∥∥∫ 0

−∞
𝑈𝐴(0, 𝑠)𝐶(𝑠)𝑈𝐵(𝑠, 0)𝑦𝑑𝑠

∥∥∥∥ ≤
∫ 0

−∞
∥𝑈𝐴(0, 𝑠)𝐶(𝑠)𝑈𝐵(𝑠, 0)𝑦∥𝑑𝑠 ≤ 𝑀∥𝑦∥,

we have Σ∞(0) ∈ ℒ(𝑌,𝑋). To show that Σ∞(0)(𝒟(𝐵)) ⊂ 𝒟(𝐴), let 𝑦 ∈ 𝒟(𝐵) and
write

Σ∞(0)𝑦 =
∫ −1

−∞
𝑈𝐴(0, 𝑠)𝐶(𝑠)𝑈𝐵(𝑠, 0)𝑦𝑑𝑠

+

∫ 0

−1

𝑈𝐴(0, 𝑠)𝐶(𝑠)𝑈𝐵(𝑠, 0)𝑦𝑑𝑠 =: 𝑣0 + 𝑣1.

If we denote 𝑓(𝑠) = 𝑈𝐴(0, 𝑠)𝐶(𝑠)𝑈𝐵(𝑠, 0)𝑦, then 𝑓(𝑠) ∈ 𝒟(𝐴) for all 𝑠 < 0 and
from the previous estimate we have 𝑓 ∈ 𝐿1((−∞,−1), 𝑋). We have from [10, Thm.
5.6.1] that 𝐴(0)𝑈𝐴(0,−1) ∈ ℒ(𝑋) and thus∫ −1

−∞
∥𝐴(0)𝑈𝐴(0, 𝑠)𝐶(𝑠)𝑈𝐵(𝑠, 0)𝑦∥𝑑𝑠

≤ ∥𝐴(0)𝑈𝐴(0,−1)∥
∫ −1

−∞
∥𝑈𝐴(−1, 𝑠)𝐶(𝑠)𝑈𝐵(𝑠, 0)𝑦∥𝑑𝑠

≤ 𝑀𝐴𝑀𝐵 max
𝑟∈[0,𝜏 ]

∥𝐶(𝑟)∥ ⋅ ∥𝐴(0)𝑈𝐴(0,−1)∥ ⋅ ∥𝑦∥ ⋅ 𝑒−𝜔𝐴
∫ −1

−∞
𝑒−(𝜔𝐴+𝜔𝐵)𝑠𝑑𝑠 < ∞.

This shows that 𝐴(0)𝑓 ∈ 𝐿1((−∞,−1), 𝑋) and since 𝐴(0) is a closed linear op-
erator we have that 𝑣0 ∈ 𝒟(𝐴(0)) = 𝒟(𝐴). As in the proof of Theorem 3.2 we
have that since the mapping 𝑡 �→ 𝐶(𝑡)𝑈𝐵(𝑡, 0)𝑦 is Hölder continuous on [−1, 0],
the nonautonomous abstract Cauchy problem

�̇�(𝑡) = 𝐴(𝑡)𝑥(𝑡) + 𝐶(𝑡)𝑈𝐵(𝑡, 0)𝑦, 𝑥(−1) = 0

has a unique classical solution

𝑥(𝑡) =

∫ 𝑡
−1

𝑈𝐴(𝑡, 𝑠)𝐶(𝑠)𝑈𝐵(𝑠, 0)𝑦𝑑𝑠

on [−1, 0]. Thus we also have 𝑣1 = 𝑥(0) ∈ 𝒟(𝐴). Combining these results shows
that we have Σ∞(0)𝑦 = 𝑣0 + 𝑣1 ∈ 𝒟(𝐴) and thus Σ∞(0) is the unique classical
solution of the Sylvester differential equation on [0, 2𝜏 ] associated to the initial
condition Σ∞(0).
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To prove the periodicity of Σ∞(⋅), let 𝑡 ∈ ℝ. For all 𝑦 ∈ 𝑌 we then have

Σ∞(𝑡+ 𝜏)𝑦 =

∫ 𝑡+𝜏
−∞

𝑈𝐴(𝑡+ 𝜏, 𝑠)𝐶(𝑠)𝑈𝐵(𝑠, 𝑡+ 𝜏)𝑦𝑑𝑠

=

∫ 𝑡
−∞

𝑈𝐴(𝑡+ 𝜏, 𝑠+ 𝜏)𝐶(𝑠 + 𝜏)𝑈𝐵(𝑠+ 𝜏, 𝑡+ 𝜏)𝑦𝑑𝑠

=

∫ 𝑡
−∞

𝑈𝐴(𝑡, 𝑠)𝐶(𝑠)𝑈𝐵(𝑠, 𝑡)𝑦𝑑𝑠 = Σ∞(𝑡)𝑦.

This shows that Σ∞(⋅) is periodic with period 𝜏 . This and the fact that Σ∞(⋅)
is the classical solution of the Sylvester differential equation (3.1) on the interval
[0, 2𝜏 ] imply that Σ∞(⋅)𝑦 ∈ 𝐶1(ℝ, 𝑋) and Σ∞(𝑡)𝑦 ∈ 𝒟(𝐴) for all 𝑡 ∈ ℝ. This
concludes that Σ∞(⋅) is a periodic solution of the periodic Sylvester differential
equation.

It remains to prove that the periodic Sylvester differential equation (3.4) has
no other periodic solutions. To this end, let Σ(⋅) be any periodic solution of the
equation corresponding to an arbitrary initial condition Σ(0) = Σ0 ∈ ℒ(𝑊,𝑋).
Let 𝑦 ∈ 𝑌 . We have

Σ(𝑡)𝑦 = 𝑈𝐴(𝑡, 0)Σ0𝑈𝐵(0, 𝑡)𝑦 +

∫ 𝑡
0

𝑈𝐴(𝑡, 𝑠)𝐶(𝑠)𝑈𝐵(𝑠, 𝑡)𝑦𝑑𝑠

and the difference Δ(𝑡)𝑦 = Σ∞(𝑡)𝑦 − Σ(𝑡)𝑦 satisfies

Δ(𝑡)𝑦 =

∫ 𝑡
−∞

𝑈𝐴(𝑡, 𝑠)𝐶(𝑠)𝑈𝐵(𝑠, 𝑡)𝑦𝑑𝑠 − 𝑈𝐴(𝑡, 0)Σ0𝑈𝐵(0, 𝑡)𝑦

−
∫ 𝑡
0

𝑈𝐴(𝑡, 𝑠)𝐶(𝑠)𝑈𝐵(𝑠, 𝑡)𝑦𝑑𝑠

=

∫ 0

−∞
𝑈𝐴(𝑡, 𝑠)𝐶(𝑠)𝑈𝐵(𝑠, 𝑡)𝑦𝑑𝑠 − 𝑈𝐴(𝑡, 0)Σ0𝑈𝐵(0, 𝑡)𝑦

= 𝑈𝐴(𝑡, 0)Σ∞(0)𝑈𝐵(0, 𝑡)− 𝑈𝐴(𝑡, 0)Σ0𝑈𝐵(0, 𝑡)𝑦 = 𝑈𝐴(𝑡, 0)Δ(0)𝑈𝐵(0, 𝑡)𝑦.

Thus

∥Δ(𝑡)∥ ≤ 𝑀𝐴𝑀𝐵𝑒
(𝜔𝐴+𝜔𝐵)𝑡∥Δ(0)∥

and the assumption 𝜔𝐴 + 𝜔𝐵 < 0 implies lim𝑡→∞Δ(𝑡) = 0. Since Σ(⋅) and Σ∞(⋅)
are periodic and since lim𝑡→∞∥Σ(𝑡) − Σ∞(𝑡)∥ = 0, we must have Σ(𝑡) ≡ Σ∞(𝑡).
This concludes that no other periodic solutions than Σ∞(⋅) may exist. □
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4. Periodic Output Regulation

In this section we finally apply the results on the solvability of the Sylvester dif-
ferential equation to obtain a characterization for the controllers solving the out-
put regulation problem related to a distributed parameter system and a nonau-
tonomous periodic signal generator. We will use notation typical to mathematical
systems theory and because of this the choices of symbols differ from the ones used
in the earlier sections.

We consider the output regulation of an infinite-dimensional linear system
in a situation where the reference and disturbance signals are generated by an
exosystem

�̇�(𝑡) = 𝑆(𝑡)𝑣(𝑡), 𝑣(0) = 𝑣0 ∈ 𝑊 (4.1)

on a finite-dimensional space 𝑊 = ℂ𝑞. We assume the input and output spaces 𝑈
and 𝑌 , respectively, are Hilbert spaces and that the plant can be written in a
standard form as

�̇�(𝑡) = 𝐴𝑥(𝑡) +𝐵𝑢(𝑡) + 𝐸(𝑡)𝑣(𝑡), 𝑥(0) = 𝑥0 ∈ 𝑋

𝑒(𝑡) = 𝐶𝑥(𝑡) +𝐷𝑢(𝑡) + 𝐹 (𝑡)𝑣(𝑡)

on a Banach space 𝑋 . Here 𝑒(𝑡) ∈ 𝑌 is the regulation error, 𝑢(𝑡) ∈ 𝑈 the input,
𝐸(𝑡)𝑣(𝑡) is the disturbance signal to the state and 𝐹 (𝑡)𝑣(𝑡) contains the disturbance
signal to the output and the reference signal. The operator 𝐴 : 𝒟(𝐴) ⊂ 𝑋 → 𝑋
is assumed to generate an analytic semigroup on 𝑋 and the rest of the operators
are bounded. We consider a dynamic error feedback controller of form

�̇�(𝑡) = 𝒢1(𝑡)𝑧(𝑡) + 𝒢2(𝑡)𝑒(𝑡), 𝑧(0) = 𝑧0 ∈ 𝑍

𝑢(𝑡) = 𝐾(𝑡)𝑧(𝑡)

on a Banach space 𝑍. Here (𝒢1(𝑡),𝒟(𝒢1)) is a family of unbounded operators, and
𝒢2(𝑡) ∈ ℒ(𝑌, 𝑍) and 𝐾(𝑡) ∈ ℒ(𝑍,𝑈) for all 𝑡 ≥ 0. The plant and the controller can
be written as a closed-loop system

�̇�𝑒(𝑡) = 𝐴𝑒(𝑡)𝑥𝑒(𝑡) +𝐵𝑒(𝑡)𝑣(𝑡) 𝑥𝑒(0) = 𝑥𝑒0 ∈ 𝑋𝑒 (4.2a)

𝑒(𝑡) = 𝐶𝑒(𝑡)𝑥𝑒(𝑡) +𝐷𝑒(𝑡)𝑣(𝑡) (4.2b)

on the Banach space 𝑋𝑒 = 𝑋 × 𝑍 by choosing

𝐴𝑒(𝑡) =

(
𝐴 𝐵𝐾(𝑡)

𝒢2(𝑡)𝐶 𝒢1(𝑡) + 𝒢2(𝑡)𝐷𝐾(𝑡)

)
, 𝐵𝑒(𝑡) =

(
𝐸(𝑡)

𝒢2(𝑡)𝐹 (𝑡)

)
𝐶𝑒(𝑡) =

(
𝐶, 𝐷𝐾(𝑡)

)
and 𝐷𝑒(𝑡) = 𝐹 (𝑡). We assume the family (𝐴𝑒(𝑡),𝒟(𝐴𝑒(𝑡))) of

unbounded operators and the operator-valued functions 𝑆(⋅), 𝐵𝑒(⋅), 𝐶𝑒(⋅) and𝐷𝑒(⋅)
are periodic with the same period 𝜏 > 0. The Periodic Output Regulation Problem
is defined as follows.
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Definition 4.1 (Periodic Output Regulation Problem). Choose the parameters
(𝒢1(⋅),𝒢2(⋅),𝐾(⋅)) of the dynamic error feedback controller in such a way that
1. The evolution family 𝑈𝑒(𝑡, 𝑠) associated to the family (𝐴𝑒(𝑡),𝒟(𝐴𝑒(𝑡))) is

exponentially stable, i.e., there exist 𝑀𝑒, 𝜔𝑒 > 0 such that for all 𝑡 ≥ 𝑠

∥𝑈𝑒(𝑡, 𝑠)∥ ≤ 𝑀𝑒𝑒
−𝜔𝑒(𝑡−𝑠).

2. For all initial values 𝑥𝑒0 ∈ 𝑋𝑒 and 𝑣0 ∈ 𝑊 of the closed-loop system and the
exosystem, respectively, the regulation error 𝑒(𝑡) goes to zero asymptotically,
i.e., 𝑒(𝑡) → 0 as 𝑡 → ∞.

It has been shown in [9] that under suitable assumptions the solvability of
the Periodic Output Regulation Problem can be characterized using the periodic
Sylvester differential equation

Σ̇(𝑡) = 𝐴𝑒(𝑡)Σ(𝑡) − Σ(𝑡)𝑆(𝑡) +𝐵𝑒(𝑡). (4.3)

Using Theorem 3.3 we can weaken the assumptions required for this character-
ization and thus extend the results presented in [9] for more general classes of
systems and exosystems. We will first state the required assumptions. Since the
space 𝑊 = ℂ𝑞 is finite-dimensional, the strong continuity of the operator-valued
functions 𝑆(⋅) and 𝐵𝑒(⋅) coincide with the continuity with respect to the uniform
operator topology.

1. The family (𝐴𝑒(𝑡),𝒟(𝐴𝑒(𝑡))) satisfies the parabolic conditions.
2. The domain 𝒟(𝐴𝑒(𝑡)∗) =: 𝒟(𝐴∗

𝑒) is independent of 𝑡 ∈ ℝ and dense in 𝑋∗
𝑒 .

For all 𝑥 ∈ 𝑋𝑒 and 𝑥∗ ∈ 𝑋∗
𝑒 the mapping 𝑡 �→ ⟨𝑥,𝐴𝑒(𝑡)∗𝑥∗⟩ is continuous.

3. The matrix-valued function 𝑆(⋅) is continuous, we have ∣𝜆∣ = 1 for all eigen-
values 𝜆 of 𝑈𝑆(𝜏, 0) and there exists 𝑀𝑆 ≥ 1 such that ∥𝑈𝑆(𝑡, 𝑠)∥ ≤ 𝑀𝑆 for
all 𝑡, 𝑠 ∈ ℝ.

4. The function 𝐵𝑒(⋅) is Hölder continuous.
5. The functions 𝐶𝑒(⋅) and 𝐷𝑒(⋅) are strongly continuous.

The following theorem characterizes the controllers solving the Periodic Out-
put Regulation Problem using the properties of the Sylvester differential equa-
tion (4.3).

Theorem 4.2. Assume that the above conditions are satisfied. If the controller sta-
bilizes the closed-loop system exponentially, then the periodic Sylvester differential
equation (4.3) has a unique periodic classical solution Σ∞(⋅) and the controller
solves the Periodic Output Regulation Problem if and only if this solution satisfies

𝐶𝑒(𝑡)Σ∞(𝑡) +𝐷𝑒(𝑡) = 0 (4.4)

for all 𝑡 ∈ [0, 𝜏 ].

Proof. Since the conditions of Theorem 3.3 are satisfied, the Sylvester differen-
tial equation (4.3) has a unique periodic classical solution Σ∞(⋅) with period 𝜏 .
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Since the space 𝑊 is finite-dimensional we have Σ∞(⋅) ∈ 𝐶1(ℝ,ℒ(𝑊,𝑋𝑒)) and
ℛ(Σ∞(𝑡)) ⊂ 𝒟(𝐴𝑒) for all 𝑡 ∈ ℝ.

We will first study the asymptotic behaviour of the regulation error. For
any initial conditions 𝑥𝑒0 ∈ 𝑋𝑒 and 𝑣0 ∈ 𝑊 and for any 𝑡 ≥ 0 the state of the
closed-loop system is given by

𝑥𝑒(𝑡) = 𝑈𝑒(𝑡, 0)𝑥𝑒0 +

∫ 𝑡
0

𝑈𝑒(𝑡, 𝑠)𝐵𝑒(𝑠)𝑈𝑆(𝑠, 0)𝑣0𝑑𝑠.

Using the Sylvester differential equation we see that

𝑈𝑒(𝑡, 𝑠)𝐵𝑒(𝑠)𝑈𝑆(𝑡, 0)𝑣0 = 𝑈𝑒(𝑡, 𝑠)(Σ̇∞(𝑠) + Σ∞(𝑠)𝑆(𝑠)− 𝐴𝑒(𝑠)Σ∞(𝑠))𝑈𝑆(𝑠, 0)𝑣0

= 𝑈𝑒(𝑡, 𝑠)Σ̇∞(𝑠)𝑈𝑆(𝑠, 0)𝑣0 + 𝑈𝑒(𝑡, 𝑠)Σ∞(𝑠)𝑆(𝑠)𝑈𝑆(𝑠, 0)𝑣0

− 𝑈𝑒(𝑡, 𝑠)𝐴𝑒(𝑠)Σ∞(𝑠)𝑈𝑆(𝑠, 0)𝑣0

=
𝑑

𝑑𝑠
𝑈𝑒(𝑡, 𝑠)Σ∞(𝑠)𝑈𝑆(𝑠, 0)𝑣0.

The state of the closed-loop system can thus be expressed using a formula

𝑥𝑒(𝑡) = 𝑈𝑒(𝑡, 0)𝑥𝑒0 +

∫ 𝑡
0

𝑈𝑒(𝑡, 𝑠)𝐵𝑒(𝑠)𝑈𝑆(𝑠, 0)𝑣0𝑑𝑠

= 𝑈𝑒(𝑡, 0)𝑥𝑒0 +Σ∞(𝑡)𝑈𝑆(𝑡, 0)𝑣0 − 𝑈𝑒(𝑡, 0)Σ∞(0)𝑣0

= 𝑈𝑒(𝑡, 0)(𝑥𝑒0 − Σ∞(0)𝑣0) + Σ∞(𝑡)𝑣(𝑡)

and the regulation error corresponding to these initial states is given by

𝑒(𝑡) = 𝐶𝑒(𝑡)𝑥𝑒(𝑡) +𝐷𝑒𝑣(𝑡)

= 𝐶𝑒(𝑡)𝑈𝑒(𝑡, 0)(𝑥𝑒0 − Σ∞(0)𝑣0) + (𝐶𝑒(𝑡)Σ∞(𝑡) +𝐷𝑒(𝑡)) 𝑣(𝑡).

Since the closed-loop system is stable there exist constants 𝑀𝑒 ≥ 1 and 𝜔𝑒 > 0
such that for all 𝑡 ≥ 𝑠 we have ∥𝑈𝑒(𝑡, 𝑠)∥ ≤ 𝑀𝑒𝑒

−𝜔𝑒(𝑡−𝑠). Using the formula for
the regulation error we have

∥𝑒(𝑡)− (𝐶𝑒(𝑡)Σ∞(𝑡) +𝐷𝑒(𝑡))𝑣(𝑡)∥ = ∥𝐶𝑒(𝑡)𝑈𝑒(𝑡, 0)(𝑥𝑒0 − Σ∞(0)𝑣0)∥
≤ 𝑀𝑒𝑒

−𝜔𝑒𝑡 max
𝑠∈[0,𝑇 ]

∥𝐶𝑒(𝑠)∥ ⋅ ∥𝑥𝑒0 − Σ∞(0)𝑣0∥ −→ 0

as 𝑡 → ∞ since 𝜔𝑒 > 0. This property describing the asymptotic behaviour of the
regulation error allows us to prove the theorem.

Assume first that (4.4) is satisfied for all 𝑡 ∈ [0, 𝜏 ]. The periodicity of the
functions implies that it is satisfied for all 𝑡 ∈ ℝ and thus for all initial states
𝑥𝑒0 ∈ 𝑋𝑒 and 𝑣0 ∈ 𝑊 the regulation error satisfies

∥𝑒(𝑡)∥ = ∥𝑒(𝑡)− (𝐶𝑒(𝑡)Σ∞(𝑡) +𝐷𝑒(𝑡))𝑣(𝑡)∥ −→ 0

as 𝑡 → ∞. This concludes that the controller solves the Periodic Output Regulation
Problem.

To prove the converse implication assume that the controller solves the Peri-
odic Output Regulation Problem. Let 𝑡0 ∈ [0, 𝜏) and 𝑛 ∈ ℕ0 and denote 𝑡 = 𝑛𝜏+𝑡0.
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Using the periodicity of the functions and the above property of the regulation er-
ror we have that for any initial state 𝑣0 ∈ 𝑊 of the exosystem and any 𝑥𝑒0 ∈ 𝑋𝑒

∥(𝐶𝑒(𝑡0)Σ∞(𝑡0) +𝐷𝑒(𝑡0))𝑣(𝑡)∥ = ∥(𝐶𝑒(𝑡)Σ∞(𝑡) +𝐷𝑒(𝑡))𝑣(𝑡)∥
= ∥𝑒(𝑡)− (𝐶𝑒(𝑡)Σ∞(𝑡) +𝐷𝑒(𝑡))𝑣(𝑡)∥ + ∥𝑒(𝑡)∥ −→ 0

as 𝑛 → ∞. Let 𝜆 ∈ 𝜎(𝑈𝑆(𝜏, 0)) and let {𝜙𝑘}𝑚𝑘=1 be a Jordan chain associated to
this eigenvalue. We will use the above limit to show that for all 𝑘 ∈ {1, . . . ,𝑚} we
have (𝐶𝑒(𝑡0)Σ∞(𝑡0) +𝐷𝑒(𝑡0))𝜙𝑘 = 0. By assumption we have ∣𝜆∣ = 1 and

𝑈𝑆(𝜏, 0)𝜙1 = 𝜆𝜙1, 𝑈𝑆(𝜏, 0)𝜙𝑘 = 𝜆𝜙𝑘 + 𝜙𝑘−1, 𝑘 ∈ {2, . . . ,𝑚}. (4.5)

The periodicity of the evolution family 𝑈𝑆(𝑡, 𝑠) implies

𝑈𝑆(𝑡, 0) = 𝑈𝑆(𝑛𝜏 + 𝑡0, 0) = 𝑈𝑆(𝑛𝜏 + 𝑡0, 𝑛𝜏)𝑈𝑆(𝑛𝜏, (𝑛 − 1)𝜏) ⋅ ⋅ ⋅𝑈𝑆(𝜏, 0)
= 𝑈𝑆(𝑡0, 0)𝑈𝑆(𝜏, 0)

𝑛

and thus

0 = lim
𝑛→∞ ∥(𝐶𝑒(𝑡0)Σ∞(𝑡0) +𝐷𝑒(𝑡0))𝑈𝑆(𝑡, 0)𝜙1∥

= ∥(𝐶𝑒(𝑡0)Σ∞(𝑡0) +𝐷𝑒(𝑡0))𝑈𝑆(𝑡0, 0)𝜙1∥ ⋅
(
lim
𝑛→∞∣𝜆∣𝑛

)
.

This implies (𝐶𝑒(𝑡0)Σ∞(𝑡0) +𝐷𝑒(𝑡0))𝑈𝑆(𝑡0, 0)𝜙1 = 0 since ∣𝜆∣ = 1. Using this
and (4.5) we get

0 = lim
𝑛→∞ ∥(𝐶𝑒(𝑡0)Σ∞(𝑡0) +𝐷𝑒(𝑡0))𝑈𝑆(𝑡, 0)𝜙2∥

= ∥(𝐶𝑒(𝑡0)Σ∞(𝑡0) +𝐷𝑒(𝑡0))𝑈𝑆(𝑡0, 0)𝜙2∥ ⋅
(
lim
𝑛→∞∣𝜆∣𝑛

)
and thus also (𝐶𝑒(𝑡0)Σ∞(𝑡0) +𝐷𝑒(𝑡0))𝑈𝑆(𝑡0, 0)𝜙2 = 0. Continuing this we finally
obtain

0 = lim
𝑛→∞ ∥(𝐶𝑒(𝑡0)Σ∞(𝑡0) +𝐷𝑒(𝑡0))𝑈𝑆(𝑡, 0)𝜙𝑚∥

= ∥(𝐶𝑒(𝑡0)Σ∞(𝑡0) +𝐷𝑒(𝑡0))𝑈𝑆(𝑡0, 0)𝜙𝑚∥ ⋅
(
lim
𝑛→∞∣𝜆∣𝑛

)
which implies (𝐶𝑒(𝑡0)Σ∞(𝑡0) +𝐷𝑒(𝑡0))𝑈𝑆(𝑡0, 0)𝜙𝑚 = 0. Since 𝜆 ∈ 𝜎(𝑈𝑆(𝜏, 0)) and
the associated Jordan chain were arbitrary, we must have

(𝐶𝑒(𝑡0)Σ∞(𝑡0) +𝐷𝑒(𝑡0))𝑈𝑆(𝑡0, 0) = 0.

The invertibility of 𝑈𝑆(𝑡0, 0) further concludes that 𝐶𝑒(𝑡0)Σ∞(𝑡0) + 𝐷𝑒(𝑡0) = 0.
Since 𝑡0 ∈ [0, 𝜏) was arbitrary, this finally shows that 𝐶𝑒(𝑡)Σ∞(𝑡) +𝐷𝑒(𝑡) = 0 for
every 𝑡 ∈ [0, 𝜏 ]. □

It should also be noted that Theorem 4.2 is independent of the form of
the controller in the sense that if the closed-loop system can be written in the
form (4.2), then this result implies that the output 𝑒(𝑡) of the closed-loop sys-
tem driven by the nonautonomous exosystem (4.1) decays to zero asymptotically

529The Infinite-dimensional Sylvester Differential Equation



if and only if the solution of the Sylvester differential equation satisfies the con-
straint (4.4). This makes it possible to study the Periodic Output Regulation
Problems with different types of controllers simultaneously. The general results
obtained this way can subsequently be used to derive separate conditions for the
solvability of the problem using different controller types.

5. Conclusions

In this paper we have considered the solvability of the infinite-dimensional Sylvester
differential equation. We have introduced conditions under which the equation has
a unique classical solution. We have also considered the periodic version of the
equation and shown that if a certain condition on the growth of the evolution fam-
ilies associated to the equation is satisfied, then the periodic Sylvester differential
equation has a unique periodic solution.

We applied the results on the solvability of the equation to the output reg-
ulation of a distributed parameter system with a time-dependent exosystem. In
particular we showed that the controllers solving the output regulation problem
can be characterized using the properties of the solution of the Sylvester differen-
tial equation. Developing the results for the solvability of these types of equations
is crucial to the generalization of the theory of output regulation for more general
classes of infinite-dimensional systems and exogeneous signals.
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cation the equations of linear acoustics are considered with complex material
laws. A dynamic boundary condition is imposed which in the time-harmonic
case corresponds to an impedance or Robin boundary condition. Memory
and delay effects in the interior and also on the boundary are built into the
problem class.

Mathematics Subject Classification (2000). Primary 35F05; Secondary 35L40,
35F10, 76Q05.

Keywords. Evolution equations, partial differential equations, causality, acous-
tic waves, impedance type boundary condition, memory, delay.

0. Introduction

In [2] and [5], Chapter 5, a theoretical framework has been presented to discuss typ-
ical linear evolutionary problems as they arise in various fields of applications. The
suitability of the problem class described for such applications has been demon-
strated by numerous examples of varying complexity. The problem class can be
heuristically described as: finding 𝑈, 𝑉 satisfying

∂0𝑉 +𝐴𝑈 = 𝑓,

where 𝑉 is linked to 𝑈 by a linear material law

𝑉 =𝕄𝑈.

Here ∂0 denotes the time derivative, 𝕄 is a bounded linear operator commuting
with ∂0 and 𝐴 is a (usually) unbounded translation invariant linear operator. The
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material law operator 𝕄 is given in terms of a suitable operator-valued function
of the time derivative ∂0 in the sense of a functional calculus associated with ∂0
realized as a normal operator. The focus in the quoted references is on the case
where 𝐴 is skew-selfadjoint.

The aim of this paper is to extend the general theory to encompass an even
larger class of problems by allowing 𝐴 to be more general. The presentation will
rest on a conceptually more elementary version of this theory as presented in [3],
where the above problem is discussed as establishing the continuous invertibility
of the unbounded operator sum ∂0𝕄+ 𝐴, i.e., we shall develop a solution theory
for a class of operator equations of the form ∂0𝕄+𝐴 𝑈 = 𝑓. For suggestiveness
of notation we shall simply write ∂0𝕄+ 𝐴 instead of ∂0𝕄+𝐴, which can indeed
be made rigorous in a suitable distributional sense.

To exemplify the utility of the generalization we shall apply the ideas devel-
oped here to impedance type boundary conditions in linear acoustics.

After briefly describing the corner stones of a general solution theory in sec-
tion 1 we shall discuss in section 2 the particular issue of causality, which is a
characteristic feature of problems we may rightfully call evolutionary.

The general findings will be illustrated by an application to acoustic equations
with a dynamic boundary condition allowing for additional memory effects on the
boundary of the underlying domain. We refer to the boundary condition as of
impedance type due to its form after Fourier-Laplace transformation with respect to
time. The reasoning in [4] finds its generalization in the arguments presented here
in so far as here evolutionary boundary conditions modelling a separate dynamics
on the boundary are included.

1. General solution theory

First we specify the space and the class of material law operators we want to
consider.

Assumptions on the material law operator: Let 𝑀 = (𝑀 (𝑧))𝑧∈𝐵ℂ(𝑟,𝑟)
be a family

of uniformly bounded linear operators in a Hilbert space 𝐻 with inner product
⟨ ⋅ ∣ ⋅ ⟩𝐻 , assumed to be linear in the second factor, with 𝑧 �→ 𝑀 (𝑧) holomorphic
in the ball 𝐵ℂ (𝑟, 𝑟) of radius 𝑟 centered at 𝑟. Then, for 𝜚 > 1

2𝑟 , we define

𝕄 := 𝑀
(
∂−1
0

)
,

where

𝑀
(
∂−1
0

)
:= 𝕃∗

𝜚𝑀

(
1

i𝑚0 + 𝜚

)
𝕃𝜚.

Here 𝕃𝜚 : 𝐻𝜚 (ℝ, 𝐻) → 𝐻0 (ℝ, 𝐻), 𝜚 ∈ ℝ≥0, denotes the unitary extension of
the Fourier-Laplace transform to 𝐻𝜚 (ℝ, 𝐻), the space of 𝐻-valued 𝐿2,loc-functions
𝑓 on ℝ with

∣𝑓 ∣𝜚 :=

√∫
ℝ

∣𝑓 (𝑡)∣2𝐻 exp (−2𝜚𝑡) 𝑑𝑡 < ∞.
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The Fourier-Laplace transform is given by

(𝕃𝜚𝜑) (𝑠) =
1√
2𝜋

∫
ℝ

exp (−i (𝑠 − i𝜚) 𝑡) 𝜑 (𝑡) 𝑑𝑡, 𝑠 ∈ ℝ,

for 𝜑 ∈ 𝐶∞ (ℝ, 𝐻), i.e., for smooth 𝐻-valued functions 𝜑 with compact support.

The multiplicatively applied operator 𝑀
(

1
i𝑚0+𝜚

)
: 𝐻0 (ℝ, 𝐻) → 𝐻0 (ℝ, 𝐻) is

given by (
𝑀

(
1

i𝑚0 + 𝜚

)
𝜑

)
(𝑠) = 𝑀

(
1

i 𝑠+ 𝜚

)
𝜑 (𝑠) , 𝑠 ∈ ℝ,

for 𝜑 ∈ 𝐶∞ (ℝ, 𝐻), (so that 𝑚0 simply denotes the multiplication by the argument
operator).

𝐻𝜚 (ℝ, 𝐻) is a Hilbert space with inner product ⟨ ⋅ ∣ ⋅ ⟩𝜚 given by

⟨𝑓 ∣𝑔⟩𝜚 =
∫
ℝ

⟨𝑓 (𝑡) ∣𝑔 (𝑡)⟩𝐻 exp (−2𝜚𝑡) 𝑑𝑡

and the associated norm will be denoted by ∣ ⋅ ∣𝜚. In the case 𝜚 = 0 the space

𝐻𝜚 (ℝ, 𝐻) is simply the space 𝐿2 (ℝ, 𝐻) of 𝐻-valued 𝐿2-functions on ℝ. In our
general framework there is, however, a bias to consider large 𝜚 ∈ ℝ>0.

Note that for 𝑟 ∈ ℝ>0

𝐵ℂ (𝑟, 𝑟) → [iℝ] +
[
ℝ>1/(2𝑟)

]
𝑧 �→ 𝑧−1

is a bijection. In 𝐻𝜚 (ℝ, 𝐻) the closure ∂0 of the derivative on 𝐶∞ (ℝ, 𝐻) turns out
to be a normal operator, see, e.g., [3], with ℜ𝔢 (∂0) = 𝜚.

With the time translation operator 𝜏ℎ : 𝐻𝜚 (ℝ, 𝐻) → 𝐻𝜚 (ℝ, 𝐻), ℎ ∈ ℝ,
given by

(𝜏ℎ𝜑) (𝑠) = 𝜑 (𝑠+ ℎ) , 𝑠 ∈ ℝ,

for 𝜑 ∈ 𝐶∞ (ℝ, 𝐻) it is easy to see that 𝑀
(
∂−1
0

)
is translation invariant, i.e.,

𝜏ℎ𝑀
(
∂−1
0

)
= 𝑀

(
∂−1
0

)
𝜏ℎ , ℎ ∈ ℝ.

This is indeed clear since 𝑀
(
∂−1
0

)
commutes by construction with ∂−1

0 and

𝜏ℎ = exp
(
ℎ
(
∂−1
0

)−1
)
.

Assumptions on𝑨: For the densely defined, closed linear operator𝐴 in𝐻𝜚(ℝ,𝐻) we

also assume commutativity with ∂−1
0 which implies commutativity with bounded

Borel functions of ∂−1
0 , in particular, translation invariance

𝜏ℎ𝐴 = 𝐴𝜏ℎ , ℎ ∈ ℝ.

We shall use 𝑀
(
∂−1
0

)
and 𝐴 without denoting a reference to 𝜚 ∈ ℝ>0.

Thus we are led to solving(
∂0𝑀

(
∂−1
0

)
+𝐴
)
𝑈 = 𝑓
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in 𝐻𝜚 (ℝ, 𝐻) with 𝑓 ∈ 𝐻𝜚 (ℝ, 𝐻) given. Recall that we have chosen to write

∂0𝑀
(
∂−1
0

)
+ 𝐴 for the closure of the sum of the two discontinuous operators

involved. Note that initial data are not explicitly prescribed. It is assumed that
they are built into the source term 𝑓 so that vanishing initial data may be assumed.

Condition (Positivity 1): For all 𝑈 ∈ 𝐷 (∂0) ∩ 𝐷 (𝐴) and 𝑉 ∈ 𝐷 (∂0) ∩ 𝐷 (𝐴∗) we
have, uniformly for all sufficiently large 𝜚 ∈ ℝ>0, some 𝛽0 ∈ ℝ>0 such that

ℜ𝔢
〈
𝜒

ℝ≤0
(𝑚0)𝑈 ∣ (∂0𝑀 (∂−1

0

)
+𝐴
)
𝑈
〉
𝜚
≥ 𝛽0

〈
𝜒

ℝ≤0
(𝑚0)𝑈 ∣𝑈〉

𝜚
,

ℜ𝔢
〈
𝑉 ∣
(
∂∗0𝑀

∗
((

∂−1
0

)∗)
+ 𝐴∗
)
𝑉
〉
𝜚
≥ 𝛽0 ⟨𝑉 ∣𝑉 ⟩𝜚 .

Here we have used the notation

𝑀∗ (𝑧) := 𝑀 (𝑧∗)∗

with which we have

𝑀
(
∂−1
0

)∗
= 𝑀∗

((
∂−1
0

)∗)
.

Note that due to translation invariance Condition (Positivity 1) is equivalent to

Condition (Positivity 2)1: For all 𝑎 ∈ ℝ and all 𝑈 ∈ 𝐷 (∂0)∩𝐷 (𝐴), 𝑉 ∈ 𝐷 (∂0)∩
𝐷 (𝐴∗) we have, uniformly for all sufficiently large 𝜚 ∈ ℝ>0, some 𝛽0 ∈ ℝ>0 such
that

ℜ𝔢
〈
𝜒

ℝ≤𝑎
(𝑚0)𝑈 ∣ (∂0𝑀 (∂−1

0

)
+𝐴
)
𝑈
〉
𝜚
≥ 𝛽0

〈
𝜒

ℝ≤𝑎
(𝑚0)𝑈 ∣𝑈〉

𝜚
,

ℜ𝔢
〈
𝑉 ∣
(
∂∗0𝑀

∗
((

∂−1
0

)∗)
+𝐴∗
)
𝑉
〉
𝜚
≥ 𝛽0 ⟨𝑉 ∣𝑉 ⟩𝜚 .

Here 𝜒𝑀 denotes the characteristic function of the set 𝑀 . As a general no-
tation we introduce for every measurable function 𝜓 the associated multiplication
operator

𝜓 (𝑚0) : 𝐻𝜚 (ℝ, 𝐻) → 𝐻𝜚 (ℝ, 𝐻)

determined by

(𝜓 (𝑚0) 𝑓) (𝑡) := 𝜓 (𝑡) 𝑓 (𝑡) , 𝑡 ∈ ℝ,

for 𝑓 ∈ 𝐶∞ (ℝ, 𝐻). Letting 𝑎 go to ∞ in this leads to

Condition (Positivity 3): For all 𝑈 ∈ 𝐷 (∂0) ∩ 𝐷 (𝐴) and 𝑉 ∈ 𝐷 (∂0) ∩ 𝐷 (𝐴∗) we
have, uniformly for all sufficiently large 𝜚 ∈ ℝ>0, some 𝛽0 ∈ ℝ>0 such that

ℜ𝔢
〈
𝑈 ∣ (∂0𝑀 (∂−1

0

)
+𝐴
)
𝑈
〉
𝜚
≥ 𝛽0 ⟨𝑈 ∣𝑈⟩𝜚 ,

ℜ𝔢
〈
𝑉 ∣
(
∂∗0𝑀

∗
((

∂−1
0

)∗)
+𝐴∗
)
𝑉
〉
𝜚
≥ 𝛽0 ⟨𝑉 ∣𝑉 ⟩𝜚 .

1This is the assumption employed in [4]. The second inequality in the corresponding assumption
in [4] erroneously also contains the cut-off multiplier 𝜒

ℝ≤𝑎
(𝑚0) which should not be there and

is indeed never utilized in the arguments.
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This is the constraint we have used in previous work. In the earlier considered
cases the seemingly stronger Condition (Positivity 2) can be shown to hold. It turns
out, however, that in the translation invariant case Condition (Positivity 1) adds
flexibility to the solution theory (to include more general cases) and makes the
issue of causality more easily accessible.

In preparation of our well-posedness result we need the following lemma. Note
that for sake of clarity here we do distinguish between the natural sum 𝐴+𝐵 and
its closure.

Lemma 1.1. Let 𝐴,𝐵 be densely defined, closed linear operators in a Hilbert space
𝐻 such that 𝐴+ 𝐵 and 𝐴∗ + 𝐵∗ are densely defined and let (𝑃𝑛)𝑛∈ℕ

be a mono-

tone sequence of orthogonal projectors commuting with 𝐴 and 𝐵 with 𝑃𝑛
𝑛→∞→ 1

strongly, such that (𝑃𝑛𝐵𝑃𝑛)𝑛∈ℕ
is a sequence of continuous linear operators. Then

(𝑃𝑛𝐴𝑃𝑛)
∗
= 𝑃𝑛𝐴

∗𝑃𝑛, (𝑃𝑛𝐵𝑃𝑛)
∗
= 𝑃𝑛𝐵

∗𝑃𝑛
for every 𝑛 ∈ ℕ. Moreover,

𝐴∗ +𝐵∗ = (𝐴+𝐵)
∗
= s− lim

𝑛→∞ (𝑃𝑛 (𝐴+𝐵)𝑃𝑛)
∗
.

Proof. We have for 𝑦 ∈ 𝐷 (𝐴∗) that ⟨𝐴𝑥∣𝑦⟩𝐻 = ⟨𝑥∣𝐴∗𝑦⟩𝐻 for all 𝑥 ∈ 𝐷 (𝐴) and so
also for 𝑛 ∈ ℕ

⟨𝐴𝑥∣𝑃𝑛𝑦⟩𝐻 = ⟨𝑃𝑛𝐴𝑥∣𝑦⟩𝐻 = ⟨𝐴𝑃𝑛𝑥∣𝑦⟩𝐻 = ⟨𝑃𝑛𝑥∣𝐴∗𝑦⟩𝐻 = ⟨𝑥∣𝑃𝑛𝐴∗𝑦⟩𝐻
for all 𝑥 ∈ 𝐷 (𝐴). Thus, we find 𝑃𝑛𝑦 ∈ 𝐷 (𝐴∗) and

𝐴∗𝑃𝑛𝑦 = 𝑃𝑛𝐴
∗𝑦.

This shows that 𝑃𝑛 commutes with 𝐴∗ and similarly we find 𝑃𝑛 commuting
with 𝐵∗.

From 𝑃𝑛𝐵𝑥 = 𝐵𝑃𝑛𝑥 for 𝑥 ∈ 𝐷 (𝐵) we get〈
𝑥∣ (𝑃𝑛𝐵𝑃𝑛)

∗
𝑦
〉
𝐻
= ⟨𝑃𝑛𝐵𝑃𝑛𝑥∣𝑦⟩𝐻 = ⟨𝐵𝑃𝑛𝑥∣𝑃𝑛𝑦⟩𝐻 = ⟨𝐵𝑥∣𝑃𝑛𝑦⟩𝐻

for all 𝑥 ∈ 𝐷 (𝐵), 𝑦 ∈ 𝐻 and so〈
𝑥∣ (𝑃𝑛𝐵𝑃𝑛)

∗
𝑦
〉
𝐻
= ⟨𝑃𝑛𝑥∣𝐵∗𝑃𝑛𝑦⟩𝐻 = ⟨𝑥∣𝑃𝑛𝐵∗𝑃𝑛𝑦⟩𝐻

proving
(𝑃𝑛𝐵𝑃𝑛)

∗
= 𝑃𝑛𝐵

∗𝑃𝑛
for every 𝑛 ∈ ℕ.

Now let 𝑦 ∈ 𝐷
(
𝐴

∗
+𝐵

∗)
. Then ⟨(𝐴+𝐵) 𝑥∣𝑦⟩𝐻 =

〈
𝑥∣ (𝐴+𝐵)∗ 𝑦

〉
𝐻
for all

𝑥 ∈ 𝐷 (𝐴+𝐵). Since 𝑃𝑛 (𝐴+𝐵) ⊆ (𝐴+𝐵)𝑃𝑛 we have〈
𝑥∣𝑃𝑛 (𝐴+𝐵)∗ 𝑦

〉
𝐻
=
〈
𝑃𝑛𝑥∣ (𝐴+𝐵)∗ 𝑦

〉
𝐻

= ⟨(𝐴+𝐵)𝑃𝑛𝑥∣𝑦⟩𝐻
= ⟨𝑃𝑛 (𝐴+𝐵)𝑃𝑛𝑥∣𝑦⟩𝐻
= ⟨𝑃𝑛𝐴𝑃𝑛𝑥+ 𝑃𝑛𝐵𝑃𝑛𝑥∣𝑦⟩𝐻
= ⟨𝑃𝑛𝐴𝑃𝑛𝑥∣𝑦⟩𝐻 + ⟨𝑥∣𝑃𝑛𝐵∗𝑃𝑛𝑦⟩𝐻
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implying 𝑦 ∈ 𝐷
(
(𝑃𝑛𝐴𝑃𝑛)

∗) and (𝑃𝑛𝐴𝑃𝑛)
∗ 𝑦 = 𝑃𝑛 (𝐴+𝐵)∗ 𝑦 − 𝑃𝑛𝐵

∗𝑃𝑛𝑦. Thus,
we see that

𝑃𝑛 (𝐴+𝐵)
∗ ⊆ (𝑃𝑛𝐴𝑃𝑛)

∗
+ 𝑃𝑛𝐵

∗𝑃𝑛

and so, since clearly we have

𝐴∗ +𝐵∗ ⊆ (𝐴+𝐵)
∗
,

we have the relations

𝑃𝑛𝐴
∗𝑃𝑛 + 𝑃𝑛𝐵

∗𝑃𝑛 = 𝑃𝑛 (𝐴
∗ +𝐵∗)𝑃𝑛

⊆ 𝑃𝑛 (𝐴+𝐵)
∗
𝑃𝑛

⊆ (𝑃𝑛𝐴𝑃𝑛)
∗
+ 𝑃𝑛𝐵

∗𝑃𝑛.

(1.1)

In particular, this yields

𝑃𝑛𝐴
∗𝑃𝑛 ⊆ (𝑃𝑛𝐴𝑃𝑛)

∗

for every 𝑛 ∈ ℕ.
Let now 𝑦 ∈ 𝐷

(
(𝑃𝑛𝐴𝑃𝑛)

∗)
then

⟨𝑃𝑛𝐴𝑃𝑛𝑥∣𝑦⟩𝐻 =
〈
𝑥∣ (𝑃𝑛𝐴𝑃𝑛)

∗
𝑦
〉
𝐻

for all 𝑥 ∈ 𝐷 (𝑃𝑛𝐴𝑃𝑛) . In particular, for 𝑥 ∈ 𝐷 (𝐴) we get

⟨𝐴𝑥∣𝑃𝑛𝑦⟩𝐻 = ⟨𝑃𝑛𝐴𝑥∣𝑦⟩𝐻 = ⟨𝑃𝑛𝐴𝑃𝑛𝑥∣𝑦⟩𝐻 =
〈
𝑥∣ (𝑃𝑛𝐴𝑃𝑛)

∗
𝑦
〉
𝐻

showing that 𝑃𝑛𝑦 ∈ 𝐷 (𝐴∗) and

𝐴∗𝑃𝑛𝑦 = (𝑃𝑛𝐴𝑃𝑛)
∗
𝑦.

Moreover,〈
𝑥∣ (𝑃𝑛𝐴𝑃𝑛)

∗
𝑦
〉
𝐻
= ⟨𝑃𝑛𝐴𝑃𝑛𝑥∣𝑦⟩𝐻 = ⟨𝑃𝑛𝑥∣𝐴∗𝑃𝑛𝑦⟩𝐻 = ⟨𝑥∣𝑃𝑛𝐴∗𝑃𝑛𝑦⟩𝐻

for all 𝑥 ∈ 𝐷 (𝐴) proving that

(𝑃𝑛𝐴𝑃𝑛)
∗ ⊆ 𝑃𝑛𝐴

∗𝑃𝑛.

Thus, we also have

(𝑃𝑛𝐴𝑃𝑛)
∗
= 𝑃𝑛𝐴

∗𝑃𝑛.
From (1.1) we obtain now

𝑃𝑛 (𝐴+𝐵)
∗ ⊆ 𝑃𝑛𝐴

∗𝑃𝑛 + 𝑃𝑛𝐵
∗𝑃𝑛 = 𝑃𝑛 (𝐴

∗ +𝐵∗)𝑃𝑛
= 𝑃𝑛 (𝐴+𝐵)

∗
𝑃𝑛 = (𝑃𝑛𝐴𝑃𝑛)

∗
+ 𝑃𝑛𝐵

∗𝑃𝑛.

I.e., for 𝑧 ∈ (𝐴+𝐵)
∗
we have

𝑃𝑛 (𝐴+𝐵)
∗
𝑧 = 𝑃𝑛 (𝐴

∗ +𝐵∗)𝑃𝑛𝑧 ,= (𝐴∗ +𝐵∗)𝑃𝑛𝑧.

Since 𝑃𝑛
𝑛→∞→ 1 and from the closability of 𝐴∗ +𝐵∗ follows 𝑧 ∈ 𝐷

(
𝐴∗ +𝐵∗) and

𝐴∗ +𝐵∗𝑧 = (𝐴+𝐵)
∗
𝑧.

Thus we have indeed shown that

(𝐴+𝐵)
∗
= 𝐴∗ +𝐵∗. □
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This lemma will be crucial in the proof of our solution theorem.

Theorem 1.2 (Solution Theory). Let 𝐴 and 𝑀 be as above and satisfy Condition
(Positivity 1). Then for every 𝑓 ∈ 𝐻𝜚 (ℝ, 𝐻), 𝜚 ∈ ℝ>0 sufficiently large, there is
a unique solution 𝑈 ∈ 𝐻𝜚 (ℝ, 𝐻) of(

∂0𝑀
(
∂−1
0

)
+𝐴
)
𝑈 = 𝑓.

The solution depends continuously on the data in the sense that

∣𝑈 ∣𝜚 ≤ 𝛽−1
0 ∣𝑓 ∣𝜚

uniformly for all 𝑓 ∈ 𝐻𝜚 (ℝ, 𝐻) and 𝜚 ∈ ℝ>0 sufficiently large.

Proof. From Condition (Positivity 3) we see that the operators
(
∂0𝑀

(
∂−1
0

)
+𝐴
)

and
(
∂∗0𝑀

∗
((

∂−1
0

)∗)
+𝐴∗
)
both have inverses bounded by 𝛽−1

0 . The invertibil-

ity of the operator
(
∂0𝑀
(
∂−1
0

)
+𝐴
)
already confirms the continuous dependence

estimate. Moreover, we know that the null spaces of these operators are trivial. In
particular,

𝑁

(
∂∗0𝑀∗

((
∂−1
0

)∗)
+𝐴∗
)
= {0} . (1.2)

It remains to be seen that the range
(
∂0𝑀

(
∂−1
0

)
+𝐴
)
[𝐻𝜚 (ℝ, 𝐻)] of the opera-

tor
(
∂0𝑀

(
∂−1
0

)
+𝐴
)
is dense in 𝐻𝜚 (ℝ, 𝐻). Then the result follows (recall that(

∂0𝑀
(
∂−1
0

)
+𝐴
)
is used in the above as a suggestive notation for ∂0𝑀

(
∂−1
0

)
+𝐴).

The previous lemma applied with2

𝑃𝑛 := 𝜒
[−𝑛,𝑛]

(ℑ𝔪 (∂0)) , 𝑛 ∈ ℕ,

and 𝐵 := ∂0𝑀
(
∂−1
0

)
yields(

∂0𝑀
(
∂−1
0

)
+𝐴
)∗
= ∂∗0𝑀∗

((
∂−1
0

)∗)
+𝐴∗.

Since from the projection theorem we have the orthogonal decomposition

𝐻𝜚 (ℝ, 𝐻) = 𝑁
((

∂0𝑀
(
∂−1
0

)
+𝐴
)∗)⊕ (∂0𝑀 (∂−1

0

)
+𝐴
)
[𝐻𝜚 (ℝ, 𝐻)]

and from (1.2) we see that

𝑁
((

∂0𝑀
(
∂−1
0

)
+𝐴
)∗)

= {0} ,

it follows indeed that

𝐻𝜚 (ℝ, 𝐻) =
(
∂0𝑀

(
∂−1
0

)
+𝐴
)
[𝐻𝜚 (ℝ, 𝐻)]. □

2Recall that
(
𝜒
]−∞,𝜆]

(ℑ𝔪 (∂0))
)
𝜆∈ℝ

is the spectral family associated with the selfadjoint oper-

ator ℑ𝔪 (∂0).
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This well-posedness result is, however, not all we would like to have. Note
that so far we have only used Condition (Positivity 3) which was a simple conse-
quence of Condition (Positivity 1). For an actual evolution to take place we also
need additionally a property securing causality for the solution. This is where the
Condition (Positivity 1) comes into play.

2. Causality

We first need to specify what we mean by causality. This can here be done in a
more elementary way than in [2].

Definition 2.1. A mapping 𝐹 : 𝐻𝜚 (ℝ, 𝐻) → 𝐻𝜚 (ℝ, 𝐻) is called causal if for every
𝑎 ∈ ℝ and every 𝑢, 𝑣 ∈ 𝐻𝜚 (ℝ, 𝐻) we have

𝜒
]−∞,𝑎]

(𝑚0) (𝑢 − 𝑣) = 0 =⇒ 𝜒
]−∞,𝑎]

(𝑚0) (𝐹 (𝑢)− 𝐹 (𝑣)) = 0.

Remark 2.2. Note that if 𝐹 is translation invariant, then 𝑎 ∈ ℝ in this statement
can be fixed (for example to 𝑎 = 0). If 𝐹 is linear we may fix 𝑣 = 0 to simplify the
requirement.

It is known that, by construction from an analytic, bounded 𝑀 , the operator
𝑀
(
∂−1
0

)
is causal, see [3].

Theorem 2.3 (Causality of Solution Operator). Let 𝐴 and 𝑀 be as above and
satisfy Condition (Positivity 1). Then the solution operator(

∂0𝑀
(
∂−1
0

)
+𝐴
)−1

: 𝐻𝜚 (ℝ, 𝐻) → 𝐻𝜚 (ℝ, 𝐻)

is causal for all sufficiently large 𝜚 ∈ ℝ>0.

Proof. By translation invariance we may base our arguments on Condition (Posi-
tivity 2). We estimate∣∣𝜒

ℝ≤𝑎
(𝑚0)𝑈

∣∣
𝜚

∣∣𝜒
ℝ≤𝑎

(𝑚0)
(
∂0𝑀

(
∂−1
0

)
+𝐴
)
𝑈
∣∣
𝜚

≥ ℜ𝔢
〈
𝜒

ℝ≤𝑎
(𝑚0)𝑈 ∣ (∂0𝑀 (∂−1

0

)
+𝐴
)
𝑈
〉
𝜚
,

≥ 𝛽0

∣∣𝜒
ℝ≤𝑎

(𝑚0)𝑈
∣∣2
𝜚
,

yielding

𝛽0

∣∣𝜒
ℝ≤𝑎

(𝑚0)𝑈
∣∣
𝜚
≤ ∣∣𝜒

ℝ≤𝑎
(𝑚0)

(
∂0𝑀

(
∂−1
0

)
+𝐴
)
𝑈
∣∣
𝜚

for every 𝑎 ∈ ℝ. Substituting
(
∂0𝑀

(
∂−1
0

)
+𝐴
)−1

𝑓 for 𝑈 this gives

𝛽0

∣∣∣𝜒
ℝ≤𝑎

(𝑚0)
(
∂0𝑀

(
∂−1
0

)
+𝐴
)−1

𝑓
∣∣∣
𝜚
≤ ∣∣𝜒

ℝ≤𝑎
(𝑚0) 𝑓

∣∣
𝜚
, 𝑎 ∈ ℝ. (2.1)

We read off that if 𝜒
ℝ≤𝑎

(𝑚0) 𝑓 = 0 then 𝜒
ℝ≤𝑎

(𝑚0)
(
∂0𝑀

(
∂−1
0

)
+𝐴
)−1

𝑓 = 0,

𝑎 ∈ ℝ. This is the desired causality of
(
∂0𝑀

(
∂−1
0

)
+𝐴
)−1

. □
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3. An application: Acoustic waves with impedance type
boundary condition

We want to conclude our discussion with a more substantial utilization of the
theory presented. We assume that the material law is of the form

𝑀
(
∂−1
0

)
= 𝑀0 + ∂−1

0 𝑀1

(
∂−1
0

)
with 𝑀0 selfadjoint and strictly positive definite. The underlying Hilbert space is

𝐻 = 𝐿2 (Ω) ⊕ 𝐿2 (Ω)
3
and so we consider the material law as an operator in the

spaces 𝐻𝜚
(
ℝ, 𝐿2 (Ω)⊕ 𝐿2 (Ω)3

)
, 𝜚 ∈ ℝ>0.

The Hilbert space 𝐻
(
d̊iv,Ω

)
is (equipped with the graph norm) the domain

of the closure of the classical divergence operator on vector fields with 𝐶∞ (Ω,ℂ)
components considered as a mapping from 𝐿2(Ω)3 to 𝐿2 (Ω). To be an element of

𝐻
(
d̊iv,Ω

)
generalizes the classical boundary condition of vanishing normal com-

ponent on the boundary of Ω to cases with non-smooth boundary. Analogously we

define the Hilbert space 𝐻
(
˚grad,Ω

)
as the domain of the closure of the classical

gradient operator on functions in 𝐶∞ (Ω,ℂ) (equipped with the graph norm).
Moreover, we let

𝐴 =

(
0 div

grad 0

)
with

𝐷(𝐴) :=

{(
𝑝
𝑣

)
∈𝐷

((
0 div

grad 0

))∣∣∣𝑎(∂−1
0

)
𝑝−∂−1

0 𝑣∈𝐻𝜚

(
ℝ,𝐻
(
d̊iv,Ω

))}
.

Here we assume that 𝑎 = (𝑎 (𝑧))𝑧∈𝐵ℂ(𝑟,𝑟)
is analytic and bounded and that 𝑎

(
∂−1
0

)
is multiplicative in the sense that it is of the form

𝑎 (𝑧) =

∞∑
𝑘=0

𝑎𝑘,𝑟 (𝑚) (𝑧 − 𝑟)
𝑘
,

where 𝑎𝑘,𝑟 are 𝐿∞ (Ω)-vector fields and 𝑎𝑘,𝑟 (𝑚) is the associated multiplication
operator

(𝑎𝑘,𝑟 (𝑚)𝜑) (𝑡, 𝑥) := 𝑎𝑘,𝑟 (𝑥) 𝜑 (𝑡, 𝑥)

for 𝜑 ∈ 𝐶∞ (ℝ× Ω,ℂ). Moreover, we assume that

(div 𝑎) (𝑧) :=

∞∑
𝑘=0

(div 𝑎𝑘,𝑟) (𝑚) (𝑧 − 𝑟)
𝑘

is analytic and bounded with div 𝑎𝑘,𝑟 ∈ 𝐿∞ (Ω). Then, in particular, the product
rule holds

div
(
𝑎
(
∂−1
0

)
𝑝
)
=
(
div 𝑎

(
∂−1
0

))
𝑝+ 𝑎

(
∂−1
0

) ⋅ grad𝑝 . (3.1)

As a consequence, we have

𝑎
(
∂−1
0

)
: 𝐻𝜚 (ℝ, 𝐻 (grad,Ω)) → 𝐻𝜚 (ℝ, 𝐻 (div,Ω)) (3.2)

uniformly bounded for all sufficiently large 𝜚 ∈ ℝ>0.
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The boundary condition given in the description of the domain of 𝐴 is in
classical terms3

𝑛 ⋅ 𝑎 (∂−1
0

)
∂0𝑝 (𝑡)− 𝑛 ⋅ 𝑣 (𝑡) = 0 on ∂Ω, 𝑡 ∈ ℝ,

in the case that the boundary ∂Ω of Ω and the solution are smooth and ∂Ω has 𝑛
as exterior unit normal field.

We also will impose a sign requirement on 𝑎:

ℜ𝔢

∫ 0

−∞

(〈
grad 𝑝∣∂0𝑎

(
∂−1
0

)
𝑝
〉
0
(𝑡) +

〈
𝑝∣ div ∂0𝑎

(
∂−1
0

)
𝑝
〉
0
(𝑡)
)
exp (−2𝜚𝑡) 𝑑𝑡 ≥ 0

(3.3)
for all sufficiently large 𝜚 ∈ ℝ>0. This is the appropriate generalization of the
condition:

ℜ𝔢

∫
∂Ω

𝑝 (𝑡)
∗ (

∂0𝑛 ⋅ 𝑎 (∂−1
0

)
𝑝
)
(𝑡) 𝑑𝑜 ≥ 0, 𝑡 ∈ ℝ,

in the case that ∂Ω and 𝑝 are smooth and 𝑛 is the exterior unit normal field.

Remark 3.1. We could require instead that the quadratic functional 𝑄Ω,𝑎(∂−1
0 )

given by

𝑝 �→ 〈grad 𝑝∣ℜ𝔢
(
∂0𝑎
(
∂−1
0

))
𝑝
〉
𝜚
+
〈
ℜ𝔢
(
∂0𝑎
(
∂−1
0

))
𝑝∣ grad𝑝

〉
𝜚

+
〈
div
(
ℜ𝔢
(
∂0𝑎
(
∂−1
0

)))
𝑝∣𝑝〉

𝜚

is non-negative on 𝐻 (grad, Ω).

Note that this functional vanishes on𝐻
(
˚grad,Ω

)
and therefore the positivity

condition constitutes a boundary constraint on 𝑎
(
∂−1
0

)
and on the underlying

domain Ω. The constraint on Ω is that the requirement 𝑄Ω,𝑎(∂−1
0 ) [𝐻 (grad,Ω)] ⊆

ℝ≥0 must be non-trivial, i.e., there must be an 𝑎
(
∂−1
0

)
for which this does not

hold. For this surely we must have 𝐻
(
˚grad,Ω

)
∕∕= 𝐻 (grad,Ω).

Proposition 3.2. Let 𝐴 be as given above. Then 𝐴 is closed, densely defined and

ℜ𝔢
〈
𝜒

ℝ<0
(𝑚0) 𝑈 ∣𝐴𝑈

〉
𝜚

≥ 0

for all sufficiently large 𝜚 ∈ ℝ>0 and all 𝑈 ∈ 𝐷 (𝐴).

3This includes as highly special cases boundary conditions of the form 𝑘𝑝 (𝑡)−𝑛 ⋅𝑣 (𝑡) = 0 (Robin
boundary condition), 𝑘∂0𝑝 (𝑡)− 𝑛 ⋅ 𝑣 (𝑡) = 0 or 𝑘𝑝 (𝑡)−𝑛 ⋅ ∂0𝑣 (𝑡) = 0, on ∂Ω, 𝑡 ∈ ℝ, 𝑘 ∈ ℝ>0. It
should be noted that in the time-independent case the above sign constraints become void since
causality is not an issue anymore and in simple cases the problem is elliptic, which can be dealt
with by sesqui-linear form methods, compare, e.g., [1, Section 2.4].

The general class of boundary conditions considered here in the time-dependent, time-

translation invariant case covers for example cases of additional temporal convolution terms also
on the boundary.
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Proof. Any 𝑈 with components in 𝐶∞ (ℝ× Ω) is in 𝐷 (𝐴). Note that

𝑈 ∈ 𝐷 (𝐴)

is equivalent to(
1 0

−𝑎
(
∂−1
0

)
∂−1
0

)
𝑈 ∈ 𝐻𝜚

(
ℝ, 𝐻 (grad,Ω)⊕ 𝐻

(
d̊iv,Ω

))
.

According to (3.2) we have that(
1 0

−𝑎 (∂−1
0

)
∂−1
0

)
: 𝐻𝜚 (ℝ,𝐻 (grad,Ω) ⊕𝐻 (div,Ω)) → 𝐻𝜚 (ℝ,𝐻 (grad,Ω) ⊕𝐻 (div,Ω))

(3.4)

is a well-defined continuous linear mapping. Moreover, since multiplication by an
𝐿∞ (Ω)-multiplier and application by ∂−1

0 does not increase the support, we have

that if Φ has support in ℝ×𝐾 for some compact set𝐾 ⊆ Ω then

(
1 0

−𝑎
(
∂−1
0

)
∂−1
0

)
Φ

also has support in ℝ × 𝐾. This confirms that 𝐶∞ (ℝ× Ω) ⊆ 𝐷 (𝐴) and since

𝐶∞ (ℝ× Ω) is dense in 𝐻𝜚
(
ℝ, 𝐿2 (Ω)⊕ 𝐿2 (Ω)

)
the operator 𝐴 is densely defined.

Now let Φ𝑘
𝑘→∞→ Φ∞ and 𝐴Φ𝑘

𝑘→∞→ Ψ∞. We have first, due to the closedness

of

(
0 div

grad 0

)
that Ψ∞ =

(
0 div

grad 0

)
Φ∞. Moreover, we have from (3.4)(

1 0
−𝑎
(
∂−1
0

)
∂−1
0

)
Φ𝑘

𝑘→∞→
(

1 0
−𝑎
(
∂−1
0

)
∂−1
0

)
Φ∞.

Using (3.1), a straightforward calculation yields on 𝐷 (𝐴)(
0 d̊iv

grad 0

)(
1 0

−𝑎
(
∂−1
0

)
∂−1
0

)
=

(
0 div

grad 0

)(
1 0

−𝑎
(
∂−1
0

)
∂−1
0

)
=

(
∂−1
0 0
0 1

)(
0 div

grad 0

)
+

(
0 div
0 0

)(
0 0

−𝑎
(
∂−1
0

)
0

)
=

(
∂−1
0 0
0 1

)(
0 div

grad 0

)
+

(− div 𝑎
(
∂−1
0

)
0

0 0

)
=

(
0 ∂−1

0 div
grad 0

)
−
(
(div 𝑎)

(
∂−1
0

)
0

0 0

)
−
(

𝑎
(
∂−1
0

) ⋅ grad 0
0 0

)
=

(
∂−1
0 −𝑎

(
∂−1
0

) ⋅
0 1

)(
0 div

grad 0

)
−
(
(div 𝑎)

(
∂−1
0

)
0

0 0

)
.

Thus, we have

∂−1
0

(
0 div

grad 0

)
𝑈 =

(
1 𝑎
(
∂−1
0

) ⋅
0 ∂−1

0

)(
0 d̊iv

grad 0

)(
1 0

−𝑎
(
∂−1
0

)
∂−1
0

)
𝑈+

+

(
(div 𝑎)

(
∂−1
0

)
0

0 0

)
𝑈.

(3.5)
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Here we have used that(
∂−1
0 −𝑎

(
∂−1
0

) ⋅
0 1

)−1

= ∂0

(
1 𝑎
(
∂−1
0

) ⋅
0 ∂−1

0

)
.

Consequently,(
0 d̊iv

grad 0

)(
1 0

−𝑎
(
∂−1
0

)
∂−1
0

)
Φ𝑘

=

(
∂−1
0 −𝑎

(
∂−1
0

) ⋅
0 1

)(
0 div

grad 0

)
Φ𝑘 −

(
(div 𝑎)

(
∂−1
0

)
0

0 0

)
Φ𝑘

𝑘→∞→
(

∂−1
0 −𝑎

(
∂−1
0

) ⋅
0 1

)
Ψ∞ −

(
(div 𝑎)

(
∂−1
0

)
0

0 0

)
Φ∞

and so, by the closedness of

(
0 d̊iv

grad 0

)
(

1 0
−𝑎
(
∂−1
0

)
∂−1
0

)
Φ∞ ∈ 𝐻𝜚

(
ℝ, 𝐻 (grad,Ω)⊕ 𝐻

(
d̊iv,Ω

))
and so

Φ∞ ∈ 𝐷 (𝐴) .

Moreover, we have from (3.5)

∂−1
0 𝐴Φ∞ =

(
1 𝑎
(
∂−1
0

) ⋅
0 ∂−1

0

)(
0 d̊iv

grad 0

)(
1 0

−𝑎
(
∂−1
0

)
∂−1
0

)
Φ∞

+

(
(div 𝑎)

(
∂−1
0

)
0

0 0

)
Φ∞.

(3.6)

We shall now show the (real) non-negativity of 𝐴. Assume that

𝑈 =

(
𝑝
𝑣

)
∈
∪
𝑛∈ℕ

𝜒
[−𝑛,𝑛]

(ℑ𝔪 (∂0)) [𝐷 (𝐴)] .

Then 𝑈 ∈ 𝐷 (∂0) ∩ 𝐷 (𝐴) and we may calculate

ℜ𝔢 ⟨𝑈 ∣𝐴𝑈⟩0
=
1

2
(⟨𝑈 ∣𝐴𝑈⟩0 + ⟨𝐴𝑈 ∣𝑈⟩0)

=
1

2
((⟨𝑝∣ div 𝑣⟩0 + ⟨grad𝑝∣𝑣⟩0) + (⟨div 𝑣∣𝑝⟩0 + ⟨𝑣∣ grad 𝑝⟩0))

=
1

2

(〈
𝑝∣d̊iv (𝑣 − ∂0𝑎

(
∂−1
0

)
𝑝
)〉

0
+
〈
𝑝∣ div ∂0𝑎

(
∂−1
0

)
𝑝
〉
0
+ ⟨grad 𝑝∣𝑣⟩0

)
+
1

2

(〈
d̊iv
(
𝑣 − ∂0𝑎

(
∂−1
0

)
𝑝
) ∣𝑝〉

0
+
〈
div ∂0𝑎

(
∂−1
0

)
𝑝∣𝑝〉

0
+ ⟨𝑣∣ grad 𝑝⟩0

)
=
1

2

(− 〈grad 𝑝∣ (𝑣 − ∂0𝑎
(
∂−1
0

)
𝑝
)〉

0
+
〈
𝑝∣ div ∂0𝑎

(
∂−1
0

)
𝑝
〉
0
+ ⟨grad 𝑝∣𝑣⟩0

)
+
1

2

(− 〈(𝑣 + ∂0𝑎
(
∂−1
0

)
𝑝
) ∣ grad 𝑝

〉
0
+
〈
div ∂0𝑎

(
∂−1
0

)
𝑝∣𝑝〉

0
+ ⟨𝑣∣ grad 𝑝⟩0

)

544 R. Picard



=
1

2

(〈
grad𝑝∣∂0𝑎

(
∂−1
0

)
𝑝
〉
0
+
〈
𝑝∣ div ∂0𝑎

(
∂−1
0

)
𝑝
〉
0

)
+
1

2

(〈
∂0𝑎
(
∂−1
0

)
𝑝∣ grad 𝑝

〉
0
+
〈
div ∂0𝑎

(
∂−1
0

)
𝑝∣𝑝〉

0

)
.

Integrating this over ℝ<0 yields with requirement (3.3)

ℜ𝔢
〈
𝜒

ℝ<0
(𝑚0) 𝑈 ∣𝐴𝑈

〉
𝜚
≥ 0

for 𝑈 ∈ ∪𝑛∈ℕ
𝜒
[−𝑛,𝑛]

(ℑ𝔪 (∂0)) [𝐷 (𝐴)] and so by density for every 𝑈 ∈ 𝐷 (𝐴) (and

all sufficiently large 𝜚 ∈ ℝ>0). □

We need to find the adjoint of 𝐴, which must be a restriction of

−
(

0 div
grad 0

)
and an extension of

−
(

0 d̊iv
˚grad 0

)
.

