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PREFACE iii

Preface

The present manuscript contains the notes for a lecture given at the University of Ulm
in the summer term 2012. It was my goal to give an overview of existence and uniqueness
results for stochastic differential equations. Moreover, I wanted to give a presentation of the
results which is more or less self-contained, thus I wanted to avoid merely quoting results,
even if the results are somewhat technical.

As prerequisites, I assumed basic knowledge from measure theory, probability theory and
functional analysis, as well as some familarity with ordinary differential equations. Some
more advanced results are recalled and (with the exception of Prokhorov’s theorem) also
proved in the Appendices.

In the preparation of this manuscript I used the following monographs which I also
recommend for further reading:

The book by Kallenberg [4] gives an overview of all of probability and is a source of concise
and elegant proofs. The books of Karatzas and Shreve [5], Øksendal [6] and Revuz and Yor
[7] are standard intruductions to the topic, with the book by Øksendal maybe being the most
“student-friendly”. The books by Stroock and Varadhan [8] and Ethier Kurtz [2] are more
focussed around the martingale problem, with [8] more focussed on diffusion processes (and
thus partial differential equations) whereas [2] also treats more general Markov processes
(which not necessarily continuous paths).

The current manuscript is a preliminary version. It might be changed during the semes-
ter. If you find any mistakes, please let me know.

M.K.
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CHAPTER 1

A First Glance at Stochastic Integration

1.1. Brownian Motion

Definition 1.1.1. Let (Ω,Σ,P) be a probability space, I ⊂ R. A stochastic process is a
family (X(t))t∈I of random variables X(t) : Ω→ R.

Definition 1.1.2. Let (Ω,Σ,P) be a probability space. A Brownian motion or Wiener
process is a stochastic process (W (t))t≥0 such that

(1) W (0) = 0 almost surely.
(2) W (t+ s)−W (t) is independent of σ(W (r) : 0 ≤ r ≤ t) for all t, s ≥ 0.
(3) W (t+ s)−W (t) has distribution N (0, s), Gaussian distribution with mean 0 and

variance s.

Given a filtration F = (Ft)t≥0, i.e. a family of sub σ-algebras Ft with Fs ⊂ Ft for t ≥ s,
we will say that a process (W (t))t≥0 is an F-Brownian motion, if it is adapted, i.e. W (t) is
Ft measurable and (1), (2’) and (3) hold, where

(2′) W (t)−W (s) is independent of Fs for all 0 ≤ t < s.

Remark 1.1.3. A Brownian motion (W (t))t≥0 is an FW -Brownian motion where FW is
the σ-algebra generated by (W (t))t≥0, i.e. Ft = σ(W (s) : s ≤ t).

To construct Brownian motion, we make use of so-called isonormal Gaussian processes.

Definition 1.1.4. Let (Ω,Σ,P) be a probability space, H be a Hilbert space. An H-
isonormal Gaussian process is a map W : H → L2(Ω,Σ,P) such that

(1) W (h) is a (centered) Gaussian random variable for all h ∈ H, i.e. for some q ∈ [0,∞)

we have ϕW (h)(t) := EeitW (h) = e−
q
2
t2 . Thus, W (h) is either constantly zero (q = 0)

or has distribution N (0, q) (q > 0).
(2) (h1 h2)H = (W (h1) W (h2))L2(Ω) for all h1, h2 ∈ H.

Remark 1.1.5. If X is centered Gaussian with ϕX = e−
q
2
t2 , then

ϕ′X(t) = −qte−
q
2
t2 ϕ′′X(t) = (−q + q2t2)e−

q
2
t2

ϕ
(3)
X (t) = (3q2t− q3t3)e−

q
2
t2 ϕ

(4)
X (t) = (3q2 − 6q3t2 + q4t4)e−

q
2
t2

Hence, for the first and third moment of X we have EX = iϕ′X(0) = 0 = i3ϕ
(3)
X (0) = EX3,

for the second moment we obtain EX2 = i2ϕ′′X(0) = q and for the forth moment EX4 =

i4ϕ
(4)
X (0) = 3q2.

Lemma 1.1.6. Let (Ω,Σ,P) be a probability space, H be a Hilbert space and W : H →
L2(Ω,Σ,P) be an H-isonormal Gaussian process. Then W is linear.

Proof. For α, β ∈ R and h1, h2 ∈ H we have

‖W (αh1 + βh2)− αW (h1) + βW (h2)‖2L2(Ω) = 0

which proves that W is linear. �
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Proposition 1.1.7. Let H be a separable Hilbert space, (Ω,Σ,P) be a probability space
on which a sequence of independent standard Gaussian random variables (γn)n∈N is defined
(e.g. (

∏
k∈NR,

⊗
k∈NB(R),

⊗
n∈N γ) with γk((xn)n∈N) = xk).

Then there exists an H-isonormal Gaussian process W : H → L2(Ω).

Proof. Let (en)n∈N be an orthonormal basis of H and define

W (h) :=
∑
n∈N

γn(h en) .

Then W is an H-isonormal Gaussian process.
Indeed, by independence,

∑N
k=1 γk(h ek) is a Gaussian random variable with variance∑N

k=1 |(h ek)|2 for every N ∈ N. Upon N →∞, we see that W (h) is Gaussian with variance∑∞
k=1 |(h ek)|2 = ‖h‖2H . �

Theorem 1.1.8. There exists a Brownian motion.

Proof. Let W be an L2([0,∞))-isonormal Gaussian process and put W (t) := W (1[0,t)).
Then ‖W (0)‖L2(Ω) = ‖0‖L2([0,∞)) = 0, hence W (0) = 0 almost surely. Given 0 ≤ t1 <

t2 < · · · tn = t < t + s, observe that the vectors 1[t1,t2), . . . ,1[tn−1,tn),1[t,t+s) are orthogonal

in L2([0,∞)). Since W is isometric, W (t2) −W (t1) = W (1[t1,t2)), . . .W (tn) −W (tn−1) =

W (1[tn−1,tn)),W (t+s)−W (t) = W (1[t,t+s)) are orthogonal in L2(Ω); since the latter random
variables are jointly Gaussian, they are independent. Since σ(W (r) : 0 ≤ r ≤ t) = σ(W (r)−
W (q) : 0 ≤ q ≤ r ≤ t), it follows that W (t+s)−W (s) is independent of σ(W (r) : 0 ≤ r ≤ t).
Finally, W (t+ s)−W (t) is Gaussian with mean 0 and covariance ‖1[t,t+s)‖L2([0,∞)) = s. �

In Appendix A, we prove that every Brownian motion (W (t))t≥0 has a continuous version,

i.e. there exists a family W̃ (t) : Ω→ R of random variables such that

(1) t 7→ W̃ (t, ω) is continuous for all ω ∈ Ω.

(2) P(W (t) = W̃ (t)) = 1 for all t ≥ 0.

Note that (W̃ (t))t≥0 is also a Brownian motion. Indeed, (1) and (3) are clear since

W̃ (0) = W (0) and W̃ (t+ s)− W̃ (s) = W (t+ s)−W (s) almost surely for all t, s ≥ 0. As for
(2), note that if t1 < t2 < · · · tn = t < t+ s, then

(W (t+ s)−W (t),W (tn)−W (tn−1), . . . ,W (t2)−W (t1))

= (W̃ (t+ s)− W̃ (t), W̃ (tn)− W̃ (tn−1), . . . , W̃ (t2)− W̃ (t1))

almost surely. Hence these vectors are identically distributed. Now (2) follows as in the
proof of Theorem 1.1.8 From now on, we will always use Brownian motions with continuous
paths.

1.2. The Wiener Integral

Definition 1.2.1. Let W be an L2([0,∞))-isonormal Gaussian process and (W (t))t≥0

be the Brownian motion constructed from this isonormal process as in the proof of Theorem
1.1.8. For φ ∈ L2([0,∞)), the Wiener integral of φ is defined as∫ ∞

0
φ(s) dW (s) := W (φ) .

