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(a) Consider the Banach space C([—1,1]) (which we endow, as usual, with the || - ||o-norm) and
its closed vector subspace F':= {f € C([~1,1]) : f[—1,0 = 0}. Prove that the quotient space
C([-1,1])/F is isometrically isomorphic to the Banach space C([—1,0]).

(b) Consider the Banach space ¢ := {(@n)nen @ lim, o0 ©n, exists} (endowed with the co-norm)
and its closed vector subspace ¢g. Find a concrete Banach space G which is isometrically
isomorphic to the quotient space ¢/cy.

Let E be a Banach space and let F,G C E be closed vector subspaces such that £ = F & G. Prove
that the quotient space E/F is isomorphic to the Banach space G.

Let M be a subset of a Banach space E. We say that M is weakly bounded if the set {(z',x) : z € M}
is bounded for every =’ € E'.

Prove that M is weakly bounded if and only if M is bounded.

Let K =R, let K be a compact metric space and let E = C(K). A linear functional ¢ € E’ is called
positive if (¢, f) > 0 for all f > 0.
(a) Define p: E — R by p(f) := ||fT|le for all f € E (where f*(x) := f(z) VO for all z € K).
Show that p is sublinear.
(b) Let 0 < f € E, let F denote the span of f and let ¢ : F — R be given by ¢(Af) = A||f] for
all A € R. Prove that ¢(g) < p(g) for all g € F.

(¢) Let 0 < f € E. Show that there exists a functional ¢ € E’ which is positive and which fulfils
l[ell =1 and (o, f) = || flloo-

Let E be a real Banach space and let E C E be a closed cone (cf. Problem 30 on Sheet 6).
(a) Define p: E — R by p(z) = dist(x, —E) for each « € E. Show that p is sublinear.

(b) Let z € E\E4 and denote the span of x by F'. We define ¢ : F' — R by p(Az) = —Adist(z, E)
for all A € R. Prove that ¢(y) < p(y) for all y € F.

(¢) Let x € E\ E1. Show that there exists a positive functional 2’ € E’ such that (2/,z) < 0.

(d) Show that a vector z € E fulfils € E, if and only if (2’,z) > 0 for all positive functionals
z' e B

(e) Let x € E. Prove that there exists a positive functional 2’ € E’ such that (z’,z) # 0.

(f) Let F also be a real Banach space and let F; C F be a closed cone. A linear mapping
T:E — F is called positive if TE, C F\.
Assume that the cone E, is generating in E. Prove that every positive linear mapping
T : E — F is continuous.

Let K = C. We endow the vector space C*([0,1]) := {f : [0,1] — R : f is continuously differentiable}
with the norm || - |1 given by |[fllc1 = [[flloc + /' lloe for all f € C*([0,1]). It is not difficult to
see that (C'([0,1]),]| - ||c1) is a Banach space. Moreover, C*([0,1]) is an algebra with respect to
pointwise multiplication, i.e. we have fg € C*([0,1]) for all f, g € C*([0,1]).

(a) Prove that every algebra homomorphism ® : C*([0,1]) — C*([0, 1]) is continuous.
(b) Give an example of an algebra homomorphism ® : C*([0, 1]) — C*([0,1]) which fulfils ||®|| > 1.

Ubungsblitter sowie aktuelle Informationen unter
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