We suspect it is

𝐷(𝐴∗) :=

{(
𝑝
𝑣

)
∈𝐷

((
0 div

grad 0

))∣∣∣𝑎(∂−1
0

)∗
𝑝+

(
∂−1
0

)∗
𝑣∈𝐻𝜚

(
ℝ,𝐻

(
d̊iv,Ω

))}
.

Using (3.5) and letting 𝑊 := ∂0

(
1 0

−𝑎
(
∂−1
0

)
∂−1
0

)
𝑈 =

(
∂−1
0 0

𝑎
(
∂−1
0

)
1

)−1

𝑈 for

𝑈 ∈
∪
𝑛∈ℕ

𝜒
[−𝑛,𝑛]

(ℑ𝔪 (∂0)) [𝐷 (𝐴)]

we have 𝑉 ∈ 𝐷 (𝐴∗) if and only if for all

𝑊 ∈
∪
𝑛∈ℕ

𝜒
[−𝑛,𝑛]

(ℑ𝔪 (∂0))

[
𝐷

((
0 d̊iv

grad 0

))]

0 =

〈(
1 𝑎
(
∂−1
0

) ⋅
0 ∂−1

0

)(
0 d̊iv

grad 0

)
𝑊 ∣𝑉
〉
𝜚,0,0

+

〈(
(div 𝑎)

(
∂−1
0

)
0

0 0

)
∂0

(
∂−1
0 0

𝑎
(
∂−1
0

)
1

)
𝑊 ∣𝑉
〉
𝜚,0,0

+

〈(
∂−1
0 0

𝑎
(
∂−1
0

)
1

)
𝑊 ∣
(

0 div
grad 0

)
𝑉

〉
𝜚,0,0

,

=

〈(
1 𝑎
(
∂−1
0

) ⋅
0 ∂−1

0

)(
0 d̊iv

grad 0

)
𝑊 ∣𝑉
〉
𝜚,0,0

+

〈(
(div 𝑎)

(
∂−1
0

)
0

0 0

)
𝑊 ∣𝑉

〉
𝜚,0,0

+

〈(
∂−1
0 0

𝑎
(
∂−1
0

)
1

)
𝑊 ∣
(

0 div
grad 0

)
𝑉

〉
𝜚,0,0

,
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=

〈(
0 d̊iv

grad 0

)
𝑊 ∣
(

1 0

𝑎
(
∂−1
0

)∗ (
∂−1
0

)∗ )𝑉

〉
𝜚,0,0

+

〈
𝑊 ∣
(
div
(
𝑎
(
∂−1
0

)∗)
0

0 0

)
𝑉

〉
𝜚,0,0

+

+

〈
𝑊 ∣
( (

∂−1
0

)∗
𝑎
(
∂−1
0

)∗
0 1

)(
0 div

grad 0

)
𝑉

〉
𝜚,0,0

.

This implies that(
1 0

𝑎
(
∂−1
0

)∗ (
∂−1
0

)∗ )𝑉 ∈ 𝐷

((
0 d̊iv

grad 0

))
,

which is the above characterization. Moreover,(
0 d̊iv

grad 0

)(
1 0

𝑎
(
∂−1
0

)∗ (
∂−1
0

)∗ )𝑉 =

(
(div 𝑎)

(
∂−1
0

)∗
0

0 0

)
𝑉

+

(
1 𝑎
(
∂−1
0

)∗
0
(
∂−1
0

)∗ )( 0 div
grad 0

)
𝑉

which yields the analogous formula for 𝐴∗ as (3.5) for 𝐴.

Proposition 3.3. Let 𝐴 be as given above. Then 𝐴∗ is closed, densely defined and

ℜ𝔢
〈
𝜒

ℝ≤0
(𝑚0) 𝑉 ∣𝐴∗𝑉

〉
𝜚

≥ 0

for all sufficiently large 𝜚 ∈ ℝ>0 and all 𝑉 ∈ 𝐷 (𝐴∗).

Proof. The proof is analogous to the proof of Proposition 3.2, since 𝐴 and 𝐴∗

share a similar structure. □

Theorem 3.4. Let 𝐴 and 𝑀 be as specified in this section, such that the propagation
of acoustic waves is governed by the equation(

∂0𝑀
(
∂−1
0

)
+𝐴
)
𝑈 = 𝑓.

Then, there is a 𝜚0 ∈ ℝ>0 such that for every 𝜚 ∈ ℝ≥𝜚0 and every given data

𝑓 ∈𝐻𝜚

(
ℝ,𝐿2(Ω)⊕𝐿2(Ω)

3
)
there is a unique solution 𝑈 ∈𝐻𝜚

(
ℝ,𝐿2(Ω)⊕𝐿2(Ω)

3
)
.

Moreover, the solution operator(
∂0𝑀

(
∂−1
0

)
+𝐴
)−1

: 𝐻𝜚

(
ℝ, 𝐿2 (Ω)⊕ 𝐿2 (Ω)

3
)

→ 𝐻𝜚

(
ℝ, 𝐿2 (Ω)⊕ 𝐿2 (Ω)

3
)

is a causal, continuous linear operator.

Furthermore, the operator norm
∥∥∥(∂0𝑀 (∂−1

0

)
+𝐴
)−1
∥∥∥ is uniformly bounded with

respect to 𝜚 ∈ ℝ≥𝜚0 .
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Proof. The result is immediate if we are able to show that Condition (Positivity 1)
is satisfied. Due to Propositions 3.2 and 3.3 we only need to show that for some
𝛽0 ∈ ℝ>0 we have

ℜ𝔢
〈
𝜒

ℝ≤0
(𝑚0) 𝑈 ∣∂0𝑀

(
∂−1
0

)
𝑈
〉
𝜚
≥ 𝛽0

〈
𝜒

ℝ≤0
(𝑚0) 𝑈 ∣𝑈

〉
𝜚
,

ℜ𝔢
〈
𝑈 ∣∂∗0𝑀∗

((
∂−1
0

)∗)
𝑈
〉
𝜚
≥ 𝛽0 ⟨𝑈 ∣𝑈⟩𝜚

for all 𝑈 ∈ 𝐷 (∂0) = 𝐷 (∂∗0 ).
Let us consider the first estimate:

ℜ𝔢
〈
𝜒

ℝ≤0
(𝑚0) 𝑈 ∣∂0𝑀

(
∂−1
0

)
𝑈
〉
𝜚

= ℜ𝔢
〈
𝜒

ℝ≤0
(𝑚0) 𝑈 ∣∂0𝑀0𝑈

〉
𝜚
+ℜ𝔢

〈
𝜒

ℝ≤0
(𝑚0) 𝑈 ∣𝑀1

(
∂−1
0

)
𝑈
〉
𝜚
,

= ℜ𝔢
〈
𝜒

ℝ≤0
(𝑚0)

√
𝑀0𝑈 ∣∂0

√
𝑀0𝑈
〉
𝜚

+ℜ𝔢
〈
𝜒

ℝ≤0
(𝑚0) 𝑈 ∣𝑀1

(
∂−1
0

)
𝜒

ℝ≤0
(𝑚0) 𝑈

〉
𝜚
,

≥ 1

2

∫
ℝ≤0

(
∂0

∣∣∣√𝑀0𝑈
∣∣∣2
0

)
(𝑡) exp (−2𝜚𝑡) 𝑑𝑡 − 𝜇0

∣∣∣𝜒
ℝ≤0

(𝑚0) 𝑈
∣∣∣2
𝜚
,

≥ 1

2

∫
ℝ≤0

(
∂0 exp (−2𝜚𝑚0)

∣∣∣√𝑀0𝑈
∣∣∣2
0

)
(𝑡) 𝑑𝑡

+ 𝜚

∫
ℝ≤0

∣∣∣√𝑀0𝑈
∣∣∣2
0
(𝑡) exp (−2𝜚𝑡) 𝑑𝑡 − 𝜇0

∣∣∣𝜒
ℝ≤0

(𝑚0) 𝑈
∣∣∣2
𝜚
,

≥ 1

2

∣∣∣√𝑀0𝑈 (0)
∣∣∣2
0
+ (𝜚𝛾0 − 𝜇0)

∣∣∣𝜒
ℝ≤0

(𝑚0)𝑈
∣∣∣2
𝜚
,

≥ (𝜚𝛾0 − 𝜇0)
∣∣∣𝜒

ℝ≤0
(𝑚0)𝑈

∣∣∣2
𝜚
.

Similarly we obtain, using ℜ𝔢 ∂∗0 = ℜ𝔢 ∂0 = 𝜚,

ℜ𝔢
〈
𝑈 ∣∂∗0𝑀∗

((
∂−1
0

)∗)
𝑈
〉
𝜚
= ℜ𝔢

〈√
𝑀0𝑈 ∣∂∗0

√
𝑀0𝑈
〉
𝜚

+ℜ𝔢
〈
𝑈 ∣𝑀∗

1

((
∂−1
0

)∗)
𝑈
〉
𝜚

≥ 𝜚
〈√

𝑀0𝑈 ∣∂0
√

𝑀0𝑈
〉
𝜚
− 𝜇0

∣∣∣𝜒
ℝ≤0

(𝑚0) 𝑈
∣∣∣2
𝜚

≥ (𝜚𝛾0 − 𝜇0) ∣𝑈 ∣2𝜚 .

Thus Condition (Positivity 1) is satisfied with 𝛽0 := 𝜚0𝛾0 − 𝜇0 where 𝜚0 ∈ ℝ>0 is
chosen such that 𝜚0 > 𝜇0

𝛾0
. □
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4. Conclusion

We have presented an extension of a Hilbert space approach to a class of evolution-
ary problems. As an illustration we have applied the general theory to a particular
problem concerning the propagation of acoustic waves in complex media with a
dynamic boundary condition.
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1. Introduction

In this article we consider the question of existence of invariant semidefinite in-
variant subspaces for 𝐽-dissipative operators defined in a Krein space. Recall that
a Krein space (see [8]) is a Hilbert space 𝐻 with an inner product (⋅, ⋅) in ad-
dition endowed with an indefinite inner product of the form [𝑥, 𝑦] = (𝐽𝑥, 𝑦),
where 𝐽 = 𝑃+ − 𝑃− (𝑃± are orthoprojections in 𝐻 , 𝑃+ + 𝑃− = 𝐼). We put
𝐻± = 𝑅(𝑃±). In what follows, the symbol 𝐼 stands for the identity and the sym-
bols 𝐷(𝐴) and 𝑅(𝐴) designate the domain and the range of an operator 𝐴. The
operator 𝐽 is called a fundamental symmetry. The Krein space is called a Pontrya-
gin space if dim𝑅(𝑃+) < ∞ or dim𝑅(𝑃−) < ∞ and it is denoted by Π𝜅, where
𝜅 = min(dim𝑅(𝑃+), dim𝑅(𝑃+)). A subspace 𝑀 in 𝐻 is said to be nonnegative
(positive, uniformly positive) if the inequality [𝑥, 𝑥] ≥ 0 ([𝑥, 𝑥] > 0, [𝑥, 𝑥] ≥ 𝛿∥𝑥∥2
(𝛿 > 0)) holds for all 𝑥 ∈ 𝑀 . Nonpositive, negative, uniformly negative subspaces
in𝐻 are defined in a similar way. If a nonnegative subspace𝑀 admits no nontrivial
nonnegative extensions, then it is called a maximal nonnegative subspace. Maximal
nonpositive (positive, negative, nonnegative, etc.) subspaces in 𝐻 are defined by
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analogy. A densely defined operator 𝐴 is said to be dissipative (strictly dissipative,
uniformly dissipative) in 𝐻 if −Re (𝐴𝑥, 𝑥) ≥ 0 for all 𝑥 ∈ 𝐷(𝐴) (−Re (𝐴𝑥, 𝑥) > 0
for all 𝑥 ∈ 𝐷(𝐴) or −Re (𝐴𝑥, 𝑥) ≥ 𝛿∥𝑢∥2 (𝛿 > 0) for all 𝑥 ∈ 𝐷(𝐴)). Similarly,
a densely defined operator 𝐴 is called a 𝐽-dissipative (strictly 𝐽-dissipative or
uniformly 𝐽-dissipative) whenever the operator 𝐽𝐴 is dissipative (strictly dissipa-
tive or uniformly dissipative). A dissipative (𝐽-dissipative) operator is said to be
maximal dissipative (maximal 𝐽-dissipative) if it admits no nontrivial dissipative
(𝐽-dissipative) extensions. Let 𝐴 : 𝐻 → 𝐻 be a 𝐽-dissipative operator. We say
that a subspace 𝑀 ⊂ 𝐻 is invariant under 𝐴 if 𝐷(𝐴) ∩ 𝑀 is dense in 𝑀 and
𝐴𝑥 ∈ 𝑀 for all 𝑥 ∈ 𝐷(𝐴) ∩ 𝑀 .

The main question under consideration here is the question on existence of
semidefinite (i.e., of a definite sign) invariant subspaces for a given 𝐽-dissipative
operator in a Krein space.

The first results in this direction were obtained in the Pontryagin article [1],
where is was proven that every 𝐽-selfadjoint operator in a Pontryagin space (let
dim𝐻+ = 𝜅 < ∞) has a maximal nonnegative invariant subspace 𝑀 (dimM = 𝜅)
such that the spectrum of the restriction 𝐿∣𝑀 lies in the closed upper half-plane.

After this paper, the problem on existence of invariant maximal semidefinite
subspaces turned out to be a focus of an attention in the theory of operators in
Pontryagin and Krein spaces. The Pontryagin results are generalized for different
classes of operators in [2]–[14]. A sufficiently complete bibliography and some re-
sults are presented in [8]. Among the recent articles we note the articles [11]–[14],
where the most general results were obtained. In these articles the whole space 𝐻
is identified with the Cartesian product 𝐻+×𝐻− (𝐻± = 𝑅(𝑃±)) and an operator
𝐴 with the matrix operator 𝐴 : 𝐻+ × 𝐻− → 𝐻+ × 𝐻− of the form

𝐴 =

(
𝐴11 𝐴12

𝐴21 𝐴22

)
,

𝐴11 = 𝑃+𝐿𝑃+, 𝐴12 = 𝑃+𝐿𝑃−, 𝐴21 = 𝑃−𝐿𝑃+, 𝐴22 = 𝑃−𝐿𝑃−.
(1.1)

In this case the fundamental symmetry is as follows 𝐽 =
[
𝐼 0
0 −𝐼
]
. The basic condi-

tion of existence of a maximal nonnegative invariant subspace for an operator 𝐿
in [14] is the condition of compactness of the operator 𝐴12(𝐴22 − 𝜇)−1 for some 𝜇
from the left half-plane.

This article can serve as some supplement to the article [17] (see also [16, 21,
20]) in which sufficient and necessary conditions of existence of invariant subspaces
are given in the regular case when 𝑖ℝ ⊂ 𝜌(𝐿). Here we study the case when
the point 0 can lie in a continuous spectrum of 𝐿. This case has rather general
applications to the operator theory in Krein spaces. In particular, even in the case
of 𝐽-positive 𝐽-selfadjoint operator there are no good sufficient conditions ensuring
the existence of the semidefinite invariant subspaces of 𝐿. In this case the operator
𝐿 is definitizable and has a spectral resolution similar to that for a selfadoint
operator but the spectral function has the so-called critical points (0 and ∞ in our
case). The complete analogy is achieved in the case of regular critical points. In
this case the operator is similar to a selfadjoint operator. Moreover, the existence
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of semidefinite invariant subspaces whose sum is the whole space is equivalent to
the regularity of 0 and ∞ and to similarity of 𝐿 to a selfadjoint operator [34, Prop.
2.2]. The fundamentals of the theory of definitizable operators, the definitions, and
results can be found in [28]. The first results devoted to the problem of regularity of
the points 0 and∞ are the articles [35, 27]. The generalizations and new results can
be found in [29]–[34], [40]. However it is worth noting that the positive results were
obtained for very narrow class of weight functions and differential operators. In
contrast to the above-mentioned articles, our main conditions are stated in terms
of the interpolation theory of Banach spaces which allows to refine many previous
results. We apply the results obtained to the study of the operators represented in
the form (1.1) and under certain constraints on operators weaken the condition of
compactness of the operator 𝐴12(𝐴22 − 𝜇)−1 replacing it with the conditions that
the operators 𝐴12 and 𝐴21 are subordinate in some sense to the operators 𝐴11 and
𝐴22. Moreover, we exhibit some examples proving under some conditions on the
functions 𝜔 and 𝑞 that the operator 𝐿𝑢 = sgn 𝑥

𝜔(𝑥) (𝑢𝑥𝑥 − 𝑞(𝑥)𝑢) (𝑥 ∈ ℝ) is similar to
a selfadjoint operator.

2. Preliminaries

Given Banach spaces 𝑋,𝑌 , the symbol 𝐿(𝑋,𝑌 ) denotes the space of linear contin-
uous operators defined on 𝑋 with values in 𝑌 . If 𝑋 = 𝑌 then we write 𝐿(𝑋) rather
than 𝐿(𝑋,𝑋). We denote by 𝜎(𝐴) and 𝜌(𝐴) the spectrum and the resolvent set of
𝐴, respectively. If 𝑀 ⊂ 𝑋 is a subspace then by the restriction of 𝐿 to 𝑀 we mean
the operator 𝐿∣𝑀 : 𝑀 → 𝑋 with the domain 𝐷(𝐿∣𝑀 ) = 𝐷(𝐿)∩𝑀 coinciding with
𝐿 on 𝐷(𝐿∣𝑀 ). An operator 𝐴 such that −𝐴 is dissipative (maximal dissipative) is
called accretive (maximal accretive). Hence, taking the sign into account we can
say that all statements valid for an accretive operator are true for a dissipative
operator as well. In what follows, we replace the word “maximal” with the letter
𝑚 and thus we write 𝑚-dissipative rather than maximal dissipative. If 𝐴 is an op-
erator in a Krein space 𝐻 then we denote by 𝐴∗ and 𝐴𝑐 the adjoint operators with
respect to the inner product and the indefinite inner product in 𝐻 , respectively.
The latter operator possesses the usual properties of an adjoint operator (see [8]).
Let 𝐴0 and 𝐴1 be two Banach spaces continuously embedded into a topological
linear space 𝐸: 𝐴0 ⊂ 𝐸, 𝐴1 ⊂ 𝐸. Such a pair {𝐴0, 𝐴1} is called compatible or an
interpolation couple. The definition of the interpolation space (𝐴0, 𝐴1)𝜃,𝑞 can be
found in [23]. Denote by 𝑁(𝐿) the kernel of an operator 𝐿.

We now present some facts used below.

Proposition 2.1. Let 𝐻 be a Hilbert space (a Krein space).

1. A maximal dissipative (𝐽-dissipative) operator 𝐴 is always closed and a closed
operator 𝐴 is 𝑚-dissipative if and only if 𝜌(𝐴) ∩ {𝑧 : 𝑅𝑒𝑧 ≥ 0} ∕= ∅, in this
case ℂ+ = {𝑧 ∈ ℂ : Re 𝑧 > 0} ⊂ 𝜌(𝐴) (see [8, Lemma 2.8]).

2. If 𝐴 is 𝑚-𝐽-dissipative and 𝑁(𝐴) = {0} then 𝑁(𝐴𝑐) = {0} (see [8, Chap. 2,
Sect. 2, Corollary 2.17]). Note that in [8] the authors use a different definition
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of a 𝐽-dissipative operator. In this definition it is required that Im [𝐴𝑢, 𝑢] ≥ 0
for all 𝑢 ∈ 𝐷(𝐴).

3. If 𝐴 is a maximal uniformly dissipative (𝐽-dissipative) operator then 𝑖ℝ ∈
𝜌(𝐴) (see [8, Chap. 2, Sect. 2, Prop. 2.32]).

4. If 𝐴 is 𝑚-dissipative (𝑚-𝐽-dissipative) then the operator 𝐴 is injective if and
only if the subspace 𝑅(𝐴) is dense in 𝐻 (see [15, Prop. 7.0.1]).

5. If 𝐴 is 𝑚-dissipative (𝑚-𝐽-dissipative) then so is the operator 𝐴∗ (𝐴𝑐) ([15,
Prop. C.7.2] or [8, Chap. 2, Sect. 2, Prop. 2.7]).

6. An operator 𝐴 is 𝑚-𝐽-dissipative if and only if both operators 𝐽𝐴 and 𝐴𝐽
are 𝑚-dissipative [8, Chap. 2, Sect. 2, Prop. 2.3].

7. If 𝐴 is a maximal dissipative (𝐽-dissipative) operator then 𝐴 + 𝑖𝜔𝐼 (𝜔 ∈ ℝ)
is also maximal dissipative (𝐽-dissipative) (a consequence of the definition).

Let 𝐻 be a complex Hilbert space with the norm ∥ ⋅ ∥ and the inner product
(⋅, ⋅) and let 𝐿 : 𝐻 → 𝐻 be a closed densely defined operator. Assign 𝑆𝜃 = {𝑧 :
∣arg 𝑧∣ < 𝜃} for 𝜃 ∈ (0, 𝜋] and 𝑆𝜃 = (0,∞) for 𝜃 = 0. Recall that 𝐿 : 𝐻 → 𝐻 is
a sectorial operator if there exists 𝜃 ∈ [0, 𝜋) such that 𝜎(𝐿) ⊂ 𝑆𝜃, ℂ ∖ 𝑆𝜃 ⊂ 𝜌(𝐿),
and, for every 𝜔 > 𝜃, there exists a constant 𝑐(𝜔) such that

∥(𝐿 − 𝜆𝐼)−1∥ ≤ 𝑐/∣𝜆∣ ∀𝜆 ∈ ℂ ∖ 𝑆𝜔. (2.1)

The quantity 𝜃 is called the sectoriality angle of 𝐿. Let 𝐿 be sectorial and injective
(we do not require that 0 ∈ 𝜌(𝐿)). In this case completing the subspaces 𝐷(𝐿𝑘)
and 𝑅(𝐿𝑘) (𝑘 ∈ ℕ, ℕ is the set of positive integers) with respect to the norms
∥𝑢∥𝐷𝐿 = ∥𝐿𝑘𝑢∥ and ∥𝑢∥𝑅

𝐿𝑘
= ∥𝐿−𝑘𝑢∥ we obtain new spaces denoted by 𝐷𝐿𝑘

and 𝑅𝐿𝑘 , respectively (see [15], [24], [26]). Interpolation properties of these spaces
can be found in [15]. In the case of 0 ∈ 𝜌(𝐿), these spaces and their interpolation
properties are described in [22] (see also [23, Sect. 1.14.3]).

Proposition 2.2. Let 𝐿 : 𝐻 → 𝐻 (𝐻 is a Hilbert space) be a sectorial operator.

1. If 𝐿 is injective then so is the operator 𝐿−1 with the same sectoriality angle
and 𝐷(𝐿𝑛) ∩ 𝑅(𝐿𝑛) is dense in 𝐷(𝐿), 𝑅(𝐿), and 𝐻 (the claim results from
Prop. 2.3.13 and 2.1.1 in [15]).

2. The operators 𝐿,𝐿∗ are sectorial simultaneously (Prop. 2.1.1 in [15]).
3. The space 𝐻 is representable as the direct sum 𝐻 = 𝑁(𝐿) + 𝑌 (𝑌 = 𝑅(𝐿)),
the operator 𝐿∣𝑌 : 𝑌 → 𝑌 is sectorial, (𝜆𝐼−𝐿)−1(𝑥+𝑦) = 1

𝜆𝑥+(𝜆𝐼−𝐿∣𝑌 )−1𝑦

(𝑥 ∈ 𝑁(𝐿), 𝑦 ∈ 𝑌 ), and 𝑁(𝐿) = 𝑁(𝐿𝑘) (∀𝑘 ∈ ℕ) (see Prop. 2.1.1 and Sect.
2.1 in [15]).

4. If 𝐿 is an injective sectorial operator then so is the operator 𝐿−1 with the
same sectoriality angle and 𝜆(𝜆+𝐿−1)−1 = 𝐼 − 1

𝜆 (
1
𝜆 +𝐿)−1 for −1/𝜆 ∈ 𝜌(𝐿)

(Prop. 2.1.1 in [15]).

Proposition 2.3. Let 𝐿 be an injective 𝑚-dissipative operator. Then −𝐿 is sectorial
with 𝜃 = 𝜋/2 and

(𝐷𝐿, 𝑅𝐿)1/2,2 = 𝐻. (2.2)
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The sectoriality with 𝜃 = 𝜋/2 results from [15, Sect. 7.1.1]). The equality
(2.2) follows from Theorems 2.2 and 4.2 in [24] and the arguments after Theorem
2.2 (see also Sect. 7.3.1, Theorem 7.3.1, and the equality (7.18) in [15]).

Let 𝐻1, 𝐻 be a pair of compatible Hilbert spaces and 𝐻1 ∩ 𝐻 is densely
embedded into 𝐻 and 𝐻1. The symbol (⋅, ⋅) stands for the inner product in 𝐻 .
Define the negative space 𝐻 ′

1 constructed on this pair as the completion of 𝐻 ∩𝐻1

with respect to the norm

∥𝑢∥𝐻′
1
= sup
𝑣∈𝐻1∩𝐻

∣(𝑢, 𝑣)∣/∥𝑣∥𝐻1 .

Proposition 2.4. The spaces 𝐻1, 𝐻 ′
1 are dual to each other with respect to the

pairing (⋅, ⋅) and
(𝐻1, 𝐻

′
1)1/2,2 = 𝐻. (2.3)

Thus the space of antilinear continuous functionals over 𝐻1 can be identified with
𝐻 ′

1 and the norm in 𝐻1 is equivalent to the norm sup𝑣∈𝐻′
1
∣(𝑣, 𝑢)∣/∥𝑣∥𝐻′

1
.

Proof. Note that this proposition is well known in the case of 𝐻1 ⊂ 𝐻 (see, for
instance, [25]). Under our conditions, there exists a positive selfadjoint operator
𝑆 : 𝐻 → 𝐻 such that 𝐷𝑆 = 𝐻1 (see the proof of Theorem 6.1 in [24]). In this case
𝑅𝑆 = 𝐻 ′

1 and the claim easily follows from Proposition 2.3. □
If 𝐿 : 𝐻 → 𝐻 is a sectorial operator then we can construct a functional

calculus for 𝐿 ([15], [36]). What we need is a functional calculus a little bit different
from that in [15]. This generalization of the conventional calculus is presented in
[24, Sect. 8]. Assign 𝑆−

𝜃 = {𝑧 : ∣arg 𝑧∣ > 𝜋 − 𝜃}, 𝑆+
𝜃 = {𝑧 : ∣arg 𝑧∣ < 𝜃} and

𝑆0
𝜃 = 𝑆+

𝜃 ∪𝑆−
𝜃 (𝜃 ∈ [0, 𝜋/2)). An operator 𝐿 : 𝐻 → 𝐻 is referred to as an operator

of type 𝑆0
𝜃 if there exists 𝜃 ∈ [0, 𝜋/2) such that 𝜎(𝐿) ⊂ 𝑆0

𝜃 , ℂ ∖𝑆0
𝜃 ⊂ 𝜌(𝐿), and, for

every 𝜔 ∈ (𝜃, 𝜋/2), there exists a constant 𝑐(𝜔) such that

∥(𝐿 − 𝜆𝐼)−1∥ ≤ 𝑐/∣𝜆∣ ∀𝜆 ∈ ℂ ∖ 𝑆0
𝜔. (2.4)

Remark 2.1. Observe that if an operator 𝐿 is of type 𝑆0
𝜔 then the operators±𝑖𝐿 are

sectorial with the sectoriality angle 𝜋 − 𝜔 and 𝐿2 is sectorial with the sectoriality
angle 2𝜔 (Prop. 8.1 in [24]).

Fix an operator 𝐿 of type 𝑆0
𝜃 . Given 𝜔 > 𝜃, the classes Ψ(𝑆0

𝜔) and 𝐹 (𝑆0
𝜔)

comprise functions 𝑓(𝑧) analytic on 𝑆0
𝜔 and such that, for some 𝛼 > 0 and a

constant 𝑐 > 0,

∣𝑓(𝑧)∣ ≤ 𝑐min(∣𝑧∣𝛼, ∣𝑧∣−𝛼) ∀𝑧 ∈ 𝑆0
𝜔 (2.5)

and

∣𝑓(𝑧)∣ ≤ 𝑐(∣𝑧∣𝛼 + ∣𝑧∣−𝛼) ∀𝑧 ∈ 𝑆0
𝜔, (2.6)

respectively. The class 𝐻(𝑆0
𝜔) consists of the functions 𝑓(𝑧) analytic and bounded

on 𝑆0
𝜔. Given 𝑓 ∈ Ψ(𝑆0

𝜔), for some 𝜔′ ∈ (𝜃, 𝜔), we put

𝑓(𝐿) =
1

2𝜋𝑖

∫
Γ𝜔′

𝑓(𝑧)(𝐿 − 𝑧𝐼)−1 𝑑𝑧, Γ𝜔′ = Γ+
𝜔′ ∪ Γ−𝜔′ , Γ

±
𝜔′ = ∂𝑆±

𝜔′ ,
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where the direction of integration is clockwise on both boundaries ∂𝑆+
𝜔′ and ∂𝑆−

𝜔′ .
It is easy to check the operator 𝑓(𝐿) : 𝐻 → 𝐻 is bounded. Let now 𝑓(𝑧) ∈ 𝐹 (𝑆0

𝜔).
Put 𝑒(𝜆) = 𝜆2(1 + 𝜆2)−2. Obviously, in this case there exists 𝑘 ∈ ℕ such that
𝑒𝑘(𝜆)𝑓(𝜆) ∈ Ψ(𝑆0

𝜔). By definition (see [36], [24]),

𝐷(𝑓(𝐿)) = {𝑥 ∈ 𝐻 : (𝑒𝑘𝑓)(𝐿)𝑥 ∈ 𝐷(𝑒−𝑘(𝐿)) = 𝐷(𝐿2𝑘) ∩ 𝑅(𝐿2𝑘)}
and 𝑓(𝐿)𝑥 = 𝑒−𝑘(𝐿)(𝑒𝑘𝑓(𝐿)𝑥) for 𝑥 ∈ 𝐷(𝑓(𝐿)). As is noted in [24], this functional
calculus possesses the conventional properties. We note that for 𝑥 ∈ 𝐷(𝐿2𝑘) ∩
𝑅(𝐿2𝑘) we have 𝑓(𝐿)𝑥 = (𝑒𝑘𝑓)(𝐿)𝑒−𝑘(𝐿)𝑥. If 𝑓 ∈ 𝐻(𝑆0

𝜔) then we can take 𝑘 = 1
and 𝑒−1(𝐿) = 𝐿2 + 2𝐼 + 𝐿−2. Thus, for 𝑢 ∈ 𝐷(𝐿2) ∩ 𝑅(𝐿2), we have

𝑓(𝐿) =
1

2𝜋𝑖

∫
Γ𝜔′

𝑧2𝑓(𝑧)

(1 + 𝑧2)2
(𝐿 − 𝑧𝐼)−1(𝐿+ 𝐿−1)2𝑢 𝑑𝑧, Γ𝜔′ = Γ+

𝜔′ ∪ Γ−𝜔′ . (2.7)

If 𝑓(𝐿) ∈ 𝐿(𝐻) for every 𝑓 ∈ 𝐻(𝑆0
𝜔) then we say that 𝐿 has a bounded 𝐻∞

calculus. In this case 𝑓(𝐿) is an extension of the above integral operator defined
for 𝑢 ∈ 𝐷(𝐿2)∩𝑅(𝐿2). In particular, we can define the operators sgn𝐿, 𝜒±(𝐿) for
functions

𝑓(𝑧) =

{
1, 𝑧 ∈ 𝑆+

𝜔

−1, 𝑧 ∈ 𝑆−
𝜔

, 𝜒+(𝑧) = (1 + 𝑓(𝑧))/2, 𝜒−(𝑧) = (1− 𝑓(𝑧))/2. (2.8)

Proposition 2.5. ([24, Sect. 8]) Let 𝐿 be an operator of type 𝑆0
𝜃 (𝜃 ∈ [0, 𝜋/2). Then

𝐿 has a bounded 𝐻∞ calculus if and only if the equality (2.2) holds.

Observe that the operators 𝜒±(𝐿) possess the property (𝜒±(𝐿))2𝑢 = 𝜒±(𝐿)𝑢
(𝑢 ∈ 𝐷(𝐿4) ∩ 𝑅(𝐿4)) which is established with the help of the residue theorem.

Let 𝐿 : 𝐻 → 𝐻 be a strictly 𝑚-𝐽-dissipative operator in the Krein space 𝐻
with the indefinite inner product [⋅, ⋅] = (𝐽 ⋅, ⋅) and the norm ∥ ⋅ ∥, where 𝐽 is the
fundamental symmetry and the symbol (⋅, ⋅) designates the inner product in 𝐻 .
We use these notations below in all statements of Section 2. Define the quantities

∥𝑢∥2𝐹1 = −Re [𝐿𝑢, 𝑢] (𝑢 ∈ 𝐷(𝐿)), ∥𝑢∥2𝐹−1
= −Re [𝐿−1𝑢, 𝑢] (𝑢 ∈ 𝑅(𝐿)).

Suppose also that

∃𝑐 > 0 : ∣[𝐿𝑢, 𝑣]∣ ≤ 𝑐∥𝑢∥𝐹1∥𝑣∥𝐹1 ∀𝑢, 𝑣 ∈ 𝐷(𝐿). (2.9)

Obviously, the quantity ∥𝑢∥𝐹1 is a norm on 𝐷(𝐿).

Proposition 2.6. Let 𝐿 : 𝐻 → 𝐻 be a strictly 𝑚-𝐽-dissipative operator satisfying
(2.9) with a nonempty resolvent set. Then so is the operator 𝐿−1 and 𝐷(𝐿𝑚) ∩
𝑅(𝐿𝑚) is dense in 𝐻, 𝐷(𝐿), and 𝑅(𝐿) for every 𝑚 = 1, 2, . . . . Thus we have that

∃𝑐 > 0 : ∣[𝐿−1𝑢, 𝑣]∣ ≤ 𝑐∥𝑢∥𝐹−1∥𝑣∥𝐹−1 . (2.10)

Proof. An operator 𝐿 is 𝑚-𝐽-dissipative and thereby the operators 𝐽𝐿 and 𝐿𝐽
are 𝑚-dissipative (Prop. 2.1). Obviously, if 𝐿 is closed then so is 𝐿−1. In this
case, 𝜌(𝐽𝐿) ∕= ∅ and 𝜌(𝐿𝐽) ∕= ∅ (Prop. 2.1) and they are both sectorial with the
sectoriality angle 𝜋/2 (see Prop. 2.3). In this case 𝜌(𝐿−1𝐽) ∕= ∅ and 𝜌(𝐽𝐿−1) ∕= ∅
(see the claim 4 of Prop. 2.2). Hence, both these operators are 𝑚-dissipative. In
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this case, 𝐿−1 is 𝑚-𝐽-dissipative (see the claim 6 of Prop. 2.1). To prove density in
𝐻 , we assume the contrary. In this case, there exists an element 𝑢 ∈ 𝐻 such that
[𝑢, 𝑣] = 0 for all 𝑣 ∈ 𝐷(𝐿𝑚)∩𝑅(𝐿𝑚). Take 𝑣 = 𝐿𝑚(𝐿− 𝜆)−2𝑚𝜓, with 𝜓 ∈ 𝐻 and
𝜆 ∈ 𝜌(𝐿). Since an element 𝜓 is arbitrary, we obtain that (𝐿𝑐)𝑚(𝐿𝑐 − 𝜆)−2𝑚𝑢 = 0
and, therefore (see Prop. 2.1) 𝑢 = 0. To prove the density in 𝐷(𝐿) (or 𝑅(𝐿)),
we argue as follows. Given 𝑓 = (𝐿 − 𝜆𝐼)𝑢 (𝑢 ∈ 𝐷(𝐿)), we can construct an
approximation 𝑓𝑛 ∈ 𝐷(𝐿𝑚) ∩ 𝑅(𝐿𝑚) of 𝑓 and assign 𝑢𝑛 = (𝐿 − 𝜆)−1𝑓𝑛 → 𝑢 ∈
𝐷(𝐿). It is immediate that 𝑢𝑛 ∈ 𝐷(𝐿𝑚) ∩ 𝑅(𝐿𝑚). Similar arguments are used in
the case of 𝑅(𝐿). Now we check (2.9) for 𝐿−1. Indeed, let 𝑢, 𝑣 ∈ 𝑅(𝐿). There exist
𝑢0, 𝑣0 ∈ 𝐷(𝐿) such that 𝑢 = 𝐿𝑢0, 𝑣 = 𝐿𝑣0. In this case,

∣[−𝐿−1𝑢, 𝑣]∣2 = ∣[−𝑢0, 𝐿𝑣0]∣2 ≤ 𝑐Re [−𝐿𝑢0, 𝑢0]Re [−𝐿𝑣0, 𝑣0])

= 𝑐Re [−𝐿−1𝑢, 𝑢]Re [−𝐿−1𝑣, 𝑣]). □

Define the spaces 𝐹1 and 𝐹−1 as completions of 𝐷(𝐿)∩𝑅(𝐿) with respect to
the norms ∥ ⋅ ∥𝐹1 and ∥ ⋅ ∥𝐹−1 , respectively.

Proposition 2.7. Let 𝐿 : 𝐻 → 𝐻 be a strictly 𝑚-𝐽-dissipative operator satisfying
(2.9) with a nonempty resolvent set. Then the spaces 𝐹−1 and 𝐹1 are compatible,
the subspaces 𝐹1 ∩ 𝐻 and 𝐹−1 ∩ 𝐻 are dense in 𝐻 and 𝐹1, in 𝐻 and 𝐹−1, re-
spectively. The operators 𝐽 : 𝐻 ∩ 𝐹∓1 → 𝐻 admit extensions to isomorphisms of
𝐹−1 onto 𝐹 ′

1 and 𝐹1 onto 𝐹 ′
−1, respectively, where 𝐹 ′

1 and 𝐹 ′
−1 are negative spaces

constructed on the pairs (𝐹1, 𝐻) and (𝐹−1, 𝐻).

Proof. Define the space 𝐺1 as completion of 𝐷(𝐿)∩𝑅(𝐿) with respect to the norm

∥𝑢∥2𝐺1
= Re [−𝐿𝑢, 𝑢] + Re [−𝐿−1𝑢, 𝑢] + ∥𝑢∥2.

Conventionally (see the proof of the second claim of Prop. 7.3.4 in [15]), using
(2.9) and (2.10) we can prove that 𝐺1 can be identified with a dense subspace of
𝐻 . Construct the space 𝐺−1 as completion of 𝐷(𝐿) ∩ 𝑅(𝐿) with respect to the
norm

∥𝑢∥𝐺−1 = sup
𝑣∈𝐺1

∣[𝑢, 𝑣]∣/∥𝑣∥𝐺1.

Due to the definition, we have the natural imbedding 𝐺1 ⊂ 𝐹1∩𝐹−1. Demonstrate
the estimates ∥𝑢∥𝐺−1 ≤ 𝑐∥𝑢∥𝐹1 and ∥𝑢∥𝐺−1 ≤ 𝑐∥𝑢∥𝐹−1 for 𝑢 ∈ 𝐷(𝐿) ∩ 𝑅(𝐿).
Indeed, we have that

sup
𝑣∈𝐺1

∣[𝑢, 𝑣]∣
∥𝑣∥𝐺1

= sup
𝑣∈𝐷(𝐿)∩𝑅(𝐿)

∣[𝐿𝑔, 𝑣]∣
∥𝑣∥𝐺1

≤ 𝑐 sup
𝑣∈𝐷(𝐿)∩𝑅(𝐿)

∥𝑔∥𝐹1∥𝑣∥𝐹1
∥𝑣∥𝐺1

≤ 𝑐∥𝑢∥𝐹−1,

where 𝑔 = 𝐿−1𝑢. Similarly, we conclude that

sup
𝑣∈𝐺1

∣[𝑢, 𝑣]∣/∥𝑣∥𝐺1 ≤ 𝑐∥𝑢∥𝐹1.

These two estimates and the definitions imply that 𝐹1 + 𝐹−1 ⊂ 𝐺−1. The state-
ments about the density in the formulation are obvious in view of fact that the
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subspace 𝐷(𝐿) ∩ 𝑅(𝐿) is dense in 𝐹1, 𝐹−1, and 𝐻 . We now prove that the norm
∥𝐽𝑢∥𝐹 ′

1
is equivalent to the norm ∥𝑢∥𝐹−1 for 𝑢 ∈ 𝐷(𝐿) ∩ 𝑅(𝐿). Indeed, we have

∥𝑢∥𝐹−1 =
Re [𝑢,−𝐿−1𝑢]

∥𝑢∥𝐹−1

≤ sup
𝑣∈𝐷(𝐿)∩𝑅(𝐿)

∣[𝑢, 𝐿−1𝑣]∣
∥𝑣∥𝐹−1

= sup
𝑔∈𝐹1

∣[𝑢, 𝑔]∣
∥𝑔∥𝐹1

= ∥𝐽𝑢∥𝐹 ′
1
.

Similarly,

∥𝐽𝑢∥𝐹 ′
1
= sup
𝑣∈𝐷(𝐿2)∩𝑅(𝐿2)

∣[𝑢, 𝑣]∣
∥𝑣∥𝐹1

≤ sup
𝑔∈𝐷(𝐿)∩𝑅(𝐿)

∣[𝑢, 𝐿−1𝑔]∣
∥𝑔∥𝐹−1

≤ 𝑐∥𝑢∥𝐹−1.

The same arguments are used to prove the equivalence of the norms ∥𝑢∥𝐹1 and
∥𝐽𝑢∥𝐹 ′

−1
. □

Remark 2.2. In view of the above arguments, we can define in 𝐹−1 and 𝐹1 the
following equivalent norms

∥𝑢∥𝐹−1 = sup
𝑣∈𝐷(𝐿)∩𝑅(𝐿)

∣[𝑢, 𝑣]∣/∥𝑣∥𝐹1 , ∥𝑢∥𝐹1 = sup
𝑣∈𝐷(𝐿)∩𝑅(𝐿)

∣[𝑢, 𝑣]∣/∥𝑣∥𝐹−1.

Moreover, the expression [𝑢, 𝑣] is defined for 𝑢 ∈ 𝐹1 and 𝑣 ∈ 𝐹−1 and we have the
inequality

∣[𝑢, 𝑣]∣ ≤ 𝑐1∥𝑢∥𝐹−1∥𝑣∥𝐹1 ,
with 𝑐1 a constant independent of 𝑢, 𝑣.

Given a strictly 𝑚-𝐽-dissipative operator 𝐿 satisfying the condition (2.9), we
can construct the spaces 𝐷𝐿 and 𝑅𝐿 using the same definition as in the case of
a sectorial operator. Using the same ideas as those in the proof of the previous
proposition, we can establish that these spaces are compatible (they are subspaces
of (𝐷(𝐿) ∩ 𝑅(𝐿))′).

Lemma 2.1. Let 𝐿 : 𝐻 → 𝐻 be a strictly 𝑚-𝐽-dissipative operator satisfying (2.9)
with a nonempty resolvent set and such that

(𝐹1, 𝐹−1)1/2,2 = 𝐻. (2.11)

Then 𝐿 is of type 𝑆0
𝜔 for some 𝜔 ∈ (0, 𝜋/2).

Proof. In view of the definition we have that ∥𝐿𝑢∥𝐹−1 = ∥𝑢∥𝐹1. Therefore, the
operator 𝐿 admits an extension to an isomorphism of 𝐹1 onto 𝐹−1. Denote this

extension by �̃�. We can pass to the limit in the expression [𝐿𝑢, 𝑣] (see Remark

2.2) and thereby it is defined for 𝑢, 𝑣 ∈ 𝐹1. Consider the operator �̃�∣𝐻 : 𝐻 → 𝐻

with the domain 𝐷(�̃�∣𝐻) = {𝑢 ∈ 𝐹1 ∩ 𝐻 : �̃�𝑢 ∈ 𝐻}. This operator is obviously
an extension of the operator 𝐿 and we have −Re [�̃�∣𝐻𝑢, 𝑢] = ∥𝑢∥2𝐹1 ≥ 0 for all

𝑢 ∈ 𝐷(�̃�∣𝐻). Therefore, �̃�∣𝐻 is 𝐽-dissipative. In view of the maximality of 𝐿 we

have 𝐿 = �̃�∣𝐻 and, in particular,

𝐷(𝐿) = {𝑢 ∈ 𝐹1 ∩ 𝐻 : �̃�𝑢 ∈ 𝐻}. (2.12)

Given 𝑢 ∈ 𝐷(𝐿) ∩ 𝑅(𝐿), we put

𝐿𝑢 − 𝑖𝜔𝑢 = 𝑓, 𝜔 ∈ ℝ, 𝜔 ∕= 0. (2.13)
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From the definition it follows that 𝑓 ∈ 𝑅(𝐿). As a consequence of (2.13), we have

−Re [𝐿𝑢, 𝑢] = −Re [𝑓, 𝑢] ≤ 𝑐∥𝑓∥𝐹−1∥𝑢∥𝐹1 . (2.14)

In view of (2.13), we obtain the estimate

∣𝜔∣2∥𝑢∥2𝐹−1
≤ 2∥𝑓∥2𝐹−1

+ 2∥𝐿𝑢∥2𝐹−1
≤ 2∥𝑓∥2𝐹−1

+ 2Re [−𝐿𝑢, 𝑢]. (2.15)

Multiplying this inequality by 1/4 and summing it with (2.14) we infer

∥𝑢∥2𝐹1 + ∣𝜔∣2∥𝑢∥2𝐹−1
≤ 2𝑐∥𝑓∥𝐹−1∥𝑢∥𝐹1 + ∥𝑓∥2𝐹−1

/2. (2.16)

Using the inequality ∣𝑎𝑏∣ ≤ ∣𝑎∣2/4+∣𝑏∣2 on the right-hand side of (2.16) we conclude
−Re [𝐿𝑢, 𝑢] + ∣𝜔∣2∥𝑢∥2𝐹−1

≤ (4𝑐2 + 1)∥𝑓∥2𝐹−1
+ ∥𝑢∥2𝐹1/2

and thereby

−Re [𝐿𝑢, 𝑢] + ∣𝜔∣2∥𝑢∥2𝐹−1
≤ (8𝑐2 + 2)∥𝑓∥2𝐹−1

. (2.17)

This estimate implies that 𝑁(𝐿 − 𝑖𝜔𝐼) = {0}, since 𝑁(𝐿 − 𝑖𝜔𝐼) ⊂ 𝐷(𝐿) ∩ 𝑅(𝐿).
Therefore (see Prop. 2.1), the subspace 𝑅(𝐿− 𝑖𝜔𝐼) is dense in 𝐻 . In this case the
subspace 𝑅((𝐿 − 𝑖𝜔𝐼)∣𝑅(𝐿)∩𝐷(𝐿)) ⊂ 𝐻 ∩ 𝐹−1 is dense in 𝐹−1. Moreover, we have
the obvious estimate ∥(𝐿 − 𝑖𝜔𝐼)𝑢∥𝐹−1 ≤ (∥𝑢∥𝐹1 + ∣𝜔∣∥𝑢∥𝐹−1). This estimate and

the estimate (2.17) ensure that the extension �̃� − 𝑖𝜔𝐼 : 𝐹1 ∩ 𝐹−1 → 𝐹−1 of the

operator 𝐿 − 𝑖𝜔𝐼∣𝐷(𝐿)∩𝑅(𝐿) has a a bounded inverse, i.e., this extension �̃� − 𝑖𝜔𝐼
is an isomorphism of 𝐹1 ∩ 𝐹−1 onto 𝐹−1. Note that the equality (2.11) yields

𝐹1 ∩ 𝐹−1 ⊂ 𝐻 . We can consider the operator �̃� as an unbounded operator from

𝐹−1 into 𝐹−1 with the domain𝐷(�̃�) = 𝐹1∩𝐹−1. As we have proven, 𝑖ℝ∖{0} ⊂ 𝜌(�̃�)
and in view of (2.17)

∣𝜔∣∥(�̃� − 𝑖𝜔𝐼)−1𝑓∥𝐹−1 ≤ 𝑐1∥𝑓∥𝐹−1 ∀𝑓 ∈ 𝐹−1. (2.18)

In this case for 𝑓 ∈ 𝐷(�̃�), we obtain

∣𝜔∣∥(�̃� − 𝑖𝜔𝐼)−1𝑓∥𝐹1 = ∣𝜔∣∥�̃�(�̃� − 𝑖𝜔𝐼)−1𝑓∥𝐹−1 ≤ 𝑐1∥�̃�𝑓∥𝐹−1 = 𝑐1∥𝑓∥𝐹1 . (2.19)

Since 𝐹1∩𝐹−1 is dense in 𝐹1 we can conclude that the operator 𝜔(�̃�−𝑖𝜔𝐼)−1 is ex-

tensible to an operator of the class 𝐿(𝐹1). In accord with (2.11), 𝜔(�̃�− 𝑖𝜔𝐼)−1∣𝐻 ∈
𝐿(𝐻), i.e., there exists a constant 𝑐 > 0 such that

∣𝜔∣∥(�̃� − 𝑖𝜔𝐼)−1∣𝐻𝑓∥𝐻 ≤ 𝑐1∥𝑓∥𝐻 ∀𝑓 ∈ 𝐹1 ∩ 𝐹−1. (2.20)

Let 𝑓 ∈ 𝐻 . Approximating 𝑓 by a sequences 𝑓𝑛 ∈ 𝐹1 ∩ 𝐹−1 in the norm of 𝐻 we
can construct a sequence of solutions 𝑢𝑛 ∈ 𝐹1 ∩ 𝐹−1 to the equation

�̃�𝑢𝑛 − 𝑖𝜔𝑢𝑛 = 𝑓𝑛 ∈ 𝐹1 ∩ 𝐹−1 ⊂ 𝐻.

The estimate (2.20) implies that 𝑢𝑛 → 𝑢 ∈ 𝐻 in the norm of 𝐻 . Since Re [�̃�(𝑢𝑛−
𝑢𝑚), 𝑢𝑛 − 𝑢𝑚] = Re [𝑓, 𝑢𝑛 − 𝑢𝑚], we can conclude that 𝑢𝑛 → 𝑢 ∈ 𝐹1 in the space
𝐹1 and

�̃�𝑢 − 𝑖𝜔𝑢 = 𝑓 ∈ 𝐻.

In view of (2.12) we derive that 𝑢 ∈ 𝐷(𝐿). We have proven that 𝑖ℝ ∖ {0} ⊂ 𝜌(𝐿)
and the inequality (2.20) holds. The conventional arguments (see the claim a) of
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Prop. 2.1.1 in [15]) validate the existence of a constant 𝜔 ∈ (0, 𝜋/2) such that the
estimate

∣𝜆∣∥(𝐿 − 𝜆𝐼)−1𝑓∥ ≤ 𝑐1∥𝑓∥
is valid for some constant 𝑐1 and 𝜆 ∈ ℂ ∖ 𝑆0

𝜔. □
Lemma 2.2. If 𝐿 is a strictly 𝑚-𝐽 dissipative operator satisfying (2.9) with a
nonempty resolvent set then the conditions (2.2) and (2.11) are equivalent.

Proof. Let (2.2) hold. We have ∥𝑢∥2𝐹1 = Re [−𝐿𝑢, 𝑢] ≤ ∥𝐿𝑢∥∥𝑢∥. The last inequal-
ity means that 𝐹1 ⊂ 𝐽(1/2, 𝐷𝐿, 𝐻) (see the definition of this class in [23, Sect.
1.10.1]). Similarly, we derive that 𝐹−1 ⊂ 𝐽(1/2, 𝑅𝐿, 𝐻), i.e., ∥𝑢∥2𝐹−1

≤ ∥𝐿−1𝑢∥∥𝑢∥.
But (2.2) yields the inequality

∥𝑢∥𝐻 ≤ 𝑐∥𝑢∥1/2𝐷𝐿
∥𝑢∥1/2𝑅𝐿

, 𝑢 ∈ 𝐷𝐿 ∩ 𝑅𝐿.

Combining this inequality with the previous inequalities, we infer

∥𝑢∥𝐹1 ≤ 𝑐∥𝑢∥3/4𝐷𝐿
∥𝑢∥1/4𝑅𝐿

, ∥𝑢∥𝐹−1 ≤ 𝑐∥𝑢∥1/4𝐷𝐿
∥𝑢∥3/4𝑅𝐿

.

Therefore, 𝐹1 ⊂ 𝐽(1/4, 𝐷𝐿, 𝑅𝐿) and 𝐹−1 ⊂ 𝐽(3/4, 𝐷𝐿, 𝑅𝐿). Applying the reitera-
tion theorem [23, Sect. 1.10.2] (see also Remark 1 after the theorem), we infer

𝐻 = (𝐷𝐿, 𝑅𝐿)1/2,2 ⊂ (𝐹1, 𝐹−1)1/2,2.

By the duality theorem [23, Sect. 1.11.2],

(𝐹 ′
1, 𝐹

′
−1)1/2,2 ⊂ 𝐻 ′ = 𝐻,

where the duality is defined by the inner product in 𝐻 . Proposition 2.7 ensures
that 𝐹 ′

1 = 𝐽𝐹−1 and 𝐹 ′
−1 = 𝐽𝐹1, i.e.,

(𝐽𝐹−1, 𝐽𝐹1)1/2,2 ⊂ 𝐻.

As a consequence,
(𝐹−1, 𝐹1)1/2,2 ⊂ 𝐽𝐻 = 𝐻.

We arrive at the inverse containment and thereby the equality (2.11) holds.
Assume now that the equality (2.11) holds. By Lemma 2.1, the operator 𝐿 is

of type 𝑆0
𝜔 for some 𝜔 ∈ (0, 𝜋/2). The equality (2.11) and the reiteration theorem

[23] imply that

(𝐹1, 𝐻)1−𝜃,2 = (𝐹1, 𝐹−1)𝜃1,2, (𝐻,𝐹−1)𝜃,2 = (𝐹1, 𝐹−1)𝜃2,2,

where 𝜃1 = (1− 𝜃)/2 and 𝜃2 = (1 + 𝜃)/2. As a consequence, we infer

((𝐹1, 𝐻)1−𝜃,2, (𝐻,𝐹−1)𝜃,2)1/2,2 = 𝐻. (2.21)

As in the proof of Lemma 2.2, we have 𝐹1⊂𝐽(1/2,𝐷𝐿,𝐻) and 𝐹−1⊂𝐽(1/2,𝑅𝐿,𝐻).
Involving the reiteration theorem, we infer

(𝐷𝐿, 𝐻)1− 𝜃
2 ,2

⊂ (𝐹1, 𝐻)1−𝜃,2, (𝐻,𝑅𝐿) 𝜃
2 ,2

⊂ (𝐻,𝐹−1)𝜃,2. (2.22)

On the other hand, Theorem 4.2 and the remark after this theorem in [24] ensure
the equalities

(𝐷𝐿, 𝐻)𝜃,2 = (𝐷𝐿, 𝑅𝐿)𝜃1 , (𝐻,𝑅𝐿)𝜃,2 = (𝐷𝐿, 𝑅𝐿)𝜃2 , 𝜃1 = 𝜃/2, 𝜃2 = (1− 𝜃)/2.
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The reiteration theorem yields the equality

((𝐷𝐿, 𝐻)1− 𝜃
2 ,2

, (𝐻,𝑅𝐿) 𝜃
2 ,2
)1/2,2 = (𝐷𝐿, 𝑅𝐿)1/2,2.

In this case, the relations (2.22) and (2.21) imply that (𝐷𝐿, 𝑅𝐿)1/2,2 ⊂ 𝐻. Con-
sider the operator 𝐿𝑐 with the same properties. Similar arguments validate the
embedding (𝐷𝐿𝑐 , 𝑅𝐿𝑐)1/2,2 ⊂ 𝐻. But 𝐷𝐿𝑐 = 𝐽𝐷𝐿∗ and 𝑅𝐿𝑐 = 𝐽𝑅𝐿∗ and thereby

(𝐷𝐿∗ , 𝑅𝐿∗)1/2,2 ⊂ 𝐽𝐻 = 𝐻.

Next, we can refer to Theorem 2.2 in [24], where we take 𝐿∗ rather than 𝐿′. In
accord with this theorem

(𝐷𝐿, 𝑅𝐿)1/2,2 = 𝐻. □

Next we present some sufficient conditions ensuring (2.2) and (2.11).

Lemma 2.3 ([24, Corollary 5.5]). Suppose that 𝐿 is an injective operator of type
𝑆0
𝜔 and there exist 𝑠 ∈ (0, 1) such that

(𝐻,𝐷𝐿)𝑠,2 = (𝐻,𝐷𝐿∗)𝑠,2. (2.23)

Then the equality (2.2) holds.

Lemma 2.4. Suppose that 𝐿 is a strictly 𝑚-𝐽-dissipative operator satisfying (2.9)
with a nonempty resolvent set in a Krein space 𝐻 and there exists 𝑠0 ∈ (0, 1) such
that 𝐽 ∈ 𝐿(𝐹𝑠0) (𝐹𝑠 = (𝐹1, 𝐻)1−𝑠,2). Then the equalities (2.11) and (2.2) hold.

Proof. Proposition 2.7 ensures that 𝐹 ′
1 = 𝐽𝐹−1 and 𝐹 ′

−1 = 𝐽𝐹1. Thus 𝐽 ∈
𝐿(𝐹−1, 𝐹

′
1) ∩ 𝐿(𝐻) and 𝐽 ∈ 𝐿(𝐹1, 𝐹

′−1) ∩ 𝐿(𝐻). Given 𝑠 ∈ (0, 1), assign 𝐹𝑠 =

(𝐹1, 𝐻)1−𝑠,2, 𝐹−𝑠 = (𝐹−1, 𝐻)1−𝑠,2, 𝐹𝑠 = (𝐹 ′
−1, 𝐻)1−𝑠,2, and 𝐹−𝑠 = (𝐹 ′

1, 𝐻)1−𝑠,2.
The duality theorem [23, Sect. 1.11.2] yields the equalities 𝐹 ′

𝑠 = 𝐹−𝑠 and 𝐹 ′
−𝑠 = 𝐹𝑠.

The above properties of 𝐽 imply that 𝐽 ∈ 𝐿(𝐹𝑠, 𝐹𝑠) and 𝐽 ∈ 𝐿(𝐹−𝑠, 𝐹−𝑠). It is im-
mediate from the condition of the lemma that 𝐹𝑠0 = 𝐹𝑠0 . By the duality theorem

[23, Sect. 1.11.2], 𝐹−𝑠0 = 𝐹−𝑠0 . In view of Proposition 2.4, we have

𝐻 = (𝐹𝑠0 , 𝐹
′
𝑠0)1/2,2 = (𝐹𝑠0 , 𝐹−𝑠0)1/2,2 = (𝐹𝑠0 , 𝐹−𝑠0)1/2,2.

From this equality and the definitions of the spaces 𝐹±𝑠 it follows that

∥𝑢∥ ≤ 𝑐∥𝑢∥1/2𝐹𝑠0∥𝑢∥
1/2
𝐹−𝑠0

≤ 𝑐1∥𝑢∥𝑠/2𝐹1 ∥𝑢∥𝑠/2𝐹−1
∥𝑢∥1−𝑠, ∀𝑢 ∈ 𝐹1 ∩ 𝐹−1.

Dividing both parts by ∥𝑢∥1−𝑠 we arrive at the inequality
∥𝑢∥ ≤ 𝑐2∥𝑢∥1/2𝐹1 ∥𝑢∥1/2𝐹−1

.

Using this inequality, we obtain

∥𝑢∥𝐹𝑠0 ≤ 𝑐∥𝑢∥𝑠0𝐹1∥𝑢∥1−𝑠0 ≤ 𝑐1∥𝑢∥(1+𝑠0)/2𝐹1
∥𝑢∥(1−𝑠0)/2𝐹−1

, 𝑢 ∈ 𝐹1 ∩ 𝐹−1.

Similarly, we conclude that

∥𝑢∥𝐹−𝑠0
≤ 𝑐 ≤ ∥𝑢∥(1−𝑠0)/2𝐹1

∥𝑢∥(1+𝑠0)/2𝐹−1
.
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Appealing to the reiteration theorem again, we infer

(𝐹1, 𝐹−1)1/2,2 ⊂ (𝐹𝑠0 , 𝐹−𝑠0)1/2,2 = 𝐻.

By duality, we establish that

𝐻 ⊂ (𝐹1, 𝐹−1)
′
1/2,2 = (𝐹 ′

1, 𝐹
′
−1)1/2,2.

Therefore,
𝐻 ⊂ (𝐽𝐹−1, 𝐽𝐹1)1/2,2.

As a consequence, 𝐻 = 𝐽𝐻 ⊂ (𝐹−1, 𝐹1)1/2,2. We arrive at the converse contain-
ment and thereby 𝐻 = (𝐹1, 𝐹−1)1/2,2. □
Corollary 2.1. Any of the embeddings

𝐻 ⊂ (𝐹1, 𝐹−1)1/2,2, (𝐹1, 𝐹−1)1/2,2 ⊂ 𝐻

imply the equality (2.11).

This statement was actually proven at the ends of the proofs of the Lemmas
2.4 and 2.2.

Suppose that 𝐿 is a strictly𝑚-𝐽-dissipative operator in a Krein space𝐻 which
satisfies (2.9). Define the space �̃�1 as the completion of 𝐷(𝐿) with respect to the

norm ∥𝑢∥2
�̃�1

= −Re[𝐿𝑢, 𝑢]+ ∥𝑢∥2𝐻 and the space �̃�−1 as the completion of 𝐻 with

respect to the norm ∥𝑢∥�̃�−1
= sup𝑣∈�̃�1

∣[𝑢, 𝑣]∣/∥𝑣∥�̃�1
. Assign �̃�𝑠 = (𝐺1, 𝐻)1−𝑠,2.

Lemma 2.5. Suppose that 𝐿 : 𝐻 → 𝐻 (𝐻 is a Krein space) is a strictly 𝑚-𝐽-
dissipative operator satisfying (2.9) and there exists a constant 𝑚 > 0 such that

∥𝑢∥2 ≤ 𝑚(−Re[𝐿𝑢, 𝑢] + ∥𝑢∥2
�̃�−1

) ∀𝑢 ∈ 𝐷(𝐿). (2.24)

Then there exists a number 𝜔0 ≥ 0 such that 𝐼𝜔0 = {𝑖𝜔 : ∣𝜔∣ ≥ 𝜔0} ⊂ 𝜌(𝐿)}. The
inequality (2.24) certainly holds whenever

(�̃�1, �̃�−1)1/2,2 = 𝐻. (2.25)

If there exists 𝑠 ∈ (0, 1) such that 𝐽 ∈ 𝐿(�̃�𝑠) then the equality (2.25) holds.

The first part of the lemma is proven in [17]. Its proof is quite similar to the
proof of Lemma 2.1. So we omit it. The proof of the last claim can be found also
in [19, Theorem 5] (see also [21, 20]). Moreover, its proof is quite similar to the
proof of Lemma 2.4.

3. Main results

The theorem below supplements the results in [17, 16] (see also [20, Chap. 1,
Theorem 4.1] and [21]. In view of claim 3 of Proposition 2.2, we can reduce the
case of 𝑁(𝐿) ∕= {0} to the case 𝑁(𝐿) = {0}. So we assume below that the operator
𝐿 is injective.

Theorem 3.1. Let 𝐿 : 𝐻 → 𝐻 be a strictly 𝑚-𝐽-dissipative operator in a Krein
space 𝐻 with a nonempty resolvent set. If the equality (2.2) holds and either 𝐿
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is of type 𝑆0
𝜃 for some 𝜃 ∈ (0, 𝜋/2) or 𝐿 satisfies the condition (2.9) then there

exist maximal nonnegative and maximal nonpositive or maximal uniformly positive
and uniformly negative, respectively, 𝐿-invariant subspaces 𝐻+ and 𝐻− such that
𝐻 = 𝐻++𝐻−, 𝐷(𝐿) = 𝐷(𝐿)∩𝐻++𝐷(𝐿)∩𝐻− (both sums are direct), 𝜎(𝐿∣𝐻± ) ⊂
ℂ∓, and the operators ±𝐿∣𝐻± are generators of analytic semigroups. If there exist
uniformly positive and uniformly negative 𝐿-invariant subspaces 𝐻+ and 𝐻− such
that 𝐻 = 𝐻+ +𝐻− and 𝐷(𝐿) = 𝐷(𝐿) ∩ 𝐻+ +𝐷(𝐿) ∩ 𝐻− (the sums are direct)
then the equality (2.2) holds.

Proof. In both cases the operator 𝐿 is of type 𝑆0
𝜃 for some 𝜃 ∈ (0, 𝜋/2). Let

𝜃 < 𝜔′ < 𝜔 < 𝜋/2. By Proposition 2.5, 𝐿 has a bounded 𝐻∞ calculus and thereby
the operators 𝜒±(𝐿) defined by the equalities (2.7) and (2.8) are bounded. For
𝑢 ∈ 𝐷(𝐿2) ∩ 𝑅(𝐿2) we have

𝜒±𝑢 = 𝜒±(𝐿)𝑢 = − 1

2𝜋𝑖

∫
Γ±
𝜔′

𝑧2

(1 + 𝑧2)2
(𝐿 − 𝑧𝐼)−1(𝐿+ 𝐿−1)2𝑢 𝑑𝑧, (3.1)

where the integration over Γ±𝜔′ is counterclockwise. As it is easy to see, the integrals
are normally convergent for 𝑢 ∈ 𝐷(𝐿2) ∩ 𝑅(𝐿2) and thus the quantities 𝜒±𝑢 are
defined correctly. The operators 𝜒± are extensible to operators of the class 𝐿(𝐻)
and it is not difficult to establish that (𝜒±)2 = 𝜒±. We put 𝑃± = 𝜒∓. Using
the definitions, we establish that (𝑃+ + 𝑃−)𝑢 = 𝑢 for all 𝑢 ∈ 𝐷(𝐿4) ∩ 𝑅(𝐿4)
and thus for all 𝑢 ∈ 𝐻 . Thereby the space 𝐻 is representable as the direct sum
𝐻 = 𝐻+ +𝐻−, with 𝐻± = {𝑢 ∈ 𝐻 : 𝑃±𝑢 = 𝑢}. Demonstrate that 𝐻+ and 𝐻−

are nonnegative and nonpositive subspaces, respectively. For example, we consider
𝐻+. For every 𝑢 ∈ 𝐻+, there exists a sequence 𝑢𝑛 ∈ 𝐷(𝐿4) ∩ 𝑅(𝐿4) ∩ 𝐻+ such
that ∥𝑢𝑛 − 𝑢∥ → 0 as 𝑛 → ∞. Indeed, find a sequence 𝑣𝑛 ∈ 𝐷(𝐿6) ∩ 𝑅(𝐿6) (see
Prop. 2.2, Prop. 2.6, and Remark 2.1) such that ∥𝑣𝑛 − 𝑢∥ → 0 as 𝑛 → ∞. Put
𝑢𝑛 = 𝑃+𝑣𝑛 ∈ 𝐷(𝐿4) ∩𝑅(𝐿4)∩𝐻+. In this case ∥𝑢𝑛− 𝑢∥ = ∥𝑃+(𝑣𝑛 − 𝑢)∥ → 0 as
𝑛 → ∞. Define an operator

𝑃𝑢 = − 1

2𝜋𝑖

∫
Γ−
𝜔′

𝑒𝑧𝑡
𝑧2

(1 + 𝑧2)2
(𝐿 − 𝑧𝐼)−1(𝐿+ 𝐿−1)2𝑢 𝑑𝑧, 𝑡 > 0. (3.2)

Take 𝑣𝑛(𝑡) = 𝑃𝑢𝑛. Employing the normal convergence of the integrals obtained
from (3.2) by the formal differentiation with respect to 𝑡 and the formal application
of 𝐿, we can say that 𝑣𝑛(𝑡) ∈ 𝐿2(0,∞;𝐷(𝐿)) and the distributional derivative 𝑣′(𝑡)
possesses the property 𝑣′𝑛(𝑡) ∈ 𝐿2(0,∞;𝐻). Hence, after a possible modification
on a set of zero measure 𝑣𝑛(𝑡) ∈ 𝐶([0,∞);𝐻), i.e., 𝑣𝑛(𝑡) is a continuous function
with values in 𝐻 . It is immediate that

𝑣𝑛(0) = 𝑢𝑛, (3.3)

𝑆𝑣𝑛 = 𝑣′𝑛 − 𝐿𝑣𝑛 = 0. (3.4)

Using the equalities (3.3) and (3.4) and integrating by parts, we infer

0 = Re

∫ ∞

0

[𝑆𝑣𝑛(𝑡), 𝑣𝑛(𝑡)] 𝑑𝑡 = −[𝑣𝑛(0), 𝑣𝑛(0)]0 −
∫ ∞

0

Re [𝐿𝑣𝑛, 𝑣𝑛](𝜏) 𝑑𝜏. (3.5)
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Therefore, we conclude that

[𝑢𝑛, 𝑢𝑛]0 = −
∫ ∞

0

Re [𝐿𝑣𝑛, 𝑣𝑛](𝜏) 𝑑𝜏, (3.6)

i.e., [𝑢𝑛, 𝑢𝑛] ≥ 0. Passing to the limit on 𝑛 in this inequality, we derive [𝑢, 𝑢] ≥
0, i.e., 𝐻+ is a nonnegative subspace. By analogy, we can prove that 𝐻− is a
nonpositive subspace. The maximality of 𝐻+ and 𝐻− follows from Proposition
1.25 in [8]. Now we assume that the condition 2 holds. Demonstrate that the
subspaces 𝐻± are uniformly definite. Consider the case 𝐻+. In view of (3.4) and
(3.6), we conclude that

[𝑢𝑛, 𝑢𝑛] ≥ 𝛿0(∥𝑣′𝑛∥2𝐿2(0,∞;𝐹−1)
+ ∥𝑣𝑛∥2𝐿2(0,∞;𝐹1)

), (3.7)

where 𝛿0 is a positive constant independent of 𝑛. Applying (3.7) to the difference
𝑢𝑛 − 𝑢𝑚 and using the fact that 𝑢𝑛 is a Cauchy sequence in 𝐻 , we derive that
the sequence 𝑣𝑛 is a Cauchy sequence in 𝐿2(0,∞;𝐹1) and thereby it converges to
some function 𝑣(𝑡) ∈ 𝐿2(0,∞;𝐹1) and also 𝑣′𝑛(𝑡) → 𝑣′(𝑡) in 𝐿2(0,∞;𝐹−1). The
trace theorem (see [23, Theorem 1.8.3]) and the inequality (2.11) (see Lemma 2.2)
imply that 𝑣𝑛(0) → 𝑣(0) in 𝐻 and there exists a constant 𝛿 > 0 such that

∥𝑣′𝑛∥2𝐿2(0,∞;𝐹−1)
+ ∥𝑣𝑛∥2𝐿2(0,∞;𝐹1)

≥ 𝛿∥𝑢𝑛∥2𝐻 .