For t > 0, we define
∫ t

0 φ(s) dW (s) :=
∫∞

0 φ(s)1[0,t)(s) dW (s).

Remark 1.2.2. Let t > 0 and 0 = t0 < t1 < · · · < tn = t be a partition of [0, t]. If
φ =

∑n
k=1 ak1[tk−1,tk), then∫ t

0
φ(s) dW (s) = W

( n∑
k=1

ak1[tk−1,tk)

)
=

n∑
k=1

akW (1tk−1,tk)) =
n∑
k=1

ak(W (tk)−W (tk−1)) .
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Definition 1.2.3. (Stochastic differential equations with additive noise)
Let f : R → R be measurable and bounded on bounded subsets of R and σ > 0. A

solution of the stochastic differential equation

(SDE)

{
dX(t) = f(X(t))dt+ σdW (t)
X(0) = x0

is a stochastic process (X(t))t≥0 with continuous paths such that for all t ≥ 0

X(t) = x0 +

∫ t

0
f(X(s)) ds+

∫ t

0
σ dW (s)

almost surely.

Remark 1.2.4. Note that the deterministic integral above is well-defined pathwise. In-
deed, X has continuous paths, hence f(X(·)) is a bounded, measurable function on [0, t] for

all t > 0. Also note that
∫ t

0 σdW (s) = σW (t), hence X is a solution whenever almost surely

X(t) = x0 +
∫ t

0 f(X(s)) ds+ σW (t) for all t ≥ 0. We have chosen the above notation to be
consistent with more general equations appearing later on.

It is a natural question, how to construct solutions to stochastic differential equations.

Theorem 1.2.5. Let f be Lipschitz continuous and σ ≥ 0. Then there exists a unique
solution of (SDE).

Proof. Fix T > 0. For ω ∈ Ω, define Φ = Φ(ω) : C([0, T ])→ C([0, T ]) by[
Φ(u)

]
(t) := x0 +

∫ t

0
f(u(s)) ds+ σW (t, ω) .

Here, as always in what follows, we have assumed that W has continuous paths. A standard
application of Banach’s fixed point theorem yields that if f is Lipschitz continuous, Φ(ω)
has a unique fixed point XT (ω) ∈ C([0, T ]). We put XT (t, ω) := [XT (ω)](t).

Note that XT : Ω → C([0, T ]) is measurable. Indeed, as Ψ : C([0, T ]) → C([0, T ]),

defined by [Ψu](t) = x0 +
∫ t

0 f(u(s)) ds is continuous, it is measurable. Hence with Y also
Φ(Y ) = Ψ(Y ) + W is measurable. It follows that all iterates Φn(Y ), hence also their limit
XT is measurable.

We now put X(t) := XT (t) for some T > t. This is well-defined by uniqueness. Obvi-
ously, we have

X(t) = x0 +

∫ t

0
f(X(s)) ds+ σB(t)

for all t ≥ 0 and ω ∈ Ω. �

Example 1.2.6. (Ornstein-Uhlenbeck process)
Let a ∈ R and σ > 0. Then, for every x0 ∈ R, there exists a unique solution of the

stochastic differential equation

(SDE)

{
dX(t) = aX(s)dt+ σdW (t)
X(0) = x0

This follows directly from Theorem 1.2.5, noting that f(t) := at is Lipschitz continuous. The
solutions of this equation are called Ornstein-Uhlenbeck processes.

With the help of the fixed point iteration, we can approximate the solution X:
Let us start with X0 := x0 + σW (t). Then

X1(t) = x0 +

∫ t

0
ax0 + aσW (s) ds+ σW (t) = x0 + ax0t+

∫ t

0
aσW (s) ds+ σW (t) .
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With Fubini’s theorem, we obtain

X2(t) = x0 +

∫ t

0

[
ax0 + a2xs+ aσW (s) +

∫ s

0
a2σW (r) dr

]
ds+ σW (t)

=
2∑

k=0

aktk

k!
x0 +

∫ t

0

1∑
k=0

σ
ak+1(t− s)k

k!
W (s) ds+ σW (t) .

Inductively,

Xn(t) =
n∑
k=0

aktk

k!
x0 +

∫ t

0

n−1∑
k=0

σ
ak+1(t− s)k

k!
W (s) ds+ σW (t) .

As n→∞, this converges to

X(t) = eatx0 +

∫ t

0
aσea(t−s)W (s) ds+ σW (t) .

Let us compare the situation with ordinary differential equations. We consider the ODE

u′(t) = au(t) + f(t). Writing u′(t) = du(t)
dt and multiplying with dt, we could equivalently

have written
du(t) = au(t)dt+ f(t)dt.

Then the solution of the inhomogeneous problem is obtained from the solution of the homo-
geneous problem via the variation of constants formula

u(t) = eatx0 +

∫ t

0
ea(t−s)f(s) ds .

Using f(t) = σ dW (t)
dt as inhomogenity and boldly using integration by parts, we indeed obtain

X(t) = eatX0 +

∫ t

0
σea(t−s)W ′(s) ds = eatX0 +

∫ t

0
σaea(t−s)W (s) ds+ σW (t) .

We may wonder, whether we have a corresponding formula involving the Wiener integral,
i.e.

X(t) = eatx0 +

∫ t

0
σea(t−s) dW (s)

This is indeed the case and follows from

Lemma 1.2.7. (Integration by parts)
For φ ∈ C1([0, T ]), we have, almost surely,∫ T

0
φ′(s)W (s) ds = φ(T )W (T )−

∫ T

0
φ(s) dW (s)

Proof. Let πn := (0 = t
(n)
0 < t

(n)
1 < · · · < t

(n)
kn

= T ) be a sequence of partitions of [0, T ]

such that the mesh size |πn| := max{|t(n)
j − t

(n)
j−1| : 1 ≤ j ≤ kn} → 0. We define

φn(t) :=

kn∑
j=1

φ(t
(n)
j−1)1

[t
(n)
j−1,t

(n)
j )

.

Then φn → φ in L2((0, T )) and hence, by continuity of W ,

(1.1)

∫ T

0
φn(s) dW (s)→

∫ T

0
φ(s) dW (s) in L2(Ω) .

On the other hand, by Abel partial summation, noting that W (0) = 0, we obtain∫ T

0
φn(s) dW (s) =

kn∑
j=1

φ(t
(n)
j−1)

(
W (t

(n)
j )−W (t

(n)
j−1)

)
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= φ(T )W (t) +

kn∑
j=1

[
φ(t

(n)
j−1)− φ(t

(n)
j )
]
W (t

(n)
j )

= φ(T )W (T ) +

kn∑
j=1

−φ′(ξ(n)
j )W (t

(n)
j )(t

(n)
j − t

(n)
j−1)

= φ(T )W (T ) +

kn∑
j=1

−φ′(t(n)
j )W (t

(n)
j )(t

(n)
j − t

(n)
j−1)

+

∫ T

0
ρn(t, ω) dt.

Here, we have used the mean value theorem, so ξ
(n)
j is a suitable element of [t

(n)
j−1, t

(n)
j ];

moreover,

ρn(t, ω) =

kn∑
j=1

[
φ′(t

(n)
j )− φ′(ξ(n)

j )
]
W (t

(n)
j , ω)1

[t
(n)
j−1,t

(n)
j )

.

Noting that |ρn(t, ω)| ≤ 2‖φ′‖∞‖W (·, ω)‖∞ and that ρn(t, ω) → 0 as n → ∞, which is easy

to see using that φ′ is uniformly continuous on the compact set [0, T ] and that |t(n)
j − ξ

(n)
j | ≤

|πn| → 0 as n→∞ for all j, it follows from dominated convergence that
∫ T

0 ρn(t, ω) dt→ 0
as n→∞ for (almost) all ω.

