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47. Let (Q,%,P) be a probability space and X,Y € L?(Q, %, P).
(a) Prove that if X and Y are independent, then Cov(X,Y) = 0.
(b) Let (X,Y) be equidistributed on the unit disc
{(z,y) e R? : 2?2 + 4> < 1)

Show that Cov(X,Y) =0 but X and Y are not independent.

48. Let (2, X, P) be a probability space, X and Y be independent random variables such that
X has continuous distribution, i.e. px({a}) =0 for all a € K.

Prove that P(X =Y) = 0.

49. Let (©,3,P) be a probability space and (X, ),ew be a sequence of independent random
variables on €).

(a) Prove that the sequence X, either converges almost surely or diverges almost surely.

Hint: Convince yourself that

1
{w € Q: Xy (w) converges} = m U m {\Xn - Xm| < E}
keEN ng>kn,m>ng

and check that it belongs to the tail-o-algebra.

(b) Assume that X,, — X a.s. Prove that X is a.s. constant.
Hint: Show that X is measurable w.r.t. the tail-o-algebra.

50. Decide for the following normed spaces (E,|| - ||g) and (F,|| - ||r) and the linear maps
T:E — F whether T € Z(E, F'). If so, determine || T (g, )

(a) E=F=C(0,1)), [Iflle =flr =/l
t
T = [ re)as
= C1([0,1]), the space of continuously differentiable functions f : [0,1] — R,

E
F=C([0,1]), | flle = I fllr = | fllc and T f = f.
E = (LP(2,3, 1), | - ||p) for some measure space (2, %, ), (F, |- ||r) = (K, |-|) and

sz/ﬂfgdu

where g € L1(Q, %, ) and % + % = 1.
Hint: The function f :=signg - |g|?"* belongs to LP.

Exercise sheets and further information can be found at:

http://www.uni-ulm.de/mawi/iaa/courses/wsll/applied-analysis.html