This inequality and (3.7) imply the estimate [𝑢𝑛, 𝑢𝑛] ≥ 𝛿1∥𝑢𝑛∥2𝐻/2, 𝛿1 > 0. Pass-
ing to the limit on 𝑛 in this estimate we arrive at the inequality [𝑢, 𝑢] ≥ 𝛿1∥𝑢∥2𝐻/2
valid for all 𝑢 ∈ 𝐻+ which ensures the uniform positivity of 𝐻+. Similarly, we
can prove that 𝐻− is a uniformly negative subspace. We now prove the last claim.
Let Re𝜆 ≤ 0 and 𝜆 ∕= 0. Assume that 𝑢 ∈ 𝐻−. As before we can approximate
this function by a sequence 𝑢𝑛 ∈ 𝐷(𝐿2) ∩𝑅(𝐿2) ∩𝐻− such that ∥𝑢𝑛 − 𝑢∥ → 0 as
𝑛 → ∞. Consider the sequence

𝑣𝑛 = − 1

2𝜋𝑖

∫
Γ+
𝜔′

𝑧2𝜆

(1 + 𝑧2)2(𝑧 − 𝜆)
(𝐿 − 𝑧𝐼)−1(𝐿 + 𝐿−1)2𝑢𝑛 𝑑𝑧, 𝑡 > 0. (3.8)

The function 𝜆𝜒+(𝑧)/(𝑧 − 𝜆) ∈ 𝐻(𝑆0
𝜔). Applying the operator 𝜒+(𝐿) to (3.8), we

can verify that 𝜒+𝑣𝑛 = 𝑣𝑛, i.e., 𝑣𝑛 ∈ 𝐻−. Since the operator 𝐿 has a bounded
𝐻∞ calculus, we have the estimates

∥𝑣𝑛∥ ≤ 𝑐∥𝑢𝑛∥, ∥𝑣𝑛 − 𝑣𝑚∥ ≤ 𝑐∥𝑢𝑛 − 𝑢𝑚∥
and thereby the sequence 𝑣𝑛 has a limit 𝑣 ∈ 𝐻− in 𝐻 . Applying the operator
𝐿 − 𝜆𝐼 to (3.8) and using the Cauchy theorem, we infer

(𝐿 − 𝜆𝐼)𝑣𝑛 = 𝜆𝜒+(𝐿)𝑢𝑛 = 𝜆𝑢𝑛.

This equality yields the convergence 𝑣𝑛 → 𝑣 in 𝐷(𝐿) (with the graph norm).
Passing to the limit we arrive at the equality (𝐿 − 𝜆𝐼)𝑣 = 𝜆𝑢, Re𝜆 ≤ 0, 𝜆 ∕= 0.
Thus, for every 𝑢 ∈ 𝐻−, there exists 𝑣 ∈ 𝐷(𝐿) ∩ 𝐻− such that (𝐿 − 𝜆𝐼)𝑣 = 𝜆𝑢
and we have the estimate

∣𝜆∣∥(𝐿 − 𝜆𝐼)−1𝑢∥ ≤ 𝑐∥𝑢∥ ∀𝑢 ∈ 𝐻−. (3.9)
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Moreover,𝑁(𝐿∣𝐻− −𝜆𝐼) = {0}. Indeed, it suffices to consider the case of Re𝜆 < 0.
If (𝐿 − 𝜆𝐼)𝑣 = 0 then −[𝐿𝑣, 𝑣] = −𝜆[𝑣, 𝑣] and thereby [𝑣, 𝑣] > 0. But 𝑣 ∈ 𝐻−,
a contradiction. Therefore, ℂ− ⊂ 𝜌(𝐿∣𝐻− − 𝜆𝐼) and (3.9) holds. This means that
−𝐿∣𝐻− is a generator of an analytic semigroup [26]. Similar arguments can be
applied to the operator 𝐿∣𝐻+ .

Define the projections 𝑃± onto𝐻±, respectively, corresponding to the decom-
position 𝐻 = 𝐻+ +𝐻−. Thus, 𝑃++ 𝑃− = 𝐼, 𝑃+𝑃− = 𝑃−𝑃+ = 0, 𝑃±𝑢 = 𝑢 for
all 𝑢 ∈ 𝐻±. Let 𝜆 ∈ 𝜌(𝐿). In view of the equality 𝐷(𝐿) = 𝐷(𝐿)∩𝐻++𝐷(𝐿)∩𝐻−,
it is easy to find that (𝐿−𝜆𝐼)−1𝜑 ∈ 𝐻±∩𝐷(𝐿) for 𝜑 ∈ 𝐻±. As a consequence, we
have that the operators ±𝐿∣𝐻± are closed operators with nonempty resolvent sets.
Since the subspaces 𝐻± are uniformly definite, the expressions (𝑢, 𝑣)± = ±[𝑢, 𝑣]
are equivalent inner products on 𝐻±, respectively. Using Proposition 2.1 we can
easily find that the operators ±𝐿∣𝐻± are 𝑚-dissipative with respect to these inner
products. Involving the decomposition of 𝐷(𝐿) once more, we infer

𝑃±𝐿𝑢 = 𝐿𝑃±𝑢 (𝑢 ∈ 𝐷(𝐿)), 𝑃±𝐿−1𝑢 = 𝐿−1𝑃±𝑢 (𝑢 ∈ 𝑅(𝐿)). (3.10)

Put 𝐻1 = 𝐷𝐿, 𝐻−1 = 𝑅𝐿, 𝐻
±
1 = 𝐷𝐿∣𝐻± and 𝐻±

−1 = 𝑅𝐿∣𝐻± . As a consequence

of (3.10), 𝑃± are extensible to operators of the class 𝐿(𝐻±1) and we have the
equalities 𝐻1 = 𝐻+

1 +𝐻−
1 , 𝐻−1 = 𝐻+

−1 +𝐻−
−1. In this case, we infer

𝑃± ∈ 𝐿(𝐻1−2𝜃) ∀𝜃 ∈ (0, 1), 𝐻1−2𝜃 = (𝐻1, 𝐻−1)𝜃,2

and Theorem 1.17.1 in [23] implies that

𝐻±
1−2𝜃 = (𝐻±

1 , 𝐻±
−1)𝜃,2 = {𝑢 ∈ 𝐻1−2𝜃 : 𝑃±𝑢 = 𝑢} = 𝑃±𝐻1−2𝜃.

In particular, we have that

𝐻1−2𝜃 = 𝑃+𝐻1−2𝜃 + 𝑃−𝐻1−2𝜃 = 𝐻+
1−2𝜃 +𝐻−

1−2𝜃 (the sum is direct). (3.11)

Consider the operators 𝐿∣𝐻± : 𝐻± → 𝐻±. The operators 𝐿∣𝐻± are injective and
𝑚-dissipative. By Proposition 2.3, 𝐻+=(𝐻+

1 ,𝐻+
−1)1/2,2 and 𝐻−=(𝐻−

1 ,𝐻−
−1)1/2,2.

In this case the equality (2.2) results from (3.11) with 𝜃 = 1/2. □

Remark 3.1. Assume that 𝐿 : 𝐻 → 𝐻 is a 𝐽-selfadjoint operator in a Krein space
𝐻 with a nonempty resolvent set. Let 𝐿 be 𝐽-nonpositive, i.e., −[𝐿𝑢, 𝑢] ≥ 0 for all
𝑢 ∈ 𝐷(𝐿). In this case it is 𝑚-𝐽-dissipative and the condition (2.9) holds. First,
we assume that 𝐿 is 𝐽-negative. In this case it is strictly 𝐽-dissipative. We put
𝐻1 = 𝐷(𝐿), 𝐺1 = 𝑅(𝐿) with ∥𝑢∥𝐻1 = ∥𝐿𝑢∥ + ∥𝑢∥ and ∥𝑢∥𝐺1 = ∥𝐿−1𝑢∥ + ∥𝑢∥.
Given 𝜆 ∈ 𝜌(𝐿) and 𝜇 ∈ 𝜌(𝐿−1), denote be 𝐻−1 and 𝐺−1 the completions of 𝐻
with respect to the norms

∥𝑢∥𝐻−1 = ∥(𝐿 − 𝜆𝐼)−1𝑢∥, ∥𝑢∥𝐺−1 = ∥(𝐿−1 − 𝜇𝐼)−1𝑢∥.
In this situation the regularity of the critical point infinity is connected with the
condition (𝐻1, 𝐻−1)1/2,2 = 𝐻 and the regularity of the critical point 0 with the
condition (𝐺1, 𝐺−1)1/2,2 = 𝐻 . The condition (2.2) ensures both of them as it
follows from Proposition 11.1 in [24]. The case of 𝑁(𝐿) ∕= {0} can be reduced to
the case of 𝑁(𝐿) = {0} and 𝐿 is 𝐽-negative. We should consider the operator 𝐿
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as an operator from 𝑅(𝐿) into 𝑅(𝐿). If the subspace 𝑁(𝐿) is nondegenerate in

𝐻 (see the definitions in [8]) and finite-dimensional then 𝑅(𝐿) = 𝑁(𝐿)[⊥], where
𝑁(𝐿)[⊥] is the 𝐽-orthogonal complement to 𝑁(𝐿).

We now present some corollaries in the case when an operator 𝐿 : 𝐻 → 𝐻 (𝐻
is a Krein space with the fundamental symmetry 𝐽 = 𝑃+ − 𝑃−) is representable
in the form (1.1). In this case, the whole space 𝐻 with an inner product (⋅, ⋅) and
the norm ∥ ⋅ ∥ is identified with the Cartesian product 𝐻+ × 𝐻− (𝐻± = 𝑅(𝑃±))
and the operator 𝐿 with a matrix operator 𝐿 : 𝐻+ ×𝐻− → 𝐻+ ×𝐻− of the form

𝐿 =

(
𝐴11 𝐴12

𝐴21 𝐴22

)
,

𝐴11 = 𝑃+𝐿𝑃+, 𝐴12 = 𝑃+𝐿𝑃−, 𝐴21 = 𝑃−𝐿𝑃+, 𝐴22 = 𝑃−𝐿𝑃−.

(3.12)

The fundamental symmetry can be written in the form 𝐽 =
[
𝐼 0
0 −𝐼
]
. Let 𝑢 =

(𝑢+, 𝑢−) ∈ 𝐻 , 𝑣 = (𝑣+, 𝑣−) ∈ 𝐻 . The inner product (𝑢, 𝑣) in 𝐻 is written as
(𝑢+, 𝑣+) + (𝑢−, 𝑣−) (𝑢±, 𝑣± ∈ 𝐻±) and an indefinite inner product as [𝑢, 𝑣] =
(𝐽𝑢, 𝑣) = (𝑢+, 𝑣+)− (𝑢−, 𝑣−). Describe the conditions of Theorem 3.1 in this case.

Put 𝐿0 =
(
𝐴11 0
0 𝐴22

)
.

Theorem 3.2. Let 𝐿 : 𝐻 → 𝐻 be a strictly 𝑚-𝐽-dissipative operator of type 𝑆0
𝜃 for

some 𝜃 ∈ (0, 𝜋/2) in a Krein space 𝐻 such that 𝐷(𝐿) = 𝐷(𝐿0), 𝑅(𝐿) = 𝑅(𝐿0)
and there exists constants 𝑚,𝑀 > 0 such that, for all 𝑢 ∈ 𝐷(𝐿) ∩ 𝑅(𝐿),

𝑚∥𝐿𝑢∥ ≤ ∥𝐿0𝑢∥ ≤ 𝑀∥𝐿𝑢∥, 𝑚∥𝐿−1𝑢∥ ≤ ∥𝐿−1
0 𝑢∥ ≤ 𝑀∥𝐿−1𝑢∥.

Then there exist maximal nonnegative and maximal nonpositive subspaces 𝑀±

invariant under 𝐿. The whole space 𝐻 is representable as the direct sum 𝐻 =
𝑀+ +𝑀−, 𝜎(𝐿∣𝑀±) ⊂ ℂ∓, and the operators ±𝐿∣𝑀± are generators of analytic
semigroups.

Proof. Note that the condition of the theorem implies that the operators 𝐴11 :
𝐻+ → 𝐻+ and −𝐴22 : 𝐻

− → 𝐻− are strictly 𝑚-dissipative. To refer to Theo-
rem 3.1, it suffices to prove that the interpolation equality (2.2) holds. By con-
dition, 𝐷𝐿 = 𝐷𝐿0 = 𝐻1 = 𝐻+

1 × 𝐻−
1 , where 𝐻+

1 = 𝐷𝐴11 and 𝐻−
1 = 𝐷𝐴22 .

Similarly we have that the space 𝐻−1 = 𝑅𝐿 coincides with 𝑅𝐿0 , i.e., with the
space 𝐻+

−1 × 𝐻−
−1, where 𝐻+

−1 = 𝑅𝐴11 and 𝐻−
−1 = 𝑅𝐴22 . Proposition 2.3 im-

plies that (𝐻+
1 , 𝐻+

−1)1/2,2 = 𝐻+ and (𝐻−
1 , 𝐻−

−1)1/2,2 = 𝐻−. Applying Theorem
1.17.1 of [23] yields (𝐻1, 𝐻−1)1/2,2 = (𝐻+

1 , 𝐻+
−1)1/2,2×(𝐻−

1 , 𝐻−
−1)1/2,2 and thereby

(𝐻1, 𝐻−1)1/2,2 = 𝐻+ × 𝐻− = 𝐻 . □

In the next theorem we assume that 𝐴11,−𝐴22 are strictly 𝑚-dissipative
operators satisfying the conditions

∃𝑐 > 0 : ∣(𝐴11𝑢
+, 𝑣+)∣ ≤ 𝑐∥𝑢+∥𝐹+

1
∥𝑣+∥𝐹+

1
,

∣(𝐴22𝑢
−, 𝑣−)∣ ≤ 𝑐∥𝑢−∥𝐹−

1
∥𝑣−∥𝐹−

1

(3.13)
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for all 𝑢± ∈ 𝐻+
1 = 𝐷(𝐴11) ∩ 𝑅(𝐴11), 𝑣

± ∈ 𝐻−
1 = 𝐷(𝐴22) ∩ 𝑅(𝐴22), where

∥𝑢∥2
𝐹+
1
= −Re (𝐴11𝑢, 𝑢), ∥𝑢∥2

𝐹−
1
= Re (𝐴22𝑢, 𝑢).

We denote by 𝐹±
1 the completions of 𝐻+

1 and 𝐻−
1 with respect to the norms ∥⋅∥𝐹+

1

and ∥ ⋅ ∥𝐹−
1
, respectively. By 𝐹±

−1, we mean the negative spaces constructed on the

pairs 𝐹±
1 , 𝐻±, where the norms can be defined as

∥𝑢∥2
𝐹+

−1

= −Re ((𝐴11)
−1𝑢, 𝑢), ∥𝑢∥2

𝐹−
−1

= Re ((𝐴22)
−1𝑢, 𝑢).

We also assume that the operators 𝐴12 and 𝐴21 are subordinate to the operators
𝐴11 and 𝐴22 in the following sense: 𝐻

−
1 ⊂ 𝐷(𝐴12), 𝐻

+
1 ⊂ 𝐷(𝐴21), and

∃𝑐 > 0 : ∥𝐴12𝑢
−∥𝐹+

−1
≤ 𝑐∥𝑢−∥𝐹−

1
, ∥𝐴21𝑢

+∥𝐹−
−1

≤ 𝑐∥𝑢+∥𝐹+
1
; (3.14)

∃𝑐0 > 0 : ∥𝑢+∥2
𝐹+
1

+ ∥𝑢−∥2
𝐹−
1

≤ 𝑐0Re[−𝐿�⃗�, �⃗�] (3.15)

for all �⃗� = (𝑢+, 𝑢−) ∈ 𝐻1 = 𝐻+
1 × 𝐻−

1 .

Let ∥𝑢∥𝐺1
= Re[−𝐿�⃗�, �⃗�] + ∥𝑢+∥2 + ∥𝑢−∥2. The space �̃�−1 is defined as the

completion of 𝐻 with respect to the norm ∥𝑢∥�̃�−1
= sup𝑣∈�̃�1

∣[𝑢, 𝑣]∣/∥𝑣∥�̃�1
(see

Lemma 2.5).

Theorem 3.3. Let 𝐿 : 𝐻 → 𝐻 be a strictly 𝑚-𝐽-dissipative operator in a Krein
space 𝐻 satisfying the conditions (3.13)–(3.15). Then there exist maximal uni-
formly positive and maximal uniformly negative subspaces 𝑀± invariant under 𝐿.
The whole space 𝐻 is representable as the direct sum 𝐻 = 𝑀++𝑀−, 𝜎(𝐿∣𝑀∓) ⊂
ℂ±, and the operators ±𝐿∣𝑀± are generators of analytic semigroups.

Proof. The conditions (3.15), (3.14) imply that the norm in the space 𝐹1 (∥𝑢∥2𝐹1 =
−Re [𝐿𝑢, 𝑢]) is equivalent to the norm ∥𝑢∥2𝐹1 = ∥𝑢+∥2

𝐹+
1

+∥𝑢−∥2
𝐹−
1

(𝑢 = (𝑢+, 𝑢−)).
The definitions of the space 𝐹−1 and the indefinite inner product in 𝐻 ensure that
𝐹−1=𝐹+

−1×𝐹−
−1. Proposition 2.4 and Theorem 1.17.1 in [23] yields (𝐹1,𝐹−1)1/2,2=

(𝐹+
1 ,𝐹+

−1)1/2,2 × (𝐹−
1 ,𝐹−

−1)1/2,2 =𝐻+ ×𝐻− =𝐻 . Similarly, using the conditions

(3.15), (3.14) we can prove that (�̃�1, �̃�−1)1/2,2 = 𝐻 . Now the claim results from
Theorem 3.1 and Lemma 2.5. □

We now present some simple applications of Theorem 3.1. We take

𝐿𝑢 =
sgn𝑥

𝜔(𝑥)
(𝑢𝑥𝑥 − 𝑞(𝑥)𝑢), 𝑥 ∈ ℝ.

This operator was treated, for example, in [33] for some special functions 𝜔 and
𝑞. We can refer also to [29]–[34], [40], where similar problem were examined. We
consider this operator imposing rather general constraints on these functions which
are assumed to be real valued.

First we suppose that

(A) 𝜔, 𝑞 ∈ 𝐿1,loc(ℝ), 𝜔 > 0 and 𝑞 ≥ 0 almost everywhere on ℝ, and 𝜔 /∈ 𝐿1(ℝ).
(B) there exists a constant 𝛿 > 0 such that 𝑞(𝑥) + 𝜔(𝑥) ≥ 𝛿/(1 + 𝑥2).
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We take 𝐻 = 𝐿2,𝜔(ℝ). This space is endowed with the inner product (𝑢, 𝑣) =∫
ℝ
𝜔(𝑥)𝑢(𝑥)𝑣(𝑥) 𝑑𝑥 and the corresponding norm. Furthermore, let

𝐷(𝐿) = {𝑢 ∈ 𝐿2,𝜔+𝑞(ℝ) : 𝑢𝑥 ∈ 𝐿2(ℝ), 𝑢𝑥𝑥 ∈ 𝐿1,loc(ℝ), 𝐿𝑢 ∈ 𝐿2,𝜔(ℝ)},
where the symbols 𝑢𝑥, 𝑢𝑥𝑥 stand for the generalized derivatives in the Sobolev
sense. The space𝐻 with the fundamental symmetry 𝐽𝑢 = sgn𝑥𝑢 and the indefinite
inner product [𝑢, 𝑣] = (𝐽𝑢, 𝑣) is a Krein space.

Lemma 3.1. Under the conditions (A), (B), the operator 𝐿 : 𝐻 → 𝐻 is 𝐽-
selfadjoint and 𝐽-negative.

Proof. First we prove that ℝ+ = {𝜆 : 𝜆 > 0} ⊂ 𝜌(𝐽𝐿). Consider the equation

𝐽𝐿𝑢 − 𝜆𝑢 = 𝑓 ∈ 𝐿2,𝜔(ℝ). (3.16)

To prove its solvability we examine the equality

𝑎(𝑢, 𝑣) =

∫
ℝ

𝑢𝑥𝑣𝑥 + (𝑞(𝑥) + 𝜆𝜔(𝑥))𝑢(𝑥)𝑣(𝑥) 𝑑𝑥 = −
∫
ℝ

𝜔(𝑥)𝑓(𝑥)𝑣(𝑥) 𝑑𝑥. (3.17)

By definition, the space 𝐹1 comprises the functions 𝑢 ∈ 𝐿2,𝑞+𝜔(ℝ) such that 𝑢𝑥 ∈
𝐿2(ℝ) and it is endowed with the norm ∥𝑢∥2

𝐹1
= ∥𝑢𝑥∣∣2𝐿2(ℝ)+∥𝑢∥2𝐿2,𝑞+𝜔(ℝ)

. The form

𝑎(𝑢, 𝑣) possesses the following property: there exist constants 𝑚,𝑀 > 0 such that
𝑚∥𝑢∥2

𝐹1
≤ Re 𝑎(𝑢, 𝑣) ≤ 𝑀∥𝑢∥2

𝐹1
. The Lax-Milgram theorem (see [15, Theorem

C.5.3]) implies that there exists a function 𝑢 ∈ 𝐹1 such that 𝑎(𝑢, 𝑣) = −(𝑓, 𝑣) for
all 𝑣 ∈ 𝐹1. This equality and the definition of a generalized derivative ensures the
existence of the generalized derivative 𝑢𝑥𝑥 ∈ 𝐿1,𝑙𝑜𝑐(ℝ) and the equality

−𝑢𝑥𝑥 + 𝑞𝑢+ 𝜆𝜔𝑢 = −𝑓𝜔.

Hence, 𝐿𝑢 ∈ 𝐻 and 𝑢 ∈ 𝐷(𝐿). Prove that 𝐽𝐿 is symmetric. It suffices to establish
that ∫

ℝ

𝑢𝑥𝑥(𝑥)𝑣(𝑥) 𝑑𝑥 =

∫
ℝ

𝑢𝑣𝑥𝑥(𝑥) 𝑑𝑥 ∀𝑢, 𝑣 ∈ 𝐷(𝐿). (3.18)

Since 𝑢𝑥𝑥 = 𝜔sgn𝑥𝐿𝑢+ 𝑞𝑢, we have 𝑢𝑥𝑥𝑣 ∈ 𝐿1(ℝ). Let 𝜑 ∈ 𝐶∞
0 (ℝ), 𝜑(𝑥) = 1 for

𝑥 ∈ (−1, 1), and 𝜑(𝑥) = 0 for ∣𝑥∣ ≥ 2. Consider the expression

𝐼 =

∫
ℝ

𝜑(𝑥/𝑅)𝑢𝑥𝑥(𝑥)𝑣(𝑥) 𝑑𝑥 (𝑅 > 0).

Integrating by parts, we infer

𝐼 =

∫
ℝ

𝜑(𝑥/𝑅)𝑢𝑣𝑥𝑥 + 2
1

𝑅
𝜑′(𝑥/𝑅)𝑢𝑣𝑥 +

1

𝑅2
𝜑′′(𝑥/𝑅)𝑢𝑣 𝑑𝑥. (3.19)

The second and third integrals vanish as 𝑅 → ∞. Consider, for example, the
second integral. We have∣∣∣∫

ℝ

2
1

𝑅
𝜑′(𝑥/𝑅)𝑢𝑣𝑥 𝑑𝑥

∣∣∣ ≤ 𝑐
(∫
𝑅≤∣𝑥∣≤2𝑅

1

𝑅2
∣𝑢∣2 𝑑𝑥

)1/2(∫
𝑅≤∣𝑥∣≤2𝑅

∣𝑣𝑥∣2 𝑑𝑥
)1/2
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In view of (B), for all 𝑥 such that 𝑅 ≤ ∣𝑥∣ ≤ 2𝑅 we have the inequality 1/𝑅2 ≤
𝑐(𝑞(𝑥) + 𝜔(𝑥)), where 𝑐 is a constant independent of 𝑅. Using this inequality we
obtain that ∫

𝑅≤∣𝑥∣≤2𝑅

1

𝑅2
∣𝑢∣2 𝑑𝑥 ≤ 𝑐

∫
𝑅≤∣𝑥∣≤2𝑅

(𝑞 + 𝜔)∣𝑢∣2 𝑑𝑥 → 0

as 𝑅 → ∞ due to the inclusion 𝑢 ∈ 𝐷(𝐿). We also have the convergence∫
𝑅≤∣𝑥∣≤2𝑅

∣𝑣𝑥∣2 𝑑𝑥 → 0 as 𝑅 → ∞

because of the inclusion 𝑣 ∈ 𝐷(𝐿). The first integral in (3.19) tends to
∫
ℝ
𝑢𝑣𝑥𝑥 𝑑𝑥,

since 𝑢𝑣𝑥𝑥 ∈ 𝐿1(ℝ). Passing to the limit in (3.19), we arrive at the claim. We have
proven that the operator 𝐽𝐿 is selfadjont. As a consequence 𝐿 is 𝐽-selfadjoint. □

The following lemma follows from results of the articles [37, 38, 39] (see
also [18]).

Lemma 3.2. Let 𝑓(𝜂) =
∫ 𝜂
0 𝜔(𝜏) 𝑑𝜏 . Assume that one of the following conditions

holds:

(a) ∃𝛽 ∈ (0, 1) ∃𝜔 ∈ (0, 1) such that ∀𝜀 ∈ (0, 1) 𝑓(𝜔𝜀) ≤ 𝛽𝑓(𝜀);
(b) there exist constants 𝑐, 𝑑 > 0 such that

𝑓(𝜂) ≤ 𝑐
(𝜂
𝜉

)𝑑
𝑓(𝜉) ∀𝜂, 𝜉 : 0 < 𝜂 ≤ 𝜉 < 1.

Then there exist 𝜃 ∈ (0, 1) such that

(
∘
W

1
2(0, 1), 𝐿2,𝜔(0, 1))1−𝜃,2 = (�̃� 1

2 (0, 1), 𝐿2,𝜔(0, 1))1−𝜃,2,

where �̃� 1
2 (0, 1) = {𝑢 ∈ 𝑊 1

2 (0, 1) : 𝑢(1) = 0}.
Now we can state the main result. For simplicity, we assume in addition that

(C) 𝜇({𝑥 ∈ ℝ : 𝑞(𝑥) ∕= 0}) > 0,

where the symbol 𝜇 stands for the Lebesgue measure. The case of 𝑞(𝑥) ≡ 0 requires
a separate discussion.

Theorem 3.4. Let the conditions (A)–(C) hold. Assume also that the conditions
of Lemma 3.2 are fulfilled either for the function 𝜔(𝑥) or for the function 𝜔(−𝑥).
Then 𝐿 : 𝐻 → 𝐻 is similar to a selfadjoint operator.

Proof. To validate the claim we can apply Lemma 2.4. As in the proof of Lemma
3.1 we can justify the equality

−[𝐿𝑢, 𝑢] =

∫
ℝ

∣𝑢𝑥∣2 + 𝑞∣𝑢∣2 𝑑𝑥, 𝑢 ∈ 𝐷(𝐿).

The expression on the right-hand side is exactly the norm in the space 𝐹1 (see
the definition before Lemma 2.6). It is not difficult to establish that the space 𝐹1

comprises the functions in𝑊 1
2,loc(ℝ) such that

∫
ℝ
𝑞∣𝑢∣2 𝑑𝑥 < ∞. In view of the con-

ditions (A) and (𝐶), 𝑁(𝐿) = 0. Next, we can construct a function 𝜑(𝑥) ∈ 𝐶∞(ℝ)
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such that 𝜑(𝑥) = 1 for 𝑥 ∈ (−∞, 1/2), 𝜑(𝑥) = 0 for 𝑥 ∈ (3/4,∞), and 0 ≤ 𝜑(𝑥) ≤ 1

for all 𝑥. Put 𝜓(𝑥) = 1−𝜑(𝑥). Define maps 𝑅0 : 𝐹1 → �̃� 1
2 (0, 1) and 𝑅1 : 𝐹1 → 𝐹1

by the equalities 𝑅0𝑢 = 𝜑𝑢 and 𝑅1𝑢 = 𝜓𝑢. Obviously, 𝑅1 ∈ 𝐿(𝐹1) ∩ 𝐿(𝐻) and
thereby 𝑅1 ∈ 𝐿(𝐹𝑠) for every 𝑠 ∈ [0, 1] (recall that 𝐹𝑠 = (𝐹1, 𝐻)1−𝑠,2). Similarly,
we obtain that 𝑅0 ∈ 𝐿(𝐹𝑠, �̃�

𝑠
2 (0, 1)), with �̃� 𝑠

2 (0, 1) = (�̃� 1
2 (0, 1), 𝐿2(0, 1))1−𝑠,2.

Define an operator 𝑆 by the equality 𝑆𝑢 = 𝑢 for 𝑥 ∈ (0, 1) and 𝑆𝑢 = 0 for

𝑥 /∈ (0, 1). Obviously, 𝑆 ∈ 𝐿(
∘
W 1

2(0, 1), 𝐹1) and 𝑆 ∈ 𝐿(𝐿2,𝜔(0, 1), 𝐻). There-

fore, 𝑆 ∈ 𝐿(𝐹 0
𝑠 , 𝐹𝑠), with 𝐹 0

𝑠 = (
∘
W 1

2(0, 1), 𝐿2,𝜔(0, 1))1−𝜃,2. By Lemma 3.2, for
𝑠 = 𝜃 we have that the operator 𝑆𝑅0 + 𝑅1 belongs to 𝐿(𝐹𝜃). On the other hand,
(𝑆𝑅0 + 𝑅1)𝑢 = 𝑢 for 𝑥 > 0 and (𝑆𝑅0 + 𝑅1)𝑢 = 0 for 𝑥 ≤ 0. Thus the operator
of multiplication by the characteristic function 𝜒ℝ+ is continuous in 𝐹𝜃 which fact
implies that 𝐽 ∈ 𝐿(𝐹𝜃). Applying Lemma 2.4 validates the equalities (2.11) and

(2.2). It remains to establish that 𝜌(𝐿) ∕= ∅. We use Lemma 2.5. The space �̃�1

coincides with the space 𝐹1 from Lemma 3.1. By the same arguments as those
above we can establish that there exists 𝑠 ∈ (0, 1) such that 𝐽 ∈ �̃�𝑠 and thus the
statement of Lemma 2.5 holds. Therefore, the conditions of Theorem 3.1 are ful-
filled and there exist maximal uniformly positive and uniformly negative invariant
subspaces of 𝐿 whose direct sum is the whole space 𝐻 . Thereby, the critical points
0 and infinity of 𝐿 are both regular and the operator 𝐿 is similar to a selfadjoint
operator in 𝐻 (see [34, Prop. 2.2]). □
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The Riemann–Hilbert Boundary Value
Problem with a Countable Set of Coefficient
Discontinuities and Two-side Curling at
Infinity of the Order Less Than 1/2

R.B. Salimov and P.L. Shabalin

Abstract. The Riemann–Hilbert boundary value problem is one of the oldest
boundary value problems of theory of analytic functions. Its complete solution
(for the case of a finite index and continuous coefficients) was given by Hilbert
in 1905. In the present paper we study the inhomogeneous Riemann–Hilbert
boundary value problem in the upper half of complex plane with strong sin-
gularities of boundary data. We obtain general solution for the case where
coefficients of the problem have a countable set of finite discontinuity points
and two-side curling of order less than 1/2 at the infinity point. We investigate
also the solvability conditions.

Keywords. Riemann–Hilbert boundary value problem, infinite index, curling,
entire functions.

1. Introduction

The Riemann–Hilbert boundary value problem is one of the oldest boundary value
problems of theory of analytic functions. Its first explicit statement can be found
in the work [1] (1883). The Hilbert problem with two-side curling at infinity for a
half-plane is solved in the papers [2], [3] by reduction to the corresponding Riemann
boundary value problem (so-called Muskhelishvili technique, see [4], pp. 139–150).
It should be noted that the papers [2], [3] are based on N.V. Govorov’s results (see
[5, 6] and [7]) on the Riemann boundary value problem with infinite index.

In the paper [8] the authors solve homogeneous Hilbert problem of the same
type as in [2] directly, i.e., without reduction to the corresponding Riemann bound-

The research was partially supported by Russian Foundation for Basic Research (grant no. 08-
01-00381) and Federal Agency for Science and Innovations (project no. 02.740.11.0193).
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ary value problem with infinite index. In other words, we apply the so-called Gahov
technique, see [9], p. 273. This technique is developed by a number of authors for
the Hilbert boundary value problem with infinite index (see references in [8]). The
authors [8] use to this end a nontrivial modification of regularizing multiplier.

The technique of paper [8] allows us to describe the solvability conditions
in details (for instance, the work [2] does not contain a theorem analogous to
Theorem 3 of [8]). On the other hand, it turns out to be useful for solving of
other complicated problems with infinite index and a countable set of discontinuity
points. In particular, we solve the Hilbert boundary problem on the half-plane with
infinite set of discontinuities of coefficients. In our paper [10] we consider two cases:
in the first case the series of jumps of the arguments of coefficients converges, and
in the second one it diverges. As a result, we obtain the Hilbert problems with
finite and infinite indices correspondingly. In the second case we study the Hilbert
problem with infinite index of order 𝜌 < 1. In the present paper we obtain a general
solution of the inhomogeneous problem in a half-plane for the case of a countable
set of coefficient discontinuities and two-side curling at infinity point of order less
than 1/2. We investigate also the solvability conditions.

2. Statement of the problem

Let 𝐿 stand for the real axis on the complex plane, 𝑧 = 𝑥+ 𝑖𝑦, 𝐷 = {𝑧 : Im𝑧 > 0},
𝑡 ∈ 𝐿. We seek an analytic function 𝐹 (𝑧) in the domain 𝐷 satisfying boundary
condition

𝑎(𝑡)ReΦ(𝑡)− 𝑏(𝑡)ImΦ(𝑡) = 𝑐(𝑡), 𝑡 ∈ 𝐿, (1)

where 𝑎(𝑡), 𝑏(𝑡), 𝑐(𝑡) are given real functions on 𝐿. These functions are continuous
everywhere on 𝐿 except of discontinuity points of jump type 𝑡𝑘, 𝑘 = ±1,±2, . . . ,
0 < 𝑡1 < ⋅ ⋅ ⋅ < 𝑡𝑘 < 𝑡𝑘+1 < ⋅ ⋅ ⋅ , lim

𝑘→∞
𝑡𝑘 = ∞, 0 > 𝑡−1 > ⋅ ⋅ ⋅ > 𝑡−𝑘 >

𝑡−𝑘−1 > ⋅ ⋅ ⋅ , lim
𝑘→∞

𝑡−𝑘 = −∞. The boundary condition is assumed to be fulfilled

everywhere on 𝐿 except the points 𝑡𝑘, 𝑡−𝑘, 𝑘 = 1,∞. We put 𝐺(𝑡) = 𝑎(𝑡)−𝑖𝑏(𝑡). Let
𝜈(𝑡) = arg𝐺(𝑡) be a continuous on intervals of continuity arg𝐺 branch of argument
such that its jumps 𝛿𝑗 = 𝜈(𝑡𝑗 + 0) − 𝜈(𝑡𝑗 − 0) satisfy inequalities 0 ≤ 𝛿𝑗 < 2𝜋,
𝑗 = ±1,±2, . . . .

We choose integer numbers 𝛽𝑘 such that 0 ≤ 𝜑(𝑡𝑘 + 0)− 𝜑(𝑡𝑘 − 0) < 𝜋 and
0 ≤ 𝜑(𝑡−𝑘 + 0) − 𝜑(𝑡−𝑘 − 0) < 𝜋 for 𝑘 = 1, 2, . . . . Then we introduce function
𝜑(𝑡) = 𝜈(𝑡) − 𝛽(𝑡)𝜋, where 𝛽(𝑡) is an integer-valued function equaling to 𝛽𝑘, 𝛽−𝑘
on the intervals (𝑡𝑘, 𝑡𝑘+1) and (𝑡−𝑘, 𝑡−𝑘−1) correspondingly, 𝑘 = 1,∞. It equals to
𝛽0 = 0 on the range (𝑡−1, 𝑡1).

Then we put

𝜅𝑗 =
𝜑(𝑡𝑗 + 0)− 𝜑(𝑡𝑗 − 0)

𝜋
, 𝑗 = ±1,±2, . . . ,

where 0 ≤ 𝜅𝑘 < 1, 0 ≤ 𝜅−𝑘 < 1, 𝑘 = 1,∞.
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We assume that the discontinuity points satisfy the conditions
∞∑
𝑘=1

1

𝑡𝑘
< ∞,

∞∑
𝑘=1

1

−𝑡−𝑘
< ∞, (2)

and consider infinite products

𝑃+(𝑧) =

∞∏
𝑘=1

(
1− 𝑧

𝑡𝑘

)𝜅𝑘
, 𝑃−(𝑧) =

∞∏
𝑘=1

(
1− 𝑧

𝑡−𝑘

)𝜅−𝑘

.

Here the branch of arg(1 − 𝑧/𝑡𝑗) vanishes for 𝑧 = 0, and it is continuous in the
plane 𝑧 with cut along certain ray of the real axis. This ray connects the points
𝑡 = 𝑡𝑗 , 𝑡 = +∞ for 𝑗 > 0 and the points 𝑡 = −∞, 𝑡 = 𝑡𝑗 for 𝑗 < 0. The functions
𝑃+(𝑧), 𝑃−(𝑧) are analytic in the whole plane 𝑧 excepting the real rays 𝑡 > 𝑡1,
𝑡 < 𝑡−1, and on the sides of these rays excepting the points 𝑡𝑘, 𝑡−𝑘, 𝑘 = 1,∞.
Thus, on the upper side of the cut we have

arg𝑃+(𝑡) =

⎧⎨⎩
0, 𝑡 < 𝑡1,

−
𝑘∑
𝑗=1

𝜅𝑗𝜋, 𝑡𝑘 < 𝑡 < 𝑡𝑘+1, 𝑘 = 1,∞,
(3)

and

arg𝑃−(𝑡) =

⎧⎨⎩
0, 𝑡 > 𝑡−1
𝑘∑
𝑗=1

𝜅−𝑗𝜋, 𝑡−𝑘−1 < 𝑡 < 𝑡−𝑘.
(4)

We denote

𝑛∗−(𝑥) =

⎧⎨⎩
0, 0 ≤ 𝑥 < −𝑡−1,
𝑘−1∑
𝑗=1

𝜅−𝑗 , −𝑡−𝑘+1 ≤ 𝑥 < −𝑡−𝑘, 𝑘 = 2,∞.
(5)

Analogously, we put

𝑛∗+(𝑥) = 0, 0 < 𝑥 < 𝑡1, 𝑛∗+(𝑥) =
𝑘−1∑
𝑗=1

𝜅𝑗 , 𝑡𝑘−1 ≤ 𝑥 < 𝑡𝑘, 𝑘 = 2,∞. (6)

Furthermore, we assume that the numbers 𝑡𝑗 , 𝜅𝑗 , 𝑗 = ±1,±2, . . . are such
that for certain positive constants 𝜅+, 𝜅− the limits

lim
𝑥→+∞

𝑛∗+(𝑥)
𝑥𝜅+

= Δ+, lim
𝑥→+∞

𝑛∗−(𝑥)
𝑥𝜅−

= Δ− (7)

exist and do not vanish. In addition, we assume that 𝜅− = 𝜅+ = 𝜅 < 1/2. The
relations (7), imply representations (see [12])

ln𝑃+(𝑧) =
𝜋Δ+𝑒−𝑖𝜋𝜅

sin𝜋𝜅
𝑧𝜅 + 𝐼+(𝑧), 𝐼+(𝑧) = −𝑧

+∞∫
0

𝑛∗+(𝑥)−Δ+𝑥𝜅

𝑥(𝑥 − 𝑧)
𝑑𝑥, (8)

573The Riemann–Hilbert Boundary Value Problem



0 < arg 𝑧 < 2𝜋, and, analogously,

ln𝑃−(𝑧) =
𝜋Δ−
sin𝜋𝜅

𝑧𝜅 + 𝐼−(𝑧), 𝐼−(𝑧) = 𝑧

∫ +∞

0

𝑛∗−(𝑥) −Δ−𝑥𝜅

𝑥(𝑥 + 𝑧)
𝑑𝑥, (9)

−𝜋 < arg 𝑧 < 𝜋. In just the same way as in ([7], pp. 127, 128) we conclude that
under assumption (7)

𝑛∗−(−𝑡−𝑘)−Δ−(−𝑡−𝑘)𝜅 = 𝑝−𝑘, (10)

𝑛∗+(𝑡𝑘)−Δ+(𝑡𝑘)
𝜅 = 𝑝𝑘, (11)

where the numbers 𝑝−𝑘, 𝑝𝑘, 𝑡−𝑘, 𝑡𝑘, 𝑘 = 1,∞ are chosen so that the inequalities

𝑝−𝑘 = −𝑛∗−(−𝑡−𝑘) + Δ−(−𝑡−(𝑘+1))
𝜅, (12)

𝑝𝑘 = −𝑛∗+(𝑡𝑘) + Δ+(𝑡𝑘+1)
𝜅 (13)

are valid.
The functions 𝑛∗−(𝑥)−Δ−𝑥𝜅, 𝑛∗+(𝑥)−Δ+𝑥𝜅 decrease. Hence, the restrictions

𝑝−𝑘 > 0, 𝑝𝑘 > 0, 𝑘 = 1,∞, are necessary for validity of the inequalities −𝑡−𝑘 <
−𝑡−(𝑘+1), 𝑡𝑘 < 𝑡𝑘+1.

The relations (10), (5) and (12) imply equality

𝑝−(𝑘+1) = 𝜅−(𝑘+1) − 𝑝−𝑘. (14)

Analogously, the conditions (11), (6) allow to rewrite the formula (13) as follows:

𝑝𝑘+1 = 𝜅𝑘+1 − 𝑝𝑘. (15)

As 𝑝−𝑘 > 0, 𝑝𝑘 > 0, then owing to (14), (15) we have

0 < 𝑝−𝑘 < 𝜅−(𝑘+1), 0 < 𝑝𝑘 < 𝜅𝑘+1.

In what follows we assume that

inf{𝜅−𝑘} = 𝜅−0 > 0, inf{𝜅𝑘} = 𝜅+
0 > 0, (16)

inf{𝑝−𝑘} = 𝑝−0 > 0, inf{𝑝𝑘} = 𝑝+0 > 0. (17)

Let us consider the function

𝜑1(𝑡) = 𝜑(𝑡) + arg𝑃+(𝑡) + arg𝑃−(𝑡),

where arg𝑃+(𝑡), arg𝑃−(𝑡) are defined by formulas (3), (4). Here we assume that
the function 𝜑1(𝑡) satisfies conditions

𝜑1(𝑡) =

{
𝜈−𝑡𝜌 + 𝜈(𝑡), 𝑡 > 0,
𝜈+∣𝑡∣𝜌 + 𝜈(𝑡), 𝑡 < 0,

(𝜈−)2 + (𝜈+)2 ∕= 0, where 𝜈−, 𝜈+, 𝜌 are constants, 0 < 𝜌 < 1/2, the function 𝜈(𝑡)
is continuous on 𝐿 including the infinity point, and satisfies the Hölder condition
with exponent 𝜇, 0 < 𝜇 ≤ 1, everywhere on 𝐿. According to N.V. Govorov ([7], p.
113), we denote the class of that functions by 𝐻𝐿(𝜇). We have

∣𝜈(𝑡2)− 𝜈(𝑡1)∣ ≤ 𝐾
∣∣∣ 1
𝑡1

− 1

𝑡2

∣∣∣𝜇,
where ∣𝑡1∣, ∣𝑡2∣ are sufficiently large.
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Let symbol 𝐻(𝜇) stand for the class of all functions satisfying the Hölder
condition on interval (−∞,+∞).

Below we obtain a formula for general solution of the problem with described
above singularities. The class of solution will be specified later.

3. Solvability of the homogeneous Riemann–Hilbert boundary
value problem

We rewrite the boundary condition (1) in the form

Re[𝑒−𝑖𝜑1(𝑡)Φ(𝑡)𝑃+(𝑡)𝑃−(𝑡)] = 𝑐1(𝑡), (18)

where
𝑐1(𝑡) = 𝑐(𝑡)∣𝐺(𝑡)∣−1∣𝑃+(𝑡)∣∣𝑃−(𝑡)∣ cos(𝛽(𝑡)𝜋). (19)

We consider first the homogeneous problem (18), i.e., the case 𝑐(𝑡) ≡ 0.
According [8], we introduce the function

𝑃 (𝑧) + 𝑖𝑄(𝑧) = 𝑙𝑒𝑖𝛼𝑧𝜌, (20)

where 𝑙, 𝛼 are real constants, 𝑙 > 0, 0 ≤ 𝛼 < 2𝜋, 𝑃 (𝑧) = Re[𝑙𝑒𝑖𝛼𝑧𝜌]. We choose
the numbers 𝑙, 𝛼 such that

𝑃 (𝑡) =

{
𝜈−𝑡𝜌, 𝑡 > 0,
𝜈+∣𝑡∣𝜌, 𝑡 < 0.

Then we have

𝑄(𝑟𝑒𝑖𝜃) = 𝑟𝜌
𝜈− cos((𝜋 − 𝜃)𝜌) − 𝜈+ cos(𝜃𝜌)

sin(𝜋𝜌)
. (21)

Furthermore, the function

Γ(𝑧) =
1

𝜋

+∞∫
−∞

𝜈(𝑡)
𝑑𝑡

𝑡 − 𝑧

is analytic and bounded in the domain 𝐷. The boundary values of imaginary part
of this function are 𝜑1(𝑡)− 𝑃 (𝑡) = 𝜈(𝑡).

On the contour 𝐿 the function takes the values Γ+(𝑡) = Γ(𝑡) + 𝑖 ˜𝜈(𝑡), where

Γ(𝑡) =
1

𝜋

+∞∫
−∞

𝜈(𝑡1)
𝑑𝑡1

𝑡1 − 𝑡
.

The boundary condition (18) can be written as follows:

Re
{
𝑒−Γ+(𝑡)𝑒−𝑖𝑃 (𝑡)+𝑄(𝑡)Φ(𝑡)𝑃+(𝑡)𝑃−(𝑡)

}
=

𝑐(𝑡)∣𝑃+(𝑡)∣𝑃−(𝑡)∣𝑒𝑄(𝑡)

cos(𝛽(𝑡)𝜋)∣𝐺(𝑡)∣𝑒Γ(𝑡) . (22)

We put 𝑐(𝑡) ≡ 0 in the last formulas, and obtain the boundary condition for the
homogeneous problem

Im
{
𝑖𝑒−Γ+(𝑡)𝑒−𝑖𝑃 (𝑡)+𝑄(𝑡)Φ(𝑡)𝑃+(𝑡)𝑃−(𝑡)

}
= 0. (23)
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Here the braces contain the boundary value of analytic in the domain 𝐷 function

𝑖𝑒−Γ+(𝑧)𝑒−𝑖𝑃 (𝑧)+𝑄(𝑧)Φ(𝑧)𝑃+(𝑧)𝑃−(𝑧) = 𝐹 (𝑧). (24)

Under assumptions (9), (8) it can be rewritten in the following expedient form:

𝐹 (𝑧) = 𝑖𝑒−Γ+(𝑧)𝑒−𝑖𝑃 (𝑧)+𝑄(𝑧)Φ(𝑧)𝑒𝐼+(𝑧)𝑒𝐼−(𝑧) exp

{
𝜋
Δ+𝑒−𝑖𝜋𝜅 +Δ−

sin(𝜋𝜅)
𝑧𝜅
}
. (25)

According to (23) we obtain the following relation for the boundary values of the
function 𝐹 (𝑧):

Im𝐹+(𝑡) = 0, 𝑡 ∈ 𝐿. (26)

It allows us to extend the function 𝐹 (𝑧) analytically in the lower half-plane Im𝑧 < 0
by the rule

𝐹 (𝑧) = 𝐹 (𝑧), Im𝑧 < 0.

Let �̃� be class of solutions Φ(𝑧) of the problem (23) such that the product
∣Φ(𝑧)∣∣𝑧 − 𝑡𝑗 ∣𝜅𝑗 is bounded in a vicinity of the point 𝑡𝑗 for 𝑗 = ±1,±2, . . . .
Theorem 3.1. The homogeneous boundary value problem (23) has a solution Φ(𝑧)

in the class �̃� if and only if the product (24) coincides in the half-plane with
restriction of an entire function satisfying the condition (26).

Proof. The condition (26) must be valid at the points 𝑡𝑘, 𝑡−𝑘, 𝑘 = 1,+∞. Indeed,
the extension of the function in the half-plane Im𝑧 < 0 through the intervals
(𝑡𝑘−1, 𝑡𝑘), (𝑡𝑘, 𝑡𝑘+1), gives the same function by virtue of (26). If a solution Φ(𝑧)

of the problem (23) belongs to the class �̃�, then ∣𝐹 (𝑧)∣ is bounded in a vicinity
of 𝑡𝑘. Thus, at the point 𝑡𝑘 the function 𝐹 (𝑧) has a removable singularity. Hence,
Im𝐹+(𝑡𝑘) = 0. We conclude that 𝐹 (𝑧) is entire function. □

The following proposition is valid (see [12]).

Lemma 3.2. If the relations (11), (13) are valid, then the function 𝑃+(𝑧) is repre-
sentable in the form

𝑃+(𝑧) = exp{𝜋Δ+𝑒−𝑖𝜋𝜅𝑧𝜅/ sin𝜋𝜅} exp{𝐼+(𝑧)},
where ∣ exp{𝐼+(𝑧)}∣ is bounded on 𝐷. The boundary values of this function satisfy
the Hölder condition on any finite segment of the real axis.

Now we seek the solution of the homogeneous problem (23) in the class 𝐵∗
consisting of all functions Φ(𝑧) such that the product

∣Φ(𝑧)∣𝑒Re𝐼+(𝑧)𝑒Re𝐼−(𝑧)

is bounded in the domain 𝐷. Clearly, 𝐵∗ ⊂ �̃�.
By means of Lemma 3.2 we conclude that if Φ(𝑧) ∈ 𝐵∗, then the absolute

value ∣Φ(𝑧)∣ is bounded for 𝑟 → ∞.
It is evident by virtue of symmetry of the entire function 𝐹 (𝑧) that the

following equality holds
𝑀(𝑟) = max

0≤𝜃≤𝜋
∣𝐹 (𝑟𝑒𝑖𝜃)∣,
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and due to (25) we have

log𝑀(𝑟) ≤ log𝐶 + 𝑙𝑟𝜌 + 𝜋
Δ+ +Δ−
sin(𝜋𝜅)

𝑟𝜅. (27)

We discern the following cases. If 𝜌 > 𝜅, then we obtain by means of (27)

lim
𝑟→∞

log log𝑀(𝑟)

log 𝑟
≤ lim
𝑟→∞

{
𝜌+

1

log 𝑟
log

[
𝑙+

log𝐶

𝑟𝜌
+ 𝜋

Δ+ +Δ−
𝑟𝜌−𝜅 sin(𝜋𝜅)

]}
= 𝜌.

Therefore, the order 𝜌𝐹 of the entire function 𝐹 (𝑧), which is determined by for-
mulas (25), (26), does not exceed 𝜌. In this case the following theorem holds.

Theorem 3.3. Let 𝜌 > 𝜅. Then the homogeneous boundary value problem (23) has
a solution Φ(𝑧) in the class 𝐵∗ if and only if the product (24) coincides in the
half-plane with restriction of some entire function 𝐹 (𝑧) of order 𝜌𝐹 ≤ 𝜌 such that
𝐹 (𝑧) satisfies the condition (26) and

∣𝐹 (𝑡)∣ ≤ 𝐶 exp

{
𝜈− cos(𝜋𝜌)− 𝜈+

sin(𝜋𝜌)
𝑡𝜌 + 𝜋

Δ+ cos(𝜋𝜅) + Δ−
sin(𝜋𝜅)

𝑡𝜅
}
, 𝑡 > 0, (28)

∣𝐹 (𝑡)∣ ≤ 𝐶 exp

{
𝜈− − 𝜈+ cos(𝜋𝜌)

sin(𝜋𝜌)
∣𝑡∣𝜌 + 𝜋

Δ+ +Δ− cos(𝜋𝜅)
sin(𝜋𝜅)

∣𝑡∣𝜅
}
, 𝑡 < 0. (29)

on the axis 𝐿 for sufficiently large ∣𝑡∣.
The general solution of problem (23) is determined by formula

Φ(𝑧) =
−𝑖𝑒Γ(𝑧)𝑒𝑖[𝑃 (𝑧)+𝑖𝑄(𝑧)]𝐹 (𝑧)

𝑃+(𝑧)𝑃−(𝑧)
. (30)

Theorem 3.3 gives a representation for general solution of the problem under
consideration. The solution contains an entire function 𝐹 (𝑧) satisfying a number
of restrictions. The solvability follows from the fact that any entire function of
order less than 𝜌 with real values on 𝐿 satisfies the conditions (26), (28),(29). We
can build that functions by the Weierstrass scheme; see, for instance, in [10].

Theorem 3.3 differs essentially from the corresponding theorem for the prob-
lem with finite index, where the general solution contains a polynomial with arbi-
trary coefficients satisfying certain additional conditions.

Proof. Let Φ(𝑧) be a solution of the boundary value problem (23) in the class 𝐵∗.
Then the relations (24), (26) are fulfilled. Here 𝐹 (𝑧) is entire function of order
𝜌𝐹 ≤ 𝜌. The validity of the inequalities (28), (29) is obvious.

Assume that the formula (24) fulfils for the function Φ(𝑧), where 𝐹 (𝑧) is an
entire function of order 𝜌𝐹 ≤ 𝜌 satisfying the condition (26) and the inequalities
(28), (29) (then the function Φ(𝑧) is a solution of the problem). We estimate the
analytical in domain 𝐷 function Φ(𝑧)𝑒𝐼+(𝑧)+𝐼−(𝑧) by means of the formulas (25),
(21). As ∣ReΓ(𝑟𝑒𝑖𝜃)∣ < 𝑞, since

∣Φ(𝑡)𝑒𝐼+(𝑡)+𝐼−(𝑡)∣ < 𝐶𝑒𝑞
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everywhere on 𝐿. Hence, we obtain by terms of (25) and (20)

max
0≤𝜃≤𝜋

∣Φ(𝑟𝑒𝑖𝜃)𝑒𝐼+(𝑟𝑒𝑖𝜃)+𝐼−(𝑟𝑒𝑖𝜃)∣ ≤ 𝑀(𝑟) exp

{
𝑙𝑟𝜌 + 𝑞 + 𝜋

Δ+ +Δ−
sin(𝜋𝜅)

𝑟𝜅
}
.

The relation 𝑀(𝑟) < exp{𝑟𝜌𝐹+𝜖} is valid for any 𝜖 > 0 and all 𝑟 > 𝑟𝜖. Therefore,
we can choose the numbers 𝜖, 𝜌1 such that 𝜌 < 𝜌1 < 1, 𝜌𝐹 + 𝜖 < 𝜌1 and the
inequality

max
0≤𝜃≤𝜋

∣Φ(𝑟𝑒𝑖𝜃)𝑒𝐼+(𝑟𝑒𝑖𝜃)+𝐼−(𝑟𝑒𝑖𝜃)∣ < 𝑒𝑟
𝜌1

is valid for all sufficiently large 𝑟.
Consequently, the order of function Φ(𝑧)𝑒𝐼+(𝑧)+𝐼−(𝑧) inside the angle 0 ≤

𝜃 ≤ 𝜋 does not exceed 𝜌1 (see, for example , [13], p. 69). Then by virtue of the
Phragmen-Lindelöf principle the relation ∣Φ(𝑧)𝑒𝐼+(𝑧)+𝐼−(𝑧)∣ < 𝐶𝑒𝑞 fulfils every-
where in 𝐷. Thus, Φ(𝑧) ∈ 𝐵∗. □

Sometimes the homogeneous boundary value problem has only zero solution
in the class 𝐵∗. The following theorem gives a criterion of non-trivial solvability
of the problem for the case 𝜅 < 𝜌 < 1/2.

Theorem 3.4. Let 𝜌 > 𝜅, 𝜌 < 1/2. Then the following propositions are valid.

a) If 𝜈− cos(𝜋𝜌) − 𝜈+ < 0, or 𝜈− − 𝜈+ cos(𝜋𝜌) < 0, then the homogeneous
boundary value problem has only zero solution in the class 𝐵∗.

b) If

{
𝜈− cos(𝜋𝜌)− 𝜈+ = 0,
𝜈− − 𝜈+ cos(𝜋𝜌) > 0,

or

{
𝜈− − 𝜈+ cos(𝜋𝜌) = 0,
𝜈− cos(𝜋𝜌) − 𝜈+ > 0,

then the homogeneous boundary value problem has an infinite set of non-
trivial solutions in the class 𝐵∗ given by the formula (30). Here 𝐹 (𝑧) is any
real on 𝐿 entire function of order 𝜌𝐹 ≤ 𝜌, which satisfies either inequalities

∣𝐹 (𝑡)∣ ≤

⎧⎨⎩
𝐶 exp

{
𝜋
Δ+ cos(𝜅𝜋) + Δ−

sin(𝜋𝜅)
𝑡𝜅
}
, 𝑡 > 0,

𝐶 exp

{
𝜈− − 𝜈+ cos(𝜋𝜌)

sin(𝜋𝜌)
∣𝑡∣𝜌 + 𝜋

Δ+ +Δ− cos(𝜅𝜋)
sin(𝜋𝜅)

∣𝑡∣𝜅
}
, 𝑡 < 0,

(31)
or inequalities

∣𝐹 (𝑡)∣ ≤

⎧⎨⎩
𝐶 exp

{
𝜈− cos(𝜋𝜌)− 𝜈+

sin(𝜋𝜌)
𝑡𝜌 + 𝜋

Δ+ cos(𝜅𝜋) + Δ−
sin(𝜋𝜅)

𝑡𝜅
}
, 𝑡 > 0,

𝐶 exp

{
𝜋
Δ+ +Δ− cos(𝜅𝜋)

sin(𝜋𝜅)
∣𝑡∣𝜅
}
, 𝑡 < 0.

c) If 𝜈− cos(𝜋𝜌) − 𝜈+ > 0, 𝜈− − 𝜈+ cos(𝜋𝜌) > 0, then the homogeneous
boundary value problem has an infinite set of non-trivial solutions in the class
𝐵∗ given by the formula (30). Here 𝐹 (𝑧) is any real on 𝐿 entire function of
order 𝜌𝐹 ≤ 𝜌. For 𝜌𝐹 = 𝜌 it satisfies, in addition, the inequalities (28), (29).
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Proof. a) Let 𝜅 < 𝜌 < 1/2 and 𝜈− cos(𝜋𝜌) − 𝜈+ < 0. By virtue of (28) we have
lim𝑡→+∞ ∣𝐹 (𝑡)∣ = 0, and by the Phragmen-Lindelöf principle 𝐹 (𝑧) ≡ 0 in the
whole plane and, consequently, Φ(𝑧) ≡ 0 in 𝐷. The case 𝜈− − 𝜈+ cos(𝜋𝜌) < 0 can
be investigated in analogous way.

b) Let {
𝜈− cos(𝜋𝜌)− 𝜈+ = 0,
𝜈− − 𝜈+ cos(𝜋𝜌) > 0.

(32)

In accordance with Theorem 3.3 the solvability is connected with existences
of entire functions of order 𝜌𝐹 ≤ 𝜌 satisfying (26), (28), (29). By means of (32)
we rewrite the conditions (28), (29) in the form (31). Therefore, we can build an
appropriate entire function by the Weierstrass scheme (see, for instance, [10]). Let
us consider the entire function of order 𝜅0

𝐹0(𝑧) =

∞∏
𝑘=1

(
1− 𝑧

𝑟𝑘𝑒𝑖𝜃0

)(
1− 𝑧

𝑟𝑘𝑒−𝑖𝜃0

)
, (33)

where

𝑟𝑘 =

(
2𝑘 − 1

2Δ0

)1/𝜅0

, Δ0 > 0, 0 ≤ 𝜃𝑜 ≤ 𝜋. (34)

The authors [10] obtain representation

ln𝐹0(𝑧) = 𝐼0(𝑧, 𝜃0) + 𝐼0(𝑧,−𝜃0)

+

⎧⎨⎩
Δ0𝜋(𝑟𝑒

𝑖𝜃)𝜅02 cos((𝜃0 − 𝜋)𝜅0)/ sin(𝜋𝜅0), 0 ≤ 𝜃 < 𝜃0,

Δ0𝜋𝑒
−𝑖𝜅0𝜋(𝑟𝑒𝑖𝜃)𝜅02 cos(𝜃0𝜅0)/ sin(𝜋𝜅0), 𝜃0 ≤ 𝜃 < 2𝜋 − 𝜃0,

Δ0𝜋𝑒
−2𝑖𝜅0𝜋(𝑟𝑒𝑖𝜃)𝜅02 cos((𝜃0 − 𝜋)𝜅0)/ sin(𝜋𝜅0), 2𝜋 − 𝜃0 ≤ 𝜃 ≤ 2𝜋,

where 𝑧 = 𝑟𝑒𝑖𝜃, 0 ≤ 𝜃 ≤ 2𝜋,

𝐼0(𝑧, 𝜃0) = −𝑧𝑒𝑖𝜃0

∞∫
0

𝑛(𝜏)− 𝜏𝜅0Δ0

𝜏(𝜏 − 𝑧𝑒𝑖𝜃0)
𝑑𝜏, 𝑛(𝜏) =

{
𝑘, 𝑟𝑘 ≤ 𝜏 < 𝑟(𝑘+1),

0, 0 ≤ 𝜏 < 𝑟0,

and 𝐼0(𝑧, 𝜃0) = 𝑜(𝑟𝜅0) for → ∞. Hence, the function 𝐹0(𝑧) has order 𝜌𝐹0 = 𝜅0. On
the real axis the values of function ln𝐹0(𝑧) are real:

ln𝐹0(𝑡) = 2

∞∫
0

(𝑛(𝜏) − 𝜏𝜅0Δ0)(𝑡
2 − 𝑡𝜏 cos 𝜃0)

𝜏(𝑡2 − 2𝑡𝜏 cos(𝜃0) + 𝜏2)
𝑑𝜏

+

⎧⎨⎩
Δ0𝜋2 cos

(
(𝜃0 − 𝜋)𝜅0

)
sin(𝜋𝜅0)

𝑡𝜅0 , 𝑡 > 0,

Δ0𝜋2 cos(𝜃0𝜅0)

sin(𝜋𝜅0)
∣𝑡∣𝜅0 , 𝑡 < 0.
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Therefore, the condition (26) is valid. If 𝜅0 < 𝜅, then the condition (31) fulfils for
entire function 𝐹0(𝑧) for any Δ0, 𝜃0. If 𝜅0 = 𝜅, then the numbers Δ0, 𝜃0, Δ0 > 0,
0 ≤ 𝜃0 ≤ 𝜋, must satisfy inequality

Δ02 cos
(
(𝜃0 − 𝜋)𝜅0

)
≤ Δ+ cos(𝜋𝜅).

In the case c) we consider the function (33), (34) under assumption 𝜅0 ≤ 𝜌.
If 𝜅0 ≤ 𝜌 in the formula (34), then Δ0 and 𝜃0 are arbitrary values. If 𝜅0 = 𝜌, then
the values Δ0 and 𝜃0 must satisfy the system of inequalities{

Δ02 cos
(
(𝜃0 − 𝜋)𝜌

)
≤ 𝜈− cos(𝜋𝜌)− 𝜈+,

Δ02 cos(𝜃0𝜌) ≤ 𝜈− − 𝜈+ cos(𝜋𝜌).

Obviously, the system is compatible. □

Theorem 3.5. Let

𝜌 = 𝜅 < 1/2. (35)

Then the following propositions are valid.

a) If

(𝜈− + 𝜋Δ+) cos(𝜋𝜌)− (𝜈+ − 𝜋Δ−) < 0,

or

(𝜈− + 𝜋Δ+)− (𝜈+ − 𝜋Δ−) cos(𝜋𝜌) < 0,

then the homogeneous boundary value problem (23) has only zero solution in
the class 𝐵∗.

b) If either {
(𝜈− + 𝜋Δ+) cos(𝜋𝜌)− (𝜈+ − 𝜋Δ−) = 0,

𝜈− + 𝜋Δ+ − (𝜈+ − 𝜋Δ−) cos(𝜋𝜌) > 0,

or {
(𝜈− + 𝜋Δ+) cos(𝜋𝜌)− (𝜈+ − 𝜋Δ−) > 0,

𝜈− + 𝜋Δ+ − (𝜈+ − 𝜋Δ−) cos(𝜋𝜌) = 0

then it has only solutions of the form

Φ(𝑧) = 𝐴
𝑒Γ(𝑧)𝑒𝑖[𝑃 (𝑧)+𝑖𝑄(𝑧)]

𝑃+(𝑧)𝑃−(𝑧)
,

where 𝐴 is arbitrary constant.

c) If {
(𝜈− + 𝜋Δ+) cos(𝜋𝜌)− (𝜈+ − 𝜋Δ−) > 0,

𝜈− + 𝜋Δ+ − (𝜈+ − 𝜋Δ−) cos(𝜋𝜌) > 0,

then the problem has infinite set of linearly independent solutions in the class
𝐵∗ given by the formula (30), where 𝐹 (𝑧) is arbitrary real on 𝐿 entire function
of order 𝜌𝐹 ≤ 𝜌; for 𝜌𝐹 = 𝜌 the function 𝐹 satisfies the inequalities (28), (29).
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Proof. Let us prove the proposition b). Assume that the conditions{
(𝜈− + 𝜋Δ+) cos(𝜋𝜌)− (𝜈+ − 𝜋Δ−) = 0,

𝜈− + 𝜋Δ+ − (𝜈+ − 𝜋Δ−) cos(𝜋𝜌) > 0,
(36)

are valid. Then (see Theorem 3.3) the general solution of the problem (23) is given
by the formula (30),where 𝐹 (𝑧) is an entire function of order 𝜌𝐹 ≤ 𝜌 < 1/2. The
function 𝐹 (𝑧) must satisfy the condition (26) and inequalities (28), (29). By means
of (28), (35) and (36) we obtain ∣𝐹 (𝑡)∣ < 𝐶, 𝑡 > 0, 𝐶 = const. By virtue of the
Phragmen-Lindelöf theorem we conclude for 𝜌𝐹 < 1/2 that ∣𝐹 (𝑧)∣ < 𝐶 in the
whole plane. Consequently, ∣𝐹 (𝑧)∣ = const in 𝐷.

The cases a), c) can be considered in just the same way as in the Theorem 3.4. □

Let 𝜌 < 𝜅 < 1/2. According to (27), we have

log log𝑀(𝑟) ≤ 𝜅 log 𝑟 + log

[
𝜋(Δ+ +Δ−)
sin(𝜋𝜅)

+
log𝐶

𝑟𝜅
+

𝑙

𝑟𝜅−𝜌

]
,

hence,

𝜌𝐹 = lim
𝑟→∞

log log𝑀(𝑟)

log 𝑟
≤ 𝜅,

whence, the order of the entire function 𝐹 (𝑧) defined by formulas (25), (26) does
not exceed 𝜅.

If 𝜌 < 𝜅 then the inequalities (28), (29) fulfil automatically.
Thus, the following theorems hold.

Theorem 3.6. If 𝜌 < 𝜅, then all solutions Φ(𝑧) of the homogeneous boundary value
problem (23) in the class 𝐵∗ are given by the formula (24), where 𝐹 (𝑧) is an entire
function of order 𝜌𝐹 ≤ max{𝜅, 𝜅} satisfying the conditions (26), (28), (29).
Theorem 3.7. If 𝜌 ≤ 𝜅 < 1/2, then the general solution of the homogeneous bound-
ary value problem (23) in the class 𝐵∗ is defined by the formula (30), where 𝐹 (𝑧)
is arbitrary real on 𝐿 entire function of order 𝜌𝐹 ≤ 𝜅; for 𝜌𝐹 = 𝜌 it satisfies the
inequalities (28), (29).

4. The inhomogeneous problem

We seek a solution of inhomogeneous problem (22) in the class 𝐵∗ under restric-
tions of Section 2. In addition, let

𝑐(𝑡) =
𝑐(𝑡)

1 + 𝑡2
,

where function 𝑐(𝑡) is bounded and satisfies the Hölder condition on 𝐿.
We consider the case 𝜅 < 1/2, under additional assumption{

𝜈− cos(𝜋𝜌) − 𝜈+ ≥ 0,
𝜈− − 𝜈+ cos(𝜋𝜌) > 0

or

{
𝜈− cos(𝜋𝜌)− 𝜈+ > 0,
𝜈− − 𝜈+ cos(𝜋𝜌) ≥ 0.

(37)
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According to (8), (9) we obtain

∣𝑃+(𝑡)𝑃−(𝑡)∣ = exp

{
𝜋
Δ+ cos(𝜋𝜅) + Δ−

sin(𝜋𝜅)
𝑡𝜅 + 𝐼+(𝑡) + 𝐼−(𝑡)

}
, if 𝑡 > 0,

∣𝑃+(𝑡)𝑃−(𝑡)∣ = exp

{
𝜋
Δ+ +Δ− cos(𝜋𝜅)

sin(𝜋𝜅)
𝑡𝜅 + 𝐼+(𝑡) + 𝐼−(𝑡)

}
, if 𝑡 < 0.