Moreover,
kn∑
j=1

−φ′(t(n)
j )W (t

(n)
j )(t

(n)
j − t

(n)
j−1)→

∫ T

0
−φ′(t)W (t) dt

almost surely, as the former are Riemannian sums of the latter integral. Altogether, we have∫ T

0
φn(s) dW (s)→ Φ(T )W (t)−

∫ T

0
φ′(t)W (t) dt

almost surely. Passing to a subsequence in (1.1) which converges almost surely we see that
indeed ∫ T

0
φ′(s)W (s) ds = φ(T )W (T )−

∫ T

0
φ(s) dW (s)

almost surely. �

1.3. Itô’s Integral

Question: How can we extend the stochastic integral so that we can
integrate random processes φ : [0,∞)×Ω→ R with respect to (W (t))t≥0?

The naive approach to work pathwise, i.e. to define the integral ω by ω does not work
since Brownian motion does not have finite variation (as we will see in Lemma 2.2.2). The
basic idea behind Itô’s integral is to look back to Remark 1.2.2:

When given a stochastic process of the form

φ(t, ω) =

n∑
k=1

ηk(ω)1[tk−1,tk)(t)

where 0 = t0 < t1 < · · · < tn = T is a partition of some finite interval and ηk : Ω → R is a
random variable for all 1 ≤ k ≤ n, it is rather natural to define

(1.2)

∫ T

0
φ(s) dW (s) :=

n∑
k=1

ηk ·
[
W (tk)−W (tk−1)

]
.
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In a way, what allowed us to extend Wiener’s integral beyond step functions was the isom-
etry ‖W (h)‖L2(Ω) = ‖h‖L2([0,∞)). Hence, if we had a similar isometry here, we could also
extend the above definition beyond stepprocesses. It depends on the measurability of the
ηk’s whether or not we have such an isometry. Before proceeding, let us give an economic in-
terpretation of the preliminary Itô-Integral defined above. This will also give some intuition
about the measurability we will require.

Suppose that W (t) gives the (random) value of an asset at time t, which we also allow
to be negative. Assuming we hold ηk(ω) of this asset over the interval [tk−1, tk), then we
pay ηk(ω)W (tk−1, ω) at time tk−1 to buy and get ηk(ω)W (tk, ω) at time tk when selling the
asset. Thus, if φ(t, ω) =

∑n
k=1 ηk(ω)1[tk−1,tk) is a plan of holding the asset in question (i.e.,

and investment plan), then∫ tn

0
φ(s) dW (s) =

n∑
k=1

ηk(ω)(W (tk)−W (tk−1))

is our total gain/loss over the time period [0, tn] when following this investment plan.
We note that the investment plan φ may well depend on ω, e.g. it may incorporate rules

such as buying at time tk an amount of the asset depending on the value of that asset at
time tk; however, it makes no sense economically to allow the amount to be dependent on
the value of the asset at a future time such as tk+1, as we cannot look into the future.

We will again denote the filtration generated by the Brownian motion (W (t))t≥0 by
FW = (FW

t )t≥0.

Theorem 1.3.1. Let 0 = t0 < t1 < · · · < tn = T be a partition of [0, T ] and ηk ∈
L2(Ω,Ftk−1

,P) for 1 ≤ k ≤ n. For φ :=
∑n

k=1 ηk1[tk−1,tk), we define
∫ T

0 φ(t) dW (t) by (1.2).
Then

E

∣∣∣ ∫ T

0
φ(t) dW (t)

∣∣∣2 = E

∫ T

0
|φ(t)|2 dt .

Proof. Let us start with some preliminary observations. If η ∈ L1(Ω,FW
t ,P), then for

all s > 0 we have

E
[
η[W (t+s)−W (t)]2

]
= E

[
E[η[W (t+s)−W (t)]2|FW

t ]
]

= E
[
ηE[W (t+s)−W (t)]2

]
= sEη .

Here, we have used the FW
t -measurability of η and the independence of W (t + s) −W (t)

from FW
t which yields that E

[
[W (t+ s)−W (t)]2

∣∣FW
t

]
= E(W (t+ s)−W (t))2 = s.

Similarly, for s1 < t1 < s2 < t2 and FW
s2 -measurable η, we obtain

E
[
η(W (t1)−W (s1))(W (t2)−W (s2)

]
= E

[
E[η(W (t1)−W (s1))(W (t2)−W (s2))|FW

s2 ]
]

= E
[
η(W (t1)−W (s1))E[W (ts)−W (s2)]

]
= 0 .

Using these two facts, we obtain for φ =
∑n

k=1 ηk1[tk−1,tk), where ηk is FW
tk−1

-measurable

E

∣∣∣ ∫ T

0
φ(t) dW (t)

∣∣∣2 = E
( n∑
k=1

ηk(W (tk)−W (tk−1))
)2

= E

n∑
k=1

η2
k(W (tk)−W (tk−1))2

+2E

n∑
k=1

n∑
j=k+1

ηkηj(W (tk)−W (tk−1))(W (tj)−W (tj−1))

= E

n∑
k=1

η2
k(tk − tk−1) + 0
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= E

∫ T

0
|φ(t)|2 dt .

�

By Theorem 1.3.1, the integral defined by (1.2) gives a partial isometry between a sub-
space of L2(Ω× [0,∞),P⊗λ), namely that of “predictable step processes”, and a subspace of
L2(Ω,P). Hence it can be uniquely extended to the closure of that space. This extension is
exactly the Itô integral. We do not go into details here, since we will do this construction in

more generality in Chapter 3. Instead, let us use this extension to compute
∫ T

0 W (t) dW (t).

Example 1.3.2. Fix T > 0. For n ∈ N, put

φn :=

n∑
k=1

W
((k − 1)T

n

)
1

[
(k−1)T

n
,
(kT
n

)
.

Then φn is an adapted step process. Since W has continuous paths, φn → W pointwise
P ⊗ λ-a.e. on Ω × [0, T ]. Moreover, |φn(t, ω)| ≤ sup0≤t≤T |W (t)|. We will see in Corollary
2.1.9 that the latter is square integrable. Hence, by dominated convergence and the above,∫ T

0
W (t) dW (t) = lim

n→∞

∫ T

0
φn(t) dW (t) .

Let us abbreviate Wk,n := W (kTn ). Noting that

W 2
k,n −W 2

k−1,n = (Wk,n −Wk−1,n)2 + 2Wk−1,n(Wk,n −Wk−1,n)

we obtain ∫ T

0
φn(t) dW (t) =

n∑
k=1

Wk−1,n(Wk,n −Wk−1,n)

=
1

2

n−1∑
k=0

(
W 2
k,n −W 2

k−1,n

)
− 1

2

n−1∑
k=0

(Wk,n −Wk−1,n)2

=
1

2
(W 2

n,n −W 2
0,n)− 1

2

n−1∑
k=0

(Wk,n −Wk−1,n)2

→ 1

2
W (T )2 − 1

2
T

in L2(Ω), since
∑n

k=1(Wk,n−Wk−1,n)2 → T in L2(Ω) which follows from Lemma 1.3.3 below.
Hence, ∫ T

0
W (t) dW (t) =

1

2
W (T )2 − 1

2
T .

Lemma 1.3.3. Let T > 0 and π := (0 = t0 < t1 < · · · < tn = T ) be a partition of [0, T ].
Let us put

V 2(W ;π, T ) :=
n∑
k=1

|W (tk)−W (tk−1)|2

Then E|V 2(W ;π, T ) − T |2 ≤ 2T |π|. In particular, if πn is a sequence of partitions with
|πn| → 0 as n→∞, then V 2(W ;πn, T )→ T in L2(Ω).

Proof. Let us put Dk := W (tk)−W (tk−1) and Xk = D2
k − (tk − tk−1). Then we have

V 2(W ;π, T )− T =
∑n

k=1Xk. Consequently,

E|V 2(W ;π, T )− T |2 = E

n∑
k=1

X2
k + 2E

n∑
k=1

n∑
j=k+1

XkXj = E

n∑
k=1

X2
k
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since E(XkXj) = 0 for k 6= j since Xk and Xj are independent random variables with mean
0.

