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6. Compute the following limits: [1 each]

(a) lim
n→∞

1∫
0

√
n3x

1+n2x2 dx. (b) lim
n→∞

1∫
0

nx
1+n2x2 dx

(c) lim
n→∞

1∫
0

nxe−nx2
dx (d) lim

n→∞

∞∫
0

nxe−nx2
dx

(e) lim
n→∞

1∫
0

nx−nx2
dx (f) lim

n→∞

∞∫
0

ln(n+x)
n e−x dx

(g) lim
n→∞

∞∫
0

e−xn cos(x) dx (h) lim
n→∞

1∫
0

exp(−n2(x2+1))
x2+1 dx.

7. (a) Show thatℓ1 ⊂ ℓ2 ⊂ ℓ∞. [2]

(b) Show thatℓ∞ 6⊂ ℓ2 6⊂ ℓ1. [2]

(c) Explain why (7b) is not a contradiction to Question 5, sheet 8. [2]

8. Let (Ω,A ,µ) be aσ -finite measure space and letf : Ω →R+ := [0,∞) be a measurable
function. Then we consider the product spaceΩ×R+ with the productσ -algebraA ⊗
B(R+) and the product measureµ ⊗ λ whereλ is the 1-dimensional Lebesgue on
B(R+). We letG := {(x, t) ∈ Ω×R+ : f (x) ≥ t}.

(a) Show thatG is measurable, that is,G ∈ A ⊗B(R+). [3]

(b) Show that [4]

(µ ⊗λ )(G) =

∫ ∞

0
µ(P1(G, t)) dλ (t) =

∫
λ (P2(G,x)) dµ(x)

where forA ∈ A ⊗B(R+), x ∈ Ω andt ∈R+

P2(A,x) := {s ∈R+ : (x,s) ∈ A} and P1(A, t) := {y ∈ Ω : (y, t)∈ A} .

Hint: Use Theorem 2.8.6.

(c) Deduce that [4]

(µ ⊗λ )(G) =

∫ ∞

0
µ({x ∈ Ω : f (x) ≥ t}) dλ (t) =

∫
f (x) dµ(x).
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