Let us find a particular solution. We consider entire function

𝐹𝑗(𝑧) =

∞∏
𝑘=0

(
1− 𝑧

𝑟𝑗𝑘𝑒𝑖𝜃𝑗

)(
1− 𝑧

𝑟𝑗𝑘𝑒−𝑖𝜃𝑗

)
,

of order 𝜌𝑗 , where

𝑟𝑗,𝑘 =

(
2𝑘 − 1

2Δ𝑗

)1/𝜌𝑗

, 𝑗 = 1, 2, 𝜌1 = 𝜌, 𝜌2 = 𝜅.

It is easy to check validity of formulas (see [10])

log𝐹𝑗(𝑡) = 2𝐼𝑗(𝑡, 𝜃𝑗) +

{
Δ𝑗𝜋2 cos((𝜃𝑗 − 𝜋)𝜌𝑗)𝑡

𝜌𝑗/ sin(𝜋𝜌𝑗) 𝑡 > 0,

Δ𝑗𝜋2 cos(𝜃𝑗𝜌𝑗)∣𝑡∣𝜌𝑗/ sin(𝜋𝜌𝑗) 𝑡 < 0,
(38)

where

𝐼𝑗(𝑡, 𝜃𝑗) =

∞∫
0

(𝑛𝑗(𝑥) − 𝑥𝜌𝑗Δ𝑗)
𝑡2 − 𝑡𝑥 cos(𝜃𝑗)

𝑥(𝑡2 − 2𝑡𝑥 cos(𝜃𝑗) + 𝑥2)
𝑑𝑥,

𝑛𝑗(𝑥) =

{
𝑘, 𝑟𝑗𝑘 ≤ 𝑥 < 𝑟𝑗(𝑘+1), 𝑗 = 1, 2,

0, 0 < 𝑥 < 𝑟𝑗1.

By virtue of (37) the values Δ1 > 0, 0 < 𝜃1 < 𝜋 are uniquely determined by the
system {

Δ1𝜋2 cos((𝜃1 − 𝜋)𝜌) = 𝜈− cos(𝜋𝜌)− 𝜈+,

Δ1𝜋2 cos(𝜃1𝜌) = 𝜈− − 𝜈+ cos(𝜋𝜌),

what ensures the boundedness of ratio 𝑒𝑄(𝑡)/𝐹1(𝑡) on 𝐿. This system has a unique
solution

Δ1 =
1

2𝜋

√
(𝜈−)2 − 2𝜈−𝜈+ cos(𝜋𝜌) = (𝜈+)2,

𝜃1 =
1

𝜌
arccos

𝜈− − 𝜈+ cos(𝜋𝜌)

2𝜋Δ1
.

Using (38) we obtain

𝑒𝑄(𝑡)

𝐹1(𝑡)
= 𝑒−2𝐼1(𝑡,𝜃1).

In [10] we have proved inclusion 𝐼1(𝑡, 𝜃1) ∈ 𝐻(𝜌).
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To estimate the smoothness of ∣𝑃+(𝑡)𝑃−(𝑡)∣/𝐹2(𝑡) we choose the values Δ2 >
0, 0 < 𝜃2 < 𝜋 such that{

Δ22 cos((𝜃2 − 𝜋)𝜅) = Δ+ cos(𝜋𝜅)−Δ−,

Δ22 cos(𝜃2𝜅) = Δ− cos(𝜋𝜅) + Δ+.

As above, we have

Δ2 =
1

2

√
Δ2

+ + 2Δ−Δ+ cos(𝜋𝜅) + Δ2−,

𝜃2 =
1

𝜅
arccos

Δ+ +Δ− cos(𝜋𝜅)
2𝜋Δ2

.

Therefore,

∣𝑃+(𝑡)𝑃−(𝑡)∣
𝐹2(𝑡)

= 𝑒𝐼+(𝑡)+𝐼−(𝑡)−2𝐼2(𝑡,𝜃2), 𝐼2(𝑡, 𝜃2) ∈ 𝐻(𝜅).

Now we rewrite the boundary conditions (18), (19) in the form

Re

{
𝑒−Γ+(𝑡) 𝑒

−𝑖[𝑃 (𝑡)+𝑖𝑄(𝑡)]

𝐹1(𝑡)
Φ(𝑡)

𝑃+(𝑡)𝑃−(𝑡)
𝐹2(𝑡)

}
= 𝑐2(𝑡), (39)

where

𝑐2(𝑡) =
𝑐(𝑡)

∣𝐺(𝑡)∣
𝑃+(𝑡)𝑃−(𝑡)
𝐹2(𝑡)(1 + 𝑡2)

cos(𝛽(𝑡)𝜋)𝑒−Γ(𝑡) 𝑒
𝑄(𝑡)

𝐹1(𝑡)
.

We need below the following result from the paper [12].

Lemma 4.1. Assume that a function 𝑓(𝑥) is bounded on (𝑑,+∞), 𝑑 > 1, and
satisfies the condition

∣𝑓(𝑥2)− 𝑓(𝑥1)∣ < 𝐾∣𝑥2 − 𝑥1∣𝛼

for any points 𝑥1 and 𝑥2 of this interval. Then the function 𝑓1(𝑥)=(1+𝑥2)−𝛼1𝑓(𝑥),
𝛼1 ≥ 𝛼, satisfies the inequality

∣𝑓1(𝑥2)− 𝑓1(𝑥1)∣ < 𝐾1∣1/𝑥2 − 1/𝑥1∣𝛼,
for sufficiently large values of the arguments.

By Lemma 4.1 we have 𝑐2(𝑡) ∈ 𝐻𝐿(𝜇
∗), 0 < 𝜇∗ < 1. The inclusion follows

from the Hölder condition and from the behavior of 𝑐(𝑡) nearby 𝑡 = ∞.

We seek a particular solution Φ(𝑧) of the inhomogeneous problem (39) in the
class 𝐵∗ under assumption that the braced expression in the left-hand side of (39)
is analytic bounded function in the domain 𝐷. By virtue of the properties of 𝑐2(𝑡)
the mentioned expression is representable by the Schwarz formula for half-plane
(see [4], p. 155):

Φ(𝑧) = 𝑒Γ(𝑧)
𝐹1(𝑧)

𝑒−𝑖[𝑃 (𝑧)+𝑖𝑄(𝑧)]
⋅ 𝐹2(𝑧)

𝑃+(𝑧)𝑃−(𝑧)
⋅ 1
𝜋𝑖

∫
𝐿

𝑐2(𝑡)

𝑡 − 𝑧
𝑑𝑡. (40)
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It is easy to show that this solution belongs to the class 𝐵∗. Indeed, we have∣∣∣∣𝑒Γ(𝑧) 1𝜋𝑖
∫
𝐿

𝑐2(𝑡)

𝑡 − 𝑧
𝑑𝑡

∣∣∣∣ < 𝐶, 𝑧 ∈ 𝐷, (41)

and, consequently, the formulas (40), (9), (8) imply bound

∣Φ(𝑧)𝑒Re(𝐼+(𝑧)+𝐼−(𝑧))∣ < 𝐶
∣𝐹1(𝑧)∣
𝑒𝑄(𝑧)

⋅ ∣𝐹2(𝑧)∣
exp{𝜋[Δ−Re𝑧𝜅 +Δ+Re(𝑒−𝑖𝜅𝜋𝑧𝜅)]/ sin(𝜋𝜅)} .

(42)
As 𝐹1(𝑧) and 𝐹2(𝑧) are entire functions of orders 𝜌 and 𝜅 correspondingly, then
we conclude that the order of the function in the left-hand side of the previous
formula in the angle 0 ≤ 𝜃 ≤ 𝜋 is less than unity.

It is obvious for 𝑡 ∈ 𝐿 that

∣𝐹1(𝑡)∣
𝑒𝑄(𝑡)

=
𝐹1(𝑡)

𝑒𝑄(𝑡)
< 𝐶1,

and

∣𝐹2(𝑡)∣
exp{𝜋[Δ−Re𝑡𝜅 +Δ+Re(𝑒−𝑖𝜅𝜋𝑡𝜅)]/ sin(𝜋𝜅)} =

𝐹2(𝑡)𝑒
𝐼+(𝑡)+𝐼−(𝑡)

∣𝑃+(𝑡)𝑃−(𝑡)∣ < 𝐶2.

Therefore, passing to the limit for 𝑧 → 𝑡 in the relations (42), (41), we obtain

∣Φ(𝑡)𝑒𝐼+(𝑡)+𝐼−(𝑡)∣ ≤ 𝐶,

and according to the Phragmen-Lindelöf principle we have that

∣Φ(𝑧)𝑒Re(𝐼+(𝑧)+𝐼−(𝑧))∣ ≤ 𝐶, 𝑧 ∈ 𝐷,

i.e., the solution (40) belongs to the class 𝐵∗.
Thus, we proved

Theorem 4.2. The general solution of the inhomogeneous boundary value problem
(22) in the class 𝐵∗ is representable as a sum of the particular solution (40) of this
problem and the general solution of homogeneous problem (23) in the class 𝐵∗.
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Abstract. This paper is concerned with the applicability of maximum defect
polynomial (Galerkin) spline approximation methods with graded meshes to
Wiener-Hopf operators with matrix-valued piecewise continuous generating
function defined on ℝ̇. For this, an algebra of sequences is introduced, which
contains the approximating sequences we are interested in. There is a di-
rect relationship between the stability of the approximation method for a
given operator and invertibility of the corresponding sequence in this algebra.
Exploring this relationship, the methods of essentialization, localization and
identification of the local algebras are used in order to derive stability criteria
for the approximation sequences.
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1. Introduction

Wiener-Hopf operators with matrix-valued piecewise continuous symbol (or gener-
ating function) appear frequently in applications, namely in Sommerfeld diffraction
problems (see, for instance, [1, 4, 9, 14]). Given a matrix Wiener-Hopf operator
𝐴 : 𝐿𝑝𝑁 (ℝ

+) → 𝐿𝑝𝑁(ℝ
+), in order to find an approximate solution to the system

of equations

𝐴𝑢 = 𝑣, 𝑢, 𝑣 ∈ 𝐿𝑝𝑁 (ℝ
+),

by solving a finite dimension linear system of equations, one considers a discretiza-
tion of the real line by defining meshes.

The author wishes to thank Steffen Roch, who carefully read the manuscript and gave many
useful suggestions for its improvement.

Advances and Applications, Vol. 221, 587-605



Let (△𝑛)𝑛∈ℕ denote a sequence of meshes (or partitions) in ℝ+,△𝑛 := {𝑥(𝑛)
𝑘 :

0 ≤ 𝑘 ≤ 𝑛} such that 0 = 𝑥
(𝑛)
0 ≤ 𝑥

(𝑛)
1 ≤ ⋅ ⋅ ⋅ ≤ 𝑥

(𝑛)
𝑛 = ∞. Define the length of the

interval between two mesh points as

ℎ𝑗,𝑛 := 𝑥
(𝑛)
𝑗 − 𝑥

(𝑛)
𝑗−1.

We say that the mesh (sequence) is of class ℳ if 𝑥
(𝑛)
𝑛−1 → ∞ and max1≤𝑗<𝑛 ℎ𝑗,𝑛 →

0 as 𝑛 → ∞. Meshes of this type are called graded meshes.
For notation simplification, consider the scalar case 𝑁 = 1. To the sequence

of meshes (△𝑛)𝑛∈ℕ we associate a sequence of piecewise polynomial spline spaces

𝑆𝑛 := {𝑢 : 𝑢∣
]𝑥
(𝑛)
𝑗−1

,𝑥
(𝑛)
𝑗

[
∈ ℙ𝑑, 𝑢∣

]𝑥
(𝑛)
𝑛−1

,∞[
= 0},

where 𝑗 runs from 1 to 𝑛 − 1 and ℙ𝑑 represents the set of polynomials of degree
less than or equal to 𝑑 (𝑑 fixed). Note that 𝑆𝑛 does not depend on 𝑝. Let 𝑃𝑛

be the orthogonal projection from 𝐿2(ℝ+) onto 𝑆𝑛, which is a closed subspace of
𝐿𝑝(ℝ+). This projection is well defined also for 𝑝 ∕= 2 (see Proposition 4.2) and is
known as the Galerkin projection. Denote by 𝑄𝑛 the complementary projection,
that is, 𝑄𝑛 = 𝐼 − 𝑃𝑛.

Consider the approximation method

𝑃𝑛𝐴𝑃𝑛𝑢𝑛 = 𝑃𝑛𝑣 (1)

with 𝑢𝑛 ∈ Im(𝑃𝑛).
The purpose of this paper is then to study the stability of approximation

sequences using spline Galerkin methods, that is, of the stability of sequences of
the form (𝑃𝑛𝐴𝑃𝑛)𝑛∈ℕ. The continuous symbol case for 𝐿𝑝 was already studied
by Elschner in [5] (also in [10, Chapter 5]). The 𝐿2 piecewise continuous case was
studied in [12] using algebraic techniques. In [13], B. Silbermann and the author
proposed a general theory for approximation methods of operators in C∗-algebras
generated by piecewise continuous functions of shifts, which also includes the 𝐿2

piecewise continuous case. Numerical methods for singular integral operators in 𝐿𝑝

spaces with uniform meshes were studied using algebraic techniques for example
by Hagen, Roch and Silbermann in [6]. The non-continuous case in 𝐿𝑝 presents
substantial difficulties which need to be solved, namely the inverse-closedness of
the Banach subalgebras and the appearance of massive local spectra. These dif-
ficulties, which are common to other settings like the finite section method, have
received some attention in the last years [7, 11]. The results presented here use
some techniques inspired from those works and it was possible to solve most of the
difficulties, except the one arising from the discontinuity at infinity in the symbol
of the Wiener-Hopf operator.
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2. Spaces definitions

Let ℝ̇ := ℝ ∪ {∞} be the one-point compactification of the real line and ℝ :=
[−∞,+∞] be its two-point compactification. For a domain Ω contained in the real
line, we denote by 𝐿𝑝(Ω) (1 ≤ 𝑝 < +∞) the Banach (Hilbert for 𝑝 = 2) space
of (classes of) Lebesgue measurable complex-valued functions 𝑢 defined in Ω such
that the norm

∥𝑢∥𝑝 :=
(∫

Ω

∣𝑢(𝑥)∣𝑝 𝑑𝑥
) 1

𝑝

is finite. In what follows, the set Ω will be the real line itself or the positive half-axis
ℝ+ = {𝑥 ∈ ℝ : 𝑥 > 0}. The set of continuous functions defined on ℝ̇ is denoted by

𝐶(ℝ̇) and the set of piecewise continuous functions 𝑎 on ℝ̇, that is, functions with
well-defined one-sided limits 𝑎(𝑥±0 ) = lim𝑥→𝑥±0 𝑎(𝑥) at all points 𝑥0 of ℝ and at

±∞, by 𝑃𝐶(ℝ̇). These sets of functions are considered as subalgebras of 𝐿∞(ℝ),
the algebra of essentially bounded functions on the real line. We will also work
with vector-valued functions and thus consider the Banach space 𝐿𝑝𝑁(Ω) of the
𝑁 -tuples of functions in 𝐿𝑝(Ω) with the norm

∥𝑢∥𝑝,𝑁 := max
𝑗=1...𝑁

∥𝑢𝑗∥𝑝.

From now on, when it is consistent, we will use the same notation for a scalar
operator acting in 𝐿𝑝(Ω) and its trivial extension to a diagonal matrix operator
acting in 𝐿𝑝𝑁(Ω).

Let 𝑉1(ℝ) be the set of functions 𝑎 : ℝ → ℂ with the finite total variation

𝑉1(𝑎) := sup

{
𝑛∑
𝑖=1

∣𝑎(𝑥𝑖)− 𝑎(𝑥𝑖−1)∣ : −∞ ≤ 𝑥0 < 𝑥1 < ⋅ ⋅ ⋅ < 𝑥𝑛 ≤ +∞, 𝑛 ∈ ℕ

}
.

where the supremum is taken over all finite decompositions of the real line ℝ. It
is well known that 𝑉1(ℝ) is a Banach algebra under the norm

∥𝑎∥𝑉1(ℝ) := ∥𝑎∥∞ + 𝑉1(𝑎).

Let ℬ := ℬ(𝐿𝑝𝑁(ℝ)) be the Banach algebra of all bounded linear operators on
𝐿𝑝𝑁(ℝ) and 𝒦 := 𝒦(𝐿𝑝𝑁 (ℝ)) be the closed two-sided ideal of all compact operators
on 𝐿𝑝𝑁 (ℝ).

For 𝑎 ∈ 𝑃𝐶(ℝ̇)𝑁×𝑁 define the multiplication operator in 𝐿𝑝𝑁(ℝ) by

𝑎𝐼 : 𝑢 �→ 𝑎 𝑢 with (𝑎 𝑢)(𝑡) = 𝑎(𝑡)𝑢(𝑡).

By 𝜒
+
and 𝜒− we denote the (diagonal) operator of multiplication by the

characteristic function of ℝ+ and ℝ− = {𝑥 ∈ ℝ : 𝑥 < 0}, respectively.
Denote by 𝐹 the Fourier transform defined on the Schwartz space by

(𝐹𝑢)(𝑦) =
1√
2𝜋

∫ +∞

−∞
𝑒𝑖𝑦𝑥𝑢(𝑥) 𝑑𝑥, 𝑦 ∈ ℝ
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and by 𝐹−1 its inverse

(𝐹−1𝑣)(𝑥) =
1√
2𝜋

∫ +∞

−∞
𝑒−𝑖𝑥𝑦𝑣(𝑦) 𝑑𝑦, 𝑥 ∈ ℝ.

The operators 𝐹 and 𝐹−1 can be extended continuously to bounded and uni-
tary operators acting in 𝐿2(ℝ), and these extensions will be denoted by the same
symbols.

We define the operator 𝑊 0(𝑎) on 𝐿2(ℝ) ∩ 𝐿𝑝(ℝ) by

(𝑊 0(𝑎)𝑢)(𝑥) := (𝐹−1𝑎𝐹𝑢)(𝑥), 𝜑 ∈ 𝐿2(ℝ) ∩ 𝐿𝑝(ℝ). (2)

A function 𝑎 ∈ 𝐿∞(ℝ) is called a Fourier multiplier on 𝐿𝑝(ℝ) if the operator𝑊 0(𝑎)
given by (2) can be extended to a bounded linear operator on 𝐿𝑝(ℝ), which will
again be denoted by 𝑊 0(𝑎). If 𝑎 ∈ 𝐿∞

𝑁×𝑁(ℝ) one can in a natural way define

𝑊 0(𝑎) as a bounded operator on 𝐿𝑝𝑁(ℝ
+).

The set ℳ𝑝 of all Fourier multipliers on 𝐿𝑝(ℝ) is defined as

ℳ𝑝 :=
{
𝑎 ∈ 𝐿∞(ℝ) : 𝑊 0(𝑎) ∈ ℬ(𝐿𝑝(ℝ))}.

It is well known that ℳ𝑝 is a Banach algebra with the norm

∥𝑎∥ℳ𝑝 := ∥𝑊 0(𝑎)∥ℬ(𝐿𝑝(ℝ)),
and

ℳ𝑝 ⊂ ℳ2 = 𝐿∞(ℝ) for 1 < 𝑝 < ∞. (3)

As a consequence of the Stechkin’s inequality (see, e.g., [2, Theorem 17.1]), ℳ𝑝

contains all functions 𝑎 ∈ 𝑃𝐶 of finite total variation and

∥𝑎∥ℳ𝑝 ≤ ∥𝑆ℝ∥ℬ
(∥𝑎∥∞ + 𝑉1(𝑎)

)
,

with 𝑆ℝ denoting the usual singular integral operator

(𝑆ℝ𝑢)(𝑥) :=
1

𝜋i

∫
ℝ

𝑢(𝑦)

𝑦 − 𝑥
𝑑𝑦.

Let 𝐶𝑝(ℝ̇) and 𝐶𝑝(ℝ) stand for the closure in ℳ𝑝 of the set of all functions with

finite total variation in 𝐶(ℝ̇) and 𝐶(ℝ), respectively. Denote by 𝑃𝐶𝑝 the closure in
ℳ𝑝 of the set of all piecewise constant functions on ℝ which have a finite number
of jumps.

We can finally define the Wiener-Hopf operator

𝑊 (𝑎) = 𝜒
+
𝑊 0(𝑎)𝜒

+

acting on 𝐿𝑝𝑁 (ℝ
+). The Hankel operator

𝐻(𝑎) = 𝜒
+
𝑊 0(𝑎)𝐽𝜒

+

with (𝐽𝑢)(𝑥) = 𝑢(−𝑥) will also play a role. Here we identify the operator 𝐴 acting
on the range of 𝜒+ with the “extended” 𝐴 + 𝜒− operator acting on the whole
𝐿𝑝𝑁(ℝ).
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3. Projections and related operators

Let {𝜙𝑙}𝑑𝑙=0, 𝜙
𝑙 : ]0, 1[→ ℝ be an orthonormal polynomial basis for ℙ𝑑. For each

𝑛 and 𝑗, define 𝐽𝑗,𝑛 := ]𝑥
(𝑛)
𝑗−1, 𝑥

(𝑛)
𝑗 [ and the orthonormal basis (in the 𝐿2-induced

norm) functions for 𝑆𝑛 as

𝜙𝑙𝑗,𝑛(𝑥) :=

{
ℎ
− 1

2

𝑗,𝑛 𝜙
𝑙
(
(𝑥 − 𝑥

(𝑛)
𝑗−1)ℎ

−1
𝑗,𝑛

)
𝑥 ∈ 𝐽𝑗,𝑛,

0 otherwise.
(4)

The Galerkin projection 𝑃𝑛 of a function 𝑢 ∈ 𝐿𝑝(ℝ+) can thus be written as

(𝑃𝑛𝑢)(𝑥) =
𝑛−1∑
𝑗=1

𝑑∑
𝑙=0

∫
𝐽𝑗,𝑛

𝑢(𝑠)𝜙𝑙𝑗,𝑛(𝑠) 𝑑𝑠 𝜙𝑙𝑗,𝑛(𝑥), (5)

and the extension to the case 𝐿𝑝𝑁(ℝ
+) as a diagonal operator is straightforward.

We define here some operators related with 𝑃𝑛 which are necessary in the
theory that is going to be applied. Let 𝜏 be a positive real number, let 𝐼 repre-
sent the identity operator and define the following (diagonal) operators acting on
𝐿𝑝𝑁(ℝ

+):

(𝑃𝜏𝑢)(𝑡) :=

{
𝑢(𝑡) 0 < 𝑡 < 𝜏
0 𝑡 > 𝜏

, 𝑄𝜏 := 𝐼 − 𝑃𝜏 ,

(𝑅𝜏𝑢)(𝑡) :=

{
𝑢(𝜏 − 𝑡) 𝑡 < 𝜏
0 𝑡 > 𝜏

,

(𝑉𝜏𝑢)(𝑡) :=

{
0 𝑡 < 𝜏
𝑢(𝑡 − 𝜏) 𝑡 > 𝜏

, (𝑉−𝜏𝑢)(𝑡) := 𝑢(𝑡+ 𝜏).

The following relations between these operators are very important and easy
to show:

Lemma 3.1.

∙ 𝑃𝑛𝑃𝜏𝑛 = 𝑃𝜏𝑛𝑃
𝑛 = 𝑃𝑛, 𝑄𝑛𝑄𝜏𝑛 = 𝑄𝜏𝑛𝑄

𝑛 = 𝑄𝜏𝑛, for 𝜏𝑛 = 𝑥
(𝑛)
𝑛−1;

∙ 𝑃𝜏 = 𝑅2
𝜏 and 𝑅𝜏 → 0 weakly as 𝜏 → ∞;

∙ 𝑉𝜏𝑉−𝜏 = 𝑄𝜏 , 𝑉−𝜏𝑉𝜏 = 𝐼, (𝑉𝜏 )
∗ = 𝑉−𝜏 .

In the above lemma, (𝑉𝜏 )
∗ represents the adjoint operator, acting on the dual

space 𝐿𝑞𝑁(ℝ
+) of 𝐿𝑝𝑁 (ℝ

+), with 1/𝑝+ 1/𝑞 = 1.
Define the oscillation of a function 𝑓 as

𝜔(𝑓, 𝜖) := sup{∣𝑓(𝑠)− 𝑓(𝑡)∣ : ∣𝑠 − 𝑡∣ < 𝜖}. (6)

where the points 𝑠, 𝑡 belong to the domain.

Proposition 3.2. Let 𝑓 ∈ 𝐶(ℝ+) be a continuous function and 𝑢 ∈ 𝐿𝑝(ℝ+). Then
there exists a constant 𝑐 independent of 𝑛 such that

∥(𝑓𝑃𝑛 − 𝑃𝑛𝑓)𝑢∥𝑝 ≤ 𝑐 𝜔(𝑓, max
1≤𝑗≤𝑛−1

ℎ𝑗,𝑛)∥𝑢∥𝑝.
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Proof. Let {𝜙𝑙𝑗,𝑛, 0 ≤ 𝑙 ≤ 𝑑, 0 < 𝑗 < 𝑛 − 1} be the functions defined in (4), let 𝑓

be real and let 𝑢 be a positive function. Then, using (5), the Mean Value Theorem

and writing 𝜙𝑙𝑗,𝑛 = 𝜙𝑙+𝑗,𝑛 − 𝜙𝑙−𝑗,𝑛, with 𝜙𝑙±𝑗,𝑛 ≥ 0, we obtain

∥(𝑓𝑃𝑛 − 𝑃𝑛𝑓)𝑢∥𝑝𝑝

=

𝑛−1∑
𝑗=1

∫
𝐽𝑗,𝑛

∣∣∣∣∣𝑓(𝑠)
(

𝑑∑
𝑙=0

∫
𝐽𝑗,𝑛

𝑢(𝑥)𝜙𝑙𝑗,𝑛(𝑥) 𝑑𝑥𝜙𝑙𝑗,𝑛(𝑠)

)

−
𝑑∑
𝑙=0

∫
𝐽𝑗,𝑛

𝑓(𝑥)𝑢(𝑥)𝜙𝑙𝑗,𝑛(𝑥) 𝑑𝑥𝜙𝑙𝑗,𝑛(𝑠)

∣∣∣∣∣
𝑝

𝑑𝑠

=

𝑛−1∑
𝑗=1

(∫
𝐽𝑗,𝑛

∣∣∣∣∣(𝑓(𝑠)− 𝑓(𝑠𝑗+))

(
𝑑∑
𝑙=0

∫
𝐽𝑗,𝑛

𝑢(𝑥)𝜙𝑙+𝑗,𝑛(𝑥) 𝑑𝑥𝜙𝑙𝑗,𝑛(𝑠)

)

−(𝑓(𝑠)− 𝑓(𝑠𝑗−))

(
𝑑∑
𝑙=0

∫
𝐽𝑗,𝑛

𝑢(𝑥)𝜙𝑙−𝑗,𝑛(𝑥) 𝑑𝑥𝜙𝑙𝑗,𝑛(𝑠)

)∣∣∣∣∣
𝑝

𝑑𝑠

)

with 𝑠𝑗± ∈ 𝐽𝑗,𝑛. The above is less than or equal to

𝑛−1∑
𝑗=1

(∫
𝐽𝑗,𝑛

∣∣∣∣∣∣𝑓(𝑠)− 𝑓(𝑠𝑗+)∣
(

𝑑∑
𝑙=0

∫
𝐽𝑗,𝑛

𝑢(𝑥)𝜙𝑙+𝑗,𝑛(𝑥) 𝑑𝑥 ∣𝜙𝑙𝑗,𝑛(𝑠)∣
)

+∣𝑓(𝑠)− 𝑓(𝑠𝑗−)∣
(
𝑑∑
𝑙=0

∫
𝐽𝑗,𝑛

𝑢(𝑥)𝜙𝑙−𝑗,𝑛(𝑥) 𝑑𝑥 ∣𝜙𝑙𝑗,𝑛(𝑠)∣
)∣∣∣∣∣
𝑝

𝑑𝑠

)

≤
𝑛−1∑
𝑗=1

∫
𝐽𝑗,𝑛

∣∣∣∣∣∣𝜔(𝑓, ℎ𝑗,𝑛)
𝑑∑
𝑙=0

(∫
𝐽𝑗,𝑛

∣𝑢(𝑥)∣𝑝 𝑑𝑥
) 1

𝑝
(∫

𝐽𝑗,𝑛

∣𝜙𝑙+𝑗,𝑛(𝑥)∣𝑞 𝑑𝑥
) 1

𝑞

∣𝜙𝑙𝑗,𝑛(𝑠)∣

+ 𝜔(𝑓, ℎ𝑗,𝑛)

𝑑∑
𝑙=0

(∫
𝐽𝑗,𝑛

∣𝑢(𝑥)∣𝑝 𝑑𝑥
) 1

𝑝
(∫

𝐽𝑗,𝑛

∣𝜙𝑙−𝑗,𝑛(𝑥)∣𝑞 𝑑𝑥
) 1

𝑞

∣𝜙𝑙𝑗,𝑛(𝑠)∣
∣∣∣∣∣∣
𝑝

𝑑𝑠,

(7)

with 𝑞 := 𝑝/(𝑝 − 1). From (4), making the change of variables 𝑦 = (𝑥 − 𝑥
(𝑛)
𝑗−1)ℎ

−1
𝑗,𝑛

one obtains(∫
𝐽𝑗,𝑛

∣𝜙𝑙±𝑗,𝑛(𝑥)∣𝑞 𝑑𝑥
) 1

𝑞

≤
(∫

𝐽𝑗,𝑛

∣𝜙𝑙𝑗,𝑛(𝑥)∣𝑞 𝑑𝑥
) 1

𝑞

= ℎ
− 1

2+
1
𝑞

𝑗,𝑛

(∫ 1

0

∣𝜙𝑙(𝑦)∣𝑞 𝑑𝑦
) 1

𝑞

,

with the last integral being less than a constant 𝑐𝑞 due to the equivalence of the
norms in the finite-dimensional spline space on ]0, 1[. Using this fact we obtain
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that (7) is less than or equal to(
2𝑐𝑞𝜔(𝑓, max

1≤𝑗≤𝑛−1
(ℎ𝑗,𝑛))

)𝑝 𝑛−1∑
𝑗=1

ℎ
− 𝑝

2+
𝑝
𝑞

𝑗,𝑛

(∫
𝐽𝑗,𝑛

∣𝑢(𝑥)∣𝑝 𝑑𝑥
)∫

𝐽𝑗,𝑛

∣∣∣∣∣
𝑑∑
𝑙=0

∣𝜙𝑙𝑗,𝑛(𝑠)∣
∣∣∣∣∣
𝑝

𝑑𝑠.

(8)

Applying the inequality (
∑𝑑

0 ∣𝑎𝑙∣)𝑝 ≤ (𝑑 + 1)𝑝−1
∑𝑑

0 ∣𝑎𝑙∣𝑝 and a similar reasoning
to the one above we have∫

𝐽𝑗,𝑛

∣∣∣∣∣
𝑑∑
𝑙=0

∣𝜙𝑙𝑗,𝑛(𝑠)∣
∣∣∣∣∣
𝑝

𝑑𝑠 ≤ (𝑑+ 1)𝑝−1
𝑑∑
𝑙=0

∫
𝐽𝑗,𝑛

∣𝜙𝑙𝑗,𝑛(𝑠)∣𝑝 𝑑𝑠

≤ (𝑑+ 1)𝑝ℎ
− 𝑝

2+1
𝑗,𝑛 𝑐𝑝𝑝.

As ℎ
−𝑝

2+
𝑝
𝑞

𝑗,𝑛 ℎ
−𝑝

2+1
𝑗,𝑛 = 1𝑝 = 1, (8) is less than or equal to(

2𝑐𝑝𝑐𝑞(𝑑+ 1)𝜔(𝑓, max
1≤𝑗≤𝑛−1

ℎ𝑗,𝑛)

)𝑝
∥𝑢∥𝑝𝑝

which yields the result. To end the proof we remark that any function in 𝐿𝑝(ℝ)
can be written as a difference of two positive functions and that any continuous
function 𝑓 is 𝑓1 + 𝑖𝑓2, with 𝑓1,2 real. □

4. Approximation methods

The results obtained so far regarding the meshes and methods under study in the
𝐿𝑝 setting were obtained by Elschner and are resumed in the next theorem (see
[10, Theorem 5.37])

Theorem 4.1. Let 𝑏 ∈ 𝐿1(ℝ) and let 𝑎 = 1−𝐹𝑏 ∈ 𝐶(ℝ̇). If the operator 𝐴 = 𝑊 (𝑎)
is invertible in 𝐿𝑝(ℝ+), then the approximation method (1) is stable, that is, there
is an integer 𝑛0 such that for all 𝑛 > 𝑛0 the operators 𝑃𝑛𝐴𝑃𝑛 are invertible in
𝑆𝑛 and the norms of the inverses are uniformly bounded.

The result below is in [10, Theorem 5.25] with a very summary proof. A more
detailed proof is presented here.

Proposition 4.2. The operators 𝑃𝑛 are uniformly bounded in 𝐿𝑝𝑁 (ℝ
+) and 𝑃𝑛 → 𝐼,

(𝑃𝑛)∗ → 𝐼 strongly as 𝑛 → ∞.

Proof. It is sufficient to show the results for the scalar case. To prove the uniform
boundedness consider the interval ]0, 1[ , and the finite-dimensional space of the
polynomials of degree less than or equal to 𝑑 defined on the interval, with the
orthogonal basis {𝜙𝑙}𝑑𝑙=0 (for the 𝐿2-induced norm). Let now 𝑃 be the orthogonal
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(in 𝐿2(]0, 1[)) projection onto the finite-dimensional space. One has

∥𝑃𝑢∥𝑝,]0,1[ =
∥∥∥∥∥
𝑑∑
𝑙=0

⟨𝑢, 𝜙𝑙⟩𝜙𝑙
∥∥∥∥∥
𝑝,]0,1[

≤ (𝑑+ 1)max
𝑙

∥⟨𝑢, 𝜙𝑙⟩𝜙𝑙∥𝑝,]0,1[

≤ (𝑑+ 1)max
𝑙

∥𝜙𝑙∥2∞∥𝑢∥𝑝,]0,1[,

which means there is a constant 𝑐, such that

∥𝑃𝑢∥𝑝,]0,1[ ≤ 𝑐∥𝑢∥𝑝,]0,1[.
Given a function 𝑣 ∈ 𝐿𝑝(ℝ+) and an interval 𝐽𝑗,𝑛 ⊂ ℝ, define 𝑢(𝑥) := 𝑣(𝑥𝑗−1 +
𝑥ℎ𝑗,𝑛). Then

(𝑃𝑛𝑣)(𝑥) = (𝑃𝑢)
(
(𝑥 − 𝑥

(𝑛)
𝑗−1)ℎ

−1
𝑗,𝑛

)
for 𝑥 ∈ 𝐽𝑗,𝑛

and it is possible to conclude that ∥𝑃𝑛𝑣∥𝑝,𝐽𝑗,𝑛 ≤ 𝑐∥𝑣∥𝑝,𝐽𝑗,𝑛 . Thus
∥𝑃𝑛𝑣∥𝑝 ≤ 𝑐∥𝑣∥𝑝

with 𝑐 independent of 𝑛, which proves the uniform boundedness.

To prove the strong convergence, suppose first that the function 𝑢 is the
characteristic function of an interval [𝑥𝑎, 𝑥𝑏] ⊂ ℝ+. Then 𝑢 − 𝑃𝑛𝑢 = 0 on all
intervals 𝐽𝑗 except those containing the points 𝑥𝑎 and 𝑥𝑏. Denote them by 𝐽𝑎 and
𝐽𝑏, respectively. Write 𝑢𝑛 for the characteristic function of the interval [𝑥𝑎, 𝑥𝑏] ∖
(𝐽𝑎 ∪ 𝐽𝑏). Then

∥(𝐼 − 𝑃𝑛)𝑢∥𝑝 ≤ ∥𝑢 − 𝑢𝑛∥𝑝 + ∥𝑢𝑛 − 𝑃𝑛𝑢𝑛∥𝑝 + ∥𝑃𝑛𝑢𝑛 − 𝑃𝑛𝑢∥𝑝.
Because 𝑢𝑛 = 𝑃𝑛𝑢𝑛 the middle term on the right-hand side of the expression
above is zero. We have also that ∥𝑃𝑛𝑢𝑛 − 𝑃𝑛𝑢∥𝑝 ≤ ∥𝑃𝑛∥∥𝑢− 𝑢𝑛∥𝑝 ≤ 𝑐∥𝑢 − 𝑢𝑛∥𝑝
due to the uniform boundedness of 𝑃𝑛. All that remains to verify is that ∥𝑢−𝑢𝑛∥𝑝
tends to zero, which is obviously true because the function is piecewise constant
and the length of the intervals in which it is not null decreases to zero, as 𝑛 → ∞.

The convergence is then true for any function 𝑢 which is a linear combination
of characteristic functions of finite intervals, and any function of 𝐿𝑝(ℝ+) can be
uniformly approximated by such piecewise constant functions. □

We say that a sequence (𝐴𝑛)𝑛∈ℕ converges uniformly to an operator 𝐴 if for
any 𝜖 > 0 there exists a 𝑛0 ∈ ℕ such that for all 𝑛 > 𝑛0 the inequality ∥𝐴𝑛−𝐴∥ < 𝜖
holds.

The formal concept of stability is defined now. We say that a sequence
(𝐴𝑛)𝑛∈ℕ with uniformly bounded 𝐴𝑛 : 𝐿

𝑝
𝑁 (ℝ

+) → 𝐿𝑝𝑁 (ℝ
+) is stable if there exists

a 𝑛0 such that, for all 𝑛 > 𝑛0, 𝐴𝑛 is invertible and the norms ∥𝐴−1
𝑛 ∥ are uniformly

bounded.
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5. Algebraization

Define ℰ as the Banach algebra of all sequences A := (𝐴𝑛)𝑛∈ℕ with 𝐴𝑛 : 𝑆
𝑛 → 𝑆𝑛

such that sup𝑛∈ℕ ∥𝐴𝑛∥𝐿𝑝(ℝ) < ∞ (with pointwise defined operations, for example,
(𝐴𝑛)(𝐵𝑛) = (𝐴𝑛𝐵𝑛)). The algebra ℰ is unital with unit I = (𝑃𝑛). Denote by
𝒢 ⊂ ℰ the closed ideal of the sequences which tend uniformly to zero.

The following result goes back to Kozak [8]. For a proof, see, e.g., [11, Section 6.1].

Theorem 5.1. A sequence (𝐴𝑛) ∈ ℰ is stable if and only if the coset (𝐴𝑛) + 𝒢 is
invertible in the quotient algebra ℰ/𝒢.

6. Essentialization

We will say that a sequence of operators on a Banach space converges *-strongly if
it converges strongly and the sequence of the adjoint operators converges strongly
on the dual space.

Write 𝜏𝑛 for the “last” finite point of the mesh, 𝑥
(𝑛)
𝑛−1.

Let ℱ denote the set of all sequences A := (𝐴𝑛) ∈ ℰ such that the sequences
(𝐴𝑛) and (𝑅𝜏𝑛𝐴𝑛𝑅𝜏𝑛) are *-strongly convergent as 𝑛 → +∞.

Lemma 6.1.

(i) The set ℱ is a closed unital subalgebra of the algebra ℰ.
(ii) Let 𝑖 ∈ {0, 1}. The mappings 𝑂𝑖 : ℱ → ℬ given by

𝑂0(A) := s-lim
𝑛→∞𝐴𝑛,

𝑂1(A) := s-lim
𝑛→∞𝑅𝜏𝑛𝐴𝑛𝑅𝜏𝑛

for A = (𝐴𝑛) ∈ ℱ are bounded unital homomorphisms with norm 1.
(iii) The set 𝒢 is a closed two-sided ideal of the algebra ℱ .
(iv) The ideal 𝒢 lies in the kernel of the homomorphisms 𝑂0 and 𝑂1.
(v) The algebra ℱ is inverse-closed in the algebra ℰ and the algebra ℱ/𝒢 is

inverse-closed in the algebra ℰ/𝒢.
Proof. The proofs of (i) and (v) follow the proof of [11, Proposition 6.5.1], taking
into account Lemma 3.1 and the different unit sequence I = (𝑃𝑛) in ℰ . The proofs
of (ii)–(iv) are immediate. □

The algebra ℱ/𝒢 is still too large to obtain a verifiable invertibility condition
for its elements. It is thus necessary to apply a Lifting Theorem (see [11, Theorem
6.2.7]). Let 𝒜 and ℬ be unital algebras and W : 𝒜 → ℬ a unital homomorphism.
We say that an ideal ℐ of 𝒜 is lifted by the homomorphism W if Ker W∩ℐ lies in
the radical of 𝒜.
Theorem 6.2 (Lifting theorem). Let 𝒜 be a unital algebra and, for every element 𝑘
of a certain set 𝑇 , let 𝒥𝑘 be an ideal of 𝒜 which is lifted by a unital homomorphism
W𝑘 : 𝒜 → ℬ𝑘. Suppose furthermore that W𝑡(𝒥𝑘) is an ideal of ℬ𝑘. Let 𝒥 stand
for the smallest ideal of 𝒜 which contains all ideals 𝒥𝑘. Then an element 𝑎 ∈ 𝒜
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is invertible if and only if the coset 𝑎+𝒥 is invertible in 𝒜/𝒥 and if all elements
W𝑘(𝑎) are invertible in ℬ𝑘.

The natural candidates for the homomorphisms W𝑡 above, in the case under
study, are 𝑂0 and 𝑂1. Let 𝒦 ⊂ ℒ(𝐿𝑝𝑁 (ℝ+)) denote the ideal of compact operators
and define 𝒥0 and 𝒥1 to be the sets

𝒥0 := {(𝑃𝑛𝐾𝑃𝑛) + (𝐺𝑛), 𝐾 ∈ 𝒦, (𝐺𝑛) ∈ 𝒢},
𝒥1 := {(𝑃𝑛𝑅𝜏𝑛𝐾𝑅𝜏𝑛𝑃

𝑛) + (𝐺𝑛), 𝐾 ∈ 𝒦, (𝐺𝑛) ∈ 𝒢},
in ℱ and 𝒥 𝒢

𝑡 := 𝒥𝑡/𝒢 in ℱ/𝒢. Because 𝑂0,1(𝒢) = {0}, the homomorphisms are
well defined in the quotient algebra ℱ/𝒢, and

𝑂0((𝑃
𝑛𝐾1𝑃

𝑛 + 𝑃𝑛𝑅𝜏𝑛𝐾2𝑅𝜏𝑛𝑃
𝑛 +𝐺𝑛)) = 𝐾1, (9)

𝑂1((𝑃
𝑛𝐾1𝑃

𝑛 + 𝑃𝑛𝑅𝜏𝑛𝐾2𝑅𝜏𝑛𝑃
𝑛 +𝐺𝑛)) = 𝐾2. (10)

The proof of the next result is standard (see for instance [11, Proposition
6.5.2] or [12, Proposition 4.2]).

Proposition 6.3. 𝒥0 is a closed two-sided ideal of ℱ .
To prove the same result for 𝒥1 we need the following auxiliary result:

Lemma 6.4. Let 𝐾 ∈ 𝒦. Then (𝑄𝑛𝑅𝜏𝑛𝐾) tends uniformly to 0 as 𝑛 → ∞.

Proof. We will begin by proving that ∥(𝐼 − 𝑃𝑛)𝑅𝜏𝑛𝑢∥𝑝 → 0 as 𝑛 → ∞, for
any 𝑢 ∈ 𝐿𝑝. Suppose that 𝑢 is 𝜒[𝑥𝑎,𝑥𝑏], the characteristic function of the interval

[𝑥𝑎, 𝑥𝑏] ⊂ ℝ+. Define 𝑢𝜏 := 𝑅𝜏𝑢 = 𝜒[𝜏−𝑥𝑏,𝜏−𝑥𝑎]. As in the proof of Proposition 4.2,
𝑢𝜏 − 𝑃𝑛𝑢𝜏 = 0 for all intervals 𝐽𝑗 except those containing the points 𝜏 − 𝑥𝑎 and
𝜏 − 𝑥𝑏, which we denote by 𝐽𝑎 and 𝐽𝑏. Write 𝑢𝜏𝑛 for the characteristic function of
the interval [𝜏 − 𝑥𝑏, 𝜏 − 𝑥𝑎] ∖ (𝐽𝑎 ∪ 𝐽𝑏).

Thus ∥𝑢𝜏 −𝑢𝜏𝑛∥𝑝 tends to zero. The result now follows because multiplication
on the right by a compact operator transforms strong convergence into uniform
convergence (see, for instance [10, 1.1.(h)]). □

Proposition 6.5. 𝒥1 is a closed two-sided ideal of ℱ .
Proof. From (9) and (10) we have 𝒥1 ⊂ ℱ . To prove that 𝒥1 is a left ideal denote

by 𝐴 the limit s-lim𝑛→∞ 𝑅𝜏𝑛𝐴𝑛𝑅𝜏𝑛 . Now, (𝐴𝑛)(𝑃
𝑛𝑅𝜏𝑛𝐾𝑅𝜏𝑛𝑃

𝑛) can be written as

(𝑃𝑛𝑅𝜏𝑛𝐴𝐾𝑅𝜏𝑛𝑃
𝑛) + (𝑃𝑛𝑅𝜏𝑛(𝑅𝜏𝑛𝐴𝑛𝑅𝜏𝑛 − 𝐴)𝐾𝑅𝜏𝑛𝑃

𝑛)

− (𝑃𝑛𝐴𝑛(𝐼 − 𝑃𝑛)𝑅𝜏𝑛𝐾𝑅𝜏𝑛𝑃
𝑛)

and note that the second term is in 𝒢 because s-lim𝑛→∞ 𝑅𝜏𝑛𝐴𝑛𝑅𝜏𝑛 − 𝐴 = 0,
and the third term also, due to Lemma 6.4. The proof that 𝒥1 is right ideal is the
same, taking into account that we must apply adjoints to Lemma 6.4 so that we get
∥𝐾𝑅𝜏𝑛(𝐼−𝑃𝑛)∥ = ∥(𝐾𝑅𝜏𝑛(𝐼−𝑃𝑛))∗∥ = ∥(𝐼−𝑃𝑛)∗𝑅∗

𝜏𝑛𝐾
∗∥ = ∥(𝐼−𝑃𝑛)𝑅𝜏𝑛𝐾

∗∥.
The closedness proof is again standard. □
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Define 𝒥 as the smallest closed two-sided ideal of ℱ containing both 𝒥0 and
𝒥1. We can now particularize Theorem 6.2 to the algebra ℱ/𝒢 and obtain:

Corollary 6.6. Let A ∈ ℱ . Then the sequence A is stable if and only if the limits
𝑂0(A) and 𝑂1(A) are invertible operators in 𝐿𝑝𝑁 (ℝ

+) and the coset A + 𝒥 is
invertible in ℱ/𝒥 .

We now turn to the question of what interesting sequences are in ℱ , besides
the ones corresponding to the ideals 𝒥0 and 𝒥1.

Proposition 6.7. Let 𝑚 ∈ ℕ, 𝐴𝑛 := 𝑃𝑛𝐴(0)
(∏𝑚

𝑘=1 𝑃𝜏𝑛𝐴
(𝑘)
)
𝑃𝑛, where 𝐴(𝑘) are

operators of the form 𝑊 (𝑎) with 𝑎 ∈ 𝑃𝐶𝑁×𝑁
𝑝 . Then A := (𝐴𝑛) ∈ ℱ .

Proof. Indeed, it is easy to verify that the limit 𝑂0(A) exists, because all operators
in the finite product are either independent of 𝑛 or have well-defined strong limits.
Regarding 𝑂1 we have

𝑅𝜏𝑛𝑃
𝑛𝑅𝜏𝑛 → 𝐼,

𝑅𝜏𝑛𝑃𝜏𝑛𝑅𝜏𝑛 → 𝐼,

and

𝑂1((𝑃
𝑛𝑊 (𝑎)𝑃𝑛)) = s-lim

𝑛→∞𝑅𝜏𝑛𝑃
𝑛𝑊 (𝑎)𝑃𝑛𝑅𝜏𝑛

= s-lim
𝑛→∞𝑅𝜏𝑛𝑃

𝑛𝑅𝜏𝑛𝑅𝜏𝑛𝑊 (𝑎)𝑅𝜏𝑛𝑅𝜏𝑛𝑃
𝑛𝑅𝜏𝑛 .

Because 𝑅𝜏𝑛𝑃
𝑛𝑅𝜏𝑛 → 𝐼, it is only necessary to know the strong limit of

𝑅𝜏𝑛𝑊 (𝑎)𝑅𝜏𝑛 . It is not difficult to see that 𝑅𝜏𝑊 (𝑎)𝑅𝜏 = 𝑃𝜏𝑊 (�̃�)𝑃𝜏 , with �̃�(𝑥) =
𝑎(−𝑥), and so the strong limit is 𝑊 (�̃�).

One can now show that 𝑂1(A) exists. Due to 𝑃𝜏𝑛 = 𝑅2
𝜏𝑛 , we can write

𝑂1(A) = s-lim
𝑛→∞𝑅𝜏𝑛𝑃

𝑛𝐴(0)

(
𝑚∏
𝑘=1

𝑃𝜏𝑛𝐴
(𝑘)

)
𝑃𝑛𝑅𝜏𝑛

= s-lim
𝑛→∞𝑃𝑛𝑅𝜏𝑛𝐴

(0)𝑅𝜏𝑛

(
𝑚∏
𝑘=1

𝑅𝜏𝑛𝐴
(𝑘)𝑅𝜏𝑛

)
𝑃𝑛

which is a product of 𝑚 + 1 factors of the form 𝑅𝜏𝑛𝑊 (𝑎)𝑅𝜏𝑛 , each with a well-
defined strong limit, with two sequences of operators tending strongly to the iden-
tity as the first and last factors. □

It is thus possible to write:

Theorem 6.8. Let 𝐴 be the Wiener-Hopf operator 𝑊 (𝑎) with 𝑎 ∈ 𝑃𝐶𝑝. The
method (1) applied to 𝐴 is stable if and only if the operators 𝑊 (𝑎) and 𝑊 (�̃�)
are invertible and (𝑃𝑛𝐴𝑃𝑛) + 𝒥 is invertible in ℱ/𝒥 .
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7. Localization

Recall that the center of an algebra 𝒜 is the set

{𝑐 ∈ 𝒜 : 𝑎𝑐 = 𝑐𝑎 for all 𝑎 ∈ 𝒜}.
Let 𝐴 be a Banach algebra with identity. The following result is well known. A
proof can be found for instance in [11, Theorem 2.2.2 (a)].

Theorem 7.1 (Allan’s local principle). Let 𝒜 be a Banach algebra with identity
𝑒 and let ℬ be closed subalgebra of the center of 𝒜 containing 𝑒. Let 𝑀ℬ be the
maximal ideal space of ℬ, and for 𝑥 ∈ 𝑀ℬ, let ℐ𝑥 refer to the smallest closed two-
sided ideal of 𝒜 containing the ideal 𝑥. Then an element 𝑎 ∈ 𝒜 is invertible in 𝒜
if and only if 𝑎+ ℐ𝑥 is invertible in the quotient algebra 𝒜/ℐ𝑥 for all 𝑥 ∈ 𝑀ℬ.

There are several techniques to obtain an algebra with a large center, in order
to apply localization techniques. Here we follow a similar one to that in [7]. Denote
by ℒ the set of all sequences A in ℱ such that

AC−CA ∈ 𝒥 , (11)

for all sequences C belonging to the set 𝒞 := {(𝑃𝑛𝑊 (𝑓𝐼𝑁 )𝑃
𝑛) : 𝑓 ∈ 𝐶𝑝(ℝ̇)},

where 𝑊 (𝑓𝐼𝑁 ) represents the trivial diagonal extension of the scalar operator
𝑊 (𝑓).

Lemma 7.2. (i) The set ℒ is a closed unital subalgebra of the algebra ℱ .
(ii) The set 𝒥 is a closed two-sided ideal of the algebra ℒ.
(iii) The algebra ℒ/𝒥 is inverse-closed in the algebra ℱ/𝒥 .
Proof. By definition, ℒ ⊂ ℱ . It easy to see that ℒ contains the identity of ℱ and
is closed for the algebra operations. To prove that ℒ is topologically closed in ℱ ,
suppose (A𝑗)𝑗∈ℕ with A𝑗 = (𝐴

(𝑗)
𝑛 ) ∈ ℒ is a Cauchy sequence in ℒ. It has a limit

A = (𝐴𝑛) ∈ ℱ . We will show that A ∈ ℒ. From (11) we get that the sequence
J𝑘 = A𝑗C − CA𝑗 ∈ 𝒥 , and it has the limit AC − CA. Because 𝒥 is closed,
AC − CA must also belong to 𝒥 , and the result follows. Part (ii) is immediate.
Regarding part (iii), let A ∈ ℒ and A+𝒥 be invertible in ℱ/𝒥 . Then there exist
sequences B,J1,2 ∈ ℱ such that J1, J2 belongs to 𝒥 and

I = AB+ J1, I = BA+ J2.

Let C ∈ 𝒞. We have

BC−CB = BC(AB+ J1)− (BA+ J2)CB

= BCAB−BACB+ J′

= B(CA−AC)B+ J′,

with J′ ∈ 𝒥 . Because CA−AC ∈ 𝒥 , B ∈ ℒ and therefore (iii) is proved. □
It is possible to apply Allan’s local principle to the algebra ℒ/𝒥 , due to its

large center. It is necessary now to show that ℒ contains the sequences that inter-
est us, namely, the ones corresponding to Wiener-Hopf operators with piecewise
continuous symbols. For this we use the following two results.
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Proposition 7.3. If 𝑓 ∈ 𝐶𝑝(ℝ̇) and 𝑓(∞) = 0 then

∥𝑃𝜏𝑛𝑄𝑛𝑊 (𝑓)∥ → 0, ∥𝑊 (𝑓)𝑃𝜏𝑛𝑄
𝑛∥ → 0 as 𝑛 → ∞.

Proof. Since it is possible to approximate 𝑓 on the ℳ𝑝 norm by functions 𝑓𝑗 such
that 𝑘𝑗 = 𝐹−1𝑓𝑗 are functions in 𝐿1(ℝ) with derivatives also in 𝐿1(ℝ), we may
assume without loss of generality that 𝑓 itself has this property. In this way we
obtain the continuity of 𝑊 (𝑓) from 𝐿𝑝(ℝ+) to 𝐿𝑝,1(ℝ+) (the subspace of 𝐿𝑝(ℝ+)
containing the functions also with derivative in 𝐿𝑝(ℝ+) – see [10, Remark 5.6(ii)]).
Using [10, Lemma 5.25] we then get that there exists a constant 𝑐 such that

∥𝑄𝑛𝑊 (𝑓)𝑢∥𝐽𝑗 ≤ 𝑐ℎ𝑗,𝑛∥𝐷𝑊 (𝑓)𝑢∥𝐽𝑗 ,
with ℎ𝑗,𝑛 = 𝑥

(𝑛)
𝑗 − 𝑥

(𝑛)
𝑗−1 and 𝐷 representing the operator of differentiation. So we

obtain

∥𝑃𝜏𝑛𝑄𝑛𝑊 (𝑓)𝑢∥𝐿𝑝𝑁 = ∥𝑄𝑛𝑊 (𝑓)𝑢∥[0,𝜏𝑛]
≤ 𝑐1( max

1≤𝑗≤𝑛−1
ℎ𝑗,𝑛)∥𝐷𝑊 (𝑓)𝑢∥[0,𝜏𝑛]

≤ 𝑐2( max
1≤𝑗≤𝑛−1

ℎ𝑗,𝑛)∥𝑢∥[0,𝜏𝑛],
for some constants 𝑐1, 𝑐2. Now as max1≤𝑗≤𝑛−1 ℎ𝑗,𝑛 goes to zero as 𝑛 → ∞ the first
result is proved. To prove the second, one uses a duality argument. □
Proposition 7.4. Let 𝑓 ∈ 𝐶𝑝(ℝ̇) with 𝑓(∞) = 0 and 𝐾 represent any compact
operator. Then the following pairs of sequences differ only by a sequence which
tends in the norm to zero. We represent this relation by the sign ≃.

𝑃𝑛𝑊 (𝑓) ≃ 𝑃𝜏𝑛𝑊 (𝑓), 𝑊 (𝑓)𝑃𝑛 ≃ 𝑊 (𝑓)𝑃𝜏𝑛 ; (12)

𝑃𝑛𝐾 ≃ 𝑃𝜏𝑛𝐾, 𝐾𝑃𝑛 ≃ 𝐾𝑃𝜏𝑛 ; (13)

𝑃𝑛𝑅𝜏𝑛𝐾 ≃ 𝑃𝜏𝑛𝑅𝜏𝑛𝐾, 𝐾𝑅𝜏𝑛𝑃
𝑛 ≃ 𝐾𝑅𝜏𝑛𝑃𝜏𝑛 . (14)

The same relations hold with 𝑃𝜏𝑛 and 𝑃𝑛 substituted by 𝑄𝜏𝑛 and 𝑄𝑛, respectively.

Proof. The relations (12) are due to Proposition 7.3. Regarding (13) the result is
evident because 𝑃𝜏𝑛 = 𝑃𝑛 + 𝑃𝜏𝑛𝑄

𝑛 and 𝑃𝜏𝑛𝑄
𝑛 tends strongly to zero, together

with their adjoints. To prove the relations (14) note that 𝑅𝜏𝑛𝑄
𝑛𝑅𝜏𝑛 = 𝑃𝜏𝑛𝑄

′𝑛,
where 𝑄′𝑛 is a projection, similar to 𝑄𝑛 but with the “rotated” mesh {𝜏𝑛 − 𝑥

(𝑛)
𝑘 :

0 ≤ 𝑘 ≤ 𝑛}, which has the same properties of the original mesh. □
Let 𝐼𝑁 represent the 𝑁 × 𝑁 identity matrix.

Proposition 7.5. Let 𝑓 ∈ 𝐶𝑝(ℝ̇) and 𝐴𝑛 be the operators defined in Proposition
6.7. Then we have (𝑃𝑛𝑊 (𝑓𝐼𝑁 )𝑃

𝑛)(𝐴𝑛)− (𝐴𝑛)(𝑃
𝑛𝑊 (𝑓𝐼𝑁 )𝑃

𝑛) ∈ 𝒥 .
Proof. First write 𝑊 (𝑓𝐼𝑁 ) = 𝑊

(
𝑓 − 𝑓(∞))𝐼𝑁

)
+ 𝑓(∞)𝐼. It is thus sufficient to

prove the result for continuous functions 𝑓 which take the value 0 at infinity.
The proof will be done by induction with respect to the number of factors of

𝐴𝑛. We start with one factor. Using the well-known equality

𝑊 (𝑎𝑏) = 𝑊 (𝑎)𝑊 (𝑏) +𝐻(𝑎)𝐻(�̃�) (15)
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where �̃� is the function defined by �̃�(𝑥) := 𝑏(−𝑥), we get

𝑃𝑛𝑊 (𝑓𝑎)𝑃𝑛

= 𝑃𝑛𝑊 (𝑓𝐼𝑁 )𝑃
𝑛𝑊 (𝑎)𝑃𝑛 + 𝑃𝑛𝑊 (𝑓𝐼𝑁 )𝑄

𝑛𝑊 (𝑎)𝑃𝑛 + 𝑃𝑛𝐻(𝑓𝐼𝑁 )𝐻(�̃�)𝑃𝑛.

As 𝐻(𝑓𝐼𝑁 ) is compact, the third term is in 𝒥 . The second can be written as
𝑃𝑛𝑊 (𝑓𝐼𝑁 )𝑄

𝑛𝑊 (𝑎)𝑃𝑛 ≃ 𝑃𝑛𝑊 (𝑓𝐼𝑁 )𝑄𝜏𝑛𝑊 (𝑎)𝑃𝑛

= 𝑃𝑛𝑅𝜏𝑛𝑅𝜏𝑛𝑊 (𝑓𝐼𝑁 )𝑉𝜏𝑛𝑉−𝜏𝑛𝑊 (𝑎)𝑅𝜏𝑛𝑅𝜏𝑛𝑃
𝑛.

For 0 < 𝑥 < 𝜏 we have

(𝑅𝜏𝑊 (𝑓)𝑉𝜏𝑢)(𝑥) =
1

2𝜋

∫ +∞

−∞
𝑒−𝑖(𝜏−𝑥)𝜉𝑓(𝜉)

∫ ∞

𝜏

𝑒𝑖𝜉𝑦𝑢(𝑦 − 𝜏) 𝑑𝑦 𝑑𝜉

=
1

2𝜋

∫ +∞

−∞
𝑒−𝑖𝑥(−𝜉)𝑓(𝜉)

∫ ∞

0

𝑒𝑖𝜉𝑦
′
𝑢(𝑦′) 𝑑𝑦′ 𝑑𝜉 = 𝑃𝜏𝐻(𝑓),

and with the same arguments it can be proved that 𝑉−𝜏𝑊 (𝑎)𝑅𝜏 = 𝐻(𝑎)𝑃𝜏 , con-
sequently,

𝑃𝑛𝑊 (𝑓𝐼𝑁 )𝑄𝜏𝑛𝑊 (𝑎)𝑃𝑛 = 𝑃𝑛𝑅𝜏𝑛𝐻(𝑓𝐼𝑁 )𝐻(𝑎)𝑅𝜏𝑛𝑃
𝑛,

and 𝐻(𝑓𝐼) is compact because 𝑓 is continuous. One concludes then that

(𝑃𝑛𝑊 (𝑓𝐼𝑁 )𝑃
𝑛𝑊 (𝑎)𝑃𝑛)− (𝑃𝑛𝑊 (𝑓𝑎)𝑃𝑛) ∈ 𝒥 .

Similarly, one has

(𝑃𝑛𝑊 (𝑎)𝑃𝑛𝑊 (𝑓𝐼𝑁 )𝑃
𝑛)− (𝑃𝑛𝑊 (𝑓𝑎)𝑃𝑛) ∈ 𝒥 .

Now we turn to the induction step. For notational simplicity, we will only
explain this step for the passage from one factor to two factors. A little thought
shows that the same argument works for the general induction step. We will use
the relations (12)–(14), which allow the substitution of the projections 𝑃𝑛 by the
projection 𝑃𝜏𝑛 under certain conditions. Some care is in order because formally
those sequences by themselves do not belong to ℰ , since they do not act on the
spline space 𝑆𝑛.

So, let 𝐴𝑛 = 𝑃𝑛𝑊 (𝑎)𝑃𝜏𝑛𝑊 (𝑏)𝑃𝑛. We have:

𝑃𝑛𝑊 (𝑓𝐼𝑁 )𝑃
𝑛𝐴𝑛 ≃ 𝑃𝑛𝑊 (𝑓𝐼𝑁 )𝑊 (𝑎)𝑃𝜏𝑛𝑊 (𝑏)𝑃𝑛 (16)

− 𝑃𝑛𝑊 (𝑓𝐼𝑁 )𝑄𝜏𝑛𝑊 (𝑎)𝑃𝜏𝑛𝑊 (𝑏)𝑃𝑛 (17)

where with a similar reasoning as in the first part of the proof we obtain that (17)
is equal to

𝑃𝑛𝑅𝜏𝑛𝐻(𝑓𝐼𝑁 )𝐻(𝑎)𝑅𝜏𝑛𝑃𝜏𝑛𝑊 (𝑏)𝑃𝑛

with 𝐻(𝑓𝐼𝑁 ) compact and thus belongs to 𝒥 . Regarding the right-hand side of
(16), one can write

𝑃𝑛𝑊 (𝑓𝐼𝑁 )𝑊 (𝑎)𝑃𝜏𝑛𝑊 (𝑏)𝑃𝑛 ≃ 𝑃𝑛𝑊 (𝑎)𝑊 (𝑓𝐼𝑁 )𝑃
𝑛𝑊 (𝑏)𝑃𝑛 (18)

+ 𝑃𝑛𝐾𝑃𝑛𝑊 (𝑏)𝑃𝑛, (19)
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with a compact operator 𝐾. The sequence in (19) is in 𝒥 . It is possible now to
repeat the arguments to show that

𝑃𝑛𝑊 (𝑎)𝑊 (𝑓𝐼𝑁 )𝑃
𝑛𝑊 (𝑏)𝑃𝑛 = 𝑃𝑛𝑊 (𝑎)𝑃𝑛𝑊 (𝑓𝐼𝑁 )𝑃

𝑛𝑊 (𝑏)𝑃𝑛 + 𝐽𝑛

where (𝐽𝑛) ∈ 𝒥 . Continuing to use the same reasoning as before one finally obtains
(𝑃𝑛𝑊 (𝑓𝐼𝑁 )𝑃

𝑛)(𝐴𝑛)− (𝐴𝑛)(𝑃
𝑛𝑊 (𝑓𝐼𝑁 )) ∈ 𝒥 . □

The last proposition shows that the sequences (𝐴𝑛) formed by the operators
defined in Proposition 6.7 belong to the algebra ℒ. Thus the algebra ℒ/𝒥 has the
cosets of the sequences of which we want to study stability, and has a large enough
center that allows invertibility criteria via localization. Write ℒ𝒥 for ℒ/𝒥 . It is also
not difficult to see that the set 𝒞𝒥 := 𝒞/𝒥 forms a closed commutative subalgebra
of ℒ𝒥 , and is contained in its center. The algebra 𝒞𝒥 is isomorphic to the algebra
𝐶𝑝. The maximal ideal space is formed by the cosets (𝑃𝑛𝑊 (𝑓𝑥𝐼)𝑃

𝑛) + 𝒥 with

𝑓𝑥(𝑥) = 0 and 𝑥 ∈ ℝ̇, and it is topologically isomorphic to ℝ̇.
In order to apply Allan’s localization principle, let ℐ𝜂, 𝜂 ∈ ℝ̇, be the smallest

closed two-sided ideal of ℒ𝒥 which contains the ideal 𝜂 of 𝒞𝒥 . We denote the
canonical homomorphism ℒ𝒥 → ℒ𝒥 /ℐ𝜂 =: ℒ𝒥

𝜂 by Φ𝒥
𝜂 .

After localization, Theorem 6.8 takes the form:

Theorem 7.6. Let A ∈ ℒ. The sequence A is stable if and only if 𝑂0(A) and

𝑂1(A) are invertible, and for all 𝜂 ∈ ℝ̇, Φ𝒥
𝜂 (A) is invertible in ℒ𝒥

𝜂 .

8. Identification of the local algebras

Proposition 7.5 shows that the sequencesA := (𝑃𝑛𝑊 (𝑎)𝑃𝑛) with 𝑎 ∈ 𝑃𝐶𝑁×𝑁
𝑝 (ℝ̇)

belong to the algebra ℒ. It is thus possible to study the local invertibility of the
coset Φ𝒥

𝑥 (A).
Given any positive real number 𝜏 , define the operator

𝑍𝜏 : 𝐿
𝑝
𝑁 (ℝ

+) → 𝐿𝑝𝑁(ℝ
+), (𝑍𝜏𝑢)(𝑥) = 𝜏−1/𝑝𝑢(𝑥/𝜏).

Obviously ∥𝑍𝜏∥ℬ = 1. It is also clear that 𝑍𝜏 is invertible and 𝑍−1
𝜏 = 𝑍1/𝜏 .

For 𝜂 ∈ ℝ, put

𝑈𝜂 : 𝐿
𝑝
𝑁 (ℝ

+) → 𝐿𝑝𝑁(ℝ
+), (𝑈𝜂𝑢)(𝑥) = 𝑒𝑖𝜂𝑥𝑢(𝑥).

It is clear that 𝑈−1
𝜂 = 𝑈−𝜂 and ∥𝑈±1

𝜂 ∥ℬ = 1.
Let ℋ𝜂 denote the set of all sequences A = (𝐴𝑛) ∈ ℰ such that the sequence

(𝑍−1
𝜏𝑛 𝑈𝜂𝐴𝑛𝑈

−1
𝜂 𝑍𝜏𝑛) is *-strongly convergent as 𝑛 → +∞.

Lemma 8.1. Let 𝜂 ∈ ℝ.

(i) The set ℋ𝜂 is a closed unital subalgebra of the algebra ℰ.
(ii) The mapping H𝜂 : ℋ𝜂 → ℬ given by

H𝜂(A) := s-lim
𝑛→+∞𝑍−1

𝜏𝑛 𝑈𝜂𝐴𝑛𝑈
−1
𝜂 𝑍𝜏𝑛
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for A = (𝐴𝑛) ∈ ℋ𝜂 is a bounded unital homomorphism with the norm

∥H𝜂∥ = 1.

(iii) The set 𝒢 is a closed two-sided ideal of the algebra ℋ𝜂.
(iv) The ideal 𝒢 lies in the kernel of the homomorphism H𝜂.
(v) The algebra ℋ𝜂/𝒢 is inverse closed in the algebra ℰ/𝒢.

The proof is again analogous to the proof of [11, Proposition 6.5.1].

Denote by 𝒜 be the smallest closed subalgebra of ℰ containing the sequences
(𝑃𝑛𝑊 (𝑎)𝑃𝑛) with 𝑎 ∈ 𝑃𝐶𝑁×𝑁

𝑝 (ℝ̇).

Lemma 8.2. Let 𝑓 ∈ 𝐶(ℝ) be a uniformly continuous function. Then
∥𝑓𝑃𝑛 − 𝑃𝑛𝑓𝐼∥ℒ(𝐿𝑝(ℝ+)) → 0.

Proof. It is just necessary to remark that if 𝑓 is a uniformly continuous function,
then 𝜔(𝑓,max1≤𝑗≤𝑛−1 ℎ𝑗,𝑛) tends to zero and apply Proposition 3.2. □

Proposition 8.3. If (𝐴𝑛) ∈ 𝒜 and 𝜂 ∈ ℝ, then the limit H𝜂(𝐴𝑛) exists. In particu-
lar,

(i) H𝜂(𝑃
𝑛) = 𝑃1;

(ii) H𝜂(𝑊 (𝑎)) = 𝑎(𝜂−)𝑊 (𝜒−𝐼𝑁 ) + 𝑎(𝜂+)𝑊 (𝜒
+
𝐼𝑁 ) for 𝑎 ∈ 𝑃𝐶𝑁×𝑁(ℝ̇);

(iii) if (𝑗𝜏 ) ∈ 𝒥0 or (𝑗𝜏 ) ∈ 𝒥1, then H𝜂(𝑗𝜏 ) = 0.