Now note that

EX2
k = E

[
D4
k − 2D2

k(tk − tk−1) + (tk − tk−1)2
]

= 3(tk − tk−1)2 − 2(tk − tk−1)2 + (tk − tk−1)2 = 2(tk − tk−1)2

since Dk, being Gaussian with Variance tk − tk−1 =: σ2
k, satisfies ED4

k = 3σ4
k. Consequently,

E|V 2(W ;π, T )− T |2 = 2

n∑
k=1

(tk − tk−1)2 ≤ 2|π|
n∑
k=1

(tk − tk−1) = 2T |π| . �

1.4. Exercises

(1) A Gaussian process is a stochastic process (X(t))t≥0 such that for every choice of
points t1, . . . , tn in [0,∞) the random vector (X(t1), . . . , X(tn)) is Gaussian, i.e. for
all α ∈ Rn the random variable

∑n
k=1 αkX(tk) is Gaussian.

Clearly, if (ht)t≥0 is a collection of functions in L2([0,∞)), then X(t) = W (ht)
is a Gaussian process, as W is linear. In particular, Brownian motion is a Gaussian
process.

The covariance function of a Gaussian process is the function C : [0,∞) → R,
given by C(s, t) = E

[
X(t)X(s)

]
.

Show that a Gaussian process is a Brownian motion if and only if its covariance
function is s ∧ t. Conclude that if (W (t))t≥0 is a Brownian motion, then B(t) :=
tW (t−1) for t > 0 and B(0) = 0 is a Brownian motion.

(2) Let us look again at Example 1.2.6. We have proved existence and uniqueness of
solutions to the Ornstein-Uhlenbeck equation. By slightly changing the setting, we
can also allow initial datums x0 which are random variables in their own right: if G
is a σ-algebra independent of Ft for all t ≥ 0, then F, defined by Ft = σ(G ∪FW

t )
is a σ-algebra and (W (t))t≥0 is an F-Brownian motion. Now basically the same
proof shows that for F0-measurable initial datums x0 the unique solution of the

Ornstein Uhlenbeck equation is given by X(t) = eatx0 +
∫ t

0 σe
a(t−s) dW (s).

Suppose that x0 has normal distribution with mean 0 and variance q. Determine
the law of X(t) and try to find a q such that all random variables X(t) have the
same distribution. Such a distribution is called stationary.

(3) In Example 1.3.2, we have seen that
∫ t

0 W (s) dW (s) = 1
2W (t)2 − 1

2 t. One should

compare this with the formula
∫ t

0 x dx = 1
2 t

2 or, for those familiar with Stieltjes

integrals, with the formula
∫ t

0 g(t) dg(t) = 1
2g(t)2 for a function g of bounded vari-

ation with g(0) = 0. In the formula for the stochastic integral, we obtain the Itô
correction term 1

2 t. This is due to the fact that Brownian motion has unbounded
variation.

Let us try a different approximation of the stochastic integral
∫ T

0 W (t)dW (t).
Namely, for a given parameter θ ∈ [0, 1] and a partition π = (0 = t0 < t1 < · · · <
tn = T ), we use

φθπ :=
n∑
k=1

[
(1− θ)W (tk−1) + θW (tk)

]
1[tk−1,tk)

as an approximation for W . We could then define

Iθ :=
n∑
k=1

[
(1− θ)W (tk−1) + θW (tk)

]
(W (tk)−W (tk−1))
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as an approximation for the stochastic integral. Here θ = 0 corresponds to the
approximation in Itô’s integral, θ = 1 leads to the so-called backward Itô integral
and θ = 1

2 to the Stratonovich integral.

Show that for as |π| → 0 we have Iθ → 1
2W (T )2 + (θ − 1

2)T .
(4) Give an example of a step function φ =

∑n
k=1 ak1[tk−1,tk) which is not adapted, i.e.

even though all ak are square integrable, not all ak are Ftk−1
-measurable, such that

E

∣∣∣ n∑
k=1

ak · [W (tk)−W (tk−1)]
∣∣∣2 6= E

∫ T

0
|φ(t)|2 dt .





CHAPTER 2

Continuous Local Martingales

2.1. Martingales: Basic results

Throughout, we are given a filtered probability space (Ω,Σ,F,P), i.e. F = (Ft)t∈I is
a filtration on the probability space (Ω,Σ,P). Here I ⊂ R ∪ {∞} is a directed set. We
are mainly interested in the cases I = N (discrete time), I = [0,∞) (continuous time) and
I = [0, T ] (continuous time with finite time horizon T ). A filtered probability space is also
called a stochastic basis.

A stochastic process (X(t))t∈I is called adapted to F, if X(t) is Ft-measurable for all
t ∈ I. The smallest filtration with this property is given by FX

t := σ(Xr : r ≤ t) is called
the filtration generated by the process (X(t))t∈I , cf. the filtration FW from the previous
chapter.

Definition 2.1.1. A martingale, more precisely, an F-martingale, is an adapted process
(X(t))t∈I of integrable random variables such that for all t, s ∈ I with s ≤ t we have

E[X(t)|Fs] = X(s) P - a.s.

If for such t and s we merely have E[X(t)|Fs] ≥ X(s) almost surely, then (X(t))t∈I is called
a submartingale.

Example 2.1.2. Brownian motion is a martingale with respect to its natural filtration
FW . Indeed, since W (t) = W (t) −W (s) + W (s) where W (t) −W (s) has mean 0 and is
independent of FW

s and W (s) is FW
s -measurable, we obtain E[W (t)|FW

s ] = W (s) for all
s ≤ t. Similarly, an F-Brownian motion is an F-martingale.

Lemma 2.1.3. Let (X(t))t∈I be a martingale and ϕ : R→ R be convex. Then (ϕ(X(t)))t∈I
is a submartingale. In particular, (X(t)2)t∈I and (|X(t)|)t∈I are submartingales. If ϕ is con-
vex and non increasing, then also for submartingales (X(t))t∈I the process (ϕ(X(t)))t∈I is a
submartingale.

Proof. We have E[ϕ(X(t))|Fs] ≥ ϕ
(
E[X(t)|Fs]

)
= ϕ(X(s)) almost surely, by Jensen’s

inequality for conditional expectation. For the addendum, note that if (X(t))t∈I is merely a
submartingale but ϕ is non increasing, then ϕ

(
E[X(t)|Fs]

)
≥ ϕ(X(s)) almost surely. �

A stopping time, more precisely, an F-stopping time, is a a map τ : Ω → I such that
{τ ≤ t} := τ−1

(
{s ∈ I : s ≤ t}

)
∈ Ft. Every stopping time τ induces a σ-algebra Fτ via

Fτ = {A ∈ Σ : A ∩ {τ ≤ t} ∈ Ft, ∀ t ∈ I} .
We collect some basic properties of stopping times, omitting the easy proofs which may

be found in every probability book containing a chapter on martingales. In order to get used
to the concept of stopping times, we suggest the reader to prove the results themselves.

Lemma 2.1.4. Let τ, σ be stopping times. Then

(1) τ ∧ σ and τ ∨ σ are stopping times.
(2) τ is Fτ -measurable.
(3) if I is countable and (X(t))t∈I is adapted, then X(τ) is Fτ -measurable.
(4) Fτ = Ft on {τ = t} for all t ∈ I, i.e. the induced σ-algebras on the set {τ = t}

agree.

11
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(5) Fσ ∩ {σ ≤ τ} ⊂ Fσ∧τ = Fσ ∩Fτ .
(6) if σ ≤ τ then Fσ ⊂ Fτ .

We now proceed to important results for martingales, including optional sampling and
Doob’s maximal inequality. As is typical, such results are proved first for finite index sets I
and then extended via approximation. We do not strike for greatest possible generality and
only establish results in the extend needed in what follows.

Theorem 2.1.5. (Optional sampling)
Let I be a finite set, (X(t))t∈I be a submartingale and τ, σ be stopping times. Then

E[X(τ)|Fσ] ≥ X(τ ∧ σ).

If (X(t))t∈I is even a martingale then the inequality above is in fact an equality.

