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33. Let µ be a probability measure on B(R). The cumulative distribution function Fµ : R →
R is defined by

Fµ(t) := µ((−∞, t]) (t ∈ R).

(a) Show that Fµ has the following properties.

(i) Fµ is monotonically increasing.

(ii) Fµ is right continuous, i.e. limn→∞ Fµ(tn) = Fµ(t) whenever limn→∞ tn = t and
tn ≥ t for all n ∈ N.

(iii) limt→−∞ Fµ(t) = 0.

(iv) limt→∞ Fµ(t) = 1.

(v) Fµ is continuous if and only if µ({x}) = 0 for all x ∈ R.

(b) Let ν be another probability measure on B(R). Prove that µ = ν if and only if
Fµ = Fν .

(c) Determine the measure µ if the cumulative distribution function is given as

(i) Fµ(t) = 1[x0,∞)(t).

(ii) Fµ(t) = t · 1[0,1](t) + 1(1,∞)(t).

34. Let λ be the Lebesgue measure on B(R). Prove that λ(A) = λ(−A) for all A ∈ B(R)
where −A := {−x : x ∈ A}.

35. Let Ω be a set. For a sequence (An) ⊂ P(Ω) of subsets of Ω we define

lim sup(An) :=
⋂

n∈N

⋃

k≥n

Ak

and
lim inf(An) :=

⋃

n∈N

⋂

k≥n

Ak.

A sequence (An) ⊂ P(Ω) is said to be convergent to some A ⊂ Ω if

A = lim inf(An) = lim sup(An).

(a) Let (Ω,Σ, µ) be a finite measure space. Show that limn→∞ µ(An) = µ(A) for every
sequence (An) ⊂ Σ that converges to A ∈ Σ.

(b) For n ∈ N let An := [−1/n, 1/n] × [−n, n] ∈ B(R2). Prove that (An) converges
to {0} × R, compute λ2({0} × R) and conclude that (a) does not hold in infinite
measure spaces.

(c) Let (Ω,Σ, µ) be a measure space and (An) ⊂ Σ such that
∑∞

n=1 µ(An) < ∞. Show
that

µ({x ∈ Ω : x ∈ An for intinitely many n ∈ N}) = 0.
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