The proof of the result above is the same as the one in [12, Lemma 7.4] taking
into account Corollary 8.2.

We are now in a position to identify the local algebras. We will start by
proving that these local algebras are singly generated (without counting the matrix
multipliers). Let 𝐼𝜂 represent the identity in the local algebra ℒ𝒥

𝜂 .

Proposition 8.4. If 𝑓 ∈ 𝐶𝑝(ℝ̇) and 𝜂 ∈ ℝ then Φ𝒥
𝜂 (𝑃

𝑛𝑊 (𝑓𝐼𝑁 )𝑃
𝑛) = 𝑓(𝜂)𝐼𝜂.

Proof. If 𝑓(𝜂) = 0, the result is clear because Φ𝒥
𝜂 (𝑃

𝑛𝑊 (𝑓𝐼𝑁 )𝑃
𝑛) is in the coset

0. If 𝑓(𝜂) ∕= 0 then we write

Φ𝒥
𝜂 (𝑃

𝑛𝑊 (𝑓)𝑃𝑛) = 𝑓(𝜂)Φ𝒥
𝜂 (𝑃

𝑛𝑊 (𝐼𝑁 )𝑃
𝑛) + Φ𝒥

𝜂 (𝑃
𝑛𝑊 ((𝑓 − 𝑓(𝜂))𝐼𝑁 )𝑃

𝑛)

with 𝑓 − 𝑓(𝜂) a function in 𝐶(ℝ̇) that takes the value zero at the point 𝜂, and the
result is proved. □

It is also easy to prove that some other cosets are in the local ideals ℐ𝜂.
Proposition 8.5. Let 𝑎 ∈ 𝑃𝐶(ℝ̇)𝑁×𝑁 be continuous at the point 𝜂 ∈ ℝ̇ and take
the value 0 at that point. Then Φ𝒥

𝜂 (𝑃
𝑛𝑊 (𝑎)𝑃𝑛) = 0.

Proof. Given 𝜖 > 0, we can approximate 𝑎 by a matrix function 𝑏 ∈ 𝑃𝐶(ℝ̇)𝑁×𝑁

such that 𝑏 is zero in a neighborhood 𝑈 of 𝜂 and ∥𝑊 (𝑎 − 𝑏)∥ < 𝜖. Then define a
continuous function 𝑓𝜖 such that its support is contained in 𝑈 and 𝑓𝜖(𝜂) = 1. Due
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to the last proposition, Φ𝒥
𝜂 (𝑃

𝑛𝑊 (𝑓𝜖𝐼𝑁 )𝑃
𝑛) is the identity in the local algebra and

so it is possible to write

∥Φ𝒥
𝜂 (𝑃

𝑛𝑊 (𝑎)𝑃𝑛)∥ ≤ 𝜖+ ∥Φ𝒥
𝜂 (𝑃

𝑛𝑊 (𝑏)𝑃𝑛)∥
and

Φ𝒥
𝜂 (𝑃

𝑛𝑊 (𝑏)𝑃𝑛) = Φ𝒥
𝜂 (𝑃

𝑛𝑊 (𝑏)𝑃𝑛)Φ𝒥
𝜂 (𝑃

𝑛𝑊 (𝑓𝜖𝐼𝑁 )𝑃
𝑛)

= Φ𝒥
𝜂 (𝑃

𝑛𝑊 (𝑏𝑓𝐼𝑁 )𝑃
𝑛) = 0.

Because we can choose 𝜖 as small as desired, the result follows. □
Denote by 𝜒𝜂± the characteristic function of the infinite interval ]𝜂,+∞[ (resp.

]− ∞, 𝜂[).

Proposition 8.6. The algebras 𝒜𝒥
𝜂 , 𝜂 ∈ ℝ̇, are generated by the cosets Φ𝒥

𝜂 (𝑎𝑃
𝑛)

with 𝑎 ∈ ℂ𝑁×𝑁 and Φ𝒥
𝜂 (𝑃

𝑛𝑊 (𝜒𝜂
+
𝐼𝑁 )𝑃

𝑛).

Proof. Let Φ𝒥
𝜂 (𝑃

𝑛𝑊 (𝑎)𝑃𝑛) be a generator element of 𝒜𝒥
𝜂 . If 𝜂 ∈ ℝ, define the

piecewise constant matrix function 𝑎𝜂 = 𝑎(𝜂−)𝜒𝜂− + 𝑎(𝜂+)𝜒𝜂
+
, if 𝜂 = ∞, define

𝑎𝜂 = 𝑎(−∞)𝜒− +𝑎(+∞)𝜒
+
. Because 𝑎−𝑎𝜂 is continuous at the point 𝜂 and takes

the value 0 there, Proposition 8.5 enables us to write

Φ𝒥
𝜂 (𝑃

𝑛𝑊 (𝑎)𝑃𝑛) = Φ𝒥
𝜂 (𝑃

𝑛𝑊 (𝑎𝜂)𝑃
𝑛).

As 𝑊 (𝑎𝜂) can be written as 𝑎(𝜂−)𝑊 (𝐼𝑁 − 𝜒𝜂
+
𝐼𝑁 ) + 𝑎(𝜂+)𝑊 (𝜒𝜂

+
𝐼𝑁 ) (or in an

equivalent form for 𝜂 = ∞) the result follows. □
Having proved that the local algebras are singly generated (times matrix

multipliers), it is only necessary to know the local spectra of Φ𝒥
𝜂 (𝑃

𝑛𝑊 (𝜒
+
)𝑃𝑛)

in order to obtain invertibility criteria for any element of the algebra. Denote the
local spectrum of an element A+ 𝒥 at 𝜂 ∈ ℝ̇ by 𝜎𝜂(A). For 𝛼 > 0, set

𝔄𝛼 := {(1 + coth((𝑧 + i𝛼)𝜋))/2 : 𝑧 ∈ ℝ} ∪ {0, 1}
and define the lentiform domain

𝔏𝑝 :=
{
𝑧 ∈ 𝔄𝑠 : min{𝑝, 𝑞} ≤ 𝑠 ≤ max{𝑝, 𝑞}}. (20)

where 𝑞 = 𝑝/(𝑝 − 1).

Theorem 8.7. Let 𝜂 ∈ ℝ. Then 𝜎𝜂(𝑃
𝑛𝑊 (𝜒

+
)𝑃𝑛) = 𝔏𝑝. Moreover, the local algebra

𝒜𝒥
𝜂 is isomorphic to the matrix algebra [𝑃1𝑊 (𝜒

+
)𝑃1]

𝑁×𝑁 .

Proof. Consider first 𝜂 ∈ ℝ. Due to the unital homomorphism H𝜂, which is well
defined in the local algebras because of Lemma 8.3, and the known results for
singular integral operators on bounded curves (see for instance [7, Theorem 3.2]),
it is easy to see that the lentiform domain 𝔏𝑝 must be contained in the local
spectrum.

To prove the reverse inclusion consider first 𝜂 ∈ ℝ. Suppose A ∈ 𝒜. Then
the sequence A𝜂 given by

A𝜂 := (𝑃𝑛𝑈−1
𝜂 𝑍𝜏𝑛H𝜂(A)𝑍

−1
𝜏𝑛 𝑈𝜂𝑃

𝑛)
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belongs to ℒ. In fact, the elements of H𝜂(A) are generated by 𝑃1 and 𝑃1𝑊 (𝜒
+
)𝑃1.

We have

(𝑃𝑛𝑈−1
𝜂 𝑍𝜏𝑛

𝑚∏
𝑘=1

(
𝑃1𝑊 (𝜒

+
)𝑃1

)
𝑍−1
𝜏𝑛 𝑈𝜂𝑃

𝑛) = (𝑃𝑛
𝑚∏
𝑘=1

(
𝑃𝜏𝑛𝑊 (𝜒𝜂

+
)𝑃𝜏𝑛

)
𝑃𝑛)

which belongs to ℒ by Proposition 7.5 Define now

H′
𝜂 : H(𝒜) → Φ𝒥

𝜂 (𝒜), 𝐴 �→ Φ𝒥
𝜂 (𝑃

𝑛𝑈−1
𝜂 𝑍𝜏𝑛𝐴𝑍−1

𝜏𝑛 𝑈𝜂𝑃
𝑛).

We claim that H′
𝜂 is an homomorphism. To show this, write 𝐴 := 𝑃1𝑊 (𝜒

+
)𝑃1 and

let 𝑓𝜂 be a continuous function vanishing at infinity and such that 𝑓𝜂(𝜂) = 1.

H′
𝜂(𝐴

2) = Φ𝒥
𝜂 (𝑃

𝑛𝑈−1
𝜂 𝑍𝜏𝑛𝐴𝑍−1

𝜏𝑛 𝑈𝜂𝑈
−1
𝜂 𝑍𝜏𝑛𝐴𝑍−1

𝜏𝑛 𝑈𝜂𝑃
𝑛)

= Φ𝒥
𝜂 (𝑃

𝑛𝑊 (𝜒𝜂
+
)𝑃𝜏𝑛𝑃𝜏𝑛𝑊 (𝜒𝜂

+
)𝑃𝑛)

= Φ𝒥
𝜂 (𝑃

𝑛𝑊 (𝑓𝜂)𝑃
𝑛)Φ𝒥

𝜂 (𝑃
𝑛𝑊 (𝜒𝜂

+
)𝑃𝜏𝑛𝑃𝜏𝑛𝑊 (𝜒𝜂

+
)𝑃𝑛)

= Φ𝒥
𝜂 (𝑃

𝑛𝑊 (𝜒𝜂
+
)𝑊 (𝑓𝜂)𝑃𝜏𝑛𝑊 (𝜒𝜂

+
)𝑃𝑛)

= Φ𝒥
𝜂 (𝑃

𝑛𝑊 (𝜒𝜂
+
)𝑊 (𝑓𝜂)𝑃

𝑛𝑊 (𝜒𝜂
+
)𝑃𝑛) (by (12))

= Φ𝒥
𝜂 (𝑃

𝑛𝑊 (𝜒𝜂
+
)𝑃𝑛𝑊 (𝜒𝜂

+
)𝑃𝑛)

= Φ𝒥
𝜂 (𝑃

𝑛𝑊 (𝜒𝜂
+
)𝑃𝑛)Φ𝒥

𝜂 (𝑃
𝑛𝑊 (𝜒𝜂

+
)𝑃𝑛) = H′

𝜂(𝐴)H
′
𝜂(𝐴).

The claim is proved.
The homomorphism H′

𝜂 is in fact the inverse of H𝜂, and thus the local spec-

trum of the element Φ𝒥
𝜂 (𝑃

𝑛𝑊 (𝜒𝜂
+
)𝑃𝑛) contains the spectrum of the operator

𝑃1𝑊 (𝜒
+
)𝑃1 which is well known to be 𝔏𝑝 (see, for instance, [3, Proposition 9.15]).

Finally one can see that the local algebra 𝒜𝒥
𝜂 is isomorphic to the matrix

algebra [𝑃1𝑊 (𝜒
+
)𝑃1]

𝑁×𝑁 through the isomorphism H𝜂. □
These last observations finish the identification of the local algebras. We can

enunciate the result

Theorem 8.8. If 𝐴 = 𝑊 (𝑎) with 𝑎 ∈ 𝑃𝐶𝑁×𝑁 (ℝ̇) and 𝑎 continuous at infinity,
then the method (1) is stable if and only if 𝑊 (𝑎) and 𝑊 (�̃�) are invertible and
𝑃1

(
𝑎(𝜂−)𝑊 (𝜒−𝐼𝑁 ) + 𝑎(𝜂+)𝑊 (𝜒+𝐼𝑁 )

)
𝑃1 is invertible in [Im 𝑃1]

𝑁 for every point
of discontinuity of 𝑎.

What the above result means is that, in some sense, for meshes of the class
ℳ, the specific mesh is unessential for the stability property of the sequence,
as long as the generating function of the Wiener-Hopf operator is continuous at
infinity. It is still an open question if the discontinuity at infinity will change this
picture. That question will be object of further research.
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[3] A. Böttcher and B. Silbermann. Analysis of Toeplitz operators. Springer-Verlag,
Berlin, second edition, 2006.

[4] L. Castro, F.-O. Speck, and F.S. Teixeira. On a class of wedge diffraction problems
posted by Erhard Meister. In Operator theoretical methods and applications to math-
ematical physics, volume 147 of Oper. Theory Adv. Appl., pages 213–240. Birkhäuser,
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On the Spectrum of Some Class of
Jacobi Operators in a Krein Space

I.A. Sheipak

Abstract. A Jacobi matrix with exponential growth of its elements and a cor-
responding symmetric operator are considered. It is proved that the eigenvalue
problem of some self-adjoint extension of the operator in some Hilbert space
is equivalent to the eigenvalue problem of a Sturm–Liouville operator with
discrete self-similar weight. An asymptotic formula for the eigenvalues distri-
bution is obtained. The case of an indefinite metric and self-adjoint extension
of the operator in a Krein space is also considered.
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Keywords. Jacobi matrix, self-adjoint extension of the symmetric operators,
eigenvalues asymptotic, self-similar function, Krein space.

1. Introduction

We consider the eigenvalue problem for three-diagonal Jacobi matrix of the fol-
lowing type: ⎛⎜⎜⎜⎜⎜⎜⎝

𝛼 𝛽 0 0 . . . 0 . . .
𝛾 𝛼𝑞 𝛽𝑞 0 . . . 0 . . .
0 𝛾𝑞 𝛼𝑞2 𝛽𝑞2 . . . 0 . . .
. . .
0 0 0 𝛾𝑞𝑛−1 𝛼𝑞𝑛 𝛽𝑞𝑛 0
. . . . . . . . . . . . . . . . . . . . .

⎞⎟⎟⎟⎟⎟⎟⎠ , (1.1)

with parameter 𝑞 > 1.
The spectral properties of a Jacobi matrix depend on the behaviour of its

elements. The asymptotic formulas for eigenvalues are known for some narrow
classes of such matrices. We consider the matrix with exponential growth of the
elements. Jacobi operators with exponential and hyper-exponential varying of the
elements arise in different applications but they are studied only for some simple

The work is supported by RFFI, project N 10-01-00423.
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cases when elements decrease and the operators are bounded. In [1] the spectral
properties of two-diagonal symmetric matrix are studied: all the main diagonal
elements are zero and the off-diagonal elements 𝑏𝑛 are given by the formula 𝑏𝑛 =
𝑞𝑛

𝑠

, where 0 < 𝑞 < 1 and 𝑠 is an arbitrary natural number. By the technique
based on properties of transcendental functions the author obtains the following
asymptotic estimations for the eigenvalues 𝜆𝑛 of this class of a Jacobi operator:
𝑏2𝑛+1 < 𝜆𝑛 < 𝑏2𝑛−1.

In [2] a wider class of two-diagonal Jacobi symmetric matrixes is considered:
the off-diagonal elements 𝑏𝑛 are supposed to be positive and to satisfy the condition

lim
𝑛→∞

𝑏𝑛+1

𝑏𝑛
= 0.

In this case the asymptotic of the eigenvalues is 𝜆𝑛 = 𝑏2𝑛−1(1 + 𝑜(1)), 𝑛 → ∞.
The result is obtained by variational methods.

In the cited papers the operators are self-adjoint and compact. In contrast
to them in our case the elements of the matrix (1.1) grow since the parameter 𝑞 is
greater than 1, therefore the matrix generates an unbounded operator. This raises
the question how to describe the domain of the corresponding operator.

Under the additional assumption 𝛽𝛾 > 0 the operator can be symmetrized
in some Hilbert space. Then it can have defect numbers (0; 0) or (1; 1). In the
former case the operator is self-adjoint. In the latter case we should describe the
self-adjoint extensions of the operator. It should be noted that the condition of
the symmetrization is often fulfilled for matrixes in different applications. For the
finite order matrix this assumption is related to the notion of normal matrix (see,
for example, [3]). If the inequality 𝛽𝛾 < 0 holds the operator can be symmetrized
in some Krein space.

The paper is organized as follows. Section 2 contains basic information on
self-similar functions and discrete self-similar measures. In Section 3 we transform
the Sturm–Liouville problem with discrete self-similar weight to the eigenvalue
problem for the matrix (1.1) and describe the suitable self-adjoint extension of
the corresponding operator. By the equivalence of the two spectral problems the
asymptotic formulas for the Jacobi operator eigenvalues are obtained. The asymp-
totic formulas for eigenvalues are different for self-adjoint extensions in a Hilbert
space and in a Krein space.

2. Self-similar functions of zero spectral order

For the solution of our spectral problem of some class of Jacobi operators we need
to give some information on self-similar functions.

Let the numbers 𝑎 ∈ (0, 1) and 𝑑 satisfy the condition

𝑎∣𝑑∣2 < 1. (2.1)
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Let us define an affine transformation 𝐺 in 𝐿2[0, 1] by the formula

𝐺(𝑓)(𝑥) = 𝛽1 ⋅ 𝜒[0,1−𝑎)(𝑥) +
(
𝑑 ⋅ 𝑓
(
𝑥 − 1 + 𝑎

𝑎

)
+ 𝛽2

)
⋅ 𝜒(1−𝑎,1](𝑥), (2.2)

where 𝛽1, 𝛽2 are arbitrary real numbers.

Statement 2.1. If the condition (2.1) holds then the operator 𝐺 is a contraction in
𝐿2[0, 1].

Proof. For arbitrary functions 𝑓, 𝑔 ∈ 𝐿2[0, 1] we have

∥𝐺(𝑓)− 𝐺(𝑔)∥2𝐿2[0,1] =
∫ 1

1−𝑎
∣𝑑∣2
(
𝑓

(
𝑥 − 1 + 𝑎

𝑎

)
− 𝑔

(
𝑥 − 1 + 𝑎

𝑎

))
𝑑𝑥

= 𝑎∣𝑑∣2∥𝑓 − 𝑔∥2𝐿2[0,1]. □

Consequently there is the unique function 𝑃 ∈ 𝐿2[0, 1] such that the equation
𝐺(𝑃 ) = 𝑃 holds. Such function 𝑃 belongs to a class of self-similar functions of zero
spectral order. The numbers 𝑎, 𝑑, 𝛽1 and 𝛽2 are called self-similarity parameters
of the function 𝑃 .

From the definition it follows that 𝑃 is a piecewise constant function and it
can be written as

𝑃 (𝑥) = 𝛽1, 𝑥 ∈ [0, 1− 𝑎), (2.3)

𝑃 (𝑥) = 𝑑𝑘𝛽1 + 𝛽2(1 + 𝑑+ ⋅ ⋅ ⋅+ 𝑑𝑘−1), 𝑥 ∈ (1− 𝑎𝑘, 1− 𝑎𝑘+1), 𝑘 = 1, 2, . . .
(2.4)

More detail information on self-similar functions in 𝐿𝑝[0, 1] can be found in
[5]. For the general construction of self-similar functions with zero spectral order
see [6] and [8].

3. Sturm–Liouville problem with discrete self-similar weight

The purpose of this section is to establish the equivalence of the eigenvalue problem
for the matrix (1.1) and the following boundary problem

−𝑦′′ − 𝜆𝜌𝑦 = 0, (3.1)

𝑦(0) = 𝑦(1) = 0, (3.2)

where the derivative 𝜌 = 𝑃 ′ is understood in the distributional sense. The function
𝑃 is a fixed point of the operator (2.2). It is simple to get from (2.3)–(2.4) that

𝜌 :=
∞∑
𝑘=1

𝑚𝑘𝛿(𝑥 − (1− 𝑎𝑘)), (3.3)

where 𝛿(𝑥) is a Dirac delta function. Here𝑚𝑘 = 𝑑𝑘−1(𝑑𝛽1+𝛽2−𝛽1). The condition

𝑃 ∈ 𝐿2[0, 1] implies 𝜌 ∈
∘
𝑊−1

2 [0, 1].
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Via ℌ we denote a space
∘
𝑊 1

2[0, 1] with a scalar product

⟨𝑦, 𝑧⟩ =
1∫

0

𝑦′𝑧′𝑑𝑥.

By ℌ′ we denote the dual space to ℌ with respect to 𝐿2[0, 1], i.e., the completion
of 𝐿2[0, 1] with respect to the norm

∥𝑦∥ℌ′ = sup
∥𝑧∥ℌ=1

∣∣∣∣∣∣
1∫

0

𝑦𝑧𝑑𝑥

∣∣∣∣∣∣ .
Let us consider the embedding operator 𝐽 : ℌ → 𝐿2[0, 1]. The adjoint oper-

ator 𝐽∗ : 𝐿2[0, 1] → ℌ can be continuously extended to the isometry 𝐽+ : ℌ′ → ℌ
by the definition of the space ℌ′.

We associate with the problem (3.1)–(3.2) the linear pencil of the bounded
operators 𝑇𝜌 : ℌ → ℌ′, which is defined by the identity

∀𝜆, ∀𝑦 ∈ ℌ ⟨𝐽+𝑇𝜌(𝜆)𝑦, 𝑦⟩ =
1∫

0

(∣𝑦′∣2 + 𝜆𝑃 ⋅ (∣𝑦∣2)′) 𝑑𝑥. (3.4)

From Theorem 4.1 (see [4]) it follows that the problem (3.1)–(3.2) has purely

discrete spectrum for any weight 𝜌 ∈
∘
𝑊−1

2 [0, 1]. The asymptotic of eigenvalues
depends on a spectral order of the self-similar function 𝑃 .

We consider the problem (3.1)–(3.2) under an assumption that the weight 𝜌
is a generalized derivative of the self-similar function 𝑃 with zero spectral order.
The weight 𝜌 is defined by the formula (3.3).

3.1. Discretization of eigenfunctions of Sturm–Liouville problem with discrete
self-similar weight

As far as 𝑃 is a piecewise constant function we can search the eigenfunction of

the problem (3.1)–(3.2) as a piecewise linear function 𝑦 ∈
∘
𝑊 1

2[0, 1], which can be
defined by the formulas

𝑦(𝑥) = 𝑠1𝑥, 𝑥 ∈ [0, 1− 𝑎), (3.5)

𝑦(𝑥) = 𝑠𝑘𝑥+ 𝑡𝑘, 𝑥 ∈ (1− 𝑎𝑘−1, 1− 𝑎𝑘), 𝑘 = 2, 3, . . . (3.6)

The function 𝑦 is continuous in the end points 𝑥𝑘 := 1 − 𝑎𝑘, 𝑘 = 1, 2, . . . of
intervals (1− 𝑎𝑘−1, 1− 𝑎𝑘), therefore

𝑠𝑘−1(1 − 𝑎𝑘−1) + 𝑡𝑘−1 = 𝑠𝑘(1 − 𝑎𝑘−1) + 𝑡𝑘, 𝑘 = 2, 3, . . . (3.7)
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Substituting the formulas (3.5)–(3.6) into the equation (3.1) and from (3.7)
we get the following system of equations for the numbers 𝑠𝑘:

𝑠1 − 𝑠2 = 𝜆(𝑑𝛽1 + 𝛽2 − 𝛽1)(1− 𝑎)𝑠1,

𝑠2 − 𝑠3 = 𝜆
(
𝑑2𝛽1 + 𝑑(𝛽2 − 𝛽1)

)
(1− 𝑎)(𝑠1 + 𝑎𝑠2),

𝑠3 − 𝑠4 = 𝜆
(
𝑑3𝛽1 + 𝑑2(𝛽2 − 𝛽1)

)
(1 − 𝑎)(𝑠1 + 𝑎𝑠2 + 𝑎2𝑠3),

. . . ,

𝑠𝑛 − 𝑠𝑛+1 = 𝜆
(
𝑑𝑛𝛽1 + 𝑑𝑛−1(𝛽2 − 𝛽1)

)
(1 − 𝑎)(𝑠1 + 𝑎𝑠2 + ⋅ ⋅ ⋅+ 𝑎𝑛−1𝑠𝑛),

. . .

We shall also denote for brevity

𝑟 := (1− 𝑎)(𝑑𝛽1 + 𝛽2 − 𝛽1), 𝑞 :=
1

𝑎𝑑
.

The condition (2.1) implies that

∣𝑞∣ > 1.

We assume that self-similarity parameters 𝑑, 𝛽1 and 𝛽2 satisfy the condition
𝑑𝛽1 + 𝛽2 − 𝛽1, hence 𝑟 ∕= 0. To the end of this section we consider only 𝑑 > 0,
consequently 𝑞 > 1.

A boundary condition at the point 𝑥 = 0 is fulfilled due to (3.5). Taking into
account the boundary condition at the point 𝑥 = 1 we obtain from the formula (3.6)
that

𝑦(1) = lim
𝑛→∞(𝑠𝑛 + 𝑡𝑛).

Then it is simple to get from (3.7) that

𝑡𝑛 =

𝑛−1∑
𝑘=1

𝑠𝑘(𝑥𝑘 − 𝑥𝑘−1)− 𝑠𝑛𝑥𝑛−1.

Finally we receive that

𝑦(1) = (1 − 𝑎)
∞∑
𝑘=1

𝑎𝑘−1𝑠𝑘 = 0,

i.e., the sequence {𝑠𝑘}∞𝑘=1 satisfies the condition

∞∑
𝑘=1

𝑎𝑘−1𝑠𝑘 = 0. (3.8)

Let us note that norm

∥𝑦∥2ℌ =

∞∑
𝑘=1

(1− 𝑎𝑘 − (1 − 𝑎𝑘−1))𝑠2𝑘 = (1 − 𝑎)

∞∑
𝑘=1

𝑎𝑘−1𝑠2𝑘.
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So the problem (3.1)–(3.2) with the discrete self-similar weight 𝜌 is equivalent to
the following problem:⎛⎜⎜⎜⎜⎜⎜⎝

1 −1 0 0 . . . 0 . . .
0 1 −1 0 . . . 0 . . .
0 0 1 −1 . . . 0 . . .
. . .
0 0 0 0 1 −1 0
. . . . . . . . . . . . . . . . . . . . .

⎞⎟⎟⎟⎟⎟⎟⎠

⎛⎜⎜⎜⎜⎜⎜⎝
𝑠1
𝑠2
𝑠3
. . .
𝑠𝑘
. . .

⎞⎟⎟⎟⎟⎟⎟⎠ =

= 𝜆𝑟

⎛⎜⎜⎜⎜⎜⎜⎝
1 0 0 0 . . . 0 . . .
𝑑 𝑑𝑎 0 0 . . . 0 . . .
𝑑2 𝑑2𝑎 (𝑑𝑎)2 0 . . . 0 . . .
. . .

𝑑𝑘−1 𝑑𝑘−1𝑎 𝑑𝑘−1𝑎2 . . . (𝑑𝑎)𝑘−1 0 . . .
. . . . . . . . . . . . . . . . . . . . .

⎞⎟⎟⎟⎟⎟⎟⎠

⎛⎜⎜⎜⎜⎜⎜⎝
𝑠1
𝑠2
𝑠3
. . .
𝑠𝑘
. . .

⎞⎟⎟⎟⎟⎟⎟⎠ , (3.9)

where the sequence {𝑠𝑘}∞𝑘=1 additionally satisfy the condition (3.8) and

∞∑
𝑘=1

𝑎𝑘−1𝑠2𝑘 < ∞.

Let us consider operators defined by the following matrices:

𝐴 =

⎛⎜⎜⎜⎜⎜⎜⎝
1 −1 0 0 . . . 0 . . .
0 1 −1 0 . . . 0 . . .
0 0 1 −1 . . . 0 . . .
. . .
0 0 0 0 1 −1 0
. . . . . . . . . . . . . . . . . . . . .

⎞⎟⎟⎟⎟⎟⎟⎠

𝐵 =

⎛⎜⎜⎜⎜⎜⎜⎝
1 0 0 0 . . . 0 . . .
𝑑 𝑑𝑎 0 0 . . . 0 . . .
𝑑2 𝑑2𝑎 (𝑑𝑎)2 0 . . . 0 . . .
. . .

𝑑𝑘−1 𝑑𝑘−1𝑎 𝑑𝑘−1𝑎2 . . . (𝑑𝑎)𝑘−1 0 . . .
. . . . . . . . . . . . . . . . . . . . .

⎞⎟⎟⎟⎟⎟⎟⎠ .

Then (3.9) can be written in the reduced form

𝐴𝑠 = 𝜆𝑟𝐵𝑠.

It is simple to check that an inverse operator to 𝐵 is given by the matrix

𝐵−1 =

⎛⎜⎜⎜⎜⎝
1 0 0 0 . . .

−𝑑𝑞 𝑞 0 0 . . .
0 −𝑑𝑞2 𝑞2 0 . . .
0 0 −𝑑𝑞3 𝑞3 . . .
. . . . . . . . . . . . . . .

⎞⎟⎟⎟⎟⎠ .
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The natural question arises: which of the two following problems

𝐵−1𝐴𝑠 = 𝜆𝑟𝑠 or 𝐴𝐵−1𝑢 = 𝜆𝑟𝑢 (𝑢 := 𝐵𝑠)

is equivalent to the spectral problem (3.9) in some space of sequences?
Let 𝑤 ∕= 0 be an arbitrary real number and the space of sequence {𝑣𝑘}∞𝑘=1,

satisfying the condition
∞∑
𝑘=1

𝑤𝑘−1𝑣2𝑘 < ∞,

is denoted by 𝑙2,𝑤. The scalar product in this space is defined as follows

⟨𝑢, 𝑣⟩𝑤 =
∞∑
𝑘=1

𝑤𝑘−1𝑢𝑘𝑣𝑘.

In case 𝑤 > 0 the space 𝑙2,𝑤 is a Hilbert one, in case 𝑤 < 0 the scalar product
is indefinite and 𝑙2,𝑤 is a Krein space.

Statement 3.1. The operator 𝐴𝐵−1 is symmetric in the space 𝑙2,1/𝑑.

Proof. By straightforward calculation we obtain that

⟨𝐴𝐵−1𝑢, 𝑣⟩1/𝑑 = ⟨𝑢,𝐴𝐵−1𝑣⟩1/𝑑

= (1 + 𝑑𝑞)

∞∑
𝑘=1

( 𝑞
𝑑

)𝑘−1

𝑢𝑘𝑣𝑘 − 𝑞

∞∑
𝑘=1

( 𝑞
𝑑

)𝑘−1

(𝑢𝑘+1𝑣𝑘 + 𝑢𝑘𝑣𝑘+1).

□

Statement 3.2. The domain of an adjoint operator to 𝐴𝐵−1 consists of the se-
quences 𝑢 ∈ 𝑙2,1/𝑑 such that

∞∑
𝑘=2

1

𝑑𝑘−1

(−𝑑𝑞𝑘−1𝑢𝑘−1 + (1 + 𝑑𝑞)𝑞𝑘−1𝑢𝑘 − 𝑞𝑘𝑢𝑘+1

)2
< ∞. (3.10)

Proof. The matrix of operator 𝐴𝐵−1 has the form

𝐴𝐵−1 =

⎛⎜⎜⎝
1 + 𝑑𝑞 −𝑞 0 0 . . .
−𝑑𝑞 (1 + 𝑑𝑞)𝑞 −𝑞2 0 . . .
0 −𝑑𝑞2 (1 + 𝑑𝑞)𝑞2 −𝑞3 . . .
. . . . . . . . . . . . . . .

⎞⎟⎟⎠ . (3.11)

Applying Proposition 1.1 from [9] (p. 174) we prove the statement. □

Now we are able to find the defect numbers of the operator 𝐴𝐵−1. The prob-
lem (3.1)–(3.2) is self-adjoint and has two boundary conditions. In the procedure of
discretization we take into consideration only one boundary condition at the point
𝑥 = 0 by (3.5). The boundary condition at the point 𝑥 = 1 for the function 𝑦 ∈ ℌ is
not taken into account for the sequence {𝑠𝑘}∞𝑘=1 and for the sequence {𝑢𝑘}∞𝑘=1 yet.
Consequently, defect numbers of the operator 𝐴𝐵−1 equal to (1, 1). The formula
(3.8) for the sequence {𝑠𝑘}∞𝑘=1 is equivalent to the boundary condition 𝑦(1) = 0

613On the Spectrum of Some Class of Jacobi Operators



for the function 𝑦 ∈ ℌ. From the definition of the operator 𝐵 it follows that the
condition (3.8) for the sequence 𝑠 can be rewritten for the sequence 𝑢 = 𝐵𝑠 as

lim
𝑛→∞

𝑢𝑛
𝑑𝑛−1

= 0 (3.12)

in the space 𝑙2,1/𝑑.

Theorem 3.1. The problem (3.4) is equivalent to the problem

𝐴𝐵−1𝑢 = 𝜆𝑟𝑢

in the space 𝑙2,1/𝑑 with conditions (3.10), (3.12) on the sequence 𝑢 = (𝑢1, 𝑢2, . . .),
where 𝑢 = 𝐵𝑠.

Proof. On the one hand the quadratic form of the problem (3.4) looks like∫ 1

0

∣𝑦′(𝑥)∣2𝑑𝑥 = 𝜆 < 𝜌𝑦, 𝑦 >= 𝜆

∞∑
𝑘=1

𝑚𝑘𝑦
2(1− 𝑎𝑘),

where 𝑦 ∈ ℌ. Substituting the representation of 𝑦 (3.5)–(3.6) into this formula
we can write down the quadratic form of the problem in terms of the sequence
{𝑠𝑘}∞𝑘=1:

(1− 𝑎)

∞∑
𝑘=1

𝑎𝑘−1𝑠2𝑘 = 𝜆𝑟

∞∑
𝑘=1

𝑑𝑘−1

1− 𝑎
(𝑠𝑘(1− 𝑎𝑘) + 𝑡𝑘)

2.

From (3.7) by the method of mathematical induction we obtain that

𝑡𝑘 = (1− 𝑎)
𝑘−1∑
𝑗=1

𝑎𝑗−1𝑠𝑗 − (1− 𝑎𝑘−1)𝑠𝑘.

This representation of 𝑡𝑘 leads to the following expression for the quadratic
form of the problem (3.4)

∞∑
𝑘=1

𝑎𝑘−1𝑠2𝑘 = 𝜆𝑟
∞∑
𝑘=1

𝑑𝑘−1

⎛⎝ 𝑘∑
𝑗=1

𝑎𝑗−1𝑠𝑗

⎞⎠2

. (3.13)

On the other hand we can write the quadratic form

⟨𝐴𝐵−1𝑢, 𝑢⟩1/𝑑 = 𝜆𝑟⟨𝑢, 𝑢⟩1/𝑑
of the eigenvalue problem 𝐴𝐵−1𝑢 = 𝜆𝑟𝑢 as

⟨𝐴𝑠,𝐵𝑠⟩1/𝑑 = 𝜆𝑟⟨𝐵𝑠,𝐵𝑠⟩1/𝑑.
Due to the definitions of 𝐴 and 𝐵:

𝐴𝑠 = (𝑠1 − 𝑠2, 𝑠2 − 𝑠3, . . . , 𝑠𝑘 − 𝑠𝑘+1, . . .),

𝐵𝑠 = (𝑠1, 𝑑(𝑠1 + 𝑎𝑠2), . . . , 𝑑
𝑘−1

𝑘∑
𝑗=1

𝑎𝑗−1𝑠𝑗 , . . .)

we get that the quadratic form for the spectral problem of the operator 𝐴𝐵−1

is expressed by (3.13) exactly. The concordance of the domains of the problem
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(3.1)–(3.2) and of the operator 𝐴𝐵−1 follows from (3.10) and (3.12). Substitution

formulas for 𝑢 (𝑢𝑘 = 𝑑𝑘−1
∑𝑘−1
𝑗=1 𝑎𝑗−1𝑠𝑗 , 𝑘 ≥ 2) in (3.10) leads to the correct-

ness of the problem (3.4) in the space of sequences {𝑠𝑘}∞𝑘=1 with the conditions∑∞
𝑘=1 𝑎

𝑘−1𝑠2𝑘 < ∞ and (3.8). □
Remark 3.1. The matrix (3.11) with the domain 𝑢 ∈ 𝑙2,1/𝑑, satisfying the condition

(3.10), (3.12) define a self-adjoint extension of the symmetric operator 𝐴𝐵−1 in
the space 𝑙2,1/𝑑. The eigenvalue problem for this self-adjoint extension is equivalent
to the problem (3.1)–(3.2) (or to the problem (3.4)).

In the next theorem we denote this self-adjoint extension by 𝐿. The Jacobi

matrix 𝐴𝐵−1 belongs to the class of matrix (1.1)
(
𝛼 = 1 + 𝑑𝑞 = 1 +

1

𝑎
, 𝛽 = −𝑞,

𝛾 = −𝑑𝑞 = −1

𝑎

)
(see (3.11)).

Theorem 3.2. There exists a positive number 𝑐 such that for the eigenvalues of the
operator 𝐿 numerated in increasing order the following asymptotic formula holds
as 𝑘 → ∞

𝜆𝑘 = 𝑐𝑞𝑘(1 + 𝑜(1)). (3.14)

Proof. This statement directly comes from the previous theorem 3.1 and the results
of the paper ([8], Theorem 4.1). □
3.2. Indefinite case

We can investigate the problem (3.1)–(3.2) in the case 𝑑 < 0. Then the operator
𝐿 with the domain (3.10), (3.12) is self-adjoint in the space with indefinite metric.

Indeed, let us define orthogonal projections in 𝑙2,1/𝑑:

𝑃+ : 𝑒𝑘 → 𝑒𝑘, 𝑘 = 1, 3, . . . , 2𝑛 − 1, . . . ,

𝑃+ : 𝑒𝑘 → 0, 𝑘 = 2, 4, . . . , 2𝑛, . . . ;

𝑃− : 𝑒𝑘 → 0, 𝑘 = 1, 3, . . . , 2𝑛 − 1, . . . ,

𝑃− : 𝑒𝑘 → 𝑒𝑘, 𝑘 = 2, 4, . . . , 2𝑛, . . . 𝑛 ∈ ℕ,

and the operator 𝐽 = 𝑃+ − 𝑃−.
The operator 𝐿 is 𝐽-self-adjoint. Then it has both positive and negative

eigenvalues. Further we enumerate its positive eigenvalues {𝜆𝑘}∞𝑘=1 in increasing
order. The negative eigenvalues {𝜆−𝑘}∞𝑘=1 are enumerated in increasing order of
the absolute values.

From the statement of the paper [8] (Theorem 4.3 ) the following proposition
follows.

Theorem 3.3. If 𝑑 < 0 then there is a number 𝑐 > 0 such that the positive {𝜆𝑘}∞𝑘=1

and the negative {𝜆−𝑘}∞𝑘=1 eigenvalues of the operator 𝐿 have the following asymp-
totics as 𝑘 → +∞

𝜆𝑘+1 = 𝑐𝑞2𝑘(1 + 𝑜(1)),

𝜆−(𝑘+1) = −𝑐𝑞2𝑘+1(1 + 𝑜(1)).
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Holomorphy in Multicomplex Spaces
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Abstract. In this paper we extend our research on bicomplex holomorphy
and on the existence of bicomplex differential operators to the nested space
of multicomplex numbers. Specifically, we will discuss the different sets of
idempotent representations for multicomplex numbers and we will use them
to develop a theory of holomorphic and multicomplex analytic functions.
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13P10, 35N05.

Keywords. Bicomplex algebra, PDE systems, computational algebra, resolu-
tions, syzygy.

1. Introduction

This paper sets the analytic background for the theory of hyperholomorphic func-
tions of multicomplex variables, and it demonstrates how much of the known
theory for (bi)holomorphic functions of bicomplex variables can be extended to
this setting. For simplicity and consistency of our presentation, we will replace
the terms “hyperholomorphic” and “biholomorphic” with simply “holomorphic”,
whenever there is no danger of confusion.

Without pretense of completeness, we note that one of the first important
references for multicomplex numbers is due to Price [11], who resurrected some
ideas from the Italian school of Segre [17] and Scorza-Dragoni [18], and set the
stage for a modern treatment of bicomplex and multicomplex numbers. Further
literature on this topic contains seminal work of Shapiro, Rochon, Ryan, et all [2,
6, 12, 15]. Important results have also been obtained in [7, 8] on a generalization
of the Fatou-Julia theorem in the context of multicomplex numbers. Moreover,
we mention here the results of Rochon [13], which studies a relation of bicomplex
pseudoanalytic function theory to a special case of the Schrödinger equation.

The starting point of this study consists in considering the space ℂ of complex
numbers as a real bidimensional algebra, and then complexifying it. With this
process one obtains a four-dimensional algebra which is usually denoted by 𝔹ℂ,
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or, as in the next few sections, by 𝔹ℂ2, in order to differentiate it from higher-
dimensional multicomplex algebras. The key point of the theory of functions on
this algebra is that classical holomorphic functions can be extended from one
complex variable to this algebra, and one can therefore develop a new theory of
(hyper)holomorphic functions.

The algebra 𝔹ℂ is four-dimensional over the reals, just like the skew-field of
quaternions, but while in the space of quaternions we have three anti-commutative
imaginary units, i, j,k, where k is introduced as k = ij, in the case of bicomplex
numbers one considers two imaginary units i1, i2 which commute, and so the third
unit i3 = i1i2 ends up being a “new” root of 1; such units are usually called
hyperbolic. Indeed, every bicomplex number 𝑍 can be written as 𝑍 = 𝑧1 + i2𝑧2,
where 𝑧1 and 𝑧2 are complex numbers of the form 𝑧1 = 𝑥1+i1𝑦1, and 𝑧2 = 𝑥2+i1𝑦2,
with i1, i2 commuting imaginary units.

In this paper, the space 𝔹ℂ𝑛 of multicomplex numbers refers to the space
generated over the reals by 𝑛 commuting imaginary units. We will investigate
algebraic properties of this space and analytic properties of multi-complex valued
functions defined on 𝔹ℂ𝑛.

It is worth noting that the algebraic properties of the space 𝔹ℂ2 and the
properties of its holomorphic functions have been discussed before in [4, 5, 21],
using computational algebra techniques. Other important references include [2, 6,
12, 15, 16, 18, 19, 20].

Let us offer a brief overview of the paper. In Section two, we recall the basic
properties and results of bicomplex numbers. This section sets the stage for Section
three, where we discuss the general theory of multicomplex spaces. In Section four
we discuss the holomorphy on multicomplex spaces in the special case of 𝑛 = 3.
Though, technically, this case has nothing special, we thought that its detailed
analysis could help the reader’s intuition when the case of general 𝑛 becomes
computationally cumbersome. Section five is a technical section, which introduces
the recursive relations which are necessary to treat the general case. Finally, in
Section six, we discuss the algebraic properties of the sheaf of holomorphic function
on multicomplex spaces.

2. The 2-dimensional bicomplex space

The first trivial case, of course, is when we only have one imaginary unit, say i1, in
which case the space 𝔹ℂ1 is the usual complex plane ℂ. Since, in what follows, we
will have to work with different complex planes, generated by different imaginary
units, we will denote such a space also by ℂi1 , in order to clarify which is the
imaginary unit used in the space itself.

Thus, the first interesting case occurs when we have two commuting imagi-
nary units i1 and i2. This yields the bicomplex space 𝔹ℂ2, which we have quickly
introduced in the previous section. This space has extensively been studied in [2, 6,
11, 12], and more recently by the authors in [4, 5, 21], where it is referred to as 𝔹ℂ.
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Given that we will study the case of several imaginary units, we will consistently
use the notation which explicitly indicates how many units are involved.

Because of the various units in 𝔹ℂ2, we have several different conjugations
that can be defined naturally. Let therefore consider a bicomplex number 𝑍, and let
us write it both in terms of its complex coordinates, 𝑍 = 𝑧1+i2𝑧2 with 𝑧1, 𝑧2 ∈ ℂ𝑖1 ,
and in terms of its real coordinates 𝑍 = 𝑥1 + i1𝑥2 + i2𝑥3 + i1i2𝑥4 with 𝑥ℓ ∈ ℝ.
If we use the traditional notation 𝑧 for complex conjugation in ℂi1 , we obtain the
following bicomplex conjugations:

𝑍
i2
= 𝑧1 − i2𝑧2 = 𝑥1 + i1𝑥2 − i2𝑥3 − i1i2𝑥4 ,

𝑍
i1
= 𝑧1 + i2𝑧2 = 𝑥1 − i1𝑥2 + i2𝑥3 − i1i2𝑥4 ,

𝑍
i1i2

= 𝑧1 − i2𝑧2 = 𝑥1 − i1𝑥2 − i2𝑥3 + i1i2𝑥4 . (1)

Note the following relationships between these conjugations:

𝑍 ⋅ 𝑍 i1i2
= 𝑧1𝑧1 + 𝑧2𝑧2 + 2i1i2(𝑥1𝑥4 − 𝑥2𝑥3) ,

𝑍
i1 ⋅ 𝑍i2

= 𝑧1𝑧1 + 𝑧2𝑧2 − 2i1i2(𝑥1𝑥4 − 𝑥2𝑥3) ,

𝑍 ⋅ 𝑍i2
= 𝑧21 + 𝑧22 , 𝑍

i1 ⋅ 𝑍 i1i2
= 𝑧1

2 + 𝑧2
2 ,

and most importantly

𝑍
i1
i2

= 𝑍
i1i2

,

which will be very significant when we will define recursively the multicomplex
spaces.

A function 𝐹 : 𝔹ℂ2 → 𝔹ℂ2 can obviously be written as 𝐹 = 𝑢 + i2𝑣, where
𝑢, 𝑣 : 𝔹ℂ2 → 𝔹ℂ1 = ℂi1 . If we use the shorthand ∂𝑡 :=

∂
∂𝑡 for any real variable 𝑡,

the usual complex differential operators are defined by

∂𝑧1 := ∂𝑥1 − i1∂𝑥2 , ∂𝑧2 := ∂𝑥3 − i1∂𝑥4 ,

∂𝑧1 := ∂𝑥1 + i1∂𝑥2 , ∂𝑧2 := ∂𝑥3 + i1∂𝑥4 ,

but, following the notations from [4], we can also introduce the bicomplex differ-
ential operators

∂
𝑍

i1i2 := ∂𝑍∗ := ∂𝑧1 + i2∂𝑧2 = ∂𝑥1 + i1∂𝑥2 + i2∂𝑥3 + i1i2∂𝑥4 ,

∂
𝑍

i1 := ∂𝑍 := ∂𝑧1 − i2∂𝑧2 = ∂𝑥1 + i1∂𝑥2 − i2∂𝑥3 − i1i2∂𝑥4 ,

∂
𝑍

i2 := ∂𝑍† := ∂𝑧1 + i2∂𝑧2 = ∂𝑥1 − i1∂𝑥2 + i2∂𝑥3 − i1i2∂𝑥4 ,

∂𝑍 := ∂𝑧1 − i2∂𝑧2 = ∂𝑥1 − i1∂𝑥2 − i2∂𝑥3 + i1i2∂𝑥4 . (2)

Define now the complex variables:

𝜁 := 𝑧1 + i1𝑧2, 𝜁† := 𝑧1 − i1𝑧2 ,

𝜁
i1
:= 𝑧1 − i1𝑧2, 𝜁†

i1
:= 𝑧1 + i1𝑧2 .
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𝔹ℂ2 is not a division algebra, and it has two distinguished zero divisors, e12 and
e12, which are idempotent, linearly independent over the reals, and mutually or-
thogonal:

e12 :=
1 + i1i2

2
, e12 :=

1− i1i2
2

.

Just like {1, i2}, they form a basis of the complex algebra 𝔹ℂ2, which is called the
idempotent basis. In this basis, the idempotent representations for 𝑍 = 𝑧1 + i2𝑧2
and its conjugates are

𝑍 = 𝜁†e12 + 𝜁e12, 𝑍
i1
= 𝜁

i1
e12 + 𝜁†

i1
e12,

𝑍
i2
= 𝜁e12 + 𝜁†e12, 𝑍

i1i2
= 𝜁†

i1
e12 + 𝜁

i1
e12.

If we use the notations

∂𝜁† = ∂𝑧1 + i1∂𝑧2 , ∂𝜁 = ∂𝑧1 − i1∂𝑧2 ,

∂
𝜁†

i1 = ∂𝑧1 − i1∂𝑧2 , ∂
𝜁
i1 = ∂𝑧1 + i1∂𝑧2 ,

we can rewrite the bicomplex differentials as follows:

∂𝑍 = ∂𝜁†e12 + ∂𝜁e12 , ∂
𝑍

i1i2 = ∂
𝜁†

i1e12 + ∂
𝜁
i1e12 ,

∂
𝑍

i1 = ∂
𝜁
i1e12 + ∂

𝜁†
i1e12 , ∂

𝑍
i2 = ∂𝜁e12 + ∂𝜁†e12 .

In [2, 11, 13] the authors introduce the following notion of bicomplex derivative:

Definition 1. Let 𝑈 be an open set in 𝔹ℂ2 and let 𝑍0 ∈ 𝑈 . A function 𝐹 : 𝑈 → 𝔹ℂ2

has a derivative at 𝑍0 if the limit

𝐹 ′(𝑍0) := lim
𝑍→𝑍0

(𝑍 − 𝑍0)
−1 (𝐹 (𝑍)− 𝐹 (𝑍0))

exists, for all 𝑍 ∈ 𝑈 such that 𝑍 −𝑍0 is an invertible bicomplex number in 𝑈 (i.e.,
not a divisor of zero).

Note that the limit in the definition above avoids the divisors of zero in 𝔹ℂ2,
which are in the union of the two ideals generated by e12 and e12, the so-called
cone of singularities.

Functions which admit bicomplex derivative at each point in their domain
are called bicomplex holomorphic, and it can be shown that this is equivalent
to require that they admit a power series expansion in 𝑍 [11, Definition 15.2].
There is however a third equivalent notion which is more suitable to our purposes
(see [2, 13]):

Theorem 2. Let 𝑈 be an open set in 𝔹ℂ2 and let 𝐹 = 𝑢 + i2𝑣 : 𝑈 → 𝔹ℂ2 be of
class 𝒞1 in 𝑈 . Then 𝐹 is bicomplex holomorphic if and only if:

1. 𝑢 and 𝑣 are complex holomorphic in both complex ℂi1 variables 𝑧1 and 𝑧2.
2. ∂𝑧1𝑢 = ∂𝑧2𝑣 and ∂𝑧1𝑣 = −∂𝑧2𝑢 on 𝑈 , i.e., 𝑢 and 𝑣 verify the complex Cauchy-
Riemann equations.

Moreover, 𝐹 ′ = 1
2∂𝑍𝐹 = ∂𝑧1𝑢+ i2∂𝑧1𝑣 = ∂𝑧2𝑣 − i2∂𝑧2𝑢, and 𝐹 ′(𝑍) is invertible if

and only if the corresponding Jacobian is non-zero.
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As mentioned in [14], the condition 𝐹 ∈ 𝒞1(𝑈) can be dropped via the Har-
togs’ lemma, on the holomorphy of functions of several complex variables as being
equivalent to their holomorphy in each variable separately (in other words, no
continuity assumption is required). Note here a major difference between quater-
nionic and bicomplex analysis: as it is well known, in ℍ the only functions who
have (one-dimensional) quaternionic derivative in the usual sense are quaternionic
linear functions (e.g., [22]). We mention here the important work of [9, 10], authors
which define and study a two-dimensional directional derivative of a quaternionic
function along a two-dimensional plane. In the bicomplex setting the class of func-
tions admitting a usual derivative is non-trivial and consists on functions admitting
power series expansion.

In an algebraic interpretation, the conditions in Theorem 2 can be translated

as follows: let 𝐹 = 𝑢 + i2𝑣 a 𝒞1(𝑈) function, and set 𝐹 = [𝑢 𝑣]𝑡; then 𝐹 is a
bicomplex holomorphic function if and only if⎡⎢⎢⎢⎢⎢⎢⎣

∂𝑧1 0
∂𝑧2 0
0 ∂𝑧1
0 ∂𝑧2

∂𝑧1 −∂𝑧2
∂𝑧2 ∂𝑧1

⎤⎥⎥⎥⎥⎥⎥⎦𝐹 = 0⃗. (3)

A further interesting characterization of holomorphy in 𝔹ℂ2 is the following result
from [4].

Theorem 3. Let 𝑈 ⊆ 𝔹ℂ2 be an open set and let 𝐹 : 𝑈 → 𝔹ℂ2 be of class 𝒞1 on

𝑈 . Then 𝐹 is bicomplex holomorphic if and only if 𝐹 is 𝑍
i1
, 𝑍

i2
, 𝑍

i1i2
-regular,

i.e.,
∂𝐹

∂𝑍
i1
=

∂𝐹

∂𝑍
i2
=

∂𝐹

∂𝑍
i1i2

= 0.

We mention here that a stronger proof of this theorem can be found in [13,
Lemma 1, p. 8], where the 𝒞1 condition is used in only one direction.

Note that both of these last results indicate that holomorphic functions on
bicomplex variables can be seen as solutions of overdetermined systems of differ-
ential equations with constant coefficients. We have exploited this particularity in
our papers [4, 5, 21], and we will show how similar arguments can be made for
holomorphy on multicomplex spaces.

3. The 𝒏th multicomplex space

We now turn to the definition of the multicomplex spaces, 𝔹ℂ𝑛, for values of 𝑛 ≥ 2.
These spaces are defined by taking 𝑛 commuting imaginary units i1, i2, . . . , i𝑛, i.e.,
i2𝑎 = −1, and i𝑎i𝑏 = i𝑏i𝑎 for all 𝑎, 𝑏. Since the product of two commuting imaginary
units is a hyperbolic unit, and since the product of an imaginary unit and a
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hyperbolic unit is an imaginary unit, we see that these units will generate a group
𝔄𝑛 of 2

𝑛 elements: one is the identity 1, 2𝑛−1 elements are imaginary units and
2𝑛−1 − 1 are hyperbolic units. Then the algebra generated over the real numbers
by 𝔄𝑛 is the multicomplex space 𝔹ℂ𝑛 which forms a ring under the usual addition
and multiplication operations. As in the 𝑛 = 2 case, the ring 𝔹ℂ𝑛 generates a real
algebra, and each of its elements can be written as 𝑍 =

∑
𝐼∈𝔄𝑛

𝑍𝐼𝐼, where 𝑍𝐼 are
real numbers. This last representation of 𝑍 ∈ 𝔹ℂ𝑛 is quite messy, so we will build
a more refined one that will show that these spaces are “nested” spaces.

In particular, following [11], it is natural to define the 𝑛-dimensional multi-
complex space as follows, for 𝑛 ≥ 1:

𝔹ℂ𝑛 := {𝑍𝑛 = 𝑍𝑛−1,1 + i𝑛𝑍𝑛−1,2

∣∣𝑍𝑛−1,1, 𝑍𝑛−1,2 ∈ 𝔹ℂ𝑛−1}
with the natural operations of addition and multiplication. Note that 𝔹ℂ0 := ℝ
and 𝔹ℂ1 = ℂi1 . For 𝑛 ≥ 2, since 𝔹ℂ𝑛−1 can be defined in a similar way, we
recursively obtain, at the 𝑘th level:

𝑍𝑛 =
∑

∣𝐼∣=𝑛−𝑘

𝑛∏
𝑡=𝑘+1

(i𝑡)
𝛼𝑡−1𝑍𝑘,𝐼

where 𝑍𝑘,𝐼 ∈ 𝔹ℂ𝑘, 𝐼 = (𝛼𝑘+1, . . . , 𝛼𝑛), and 𝛼𝑡 ∈ {1, 2}.
Because of the existence of 𝑛 imaginary units, we can define multiple types

of conjugations as follows:

𝑍𝑛
i𝑙
=

⎧⎨⎩

∑
∣𝐼∣=𝑛−𝑘

𝑛∏
𝑡=𝑘+1

𝑡∕=𝑙

(i𝑡)
𝛼𝑡−1(−i𝑙)𝛼𝑙−1𝑍𝑘,𝐼 if 𝑙 > 𝑘

∑
∣𝐼∣=𝑛−𝑘

𝑛∏
𝑡=𝑘+1

𝑡∕=𝑙

(i𝑡)
𝛼𝑡−1𝑍𝑘,𝐼

i𝑙
if 𝑙 < 𝑘

and

𝑍𝑛
i1...i𝑙

= 𝑍 i1
𝑛

i2...
i𝑙

It turns out that

𝑍𝑛
i𝑙
=
∑

∣𝐼∣=𝑛−𝑘

𝑛∑
𝑖=𝑘+1

𝛿𝑙,𝑖(−1)𝛼𝑙−1𝑐𝑘𝑍𝑘,𝐼 +
∑

∣𝐼∣=𝑛−𝑘

𝑘∑
𝑖=1

𝛿𝑙,𝑖𝑐𝑘𝑍𝑘,𝐼
i𝑙
.

These conjugations have been also defined in [7, 8], where the authors prove the
following results:

Theorem 4. The composition of the conjugates in the set of multicomplex numbers
𝔹ℂ𝑛 forms a commutative group of cardinality 2𝑛 isomorphic with ℤ𝑛2 .
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Theorem 5. The multicomplex numbers of order 𝑛 are a subalgebra of the Clifford
algebra 𝐶𝑙ℝ(0, 2𝑛).

These results shed light on the structure of the conjugations on multicomplex
spaces. However, the structure of the multicomplex space 𝔹ℂ𝑛 that will allow us
to simplify the notions of differentiability is the one defined by the idempotent
representations, as follows.

Just as in the case of 𝔹ℂ2 we have idempotent bases in 𝔹ℂ𝑛, that will be
organized at each “nested” level 𝔹ℂ𝑘 inside 𝔹ℂ𝑛 as follows. Denote by

e𝑘𝑙 :=
1 + i𝑘i𝑙

2
,

e𝑘𝑙 :=
1− i𝑘i𝑙

2
.

Consider the following sets:

𝑆1 := {e𝑛−1,𝑛, e𝑛−1,𝑛},
𝑆2 := {e𝑛−2,𝑛−1 ⋅ 𝑆1, e𝑛−2,𝑛−1 ⋅ 𝑆1},

...

𝑆𝑛−1 := {e12 ⋅ 𝑆𝑛−2, e12 ⋅ 𝑆𝑛−2}.

At each stage 𝑘, the set 𝑆𝑘 has 2
𝑘 idempotents. Note the following peculiar iden-

tities:

i𝑘 ⋅ e𝑘𝑙 = i𝑘 − i𝑙
2

= − i𝑙 − i𝑘
2

= −i𝑙 ⋅ e𝑘𝑙 ,

i𝑘 ⋅ e𝑘𝑙 = i𝑘 + i𝑙
2

= i𝑙 ⋅ e𝑘𝑙 .

It is possible to immediately verify the following

Proposition 6. In each set 𝑆𝑘, the product of any two idempotents is zero.

We have several idempotent representations of 𝑍𝑛 ∈ 𝔹ℂ𝑛, as follows.

Theorem 7. Any 𝑍𝑛 ∈ 𝔹ℂ𝑛 can be written as:

𝑍𝑛 =

2𝑘∑
𝑗=1

𝑍𝑛−𝑘,𝑗e𝑗 ,

where 𝑍𝑛−𝑘,𝑗 ∈ 𝔹ℂ𝑛−𝑘 and e𝑗 ∈ 𝑆𝑘.
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Proof. Let 𝑍𝑛 = 𝑍𝑛−1,1 + i𝑛𝑍𝑛−1,2, where 𝑍𝑛−1,1, 𝑍𝑛−1,2 ∈ 𝔹ℂ𝑛−1. Then the
following computations are immediate:

𝑍𝑛=[𝑍𝑛−1,1− i𝑛−1𝑍𝑛−1,2]e𝑛−1,𝑛+[𝑍𝑛−1,1+ i𝑛−1𝑍𝑛−1,2]e𝑛−1,𝑛

=[(𝑍𝑛−2,1− i𝑛−2𝑍𝑛−2,2)e𝑛−2,𝑛−1+(𝑍𝑛−2,1+ i𝑛−2𝑍𝑛−2,2)e𝑛−2,𝑛−1)

− i𝑛−1((𝑍𝑛−2,3− i𝑛−2𝑍𝑛−2,4)e𝑛−2,𝑛−1+(𝑍𝑛−2,3+ i𝑛−2𝑍𝑛−2,4)e𝑛−2,𝑛−1)]e𝑛−1,𝑛

+[(𝑍𝑛−2,1− i𝑛−2𝑍𝑛−2,2)e𝑛−2,𝑛−1+(𝑍𝑛−2,1+ i𝑛−2𝑍𝑛−2,2)e𝑛−2,𝑛−1)

+ i𝑛−1((𝑍𝑛−2,3− i𝑛−2𝑍𝑛−2,4)e𝑛−2,𝑛−1+(𝑍𝑛−2,3+ i𝑛−2𝑍𝑛−2,4)e𝑛−2,𝑛−1)]e𝑛−1,𝑛

=[(𝑍𝑛−2,1− i𝑛−2𝑍𝑛−2,2)e𝑛−2,𝑛−1+(𝑍𝑛−2,1+ i𝑛−2𝑍𝑛−2,2)e𝑛−2,𝑛−1)

+ i𝑛−2((𝑍𝑛−2,3− i𝑛−2𝑍𝑛−2,4)e𝑛−2,𝑛−1+(𝑍𝑛−2,3+ i𝑛−2𝑍𝑛−2,4)e𝑛−2,𝑛−1)]e𝑛−1,𝑛

+[(𝑍𝑛−2,1− i𝑛−2𝑍𝑛−2,2)e𝑛−2,𝑛−1+(𝑍𝑛−2,1+ i𝑛−2𝑍𝑛−2,2)e𝑛−2,𝑛−1)

− i𝑛−2((𝑍𝑛−2,3− i𝑛−2𝑍𝑛−2,4)e𝑛−2,𝑛−1−(𝑍𝑛−2,3+ i𝑛−2𝑍𝑛−2,4)e𝑛−2,𝑛−1)]e𝑛−1,𝑛

=[(𝑍𝑛−2,1+𝑍𝑛−2,4)− i𝑛−2(𝑍𝑛−2,2−𝑍𝑛−2,3)]e𝑛−2,𝑛−1e𝑛−1,𝑛

+[(𝑍𝑛−2,1−𝑍𝑛−2,4)+ i𝑛−2(𝑍𝑛−2,2+𝑍𝑛−2,3)]e𝑛−2,𝑛−1e𝑛−1,𝑛

+[(𝑍𝑛−2,1−𝑍𝑛−2,4)− i𝑛−2(𝑍𝑛−2,2+𝑍𝑛−2,3)]e𝑛−2,𝑛−1e𝑛−1,𝑛

+[(𝑍𝑛−2,1+𝑍𝑛−2,4)+ i𝑛−2(𝑍𝑛−2,2−𝑍𝑛−2,3)]e𝑛−2,𝑛−1e𝑛−1,𝑛

= ⋅⋅⋅
The decomposition continues until the last step, where all last coefficients are in
terms of i1. That concludes the proof. □

Due to the fact that the product of two idempotents is 0 at each level 𝑆𝑘, we
will have many zero divisors in 𝔹ℂ𝑛 organized in “singular cones”. The topology
of the space is difficult, but just like in the case of 𝔹ℂ2 we can circumvent this by
avoiding the zero divisors to define the derivative of a multicomplex function as
follows.

Definition 8. Let Ω be an open set of 𝔹ℂ𝑛 and let 𝑍𝑛,0 ∈ Ω. A function 𝐹 : Ω →
𝔹ℂ𝑛 has a multicomplex derivative at 𝑍𝑛,0 if

lim
𝑍𝑛→𝑍𝑛,0

(𝑍𝑛 − 𝑍𝑛,0)
−1 (𝐹 (𝑍𝑛)− 𝐹 (𝑍𝑛,0)) =: 𝐹

′(𝑍𝑛,0) ,

exists for any 𝑍𝑛 ∈ Ω, such that 𝑍𝑛 − 𝑍𝑛,0 is invertible in 𝔹ℂ𝑛.

Just as in the case of 𝔹ℂ2, functions which admit a multicomplex derivative
at each point in their domain are called multicomplex holomorphic, and it can be
shown that this is equivalent to require that they admit a power series expansion
in 𝑍𝑛 [11, Section 47].

We will denote by 𝒪(𝔹ℂ𝑛) the space of multicomplex holomorphic functions.
A multicomplex holomorphic function 𝐹 ∈ 𝒪(𝔹ℂ𝑛) can be split into 𝐹 = 𝑈 + i𝑛𝑉,
where 𝑈, 𝑉 are holomorphic functions of two 𝔹ℂ𝑛−1 variables, i.e., they admit
𝔹ℂ𝑛−1 (partial) derivatives in both variables. As in the case 𝑛 = 2, there is an
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equivalent notion of multicomplex holomorphy, which is more suitable to our com-
putational algebraic purposes, and the following theorem can be proved in a similar
fashion as its correspondent for the case 𝑛 = 2 (the differential operators that ap-
pear in the statement are defined in detail in the next few sections, but it is not
difficult to imagine their actual definition).

Theorem 9. Let Ω be an open set in 𝔹ℂ𝑛 and 𝐹 : Ω → 𝔹ℂ𝑛 such that 𝐹 =
𝑈 + i𝑛𝑉 ∈ 𝒞1(Ω). Then 𝐹 is multicomplex holomorphic if and only if:

1. 𝑈 and 𝑉 are multicomplex holomorphic in both multicomplex 𝔹ℂ𝑛−1 variables
𝑍𝑛−1,1 and 𝑍𝑛−1,2.

2. ∂𝑍𝑛−1,1𝑈 = ∂𝑍𝑛−1,2𝑉 and ∂𝑍𝑛−1,1𝑉 = −∂𝑍𝑛−1,2𝑈 on Ω, i.e., 𝑈 and 𝑉 verify
the multicomplex Cauchy-Riemann equations.

4. Holomorphy in 𝔹ℂ3

Before we delve into the general case, we will explicitly describe holomorphic func-
tions of the space of “tricomplex” numbers 𝔹ℂ3. Let 𝑍3 ∈ 𝔹ℂ3 be written as:

𝑍3 = 𝑍21 + i3𝑍22 = 𝑍111 + i2𝑍121 + i3𝑍112 + i2i3𝑍122

= 𝑥1 + i1𝑥2 + i2𝑥3 + i1i2𝑥4 + i3𝑥5 + i1i3𝑥6 + i2i3𝑥7 + i1i2i3𝑥8 .

As we indicated earlier, we can define seven different conjugations, depending on
which imaginary unit we want to convert to its opposite. We write explicitly a few
of them, and leave to the reader to complete the description with the remaining
cases:

𝑍3
i1
= 𝑍21

i1
+ i3𝑍22

i1
= 𝑍111 + i2𝑍121 + i3𝑍112 + i2i3𝑍122

= 𝑥1 − i1𝑥2 + i2𝑥3 − i1i2𝑥4 + i3𝑥5 − i1i3𝑥6 + i2i3𝑥7 − i1i2i3𝑥8 ,

𝑍3
i1i2

= 𝑍21
i1i2

+ i3𝑍22
i1i2

= 𝑍111 − i2𝑍121 + i3𝑍112 − i2i3𝑍122

= 𝑥1 − i1𝑥2 − i2𝑥3 + i1i2𝑥4 + i3𝑥5 − i1i3𝑥6 − i2i3𝑥7 + i1i2i3𝑥8 ,

𝑍3
i1i2i3

= 𝑍21
i1i2 − i3𝑍22

i1i2
= 𝑍111 − i2𝑍121 − i3𝑍112 + i2i3𝑍122

= 𝑥1 − i1𝑥2 − i2𝑥3 + i1i2𝑥4 − i3𝑥5 + i1i3𝑥6 + i2i3𝑥7 − i1i2i3𝑥8 .

In the idempotent representations (there are two of them), consider 𝑍3 =
𝑍21 + i3𝑍22, where:

𝑍21 = 𝜁†21e12 + 𝜁21e12 , 𝑍22 = 𝜁†22e12 + 𝜁22e12 .