Proof. We assume that I = {t1, . . . , tn}, where t1 < · · · < tn. We have to prove that∫
A
X(τ) dP ≥

∫
A
X(τ ∧ σ) dP

for all A ∈ Fσ. Writing A as disjoint union of A ∩ {σ = tk}, it suffices to prove∫
A∩{σ=tk}

X(τ) dP ≥
∫
A∩{σ=tk}

X(τ ∧ σ) dP =

∫
A∩{σ=tk}

X(τ ∧ tk) dP

Since Fσ and Ftk agree on {σ = tk}, this is equivalent with

(2.1) E[X(τ)|Ftk ] ≥ X(τ ∧ tk) .

Observing that

E
[
X(τ ∧ tk)|Ftk−1

]
= E

[
X(tk)1{τ>tk−1} +X(τ ∧ tk−1)1{τ≤tk−1}

∣∣Ftk−1

]
= E[X(tk)|Ftk−1

]1{τ>tk−1} +X(τ ∧ tk−1)1{τ≤tk−1}

≥ X(tk−1)1{τ>tk−1} +X(τ ∧ tk−1)1{τ≤tk−1} = X(τ ∧ tk−1)

(2.1) follows inductively, starting with k = n, observing that τ ∧ tn = τ .
In the case of martingales, observe that all inequalities are in fact equalities. �

Actually, a weaker statement than in Theorem 2.1.5 characterizes martingales.

Proposition 2.1.6. Let I be an arbitrary index set with minimal element 0 and (X(t))t∈I
be an adapted process with E|X(t)| <∞ for all t ∈ I. Then X is a martingale if and only if
EX(τ) = EX(0) for all stopping times τ that take at most two values.

Proof. For s, t ∈ I with s < t and A ∈ Fs, put τ = s1A + t1Ac . Then τ is a stopping
time. Thus, by hypothesis

EX(0) = EX(τ) = EX(s)1A + EX(t)1Ac

On the other hand, t is a stopping time whence E(0) = EX(t) = EX(t)1A + EX(t)1Ac .
Subtracting both equations, it follows that E(X(t)−X(s))1A = 0. As A ∈ Fs was arbitrary,
E[X(t)|Fs] = X(s). The converse follows from Theorem 2.1.5, noting that (X(t))t∈I is a

martingale if and only if (X(t))t∈Ĩ is a martingale for all Ĩ ⊂ I with at most two elements. �

Lemma 2.1.7. Let I be finite and (X(t))t∈I be an adapted submartingale and T ∈ I.
Then, for every r > 0, we have

P
(

sup
t≤T

X(t) > r
)
≤ r−1

∫
{supt≤T X(t)>r}

X(T ) dP ≤ r−1E[X+(T )] .
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Proof. Define the stopping time σ := min{t ≤ T : X(t) > r} where min ∅ := T .
Moreover, let A = {maxt≤T X(t) > r}. Since {σ = t} ∩ A = {X(s) ≤ r : ∀ s < t} ∩ {X(t) >
r} ∈ Ft by adaptedness, we easily obtain that A ∈ Fσ.

Since X(σ) > r on A we obtain, using Theorem 2.1.5 with τ = T , that

rP(A) ≤
∫
A
X(σ) dP ≤

∫
A
E[X(T )|Fσ] dP =

∫
A
X(T ) dP ≤

∫
A
X+(T ) dP ≤ EX+(T )

which is equivalent with the assertion. �

We now easily obtain Doob’s maximal inequality.

Theorem 2.1.8. (Doob’s maximal inequality)
Let I be countable and let (X(t))t∈I be a martingale. Put X∗(t) := sups≤t |X(t)|. Then,

for p, q > 1 with 1
p + 1

q = 1, we have ‖X∗(t)‖p ≤ q‖X(t)‖p, for all t ∈ I.

Proof. Let us first assume that I is finite.
Since (X(t))t∈I is a martingale, (|X(t)|)t∈I is a submartingale by Lemma 2.1.3. Thus,

by Lemma 2.1.7,

rP(X∗(t) > r) ≤
∫
{X∗(t)>r}

|X(t)| dP

for all t ∈ I.
Consequently, using Fubini’s theorem and the Hölder inequality,

‖X∗(t)‖pp = p

∫ ∞
0
P(X∗(t) > r)rp−1 dr

≤ p

∫ ∞
0

∫
{X∗(t)>r}

|X(t)| dP rp−2 dr

= p

∫
Ω
|X(t)|

∫ X∗(t)

0
rp−2 dr dP

=
p

p− 1
E
(
|X(t)||X∗(t)|p−1

)
≤ p

p− 1
‖X(t)‖p‖X∗(t)p−1‖q = q‖X(t)‖p‖X∗(t)‖p−1

p .

This implies that ‖X∗(t)‖p ≤ q‖X(t)‖p.
In the case where I is infinite, we write I =

⋃
In, where In is a finite index set, increasing

in n. If we put X∗n(t) := sups≤t,s∈In |X(s)| then X∗n(t) ↑ X∗(t), almost surely. Moreover,
‖X∗n(t)‖p ≤ q‖X(t)‖p for all n ∈ N by the above. By monotone convergence, ‖X∗(t)‖p ≤
q‖X(t)‖p. �

Doob’s maximal inequality generalizes to continuous time martingales with regular paths.
Note that this in particular yields the square-integrability of sup0≤s≤t |W (s)| needed in Ex-
ample 1.3.2.

Corollary 2.1.9. Let (Ω,Σ,F,P) be a filtered probability space where F = (Ft)t≥0.
Moreover, let (X(t))t≥0 be a martingale with right-continuous paths and define X∗(t) :=
sups≤t |X(t)|. Then, for p, q > 1 with 1

p + 1
q = 1, we have ‖X∗(t)‖p ≤ q‖X(t)‖p, for all t ∈ I.

Moreover, we have P(X∗ > r) ≤ r−1EX(t)+.

Proof. Since sup0≤s≤t |X(s)| = sups∈[0,t]∩Q |X(s)|, the first assertion follows immedi-

ately from Theorem 2.1.8. For the second assertion, write {t}∪Q∩ [0, t] =
⋃
In, where In is

an increasing sequence of finite sets. Then {sup r ∈ In > r} ↑ {X∗(t) > r}. Thus the second
assertion follows from Lemma 2.1.7. �

We now also extend the optional sampling theorem to show that a stopped continuous
time martingale is again a martingale. Let us start with a lemma.
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Lemma 2.1.10. Let F = (F )t∈I , where I ⊂ [0,∞) be a filtration on the probability space
(Ω,Σ,P) and let τ be an F stopping time. Then there exists a sequence τn of F stopping
times which take only countably many values and decreases to τ .

Proof. Put

τn :=
∑
k∈N

k

2n
1{ k−1

2n
<τ≤ k

2n
}

Then clearly, τn takes only countably many values and decreases to τ . Moreover, τn is a
stopping time, since

{τn ≤ t} =
⋃

k: k
2n
≤t

{τ ≤ k

2n
} ∈ Ft

since {τ < k
2n } =

⋃
m{τ ≤

k
2n −

1
m} where {τ ≤ k

2n −
1
m} ∈ F k

2n
− 1
m
⊂ Ft. �

Proposition 2.1.11. Let (X(t))t∈I , where I is an interval in [0,∞) be a continuous
martingale on the filtered probability space (Ω,Σ,F,P) and τ be an F-stopping time. Then
Xτ := (X(τ ∧ t))t∈I is a martingale.

Proof. Let us first prove that X(τ ∧ t) is Ft-measurable, i.e. the stopped process is
again adapted.

To that end, first note that for every t ∈ I, the map (s, ω) 7→ X(t, ω) is B([0, t]) ⊗Ft-
measurable (one says that X is progressively measurable). Indeed, for every n ∈ N the map

(s, ω) 7→
∑n

k=1X( (k−1)t
n , ω)1

[
(k−1)t
n

, kt
n

)
(s) + X(t, ω)1{t}(s) has the claimed measurability by

adaptedness and they converge to the map above by continuity of the paths.
Moreover, the map (s, ω) 7→ (τ(ω)∧s, ω) is B([0, t])⊗Ft/B([0, t])⊗Ft-measurable, since

τ is a stopping time. Hence also the composition, i.e. (s, ω) 7→ X(s ∧ τ, ω) is B([0, t])⊗Ft-
measurable.

