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1. Let θ ∈ (0, π2 ) and T : Σθ −→ L (X) a holomorphic C0-semigroup with generator A on a Banach (4*)
space X. Show that T has a unique strongly continuous extension T̃ to Σθ. Show also that
S±(t) := T̃ (e±iθt) for t ≥ 0 defines C0-semigroups with generators A± where A± = e±iθA.

2. (i) We consider the Banach space X = C0(R) and define the operator (A,D(A)) on X by (4)

D(A) := {f ∈ C1(R) : f, f ′ ∈ C0(R)}, Af := f ′ for each f ∈ D(A).

Show that (A,D(A)) does not generate a holomorphic C0-semigroup on X.
(Hint: Show that iλ ∈ σ(A) for all λ ∈ R. To do this, find fn ∈ D(A) with ‖fn‖ = 1 for n ∈ N
and limn→∞(iλ−A)fn = 0.)
Remark: The shift semigroup on C0(R) therefore not a holomorphic contraction semigroup.

(ii) We consider the complex Hilbert space H = L2(R) and the operator (A,D(A)) on H with (4)

D(A) = H2(R) = W2,2(R), Af := f ′′ für alle f ∈ D(A).

Show that (A,D(A)) generates a holomorphic contraction semigroup on H.
Remark: Consequently, the Gauß semigroup on L2(R) is a holomorphic contraction semigroup.

3. Let V be a complex Hilbert space. A sesquilinear form a : V × V −→ C is called continuous if there
is M ≥ 0 with

|a(x, y)| ≤M · ‖x‖ · ‖y‖

for all x, y ∈ V .
For a continuous sesquilinear form a : V × V −→ C we consider

Aa : V −→ V, x 7→ Aax

where Aax ∈ V is the (unique) element in V for x ∈ V which satisfies (Aax|z) = a(x, z) for all
z ∈ V .
For a bounded operator A ∈ L (V ) we define aA(x, y) := (Ax|y) for all x, y ∈ V .

(i) Show that we always have Aa ∈ L (V ) and that aA is always sesquilinear and continuous. (2)
Show also that AaA

= A and aAa = a and that a is is sectorial if and only if Aa is sectorial.
(Recall that a is called sectorial if there is θ ∈ [0, π2 ) such that a(x) := a(x, x) ∈ Σθ for all
x ∈ V .)

(ii) Show that there exists ω ∈ R such that Aa − ω is sectorial. (2)

4. Let again V be a complex Hilbert space. A sesquilinear form a : V × V −→ C is coercive if there
is α > 0 with Re a(x) ≥ α‖x‖2 for all x ∈ V . Now let a be a coercive and continuous sesquilinear
form on V .

(i) Show that a is sectorial. (2)
(ii) Define ‖x‖1 :=

√
Re a(x) for x ∈ V . Show that ‖ · ‖1 is a norm on V and that it is equivalent (1)

to the given norm ‖ · ‖V on V .
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(iii) We now also assume that V is a subspace of a Hilbert space H (with a different norm) and (1)
that there is M ≥ 0 with ‖x‖H ≤M · ‖x‖V for all x ∈ V . Show that the norm ‖ · ‖a induced
by a on V defined by

‖x‖a := (Re a(x) + ‖x‖2
H) 1

2

for x ∈ V is equivalent to ‖ · ‖1.
Remark: This shows in particular that the form ais closed, i.e., V is complete with respect to
‖ · ‖a.
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