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Dilations

Let X be a class of Banach spaces and let X ∈ X .

An operator T ∈ L(X ) is said to have a dilation within X if there exist
a Banach space Y ∈ X ,
a bijective isometry V ∈ L(Y ),
linear contractions J : X → Y and Q : Y → X

such that the following diagram commutes for every exponent n ∈ N0:

Y Y

X X

V n

Q

T n

J

Simple consequences: T is contractive, J is isometric and JQ ∈ L(Y ) is
a projection onto J(X ).
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It’s all about class X ...

If X is the class of all Banach spaces, then every contraction has a dilation
within X !

Construction
Given a X ∈ X and a contraction T ∈ L(X ), we may choose

Y := `∞(Z;X ) and V ∈ L(Y ) the left shift,
J : X 3 x 7→ (· · · , 0, 0, 0, x ,Tx ,T 2x ,T 3, · · · ) ∈ Y ,
Q : Y → X the projection onto the 0th component.

Then T n = QV nJ for all n ∈ N0.

The problem with this construction: `∞(Z;X ) does not inherit any
good properties from X !

⇒ Useless!
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The leitmotif of dilation theory.

Leitmotif

Given a Banach space X and a contraction T ∈ L(X ), choose a class of
Banach spaces X with similar regularity as X and ask:

Does T have a dilation within X ?
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Important dilation theorems.

Examples

(a) The Dilation Theorem of Sz.-Nagy:
Every contraction on a Hilbert space has a dilation within the class of
Hilbert spaces.

(b) The Dilation Theorem of Akcoglu–Sucheston:
Every positive contraction on Lp has a dilation within the class of
Lp-spaces (with p ∈ (1,∞) fixed).

Some applications:
(a) von Neumann’s inequality is a consequence of Sz.-Nagy’s Dilation

Theorem.
(b) The pointwise ergodic theorem is a consequence of the

Akcoglu–Sucheston Dilation Theorem.
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Much is left to be understood...

Several proofs of the Akcoglu–Suchestion Dilation Theorem are known.
Each of them heavily exploits the structure of Lp-spaces.
None of them can be adapted to general Banach spaces.

Our Goal
Split the proof of dilation theorems into
(a) A structure theoretic part that works on general classes of Banach

spaces.
(b) A geometric part where the properties of a concrete class of Banach

spaces come into play.
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The framework.

Fix p ∈ (1,∞) and let X be a class of Banach spaces which fulfils the
following properties:

X is ultra stable, i.e. each ultra product of a family of spaces in X is
again contained in X .
If X ∈ X and n ∈ N, then the space `pn(X ) is also in X .
Each space in X is reflexive.

Examples
Examples for X :
(a) The class of all Lp-spaces.
(b) The class of all Hilbert spaces (for p = 2).
(c) The class of all uniformly convex Banach spaces, subject to a

quantitative restraint on the uniform convexity.
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Simultaneous dilations.

Let X ∈ X . A set of operators T ⊆ L(X ) is said to have simultaneous
dilations within X if

for each finite tuple T = (T1, . . . ,Tn) of operators
within T there exist

a Banach space Y ∈ X ,
a tuple V = (V1, ...,Vn) of bijective isometries in L(Y ),
linear contractions J : X → Y and Q : Y → X

such that the following diagram commutes for every non-commutative
polynomial p in n variables:

Y Y

X X

p(V )

Q

p(T )

J
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Results about simultaneous dilations.

Let X ∈ X .

Remark
The set of all bijective isometries on X has simultaneous dilations within X .

Proof: Let Y := X , define J := Q := idX and choose (V1, . . . ,Vn) =
(T1, . . . ,Tn).

Theorem
Suppose that T ⊆ L(X ) has simultaneous dilations within X . Then:
(a) The multiplicative semigroup generated by T (i.e. the set
{T1·. . .·Tn : T1, . . . ,Tn ∈ T }) has simultaneous dilations within X .

(b) The strong operator closure of T has simultaneous dilations within X .
(c) The convex hull of T has simultaneous dilations within X .
(d) Even the weak operator closure of T has simultaneous dilations within
X .
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General structure vs. geometry.

Corollary
Let X ∈ X . The weakly closed convex hull of all bijective isometries on X
has simultaneous dilations within X .

Our Goal
We have thus reached our goal to split the proof of dilation theorems:
(a) The above corollary is a structure theoretic result on general classes of

Banach spaces.
(b) One still has to find the weakly closed convex hull of all bijective

isometries on X – which depends on the geometry of X .

Example
All positive contractions on Lp([0, 1]) (and more generally, on every
Lp-space) have simultaneous dilations within the class of all Lp-spaces.
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