Now, let τn be a sequence of stopping times decreasing to τ such that τn only takes
countably many values. Note that the proof of Lemma 2.1.10 yields that we can choose
τn such that τn ∧ r takes only finitely many values, say t1, . . . , tk(r). By continuity of the
paths, X(t ∧ τn) converges to X(t) for all t ∈ I. Fix t, s ∈ I with t > s and put In :=
{t, s} ∪ {t1, . . . , tk(t)}.

Applying Theorem 2.1.5 with I = In, τ = t∧ τn and σ = s, we obtain E[X(t∧ τn)|Fs] =
X(s ∧ τn). We note that if n → ∞, then X(t ∧ τn) → X(t ∧ τ) for all t ∈ I. Moreover, by
optional sampling, X(t ∧ τn) = E(X(t)|Fτn), proving that the random variables X(t ∧ τn)
are equi-integrable. Thus X(t ∧ τn) converges to X(t ∧ τ) in L1(Ω) and the claim follows
upon n→∞. �

In what follows, we will always write Xτ for the process X(· ∧ τ).
For continuous martingales, Proposition 2.1.11 is most often applied with τ a certain

hitting time.

Example 2.1.12. Let (X(t))t≥0 be an adapted process with continuous paths and C ⊂ R
be closed. Then τ := inf{t > 0 : X(t) ∈ C} is a stopping time. Indeed, by continuity of the
paths

{τ ≤ t} =
⋂
n∈N

⋃
r∈Q∩[0,t]

{dist(X(r), C) ≤ 1

n
} ∈ Ft .

We end this section by introducing some spaces of martingales.

Definition 2.1.13. Let I = [0, T ]. A continuous, square integrable martingale is a
martingale (X(t))t∈[0,T ] with continuous paths such that supt∈[0,T ]E|X(t)|2 <∞ and X(0) =

0 almost surely. We write M2([0, T ]; Ω,Σ,F,P) or, if the stochastic basis is understood,
M2([0, T ]) for the space of all continuous, square integrable martingales with respect to F.
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A continuous local martingale is an adapted process (X(t))t∈[0,T ] with continuous paths
such that there exists a sequence of stopping times τn with τn ↑ T almost surely such that
Xτn is a martingale for all n ∈ N. Such a sequence is called localizing sequence. We write
Mloc([0, T ]; Ω,Σ,F,P) or, briefly, Mloc([0, T ]) for the space of all continuous local martingales

Lemma 2.1.14. Let (X(t))t∈[0,T ] be a continuous, adapted process and put σn := inf{t >
0 : |X(t)| ≥ n}. Then X is a local martingale if and only if Xσn is a martingale for all
n ∈ N.

Proof. As σn ↑ T almost surely by path continuity, it is clear that X is a local martin-
gale if Xσn is a martingale for all n ∈ N. For the converse, assume that τn is a sequence of
stopping times with τn ↑ ∞ almost surely such that Xτn is a martingale for all n ∈ N. By
optional sampling, also Xτn∧σn is a martingale. Note that |X(t∧τn∧σm)| ≤ m for all n ∈ N.
Thus, letting n → ∞ we infer from dominated convergence that X(· ∧ σm) is a martingale
for all m ∈ N. �

Lemma 2.1.15. M2([0, T ]) is a closed, linear subspace of L2(Ω;C([0, T ])). On M2([0, T ]),
the expression ‖X‖2 := E|X(T )|2 defines an equivalent norm. Moreover, Mloc([0, T ]) is a
closed, linear subspace of L0(Ω;C([0, T ])).

Proof. By Corollary 2.1.9 with p = q = 2, we have E|X(T )|2 ≤ E‖X‖2C([0,T ]) ≤
4E|X(T )|2 < ∞. It follows that M2([0, T ]) ⊂ L2(Ω;C([0, T ])). For 0 ≤ s < t ≤ T and
η ∈ L2(Ω), let ϕs,t,η(X) := E

[
(X(s) − E[X(t)|Fs])η

]
. Clearly, ϕs,t,η is a bounded linear

functional on L2(Ω;C([0, T ])). Moreover,

M2([0, T ]) =
⋂

η∈L2(Ω)

⋂
0≤s<t≤T

kerϕs,t,η .

This proves that M2([0, T ]) is a closed, linear subspace of L2(Ω;C([0, T ])) and that E|X(T )|2
defines an equivalent norm on M2([0, T ]).

For the second part first observe that if X and Y are continuous local martingales with
localizing sequences τn resp. σn then αX+βY is a continuous local martingale with localizing
sequence τn∧σn, as is easy to see. Now let Xn be a sequence of continuous local martingales
converging to X in L0(Ω, C([0, T ])). Passing to a subsequence, we assume that we have
convergence pointwise almost everywhere in C([0, T ]). Put τn := inf{t ∈ [0, T ] : |X(t)| ≥ n}
and σn,k := τn∧ inf{t ∈ [0, T ] : |Xk(t)| ≥ n+ 1

k}. Then X
σn,k
k is a martingale for all n, k ∈ N.

Moreover, X
σn,k
k → Xτn almost surely in C([0, T ]). As ‖Xσn,k

k ‖∞ ≤ n + 1 for all k ∈ N, we

infer that X
σn,k
k → Xτn in L2(Ω;C([0, T ])). By the first part, Xτn is a martingale for all n,

hence X is a local martingale. �

2.2. Quadratic Variation

Definition 2.2.1. Let ϕ : [0, T ] → R and π := (0 = t0 < t1 < · · · < tn = T ) be a
partition of [0, T ]. For p ∈ [1,∞), we put

V p(ϕ, π, T ) :=

n∑
k=1

|ϕ(tk)− ϕ(tk−1)|p .

The function ϕ is said to be of bounded variation if V (ϕ, T ) := supπ V
1(ϕ, π, T ) <∞.

If lim|π|→0 V
2(ϕ, π, T ) exists, we say that ϕ has finite quadratic variation. In this case,

the limit V 2(ϕ, T ) := lim|π|→0 V
2(ϕ, π, T ) is called the quadratic variation.

As is well-known, a function is of bounded variation if and only if it is the difference
of two increasing functions. Moreover, a function of bounded variation is bounded and
‖ϕ‖∞ ≤ ‖ϕ(0)‖+ V (ϕ, T ).
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Functions of bounded variation play an important role in the theory of Riemann-Stieltjes
integrals. Namely, if ϕ is of bounded variation and f is a continuous function, then, given a

sequence of partitions πn := (0 = t
(n)
0 < t

(n)
1 < · · · < t

(n)
kn

= T ) with mesh size converging to
0, the limit ∫ T

0
f(t) dϕ(t) := lim

n→∞

kn∑
j=1

f(t
(n)
j )
[
ϕ(t

(n)
j )− ϕ(t

(n)
j−1)

]
exists. As we have already mentioned, it would be tempting to construct stochastic integrals
pathwise as Riemann-Stieltjes integrals. However, this approach does not work as Brownian
motion has almost surely paths of unbounded variation. This is what we prove next.

Lemma 2.2.2. Let ϕ : [0, T ]→ R be a continuous function. If ϕ is of bounded variation,
then V 2(ϕ, T ) = 0.

Proof. Let π = (0 = t0 < t1 < · · · < tn = T ) be a partition of [0, T ]. We put
M(ϕ, π) := sup1≤k≤n |ϕ(tk)− ϕ(tk−1)|. Then

V 2(ϕ, π, T ) :=

n∑
k=1

|ϕ(tk)− ϕ(tk−1)|2 ≤M(ϕ, π)V (ϕ, T ) .

