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Exercise 1 (Some special series) (5+5)

(a) Prove that the following series converges for |g| < 1
o0
> d"
k=0
and show the equality

Zq

Hint: Use the well-known formula for the geometric sum.
(b) Show that the series

1—q

1

does not converge. Hint: Prove the following inequality

Exercise 2 (Three norms in R?) (2+34+3+2)
On R? we can define three different norms by

1z, )l = Tzl +1yl, (@ 9)llo = max{lel, [yl}, (2 9)lly = 22 + 32
for (z,y) € R2.

(a) Draw a picture of the unit balls for the norms ||-||2, |||]1, and ||||co-
(b) Find constants c1, ca, 3 > 0 such that

[v]l1 < erllv]l2 < ealv]loe < esllvlln

holds for all v € R2.
(c) Show that for a sequence ((zn,¥n)) ey in R? and (z,y) € R? the following statements are
equivalent:
i. ((#n,yn))pen converges in one of the three norms to (z,y).
ii. ((n,Yn))nen converges in all of the three norms to (z,y).
iii. (2n),ey and (Yn),cy are convergent sequences to  respectively y in R with the usual
Euclidean metric.

Exercise 3 (Accumulation points) (5+5%)
(a) Calculate all accumulation points (an accumulation point is by definition the limit point of a
subsequence) of the sequence (x,)pen With

1
T = (~1)"+ .
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(b¥)

Find a sequence (x,)nen with uncountably many accumulation points.

Exercise 4 (Existence of minimum and mazimum) (5)
Show that the function f: [0,1]?> — R defined by

flz,y) =2y +2* — 32%y

attains its infimum and supremum on [0, 1]2.

Exercise 5 (Multiple Choice) (10)
Decide which of the following claims are true. Try to find an argument for your guess.

(a)

If (M,d) is a metric space, then M is open and closed.

O true O false

{(z,y) € R? : 23 + 22 — yx + Ty® < 0} is open in R? with the usual Euclidean metric.

O true O false

{(z,y) € R? : 23 + 22 — yx + Ty® > 4} is open in R? with the usual Euclidean metric.

O true O false

{(z,y) € R? : 2 4+ 8y5 + 4 < 0} is open in R? with the usual Euclidean metric.

O true O false

Let (R, d) be a metric space. Then ||z| := d(0, z) defines a norm.

O true O false

If (V,||-]]) is a normed space, then d(x,y) := ||z — y|| (for z,y € V) is a metric on V.

O true O false

The closed and bounded subsets of R™ (with the usual Euclidean norm) are precisely the
compact ones.

O true O false

Every function f: [0,1] — R defined on the compact set [0, 1] has a minimum and a maximum.
O true O false

Suppose we have a convergent sequence (&, )nen With

Tnt1 = (2 —xp) xn + 1.

Then the limit point of (z,,),en is a solution of x = (2 — z)z + 1.
O true O false
Suppose we have a sequence (Z,)pen With

Tnt1 = (2 —xp) xy + 1.

Then the accumulation points of (z,)nen are solutions of x = (2 — z)x + 1.
O true O false
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