Then we can write

𝑍3 = 𝑍21 + i3𝑍22 = (𝑍21 − i2𝑍22)e23 + (𝑍21 + i2𝑍22)e23

= (𝜁†21 + i1𝜁
†
22)e12e23 + (𝜁21 − i1𝜁22)e12e23

+ (𝜁†21 − i1𝜁
†
22)e12e23 + (𝜁21 + i1𝜁22)e12e23 .
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Therefore, for the conjugates introduced above, we have the following idem-
potent representations:

𝑍3
i1
= 𝑍21

i1
+ i3𝑍22

i1
= (𝑍21

i1 − i2𝑍22
i1
)e23 + (𝑍21

i1
+ i2𝑍22

i1
)e23

= (𝜁21
i1
+ i1𝜁22

i1
)e12e23 + (𝜁†21

i1 − i1𝜁
†
22

i1
)e12e23

+ (𝜁21
i1 − i1𝜁22

i1
)e12e23 + (𝜁†21

i1
+ i1𝜁†

i1

22)e12e23 ,

𝑍3
i1i2

= 𝑍21
i1i2

+ i3𝑍22
i1i2

= (𝑍21
i1i2 − i2𝑍22

i1i2
)e23 + (𝑍21

i1i2
+ i2𝑍22

i1i2
)e23

= (𝜁†21
i1
+ i1𝜁

†
22

i1
)e12e23 + (𝜁21

i1 − i1𝜁22
i1
)e12e23

+ (𝜁†21
i1 − i1𝜁

†
22

i1
)e12e23 + (𝜁21

i1
+ i1𝜁22

i1
)e12e23 ,

𝑍3
i1i2i3

= 𝑍21
i1i2 − i3𝑍22

i1i2
= (𝑍21

i1i2
+ i2𝑍22

i1i2
)e23 + (𝑍21

i1i2 − i2𝑍22
i1i2

)e23

= (𝜁†21
i1 − i1𝜁

†
22

i1
)e12e23 + (𝜁21

i1
+ i1𝜁22

i1
)e12e23

+ (𝜁†21
i1
+ i1𝜁

†
22

i1
)e12e23 + (𝜁21

i1 − i1𝜁22
i1
)e12e23 ,

and similarly for the other four conjugates 𝑍3
i2
, 𝑍3

i3
, 𝑍3

i1i3
, 𝑍3

i2i3
. The tricomplex

differential operators are defined as follows:

∂
(3)
𝑍3

= ∂
(2)
𝑍21

− i3∂
(2)
𝑍22

= ∂𝑍111 − i2∂𝑍121 − i3∂𝑍112 + i2i3∂𝑍122

= ∂1 − i1∂2 − i2∂3 + i1i2∂4 − i3∂5 + i1i3∂6 + i2i3∂7 − i1i2i3∂8 ,

∂
(3)

𝑍3
i1
= ∂

(2)

𝑍21
i1

− i3∂
(2)

𝑍22
i1
= ∂𝑍111 − i2∂𝑍121 − i3∂𝑍112 + i2i3∂𝑍122

= ∂1 + i1∂2 − i2∂3 − i1i2∂4 − i3∂5 − i1i3∂6 + i2i3∂7 + i1i2i3∂8 ,

∂
(3)

𝑍3
i1i2

= ∂
(2)

𝑍21
i1i2

− i3∂
(2)

𝑍22
i1i2

= ∂𝑍111 + i2∂𝑍121 − i3∂𝑍112 − i2i3∂𝑍122

= ∂1 + i1∂2 + i2∂3 + i1i2∂4 − i3∂5 − i1i3∂6 − i2i3∂7 − i1i2i3∂8 ,

∂
(3)

𝑍3
i1i2i3

= ∂
(2)

𝑍21
i1i2

+ i3∂
(2)

𝑍22
i1i2

= ∂𝑍111 + i2∂𝑍121 + i3∂𝑍112 + i2i3∂𝑍122

= ∂1 + i1∂2 + i2∂3 + i1i2∂4 + i3∂5 + i1i3∂6 + i2i3∂7 + i1i2i3∂8 ,

with similar forms for the other four differential operators

∂
(3)

𝑍3
i2
, ∂

(3)

𝑍3
i3
, ∂

(3)

𝑍3
i2i3

, ∂
(3)

𝑍3
i1i3

.
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Let now 𝐹 : Ω ⊂ 𝔹ℂ3 → 𝔹ℂ3 be a function that we write as usual as

𝐹 = 𝑈 + i3𝑉 = 𝑢1 + i2𝑣1 + i3𝑢2 + i2i3𝑣2

= 𝑓1 + i1𝑓2 + i2𝑓3 + i1i2𝑓4 + i3𝑓5 + i1i3𝑓6 + i2i3𝑓7 + i1i2i3𝑓8

For simplicity of notation we will write 𝑍 instead of 𝑍21 and 𝑊 instead of 𝑍22.
Now we study the system formed by all seven differential operators applied to 𝐹

equal to 0. The equation ∂
(3)

𝑍3
i1
𝐹 = 0 is equivalent to:

(∂
𝑍

i1 − i3∂𝑊 i1 )(𝑈 + i3𝑉 ) = 0

which is equivalent to the Cauchy-Riemann type system

∂
𝑍

i1𝑈 + ∂
𝑊

i1𝑉 = 0 ,

∂
𝑊

i1𝑈 − ∂
𝑍

i1𝑉 = 0 .

In real coordinates this system is equivalent to

(∂1 + i1∂2 − i2∂3 − i1i2∂4 − i3∂5 − i1i3∂6 + i2i3∂7 + i1i2i3∂8)

(𝑓1 + i1𝑓2 + i2𝑓3 + i1i2𝑓4 + i3𝑓5 + i1i3𝑓6 + i2i3𝑓7 + i1i2i3𝑓8) = 0 .

The equation ∂
(3)

𝑍3
i2
𝐹 = 0 is equivalent to

(∂
𝑍

i2 − i3∂𝑊 i2 )(𝑈 + i3𝑉 ) = 0 ,

which is equivalent to the Cauchy-Riemann type system:

∂
𝑍

i2𝑈 + ∂
𝑊

i2𝑉 = 0,

∂
𝑊

i2𝑈 − ∂
𝑍

i2𝑉 = 0.

In real coordinates this can be expressed by

(∂1 − i1∂2 + i2∂3 − i1i2∂4 − i3∂5 + i1i3∂6 − i2i3∂7 + i1i2i3∂8)

(𝑓1 + i1𝑓2 + i2𝑓3 + i1i2𝑓4 + i3𝑓5 + i1i3𝑓6 + i2i3𝑓7 + i1i2i3𝑓8) = 0.

One can then argue in exactly the same way for the remaining five differential
operators, and one obtains the following important result.

Theorem 10. A function 𝐹 = 𝑈 + i3𝑉 : Ω ⊂ 𝔹ℂ3 → 𝔹ℂ3 is in the kernels of
all 7 differential operators generated by the seven conjugations, if and only if 𝑈
and 𝑉 are 𝔹ℂ2-holomorphic functions satisfying the bicomplex Cauchy-Riemann
conditions.
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Proof. The matrix corresponding to 𝑃 (𝐷)𝐹 = 0 is the following:⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

∂
𝑍

i1 ∂
𝑊

i1

∂
𝑊

i1 −∂
𝑍

i1

∂
𝑍

i2 ∂
𝑊

i2

∂
𝑊

i2 −∂
𝑍

i2

∂
𝑍

i1i2 ∂
𝑊

i1i2

∂
𝑊

i1i2 −∂
𝑍

i1i2

∂
𝑍

i2 −∂
𝑊

i2

∂
𝑊

i2 ∂
𝑍

i2

∂
𝑍

i1 −∂
𝑊

i1

∂
𝑊

i1 ∂
𝑍

i1

∂
𝑍

i1i2 −∂
𝑊

i1i2

∂
𝑊

i1i2 ∂
𝑍

i1i2

∂𝑍 −∂𝑊
∂𝑊 ∂𝑍

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

[
𝑈
𝑉

]
= 0

which simplifies to ⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

∂
𝑍

i1 0
∂
𝑍

i2 0
∂
𝑍

i1i2 0

0 ∂
𝑊

i1

0 ∂
𝑊

i2

0 ∂
𝑊

i1i2

∂
𝑊

i1 0

∂
𝑊

i2 0
∂
𝑊

i1i2 0
0 ∂

𝑍
i1

0 ∂
𝑍

i2

0 ∂
𝑍

i1i2

∂𝑍 −∂𝑊
∂𝑊 ∂𝑍

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

[
𝑈
𝑉

]
= 0.

The theorem follows then immediately. □

5. Recursive formulas

We devote this short section to some recursive formulas that will allow us to
readily define differential operators on 𝔹ℂ𝑛. The formulas that follow indicate
how to represent every element 𝑍𝑛 ∈ 𝔹ℂ𝑛 in terms of (𝑛 − 2)-complex numbers.
Specifically we have

𝑍𝑛 = 𝑍𝑛−1,1 + i𝑛𝑍𝑛−1,2 = 𝑍𝑛−2,11 + i𝑛−1𝑍𝑛−2,21 + i𝑛𝑍𝑛−2,12 + i𝑛−1i𝑛𝑍𝑛−2,22.
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The conjugates are then given by

𝑍𝑛
i𝑙
= 𝑍𝑛−1,1

i𝑙
+ i𝑛𝑍𝑛−1,2

i𝑙

= 𝑍𝑛−2,11
i𝑙
+ i𝑛−1𝑍𝑛−2,21

i𝑙
+ i𝑛𝑍𝑛−2,12

i𝑙
+ i𝑛−1i𝑛𝑍𝑛−2,22

i𝑙
,

for 1 ≤ 𝑙 ≤ 𝑛 − 2, and

𝑍𝑛
i𝑛
= 𝑍𝑛−1,1 − i𝑛𝑍𝑛−1,2

= 𝑍𝑛−2,11 + i𝑛−1𝑍𝑛−2,21 − i𝑛𝑍𝑛−2,12 − i𝑛−1i𝑛𝑍𝑛−2,22 ,

𝑍𝑛
i𝑛−1

= 𝑍𝑛−1,1
i𝑛−1

+ i𝑛𝑍𝑛−1,2
i𝑛−1

= 𝑍𝑛−2,11 − i𝑛−1𝑍𝑛−2,21 + i𝑛𝑍𝑛−2,12 − i𝑛−1i𝑛𝑍𝑛−2,22 ,

𝑍𝑛
i𝑛−1i𝑛

= 𝑍𝑛−1,1
i𝑛−1 − i𝑛𝑍𝑛−1,2

i𝑛−1

= 𝑍𝑛−2,11 − i𝑛−1𝑍𝑛−2,21 − i𝑛𝑍𝑛−2,12 + i𝑛−1i𝑛𝑍𝑛−2,22 .

For 𝐽 a set of imaginary units such that i𝑛−1, i𝑛 ∕∈ 𝐽 , we have the following
formulas:

𝑍𝑛
𝐽
= 𝑍𝑛−2,11

𝐽
+ i𝑛−1𝑍𝑛−2,21

𝐽
+ i𝑛𝑍𝑛−2,12

𝐽
+ i𝑛−1i𝑛𝑍𝑛−2,22

𝐽
,

𝑍𝑛
{i𝑛−1}∪𝐽

= 𝑍𝑛−2,11
𝐽 − i𝑛−1𝑍𝑛−2,21

𝐽
+ i𝑛𝑍𝑛−2,12

𝐽 − i𝑛−1i𝑛𝑍𝑛−2,22
𝐽
,

𝑍𝑛
{i𝑛}∪𝐽

= 𝑍𝑛−2,11
𝐽
+ i𝑛−1𝑍𝑛−2,21

𝐽 − i𝑛𝑍𝑛−2,12
𝐽 − i𝑛−1i𝑛𝑍𝑛−2,22

𝐽
,

𝑍𝑛
{i𝑛−1,i𝑛}∪𝐽

= 𝑍𝑛−2,11
𝐽 − i𝑛−1𝑍𝑛−2,21

𝐽 − i𝑛𝑍𝑛−2,12
𝐽
+ i𝑛−1i𝑛𝑍𝑛−2,22

𝐽
.

We can now use these formulas to define recursively the differential operators
whose kernels consist of holomorphic functions in 𝔹ℂ𝑛.

∂
(𝑛)
𝑍𝑛

= ∂
(𝑛−2)
𝑍𝑛−2,11

− i𝑛−1∂
(𝑛−2)
𝑍𝑛−2,21

− i𝑛∂
(𝑛−2)
𝑍𝑛−2,12

+ i𝑛−1i𝑛∂
(𝑛−2)
𝑍𝑛−2,22

,

∂
(𝑛)

𝑍𝑛
i𝑛
= ∂

(𝑛−2)
𝑍𝑛−2,11

− i𝑛−1∂
(𝑛−2)
𝑍𝑛−2,21

+ i𝑛∂
(𝑛−2)
𝑍𝑛−2,12

− i𝑛−1i𝑛∂
(𝑛−2)
𝑍𝑛−2,22

,

∂
(𝑛)

𝑍𝑛
i𝑛−1

= ∂
(𝑛−2)
𝑍𝑛−2,11

+ i𝑛−1∂
(𝑛−2)
𝑍𝑛−2,21

− i𝑛∂
(𝑛−2)
𝑍𝑛−2,12

− i𝑛−1i𝑛∂
(𝑛−2)
𝑍𝑛−2,22

,

∂
(𝑛)

𝑍𝑛
i𝑛−1i𝑛

= ∂
(𝑛−2)
𝑍𝑛−2,11

+ i𝑛−1∂
(𝑛−2)
𝑍𝑛−2,21

+ i𝑛∂
(𝑛−2)
𝑍𝑛−2,12

+ i𝑛−1i𝑛∂
(𝑛−2)
𝑍𝑛−2,22

.

Similarly, for 𝐽 a set of imaginary units such that i𝑛−1, i𝑛 ∕∈ 𝐽 , we have the
following formulas:

∂
(𝑛)

𝑍𝑛
𝐽 = ∂

(𝑛−2)

𝑍𝑛−2,11
𝐽 − i𝑛−1∂

(𝑛−2)

𝑍𝑛−2,21
𝐽 − i𝑛∂

(𝑛−2)

𝑍𝑛−2,12
𝐽 + i𝑛−1i𝑛∂

(𝑛−2)

𝑍𝑛−2,22
𝐽 ,

∂
𝑍𝑛

{i𝑛−1}∪𝐽 = ∂
(𝑛−2)

𝑍𝑛−2,11
𝐽 + i𝑛−1∂

(𝑛−2)

𝑍𝑛−2,21
𝐽 − i𝑛∂

(𝑛−2)

𝑍𝑛−2,12
𝐽 − i𝑛−1i𝑛∂

(𝑛−2)

𝑍𝑛−2,22
𝐽 ,

∂
𝑍𝑛

{i𝑛}∪𝐽 = ∂
(𝑛−2)

𝑍𝑛−2,11
𝐽 − i𝑛−1∂

(𝑛−2)

𝑍𝑛−2,21
𝐽 + i𝑛∂

(𝑛−2)

𝑍𝑛−2,12
𝐽 − i𝑛−1i𝑛∂

(𝑛−2)

𝑍𝑛−2,22
𝐽 ,

∂
𝑍𝑛

{i𝑛−1,i𝑛}∪𝐽 = ∂
(𝑛−2)

𝑍𝑛−2,11
𝐽 + i𝑛−1∂

(𝑛−2)

𝑍𝑛−2,21
𝐽 + i𝑛∂

(𝑛−2)

𝑍𝑛−2,12
𝐽 + i𝑛−1i𝑛∂

(𝑛−2)

𝑍𝑛−2,22
𝐽 .
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6. Algebraic properties of the sheaf of holomorphic
functions on 𝔹ℂ𝒏

We start with an analogous theorem for 𝔹ℂ𝑛 which, just as in the case of 𝔹ℂ2

and 𝔹ℂ3, will give a description of the holomorphy of a multicomplex map in
analytic terms. It is worth mentioning here the work of Baird and Wood [1],
authors which study properties of bicomplex holomorphic functions (and much
more) in the context of bicomplex manifolds.

The following theorem is an immediate consequence of the nesting behavior
of 𝔹ℂ𝑛 and it is easily proven by induction.

Theorem 11. A 𝒞1-function 𝐹 : Ω ⊂ 𝔹ℂ𝑛 → 𝔹ℂ𝑛 is holomorphic on Ω if and
only if

∂𝐹

∂𝑍
𝐼
= 0

for all sets 𝐼 of imaginary units such that card (𝐼) ≤ 𝑛 and 𝐼 is in increasing order
of indices of complex units.

This theorem can be given an interesting interpretation, similarly to what
is proved by Rochon in [13], as follows. Consider 𝐹 : Ω ⊂ 𝔹ℂ𝑛 → 𝔹ℂ𝑛, defined
recursively by the formulas developed in Section 5, and following (recursively) the
argument we used in the case of 𝔹ℂ3, we obtain the fact that the multicomplex
function 𝐹 can be written as:

𝐹 (𝑍𝑛) =
∑

∣𝐼∣≤𝑛−1

𝑓𝐼(𝑧1, . . . , 𝑧2𝑛−1)𝐼, (4)

for all 𝑍𝑛 ∈ Ω, where 𝑓𝐼 are complex-valued functions defined on an open subset

of ℂ2𝑛−1

. With this convention and notation we obtain the following theorem, in
which the 𝒞1-condition for 𝐹 can be eliminated:

Theorem 12. A function 𝐹 : Ω ⊂ 𝔹ℂ𝑛 → 𝔹ℂ𝑛 (written as in (4)) is holomorphic
on Ω if and only if 𝑓𝐼 are complex holomorphic functions and they respect the
corresponding Cauchy-Riemann type conditions.

Proof. Clearly, if 𝐹 is holomorphic on 𝔹ℂ𝑛 then it is in 𝒞1(Ω) and Theorem 11
above yields that each 𝑓𝐼 is complex holomorphic in each of the 2𝑛−1 variables,
and, moreover, all 𝑓𝐼 satisfy the Cauchy-Riemann type conditions that correspond

to
∂𝐹

∂𝑍
𝐼
= 0.

Conversely, if each 𝑓𝐼 is holomorphic in each of the 2
𝑛−1 variables, then by

Hartogs’ Lemma the 𝒞1 condition can be removed. □
Theorem 11 indicate that multicomplex holomorphic functions are solutions

of certain overdetermined systems of linear constant coefficients differential equa-
tions. Let us denote, as customary in this field, by 𝑃 (𝐷) the matrix of differential
operators that act on functions, and whose kernels consist of holomorphic functions
of multicomplex variables.
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It is worth mentioning that an analogous theorem can be proven for a decom-
position of 𝐹 in the idempotent representation; write 𝑍𝑛 = 𝜁1𝑒1+ ⋅ ⋅ ⋅+ 𝜁2𝑛−1𝑒2𝑛−1

and we have:

𝐹 (𝑍𝑛) =
2𝑛−1∑
𝑙=1

𝑈𝑙(𝜁1, . . . , 𝜁2𝑛−1)𝑒𝑙.

Then 𝐹 : Ω ⊂ 𝔹ℂ𝑛 → 𝔹ℂ𝑛 is holomorphic on Ω if and only if 𝑈𝑙 complex
holomorphic in 𝜁𝑙 and depend on 𝜁𝑙 only, respectively for all 1 ≤ 𝑙 ≤ 2𝑛−1.

In the case of 𝔹ℂ2, the matrix 𝑃 (𝐷) is given as follows: for 𝑍2 = 𝑍1+ i2𝑊1,
where 𝑍1,𝑊1 ∈ 𝔹ℂ1 = ℂ(i1), we have:

𝑃 (𝐷; 2) =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

∂
𝑍1

i1 0

0 ∂
𝑊1

i1

∂
𝑊1

i1 0

0 ∂
𝑍1

i1

∂𝑍1 −∂𝑊1

∂𝑊1 ∂𝑍1

⎤⎥⎥⎥⎥⎥⎥⎥⎦
=

[
𝑃 (i1)
𝑀1

]

where 𝑃 (i1) indicates the 4 × 2 matrix associated to differential operators in 𝑊1

and 𝑍1, while𝑀1 is the matrix representing the complex Cauchy-Riemann system.

In 𝔹ℂ3 for 𝑍3 = 𝑍2 + i3𝑊2, where 𝑍2,𝑊2 ∈ 𝔹ℂ2, we have, with obvious
meaning of the symbols,

𝑃 (𝐷; 3) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

∂
𝑍2

i1 0

0 ∂
𝑊2

i1

∂
𝑍2

i2 0

0 ∂
𝑊2

i2

∂
𝑍2

i1i2 0

0 ∂
𝑊2

i1i2

∂
𝑊2

i1 0

0 ∂
𝑍2

i1

∂
𝑊2

i2 0

0 ∂
𝑍2

i2

∂
𝑊2

i1i2 0

0 ∂
𝑍2

i1i2

∂𝑍2 −∂𝑊2

∂𝑊2 ∂𝑍2

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡⎢⎢⎣
𝑃 (i1)
𝑃 (i2)
𝑃 (i1i2)
𝑀2

⎤⎥⎥⎦

and so on.

Since holomorphic functions of multicomplex variables are vectors of differ-
entiable functions satisfying a homogeneous system of constant coefficients differ-
ential equations, we immediately obtain the following result (which was stated for
𝔹ℂ2 in [4]).
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Proposition 13. Holomorphic functions on 𝔹ℂ𝑛 form a sheaf ℋ𝑛 of rings.
The cohomological properties of the sheaf of holomorphic functions on 𝔹ℂ2

were derived in [4], by using some standard tools described in detail in [3]. We
can easily show that those same ideas apply to holomorphic functions on 𝔹ℂ𝑛, for
any value of 𝑛. With the customary abuse of language, we begin by considering
the “Fourier transform” 𝑃 of the matrix 𝑃 (𝐷, 3). The entries of 𝑃 belong to the

ring 𝑅 = ℂ[𝑍,𝑍
i1
, 𝑍

i2
, 𝑍

i1i2
,𝑊,𝑊

i1
,𝑊

i2
,𝑊

i1i2
] and the cokernel of the map 𝑃 𝑡,

i.e., 𝑀 := 𝑅2/⟨𝑃 𝑡⟩, where ⟨𝑃 𝑡⟩ denotes the module generated by the columns of
𝑃 𝑡, is the module associated to the system of differential operators which define
holomorphy in 𝔹ℂ3. We have the following result, which mimics what we have
already proved for 𝔹ℂ2, and which is proved with the same arguments.

Theorem 14. The minimal free resolution of the module 𝑀 = 𝑅2/⟨𝑃 𝑡⟩ is:
0 → 𝑅2(−7) 𝑃

𝑡
6→ 𝑅14(−6) 𝑃

𝑡
5→ 𝑅42(−5) 𝑃

𝑡
4→ 𝑅70(−4) 𝑃

𝑡
3→

𝑃 𝑡
3→ 𝑅70(−3) 𝑃

𝑡
2→ 𝑅42(−2) 𝑃

𝑡
1→ 𝑅14(−1) 𝑃 𝑡→ 𝑅2 → 𝑀 → 0.

Moreover Ext𝑖(𝑀,𝑅) = 0, 𝑖 = 0 . . . 6 and Ext7(𝑀,𝑅) ∕= 0.

Corollary 15. The characteristic variety of 𝑀 has dimension 1.

The same approach can be taken for 𝔹ℂ4, and in this case the entries of the
matrix 𝑃 belong to the ring

𝑅 = ℂ
[
𝑍,𝑍

i1
, 𝑍

i2
, 𝑍

i3
, 𝑍

i1i2
, 𝑍

i2i3
, 𝑍

i1i3
, 𝑍

i1i2i3
,

𝑊,𝑊
i1
,𝑊

i2
,𝑊

i3
,𝑊

i1i2
,𝑊

i2i3
,𝑊

i1i3
,𝑊

i1i2i3
]
.

In this case we obtain the following result.

Theorem 16. The minimal free resolution of the module 𝑀 = 𝑅2/⟨𝑃 𝑡⟩ is:
0 → 𝑅2(−15) 𝑃

𝑡
14→ 𝑅30(−14) 𝑃

𝑡
13→ 𝑅210(−13) 𝑃

𝑡
12→ 𝑅910(−12) 𝑃

𝑡
11→

𝑃 𝑡
11→ 𝑅2730(−11) 𝑃

𝑡
10→ 𝑅6006(−10) 𝑃

𝑡
9→ 𝑅10010(−9) 𝑃

𝑡
8→ 𝑅12870(−8) 𝑃

𝑡
7→

𝑃 𝑡
7→ 𝑅12870(−7) 𝑃

𝑡
6→ 𝑅10010(−6) 𝑃

𝑡
5→ 𝑅6006(−5) 𝑃

𝑡
4→ 𝑅2730(−4) 𝑃

𝑡
3→

𝑃 𝑡
3→ 𝑅910(−3) 𝑃

𝑡
2→ 𝑅210(−2) 𝑃

𝑡
1→ 𝑅30(−1) 𝑃 𝑡→ 𝑅2 → 𝑀 → 0.

Moreover Ext𝑖(𝑀,𝑅) = 0, 𝑖 = 0 . . . 14 and Ext15(𝑀,𝑅) ∕= 0.

Corollary 17. The characteristic variety of 𝑀 has dimension 1.

We can finally address the more general case of holomorphic functions on
𝔹ℂ𝑛. In this case we have 2𝑛 − 1 differential operators (associated to the various
conjugates), which we can relabel as

∂
𝑍
1 , . . . , ∂

𝑍
2𝑛−1 .
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It is not difficult to show that the resolution one obtains in this general case is
still Koszul-like, and more precisely one has:

0 → 𝑅2 → 𝑅2(2𝑛−1) → 𝑅2(2
𝑛−1
2 ) → 𝑅2(2

𝑛−1
3 ) → ⋅ ⋅ ⋅

⋅ ⋅ ⋅ → 𝑅2(2
𝑛−1
2 ) → 𝑅2(2𝑛−1) → 𝑅2 → 𝑀 → 0 ,

In addition, one obtains the following precise result:

Theorem 18. The first Betti number of the resolution is

𝑏1 = 2

(
2(2𝑛−1 − 1)

2

)
+ 4
(
2𝑛−1 − 1

)
= (2𝑛 − 2)(2𝑛 − 1).
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On Some Class of Self-adjoint Boundary Value
Problems with the Spectral Parameter in the
Equations and the Boundary Conditions

Victor Voytitsky

Abstract. The aim of this work is to study the spectral properties of some
class of self-adjoint linear boundary value and transmission problems (in do-
mains with Lipschitz boundaries) where equations and boundary conditions
depend linearly on the eigenparameter 𝜆. We consider some abstract general
problem that can be formulated on the basis of the abstract Green’s formula
for a triple of Hilbert spaces and a trace operator. We prove that the spec-
trum of the abstract general problem consists of real normal eigenvalues with
unique limit point ∞, and the system of corresponding eigenelements forms
an orthonormal basis in some Hilbert space. We find also some asymptotic
formulas for positive or positive and negative branches of eigenvalues. As ex-
amples, we consider three multicomponent transmission problems arising in
mathematical physics and some abstract general transmission problem.

Mathematics Subject Classification (2000). Primary 35P05; Secondary 35P10.

Keywords. Spectral problem, transmission problem, abstract Green’s formula,
Hilbert space, embedding of spaces, compact self-adjoint operator, positive
discrete spectrum, asymptotic behavior of eigenvalues.

1. Introduction

Spectral boundary value problems with eigenparameter in the boundary conditions
arise in different problems of mathematical physics where we have a time derivative
of a function acting on the boundary or some parts of the boundary. Many differ-
ent statements of such problems appeared in applications since the 60ies. These
are problems of scattering theory, diffraction theory, theory of dynamic systems,
thermal control, problems with moving boundaries, Stefan problem and others. As
a rule, spectral problems correspond to linearizations of initial nonlinear boundary
value problems. The unknown functions can be defined in a single domain or in
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several domains with common parts of their boundaries. If the functions from dif-
ferent domains are connected with each other only by their values on the common
parts of the boundaries, then we have so-called transmission problems.

A great number of different statements of spectral problems with parame-
ter in boundary conditions have been considered since the middle of the XXth
century till the present time. Since the 70ies many authors have studied different
problems for ordinary differential expressions with spectral parameter in boundary
conditions. The general theory of such problems was built by E.M. Russakovsky
and A.A. Shkalikov (see [1] and [2]). Important results on spectral properties of
common elliptic formally self-adjoint equations in smooth domains with systems
of covered boundary conditions were obtained in the 60ies in works of Ameri-
can mathematicians J. Ercolano and M. Schechter (see [3]). Similar results were
obtained independently in Ukraine (see [4] and [5]). Eigenvalue asymptotics for
such problems were established by N.A. Kozhevnikov (see [6] and [7]). Different
problems in smooth domains with spectral parameter in the equations and the
𝜆-dependent (not only linearly) boundary conditions have been considered sys-
tematically since the 80ies (see, e.g., works [8]–[16]).

Boundary value and transmission problems in domains with Lipschitz bound-
ary have been considered since the 90ies by M.S. Agranovich and his coauthors (see
[17], [18] and others). Important results on eigenfunctions expansions of transmis-
sion problems with parameter in the boundary conditions were obtained by A.N.
Komarenko (see [19], [20]). An abstract operator approach to the transmission
problems with two spectral parameters was studied by P.A. Starkov (see [21]). For
the first time in his PhD-work an abstract boundary value problem was considered
on the basis of abstract Green’s formula for a triple of Hilbert spaces and a trace
operator proved by N.D. Kopachevsky and S.G. Krein.

It should be mentioned that so-called abstract (generalized) spectral problems
have been considered since the 70ies. As a rule, such problems are formulated by
using operators from some abstract Green’s formula. There are several different
abstract Green’s formulas (generalized well-known first or second Green’s formula
for integrals) which generate different abstract classes of boundary value problems.
In the papers [22]–[29] the (second) Green’s formula for symmetric relation and
boundary triplets is used. This approach was applied to problems with nonlinear 𝜆-
dependent boundary conditions in papers of A. Etkin (see [25]), P. Binding with co-
authors (see [9], [11], [12]), J. Behrndt (see [15], [16] and [29]) and in the PhD thesis
of W. Code (see [13]). In the works [30]–[33] we can find (first) abstract Green’s
formula for embedded Hilbert spaces, a trace operator and a sesquilinear coercive
form. An almost analogous formula was proved independently by S.G. Krein in
the end of the 80ies. This formula was generalized by N.D. Kopachevsky in the
works [34]–[39]. With some additional assumptions it can be applied to problems
of hydrodynamics and transmission problems in Lipschitz domains. All mentioned
formulas are similar but not equivalent. So, different forms of abstract problems
do not describe the same classes of boundary value problems, although as special
cases they consist of elliptic differential expressions.
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An abstract operator approach to the transmission problems was studied by
N.D. Kopachevsky, P.A. Starkov and V.I. Voytitsky in [38] (see also the English
translation [39]). The author of the article used results of [38], [35] and [36] for
studying the spectral Stefan problems (see [41]) and other problems of mathemat-
ical physics in his PhD-work [40]. Here we consider the abstract general problem
with spectral parameter in the equation and the boundary condition that general-
ize statements from [38], [42] and [43]. We prove a basis property of eigenfunctions,
reality and discreteness of the spectrum. For the first time we obtain the Weyl’s
asymptotic formulas for the positive branch of eigenvalues. The given results are
applied to three transmission problems of mathematical physics and to the ab-
stract transmission problem that contains the spectral parameter in the equations
and the boundary conditions.

2. Formulation of the Abstract General Problem (AGP)

Let us consider one simple boundary value problem as a model:

−Δ𝑢 = 𝜆𝑎𝑢 (in Ω), (2.1)

∂𝑢

∂𝑛
= 𝜆𝑉 𝑢 (on Γ), (2.2)

𝑢 = 0 (on 𝑆). (2.3)

Let Ω ⊂ ℝ𝑚 be a bounded domain with piecewise-smooth boundary ∂Ω = Γ ∪
𝑆 (Γ ∩ 𝑆 = ∅). Suppose that 𝑎 and 𝑉 are given bounded self-adjoint operators
acting correspondingly in 𝐿2(Ω) and 𝐿2(Γ). To study this problem we can use
well-known first Green’s formula∫

Ω

𝜂(−Δ𝑢) 𝑑Ω =

∫
Ω

∇𝜂 ⋅ ∇𝑢 𝑑Ω−
∫
Γ

𝜂
∂𝑢

∂𝑛
𝑑Γ, (2.4)

that is truth for all functions 𝜂, 𝑢 ∈ 𝐶2
0,𝑆(Ω) := {𝑢 ∈ 𝐶2(Ω) : 𝑢∣𝑆 = 0}.

But if we want to find generalized eigenfunctions or to study the problem in
Lipschitz domain we cannot use this formula anymore. For this situation we can
apply generalized Green’s formula

⟨𝜂,−Δ𝑢⟩𝐿2(Ω) = (𝜂, 𝑢)𝐻1
0,𝑆(Ω) −

〈
𝛾𝜂,

∂𝑢

∂𝑛

〉
𝐿2(Γ)

, ∀𝜂, 𝑢 ∈ 𝐻1
0,𝑆(Ω), (2.5)

where 𝐻1
0,𝑆(Ω) := {𝑢 ∈ 𝐻1(Ω) : 𝑢∣𝑆 = 0}. Here integrals are replaced by function-

als from dual spaces 𝐻1
0,𝑆(Ω) and (𝐻

1
0,𝑆(Ω))

∗, and from 𝐻1/2(Γ) and (𝐻1/2(Γ))∗;
𝛾𝑢 := 𝑢∣Γ is a trace operator. Similar formulas one can find in, e.g., [44]–[47]. For-
mula (2.5) is a special case of more general abstract Green’s formula for a triple
of Hilbert spaces proved by N.D. Kopachevsky in articles [34]–[36]:

⟨𝜂, 𝐿𝑢⟩𝐸 = (𝜂, 𝑢)𝐹 − ⟨𝛾𝜂, ∂𝑢⟩𝐺, ∀𝜂, 𝑢 ∈ 𝐹. (2.6)

This identity is determined by Hilbert spaces 𝐸,𝐹,𝐺 and linear operators 𝐿, ∂
and 𝛾. The main result of the articles [35] and [36] is the following theorem.
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Theorem 2.1 (N.D. Kopachevsky). Let 𝐹,𝐸,𝐺 be given arbitrary separable Hilbert
spaces, and 𝐹 is connected with 𝐺 by given bounded abstract trace operator 𝛾 :
𝐹 → ℛ(𝛾) := 𝐺+ ⊂ 𝐺, where Ker𝛾 is dense subspace of the space 𝐸. If spaces
𝐹 and 𝐺+ are boundedly embedded into 𝐸 and 𝐺 correspondingly, then there exist
unique operators

𝐿 : 𝒟(𝐿) = 𝐹 → 𝐹 ∗ ⊃ 𝐸;

∂ : 𝒟(∂) = 𝐹 → (𝐺+)
∗ =: (𝐺−) ⊃ 𝐺,

such that abstract Green’s formula (2.6) holds.

Remark 2.2. Such kind of abstract Green’s formula was obtained originally by
J.-P. Aubin in [30]. The main difference of abstract Green’s formula from works
[30]–[33] is presence of a sesquilinear coercive form instead of scalar product (𝜂, 𝑢)𝐹
and using the scalar products in 𝐸 and 𝐺 instead of corresponding functionals.

Essentially, Theorem 2.1 establishes one-to-one correspondence between pos-
itive definite self-adjoint operator 𝐴𝑢 := 𝐿𝑢, 𝒟(𝐴) := {𝑢 ∈ 𝐹 : ∂𝑢 = 0 (in 𝐺)}
acting in the space 𝐸, and the triple of Hilbert spaces 𝐹,𝐸,𝐺 with trace op-
erator 𝛾. Here 𝐹 is the energetic space of the operator 𝐴. For example, prob-
lem (2.1)–(2.3) corresponds to the set: 𝐸 = 𝐿2(Ω), 𝐹 = 𝐻1

0,𝑆(Ω), 𝐺 = 𝐿2(Γ),

𝛾𝑢 := 𝑢∣Γ ∈ 𝐺+ = 𝐻1/2(Γ). This collection satisfies Theorem 2.1 on the basis of
embedding theorems of S.L. Sobolev (see, e.g., [33]) and Gagliardo’s theorem (see
[48]). We should assume here that the space 𝐻1

0,𝑆(Ω) is equipped by Dirichlet’s

norm, that is equivalent to the standard norm of 𝐻1(Ω).
Let Hilbert spaces 𝐹,𝐸,𝐺 and an operator 𝛾 : 𝐹 → 𝐺 be given and con-

dition of Theorem 2.1 holds for them. Moreover, suppose that 𝐹 and 𝐺+ are
compactly embedded into 𝐸 and 𝐺 correspondingly (it is truth for many problems
of mathematical physics, particularly, for problem (2.1)–(2.3)). Then we can build
some differential expressions 𝐿 and ∂ (generalizations of −Δ and ∂/∂𝑛), such that
formula (2.6) is realized, and problem (2.1)–(2.3) admits the generalization:

𝐿𝑢 = 𝜆𝑎𝑢 (in 𝐸), (2.7)

∂𝑢 = 𝜆𝑉 𝛾𝑢 (in 𝐺). (2.8)

Let us call it Abstract General Problem (AGP). Assume again that operators 𝑎
and 𝑉 are given bounded self-adjoint operators acting correspondingly in 𝐸 and
𝐺. Suppose also that operator 𝑎 is nonnegative in 𝐸 with infinite-dimensional
range; 𝑉 has 𝜅𝑉 -dimensional negative subspace of ℛ(𝛾), i.e., there exist exactly
𝜅𝑉 (0 ≤ 𝜅𝑉 ≤ ∞) linearly independent elements 𝜑𝑘 ∈ 𝐺+, such that

(𝑉 𝜑𝑘, 𝜑𝑘)𝐺 < 0. (2.9)

In the case 𝑎 = 𝐼 and 𝑉 is positive or negative operator this problem was consid-
ered before in [39], [42] and [43].

Remark 2.3. In statement (2.7)–(2.8) we can replace expression ∂𝑢 to the ∂̃𝑢 :=
∂𝑢 + 𝑏𝛾𝑢, where operator 𝑏 is an arbitrary nonnegative bounded operator acting
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in 𝐺. This substitution corresponds to introduction the new norm ∣𝑢∣ := ∥𝑢∥𝐹 +
∥𝑏1/2𝛾𝑢∥𝐺 in the space 𝐹 . This norm is an equivalent with prior one, so, in this
case we obtain the same abstract problem (2.7)–(2.8). But if operator 𝑏 is not
nonnegative or it is unbounded, then we have another type of problem which can
be non self-adjoint.

3. Properties of the abstract boundary value problems

Now we shall use approaches from [43] and [39] for studying AGP (2.7)–(2.8). At
first, let us find weak solutions of auxiliary boundary value problems:

𝐿𝑣 = 𝜆𝑎𝑣, ∂𝑣 = 0, (3.1)

𝐿𝑤 = 0, ∂𝑤 = 𝜆𝑉 𝛾𝑤. (3.2)

Using formula (2.6) we see that element 𝑣 satisfies the identity

(𝜂, 𝜆𝑎𝑣)𝐸 = (𝜂, 𝑣)𝐹 , ∀𝜂 ∈ 𝐹. (3.3)

On the other hand (𝜂, 𝜆𝑎𝑣)𝐸 = (𝜂,𝐴−1(𝜆𝑎𝑣))𝐹 , where 𝐴−1 is the inverse operator
to the operator of Hilbert pair (𝐹 ;𝐸). Since 𝐹 is compactly embedded in 𝐸, oper-
ator 𝐴−1 is positive and compact. Therefore, identity (3.3) implies the connection
𝑣 = 𝜆𝐴−1𝑎𝑣. Since 𝒟(𝐴1/2) = 𝐹 and 𝑣 ∈ 𝐹 , there exists a unique element 𝜗 ∈ 𝐸,
such that 𝜗 = 𝐴1/2𝑣. So, we have

𝜗 = 𝜆𝐴−1/2𝑎𝐴−1/2𝜗, 𝜗 ∈ 𝐸.

This is the problem of characteristic numbers of compact nonnegative operator
𝒜 := 𝐴−1/2𝑎𝐴−1/2 acting in Hilbert space 𝐸. Since Ker𝒜 can be nontrivial,
theorem of Hilbert-Schmidt implies that the spectrum of this problem consists
of the branch of positive normal eigenvalues with limit point +∞ and, probably,
eigenvalue 𝜆 = ∞ (its multiplicity is equal to dimension of Ker 𝑎). As a rule, in
applications problem (3.1) has a regular Weyl’s asymptotic behavior of positive
eigenvalues:

𝜆(1)
𝑛 = (𝜆𝑛(𝒜))−1 = 𝑐1𝑛

𝛼[1 + 𝑜(1)] (𝑐1, 𝛼 > 0), 𝑛 → ∞. (3.4)

Suppose that this formula holds for abstract problem (3.1).

For problem (3.2) formula (2.6) gives the following identity:

(𝜂, 𝑤)𝐹 = (𝛾𝜂, 𝜆𝑉 𝛾𝑤)𝐺 = (𝜂, 𝜆𝑇𝑉 𝛾𝑤)𝐹 , ∀𝜂 ∈ 𝐹. (3.5)

Here we denote adjoint operator to 𝛾 : 𝐹 → 𝐺 as 𝑇 : 𝐺 → 𝑀 ⊂ 𝐹 . In [35], [36]
it was proved that 𝑀 is such subspace of 𝐹 that 𝑀 ⊕ 𝑁 = 𝐹 , and 𝑁 := Ker 𝛾.
Identity (3.5) implies the connection 𝑤 = 𝜆𝑇𝑉 𝛾𝑤. Since 𝑤 ∈ 𝐹 , there exists a
unique element 𝜔 ∈ 𝐸, such that 𝜔 = 𝐴1/2𝑤. Introduce the operators

𝑄 := 𝛾𝐴−1/2 : 𝐸 → 𝐺, 𝑄∗ := 𝐴1/2𝑇 : 𝐺 → 𝐸.
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They are mutually adjoint and compact (on the basis of compact embedding 𝐺+

in 𝐺). Using this operators, problem (3.2) reduces to eigenvalue problem

𝜔 = 𝜆𝑄∗𝑉 𝑄𝜔, 𝜔 ∈ 𝐸.

Here we find characteristic numbers of compact self-adjoint operator ℬ := 𝑄∗𝑉 𝑄
acting in Hilbert space 𝐸. By Hilbert-Schmidt theorem we conclude that the spec-
trum of this problem consists of 𝜅𝑉 negative eigenvalues, eigenvalue 𝜆 = ∞ with
infinite multiplicity (Kerℬ = 𝐴1/2𝑁) and, probably, positive discrete eigenvalues
with unique limit point ∞. As a rule, in applications operator 𝑄∗𝑄 has a regular
Weyl’s asymptotic of positive eigenvalues. For the further considerations it is suffi-
cient to suppose that problem (3.2) with 𝑉 = 𝐼 has one-sided estimate of positive
eigenvalues:

𝜆(2)
𝑛 ≥ 𝑐2𝑛

𝛽0 (𝑐2 > 0, 𝛼 ≥ 𝛽0 > 0). (3.6)

Consider problem (2.7)–(2.8) again. If we replace 𝑣 and 𝑤 in right-hand sides
of (3.1) and (3.2) on solution 𝑢 = 𝑣 + 𝑤 of problem (2.7)–(2.8) then it is easy to
show that element 𝜂 = 𝐴1/2𝑢 ∈ 𝐸 will satisfy the relation

𝜂 = 𝜗+ 𝜔 = 𝜆(𝐴−1/2𝑎𝐴−1/2 +𝑄∗𝑉 𝑄)𝜂 = 𝜆(𝒜+ ℬ)𝜂 := 𝜆𝒞𝜂, 𝜂 ∈ 𝐸. (3.7)

One can prove that this problem is equivalent to AGP (2.7)–(2.8) (see similar
result in [36] and [43]). This is the problem of characteristic numbers of compact
self-adjoint operator 𝒞 := 𝒜 + ℬ acting in Hilbert space 𝐸. In general case, this
operator can have nontrivial kernel (condition 𝑎 > 0 is sufficient for Ker 𝒞 = {0}),
then problem (3.7) has eigenvalue 𝜆 = ∞. To find another eigenvalues of problem
(3.7) consider the quadratic form of the operator 𝒞:

(𝒞𝜂, 𝜂)𝐸 = (𝐴−1/2𝑎𝐴−1/2𝜂, 𝜂)𝐸 + (𝑄∗𝑉 𝑄𝜂, 𝜂)𝐸 = (𝑎𝑢, 𝑢)𝐸 + (𝑇𝑉 𝛾𝑢, 𝑢)𝐹

= (𝑎𝑢, 𝑢)𝐸 + (𝑉 𝛾𝑢, 𝛾𝑢)𝐺, ∀𝜂 = 𝐴1/2𝑢 ∈ 𝐸 (𝑢 ∈ 𝐹 ). (3.8)

The number of positive and negative eigenvalues of the operator 𝒞 is equal to di-
mensions of positive and negative subspaces corresponding to the sign of quadratic
form (3.8). These dimensions are determined by the following result.

Lemma 3.1. If 𝑁 = Ker 𝛾 is dense subspace of the Hilbert space 𝐸 then quadratic
form

Φ(𝑢) := (𝑎𝑢, 𝑢)𝐸 + (𝑉 𝛾𝑢, 𝛾𝑢)𝐺, 𝑢 ∈ 𝐹,

takes positive values on infinite number of linearly independent elements of 𝐹 , and
there exist exactly 𝜅𝑉 linearly independent elements 𝑢 of 𝐹 , such that Φ(𝑢) takes
negative values on them.

Proof. Since the operator 𝑎 is self-adjoint in 𝐸, then 𝐸 = Ker 𝑎⊕ℛ(𝑎). As ℛ(𝑎) is
infinite-dimensional and𝑁 = 𝐸, there exist infinite number of linearly independent
elements 𝑢𝑛 ∈ 𝑁 ⊂ 𝐹 not from Ker𝑎. For such elements we obtain Φ(𝑢𝑛) =
(𝑎𝑢𝑛, 𝑢𝑛)𝐸 > 0.

By condition (2.9) we have exactly 𝜅𝑉 linearly independent elements 𝜑𝑘 ∈
𝐺+, such that (𝑉 𝜑𝑘, 𝜑𝑘)𝐺 < 0. It is known, that operator 𝛾 is an isomorphism
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between the spaces 𝑀 = 𝐹 ⊖𝑁 and 𝐺+. So, for all 𝜑𝑘 there exist unique elements
𝑢𝑘 ∈ 𝑀 , such that 𝛾𝑢𝑘 = 𝜑𝑘. The elements 𝑢𝑘 are linearly independent and
(𝑉 𝛾𝑢𝑘, 𝛾𝑢𝑘)𝐺 =: −𝑎𝑘 < 0.

Since {𝑢𝑘}𝜅𝑉𝑘=1 ⊂ 𝐹 ⊂ 𝐸 and 𝑁 = 𝐸, then for all numbers {𝜀𝑘}𝜅𝑉𝑘=1 such
that 0 < 𝜀𝑘 < 𝑎𝑘

∥𝑎∥ , there exist elements {𝑣𝑘}𝜅𝑉𝑘=1 ⊂ 𝑁 : ∥𝑢𝑘 − 𝑣𝑘∥2𝐸 < 𝜀𝑘. Hence,

according to relation 𝛾𝑣𝑘 = 0, we obtain

Φ(𝑢𝑘 − 𝑣𝑘) ≤ ∥𝑎∥∥𝑢𝑘 − 𝑣𝑘∥2𝐸 + (𝛾𝑢𝑘, 𝑉 𝛾𝑢𝑘)𝐺 < ∥𝑎∥𝜀𝑘 − 𝑎𝑘 < 0, 𝑘 = 1, . . . , 𝜅𝑉 .

The elements {𝑢𝑘−𝑣𝑘}𝜅𝑉𝑘=1 are from 𝐹 and they are linearly independent. In-
deed, let

∑𝜅𝑉
𝑘=1 𝑐𝑘(𝑢𝑘−𝑣𝑘) = 0. Then property 𝑀 ∩𝑁 = {0} implies∑𝜅𝑉𝑘=1 𝑐𝑘𝑢𝑘 =∑𝜅𝑉

𝑘=1 𝑐𝑘𝑣𝑘 = 0. Since elements {𝑢𝑘}𝜅𝑉𝑘=1 are linearly independent, all 𝑐𝑘 = 0. □
Using Lemma 3.1 and the theorem of Hilbert-Schmidt it is easy to describe

the spectral properties of problem (3.7). Making inverse substitutions, we get the
spectral theorem for AGP (2.7)–(2.8).

Theorem 3.2. Let Ker 𝛾 = 𝐸 and embeddings 𝐹 in 𝐸 and ℛ(𝛾) = 𝐺+ in 𝐺 are
compact. Then spectrum of AGP consists of characteristic numbers of compact
self-adjoint operator 𝒞 acting in the space 𝐸 (spectrum of problem (3.7)). These
numbers include the branch of positive eigenvalues 𝜆𝑘 → +∞ (𝑘 → ∞) and,
probably, 𝜅𝑉 of negative eigenvalues 𝜆−𝑘 with unique possible limit point ∞. The
number 𝜆 = ∞ can be also the eigenvalue with multiplicity dimKer (𝒞). The system
of eigenelements 𝑢𝑛 corresponding to ∣𝜆∣ < ∞ forms orthonormal basis in subspace

𝐹 := 𝐴−1/2(𝐸 ⊖Ker (𝒞)) ⊂ 𝐹 (𝐹 = 𝐹 whenever 𝑎 > 0) with respect to formulas

(𝑢𝑝, 𝑢𝑞)𝐹 = 𝜆𝑝 [(𝑎𝑢𝑝, 𝑢𝑞)𝐸 + (𝑉 𝛾𝑢𝑝, 𝛾𝑢𝑞)𝐺] = 𝛿𝑝𝑞.

Remark 3.3. It is clear that this theorem is valid for model problem (2.1)–(2.3).
Here embeddings are compact by embedding theorems of S.L. Sobolev and theorem
of Gagliardo. The property Ker 𝛾 = 𝐸 is fulfilled as Ker 𝛾 = 𝐻1

0 (Ω) ⊃ 𝐶∞
0 (Ω), and

the set of infinitely differentiable finite functions is dense in 𝐿2(Ω) = 𝐸.

4. Asymptotic formulas for the branch of positive eigenvalues

In previous section we establish that eigenvalues of AGP are characteristic numbers
of compact self-adjoint operator 𝒞 = 𝒜+ℬ = 𝐴−1/2𝑎𝐴−1/2+𝑄∗𝑉 𝑄. Now we will
study eigenvalues asymptotics of operator 𝒞, using theorem of Ky Fan and some
properties of classes of compact operators. Earlier, we supposed formulas (3.4) and
(3.6) for eigenvalues of auxiliary boundary value problems. These formulas imply
the following

𝜆𝑛(𝒜) = 𝑐𝛼𝑛
−𝛼[1 + 𝑜(1)] (𝑐𝛼 = 𝑐−1

1 > 0, 𝛼 > 0), (4.1)

𝜆𝑛(𝑄
∗𝑄) ≤ 𝑐𝛽0𝑛

−𝛽0 (𝑐𝛽0 = 𝑐−1
2 > 0, 𝛽0 > 0). (4.2)

Eigenvalues asymptotics of operator 𝒞 is like (4.1) or (4.2) in two main situations,
when operator 𝒜 is stronger than ℬ or otherwise. As a rule, in problems of mathe-
matical physics we have 𝛼 ≥ 𝛽0. According to this assumption, operator 𝒜 can be
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stronger than ℬ only when 𝑉 is compact. To obtain exact result we use theorem
of Fan Ky (see [49] or [50]):

Theorem 4.1 (Fan Ky). Let 𝐴 and 𝐵 be compact operators, such that the following
properties of 𝑠-numbers are valid:

lim
𝑛→∞𝑛𝑟𝑠𝑛(𝐴) = 𝑎, lim

𝑛→∞𝑛𝑟𝑠𝑛(𝐵) = 0 (𝑟 > 0).

Then
lim
𝑛→∞𝑛𝑟𝑠𝑛(𝐴+𝐵) = 𝑎.

Remark 4.2. Symbol 𝑠𝑛(𝐴) denotes singular numbers (or 𝑠-numbers) of an oper-
ator 𝐴 numbered with respect to its decrease. By the definition we have

𝑠𝑛(𝐴) := 𝜆𝑛((𝐴
∗𝐴)1/2), 𝑛 = 1, 2, . . . .

Introduce the classes of compact operators Σ𝑝 and Σ
0
𝑝 (𝑝 ≥ 1) (see [50] and

[51]). Denote 𝐴 ∈ Σ𝑝, 𝐵 ∈ Σ0
𝑝 whenever

𝑠𝑛(𝐴) = 𝑂(𝑛−1/𝑝), 𝑛 → ∞,

𝑠𝑛(𝐵) = 𝑜(𝑛−1/𝑝), 𝑛 → ∞.

Hence formulas (4.1), (4.2) imply that 𝒜 ∈ Σ𝛼−1 , 𝑄∗𝑄 ∈ Σ𝛽−1
0
.

Lemma 4.3. Let 𝑉 be compact operator from class Σ0
𝛾, where 𝛾−1 = 𝛼− 𝛽0. Then

positive eigenvalues 𝜆+
𝑛 (𝒞) of the operator 𝒞 have the asymptotic behavior

𝜆+
𝑛 (𝒞) ∼ 𝜆𝑛(𝒜) = 𝑐𝛼𝑛

−𝛼[1 + 𝑜(1)], 𝑛 → ∞.

Proof. At first, let us obtain the property ℬ = 𝑄∗𝑉 𝑄 ∈ Σ0
𝛼−1 , i.e.,

lim
𝑛→∞𝑛𝛼𝑠𝑛(𝑄

∗𝑉 𝑄) = 0. (4.3)

Using “minimaximal principle” of R. Kurant (see [52]) one can prove the inequality:

𝑠𝑚+𝑛−1(𝑄
∗𝑉 𝑄) ≤ 𝑠𝑚(𝑄

∗𝑄) ⋅ 𝑠𝑛(𝑉 ), ∀𝑛,𝑚 ∈ ℕ. (4.4)

It is known that analogous inequality is valid for product of two operators acting
in common Hilbert space. From (4.4) for all 𝑛 = 2𝑚 + 𝑗 (𝑗 = 0, 1) we have
𝑠𝑛(𝑄

∗𝑉 𝑄) = 𝑠(𝑚+𝑗)+(𝑚+1)−1(𝑄
∗𝑉 𝑄) ≤ 𝑠𝑚+𝑗(𝑄

∗𝑄) ⋅ 𝑠𝑚+1(𝑉 ). By the data 𝑉 ∈
Σ0
𝛾 , therefore

𝑠𝑚+1(𝑉 ) = 𝑜((𝑚+ 1)−𝛾
−1

) = 𝑜(𝑚𝛽0−𝛼).
This relation and formula (4.2) imply the following:

0 ≤ lim
𝑛→∞𝑛𝛼𝑠𝑛(𝑄

∗𝑉 𝑄) ≤ lim
𝑚→∞(2𝑚+ 𝑗)𝛼𝑠𝑚+𝑗(𝑄

∗𝑄) ⋅ 𝑠+𝑚+1(𝑉 )

≤ lim
𝑚→∞(2𝑚+ 𝑗)𝛼𝑐𝛽0(𝑚+ 𝑗)−𝛽0𝑠𝑚+1(𝑉 ) = 𝑐𝛽02

𝛼 lim
𝑚→∞

𝑠𝑚+1(𝑉 )

𝑚𝛽0−𝛼
= 0. (4.5)

Inequalities (4.5) do not depend from 𝑗 = 0, 1, so, formula (4.3) is proved.
According to theorem of Fan Ky and relation (4.3), we obtain the property

𝑠𝑛(𝒞) ∼ 𝑠𝑛(𝒜) = 𝜆𝑛(𝒜) (𝑛 → ∞). This property implies the statement of the
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theorem in the case of finite number of negative eigenvalues 𝜆−𝑛 (𝒞). If operator 𝒞
has infinite number of positive and negative eigenvalues then we can decompose
𝒞 as a sum 𝒞+ + 𝒞−, where operator 𝒞+ has all nonnegative eigenvalues of the
operator 𝒞 and 𝒞− has all negative eigenvalues of the operator 𝒞. For all integers
𝑛 we have ∣𝜆𝑛(𝒞−)∣ = ∣𝜆−𝑛 (𝒞)∣ = ∣𝜆−𝑛 (𝒜+ ℬ)∣ ≤ ∣𝜆−𝑛 (ℬ)∣ ≤ 𝑠𝑛(ℬ) = 𝑜(𝑛−𝛼). Hence

lim
𝑛→∞𝑛𝛼∣𝜆𝑛(𝒞−)∣ = lim

𝑛→∞𝑛𝛼𝑠𝑛(𝒞−) = 0.

So, the theorem of Fan Ky implies that

lim
𝑛→∞𝑛𝛼𝑠𝑛(𝒞+) = lim

𝑛→∞𝑛𝛼𝜆𝑛(𝒞+) = lim
𝑛→∞𝑛𝛼𝜆+

𝑛 (𝒞) = 𝑐𝛼. □

Remark 4.4. It seems that inequality (4.3) can be obtained easily. We know that
𝑄∗𝑄 ∈ Σ𝛽−1

0
and 𝑉 ∈ Σ0

𝛾 . If 𝑄∗𝑄 and 𝑉 act in the same Hilbert space then,

according with properties of Σ𝑝-classes, their product would be operator from Σ0
𝑝,

where 𝑝 = (𝛽0 + 𝛾−1)−1 = 𝛼−1. But this two operators act in different spaces (𝐸
and 𝐺), so property 𝑄∗𝑉 𝑄 ∈ Σ0

𝛼−1 requires its original proof.

Consider another situation, when operator ℬ = 𝑄∗𝑉 𝑄 is stronger than op-
erator 𝒜. Then the following result is valid.
Lemma 4.5. Let 𝑉 be such operator that

𝜆+
𝑛 (ℬ) = 𝑐𝛽𝑛

−𝛽[1 + 𝑜(1)] (𝑐𝛽 > 0, 𝛼 > 𝛽 > 0), 𝑛 → ∞,

and operator ℬ has finite number of negative eigenvalues or

𝜆−𝑛 (ℬ) = 𝑜(𝑛−𝛽), 𝑛 → ∞.

Then positive eigenvalues 𝜆+
𝑛 (𝒞) of the operator 𝒞 have the asymptotic behavior

𝜆+
𝑛 (𝒞) ∼ 𝜆+

𝑛 (ℬ) = 𝑐𝛽𝑛
−𝛽[1 + 𝑜(1)], 𝑛 → ∞. (4.6)

Proof. Decomposing operator ℬ as a sum ℬ++ℬ− of its positive and nonnegative
parts and using theorem of Fan Ky, we obtain the property 𝑠𝑛(ℬ) = 𝑐𝛽𝑛

−𝛽 [1+𝑜(1)].
So, asymptotics (4.1) and theorem of Fan Ky imply 𝑠𝑛(𝒞) = 𝑐𝛽𝑛

−𝛽[1 + 𝑜(1)].
Using now decomposition of the operator 𝒞 as a sum 𝒞+ + 𝒞− of its positive and
nonnegative parts and inequality ∣𝜆𝑛(𝒞−)∣ = ∣𝜆−𝑛 (𝒞)∣ ≤ ∣𝜆−𝑛 (ℬ)∣ = 𝑜(𝑛−𝛽), we
obtain

lim
𝑛→∞𝑛𝛽∣𝜆𝑛(𝒞−)∣ = lim

𝑛→∞𝑛𝛽𝑠𝑛(𝒞−) = 0.

So, theorem of Fan Ky implies that

lim
𝑛→∞𝑛𝛽𝑠𝑛(𝒞+) = lim

𝑛→∞𝑛𝛽𝜆𝑛(𝒞+) = lim
𝑛→∞𝑛𝛽𝜆+

𝑛 (𝒞) = 𝑐𝛽 . □

Remark 4.6. It is clear that asymptotics of negative eigenvalues of operator 𝒞 is
like (4.6) whenever 𝜆+

𝑛 (𝑄
∗𝑉 𝑄) = 𝑜(𝑛−𝛽) and −𝜆−𝑛 (𝑄

∗𝑉 𝑄) = 𝑐𝛽𝑛
−𝛽 [1 + 𝑜(1)].

Remark 4.7. Statement of lemma (4.5) seems to be true also for 𝛼 = 𝛽. But
theorem of Fan Ky is not sufficient for proving this result. It is easy to obtain
double-sided estimate for sufficiently large integers 𝑛:

𝑎 ≤ 𝜆+
𝑛 (𝒞)𝑛𝛽 ≤ 𝑏 (0 < 𝑎 < 𝑏 < ∞). (4.7)
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With the help of Lemmas 4.3 and 4.5 we obtain some result on asymptotic
behavior of positive eigenvalues of AGP (2.7)–(2.8).

Theorem 4.8. Let auxiliary spectral problems (3.1) and (3.2) have the estimates of
eigenvalues (3.4) and (3.6). Then formula (3.4) describes asymptotic behavior of
positive eigenvalues of AGP whenever 𝑉 is compact operator from the class Σ0

𝛾,

where 𝛾−1 = 𝛼 − 𝛽0. If 𝑉 is such operator that

𝜆+
𝑛 (𝑄

∗𝑉 𝑄) = 𝑐𝛽𝑛
−𝛽 [1 + 𝑜(1)] (𝛼 > 𝛽), 𝑛 → ∞,

then positive eigenvalues of AGP have the asymptotic behavior

𝜆+
𝑛 = 𝑐−1

𝛽 𝑛𝛽[1 + 𝑜(1)], 𝑛 → ∞.

Corollary 4.9. If we have 𝑎 = 𝛼𝐼 (𝛼 > 0) and 𝑉 = 𝐼 in problem (2.1)–(2.3), then
auxiliary spectral problems (3.1) and (3.2) have the asymptotics of eigenvalues
depending on dimension 𝑚 of domain Ω ⊂ ℝ𝑚:

𝜆(1)
𝑛 = 𝑐1𝑛

2/𝑚[1 + 𝑜(1)] (𝑐1 > 0), (4.8)

𝜆(2)
𝑛 = 𝑐2𝑛

1/(𝑚−1)[1 + 𝑜(1)] (𝑐2 > 0). (4.9)

In this case Theorem 4.8 implies that formula (4.8) describes the asymptotic behav-
ior of positive eigenvalues of problem (2.1)–(2.3) whenever 𝑉 is arbitrary compact
operator (for 𝑚 = 2) or 𝑉 ∈ Σ0

6 (for 𝑚 = 3). If 𝑚 = 3 and 𝑉 = 𝛽𝐼 +𝐾, where
constant 𝛽 > 0 and 𝐾 is arbitrary compact operator, then positive eigenvalues of
problem (2.1)–(2.3) have the asymptotic behavior like (4.9).

The same result is valid for problem (2.7)–(2.8) where we have a strongly
elliptic second-order system and corresponding conormal derivative instead of 𝐿
and ∂. Using results of [18] and [33] one can prove that such problem is a special
case of AGP.

5. Multicomponent transmission spectral problems

Abstract problem (2.7)–(2.8) not only generalizes many classical statements of
spectral boundary value problems. It also consists of the transmission spectral
problems. Let us consider three such problems arising in mathematical physics.
The first one is the multicomponent spectral Stefan problem with Hibbs-Thomson
conditions:

−Δ𝑢𝑗 + 𝑢𝑗 = 𝜆𝑢𝑗 (in Ω𝑗),

∂𝑢𝑗
∂𝑛𝑘

+
∂𝑢𝑘
∂𝑛𝑗

= 𝜆𝑉𝑗𝑘𝑢𝑗 (on Γ𝑗𝑘), (5.1)

𝑢𝑗 = 𝑢𝑘 (on Γ𝑗𝑘),

𝑢𝑗 = 0 (on 𝑆𝑗).

This problem arises in linear model of phase transitions when pure substance situ-
ates in domains Ω𝑗 ⊂ ℝ𝑚 which are in different aggregate states (see 2-dimensional
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situation in the left part of Figure 1). Suppose that there is a melting process on
a moving phase transition boundaries Γ𝑗𝑘; boundaries 𝑆𝑗 are external surfaces of
the substance; given operators 𝑉𝑗𝑘 are positive and compact in 𝐿2(Γ𝑗𝑘). Similar
problems were considered in [38] and [39].

The second problem is generated by the normal motions problem for the
hydro-system of capillary ideal fluids (see [53] and [34]):

ΔΦ𝑗 = 0 (in Ω𝑗), −ΔΦ̃𝑗 = 𝜆𝑐−2
𝑗 Φ̃𝑗 (in Ω̃𝑗),

∂Φ𝑗
∂𝑛𝑗

= 0 (on 𝑆𝑗),

∫
Γ𝑗

Φ𝑗 𝑑Γ𝑗 = 0,

∫
Ω̃𝑗

Φ̃𝑗 𝑑Ω̃𝑗 = 0, (5.2)

∂Φ𝑗
∂𝑛𝑗

=
∂Φ𝑗+1

∂𝑛𝑗
= 𝜆𝑉𝑗(𝜌𝑗Φ𝑗 − 𝜌𝑗+1Φ𝑗+1) (on Γ𝑗).

Suppose that given hydro-system is in a close state to equilibrium position. It
fills some container situated in a low-gravity field (see the right part of Figure 1).
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Figure 1

Assume also that Φ𝑗 are potentials of fields of velocities in every layer of ideal fluids

Ω𝑗 or barotropic gas Ω̃𝑗 . Given operators 𝑉𝑗 are positive and compact in 𝐿2(Γ𝑗).

The third problem is the problem of normal transverse oscillations of an
elastic beam with a system of loads fixed on it:

1

𝜌𝑖(𝑥)𝑆𝑖(𝑥)

∂2

∂𝑥2

(
𝐸𝑖(𝑥)𝐽𝑖(𝑥)

∂2𝑢𝑖
∂𝑥2

)
= 𝜆𝑢𝑖(𝑥), 𝑥 ∈ (𝑎𝑖, 𝑎𝑖+1),

𝑑

𝑑𝑥

(
𝐸𝑖+1𝐽𝑖+1

∂2𝑢𝑖+1

∂𝑥2

)
(𝑎𝑖)− 𝑑

𝑑𝑥

(
𝐸𝑖𝐽𝑖

∂2𝑢𝑖
∂𝑥2

)
(𝑎𝑖) = 𝜆𝑚𝑖𝑢𝑖(𝑎𝑖), (5.3)
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𝑢𝑖(𝑎𝑖) = 𝑢𝑖+1(𝑎𝑖), −𝐸𝑖(𝑎𝑖)𝐽𝑖(𝑎𝑖)
∂2𝑢𝑖
∂𝑥2

(𝑎𝑖) = −𝐸𝑖+1(𝑎𝑖)𝐽𝑖+1(𝑎𝑖)
∂2𝑢𝑖+1

∂𝑥2
(𝑎𝑖) = 0,

𝑢0(0) = 𝑢′0(0) = 0, −𝐸𝑛(𝑙)𝐽𝑛(𝑙)
∂2𝑢𝑛
∂𝑥2

(𝑙) = 0,
𝑑

𝑑𝑥

(
𝐸𝑛𝐽𝑛

∂2𝑢𝑛
∂𝑥2

)
(𝑙) = 𝜆𝑚𝑛𝑢(𝑙).

Here we suppose that the beam is situated on the segment [0; 𝑙] in equilibrium
position. There are 𝑛 loads with corresponding masses 𝑚𝑖, 𝑖 = 1, 𝑛, situated at
the points 𝑎0 = 0 ≤ 𝑎1 < 𝑎2 < ⋅ ⋅ ⋅ < 𝑎𝑛−1 ≤ 𝑙 = 𝑎𝑛 (see Figure 1). The functions
𝜌𝑖(𝑥), 𝑆𝑖(𝑥) ∈ 𝐶[𝑎𝑖, 𝑎𝑖+1], 𝐸𝑖(𝑥), 𝐽𝑖(𝑥) ∈ 𝐶2[𝑎𝑖, 𝑎𝑖+1] are given and they describe
physical characteristics of the beam. Such statement one can find, e.g., in [54].

In order to show that problems (5.1)–(5.3) are special cases of AGP let us
construct some abstract spectral transmission problem that generalizes these three
problems. If we study a boundary value problem with mixed boundary conditions
or a problem of transmission then Green’s formulas (2.4) and (2.5) are not useful,
as trace operators and normal derivatives are defined on parts of boundaries Γ𝑗𝑘.
In this case we can use the following formulas:

⟨𝜂𝑗 , 𝑢𝑗 −Δ𝑢𝑗⟩𝐿2(Ω𝑗) (5.4)

= (𝜂𝑗 , 𝑢𝑗)𝐻1(Ω𝑗) −
𝑞∑
𝑘=1

〈
𝛾𝑗𝑘𝜂𝑗 ,

∂𝑢𝑗
∂𝑛𝑘

〉
𝐿2(Γ𝑗𝑘)

, ∀𝜂𝑗 , 𝑢𝑗 ∈ �̃�1(Ω𝑗).

Here spaces �̃�1(Ω𝑗) are subspaces of 𝐻1(Ω𝑗) which correspond to solutions of
transmission problems. Formulas (5.4) were proved by N.D. Kopachevsky in [37],
[38] and [39]. In these articles it was also proved the abstract generalization of
these formulas:

⟨𝜂𝑗 , 𝐿𝑗𝑢𝑗⟩𝐸𝑗 = (𝜂𝑗 , 𝑢𝑗)𝐹𝑗 −
𝑞∑
𝑘=1

⟨𝛾𝑗𝑘𝜂𝑗 , ∂𝑗𝑘𝑢𝑗⟩𝐺𝑗𝑘
, ∀𝜂𝑗 , 𝑢𝑗 ∈ 𝐹𝑗 , 𝑗 = 1, 𝑞. (5.5)

Here 𝛾𝑗𝑘 : 𝐹𝑗 → (𝐺+)𝑗𝑘 ⊂ 𝐺𝑗𝑘 are abstract bounded operators that generalize
the trace operators, acting to the parts Γ𝑗𝑘 of the boundary ∂Ω𝑗 ; ∂𝑗𝑘 generalizes
the normal derivatives ∂𝑢𝑗/∂𝑛𝑘 on Γ𝑗𝑘.

Using operators of formula (5.5) we can consider some general abstract trans-
mission problem. Let us have 𝑞 abstract equations (for 𝑞 jointed domains):

𝐿𝑗𝑢𝑗 = 𝜆𝑎𝑗𝑢𝑗 , 0 ≤ 𝑎𝑗 = 𝑎∗𝑗 ∈ ℒ(𝐸𝑗), ∀𝑢𝑗 ∈ 𝐹𝑗 , 𝑗 = 1, 𝑞. (5.6)

On the transmission boundaries (on Γ𝑗𝑘𝑙) we consider four types of conditions:

1∘. 𝛾𝑗𝑘1𝑢𝑗 = 𝛾𝑘𝑗1𝑢𝑘, ∂𝑗𝑘1𝑢𝑗 + ∂𝑘𝑗1𝑢𝑘 + 𝛿𝑗𝑘1𝛾𝑗𝑘1𝑢𝑗 = 𝜆𝛼𝑗𝑘1𝛾𝑗𝑘1.

2∘. 𝛾𝑗𝑘2𝑢𝑗 = 𝛾𝑘𝑗2𝑢𝑘, ∂𝑗𝑘2𝑢𝑗 + ∂𝑘𝑗2𝑢𝑘 + 𝛿𝑗𝑘2𝛾𝑗𝑘2𝑢𝑗 = 0. (5.7)

3∘. ∂𝑗𝑘3𝑢𝑗 = −∂𝑘𝑗3𝑢𝑘 = −𝛿𝑗𝑘3(𝛾𝑗𝑘3𝑢𝑗 − 𝛾𝑘𝑗3𝑢𝑘) + 𝜆𝛼𝑗𝑘3(𝛾𝑗𝑘3𝑢𝑗 − 𝛾𝑘𝑗3𝑢𝑘).

