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36.

37.

38.

Consider the measure space (IN, Z(IN), () where ( is the counting measure on Z(IN).
Prove that a function f: IN — R is integrable if and only if the sequence (f(k)) belongs
to ¢'. Moreover, show that in this case

[ £ac=>"sw.
N k=1

Let (€2, %, 1) be a measure space and h : 2 — [0, 00) be a measurable function. We define
the mapping hu : ¥ — [0, 00] by

(hp)(A) = /Q Lah dy

(a) Show that hu is a measure on X.

(b) For a measurable function f : @ — R prove that f € Z1(Q, %, hu) if and only if
fh € LYQ,%, u). Moreover, show that in this case

/Q f d(hp) = /Q fhdp.

Determine in which of the following situations the limit

lim fndu
Q

n—oo
exists. If so, compute its value.

(a) Let Q:=[0,27], u:= X and f,(z) := sin(x)™.
(b) Let Q:=1[0,27], p = d35/2 and fp(z) = sin(z)".
(c) Let Q:=R, fn:=> 1, klj;_1 %) and p be the unique Borel measure whose c.d.f.

is given by
0 t<0
F,(t) = - .
u(®) {1—exp(—t) t>0

(d) Let Q:=10,2], u:= X and f,(z) := z™.
(e) Let Q:=(0,00), fu(z) :== (1 = 27")1[ 5 (x) and p be the push-forward of A under
® : (0,00) = (0,00), ®(z) := 2.
(f) Let Q:=N, f,(k) = (% - 2)k]l{1 ..... n} (k) and g := h(¢ where ¢ denotes the counting
1

measure and h : IN — IN ist given by h(k) := 3 .

In (a) — (e), 2 is endowed with its Borel-o-algebra. In (f) we endow Q with &2(IN).
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