Since ϕ is continuous on the compact interval [0, T ], it is uniformly continuous, whence
M(ϕ, π)→ 0 as |π| → 0. Thus V 2(ϕ, T ) = 0. �

Example 2.2.3. It follows from Lemma 1.3.3 that, pathwise, 〈W 〉t := V 2(W, t) = t. By
Lemma 2.2.2, the paths of Brownian motion are almost surely of unbounded variation.

In fact, only trivial continuous local martingales have bounded variation as Lemma 2.2.4
below shows. Before proceeding, let us make some preliminary observations, which generalize
computations in Example 1.3.2.

Let (X(t))t∈[0,T ] be a martingale with X(0) = 0 and let π = (0 = t0 < t1 < · · · < tn = T )
be a partition of [0, T ]. Then

(2.2)
n∑
k=1

[
X(tk)−X(tk−1)

]2
= X(T )2 − 2

n∑
k=1

X(tk−1)
[
X(tk)−X(tk−1)

]
which follows by using the equality (a − b)2 = a2 − b2 − 2b(a − b) in every summand and
canceling out in the telescoping sum which appears.

Moreover,

(2.3) E

n∑
k=1

[
X(tk)−X(tk−1)

]2
= EX(T )2

as

E

n∑
k=1

[
X(tk)−X(tk−1)

]2 − EX(T )2 = −2E

n∑
k=1

X(tk−1)
(
X(tk)−X(tk−1)

)
= −2E

n∑
k=1

E
[
X(tk−1)

(
X(tk)−X(tk−1)

)∣∣Ftk−1

]
= −2E

n∑
k=1

X(tk−1)E
[
X(tk)−X(tk−1)

∣∣Ftk−1

]︸ ︷︷ ︸
=0

by the martingale property.

Lemma 2.2.4. Let (X(t))t∈[0,T ] be a continuous local martingale with (pathwise) bounded
variation and X(0) = 0 a.s. Then X = 0 almost surely.
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Proof. Let V (t) denote the total variation of X on [0, t]. Then V (t) is a continuous,
adapted process, whence τn := inf{t ∈ [0, T ] : |V (t)| ≥ n}, where inf ∅ := T , is a stopping
time. Moreover by continuity of paths and assumption, Ω =

⋃
n∈N{τn = T}. If (X(t))t∈I

is a continuous local martingale with bounded variation, then Xτn is a uniformly bounded,
continuous martingale with uniformly bounded variation. Clearly, if the latter are 0 almost
surely, then so is X.

Hence it suffices to consider continuous martingales X whose total variation is uniformly
bounded, say by M . For t ∈ [0, T ], n ∈ N and k = 0, . . . , n, put Xn,k := X(ktn ). By
continuity of the paths,

Qn :=
n∑
k=1

(Xn,k −Xn,k−1)2 ≤M sup
1≤k≤n

|Xn,k −Xn,k−1| → 0

almost surely and in L1, as Qn is bounded by M2. Moreover, by (2.3), EX(t)2 = EQn → 0
as n→∞. Hence X(t) = 0 a.s. for all t ∈ [0, T ]. �

In Example 1.3.2, we have seen that
∫ t

0 W (s) dW (s) = 1
2W (t)− 1

2 t. Thus, the quadratic
variation process 〈w〉t = t appears in the Itô correction term. As we shall see, this is not by
accident. Our goal in this section is to prove that every continuous local martingale has a
well-defined quadratic variation. We will see later on, that this process plays an important
role in stochastic integration. We will only treat the case of a finite time-horizon. This is
sufficient for our purposes and simplifies the exposition.

We now come to the main result of this section, namely the existence and uniqueness of
the quadratic variation process.

Theorem 2.2.5. Let X ∈ Mloc([0, T ]). Then there exists a unique continuous, adapted
and increasing process (〈X〉t)t∈[0,T ] such that X2 − 〈X〉 is a local martingale. Moreover, if

πn := (0 = t
(n)
0 < t

(n)
1 < · · · < t

(n)
kn

= T ) is a sequence of partitions of [0, T ] with |πn| → 0
and πn ⊂ πn+1, then Vπn, defined by

Vπn(t) :=

kn∑
j=1

(X(t
(n)
j ∧ t)−X(t

(n)
j−1 ∧ t))

2

converges to 〈X〉 in L0(Ω;C([0, T ])). If X ∈ M2([0, T ]), then X2−〈X〉 is even a martingale.

Definition 2.2.6. We call (〈X〉t)t∈[0,T ] the quadratic variation process of X.

Proof. Uniqueness: if (A(t))t∈[0,T ] and (B(t))t∈[0,T ] are continuous, adapted and in-

creasing processes such that X(t)2−A(t) and X2(t)−B(t) are local martingales, then their
difference, A(t)− B(t) is a continuous local martingale which is of bounded variation, as it
is the difference of two increasing processes. By Lemma 2.2.4, A = B almost surely.

Existence: We proceed in several steps. In Steps 1 and 2 we assume that X is a uniformly
bounded martingale.

Step 1: Given a partition π := (0 = t0 < t1 < . . . < tn = T ), we define

Vπ(t) :=
n∑
k=1

(X(tk ∧ t)−X(tk−1 ∧ t))2

= X(t)2 − 2

n∑
k=1

X(tk−1 ∧ t)(X(tk ∧ t)−X(tk−1 ∧ t))(2.4)

where the last equality is (2.2). We claim that if X is a martingale, then Vπ(t) is a continuous
adapted process such that X(t)2 − Vπ(t) is a martingale.
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Continuity and adaptedness of Vπ is obvious. For the martingale property, we use Propo-
sition 2.1.6 and let a stopping time τ taking at most two values be given. Noting thatX(tk∧τ)
is Ftk -measurable, we obtain

E(X2(τ)− Vπ(τ)) = 2E

n∑
k=1

X(tk−1 ∧ τ)(X(tk ∧ τ)−X(tk−1 ∧ τ))

= 2E

n∑
k=1

E
[
X(tk−1 ∧ τ)(X(tk ∧ τ)−X(tk−1 ∧ τ))

∣∣Ftk−1

]
= 2E

n∑
k=1

X(tk−1 ∧ τ)E
[
(X(tk ∧ τ)−X(tk−1 ∧ τ))

∣∣Ftk−1

]
= 0,

since X is a martingale.

Step 2: Construction of 〈X〉 for uniformly bounded X.
We pick a sequence πn of partitions with πn ⊂ πn+1 and |πn| → 0. By Doob’s maximal

inequality,

E‖Vπn − Vπm‖2C([0,T ]) = E‖X2 − Vπn − (X2 − Vπm)‖2C([0,T ]) ≤ 4E|Vπn(T )− Vπm(T )|2 .

Lemma 2.2.7 below shows that Vπn(T ) is a Cauchy sequence in L2(Ω) whence, by the
above, Vπn is a Cauchy sequence in L2(Ω;C([0, T ])). Thus, Vπn converges to some 〈X〉
in L2(Ω;C([0, T ])). Hence also X2 − Vπn → X2 − 〈X〉 in L2(Ω;C([0, T ])). By closedness of
M2([0, T ]), the process X2 − 〈X〉 is a martingale; in particular, it is adapted whence also
〈X〉 is adapted. We now pass to a subsequence such that Vπn → 〈X〉 almost surely.

To see that 〈X〉 is increasing, put D =
⋃
n∈N πn. Since |πn| → 0, D is dense in [0, T ].

By continuity of paths it suffices to show 〈X〉t ≥ 〈X〉s for t ≥ s with t, s ∈ D.
However, for such t, s, we find n0 such that t, s ∈ πn for all n ≥ n0. Obviously, Vπn(t) ≥

Vπn(s) for all n ≥ n0 hence also 〈X〉t ≥ 〈X〉s.
Step 3: Extension to general X ∈ Mloc([0, T ]).
Define the stopping times τn := inf{t ∈ [0, T ] : |X(t)| ≥ n} (with inf ∅ = T ) and

Xn(t) := X(τn ∧ t). By Step 2, there exist unique continuous, increasing adapted processes
〈Xn〉 such that X2

n − 〈Xn〉 is a martingale.
For n ≥ m, we have Xn(t ∧ τm) = Xm(t). Hence, since Xn(t ∧ τm)2 − 〈Xn〉τm∧t and

X2
m − 〈Xm〉 are martingales, the uniqueness assertion yields 〈Xn〉 = 〈Xm〉 on [0, τm]. As

Ω =
⋃
{τk = T}, we find a continuous, increasing process 〈X〉 with 〈X〉 = 〈Xn〉 on {τn = T}.