4∘. ∂𝑗𝑘4𝑢𝑗 = −∂𝑘𝑗4𝑢𝑘 = −𝛿𝑗𝑘4(𝛾𝑗𝑘4𝑢𝑗 − 𝛾𝑘𝑗4𝑢𝑘).
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On free parts of boundaries (on Γ𝑗𝑗𝑙) we consider three types of conditions:

1∘. ∂𝑗𝑗1𝑢𝑗 + 𝛿𝑗𝑗1𝛾𝑗𝑗1𝑢𝑗 = 𝜆𝛼𝑗𝑗1𝛾𝑗𝑗1𝑢𝑗.

2∘. ∂𝑗𝑗2𝑢𝑗 + 𝛿𝑗𝑗2𝛾𝑗𝑗2𝑢𝑗 = 0. (5.8)

3∘. 𝛾𝑗𝑗3𝑢𝑗 = 0.

Suppose also that 𝛼𝑗𝑘𝑙 and 𝛿𝑗𝑘𝑙 ≥ 0 (𝑙 = 1, 2, 3, 4) are given bounded self-adjoint
operators from ℒ(𝐺𝑗𝑘𝑙).

It is not hard to prove that problems (5.1)–(5.3) are special cases of abstract
problem (5.6)–(5.8). In [39] and [38] we proved that problem (5.6)–(5.8) is a special
case of AGP where operators 𝐿 and ∂ are expressions from left-hand sides of (5.6)
and (5.7):

𝐿𝑢 := (𝐿1𝑢1, . . . , 𝐿𝑞𝑢𝑞),

∂𝑢 :=
(
∂𝑗𝑘𝑙𝑢𝑗 + ∂𝑘𝑗𝑙𝑢𝑘 + 𝛿𝑗𝑘𝑙𝛾𝑗𝑘𝑙𝑢𝑗, 𝑙 = 1, 2, 𝑘 > 𝑗, 𝑗 = 1, 𝑞;

∂𝑗𝑘𝑙𝑢𝑗 + 𝛿𝑗𝑘𝑙(𝛾𝑗𝑘𝑙𝑢𝑗 − 𝛾𝑘𝑗𝑙𝑢𝑘), 𝑙 = 3, 4, 𝑘 > 𝑗, 𝑗 = 1, 𝑞;

∂𝑘𝑗𝑙𝑢𝑘 − 𝛿𝑗𝑘𝑙(𝛾𝑗𝑘𝑙𝑢𝑗 − 𝛾𝑘𝑗𝑙𝑢𝑘), 𝑙 = 3, 4, 𝑘 > 𝑗, 𝑗 = 1, 𝑞;

∂𝑗𝑗𝑙𝑢𝑗 + 𝛿𝑗𝑗𝑙𝛾𝑗𝑗𝑙𝑢𝑗 , 𝑙 = 1, 2
)
.

One can prove that they are operators from the abstract Green’s formula

⟨𝜂, 𝐿𝑢⟩𝐸 = (𝜂, 𝑢)𝐹0 − ⟨𝛾𝜂, ∂𝑢⟩𝐺, ∀𝜂, 𝑢 ∈ 𝐹0,

which can be built by the following Hilbert spaces and the trace operator:

𝐸 =

𝑞⊕
𝑗=1

𝐸𝑗 , (𝜂, 𝑢)𝐸 :=

𝑞∑
𝑗=1

(𝜂𝑗 , 𝑢𝑗)𝐸𝑗 ,

𝐹0 :=
{
𝑢 = (𝑢1, . . . , 𝑢𝑞) ∈ 𝐹 = ⊕𝑞𝑗=1𝐹𝑗 :

𝛾𝑗𝑘1𝑢𝑗 = 𝛾𝑘𝑗1𝑢𝑘, 𝛾𝑗𝑘2𝑢𝑗 = 𝛾𝑘𝑗2𝑢𝑘 (𝑘 > 𝑗); 𝛾𝑗𝑗3𝑢𝑗 = 0, 𝑗 = 1, 𝑞
}
,

(𝜂, 𝑢)𝐹0 :=

𝑞∑
𝑗=1

(𝜂𝑗 , 𝑢𝑗)𝐹𝑗 +

𝑞∑
𝑗=1

∑
𝑘>𝑗

2∑
𝑙=1

⟨𝛾𝑗𝑘𝑙𝜂𝑗 , 𝛿𝑗𝑘𝑙𝛾𝑗𝑘𝑙𝑢𝑗⟩𝐺𝑗𝑘𝑙

+

𝑞∑
𝑗=1

∑
𝑘>𝑗

4∑
𝑙=3

⟨(𝛾𝑗𝑘𝑙𝜂𝑗 − 𝛾𝑘𝑗𝑙𝜂𝑘), 𝛿𝑗𝑘𝑙(𝛾𝑗𝑘𝑙𝑢𝑗 − 𝛾𝑘𝑗𝑙𝑢𝑘)⟩𝐺𝑗𝑘𝑙

+

𝑞∑
𝑗=1

2∑
𝑙=1

⟨𝛾𝑗𝑗𝑙𝜂𝑗 , 𝛿𝑗𝑗𝑙𝛾𝑗𝑗𝑙𝑢𝑗⟩𝐺𝑗𝑗𝑙
,

𝛾𝜂 :=
(
𝛾𝑗𝑘𝑙𝜂𝑗 , 𝑙 = 1, 2, 𝑘 > 𝑗, 𝑗 = 1, 𝑞; 𝛾𝑗𝑘𝑙𝜂𝑗 , 𝑙 = 3, 4, 𝑘 > 𝑗, 𝑗 = 1, 𝑞;

𝛾𝑘𝑗𝑙𝜂𝑘, 𝑙 = 3, 4, 𝑘 > 𝑗, 𝑗 = 1, 𝑞; 𝛾𝑗𝑗𝑙𝜂𝑗 , 𝑙 = 1, 2, 𝑗 = 1, 𝑞
) ∈

𝐺 :=

⎛⎝ 𝑞∑
𝑗=1

∑
𝑘>𝑗

2∑
𝑙=1

⊕𝐺𝑗𝑘𝑙

⎞⎠⊕
⎛⎝ 𝑞∑
𝑗=1

∑
𝑘>𝑗

4∑
𝑙=3

⊕(𝐺𝑗𝑘𝑙 ⊕ 𝐺𝑗𝑘𝑙
)⎞⎠⊕

⎛⎝ 𝑞∑
𝑗=1

2∑
𝑙=1

⊕𝐺𝑗𝑗𝑙

⎞⎠.
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In decomposition of the space 𝐺 we have 𝑎𝑢 := (𝑎1𝑢1, . . . , 𝑎𝑞𝑢𝑞) and

𝑉 𝛾𝑢 :=
(
𝛼𝑗𝑘1𝛾𝑗𝑘1𝑢𝑗, 0, 𝛼𝑗𝑘3(𝛾𝑗𝑘3𝑢𝑗 − 𝛾𝑘𝑗3𝑢𝑘), 0,

− 𝛼𝑗𝑘3(𝛾𝑗𝑘3𝑢𝑗 − 𝛾𝑘𝑗3𝑢𝑘), 0 (𝑘 > 𝑗), 𝛼𝑗𝑗1𝛾𝑗𝑗1𝑢𝑗 , 0 (𝑗 = 1, 𝑞)
)
.

So, spectral properties of problem (5.6)–(5.8) are described by Theorems
3.2 and 4.8. Therefore, we immediately obtain the property of positiveness and
discreteness of the spectrum for three problems of mathematical physics consid-
ered above. Moreover, for the first and the second problem we can apply Theorem
4.8. Actually, one can prove that corresponding auxiliary boundary value problems
(with homogeneous equations and boundary conditions) satisfy the estimates (3.4)

and (3.6), more precisely, 𝜆
(1)
𝑛 = 𝑐1𝑛

2/𝑚[1+𝑜(1)] (𝑛 → ∞), 𝜆
(2)
𝑛 ≥ 𝑐2𝑛

1/(𝑚−1). By
physical statements operators 𝑉𝑗𝑘 and 𝑉𝑗 are from the class Σ0

6 (for𝑚 = 2 and𝑚 =
3). So, Theorem 4.8 implies that problems (5.1) and (5.2) have the following asymp-
totics of positive eigenvalues: 𝜆+

𝑛 = 𝑐1𝑛
2/𝑚[1+ 𝑜(1)] (𝑛 → ∞). For the third prob-

lem we obtained only double-sided estimate (4.7) with 𝛼 = 𝛽 = 1 (see Remark 4.7).
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[26] Ćurgus B., Dijksma A. and Read T. The Linearization of Boundary Eigenvalue
Problems and Reproducing Kernel Hilbert Spaces. Linear Algebra Appl., 329, 2001,
97–136.

[27] Derkach V.A., Hassi S., Malamud M.M., and de Snoo H.S.V. Generalized Resolvents
of Symmetric Operators and Admissibility. Methods Funct. Anal. Topology, 6, 2000,
24–53.

[28] Derkach V.A., Hassi S., Malamud M.M., and de Snoo H.S.V. Boundary Relations
and Generalized Resolvents of Symmetric Operators. Russ. J. Math. Phys., 16, no. 1,
2009, 17–60.

[29] Behrndt J. Boundary Value Problems with Eigenvalue Depending Boundary Condi-
tions. Math. Nachr., 282, 2009, 659–689.

[30] Aubin J.-P. Approximation of Elliptic Boundary Value Problems. New York: Wiley-
Interscience, 1972.

[31] Showalter R. Hilbert Space Methods for Partial Differential Equations. Electronic
Journal of Differential Equations, 1994.

[32] Bourland M., Cambrésis H. Abstract Green Formula and Applications to Boundary
Integral Equations. Nummer. Funct. Anal. and Optimiz., 18, no. 7, 8, 1997, 667–689.

[33] McLean W. Strongly Elliptic Systems and Boundary Integral Equations. Cambridge
University Press, 2000.

[34] Kopachevsky, N.D., Krein, S.G. Operator Approach to Linear Problems of Hydrody-
namics. Vol. 1: Self-adjoint Problems for an Ideal Fluid. Birkhäuser Verlag, Basel,
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On the Well-posedness of Evolutionary
Equations on Infinite Graphs

Marcus Waurick and Michael Kaliske

Abstract. The notion of systems with integration by parts is introduced. With
this notion, the spatial operator of the transport equation and the spatial
operator of the wave or heat equations on graphs can be defined. The graphs,
which we consider, can consist of arbitrarily many edges and vertices. The
respective adjoints of the operators on those graphs can be calculated and
skew-selfadjoint operators can be classified via boundary values. Using the
work of R. Picard (Math. Meth. App. Sci. 32: 1768–1803 [2009]), we can
therefore show well-posedness results for the respective evolutionary problems.
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Keywords. Evolutionary equations on graphs, (skew-)self-adjoint operators.

1. Introduction

Evolutionary equations on graphs have wide applications and are therefore a deeply
studied subject, see, e.g., [1, 10]. A survey is given in [9], where also applications
to physics, chemistry and engineering sciences are discussed. In order to obtain
well-posedness results for evolutionary equations on graphs, many authors use a
semi-group approach and/or a form approach, see, e.g., [3, 5, 7]. Whereas the form
approach in [7] treats the case of the heat equation, the semi-group approach in [5]
is tailored for the transport equation. In this note, we present a different way to
show well-posedness results for evolutionary equations on graphs in on one hand
more restrictive Hilbert space setting. On the other hand, with this approach it is
possible to treat evolutionary equations such as the transport equation, heat equa-
tion and wave equation within a unified more elementary framework. Moreover, it
should be noted that the evolutionary problems discussed here include delay terms
without needing additional work. Our approach uses a result given in [13], where
a general structural feature of evolutionary equations in mathematical physics is
observed. We show that this structure carries over to evolutionary equations on
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graphs. The core issue is the computation of adjoints of operators on graphs. The
latter is also done in [2]. Dealing with more general operators, the author of [2]
has to impose additional conditions on the graph structure. Restricting ourselves
to the study of a particular type of operators, we do not need to impose additional
constraints on the graph structure. Adjoints of differential operators on graphs are
also studied in [4]. However, the authors of [4] focus on the second-order case. As
the common structure of evolutionary equations becomes obvious by transforming
the respective equations into a first-order system, we bypass the second-order case.

Our main concern will be establishing Theorem 4.1. In order to show that
this theorem is indeed sufficient for obtaining well-posedness results for evolution-
ary equations on graphs, we briefly summarize the definitions and the main result
from [13]. Later, we present our abstract model of graphs by means of tensor prod-
uct constructions. Moreover, we discuss the concept of systems with integration
by parts. The latter will help us to characterize skew-selfadjoint realizations of
particular spatial operators belonging to evolutionary equations on graphs. In the
last section, we will give some illustrating examples.

2. Evolutionary equations in mathematical physics

In order to state the main result of [13], we need some definitions.
At first, we need a time-derivative realized as an operator in a Hilbert space

setting. We define the distributional derivative1

∂ : 𝑊 1
2 (ℝ) ⊆ 𝐿2(ℝ) → 𝐿2(ℝ) : 𝑓 �→ 𝑓 ′.

It is well known that ∂ has an explicit spectral representation as a multiplication
operator in 𝐿2(ℝ) given by the unitary Fourier transform ℱ : 𝐿2(ℝ) → 𝐿2(ℝ), i.e.,

∂ = ℱ∗𝑖𝑚ℱ ,

where

𝑚 : {𝑓 ∈ 𝐿2(ℝ); (𝑥 �→ 𝑥𝑓(𝑥)) ∈ 𝐿2(ℝ)} ⊆ 𝐿2(ℝ) → 𝐿2(ℝ) : 𝑓 �→ (𝑥 �→ 𝑥𝑓(𝑥)).

From the latter representation, we deduce that ∂ is skew-selfadjoint. However,
we prefer to establish the time-derivative as a continuously invertible operator.
A possible way for doing so is to introduce a weighted 𝐿2-type space ([11]). Let
𝜈 > 0. We define

𝐻𝜈,0 := {𝑓 ∈ 𝐿1,loc(ℝ); (𝑥 �→ exp(−𝜈𝑥)𝑓(𝑥)) ∈ 𝐿2(ℝ)}.
Endowing 𝐻𝜈,0 with the scalar-product

⟨⋅, ⋅⟩𝜈,0 : (𝑓, 𝑔) �→
∫
ℝ

𝑓(𝑥)∗𝑔(𝑥) exp(−2𝜈𝑥) d𝑥,

1For an open subset Ω ⊆ ℝ𝑛, the space 𝑊 1
2 (Ω) is the Sobolev space of weakly differentiable

functions with distributional derivative representable as an 𝐿2(Ω)-function.
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we deduce that

exp(−𝜈𝑚) : 𝐻𝜈,0 → 𝐿2(ℝ) : 𝑓 �→ (𝑥 �→ exp(−𝜈𝑥)𝑓(𝑥))

is unitary. By unitary equivalence the operator2

∂𝜈 := exp(−𝜈𝑚)∗∂ exp(−𝜈𝑚)

is skew-selfadjoint in𝐻𝜈,0. Therefore, the real line except 0 is contained in the resol-
vent set of ∂𝜈 . Hence, ∂0,𝜈 := ∂𝜈+𝜈 is continuously invertible in 𝐻𝜈,0. Moreover, a

standard argument shows that
∥∥∂−1

0,𝜈

∥∥ ≤ 1
𝜈 . We choose ∂0,𝜈 to be our realization of

the time-derivative. This is justified by the relation ∂0,𝜈𝜙 = ∂𝜙 for all 𝜙 ∈ 𝐶∞
𝑐 (ℝ).

The Fourier-Laplace transform ℒ𝜈 := ℱ exp(−𝜈𝑚) yields a representation as a
multiplication operator for ∂0,𝜈 , i.e.,

∂0,𝜈 = ℒ∗
𝜈(𝑖𝑚+ 𝜈)ℒ𝜈 .

Consequently, we have

∂−1
0,𝜈 = ℒ∗

𝜈

(
1

𝑖𝑚+ 𝜈

)
ℒ𝜈 .

The above representation carries over to analytic functions of ∂−1
0,𝜈 with values in

the space 𝐿(𝐻) of continuous linear operators in some Hilbert space 𝐻 .

Definition 2.1. Let 𝑟 > 0, 𝐻 a Hilbert space. Define 𝐵ℂ(𝑟, 𝑟) := {𝑧 ∈ ℂ; ∣𝑧 − 𝑟∣ <
𝑟}. For 𝜈 > 1

2𝑟 and 𝑀 : 𝐵ℂ (𝑟, 𝑟) → 𝐿(𝐻) bounded and analytic, we set

𝑀(∂−1
0,𝜈) := 𝕃∗

𝜈𝑀

(
1

𝑖𝑚+ 𝜈

)
𝕃𝜈 ,

where3 𝕃𝜈 := ℒ𝜈 ⊗ 𝐼𝐻 is the tensor product of the operators ℒ𝜈 and the identity
𝐼𝐻 in 𝐻 , and 𝑀

(
1

𝑖𝑚+𝜈

)
𝜙 :=

(
𝑥 �→ 𝑀

(
1

𝑖𝑥+𝜈

)
𝜙(𝑥)
)
for all 𝜙 ∈ 𝐿2(ℝ) ⊗ 𝐻 ∼=

𝐿2(ℝ;𝐻).

For tensor products of Hilbert spaces and linear operators, we refer to [14, 15].
We use the notation given in [14]. The main result in [13] is the following.

Theorem 2.2. Let 𝑟 > 0, 𝐻 a Hilbert space and let 𝑀 : 𝐵ℂ(𝑟, 𝑟) → 𝐿(𝐻) be
bounded and analytic. Assume that there is 𝑐 > 0 such that

∀𝑧 ∈ 𝐵ℂ (𝑟, 𝑟) : Re(𝑧
−1𝑀(𝑧)) ≥ 𝑐.

2For any densely defined, linear operator 𝐴, which maps from the Hilbert space 𝐻1 into the
Hilbert space 𝐻2

𝐴∗ =
(−𝐴−1

)⊥𝐻2⊕𝐻1

denotes the adjoint of 𝐴, where 𝐴 is identified with its graph, i.e., 𝐴 ⊆ 𝐻1 ⊕𝐻2.
3Recall that the tensor product of 𝐻𝜈,0 and 𝐻 is isomorphic to the space of 𝐻-valued functions,
which are square integrable with respect to the weighted Lebesgue measure exp(−2𝜈𝑥) d𝑥. More-
over, for two linear operators 𝐴, 𝐵 defined in the Hilbert spaces 𝐻1 and 𝐻2 respectively, the

algebraic tensor product 𝐴
𝑎⊗ 𝐵 is the linear extension of the mapping 𝜙⊗𝜓 �→ 𝐴𝜙⊗𝐵𝜓, where

(𝜙, 𝜓) ∈ 𝐷(𝐴) ×𝐷(𝐵), to the linear span of simple tensors 𝐷(𝐴)
𝑎⊗ 𝐷(𝐵) = lin{𝜙 ⊗ 𝜓; (𝜙, 𝜓) ∈

𝐷(𝐴)×𝐷(𝐵)}. If 𝐴 𝑎⊗ 𝐵 is closable, then 𝐴⊗𝐵 := 𝐴
𝑎⊗ 𝐵.
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Let 𝐴 : 𝐷(𝐴) ⊆ 𝐻 → 𝐻 be a skew-selfadjoint operator. Then for 𝜈 > 1
2𝑟 the

operator

(∂0,𝜈⊗𝐼𝐻)𝑀(∂−1
0,𝜈)+𝐼𝐻𝜈,0⊗𝐴 : 𝐷(∂0,𝜈⊗𝐼𝐻)∩𝐷(𝐼𝐻𝜈,0 ⊗𝐴) ⊆ 𝐻𝜈,0⊗𝐻 → 𝐻𝜈,0⊗𝐻

has dense range and a continuous inverse.

Remark 2.3. For better readability we neglect the tensor product symbols and
observe that the above theorem states that the equation

(∂0,𝜈𝑀(∂−1
0,𝜈) +𝐴)𝑢 = 𝑓

has a unique solution 𝑢 ∈ 𝐻𝜈,0 ⊗𝐻 for 𝑓 contained in a dense subspace of 𝐻𝜈,0 ⊗
𝐻 and the solution 𝑢 depends continuously on 𝑓 . Examples for these types of
equations are discussed in [13, 14]. The latter reference also contains examples for
operators which are representable as a bounded, analytic function of ∂−1

0,𝜈 . It should
be noted that the time-shift operator is included in this framework. Indeed, defining
for ℎ ≥ 0, 𝑢 ∈ 𝐻𝜈,0⊗𝐻 the operator 𝜏−ℎ : 𝐻𝜈,0⊗𝐻 → 𝐻𝜈,0⊗𝐻 via 𝜏−ℎ𝑢 := 𝑢(⋅−ℎ),

we realize 𝜏−ℎ = exp(−ℎ(∂−1
𝜈,0)

−1). Time convolution operators and fractions of
∂0,𝜈 may also be considered in this context. The reason for assuming 𝑀 to be an
analytic operator-valued function is to enforce causality of the solution operator
in the sense of [13].

3. Systems with integration by parts

An essential fact of the above theorem is the observation that a sufficient condition
for well-posedness results for a large class of integro-differential type evolutionary
equations is skew-selfadjointness of the operator 𝐴, modeling the spatial deriva-
tives. The philosophy behind these considerations is to write the considered partial
differential equation as a first-order system. In the particular case of graphs, we
only consider tensor product constructions of derivatives on a bounded interval.
Therefore, the building blocks of the spatial operator on graphs are a particular
form, which we discuss as a detailed example.

Example 3.1. Define

∂1,𝑐 : 𝐶
∞
𝑐 (0, 1) ⊆ 𝐿2(0, 1) → 𝐿2(0, 1) : 𝑓 �→ 𝑓 ′,

where 𝐶∞
𝑐 (0, 1) denotes the set of all arbitrarily often differentiable functions with

compact support in (0, 1). It is known that ∂1,𝑐 is closable and densely defined.

Set ∂1,0 := ∂1,𝑐 and ∂1 := −∂∗1,0. Then ∂1,0 ⊆ ∂1 and we have

∂1 : 𝑊
1
2 (0, 1) ⊆ 𝐿2(0, 1) → 𝐿2(0, 1) : 𝑓 �→ 𝑓 ′.

With the Sobolev embedding theorem, we deduce the continuity of the mapping
𝑊 1

2 (0, 1) ↪→ 𝐶[0, 1] : 𝑓 �→ 𝑓 . Hence, the mapping

𝑅1 : 𝑊
1
2 (0, 1) → ℂ2 : 𝑓 �→ (𝑓(1−), 𝑓(0+))

656 M. Waurick and M. Kaliske



is continuous. The formula of integration by parts, i.e.,

⟨∂1𝑓, 𝑔⟩ = 𝑓(1−)∗𝑔(1−)− 𝑓(0+)∗𝑔(0+)− ⟨𝑓, ∂1𝑔⟩,
for weakly differentiable functions 𝑓, 𝑔 ∈ 𝑊 1

2 (0, 1) is also well known. Using a
method presented in [8], we note that the following decomposition holds:4

𝐷(∂1) = 𝐷(∂1,0)⊕𝐷∂1
𝐷(∂1,0)

⊥𝐷∂1

= 𝐷(∂1,0)⊕𝐷∂1
𝑁(−∂2

1 + 1).

The eigenspace corresponding to the eigenvalue 1 of the one-dimensional Laplacian
∂2
1 , i.e., the space 𝑁(−∂2

1 + 1) is two-dimensional, namely the linear span of sinh
and 𝑡 �→ sinh(1 − 𝑡). Therefore, Ψ1 := 𝑅1∣𝑁(−∂21+1) is a linear bijective mapping
between two two-dimensional Banach spaces and, hence, a linear homeomorphism.
With the operator Ψ1, it is possible to describe the boundary conditions of any
operator which is an extension of ∂1,0 and a restriction of ∂1. The latter observation
will help us to generalize the operator ∂1.

To underline the versatility of the above concepts and the applicability of
Theorem 2.2, we give several examples. The main point is that they all fit in
one scheme. As evolutionary processes on graphs are combinations of evolutionary
processes on the edges with suitable boundary conditions, we focus on the one-
dimensional case.

Example 3.2.

(∂0,𝜈 − ∂1)𝑢 = 𝑓 (Transport equation),(
∂0,𝜈

(
1 0
0 1

)
−
(
0 ∂1
∂1 0

))(
𝑢
𝑣

)
=

(
𝑓
0

)
(Wave equation),(

∂0,𝜈

(
1 0
0 0

)
+

(
0 0
0 1

)
−
(
0 ∂1
∂1 0

))(
𝑢
𝑣

)
=

(
𝑓
0

)
(Heat equation),

where 𝑓 is given and 𝑢 and

(
𝑢
𝑣

)
are solutions of the respective equations. The

latter two equations may be generalized to the following(
∂0,𝜈𝑃 + (𝐼 − 𝑃 )−

(
0 ∂1
∂1 0

))(
𝑢
𝑣

)
=

(
𝑓
0

)
(Wave/Heat equation),

where 𝑃 ∈ 𝐿(𝐿2(0, 1)
2) is an orthogonal projection. For 𝑃 = ( 1 0

0 0 ) we recover the
heat equation and for 𝑃 = ( 1 0

0 1 ), the above corresponds to the wave equation.

4For any closed operator 𝐵 : 𝐷(𝐵) ⊆ 𝐻 → 𝐻 on some Hilbert space 𝐻, we denote the Hilbert
space (𝐷(𝐵), ⟨𝐵⋅, 𝐵⋅⟩𝐻 + ⟨⋅, ⋅⟩𝐻 ) by 𝐷𝐵 , its norm will be denoted by ∣⋅∣𝐵 .
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Moreover, note that also operators of the following type can be considered:

(∂0,𝜈 + 𝐵𝜏−ℎ − ∂1)𝑢 = 𝑓 (Transport equation with delay),(
∂0,𝜈𝑃 + (𝐼 − 𝑃 ) + 𝐶𝜏−ℎ −

(
0 ∂1
∂1 0

))(
𝑢
𝑣

)
=

(
𝑓
0

)
(Wave/Heat equation with delay),

for ℎ > 0 and some bounded linear operators 𝐵∈𝐿(𝐿2(0,1)) and 𝐶∈𝐿(𝐿2(0,1)
2).

One may also multiply the leading term ∂0,𝜈 by some continuous, linear, strictly
positive definite operator 𝐷 in the respective spaces 𝐿2(0, 1) or 𝐿2(0, 1)

2. Such
𝐷 may result from variable velocities. In order to show well-posedness of the
above equations, we have to obtain skew-selfadjointness of the spatial operators

∂1 and

(
0 ∂1
∂1 0

)
, respectively. Thus, appropriate boundary conditions have to be

imposed.

Remark 3.3. Note that initial value problems can also be formulated in this con-
text. The latter is carried out in [12].

We recognize that in Example 3.2, the building blocks of the spatial operator
are of the form ∂1 introduced in Example 3.1. The properties of that operator
can be generalized in various directions. In [3], a Banach space setting combined
with a higher-dimensional case is treated. However, in order to cover more gen-
eral situations, the assumptions made in [3] differ from our assumptions, e.g., the
boundary operator is only assumed to be surjective, whereas in Condition (iii) in
Definition 3.4 we assume that the (abstract) boundary value operator restricted
to a particular subspace is even a Banach space isomorphism. The considerations
in [2] give another possible way. In the latter reference, the author deals with op-
erators of higher order with variable coefficients. That generalization comes along
with additional structure on the graph, which we do not want to assume here.
Restricting ourselves to the Hilbert space context and the one-dimensional case,
we define the following generalization of ∂1:

Definition 3.4. A quintuple (𝐻,ℎ,𝐴0, 𝑅, 𝑆) is called a system with integration by
parts (SWIP) if the following conditions are satisfied:

(i) 𝐻,ℎ are Hilbert spaces,
(ii) 𝐴0 is a closed, skew-symmetric operator in 𝐻 , denote 𝐴 := −𝐴∗

0,
(iii) 𝑅 : 𝐷𝐴 → ℎ ⊕ ℎ is continuous and such that Ψ𝑅 := 𝑅∣𝑁(−𝐴2+1) is a Banach

space isomorphism and 𝑅[𝐷(𝐴0)] = {0},
(iv) 𝑆 ∈ 𝐿(ℎ ⊕ ℎ), ∥𝑆∥ ≤ 1,
(v) for all 𝑓, 𝑔 ∈ 𝐷(𝐴) the equation

⟨𝐴𝑓, 𝑔⟩𝐻 = ⟨𝑆𝑅𝑓,𝑅𝑔⟩ℎ⊕ℎ − ⟨𝑓,𝐴𝑔⟩𝐻
holds.

658 M. Waurick and M. Kaliske



Example 3.1 is our first example of systems with integration by parts. Indeed,
the quintuple

(𝐻,ℎ,𝐴0, 𝑅, 𝑆) =
(
𝐿2(0, 1),ℂ, ∂1,0, 𝑅1,

(
1 0
0 −1

))
is a system with integration by parts. Having shown that Ψ1 = 𝑅1∣𝑁(−∂21+1) is

an isomorphism in Example 3.1, we only show the formula in Condition (v) of
Definition 3.4. For 𝑓, 𝑔 ∈ 𝐷(∂∗1,0) = 𝐷(∂1) = 𝑊 1

2 (0, 1) we have

⟨∂1𝑓, 𝑔⟩𝐿2(0,1) = 𝑓(1−)∗𝑔(1−)− 𝑓(0−)∗𝑔(0−)− ⟨𝑓, ∂1𝑔⟩𝐿2(0,1)
=

〈(
𝑓(1−)

−𝑓(0−)
)

,

(
𝑔(1−)
𝑔(0−)

)〉
ℂ⊕ℂ

− ⟨𝑓, ∂1𝑔⟩

=

〈(
1 0
0 −1

)(
𝑓(1−)
𝑓(0−)

)
,

(
𝑔(1−)
𝑔(0−)

)〉
ℂ⊕ℂ

− ⟨𝑓, ∂1𝑔⟩

=

〈(
1 0
0 −1

)
𝑅1(𝑓), 𝑅1(𝑔)

〉
ℂ⊕ℂ

− ⟨𝑓, ∂1𝑔⟩.

The advantages of introducing SWIPs become clear by Proposition 3.5 and
Theorem 3.6. The first one will help us to deduce well-posedness results for the
wave and heat equations on graphs. The second one describes how to build up new
SWIPs out of given ones by means of tensor products. This will form a model for
evolutionary equations on graphs.

Proposition 3.5. Let (𝐻,ℎ,𝐴0, 𝑅, 𝑆) be a SWIP. Then the quintuple(
𝐻 ⊕ 𝐻,ℎ ⊕ ℎ,

(
0 𝐴0

𝐴0 0

)
,

(
0 𝑅
𝑅 0

)
,

(
0 𝑆
𝑆 0

))
is a SWIP.

Proof. Clear. □

Theorem 3.6. Let (Ω,Σ, 𝜇) be a measure space. Let (𝐻,ℎ,𝐴0, 𝑅, 𝑆) be a SWIP.
Then so is

(𝐿2(𝜇)⊗ 𝐻,𝐿2(𝜇)⊗ ℎ, 𝐼𝐿2(𝜇) ⊗ 𝐴0, 𝐼𝐿2(𝜇) ⊗ 𝑅, 𝐼𝐿2(𝜇) ⊗ 𝑆).

Remark 3.7. Since 𝐿2(𝜇) ⊗ 𝐻 ∼= 𝐿2(𝜇;𝐻), the tensor product is in some sense
the 𝜇-weighted, Ω-fold copy of 𝐻 . Note that if 𝜇 is a counting measure, the above
construction coincides with an orthogonal sum construction as in [5, 7, 9]. Thus,
the classical way of viewing the spatial operators on graphs as an orthogonal
sum of operators is a special case of the above. If the measure space (Ω,Σ, 𝜇) is
the Lebesgue-measure space on the interval (0, 1), we may describe a torus-like
structure.

Proof of Theorem 3.6. It is well known that the quintuple (𝐿2(𝜇) ⊗ 𝐻,𝐿2(𝜇) ⊗
ℎ, 𝐼𝐿2(𝜇) ⊗ 𝐴0, 𝐼𝐿2(𝜇) ⊗ 𝑅, 𝐼𝐿2(𝜇) ⊗ 𝑆) satisfies the Conditions (i), (ii) and (iv) in
Definition 3.4, see, e.g., [14, 15]. Therefore we only show (iii) and formula (v). In
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order to show (iii), we consider the orthogonal decomposition in the Hilbert space
𝐷𝐼𝐿2(𝜇)⊗𝐴∗

0
:

𝐷(𝐼𝐿2(𝜇) ⊗ 𝐴∗
0) = 𝐷(𝐼𝐿2(𝜇) ⊗ 𝐴0)⊕ 𝐷(𝐼𝐿2(𝜇) ⊗ 𝐴0)

⊥.

The space 𝐷(𝐼𝐿2(𝜇)
𝑎⊗ 𝐴0) is ∣⋅∣𝐼𝐿2(𝜇)⊗𝐴∗

0
-dense in 𝐷𝐼𝐿2(𝜇)⊗𝐴0 . Hence,

(𝐼𝐿2(𝜇) ⊗ 𝑅)[𝐷(𝐼𝐿2(𝜇) ⊗ 𝐴0)] = {0}
follows from

(𝐼𝐿2(𝜇)
𝑎⊗ 𝑅)[𝐷(𝐼𝐿2(𝜇) ⊗ 𝐴0)] = {0}.

Furthermore, we have

(𝐼𝐿2(𝜇) ⊗ 𝑅)[𝐷(𝐼𝐿2(𝜇)
𝑎⊗ 𝐴∗

0)] = 𝐿2(𝜇)
𝑎⊗ (ℎ ⊕ ℎ)

= (𝐿2(𝜇)
𝑎⊗ ℎ)⊕ (𝐿2(𝜇)

𝑎⊗ ℎ).

The mapping (𝐼𝐿2(𝜇) ⊗ 𝑅)∣
𝑁(−(𝐼𝐿2(𝜇)

𝑎⊗𝐴∗
0)

2+1)
is one-to-one and bi-continuous and

has dense range. Moreover, the vector space 𝑁(−(𝐼𝐿2(𝜇)
𝑎⊗ 𝐴∗

0)
2+1) is ∣⋅∣𝐼𝐿2(𝜇)⊗𝐴∗

0
-

dense in𝑁(−(𝐼𝐿2(𝜇)⊗𝐴∗
0)

2+1), whence (𝐼𝐿2(𝜇)⊗𝑅)∣𝑁(−(𝐼𝐿2(𝜇)⊗𝐴∗
0)

2+1) is a Banach

space isomorphism.

Now we show the formula. Let Ω1,Ω2 ⊆ Ω be sets of finite measure. Let
𝑥, 𝑦 ∈ 𝐷(𝐴∗

0). Denoting by 𝜒Ω1 , 𝜒Ω2 the characteristic functions of the sets Ω1 and
Ω2, respectively, we compute

⟨(𝐼𝐿2(𝜇) ⊗ 𝐴∗
0)(𝜒Ω1

⊗𝑥), 𝜒Ω2
⊗𝑦⟩𝐿2(𝜇)⊗𝐻 =

∫
Ω

𝜒Ω1
𝜒Ω2

⟨𝐴∗
0𝑥, 𝑦⟩𝐻 d𝜇

=

∫
Ω

𝜒Ω1
𝜒Ω2

(⟨𝑆𝑅𝑥,𝑅𝑦⟩ℎ⊕ℎ − ⟨𝑥,𝐴∗
0𝑦⟩𝐻) d𝜇

= ⟨𝜒Ω1
⊗𝑆𝑅𝑥, 𝜒Ω2

⊗𝑅𝑦⟩(𝐿2(𝜇)⊗ℎ)⊕(𝐿2(𝜇)⊗ℎ)
− ⟨𝜒Ω1

⊗𝑥, (𝐼𝐿2(𝜇) ⊗ 𝐴∗
0)(𝜒Ω2

⊗𝑦)⟩𝐿2(𝜇)⊗𝐻
= ⟨(𝐼𝐿2(𝜇) ⊗ 𝑆)(𝐼𝐿2(𝜇) ⊗ 𝑅)(𝜒Ω1

⊗𝑥), (𝐼𝐿2(𝜇) ⊗ 𝑅)(𝜒Ω2
⊗𝑦)⟩(𝐿2(𝜇)⊗ℎ)⊕(𝐿2(𝜇)⊗ℎ)

− ⟨𝜒Ω1
⊗𝑥, (𝐼𝐿2(𝜇) ⊗ 𝐴∗

0)(𝜒Ω2
⊗𝑦)⟩𝐿2(𝜇)⊗𝐻 .

Due to denseness of 𝐷(𝐴∗
0)-valued step functions and continuity of all considered

mappings with respect to the graph-norm of 𝐼𝐿2(𝜇) ⊗𝐴∗
0, the formula holds for all

𝑓, 𝑔 ∈ 𝐷(𝐼𝐿2(𝜇) ⊗ 𝐴∗
0). □

Adjacency relations on graphs come along with boundary conditions on the
respective spatial operators, see, e.g., [7, 9]. In order to employ Theorem 2.2 for
well-posedness results for evolutionary equations on graphs, it is favorable to char-
acterize all boundary conditions leading to a skew-selfadjoint operator. Having the
abstract structure of SWIPs at hand, we characterize skew-selfadjoint extensions
of 𝐴0 in the SWIP-setting. Before doing so, we need the following lemma.
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Lemma 3.8. Let (𝐻,ℎ,𝐴0, 𝑅, 𝑆) be a SWIP. Let 𝐾 be a closed subspace of 𝐷𝐴
such that 𝐾 ⊇ 𝐷(𝐴0). Then 𝑅[𝐾] ⊆ ℎ ⊕ ℎ is a closed subspace. Conversely, for
each closed subspace 𝑘 ⊆ ℎ ⊕ ℎ there is a uniquely determined closed subspace 𝐾𝑘
of 𝐷𝐴 such that 𝐾𝑘 ⊇ 𝐷(𝐴0) and 𝑅[𝐾𝑘] = 𝑘. Furthermore, we have

𝐾𝑘 = 𝐷(𝐴0)⊕𝐷𝐴 Ψ
−1
𝑅 [𝑘].

Proof. In the space 𝐷𝐴, we have the decomposition

𝐷(𝐴) = 𝐷(𝐴0)⊕ 𝐷(𝐴0)
⊥.

An elementary calculation shows that we have 𝐷(𝐴0)
⊥𝐷𝐴 = 𝑁(−𝐴2 + 1). Hence,

𝐾 = 𝐷(𝐴0)⊕ (𝐾 ∩ 𝑁(−𝐴2 + 1)).

Using 𝑅[𝐷(𝐴0)] = {0} and the operator Ψ𝑅 in Definition 3.4(iii), we observe that

𝑅[𝐾] = 𝑅[𝐷(𝐴0)⊕ 𝐾 ∩ 𝑁(−𝐴2 + 1)]

= 𝑅[𝐷(𝐴0)]⊕ 𝑅[𝐾 ∩ 𝑁(−𝐴2 + 1)] = Ψ𝑅[𝐾 ∩ 𝑁(−𝐴2 + 1)].

By the continuity of Ψ−1
𝑅 and the closedness of 𝐾 ∩ 𝑁(−𝐴2 + 1) the space 𝑅[𝐾]

is closed. From the above calculation, we get

𝐾 = 𝐷(𝐴0)⊕Ψ−1
𝑅 [𝑅[𝐾]]. (1)

Let now 𝑘 ⊆ ℎ⊕ ℎ be a closed subspace. Define 𝐾𝑘 := 𝐷(𝐴0)⊕Ψ−1
𝑅 [𝑘]. The same

reasoning as above yields

𝑅[𝐾𝑘] = Ψ𝑅[Ψ
−1
𝑅 [𝑘]] = 𝑘.

𝐾𝑘 is a closed subspace as an orthogonal sum of two closed subspaces (keep in mind
that Ψ𝑅 is bicontinuous). Let 𝐿 be a closed subspace of 𝐷𝐴 such that 𝐿 ⊇ 𝐷(𝐴0)
and 𝑅[𝐿] = 𝑘. Using (1), we get

𝐾𝑘 = 𝐷(𝐴0)⊕ Ψ−1
𝑅 [𝑅[𝐾𝑘]]

= 𝐷(𝐴0)⊕ Ψ−1
𝑅 [𝑘]

= 𝐷(𝐴0)⊕ Ψ−1
𝑅 [𝑅[𝐿]] = 𝐿. □

With the help of the above lemma, we are in the position to compute the
adjoint of closed, linear operators restricting 𝐴 and extending 𝐴0.

Theorem 3.9. Let (𝐻,ℎ,𝐴0, 𝑅, 𝑆) be a SWIP. Let 𝐵 : 𝐷(𝐵) ⊆ 𝐻 → 𝐻 be a
densely defined, closed, linear operator such that 𝐴0 ⊆ 𝐵 ⊆ 𝐴 := −𝐴∗

0. Then the
adjoint of 𝐵 is given by

𝐵∗ : 𝐷(𝐵∗) ⊆ 𝐻 → 𝐻 : 𝑓 �→ −𝐴𝑓

where 𝐷(𝐵∗) = 𝐷(𝐴0)⊕𝐷𝐴 Ψ
−1
𝑅 [(𝑆𝑅[𝐷(𝐵)])⊥]. In particular, the following state-

ments are equivalent:

(i) 𝐵 is skew-selfadjoint,

(ii) 𝑅[𝐷(𝐵)] = (𝑆𝑅[𝐷(𝐵)])⊥.
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Proof. By 𝐴0 ⊆ 𝐵 ⊆ 𝐴, we have −𝐴0 ⊆ 𝐵∗ ⊆ −𝐴. In particular, we have
𝐷(𝐴0) ⊆ 𝐷(𝐵∗) ⊆ 𝐷(𝐴). Thus, for 𝑓 ∈ 𝐷(𝐴), we observe

𝑓 ∈ 𝐷(𝐵∗) ⇐⇒ ∀𝑔 ∈ 𝐷(𝐵) : ⟨𝐵𝑔, 𝑓⟩𝐻 = ⟨𝑔,−𝐴𝑓⟩𝐻
⇐⇒ ∀𝑔 ∈ 𝐷(𝐵) : ⟨𝐴𝑔, 𝑓⟩𝐻 = −⟨𝑔,𝐴𝑓⟩𝐻
⇐⇒ ∀𝑔 ∈ 𝐷(𝐵) : ⟨𝑆𝑅𝑔,𝑅𝑓⟩ℎ⊕ℎ = 0

⇐⇒ 𝑅𝑓 ∈ (𝑆𝑅[𝐷(𝐵)])⊥.

From “⇒” we read off that 𝑅[𝐷(𝐵∗)] ⊆ (𝑆𝑅[𝐷(𝐵)])⊥. Let 𝑥 ∈ (𝑆𝑅[𝐷(𝐵)])⊥.
Then Ψ−1

𝑅 (𝑥) ∈ 𝐷(𝐴) and Ψ−1
𝑅 (𝑥) ∈ 𝐷(𝐵∗), by “⇐”. We deduce that 𝑅[𝐷(𝐵∗)] =

(𝑆𝑅[𝐷(𝐵)])⊥. Now,𝐷(𝐵∗) ⊆ 𝐷𝐴 is a closed subspace with𝐷(𝐴0) ⊆ 𝐷(𝐵∗). Thus,
using the formula in Lemma 3.8, we conclude that

𝐷(𝐵∗) = 𝐷(𝐴0)⊕Ψ−1
𝑅 [𝑅[𝐷(𝐵∗)]] = 𝐷(𝐴0)⊕Ψ−1

𝑅 [(𝑆𝑅[𝐷(𝐵)])⊥].

In particular, using the uniqueness result in Lemma 3.8, we have 𝐷(𝐵∗) = 𝐷(𝐵)
if and only if (𝑆𝑅[𝐷(𝐵)])⊥ = 𝑅[𝐷(𝐵)]. □

We have the following immediate corollary of the Theorems 2.2 and 3.9, which
comprises a criterion for well-posedness of evolutionary equations with a spatial
operator coming from a SWIP.

Corollary 3.10 (Solution theory). Let 𝑟, 𝑐 > 0, (𝐻,ℎ,𝐴0, 𝑅, 𝑆) be a SWIP and
𝐵 : 𝐷(𝐵) ⊆ 𝐻 → 𝐻 be a densely defined, closed, linear operator such that 𝐴0 ⊆
𝐵 ⊆ −𝐴∗

0 with 𝑅[𝐷(𝐵)] = (𝑆𝑅[𝐷(𝐵)])⊥. Let 𝑀 : 𝐵ℂ(𝑟, 𝑟) → 𝐿(𝐻) be bounded
and analytic such that Re(𝑧−1𝑀(𝑧)) ≥ 𝑐 for all 𝑧 ∈ 𝐵ℂ(𝑟, 𝑟). Then the operator

(∂0,𝜈𝑀(∂−1
0,𝜈) +𝐵) : 𝐷(∂0,𝜈 ⊗ 𝐼𝐻) ∩ 𝐷(𝐼𝐻𝜈,0 ⊗ 𝐵) ⊆ 𝐻𝜈,0 ⊗ 𝐻 → 𝐻𝜈,0 ⊗ 𝐻

has dense range and a continuous inverse.

4. Applications

Wemay now apply the above results to the examples in 3.2. Due to the construction
principles of SWIPs given in the previous section, we derive all our examples from
the rather simple Example 3.1. With Theorem 3.9, we are in the position to classify
all skew-selfadjoint operators via boundary-values. Applying Proposition 3.5 to
Example 3.1, we get a possible way to study well-posedness of the wave equation
or the heat equation, as Example 3.2 indicates.

Let (Ω,Σ, 𝜇) be a measure space. We recall that(
𝐿2(0, 1),ℂ, ∂1,0, 𝑅1,

(
1 0
0 −1

))
is a SWIP. According to Theorem 3.6 the quintuple(

𝐿2(𝜇)⊗ 𝐿2(0, 1), 𝐿2(𝜇)⊗ ℂ, 𝐼𝐿2(𝜇) ⊗ ∂1,0, 𝐼𝐿2(𝜇) ⊗ 𝑅1,

(
𝐼𝐿2(𝜇) 0
0 −𝐼𝐿2(𝜇)

))
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is a SWIP as well. For any closed 𝑈 ⊆ 𝐿2(𝜇;ℂ) ⊕ 𝐿2(𝜇;ℂ), there is a uniquely
determined subspace 𝐷𝑈 ⊆ 𝐿2(𝜇;𝐿2(0, 1)) ⊕ 𝐿2(𝜇;𝐿2(0, 1)) such that (𝐼𝐿2(𝜇) ⊗
𝑅1)[𝐷𝑈 ] = 𝑈 , by Lemma 3.8. The associated transport operator is defined as

∂𝑈 : 𝐷𝑈 ⊆ 𝐿2(𝜇;𝐿2(0, 1)) → 𝐿2(𝜇;𝐿2(0, 1)) : 𝑓 �→ (𝐼𝐿2(𝜇) ⊗ ∂1)𝑓.

Due to Proposition 3.5 and Theorem 3.6 we can study the spatial operator of the
wave/heat equation, i.e., the quintuple⎛⎜⎝𝐿2(𝜇)⊗ (𝐿2(0, 1)⊕ 𝐿2(0, 1)), 𝐿2(𝜇) ⊗ ℂ2,

(
0 𝐼𝐿2(𝜇)⊗∂1,0

𝐼𝐿2(𝜇)⊗∂1,0 0

)
,

(
0 𝐼𝐿2(𝜇)⊗𝑅1

𝐼𝐿2(𝜇)⊗𝑅1 0

)
,

⎛⎝ 0

(
𝐼𝐿2(𝜇) 0

0 −𝐼𝐿2(𝜇)
)

(
𝐼𝐿2(𝜇) 0

0 −𝐼𝐿2(𝜇)
)

0

⎞⎠
⎞⎟⎠

is a SWIP. For any closed subspace 𝑊 ⊆ (𝐿2(𝜇;ℂ2))2, there is a unique subspace
𝐷𝑊 such that (

0 𝐼𝐿2(𝜇)⊗𝑅1

𝐼𝐿2(𝜇)⊗𝑅1 0

)
[𝐷𝑊 ] = 𝑊,

by Lemma 3.8. Therefore, we may define the associated wave operator

∂𝑊 : 𝐷𝑊 ⊆ 𝐿2(𝜇;𝐿2(0, 1)
2) → 𝐿2(𝜇;𝐿2(0, 1)

2) : 𝑓 �→
(

0 𝐼𝐿2(𝜇)⊗∂1
𝐼𝐿2(𝜇)⊗∂1 0

)
𝑓.

We summarize the previous reasoning in the following theorem:

Theorem 4.1. Let 𝑈 ⊆ 𝐿2(𝜇;ℂ) ⊕ 𝐿2(𝜇;ℂ) and 𝑊 ⊆ (𝐿2(𝜇;ℂ2))2 be closed sub-
spaces. Let ∂𝑈 and ∂𝑊 be the associated transport and wave operator, respectively.

(i) The following conditions are equivalent:

∙ ∂𝑈 is skew-selfadjoint,
∙ 𝑈 ⊆ 𝐿2(𝜇;ℂ)⊕ 𝐿2(𝜇;ℂ) is a unitary operator.

(ii) The following conditions are equivalent:

∙ ∂𝑊 is skew-selfadjoint,

∙
[(

0
(
1 0
0 −1

)(
1 0
0 −1

)
0

)
𝑊

]⊥
= 𝑊 .

Proof. In order to prove (i), we recall that(
𝐿2(𝜇)⊗ 𝐿2(0, 1), 𝐿2(𝜇)⊗ ℂ, 𝐼𝐿2(𝜇) ⊗ ∂1,0, 𝐼𝐿2(𝜇) ⊗ 𝑅1,

(
𝐼𝐿2(𝜇) 0
0 −𝐼𝐿2(𝜇)

))
is a SWIP by Example 3.1 and Theorem 3.6. The characterization of the skew-
selfadjoint realizations follows from Theorem 3.9 and the particular form of 𝑆 :=(
𝐼𝐿2(𝜇) 0
0 −𝐼𝐿2(𝜇)

)
. Indeed, by Theorem 3.9 ∂𝑈 is skew-selfadjoint if and only if

𝑈 = 𝑅[𝐷(∂𝑈 )] = (𝑆𝑅[𝐷(∂𝑈 )])
⊥ = (𝑆𝑈)⊥ =

((
1 0
0 −1

)
𝑈

)⊥
= (𝑈∗)−1,
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where 𝑈∗−1 means “flipping the pairs” in the relation 𝑈∗ ⊆ 𝐿2(𝜇;ℂ) ⊕ 𝐿2(𝜇;ℂ).
The latter equation shows that 𝑈−1 = 𝑈∗. An easy argument shows that 𝑈 is
indeed a unitary operator from 𝐿2(𝜇;ℂ) into itself.

Using Proposition 3.5, we deduce that assertion (ii) holds, by following the
same ideas as in the proof of (i). □

Remark 4.2. Combining Corollary 3.10 and Theorem 4.1, we presented appropriate
boundary conditions on graphs in order to show well-posedness of the equations
of the form in Example 3.2.

Now, we will give some examples for the above subspaces leading to skew-
selfadjoint realizations of the respective operators.

Example 4.3 (Transport equation). Take a graph with 3 edges {1, 2, 3} and the
counting measure, denoted by 𝜇, thereon. The space of all boundary values is
ℓ2({1, 2, 3})2. Let 𝐴,𝐵 ∈ ℂ3×3 be invertible matrices. Consider the following space

𝑈 =

⎧⎨⎩(𝑥1, 𝑥2, 𝑥3, 𝑦1, 𝑦2, 𝑦3) ∈ ℓ2({1, 2, 3})2;𝐴
⎛⎝𝑥1

𝑥2

𝑥3

⎞⎠ = 𝐵

⎛⎝𝑦1
𝑦2
𝑦3

⎞⎠⎫⎬⎭ .

We may express 𝑈 in a slightly other fashion

𝑈 =

⎧⎨⎩(𝑥1, 𝑥2, 𝑥3, 𝑦1, 𝑦2, 𝑦3) ∈ ℓ2({1, 2, 3})2;𝐵−1𝐴

⎛⎝𝑥1

𝑥2

𝑥3

⎞⎠ =

⎛⎝𝑦1
𝑦2
𝑦3

⎞⎠⎫⎬⎭ .

Interpreting (𝑥1, 𝑥2, 𝑥3) and (𝑦1, 𝑦2, 𝑦3) as the right-hand sides and the left-hand
sides of the edges {1, 2, 3}, respectively, we deduce that 𝐵−1𝐴 relates all the right-
hand sides to the left-hand sides. In order to obtain skew-selfadjointness of the
associated spatial operator, we have to require that 𝐵−1𝐴 is unitary.

In [6, Remark after Proposition 9.1], the authors obtained the result of the
above example for graphs with finitely many edges. An example for the spatial
operator of the wave/heat equation on graphs, we consider next.

Example 4.4 (Wave/heat equation). In order to describe the different types of
boundary conditions that are included in the above characterization result, we
only consider a graph with one edge, i.e., the space of boundary values is ℂ4.
Thus, we consider subspaces 𝑊 ⊆ ℂ4. The associated spatial operator ∂𝑊 lies in

between

(
0 ∂1,0

∂1,0 0

)
and

(
0 ∂1
∂1 0

)
.

∙ Dirichlet boundary conditions are easily obtained by

(
0 ∂1

∂1,0 0

)
. Thus,𝑊 =

{(𝑥1, 𝑥2, 𝑥3, 𝑥4) ∈ ℂ4;𝑥1 = 𝑥2 = 0}. 𝑊 leads to a skew-selfadjoint ∂𝑊 .
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Indeed,[(
0

(
1 0
0 −1

)(
1 0
0 −1

)
0

)
𝑊

]⊥
= {(𝑥1, 𝑥2, 𝑥3, 𝑥4) ∈ ℂ4;𝑥3 = 𝑥4 = 0}⊥

= 𝑊.

∙ In order to consider Neumann-type boundary conditions, we consider 𝑊 =
{(𝑥1, 𝑥2, 𝑥3, 𝑥4) ∈ ℂ4;𝑥3 = 𝑥4 = 0}. Similarly, as for the Dirichlet boundary
conditions, we show that the associated spatial operator is skew-selfadjoint.
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Reparametrizations of Non Trace-normed
Hamiltonians
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Abstract. We consider a Hamiltonian system of the form 𝑦′(𝑥) = 𝐽𝐻(𝑥)𝑦(𝑥),
with a locally integrable and nonnegative 2 × 2-matrix-valued Hamiltonian
𝐻(𝑥). In the literature dealing with the operator theory of such equations,
it is often required in addition that the Hamiltonian 𝐻 is trace-normed, i.e.,
satisfies tr𝐻(𝑥) ≡ 1. However, in many examples this property does not hold.
The general idea is that one can reduce to the trace-normed case by applying
a suitable change of scale (reparametrization). In this paper we justify this
idea and work out the notion of reparametrization in detail.

Mathematics Subject Classification (2000). Primary 34B05; Secondary 34L40,
47E05.

Keywords. Hamiltonian system, reparametrization, trace-normed.

1. Introduction

Consider a Hamiltonian system of the form

𝑦′(𝑥) = 𝑧𝐽𝐻(𝑥)𝑦(𝑥), 𝑥 ∈ 𝐼 , (1.1)

where 𝐼 is a (finite or infinite) open interval on the real line, 𝑧 ∈ ℂ, 𝐽 :=
(

0 −1

1 0

)
,

and 𝐻 : 𝐼 → ℝ2×2 is a function which does not vanish identically on 𝐼 a.e., and
has the following properties:

(Ham1) Each entry of 𝐻 is (Lebesgue-to-Borel) measurable and locally inte-
grable on 𝐼.

(Ham2) We have 𝐻(𝑥) ≥ 0 almost everywhere on 𝐼.

We call a function 𝐻 satisfying (Ham1) and (Ham2) a Hamiltonian.
In the literature dealing with systems of the form (1.1), their operator theory,

and their spectral properties, it is often assumed that 𝐻 is trace-normed, i.e., that

(Ham3) We have tr𝐻(𝑥) = 1 almost everywhere on 𝐼.

Advances and Applications, Vol. 221, 667-690



For example, in [HSW], where the operator model associated with (1.1) is intro-
duced from an up-to-date viewpoint, the property (Ham3) is required from the
start, in [K] trace-normed Hamiltonians are considered, and also in [GK] it is
very soon required that the Hamiltonian under consideration satisfies (Ham3).
Contrasting this, in [dB] no normalization conditions are required. However, that
work does not deal with the operator theoretic viewpoint on the equation (1.1). In
[KW/IV] boundary triples were studied which arise from Hamiltonian functions
𝐻 which are only assumed to be non-vanishing, i.e., have the property that

(Ham3′) The function 𝐻 does not vanish on any set of positive measure.

Let us now list some examples of Hamiltonian systems, where the Hamiltonian is
not necessarily trace-normed, or not even non-vanishing, and which have motivated
our present work.

1∘. When investigating the inverse spectral problem for semibounded spectral mea-
sures 𝜇, equations (1.1) with 𝐻 being of the form

𝐻(𝑥) =

(
𝑣(𝑥)2 𝑣(𝑥)
𝑣(𝑥) 1

)
appear naturally, cf. [W2]. Clearly, Hamiltonians of this kind are non-vanishing
but not trace-normed. The function 𝑣 has intrinsic meaning. For example, when
𝜇 is associated with a Krĕın string 𝑆[𝐿,𝔪], the function 𝑣 is the mass function of
the dual string of 𝑆[𝐿,𝔪], cf. [KWW2, §4].
2∘. When identifying a Sturm–Liouville equation without potential term as a
Hamiltonian system, one obtains an equation (1.1) with 𝐻 being of the form

𝐻(𝑥) =

(
𝑝(𝑥) 0
0 𝜌(𝑥)

)
.

Often the functions 𝑝 and 𝜌 have physical meaning. For example, consider the
propagation of waves in an elastic medium, and assume that the equations of
isotropic elasticity hold and that the density of the medium depends only on the
depth measured from the surface. Then one arrives at a hyperbolic system whose
associated linear spectral problem is of the form

−(𝑝(𝑥)𝑦′(𝑥))′ = 𝜔2𝜌(𝑥)𝑦(𝑥), 𝑥 ≥ 0 ,

where 𝑥 measures the depth from the surface, 𝜌(𝑥) is the density of the media, and
𝑝(𝑥) = 𝜆(𝑥) + 2𝜇(𝑥) with the Lamé parameters 𝜆, 𝜇, cf. [BB], [McL]. Apparently,
Hamiltonians of this kind are in general not trace-normed. When the medium
under consideration contains layers of vacuum, they will not even be non-vanishing.

3∘. Dropping normalization assumptions often leads to significant simplification.
For example, transformation of Hamiltonians and their corresponding Weyl coef-
ficients, like those given in [W1], can be treated with much more ease when the
requirement that all Hamiltonians are trace-normed is dropped. Also, the natu-
ral action of such transformations on the associated chain of de Branges spaces
becomes much more apparent.
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For example, in our recent investigation of symmetry in the class of Hamil-
tonians, cf. [WW], it is much more suitable to work with Hamiltonians which may
vanish on sets of positive measure. When working with transformation formulas
like those introduced in [KWW1], dropping the requirement that Hamiltonians are
non-vanishing is very helpful.

One obvious reason why a Hamiltonian 𝐻 may fail to satisfy (Ham3′), is that
there exist whole intervals (𝛼, 𝛽) with 𝐻 ∣(𝛼,𝛽) = 0 a.e.; remember the situations
described in 2∘. Of course such intervals are somewhat trivial pieces of 𝐻 . Hence,
it is interesting to note that (Ham3′) may also fail for a more subtle reason.

1.1. Example. Choose a compact subset𝐾 of the unit interval [0, 1] whose Lebesgue
measure 𝑚 is positive and less than 1, and which does not contain any open
intervals. A typical example of such a set is the Smith-Volterra-Cantor set being
obtained by the usual construction of the Cantor set but removing intervals of
length 1

4𝑛 instead of 1
3𝑛 at the 𝑛th step of the process. For more details, see, e.g.,

[AB, p140 f.]. Set 𝐼 := (0, 1) and

𝐻(𝑥) :=

{
id2×2 , 𝑥 ∈ 𝐼 ∖ 𝐾

0 , 𝑥 ∈ 𝐾 ∩ 𝐼
,

then 𝐻 is a Hamiltonian. It vanishes on a set of positive measure, namely on 𝐾.
However, if 𝐽 is any open interval, then 𝐽 ∖𝐾 is open and nonempty. Hence, there
exists no interval where 𝐻 vanishes almost everywhere.

When dealing with Hamiltonian functions which are not normalized by (Ham3),
the notion of reparametrization is (and has always been) present. The idea is:

If two Hamiltonian functions differ only by a change of scale, they will
share their operator theoretic properties.

Reparametrizations for non-vanishing Hamiltonians were investigated in [KW/IV,
§2.1.f], in the context of generalized strings reparameterizations appeared in [LW].

Our aim in this paper is to provide a rigorous fundament for the theory of
(not necessarily non-vanishing) Hamiltonian, the notion of a reparametrization,
and the above-quoted intuitive statement. We set up the proper environment to
deal with Hamiltonians without further normalization or restriction, and provide
the practical tool of reparametrization in this general setting. The definition of the
associated boundary triple is in essence the same as known from the trace–normed
case. The main effort is to thoroughly understand the notion of a reparametriza-
tion. As one can guess already from the above Example 1.1, the difficulties which
have to be overcome are of measure theoretic nature.

To close this introduction, let us briefly describe the content of the present
paper. We define a boundary triple associated with a Hamiltonian in a way which is
convenient for the general situation (Section 2); we define and discuss absolutely
continuous reparametrizations (Section 3); we show that for a given Hamilton-
ian 𝐻 there always exist reparametrizations which relate 𝐻 with a trace-normed
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Hamiltonian, and that the presently defined notion of reparametrization coincides
with the previously introduced one in the case of non-vanishing Hamiltonians (Sec-
tion 4).

2. Hamiltonians and their operator models

Throughout this paper measure theoretic notions like ‘integrability’, ‘almost ev-
erywhere’, ‘measurable set’, ‘zero set’, are understood with respect to the Lebesgue
measure unless explicitly stated differently.

Intervals where the Hamiltonian is of a particularly simple form play a special
role.

2.1. Definition. Let 𝐻 be a Hamiltonian on 𝐼, and let (𝛼, 𝛽) ⊆ 𝐼 be a nonempty
open interval.

(i) We call (𝛼, 𝛽) 𝐻-immaterial, if 𝐻(𝑥) = 0, 𝑥 ∈ (𝛼, 𝛽) a.e.
(ii) For 𝜙 ∈ ℝ set 𝜉𝜙 := (cos𝜙, sin𝜙)𝑇 . We call (𝛼, 𝛽) 𝐻-indivisible of type 𝜙 ∈ ℝ,

if 𝐻 ∣(𝛼,𝛽) is of the form
𝐻(𝑥) = ℎ(𝑥)𝜉𝜙𝜉

𝑇
𝜙 , 𝑥 ∈ (𝛼, 𝛽) a.e., (2.1)

with some scalar function ℎ, and if no interval (𝛼, 𝛾) or (𝛾, 𝛽) with 𝛾 ∈ (𝛼, 𝛽)
is 𝐻-immaterial.

(iii) We denote by 𝐼ind the union of all 𝐻-indivisible and 𝐻-immaterial intervals.
(iv) We say that 𝐻 has a heavy left endpoint, if it does not start with an imma-

terial interval. Analogously, 𝐻 has a heavy right endpoint, if it does not end
with an immaterial interval. If both endpoints of 𝐻 are heavy, we just say
that 𝐻 has heavy endpoints.

If no confusion is possible, we will drop the prefix ‘𝐻-’ in these notations.

Note that the type of an indivisible interval is uniquely determined up to multiples
of 𝜋, and that the function ℎ in (2.1) coincides a.e. with tr𝐻 .

For later use, let us list some simple properties of immaterial and indivisible
intervals.

2.2. Remark.

(i) Let (𝛼, 𝛽) and (𝛼′, 𝛽′) be immaterial. If the closures of these intervals have
nonempty intersection, then the interior of the union of their closures is im-
material.

(ii) Each immaterial interval is contained in a maximal immaterial interval.
Let (𝛼, 𝛽) be maximal immaterial and let (𝛼′, 𝛽′) be immaterial, then either
(𝛼′, 𝛽′) ⊆ (𝛼, 𝛽) or [𝛼′, 𝛽′] ∩ [𝛼, 𝛽] = ∅.
There exist at most countably many maximal immaterial intervals.

(iii) Let (𝛼, 𝛽) be indivisible of type 𝜙, and let (𝛼′, 𝛽′) be an interval which has
nonempty intersection with (𝛼, 𝛽). If (𝛼′, 𝛽′) is immaterial, then [𝛼′, 𝛽′] ⊆
(𝛼, 𝛽). If (𝛼′, 𝛽′) is indivisible of type 𝜙′, then 𝜙 = 𝜙′ mod 𝜋 and the union
(𝛼, 𝛽) ∪ (𝛼′, 𝛽′) is indivisible of type 𝜙.

670 H. Winkler and H. Woracek



(iv) Each indivisible interval of type 𝜙 is contained in a maximal indivisible in-
terval of type 𝜙.
Let (𝛼, 𝛽) be maximal indivisible of type 𝜙 and let (𝛼′, 𝛽′) be indivisible of
type 𝜙′. Then either 𝜙 = 𝜙′ mod 𝜋 and (𝛼′, 𝛽′) ⊆ (𝛼, 𝛽), or (𝛼′, 𝛽′)∩ (𝛼, 𝛽) =
∅.
There exist at most countably many maximal indivisible intervals.

(v) The set 𝐼ind is the disjoint union of all maximal indivisible intervals, and
all maximal immaterial intervals which are not contained in an indivisible
interval.

(vi) The following statements are equivalent:
– The interval (𝛼, 𝛽) is indivisible of type 𝜙.
– We have 𝜉𝜙+ 𝜋

2
∈ ker𝐻(𝑥), 𝑥 ∈ (𝛼, 𝛽) a.e. Neither 𝐻 vanishes a.e. on

an interval of the form (𝛼, 𝛾) with 𝛾 ∈ (𝛼, 𝛽), nor on an interval of the
form (𝛾, 𝛽).

– We have ∫
(𝛼,𝛽)

𝜉∗𝜙+𝜋
2
𝐻(𝑥)𝜉𝜙+ 𝜋

2
𝑑𝑥 = 0 .

Neither 𝐻 vanishes a.e. on an interval of the form (𝛼, 𝛾) with 𝛾 ∈ (𝛼, 𝛽),
nor on an interval of the form (𝛾, 𝛽).

The first step towards the definition of the operator model associated with a Hamil-
tonian is to define the space of 𝐻-measurable functions.

2.3. Definition. Let 𝐻 be a Hamiltonian defined on 𝐼. Then we denote by ℳ(𝐻)
the set of all ℂ2-valued functions 𝑓 on 𝐼, such that:

(i) The function 𝐻𝑓 : 𝐼 → ℂ2 is (Lebesgue-to-Borel) measurable.
(ii) If (𝛼, 𝛽) ⊆ 𝐼 is immaterial, then 𝑓 is constant on [𝛼, 𝛽] ∩ 𝐼.
(iii) If (𝛼, 𝛽) ⊆ 𝐼 is indivisible of type 𝜙, then 𝜉𝑇𝜙 𝑓 is constant on (𝛼, 𝛽).

We define a relation ‘=𝐻 ’ on ℳ(𝐻) by

𝑓 =𝐻 𝑔 if 𝐻(𝑓 − 𝑔) = 0 a.e. on 𝐼

Let us point out explicitly that in the conditions (ii) and (iii) the respective func-
tions are required to be constant, and not only constant almost everywhere. Ap-
parently, (ii) and (iii) are a restriction only on the closure of 𝐼ind. For example,
each measurable function whose support does not intersect this closure certainly
belongs to ℳ(𝐻). Also, note that the set ℳ(𝐻) does not change when 𝐻 is
changed on a set of measure zero, and that =𝐻 is an equivalence relation.

Usually, in the literature, only measurable functions 𝑓 are considered. How-
ever, it turns out practical to weaken this requirement to (i) of Definition 2.3.

The next statement says that each equivalence class modulo =𝐻 in fact con-
tains measurable functions. In particular, this implies that when factorizing mod-
ulo ‘=𝐻 ’ it makes no difference whether we require 𝐻𝑓 or 𝑓 to be measurable.

2.4. Lemma. Let 𝐻 be a Hamiltonian defined on 𝐼, and let 𝑓 ∈ ℳ(𝐻). Then there
exists a measurable function 𝑔 ∈ ℳ(𝐻), such that 𝑓 =𝐻 𝑔.
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Proof. Write 𝐻 :=
(
ℎ1 ℎ3
ℎ3 ℎ2

)
. We divide the interval 𝐼 into six disjoint parts, namely

𝐽1 :=
∪{

𝐿 : 𝐿 maximal indivisible
}

𝐽2 :=
∪{

𝐼 ∩ 𝐿 : 𝐿 maximal immaterial, 𝐿 ∩ 𝐽1 = ∅}
𝐽3 :=

{
𝑥 ∈ 𝐼 : 𝐻(𝑥) = 0

} ∖ (𝐽1 ∪ 𝐽2)

𝐽4 :=
{
𝑥 ∈ 𝐼 : 𝐻(𝑥) ∕= 0, det𝐻(𝑥) = 0, ℎ2(𝑥) = 0

} ∖ (𝐽1 ∪ 𝐽2)

𝐽5 :=
{
𝑥 ∈ 𝐼 : 𝐻(𝑥) ∕= 0, det𝐻(𝑥) = 0, ℎ2(𝑥) ∕= 0

} ∖ (𝐽1 ∪ 𝐽2)

𝐽6 :=
{
𝑥 ∈ 𝐼 : det𝐻(𝑥) ∕= 0

} ∖ (𝐽1 ∪ 𝐽2)

Since 𝐽1 is open, and 𝐽2 is a countable union of (relatively) closed sets, both are
measurable. Since each entry of 𝐻 is measurable, each of the subsets 𝐽3, . . . , 𝐽6 is
measurable. If two open intervals 𝐿1 and 𝐿2 have empty intersection, also 𝐿1∩𝐿2 =
∅. Thus, 𝐽1 ∩ 𝐽2 = ∅. The other sets 𝐽3, . . . , 𝐽6 are trivially pairwise disjoint and
disjoint from 𝐽1and 𝐽2. We are going to define the required function 𝑔 on each of
the sets 𝐽𝑖, 𝑖 = 1, . . . , 6, separately.

Definition on 𝐽1: Let 𝐿 be a maximal indivisible interval, say of type 𝜙. Then
𝜉𝑇𝜙 𝑓(𝑥) is constant on 𝐿. We set

𝑔(𝑥) :=
[
𝜉𝑇𝜙 𝑓(𝑥)

] ⋅ 𝜉𝜙, 𝑥 ∈ 𝐿 ,

then

𝐻(𝑥)
(
𝑓(𝑥)− 𝑔(𝑥)

)
= ℎ(𝑥) ⋅ 𝜉𝜙𝜉𝑇𝜙

(
𝑓(𝑥)− 𝑔(𝑥)

)
= ℎ(𝑥) ⋅ 𝜉𝜙

[
𝜉𝑇𝜙 𝑓(𝑥)− 𝜉𝑇𝜙

[
𝜉𝑇𝜙 𝑓(𝑥)

]
𝜉𝜙

]
= 0, 𝑥 ∈ 𝐿 a.e.

The function 𝑔∣𝐿 itself, in particular also 𝜉𝑇𝜙 𝑔∣𝐿, is constant. Hence, no matter how
we define 𝑔 on the remaining parts 𝐽2, . . . , 𝐽6, the condition (iii) of Definition 2.3
will be satisfied for 𝑔.

By the above procedure, 𝑔 is defined on all of 𝐽1. Since 𝐽1 is a countable
union of disjoint open sets where 𝑔 is constant, 𝑔∣𝐽1 is measurable.
Definition on 𝐽2: Let 𝐿 be a maximal immaterial interval which does not intersect
any indivisible interval. Then 𝑓 is constant on 𝐼 ∩ 𝐿. We set

𝑔(𝑥) := 𝑓(𝑥), 𝑥 ∈ 𝐼 ∩ 𝐿 ,

then

𝐻(𝑥)
(
𝑓(𝑥)− 𝑔(𝑥)

)
= 0, 𝑥 ∈ 𝐼 ∩ 𝐿 .

No matter how we define 𝑔 on the remaining parts 𝐽3, . . . , 𝐽6, the condition (ii) of
Definition 2.3 will hold true for 𝑔: Assume that (𝛼, 𝛽) is immaterial. Then [𝛼, 𝛽]∩
𝐼 is either contained in some maximal indivisible interval or in some maximal
immaterial interval which does not intersect any indivisible interval. In both cases,
the function 𝑔 is constant on [𝛼, 𝛽] ∩ 𝐼. Since 𝐽2 is a countable disjoint union of
closed sets where 𝑔 is constant, 𝑔∣𝐽2 is measurable.
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Definition on 𝐽3:We set 𝑔(𝑥) := 0, 𝑥 ∈ 𝐽3, then 𝑔∣𝐽3 is measurable and𝐻(𝑥)(𝑓(𝑥)−
𝑔(𝑥)) = 0, 𝑥 ∈ 𝐽3.

Definition on 𝐽4: For 𝑥 ∈ 𝐽4 we have 𝐻(𝑥) = ℎ(𝑥)𝜉0𝜉
𝑇
0 with the measurable and

positive function ℎ(𝑥) := tr𝐻(𝑥). Write 𝑓 as 𝑓(𝑥) = 𝑓1(𝑥)𝜉0 + 𝑓2(𝑥)𝜉𝜋
2
, then

𝐻(𝑥)𝑓(𝑥) = ℎ(𝑥)𝑓1(𝑥)𝜉0, 𝑥 ∈ 𝐽4 .

Since ℎ(𝑥) is positive, it follows that the function

𝑔(𝑥) := 𝑓1(𝑥)𝜉0, 𝑥 ∈ 𝐽4 ,

is measurable. Also, it satisfies

𝐻(𝑥)
(
𝑓(𝑥)− 𝑔(𝑥)

)
= ℎ(𝑥)𝜉0𝜉

𝑇
0 ⋅ 𝑓2(𝑥)𝜉𝜋

2
= 0, 𝑥 ∈ 𝐽4 .

Definition on 𝐽5: We argue similar as for 𝐽4. For 𝑥 ∈ 𝐽5 we have 𝐻(𝑥) =
ℎ(𝑥)𝜉𝜙(𝑥)𝜉

𝑇
𝜙(𝑥) with the measurable and positive function ℎ(𝑥) := tr𝐻(𝑥) and

the measurable function 𝜙(𝑥) := Arccot ℎ3(𝑥)ℎ2(𝑥)
. Write 𝑓 as 𝑓(𝑥) = 𝑓1(𝑥)𝜉𝜙(𝑥) +

𝑓2(𝑥)𝜉𝜙(𝑥)+ 𝜋
2
, 𝑥 ∈ 𝐽5, then

𝐻(𝑥)𝑓(𝑥) = ℎ(𝑥)𝑓1(𝑥)𝜉𝜙(𝑥), 𝑥 ∈ 𝐽5 .

Since ℎ(𝑥) is positive, the function 𝑔(𝑥) := 𝑓1(𝑥)𝜉𝜙(𝑥), 𝑥 ∈ 𝐽5, is measurable. It
satisfies, 𝐻(𝑥)(𝑓(𝑥) − 𝑔(𝑥)) = 0, 𝑥 ∈ 𝐽5.

Definition on 𝐽6: If det𝐻(𝑥) ∕= 0, we can write 𝑓(𝑥) = 𝐻(𝑥)−1 ⋅ 𝐻(𝑥)𝑓(𝑥), and
hence 𝑓 ∣𝐽6 is measurable. Set 𝑔(𝑥) := 𝑓(𝑥), 𝑥 ∈ 𝐽6, then 𝐻(𝑥)(𝑓(𝑥) − 𝑔(𝑥)) = 0,
𝑥 ∈ 𝐽6. □

2.5. Corollary. Let 𝐻 be a Hamiltonian defined on 𝐼. If 𝑓1, 𝑓2 ∈ ℳ(𝐻), then
the function 𝑓∗2𝐻𝑓1 is measurable. For each 𝑓 ∈ ℳ(𝐻) the function 𝑓∗𝐻𝑓 is
measurable and almost everywhere nonnegative.

Proof. Choose measurable functions 𝑔1, 𝑔2 ∈ ℳ(𝐻) according to Lemma 2.4. Then

𝑓∗2𝐻𝑓1 = 𝑔∗2𝐻𝑔1 + (𝑓2 − 𝑔2)
∗𝐻𝑔1 + 𝑓∗2𝐻(𝑓1 − 𝑔1) = 𝑔∗2𝐻𝑔1 a.e. .

Since 𝐻(𝑥) is a.e. a nonnegative matrix, each function 𝑓∗𝐻𝑓 , 𝑓 ∈ ℳ(𝐻), is a.e.
nonnegative. □

Now we can write down the definition of the operator model associated with a
Hamiltonian. It reads almost the same as in the trace-normed case.

Denote by Ac(𝐻) the subset of ℳ(𝐻), which consists of all locally absolutely
continuous functions in ℳ(𝐻). Moreover, call 𝐻 regular at the endpoint 𝑠− :=
inf 𝐼, if for one (and hence for all) 𝑠 ∈ 𝐼∫ 𝑠

𝑠−
tr𝐻(𝑥) 𝑑𝑥 < ∞ .
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If this integral is infinite, call 𝐻 singular at 𝑠−. The terms regular/singular at the
endpoint 𝑠+ := sup 𝐼 are defined analogously†.

2.6. Definition. Let 𝐻 be a Hamiltonian defined on 𝐼 = (𝑠−, 𝑠+). Set

𝜎− := sup
{
𝑥 ∈ 𝐼 : (𝑠−, 𝑥) immaterial

}
,

𝜎+ := inf
{
𝑥 ∈ 𝐼 : (𝑥, 𝑠+) immaterial

}
,

𝐼 := (𝜎−, 𝜎+), �̃� := 𝐻 ∣𝐼
(2.2)

2.7. Definition. Let 𝐻 be a Hamiltonian defined on 𝐼.

(i) We define the model space 𝐿2(�̃�) ⊆ ℳ(�̃�)/=�̃�
as

𝐿2(𝐻) :=
{
𝑓/=�̃�

: 𝑓 ∈ ℳ(�̃�),

∫
𝐼

𝑓(𝑥)∗𝐻(𝑥)𝑓(𝑥) 𝑑𝑥 < ∞
}
.

For 𝑓1, 𝑓2 ∈ 𝐿2(𝐻) we define an inner product as (𝑓1 = 𝑓1/=𝐻 , 𝑓2 = 𝑓2/=𝐻 )

(𝑓1, 𝑓2)𝐻 :=

∫
𝐼

𝑓2(𝑥)
∗𝐻(𝑥)𝑓1(𝑥) 𝑑𝑥 .

(ii) We define the model relation 𝑇max(𝐻) ⊆ 𝐿2(𝐻)× 𝐿2(𝐻) as

𝑇max(𝐻) :=
{
(𝑓 ; 𝑔) ∈ 𝐿2(𝐻)× 𝐿2(𝐻) : ∃ 𝑓 ∈ Ac(�̃�), 𝑔 ∈ ℳ(�̃�) with

𝑓 = 𝑓/=�̃�
, 𝑔 = 𝑔/=�̃�

and 𝑓 ′ = 𝐽�̃�𝑔 a.e.
}
.

(iii) We define the model boundary relation Γ(𝐻) ⊆ 𝑇max(𝐻)×(ℂ2×ℂ2) as the set

of all elements ((𝑓 ; 𝑔); (𝑎; 𝑏)) such that there exist representants 𝑓 ∈ Ac(𝐻)

of 𝑓 and 𝑔 ∈ ℳ(𝐻) of 𝑔 with 𝑓 ′ = 𝐽𝐻𝑔 and (𝑠− := inf 𝐼, 𝑠+ := sup 𝐼)

𝑎 =

{
lim𝑡↘𝑠− 𝑓(𝑡) , regular at 𝑠−
0 , singular at 𝑠−

𝑏 =

{
lim𝑡↗𝑠+ 𝑓(𝑡) , regular at 𝑠+

0 , singular at 𝑠+

Unless it is necessary, the equivalence relation ‘=𝐻 ’ will not be mentioned explicitly
and equivalence classes and their representants will not be distinguished explicitly.

The operator theoretic properties of these objects, for example the fact that
(𝐿2(𝐻), 𝑇max(𝐻),Γ(𝐻)) is a Hilbert space boundary triple, could be proved by
following the known path. This, however, would be unnecessary labour. As we will
see later, it is always possible to reduce to the trace-normed case by means of a
reparametrization, cf. Corollary 4.4.

†Instead of regular and singular, one also speaks of Weyl’s limit circle case or Weyl’s limit point
case.
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For later reference let us explicitly state the obvious fact that a pair (𝑓 ; 𝑔)

belongs to 𝑇max(𝐻) if and only if there exist representants 𝑓 and 𝑔 of 𝑓 and 𝑔,
respectively, with

𝑓(𝑦) = 𝑓(𝑥) +

∫ 𝑦
𝑥

𝐽𝐻𝑔, 𝑥, 𝑦 ∈ 𝐼 . (2.3)

3. Absolutely continuous reparametrizations

Let us define rigorously what we understand by a reparametrization (i.e., a ‘change
of scale’).

3.1. Definition. Let 𝐻1 and 𝐻2 be Hamiltonians defined on intervals 𝐼1 and 𝐼2,
respectively.

(i) We say that 𝐻2 is a basic reparametrization of 𝐻1, and write 𝐻1 ⇝ 𝐻2,
if there exists a nondecreasing, locally absolutely continuous, and surjective
map 𝜆 of 𝐼1 onto 𝐼2, such that

𝐻1(𝑥) = 𝐻2(𝜆(𝑥)) ⋅ 𝜆′(𝑥), 𝑥 ∈ 𝐼1 a.e. (3.1)

Here 𝜆′ denotes a nonnegative function which coincides a.e. with the deriva-
tive of 𝜆.

(ii) Let numbers 𝜎−1 , 𝜎+
1 and 𝜎2,−, 𝜎2,+ be defined by (2.2) for 𝐻1 and 𝐻2, re-

spectively. Then we write 𝐻1✄𝐻2, if

𝐻1∣(𝜎−
1 ,𝜎

+
1 ) = 𝐻2∣(𝜎2,−,𝜎2,+) .

(iii) We denote by ‘∼’ the smallest equivalence relation containing both relations
‘⇝’ and ‘✄’. If 𝐻 ∼ �̃� , we say that 𝐻 and �̃� are reparametrizations of each
other.

First of all note that ‘✄’ is an equivalence relation, and that ‘⇝’ is reflexive and
transitive; for transitivity apply the chain rule. However, ‘⇝’ fails to be symmetric,
see the below Example 3.2. This properties of ‘⇝’ imply that 𝐻 ∼ �̃� if and only
if there exist finitely many Hamiltonians 𝐿0, . . . , 𝐿𝑚, such that

𝐻 = 𝐿0 ≈1 𝐿1 ≈2 𝐿2 ≈3 ⋅ ⋅ ⋅ ≈𝑚−1 𝐿𝑚−1 ≈𝑚 𝐿𝑚 = �̃� (3.2)

where ≈𝑖 ∈ {✄,⇝,⇝−1}, 𝑖 = 1, . . . ,𝑚.

3.2. Example. Let us show by an example that ‘⇝’ is not symmetric. One obvious
obstacle for symmetry is that a function 𝜆 establishing a basic reparametrization
by means of (3.1) need not be injective. However, if 𝜆(𝑥1) = 𝜆(𝑥2) for some
𝑥1 < 𝑥2, then 𝜆 is constant on the interval (𝑥1, 𝑥2), and hence 𝜆′ = 0 a.e. on
(𝑥1, 𝑥2). Thus (𝑥1, 𝑥2) must be a 𝐻1-immaterial interval; a somewhat trivial piece
of the Hamiltonian.

A more subtle example is obtained from the Hamiltonian 𝐻 introduced in
Example 1.1. Using the notation from this example, set

𝐼 := (0, 1− 𝑚), �̃�(𝑦) := id2×2, 𝑦 ∈ 𝐼 ,
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and consider the map

𝜆(𝑥) :=

∫ 𝑥
0

𝜒𝐼∖𝐾(𝑡) 𝑑𝑡, 𝑥 ∈ 𝐼 .

Then, 𝜆 is nondecreasing, absolutely continuous, and 𝜆′ = 𝜒𝐼∖𝐾 a.e. Since 𝐾 does

not contain any open interval, 𝜆 is in fact an increasing bijection of 𝐼 onto 𝐼. Let
us show that

𝐻(𝑥) = �̃�(𝜆(𝑥))𝜆′(𝑥), 𝑥 ∈ 𝐼 a.e.

If 𝑥 ∈ 𝐼 ∖ 𝐾 and 𝜆′(𝑥) = 𝜒𝐼∖𝐾(𝑥), both sides equal id2×2. If 𝑥 ∈ 𝐾 and 𝜆′(𝑥) =
𝜒𝐼∖𝐾(𝑥), both sides equal 0. We see that 𝐻 ⇝ �̃� via 𝜆.

Assume on the contrary that �̃� ⇝ 𝐻 via some nondecreasing, locally abso-
lutely continuous, and surjective map 𝜏 of 𝐼 onto 𝐼, so that

�̃�(𝑦) = 𝐻(𝜏(𝑦))𝜏 ′(𝑦), 𝑦 ∈ 𝐼 a.e.

For 𝑦 ∈ 𝜏−1(𝐾), the left side of this relation equals id2×2 and right side equals
0. Thus 𝜏−1(𝐾) must be a zero set. Since 𝜏 is locally absolutely continuous and
surjective, this implies that 𝐾 = 𝜏(𝜏−1(𝐾)) is a zero set. We have reached a

contradiction, and conclude that �̃� ∕⇝ 𝐻 .

Our aim in this section is to show that Hamiltonians which are reparametrizations
of each other give rise to isomorphic operator models, for the precise formulation
see Theorem 3.8 below. The main effort is to understand basic reparametrizations;
and this is our task in the next couple of statements.

3.3. Remark. Let 𝐼1 and 𝐼2 be nonempty open intervals on the real line, and let
𝜆 : 𝐼1 → 𝐼2 be a nondecreasing, locally absolutely continuous, and surjective map.

(i) The function 𝜆 cannot be constant on any interval of the form (inf 𝐼, 𝛾) or
(𝛾, sup 𝐼) with 𝛾 ∈ 𝐼. This is immediate from the fact that the image of 𝜆 is
an open interval.

(ii) There exists a nonnegative function 𝜆′ which coincides almost everywhere
with the derivative of 𝜆, and which has the following property:

For each nonempty interval (𝛼, 𝛽) ⊆ 𝐼 such that 𝜆∣(𝛼,𝛽) is
constant, we have 𝜆′∣[𝛼,𝛽] = 0.

(3.3)

Note here that, due to (i), always [𝛼, 𝛽] ⊆ 𝐼.
Let us show that 𝜆′ can indeed be assumed to satisfy (3.3). Each interval

(𝛼, 𝛽) where 𝜆 is constant is contained in a maximal interval having this
property. Each two maximal intervals where 𝜆 is constant are either equal or
disjoint. Hence, there can exist at most countably many such. Let (𝛼, 𝛽) be
one of them. Then the derivative of 𝜆 exists and is equal to zero on all of
(𝛼, 𝛽). Choose any function 𝜆′ which coincides almost everywhere with the
derivative of 𝜆. By redefining this function on a set of measure zero, we can
thus achieve that 𝜆′(𝑥) = 0, 𝑥 ∈ [𝛼, 𝛽].
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We will, throughout the following, always assume that the function 𝜆′ in Definition
3.1, (i), has the additional property (3.3). By the just said, this is no loss in
generality.

3.4. Proposition. Let 𝐻1 and 𝐻2 be Hamiltonians defined on intervals 𝐼1 and 𝐼2,
respectively. Assume that 𝐻2 is a basic reparametrization of 𝐻1, and let 𝜆 be a
map which establishes this reparametrization. Moreover, let �̃� be a right inverse
of 𝜆†.

Then the maps ∘�̃� : 𝑓1 �→ 𝑓1 ∘ �̃� and ∘𝜆 : 𝑓2 �→ 𝑓2 ∘𝜆 induce mutually inverse linear
bijections between ℳ(𝐻1) and ℳ(𝐻2).

𝐼1

𝜆
��

𝜆 ∘ �̃� = id𝐼2
�̃�

�� ℳ(𝐻1)

∘�̃�
�� ℳ(𝐻2)

∘𝜆
��

They respect the equivalence relations =𝐻1 and =𝐻2 in the sense that, for each
two elements 𝑓2, 𝑔2 ∈ ℳ(𝐻2),

𝑓2 =𝐻2 𝑔2 ⇐⇒ (𝑓2 ∘ 𝜆) =𝐻1 (𝑔2 ∘ 𝜆) (3.4)

and for each two elements 𝑓1, 𝑔1 ∈ ℳ(𝐻1),

𝑓1 =𝐻1 𝑔1 ⇐⇒ (𝑓1 ∘ �̃�) =𝐻2 (𝑔1 ∘ �̃�)

In the proof of this proposition there arise some difficulties of measure theoretic
nature. Let us state the necessary facts separately.

3.5. Lemma. Let 𝐼1 and 𝐼2 be nonempty open intervals on the real line, let 𝜆 : 𝐼1 →
𝐼2 be a nondecreasing, locally absolutely continuous, and surjective map, and let
�̃� be a right inverse of 𝜆. Moreover, assume that 𝜆′ is a function which coincides
almost everywhere with the derivative of 𝜆 (and has the property (3.3)), and set

𝐿0 :=
{
𝑥 ∈ 𝐼 : 𝜆′(𝑥) = 0

}
.

Then the following hold:

(i) If 𝐸 ⊆ 𝐼1 is a zero set, so is �̃�−1(𝐸).

(ii) The function �̃� is Lebesgue-to-Lebesgue measurable.

(iii) The set 𝜆(𝐿0) is measurable and has measure zero.

(iv) The function 𝜆′ ∘ �̃� is almost everywhere positive. In fact,{
𝑦 ∈ 𝐼2 : (𝜆

′ ∘ �̃�)(𝑦) = 0
}
= 𝜆(𝐿0) .

(v) If 𝐸 ⊆ 𝐼2 is a measurable set, so is 𝜆−1(𝐸) ∖𝐿0 ⊆ 𝐼1. If 𝐸 is a zero set, also
𝜆−1(𝐸) ∖ 𝐿0 has measure zero.

†For example, one could choose �̃�(𝑦) := min{𝑥 ∈ 𝐼1 : 𝜆(𝑥) = 𝑦}. Due to continuity of 𝜆 and
Remark 3.3, (i), this minimum exists and belongs to 𝐼1
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Proof.
Item (i): Since �̃� is a right inverse of 𝜆, we have �̃�−1(𝐸) ⊆ 𝜆(𝐸). Since 𝜆 is locally
absolutely continuous, 𝐸 being a zero set implies that 𝜆(𝐸) is a zero set. Thus

�̃�−1(𝐸) is measurable and has measure zero.

Item (ii): The function �̃� is nondecreasing, and hence Borel-to-Borel measurable.
Let a Lebesgue measurable set 𝑀 ⊆ 𝐼1 be given, and choose Borel sets 𝐴,𝐵 with
𝐴 ⊆ 𝑀 ⊆ 𝐵 such that the Lebesgue measure of 𝐵 ∖ 𝐴 equals zero. Then �̃�−1(𝐴)

and �̃�−1(𝐵) are Borel sets,

�̃�−1(𝐴) ⊆ �̃�−1(𝑀) ⊆ �̃�−1(𝐵), �̃�−1(𝐵) ∖ �̃�−1(𝐴) = �̃�−1(𝐵 ∖ 𝐴) .

However, by (i), �̃�−1(𝐵 ∖ 𝐴) has measure zero, and it follows that �̃�−1(𝑀) is
Lebesgue measurable.

Item (iii): The crucial observation is the following: If two points 𝑥, 𝑦 ∈ 𝐼, 𝑥 < 𝑦,
have the same image under 𝜆, then 𝜆 is constant on [𝑥, 𝑦], and by (3.3) thus
𝑥, 𝑦 ∈ 𝐿0. In particular, the set 𝐿0 is saturated with respect to the equivalence
relation ker𝜆‡. This implies that

𝜆(𝐿0) = �̃�−1(𝐿0), 𝐿0 = 𝜆−1(𝜆(𝐿0)) . (3.5)

By (ii), the first equality already shows that 𝜆(𝐿0) is measurable. To compute the
measure of 𝜆(𝐿0), we use the second equality and evaluate∫

𝐼2

𝜒𝜆(𝐿0)(𝑦) 𝑑𝑦 =

∫
𝐼1

(
𝜒𝜆(𝐿0) ∘ 𝜆︸ ︷︷ ︸

=

𝜒𝜆−1(𝜆(𝐿0))
=𝜒𝐿0

)
(𝑥) ⋅ 𝜆′(𝑥) 𝑑𝑥 = 0 .

Item (iv): Consider the function 𝜆′ ∘ �̃�. Clearly, it is nonnegative. Let 𝑦 ∈ 𝐼2 be

given. Then (𝜆′ ∘ �̃�)(𝑦) = 0 if and only if �̃�(𝑦) ∈ 𝐿0, and in turn, by (3.5), if and
only if 𝑦 ∈ 𝜆(𝐿0).

Item (v): The function (𝜒𝐸 ∘ 𝜆) ⋅ 𝜆′ is measurable, and hence
𝜆−1(𝐸) ∖ 𝐿0 =

{
𝑥 ∈ 𝐼1 : [(𝜒𝐸 ∘ 𝜆) ⋅ 𝜆′](𝑥) ∕= 0

}
is measurable. Moreover, if 𝐸 is a zero set,

0 =

∫
𝐼2

𝜒𝐸(𝑥) 𝑑𝑥 =

∫
𝐼1

(𝜒𝐸 ∘ 𝜆)(𝑥) ⋅ 𝜆′(𝑥) 𝑑𝑥 ,

and hence the (nonnegative) function (𝜒𝐸 ∘𝜆) ⋅𝜆′ must vanish almost everywhere.
□

Next, we have to make clear how immaterial and indivisible intervals behave when
performing the transformation 𝜆.

‡Here we understand by ker 𝜆 the equivalence relation

ker 𝜆 := {(𝑥1; 𝑥2) ∈ 𝐼1 × 𝐼1 : 𝜆(𝑥1) = 𝜆(𝑥2)} ,
and call a subset of 𝐼1 saturated with respect to this equivalence relation, if it is a union of
equivalence classes.
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3.6. Lemma. Consider the situation described in Proposition 3.4.

(i) If (𝛼, 𝛽) ⊆ 𝐼1 and 𝜆 is constant on this interval, then (𝛼, 𝛽) is 𝐻1-immaterial.
(ii) If (𝛼, 𝛽) ⊆ 𝐼1 is 𝐻1-immaterial, then the set of inner points of the interval

𝜆
(
[𝛼, 𝛽] ∩ 𝐼1

)
is either empty or 𝐻2-immaterial.

(iii) If (𝛼, 𝛽) ⊆ 𝐼2 is 𝐻2-immaterial, then the set of inner points of the interval
𝜆−1
(
[𝛼, 𝛽] ∩ 𝐼2

)
is 𝐻1-immaterial.

(iv) If (𝛼, 𝛽) ⊆ 𝐼1 is 𝐻1-indivisible of type 𝜙, then the interval 𝜆
(
(𝛼, 𝛽)

)
is 𝐻2-

indivisible of type 𝜙.
(v) If (𝛼, 𝛽) ⊆ 𝐼2 is 𝐻2-indivisible of type 𝜙, then the interval 𝜆−1

(
(𝛼, 𝛽)

)
is

𝐻1-indivisible of type 𝜙.

Proof.
Item (i): This has already been noted in the first paragraph of Example 3.2.

Item (ii): If the set of inner points of the interval 𝜆
(
[𝛼, 𝛽] ∩ 𝐼1

)
is empty, there is

nothing to prove. Hence, assume that it is nonempty.
Consider first the case that [𝛼, 𝛽]∩ 𝐼1 is saturated with respect to the equiv-

alence relation ker𝜆. Choose a zero set 𝐸 ⊆ 𝐼1, such that 𝐻1(𝑥) = 0, 𝑥 ∈(
[𝛼, 𝛽] ∩ 𝐼1

) ∖ 𝐸. Since 𝐻1(�̃�(𝑦)) = 𝐻2(𝑦) ⋅ (𝜆′ ∘ �̃�)(𝑦) a.e., we obtain

𝐻2(𝑦) = 0, 𝑦 ∈ �̃�−1
((
[𝛼, 𝛽] ∩ 𝐼1

) ∖ 𝐸
) ∖ 𝜆(𝐿0) a.e.

Since [𝛼, 𝛽] ∩ 𝐼1 is saturated with respect to ker𝜆, we have �̃�−1
(
[𝛼, 𝛽] ∩ 𝐼1

)
=

𝜆
(
[𝛼, 𝛽] ∩ 𝐼1

)
, and it follows that

�̃�−1
((
[𝛼, 𝛽] ∩ 𝐼1

) ∖ 𝐸
) ∖ 𝜆(𝐿0) = 𝜆

(
[𝛼, 𝛽] ∩ 𝐼1

) ∖ (�̃�−1(𝐸) ∪ 𝜆(𝐿0)
)
.

In particular, 𝐻2 vanishes almost everywhere on the set of inner points of the
interval 𝜆

(
[𝛼, 𝛽] ∩ 𝐼1

)
.

Assume next that (𝛼, 𝛽) is an arbitrary 𝐻1-immaterial interval. The union of
all equivalence classes of elements 𝑥 ∈ (𝛼, 𝛽) modulo ker𝜆 is a (relatively) closed
interval, say [𝛼0, 𝛽0] ∩ 𝐼1. Since

(𝛼0, 𝛽0) = (𝛼0, 𝛼] ∪ (𝛼, 𝛽) ∪ [𝛽, 𝛽0) ,

and 𝜆 is certainly constant on (𝛼0, 𝛼] and [𝛽, 𝛽0), it follows that (𝛼0, 𝛽0) is 𝐻1-
immaterial. Moreover, [𝛼0, 𝛽0] ∩ 𝐼1 is saturated with respect to ker𝜆. Applying
what we have proved in the above paragraph, gives that the set of inner points
of 𝜆
(
[𝛼0, 𝛽0] ∩ 𝐼1

)
is 𝐻2-immaterial. Since [𝛼, 𝛽] ∩ 𝐼1 ⊆ [𝛼0, 𝛽0] ∩ 𝐼1, the required

assertion follows.

Item (iii): Choose a zero set 𝐸 ⊆ 𝐼2, such that 𝐻2(𝑦) = 0, 𝑦 ∈ ([𝛼, 𝛽] ∩ 𝐼2
) ∖ 𝐸.

Since 𝐻1(𝑥) = 𝐻2(𝜆(𝑥))𝜆
′(𝑥) a.e., it follows that

𝐻1(𝑥) = 0, 𝑥 ∈ 𝜆−1
((
[𝛼, 𝛽] ∩ 𝐼2

) ∖ 𝐸
) ∪ 𝐿0 a.e.

However,

𝜆−1
(
[𝛼, 𝛽] ∩ 𝐼2

) ∖ (𝜆−1(𝐸) ∖ 𝐿0

) ⊆ [(𝜆−1
(
[𝛼, 𝛽] ∩ 𝐼2

)) ∖ 𝜆−1(𝐸)
] ∪ 𝐿0

= 𝜆−1
(
([𝛼, 𝛽] ∩ 𝐼2) ∖ 𝐸

) ∪ 𝐿0
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and we conclude that 𝐻1 vanishes on 𝜆−1
(
[𝛼, 𝛽]∩ 𝐼2

)
with possible exception of a

zero set.

Item (iv): The function 𝜆 is not constant on any interval of the form (𝛼, 𝛼 + 𝜀)
or (𝛽 − 𝜀, 𝛽). Hence, the interval (𝛼, 𝛽) is saturated with respect to ker𝜆, and
𝜆
(
(𝛼, 𝛽)

)
is open.

Choose a zero set 𝐸 ⊆ 𝐼1, such that 𝐻1(𝑥) = ℎ1(𝑥) ⋅ 𝜉𝜙𝜉𝑇𝜙 , 𝑥 ∈ (𝛼, 𝛽) ∖ 𝐸.
Then

𝐻2(𝑦) =
ℎ1(�̃�(𝑦))

(𝜆′ ∘ �̃�)(𝑦)
⋅ 𝜉𝜙𝜉𝑇𝜙 , 𝑦 ∈ �̃�−1

(
(𝛼, 𝛽) ∖ 𝐸

) ∖ 𝜆(𝐿0) a.e.

However,

�̃�−1
(
(𝛼, 𝛽) ∖ 𝐸

) ∖ 𝜆(𝐿0) = 𝜆
(
(𝛼, 𝛽)

) ∖ (�̃�−1(𝐸) ∪ 𝜆(𝐿0)
)
.

Hence, 𝐻2 has the required form.
Set (𝛼′, 𝛽′) := 𝜆

(
(𝛼, 𝛽)

)
, and assume that for some 𝛾′ > 𝛼′ the interval

(𝛼′, 𝛾′) is 𝐻2-immaterial. Then the interval 𝜆
−1
(
(𝛼′, 𝛾′)

)
is 𝐻1-immaterial. Since 𝜆

is continuous and (𝛼, 𝛽) is saturated with respect to ker𝜆, we have 𝜆−1
(
(𝛼′, 𝛾′)

)
=

(𝛼, 𝛾) with some 𝛾 ∈ (𝛼, 𝛽). We have reached a contradiction. The same argument
shows that no interval of the form (𝛾′, 𝛽′) can be 𝐻2-immaterial.

Item (v): Choose a zero set 𝐸 ⊆ 𝐼2, such that

𝐻2(𝑦) = ℎ2(𝑦) ⋅ 𝜉𝜙𝜉𝑇𝜙 , 𝑦 ∈ (𝛼, 𝛽) ∖ 𝐸 .

Moreover, set 𝜆−1
(
(𝛼, 𝛽)

)
=: (𝛼′, 𝛽′) ⊆ 𝐼1.

First, we have

𝐻1(𝑥) = ℎ2(𝜆(𝑥))𝜆
′(𝑥) ⋅ 𝜉𝜙𝜉𝑇𝜙 , 𝑥 ∈ 𝜆−1

(
(𝛼, 𝛽) ∖ 𝐸

)
a.e.

On the set 𝐿0 this equality trivially remains true a.e. We conclude that 𝐻1(𝑥) is
of the form ℎ1(𝑥) ⋅ 𝜉𝜙𝜉𝑇𝜙 for all 𝑥 ∈ 𝜆−1

(
(𝛼, 𝛽)

) ∖ (𝜆−1(𝐸) ∖ 𝐿0

)
a.e.

Second, assume that for some 𝛾′ ∈ (𝛼′, 𝛽′) the interval (𝛼′, 𝛾′) is 𝐻1-immat-
erial. Then the set of inner points of 𝜆

(
(𝛼′, 𝛾′)

)
is 𝐻2-immaterial. However, since

𝜆
(
(𝛼′, 𝛽′)

)
= (𝛼, 𝛽), the function 𝜆 cannot be constant on any interval (𝛼′, 𝛼′+ 𝜀),

and hence 𝜆
(
(𝛼′, 𝛾′)

) ⊇ (𝛼, 𝛾) for some 𝛾 > 𝛼. We have reached a contradiction,
and conclude that (𝛼′, 𝛽′) cannot start with an immaterial interval. The fact that
it cannot end with such an interval is seen in the same way. □
After these preparations, we turn to the proof of Proposition 3.4.

Proof of Proposition 3.4.
Step 1: Let 𝑓2 ∈ ℳ(𝐻2) be given, and consider the function 𝑓1 := 𝑓2 ∘𝜆. We have

𝐻1𝑓1 = 𝐻1(𝑓2 ∘ 𝜆) = (𝐻2 ∘ 𝜆)𝜆′ ⋅ (𝑓2 ∘ 𝜆) =
[
(𝐻2𝑓2) ∘ 𝜆

] ⋅ 𝜆′ a.e., (3.6)

and hence 𝐻1𝑓1 is measurable.
Let (𝛼, 𝛽) ⊆ 𝐼1 be an immaterial interval. Then the set of inner points of

𝜆
(
[𝛼, 𝛽] ∩ 𝐼1

)
is either empty or 𝐻2-immaterial. In the first case, 𝜆 is constant on

[𝛼, 𝛽] ∩ 𝐼1, and hence also 𝑓1 is constant on this interval. In the second case, 𝑓2 is
constant on 𝜆

(
[𝛼, 𝛽] ∩ 𝐼1

)
, and it follows that 𝑓1 is constant on [𝛼, 𝛽] ∩ 𝐼1.
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If (𝛼, 𝛽) is 𝐻1-indivisible of type 𝜙, then 𝜆
(
(𝛼, 𝛽)

)
is 𝐻2-indivisible of type

𝜙. Hence 𝜉𝑇𝜙 𝑓2 is constant on 𝜆
(
(𝛼, 𝛽)

)
, and thus 𝜉𝑇𝜙 𝑓1 is constant on (𝛼, 𝛽). It

follows that 𝑓1 ∈ ℳ(𝐻1), and we have shown that ∘𝜆 maps ℳ(𝐻2) into ℳ(𝐻1).

Step 2: Let 𝑓1 ∈ ℳ(𝐻1) be given, and set 𝑓2 := 𝑓1 ∘ �̃�. First note that (𝑥1;𝑥2) ∈
ker𝜆, 𝑥1 < 𝑥2, implies that the interval (𝑥1, 𝑥2) is 𝐻1-immaterial, and hence that
𝑓1(𝑥1) = 𝑓1(𝑥2). Using this fact, it follows that

𝑓2 ∘ 𝜆 = (𝑓1 ∘ �̃�) ∘ 𝜆 = 𝑓1 . (3.7)

Next, we compute (a.e.)

(𝐻1𝑓1)∘ �̃� =
[
𝐻1 ⋅ (𝑓2 ∘𝜆)

] ∘ �̃� =
[
(𝐻2 ∘𝜆)𝜆′ ⋅ (𝑓2 ∘𝜆)

] ∘ �̃� = (𝐻2𝑓2) ⋅ (𝜆′ ∘ �̃�) . (3.8)

Since �̃� is Lebesgue-to-Lebesgue measurable, the function (𝐻1𝑓1)∘�̃� is measurable.
Since 𝜆′ ∘ �̃� is almost everywhere positive, this implies that 𝐻2𝑓2 is measurable.

Let (𝛼, 𝛽) ⊆ 𝐼2 be 𝐻2-immaterial, then 𝑓1 is constant on 𝜆−1
(
[𝛼, 𝛽] ∩ 𝐼2

)
.

Since �̃�
(
[𝛼, 𝛽]∩𝐼2

) ⊆ 𝜆−1
(
[𝛼, 𝛽]∩𝐼2

)
, it follows that 𝑓1∘�̃� is constant on [𝛼, 𝛽]∩𝐼2 .

If (𝛼, 𝛽) ⊆ 𝐼2 is 𝐻2-indivisible of type 𝜙, then 𝜉𝑇𝜙 𝑓1 is constant on 𝜆−1((𝛼, 𝛽)),

and in turn 𝜉𝑇𝜙 𝑓2 is constant on (𝛼, 𝛽). It follows that 𝑓2 ∈ ℳ(𝐻2), and we have

shown that ∘�̃� maps ℳ(𝐻1) into ℳ(𝐻2).

Step 3: Since �̃� is a right inverse of 𝜆, we have (𝑓2 ∘ 𝜆) ∘ �̃� = 𝑓2 for any function

defined on 𝐼2. The fact that (𝑓1 ∘ �̃�) ∘ 𝜆 = 𝑓1 whenever 𝑓1 ∈ ℳ(𝐻1), was shown

in (3.7). We conclude that the maps ∘𝜆 and ∘�̃� are mutually inverse bijections
between ℳ(𝐻1) and ℳ(𝐻2).

Step 4: To show (3.4), it is clearly enough to consider the case that 𝑔2 = 0. Let
𝑓2 ∈ ℳ(𝐻2) be given. Assume first that there exists a set 𝐸 ⊆ 𝐼1 of measure
zero, such that 𝐻1(𝑥)(𝑓2 ∘ 𝜆)(𝑥) = 0, 𝑥 ∈ 𝐼1 ∖ 𝐸. Then, by (3.8) and the fact that
𝐻1(𝑓2 ∘ 𝜆) = [(𝐻2𝑓2) ∘ 𝜆] ⋅ 𝜆′, we have

(𝐻2𝑓2)(𝑦) ⋅ (𝜆′ ∘ �̃�)(𝑦) = 0, 𝑦 ∈ 𝐼2 ∖ �̃�−1(𝐸) .

Since �̃�−1(𝐸) is a zero set, and (𝜆′ ∘ �̃�) is positive a.e., this implies that 𝐻2𝑓2 = 0
a.e. on 𝐼2. Conversely, assume that 𝐻2(𝑦)𝑓2(𝑦) = 0, 𝑦 ∈ 𝐼2 ∖ 𝐸, with some set
𝐸 ⊆ 𝐼2 of measure zero. Then, by (3.6), we have

𝐻1(𝑥)(𝑓2 ∘ 𝜆)(𝑥) = 0, 𝑥 ∈ (𝐼1 ∖ 𝜆−1(𝐸)
) ∪ 𝐿0 = 𝐼1 ∖ (𝜆−1(𝐸) ∖ 𝐿0) .

However, we know that 𝜆−1(𝐸) ∖ 𝐿0 is a zero set.

Since we already know that ∘�̃� is the inverse of ∘𝜆, the last equivalence follows
from (3.4). □

Continuing the argument, we obtain that the model boundary triples of 𝐻1 and
𝐻2 are isomorphic.

681Reparametrizations of Non Trace-normed Hamiltonians



3.7. Proposition. Consider the situation described in Proposition 3.4. Then the
maps ∘𝜆 and ∘�̃� induce mutually inverse isometric isomorphisms between 𝐿2(𝐻1)
and 𝐿2(𝐻2),

𝐿2(𝐻1)

∘�̃�
�� 𝐿2(𝐻2)

∘𝜆
��

which satisfy

[∘𝜆 × ∘𝜆](𝑇max(𝐻2)
)
= 𝑇max(𝐻1), Γ(𝐻1) ∘ [∘𝜆 × ∘𝜆] = Γ(𝐻2) .

Proof.
Step 1. Mapping 𝐿2: Let 𝑓2 ∈ ℳ(𝐻2). Then∫

𝐼2

𝑓∗2𝐻2𝑓2 =

∫
𝐼1

([𝑓∗2𝐻2𝑓2] ∘ 𝜆) ⋅ 𝜆′ =
∫
𝐼1

(𝑓2 ∘ 𝜆)∗ ⋅ (𝐻2 ∘ 𝜆)𝜆′ ⋅ (𝑓2 ∘ 𝜆) .

Remembering that ∘𝜆 maps ℳ(𝐻2) bijectively onto ℳ(𝐻1) and respects the
equivalence relations =𝐻1 and =𝐻2 , this relation implies that ∘𝜆 induces an iso-
metric isomorphism of 𝐿2(𝐻2) onto 𝐿2(𝐻1).

Step 2. Image of 𝑇max: Let 𝑓2, 𝑔2 ∈ 𝐿2(𝐻2), and let 𝑓2, 𝑔2 be some respective
representants. Then we have

𝑓2(𝜆(𝑥)) +

∫ 𝜆(𝑦)
𝜆(𝑥)

𝐽𝐻2𝑔2 = (𝑓2 ∘ 𝜆)(𝑥) +

∫ 𝑦
𝑥

𝐽𝐻1(𝑔2 ∘ 𝜆), 𝑥, 𝑦 ∈ 𝐼1 . (3.9)

If (𝑓2; 𝑔2) ∈ 𝑇max(𝐻2), choose representants 𝑓2, 𝑔2 as in (2.3). If 𝑥, 𝑦 ∈ 𝐼1, then the

left side of (3.9) is equal to 𝑓2(𝜆(𝑦)). Hence also the right side takes this value. We

see that 𝑓2 ∘ 𝜆 and 𝑔2 ∘ 𝜆 are representants as required in (2.3) to conclude that
(𝑓2 ∘ 𝜆, 𝑔2 ∘ 𝜆) ∈ 𝑇max(𝐻1).

Conversely, assume that 𝑓2, 𝑔2 ∈ 𝐿2(𝐻2) with (𝑓1; 𝑔1) := (𝑓2 ∘ 𝜆; 𝑔2 ∘ 𝜆) ∈
𝑇max(𝐻1), let 𝑓1, 𝑔1 be representants as in (2.3), and set 𝑓2 := 𝑓1∘�̃� and 𝑔2 := 𝑔1∘�̃�.
First of all notice that 𝑓2 and 𝑔2 are representants of 𝑓2 and 𝑔2, respectively, and

remember that 𝑓2 ∘ 𝜆 = 𝑓1 and 𝑔2 ∘ 𝜆 = 𝑔1, cf. (3.7). The right-hand side of (3.9),

and thus also the left-hand side, is equal to 𝑓1(𝑦) = (𝑓2∘𝜆)(𝑦). Since 𝜆 is surjective,
it follows that

𝑓2(𝑦) = 𝑓2(�̃�) +

∫ 𝑦
�̃�

𝐽𝐻2𝑔2, 𝑥, 𝑦 ∈ 𝐼2 .

It follows that 𝑓2 is absolutely continuous, and satisfies the relation required in
(2.3) to conclude that (𝑓2; 𝑔2) ∈ 𝑇max(𝐻2).

Step 3. Boundary values: As we have seen in the previous part of this proof, the
map ∘𝜆×∘𝜆 is not only a bijection of 𝑇max(𝐻) onto 𝑇max(𝐻), but actually between
the sets of all possible representants which can be used in (2.3). This implies that
also Γ(𝐻1) ∘ [∘𝜆 × ∘𝜆] = Γ(𝐻2). □

Now it is easy to reach our aim, and treat arbitrary reparametrizations.
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3.8. Theorem. Let 𝐻 and �̃� be Hamiltonians which are reparametrizations of each
other. Then there exists a linear and isometric bijection Φ of 𝐿2(𝐻) onto 𝐿2(�̃�)
such that

(Φ× Φ)
(
𝑇max(𝐻)

)
= 𝑇max(�̃�), Γ(�̃�) ∘ (Φ× Φ) = Γ(𝐻) .

Proof. Assume that 𝐻 ∼ �̃� , and choose 𝐿0, . . . , 𝐿𝑚 as in (3.2). Then there exist
isometric isomorphisms Φ𝑖 : 𝐿2(𝐿𝑖) → 𝐿2(𝐿𝑖+1), 𝑖 = 0, . . . ,𝑚 − 1, with (Φ𝑖 ×
Φ𝑖)(𝑇max(𝐻𝑖)) = 𝑇max(𝐻𝑖+1) and Γ(𝐻𝑖+1) ∘ (Φ𝑖 × Φ𝑖) = Γ(𝐻𝑖). The composition

Φ := Φ𝑚−1 ∘ ⋅ ⋅ ⋅ ∘Φ0

hence does the job. □

4. Trace-normed and non-vanishing Hamiltonians

In this section we show that indeed it is often no loss in generality to work with
trace-normed Hamiltonians. Moreover, we show that the presently introduced no-
tion of reparametrization is consistent with what was used previously.

a. Existence of trace-norming reparametrizations

The fact that each equivalence class of Hamiltonians modulo reparametrization
contains trace-normed elements, is a consequence of the following lemma.

4.1. Lemma. Let 𝐼1 and 𝐼2 be nonempty open intervals on the real line, and let
𝜆 : 𝐼1 → 𝐼2 be a nondecreasing, locally absolutely continuous, and surjective map.
Moreover, let 𝐻1 be a Hamiltonian on 𝐼1. Then there exists a Hamiltonian 𝐻2 on
𝐼2, such that 𝐻1 ⇝ 𝐻2 via the map 𝜆.

Proof. Choose a right inverse �̃� of 𝜆, and a function 𝜆′ which coincides almost
everywhere with the derivative of 𝜆 (and satisfies (3.3)). Moreover, set again 𝐿0 :=
{𝑥 ∈ 𝐼1 : 𝜆′(𝑥) = 0}.

Then we define

𝐻2(𝑦) :=

{
1

(𝜆′∘�̃�)(𝑦)(𝐻1 ∘ �̃�)(𝑦) , 𝑦 ∈ 𝐼2 ∖ 𝜆(𝐿0)

0 , 𝑦 ∈ 𝜆(𝐿0)

Then 𝐻2 is a measurable function, and 𝐻2(𝑦) ≥ 0 a.e. If 𝑥1, 𝑥2 ∈ 𝐼1, 𝑥1 < 𝑥2, and
(𝑥1;𝑥2) ∈ ker𝜆, then 𝑥1, 𝑥2 ∈ 𝐿0. Hence,

(�̃� ∘ 𝜆)(𝑥) = 𝑥, 𝑥 ∈ 𝐼1 ∖ 𝐿0 .

Thus 𝐻1 and 𝐻2 are related by (3.1).
Let 𝛼, 𝛽 ∈ 𝐼1, 𝛼 < 𝛽. Then∫ 𝜆(𝛽)

𝜆(𝛼)

tr𝐻2 =

∫ 𝛽
𝛼

(
[tr𝐻2] ∘ 𝜆

) ⋅ 𝜆′ = ∫ 𝛽
𝛼

tr𝐻1 < ∞ .

Whenever𝐾 is a compact subset of 𝐼2, we can choose 𝛼, 𝛽 such that𝐾 ⊆ 𝜆
(
(𝛼, 𝛽)

)
.

Thus tr𝐻2, and hence also each entry of 𝐻2, is locally integrable. □
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4.2. Proposition. Let 𝐻 be a Hamiltonian, then there exists a trace-normed repar-
ametrization of 𝐻.

Proof. Since we are only interested in the equivalence class modulo reparametriza-
tion which contains 𝐻 as a representant, we may assume without loss of generality
that 𝐻 has heavy endpoints.

Write the domain of 𝐻 as 𝐼 = (𝑠−, 𝑠+), fix 𝑠 ∈ (𝑠−, 𝑠+), and set

𝔱(𝑥) :=

∫ 𝑥
𝑠

tr𝐻(𝑡) 𝑑𝑡, 𝑥 ∈ 𝐼 , (4.1)

𝜎− := lim
𝑥↘𝑠−

𝔱(𝑥), 𝜎+ := lim
𝑥↗𝑠+

𝔱(𝑥) .

Then 𝔱 is an absolutely continuous and nondecreasing function which maps 𝐼
surjectively onto the open interval 𝐼 := (𝜎−, 𝜎+). By Lemma 4.1, there exists a

basic reparametrization �̃� of 𝐻 via the map 𝔱.
It remains to compute (̃𝔱, 𝔱′, and 𝐿0, are as in Lemma 4.1 for 𝜆 := 𝔱)

tr �̃�(𝑦) =
1

(tr𝐻 ∘ �̃�)(𝑦)
tr(𝐻 ∘ �̃�)(𝑦) = 1, 𝑦 ∈ 𝐼 ∖ 𝔱(𝐿0) ,

and to remember that 𝔱(𝐿0) is a zero set. □

4.3. Remark. We would like to note that the reparameterization used in Proposi-
tion 4.2 could also be obtained as a three-step result: First, we may assume that
𝐼 is a finite interval and that 𝐻 has heavy endpoints. This can be achieved by an
affine reparameterization and applying the ‘scissors’-operation respectively.

In the second step apply Lemma 4.1 with the map

𝜆(𝑡) :=

∫ 𝑡
inf 𝐼

𝜒𝐽(𝑡) 𝑑𝑡

where
𝐽 := {𝑡 ∈ 𝐼 : 𝐻(𝑡) ∕= 0} .

This yields a reparameterization to a non-vanishing Hamiltonian. Note here that,
since 𝐻 has heavy endpoints, the image of 𝜆 is an open interval.

Finally, apply the reparameterization via the map (4.1). For this step we need
not anymore use Lemma 4.1, but can refer to the classical theory (or Lemma 4.7
below).

Now we obtain without any further effort that the operator model defined in
Section 2 indeed has all the properties known from the trace-normed case. For
example:

4.4. Corollary. Let 𝐻 be a Hamiltonian. Then (𝐿2(𝐻), 𝑇max(𝐻),Γ(𝐻)) is a bound-
ary triple with defect 1 or 2 in the sense of [KW/IV, §2.2.a]. □
b. Description of ‘∼’ for non-vanishing Hamiltonians
Our last aim in this paper is to show that the restriction of the relation ‘∼’ to
the subclass of non-vanishing Hamiltonians can be described in a simple way,
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namely in exactly the way ‘reparametrizations’ were defined in [KW/IV], compare
Proposition 4.9 below with [KW/IV, §2.1.f]. In particular, this tells us that the
present notion of reparametrization is consistent with the one introduced earlier.

To achieve this aim, we provide some lemmata.

4.5. Lemma. Let 𝐻1 and 𝐻2 be Hamiltonians defined on 𝐼1 = (𝑠1,−, 𝑠1,+) and
𝐼2 = (𝑠2,−, 𝑠2,+), respectively, and let 𝐻 ′

𝑖 := 𝐻𝑖∣(𝜎𝑖,−,𝜎𝑖,+) where 𝜎±𝑖 is defined as
in (2.2). Then the following are equivalent:

(i) We have 𝐻1 ⇝ 𝐻2.

(ii) We have 𝐻 ′
1 ⇝ 𝐻 ′

2. Moreover, 𝐻1 and 𝐻2 together do or do not have a heavy
left endpoint, and together do or do not have a heavy right endpoint.

Proof. Assume that 𝐻1 ⇝ 𝐻2, and let 𝜆 be a nondecreasing, locally absolutely
continuous surjection of 𝐼1 onto 𝐼2 which establishes this basic reparametrization.
First we show that 𝐻1 does not have a heavy left endpoint if and only if 𝐻2 does
not have a heavy left endpoint, and that, in this case,

𝜆(𝜎−1 ) = 𝜎2,− . (4.2)

Assume that 𝑠1,− < 𝜎−1 . Then, by Lemma 3.6, the set of inner points of the interval
𝜆
(
(𝑠1,−, 𝜎−1 ]

)
is either empty or 𝐻2-immaterial. However, this set is nothing but

the open interval (𝑠1,−, 𝜆(𝜎−1 )). We conclude that 𝜆(𝜎−1 ) ≤ 𝜎2,−, in particular,
𝑠2,− < 𝜎2,−. For the converse, assume that 𝑠2,− < 𝜎2,−. Then, again by Lemma
3.6, the set of inner points of 𝜆−1

(
(𝑠2,−, 𝜎2,−]

)
is 𝐻1-immaterial. This set is an

open interval of the form (𝑠1,−, 𝑥0) with some 𝑥0 ∈ 𝐼1. It already follows that
𝑠1,− < 𝜎−1 . Assume that 𝜆(𝜎−1 ) < 𝜎2,−. Then there exists a point 𝑥 ∈ (𝑠1,−, 𝑥0)

with 𝜆(𝜎−1 ) < 𝜆(𝑥). This implies that 𝜎−1 < 𝑥, and we have reached a contradiction.
Thus the equality (4.2) must hold.

The fact that 𝐻1 and 𝐻2 together do or do not have a heavy right endpoint
is seen in exactly the same way. Moreover, we also obtain that 𝜆(𝜎+

1 ) = 𝜎2,+, in
case 𝜎2,− < 𝑠2,−.

Consider the restriction Λ := 𝜆∣(𝜎−
1 ,𝜎

+
1 ). Then Λ is a nondecreasing and locally

absolutely continuous map. Since 𝜆 cannot be constant on any interval having 𝜎−1
as its left endpoint or 𝜎+

1 as its right endpoint, we have

Λ
(
(𝜎−1 , 𝜎+

1 )
)
= (𝜎2,−, 𝜎2,+) .

Hence Λ establishes a basic reparametrization of 𝐻 ′
1 to 𝐻 ′

2. We have shown that
𝐻1 ⇝ 𝐻2 implies that the stated conditions hold true.

For the converse implication, assume that the stated conditions are satisfied,
and let Λ be a nondecreasing, locally absolutely continuous surjection of (𝜎−1 , 𝜎+

1 )
onto (𝜎2,−, 𝜎2,+) which establishes the basic reparametrization of 𝐻 ′

1 to 𝐻 ′
2. If

𝑠1,− < 𝜎−1 , then also 𝑠2,− < 𝜎2,−, and hence we can choose a linear and increasing
bijection Λ− of [𝑠1,−, 𝜎−1 ] onto [𝑠2,−, 𝜎2,−]. If 𝑠1,+ < 𝜎+

1 choose analogously a

linear and increasing bijection Λ+ of [𝜎+
1 , 𝑠1,+] onto [𝜎2,+, 𝑠2,+]. Then the map
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𝜆 : 𝐼1 → 𝐼2 defined as

𝜆(𝑥) :=

⎧⎨⎩
Λ−(𝑥) , 𝑥 ∈ (𝑠1,−, 𝜎−1 ] if 𝑠1,− < 𝜎−1
Λ(𝑥) , 𝑥 ∈ (𝜎−1 , 𝜎+

1 )

Λ+(𝑥) , 𝑥 ∈ [𝜎+
1 , 𝑠1,+) if 𝜎

+
1 < 𝑠1,+

establishes a basic reparametrization of 𝐻1 to 𝐻2. □

4.6. Lemma. Let 𝐻 and �̃� be Hamiltonians. Then 𝐻 ∼ �̃� if and only if there
exist finitely many Hamiltonians 𝐻1, . . . , 𝐻𝑛 with heavy endpoints, such that

𝐻✄𝐻1 ⇝ 𝐻2 ⇝−1 𝐻3 ⇝ ⋅ ⋅ ⋅ ⇝ 𝐻𝑛−1 ⇝−1 𝐻𝑛✄�̃�

Proof. First we show that

✄ ∘ ⇝ = ⇝ ∘ ✄ (4.3)

Assume that (𝐻1;𝐻2) ∈ ✄ ∘ ⇝. Then there exists a Hamiltonian 𝐿, such that

𝐻1✄𝐿 ⇝ 𝐻2

Let 𝐻 ′
1, 𝐻

′
2, 𝐿

′ be the Hamiltonians with heavy endpoints, such that

𝐻 ′
1✄𝐻1, 𝐻 ′

2✄𝐻2, 𝐿′
✄𝐿

By Lemma 4.5, we have 𝐻 ′
1 = 𝐿′ ⇝ 𝐻 ′

2. Define a Hamiltonian 𝐿′′ by appending
(if necessary) immaterial intervals to 𝐿′ in such a way that 𝐿′′✄𝐿′, and 𝐿′′ and
𝐻1 together do or do not heavy left or right endpoints. Analogously, define 𝐻 ′′

2 ,
such that 𝐻 ′′

2 ✄𝐻 ′
2, and 𝐻 ′′

2 and 𝐻1 together do or do not have heavy left or right
endpoints. Then 𝐻 ′′

2 ✄𝐻2 and, by Lemma 4.5,

𝐻1 ⇝ 𝐿′′ ⇝ 𝐻 ′′
2

Altogether it follows that

𝐻1 ⇝ 𝐻 ′′
2 ✄𝐻2,

i.e., (𝐻1;𝐻2) ∈⇝∘ ✄. We have established the inclusion ‘⊆’ in (4.3). The reverse
inclusion is seen in the same way.

Assume now that 𝐻 ∼ �̃� , and let 𝐿0, . . . , 𝐿𝑚 be as in (3.2). By (4.3), reflex-
ivity, and transitivity, there exist Hamiltonians 𝐿′

0, . . . , 𝐿
′
𝑛 with

𝐻 = 𝐿′
0✄𝐿′

1 ⇝ 𝐿′
2 ⇝−1 ⋅ ⋅ ⋅ ⇝ 𝐿′

𝑛−1 ⇝−1 𝐿′
𝑛 = �̃�

Let 𝐻𝑖, 𝑖 = 0, . . . , 𝑛, be the Hamiltonians with heavy endpoints and 𝐻𝑖✄𝐿′
𝑖. Then,

by Lemma 4.5,

𝐻✄𝐻0 = 𝐻1 ⇝ 𝐻2 ⇝−1 ⋅ ⋅ ⋅ ⇝ 𝐻𝑛−1 ⇝−1 𝐻𝑛✄�̃� □

4.7. Lemma. Let 𝐻1 and 𝐻2 be Hamiltonians defined on intervals 𝐼1 and 𝐼2, re-
spectively. Assume that 𝐻1 ⇝ 𝐻2, and let 𝜆 : 𝐼1 → 𝐼2 be a nondecreasing, lo-
cally absolutely continuous, and surjective map such that (3.1) holds. If 𝐻1 is
non-vanishing, then 𝜆 is bijective, 𝜆′ is almost everywhere positive, 𝜆−1 is locally
absolutely continuous, and 𝐻2 is non-vanishing.

686 H. Winkler and H. Woracek



Proof. Assume that 𝐻1 is non-vanishing. Then the function 𝜆′ cannot vanish on
any set of positive measure, i.e., it is almost everywhere positive. In particular, 𝜆
cannot be constant on any nonempty interval. Hence, 𝜆 is strictly increasing, and
thus also bijective.

Let 𝐸 ⊆ 𝐼2 be a zero set, then

0 =

∫
𝐼2

𝜒𝐸(𝑦) 𝑑𝑦 =

∫
𝐼1

(𝜒𝐸 ∘ 𝜆)(𝑥)𝜆′(𝑥) 𝑑𝑥 .

This implies that the (nonnegative) function 𝜒𝐸∘𝜆must vanish almost everywhere.
However, 𝜒𝐸 ∘ 𝜆 = 𝜒𝜆−1(𝐸), i.e., 𝜆

−1(𝐸) is a zero set.
It remains to show that 𝐻2 is non-vanishing. Let 𝐸 ⊆ 𝐼2 be measurable. Then∫

𝐸

tr𝐻2 =

∫
𝜆−1(𝐸)

(tr𝐻2 ∘ 𝜆)𝜆′ =
∫
𝜆−1(𝐸)

tr𝐻1 .

If tr𝐻2 vanishes on 𝐸, then tr𝐻1 must vanish on 𝜆−1(𝐸). Hence, 𝜆−1(𝐸) is a zero
set, and thus also 𝐸 is a zero set. □

4.8. Lemma. Let 𝐻,𝐻1, 𝐻2 be Hamiltonians with heavy endpoints, being defined on
respective intervals 𝐼, 𝐼1, 𝐼2. Assume that 𝐻1 and 𝐻2 are non-vanishing, and that
𝐻 ⇝ 𝐻1 and 𝐻 ⇝ 𝐻2 via maps 𝜆1 : 𝐼 → 𝐼1 and 𝜆2 : 𝐼 → 𝐼2. Then there exists
a bijective increasing map 𝜇 : 𝐼1 → 𝐼2 such that 𝜇 and 𝜇−1 are locally absolutely
continuous and

𝐼
𝜆1

				
		

		
	

𝜆2

���
��

��
��

�

𝐼1 𝜇
�� 𝐼2

Proof.

Step 1: We start with a preliminary remark. Denote

𝐿𝑗0 :=
{
𝑥 ∈ 𝐼 : 𝜆′𝑗(𝑥) = 0

}
, 𝑗 = 1, 2 .

If 𝑥 ∈ 𝐿1
0 ∖ 𝐿2

0, i.e., 𝜆
′
1(𝑥) = 0 but 𝜆′2(𝑥) ∕= 0, then

𝐻2(𝜆2(𝑥)) =
1

𝜆′2(𝑥)
𝐻(𝑥) =

1

𝜆′2(𝑥)
⋅ 𝐻1(𝜆1(𝑥))𝜆

′
1(𝑥) = 0 .

Since 𝐻2 is non-vanishing, it follows that 𝜆2(𝐿
1
0 ∖ 𝐿2

0) is a zero set. This implies
that also

𝜆−1
2

(
𝜆2(𝐿

1
0 ∖ 𝐿2

0)
) ∖ 𝐿2

0

has measure zero. However,

𝐿1
0 ∖ 𝐿2

0 =
(
𝐿1
0 ∖ 𝐿2

0

) ∖ 𝐿2
0 ⊆ 𝜆−1

2

(
𝜆2(𝐿

1
0 ∖ 𝐿2

0)
) ∖ 𝐿2

0 ,

and hence also 𝐿1
0 ∖ 𝐿2

0 is a zero set. In the same way it follows that 𝐿2
0 ∖ 𝐿1

0 is a
zero set.
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Step 2: We turn to the proof of the lemma. Let �̃�1 be a right inverse of 𝜆1, and set

𝜇 := 𝜆2 ∘ �̃�1 .

Then 𝜇 is a nondecreasing map of 𝐼1 onto 𝐼2.

First, we show that 𝜇 is surjective. Let 𝑦 ∈ 𝐼2 be given, and set 𝑥 := 𝜆1(�̃�2(𝑦))

where �̃�2 is a right inverse of 𝜆2. If �̃�1(𝑥) = �̃�2(𝑦), we have

𝜇(𝑥) = 𝜆2(�̃�1(𝑥)) = 𝜆2(�̃�2(𝑦)) = 𝑦 .

Assume that �̃�1(𝑥) < �̃�2(𝑦). We have

𝜆1

(
�̃�1(𝑥)) = 𝑥 = 𝜆1

(
�̃�2(𝑦)

)
,

and hence the interval (�̃�1(𝑥), �̃�2(𝑦)) is 𝐻-immaterial. Thus the set of inner points

of 𝜆2

(
[�̃�1(𝑥), �̃�2(𝑦)]∩ 𝐼

)
is either empty or 𝐻2-immaterial. Since 𝐻2 is non-vanish-

ing, the second possibility cannot occur. We conclude that 𝜆2(�̃�1(𝑥)) = 𝜆2(�̃�2(𝑦)),

and hence again 𝜇(𝑥) = 𝑦. The case that �̃�1(𝑥) > �̃�2(𝑦) is treated in the same way.
In any case, the given point 𝑦 belongs to the image of 𝜇.

Since 𝜇 is nondecreasing and surjective, 𝜇 must be continuous. To show that
𝜇 is locally absolutely continuous, let a set 𝐸 ⊆ 𝐼1 with measure zero be given.
Denote by 𝐴 the union of all equivalence classes modulo ker𝜆2 which intersect
𝜆−1
1 (𝐸). Then we have

𝜇(𝐸) = 𝜆2

(
�̃�1(𝐸)

) ⊆ 𝜆2

(
𝜆−1
1 (𝐸)

)
= 𝜆2(𝐴) .

Hence, it suffices to show that 𝜆2(𝐴) has measure zero.

We know that the set 𝜆−1
1 (𝐸) ∖ 𝐿1

0 has measure zero. By what we showed in

Step 1, thus also 𝜆−1
1 (𝐸) ∖𝐿2

0 has this property. Since 𝜆2 is absolutely continuous,
it follows that also the set

𝜆2

(
𝜆−1
1 (𝐸) ∖ 𝐿2

0

)
= 𝜆2

(
𝐴 ∖ 𝐿2

0

)
has measure zero. We can rewrite

𝜆2(𝐴) ∖ 𝜆2(𝐿
2
0) = 𝜆2

[
𝜆−1
2

(
𝜆2(𝐴) ∖ 𝜆2(𝐿

2
0)
)]
= 𝜆2

[
𝜆−1
2 (𝜆2(𝐴)) ∖ 𝜆−1

2 (𝜆2(𝐿
2
0))︸ ︷︷ ︸

=𝐴∖𝐿20

]
,

and conclude that

𝜆2(𝐴) ⊆ 𝜆2(𝐴 ∖ 𝐿2
0) ∪ 𝜆2(𝐿

2
0) .

Thus 𝜆2(𝐴) is a zero set.
We conclude that 𝐻1 ⇝ 𝐻2 via 𝜇. The proof of the lemma is completed by

applying Lemma 4.7. □

Now we are ready for the proof of the following simple description of ‘∼’ for non-
vanishing Hamiltonians.

4.9. Proposition. Let 𝐻 and �̃� be non-vanishing Hamiltonians defined on intervals
𝐼 and 𝐼, respectively. Then we have 𝐻 ∼ �̃� if and only if there exists an increasing
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bijection 𝜆 of 𝐼 onto 𝐼, such that 𝜆 and 𝜆−1 are both locally absolutely continuous,
and

𝐻(𝑥) = �̃�(𝜆(𝑥))𝜆′(𝑥), 𝑥 ∈ 𝐼1 a.e.

Proof. Let 𝐻1, . . . , 𝐻𝑛 be Hamiltonians with heavy endpoints as in Lemma 4.6.
Since 𝐻 and �̃� are non-vanishing, they certainly have heavy endpoints. Thus
𝐻 = 𝐻1 and �̃� = 𝐻𝑛.

Let 𝜆𝑖, 𝑖 = 1, . . . , 𝑛−1, be maps which establish the basic reparametrizations{
𝐻𝑖 ⇝ 𝐻𝑖+1 , 𝑖 = 1, 3, . . . , 𝑛 − 2

𝐻𝑖+1 ⇝ 𝐻𝑖 , 𝑖 = 2, 4, . . . , 𝑛 − 1.

Lemma 4.8 furnishes us with maps 𝜇𝑖, 𝑖 = 1, . . . , 𝑛 − 1, which establish basic
reparametrizations {

𝐻 ′
𝑖 ⇝ 𝐻 ′

𝑖+1 , 𝑖 = 1, 3, . . . , 𝑛 − 2

𝐻 ′
𝑖+1 ⇝ 𝐻 ′

𝑖 , 𝑖 = 2, 4, . . . , 𝑛 − 1

where 𝐻 ′
𝑖 is trace-normed basic reparametrizations of 𝐻𝑖, e.g., 𝐻𝑖 ⇝ 𝐻 ′

𝑖 via the
map 𝔱𝑖 = tr𝐻𝑖 as in Proposition 4.2:

𝑖 odd: 𝐼 ′𝑖
𝜇𝑖 �� 𝐼 ′𝑖+1

𝐼𝑖
𝜆𝑖

��

𝔱𝑖

��

𝐼𝑖+1

𝔱𝑖+1

��
𝑖 even: 𝐼 ′𝑖 𝐼 ′𝑖+1

𝜇𝑖



𝐼𝑖

𝔱𝑖

��

𝐼𝑖+1

𝔱𝑖+1

��

𝜆𝑖





The maps 𝜇𝑖 are bijective and have the property that 𝜇−1
𝑖 is locally absolutely

continuous. Set 𝜇0 := 𝔱1 and 𝜇𝑛 := 𝔱𝑛. Since 𝐻1 = 𝐻 and 𝐻𝑛 = �̃� are non–
vanishing, by Lemma 4.7, also 𝜇0 and 𝜇𝑛 are bijective, and their inverses are
locally absolutely continuous.

We see that the composition

𝜆 := 𝜇−1
𝑛 ∘ 𝜇−1

𝑛−1 ∘ 𝜇𝑛−2 ∘ ⋅ ⋅ ⋅ ∘ 𝜇3 ∘ 𝜇−1
2 ∘ 𝜇1 ∘ 𝜇0

has the required properties:

𝐻 ′
1

𝜇1 �������� 𝐻 ′
2

𝜇−1
2 �������� 𝐻 ′

3

𝜇3 �������� . . . . . .
𝜇𝑛−2 �������� 𝐻 ′

𝑛−2

𝜇−1
𝑛−1 �������� 𝐻 ′

𝑛−1

𝜇−1
𝑛

��
��
��
��

𝐻 = 𝐻1
𝜆1

��������

𝜇0

��
��
��
��

𝐻2 𝐻3
𝜆2



 �� �� ��
𝜆3

�������� . . . . . .
𝜆𝑛−2

�������� 𝐻𝑛−2 𝐻𝑛−1
𝜆𝑛−1



 �� �� �� = �̃� □

4.10. Remark. As an immediate corollary of Proposition 4.9, we obtain that the
relation ‘⇝’ restricted to the set of all non-vanishing Hamiltonians is an equivalence
relation. Let us note that the proof of this fact does not require the full strength
of Proposition 4.9; it follows immediately from Lemma 4.6 and the chain rule for
differentiation.
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