Thus (X2−〈X〉)(t∧τn) = X2
n−〈Xn〉. As the latter are martingales, it follows that X2−〈X〉

is a local martingale.
We leave it to the reader to prove the assertion about convergence of Vπn to 〈X〉.
Step 4: We prove the addendum concerning X ∈ M2([0, T ]).
Let τn be as in Step 3. By monotone convergence,

E〈X〉T = lim
n→∞

E〈X〉τn = lim
n→∞

EX(τn)2 ≥ EX(T )2 .

Here, we have used that X(· ∧ τn)2 − 〈Xn〉 = X(· ∧ τn)2 − 〈X〉·∧τn is a martingale with
expectation 0 in the second equality and Fatou’s lemma in the last inequality. Since X is
a martingale, X2 is a submartingale whence, by optional sampling EX(τn)2 ≤ EX(T )2. It
follows that E〈X〉T = EX(T )2. In particular, X2−〈X〉T is integrable. However, a continuous
local martingale (M(t))t∈[0,T ] such that M(T ) is integrable is a continuous martingale, which
follows immediately from Corollary 2.1.9 as in the proof of Proposition 2.1.11. �

Lemma 2.2.7. In the situation of Theorem 2.2.5, if X is uniformly bounded, say by M ,
then Vπn(T ) is a Cauchy sequence in L2(Ω).
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Proof. We let m ≥ n and denote πn = (0 = t0 < t1 < · · · < tn = T ) and πm =

(0 = s0 < · · · < sN = T ). Then πn ⊂ πm. Let us moreover define X̃(t) := X(tk−1) for
tk−1 ≤ t < tk.

Using (2.2), we see that

Vπn(T )− Vπm(T ) = 2
N∑
j=1

[
X(sj−1)− X̃(sj−1)

]
(X(sj)−X(sj−1)) .

Thus,

E|Vπn(T )− Vπm(T )|2 = 4E

N∑
j=1

(X(sj−1)− X̃(sj−1))2(X(sj)−X(sj−1))2 ,

noting that all mixed terms vanish by the martingale property, cf. the proof of (2.3).

Next put ∆(n,m) = supj{|X(sj−1)−X̃(sj−1)|2} and note that ∆(n,m)→ 0 as n,m→∞
pointwise almost surely by continuity of the paths. Since |∆(n,m)| ≤ 4M2, it follows that
∆(n,m)→ 0 in L2(Ω). By the Cauchy-Schwarz inequality,

E|Vπn(T )− Vπm(T )|2 ≤ ‖∆(n,m)‖2
∥∥ N∑
j=1

(X(sj)−X(sj−1)2
∥∥

2
.

Hence, to finish the proof it remains to show that
∥∥∑N

j=1(X(sj)−X(sj−1))2
∥∥

2
is uniformly

bounded, independently of n and m.

To that end, for ease of notation, let us write Xj := X(sj). Then

E
( N∑
j=1

(Xj −Xj−1)2
)2

= E

n∑
j=1

(Xj −Xj−1)4 + 2E

n∑
j=1

N∑
l=j+1

(Xj −Xj−1)2(Xl −Xl−1)2

≤ 2M2E

N∑
j=1

(Xj −Xj−1)2 + 2E
N∑
j=1

(Xj −Xj−1)2
N∑

l=j+1

E
[
(Xl −Xl−1)2|Fsl−1

]
= 2M2EX2

N + 2E
N∑
j=1

(Xj −Xj−1)2
N∑

l=j+1

X2
l −X2

l−1 by (2.3)

= 2M2EX2
N + 2E

N∑
j=1

(Xj −Xj−1)2(X2
N −X2

j )

≤ 2M2EX2
N + 4M2E

N∑
j=1

(Xj −Xj−1)2

= 6M2EX2
N .

Here, we have used that E
∑N

j=1(Xj −Xj−1)2 = EX2
N = EX(T )2. �

2.3. Covariation

We now extend the quadratic variation to products of processes via “polarization”. Note
that if X,Y ∈ Mloc([0, T ]), then both (X +Y )2−〈X +Y 〉 and (X −Y )2−〈X −Y 〉 are local
martingales. Thus, so is their difference 4XY − 〈X + Y 〉+ 〈X − Y 〉

Definition 2.3.1. For X,Y ∈ Mloc([0, T ]), we put

〈X,Y 〉 :=
1

4
(〈X + Y 〉 − 〈X − Y 〉)
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Note that 〈X,Y 〉 has paths of bounded variation, whence Lemma 2.2.4 shows that 〈X,Y 〉
is the unique continuous, adapted process with paths of bounded variation such that XY −
〈X,Y 〉 is a local martingale.

We start with a result about stopping covariations.

Lemma 2.3.2. Let X,Y ∈ Mloc([0, T ]) and τ be a stopping time. Then

〈X,Y 〉τ = 〈Xτ , Y τ 〉 = 〈X,Y τ 〉 = 〈Xτ , Y 〉 .

Proof. Let us first assume that X,Y ∈ M2([0, T ]).
By assumption, 〈X,Y 〉 has paths of bounded variation and XY − 〈X,Y 〉 is a local

martingale. By optional sampling, XτY τ − 〈X,Y 〉τ is a local martingale. As 〈X,Y 〉τ has
paths of bounded variation, 〈Xτ , Y τ 〉 = 〈X,Y 〉τ .

For the second equality (the last is proved similarly) it suffices to show that (X−Xτ )Y τ

is a local martingale, for in this case XY τ − 〈X,Y 〉τ = XτY τ − 〈X,Y 〉τ + (X −Xτ )Y τ is
also a local martingale, whence 〈X,Y τ 〉 = 〈X,Y 〉τ .

To see that (X − Xτ )Y τ is a martingale, first let τ take only finitely many values and
let σ be a stopping time which takes at most two values. Then

E((X(σ)−Xτ (σ))Y τ (σ)) = E
(
Y (τ ∧ σ)E[X(σ)−X(τ ∧ σ)|Fτ∧σ]

)
= 0

since, by optional sampling E[X(σ)−X(τ ∧σ)|Fτ∧σ] = 0. Thus (X−Xτ )Y τ is a martingale
by Proposition 2.1.6. By approximation arguments, using that the processes have continuous
paths, it follows that the same is true for arbitrary stopping times τ .

In the general case of local martingales, one simply replaces τ with τ ∧σn∧ρn, where σn
is a sequence of stopping times such that σn ↑ T almost surely such that Xσn ∈ M2([0, T ])
and ρn is a corresponding sequence for Y . �

The covariation bracket 〈·, ·〉 shares many properties of an inner product.

Lemma 2.3.3. For X,Y, Z ∈ Mloc([0, T ]) and α, β ∈ R, we have

(1) 〈αX + βY, Z〉 = α〈X,Z〉+ β〈Y,Z〉.
(2) 〈X,Y 〉 = 〈Y,X〉.
(3) |〈X,Y 〉|2 ≤ 〈X〉〈Y 〉.

Proof. Clearly, α〈X,Z〉+ β〈Y, Z〉 is an adapted finite variation process. Moreover

(αX + βY )Z − α〈X,Z〉 − β〈Y,Z〉 = α(XZ − 〈X,Z〉) + β(Y Z − 〈Y,Z〉)

is a local martingale, whence (1). Similarly, one proves (2). As for (3), first note that
〈X,X〉 = 1

4〈2X〉〈X〉 ≥ 0 almost surely, as the latter is an increasing process starting a.s. at
0. Hence, for λ ∈ R, by (1)

0 ≤ 〈X + λY 〉 = 〈X〉+ 2λ〈X,Y 〉+ λ2〈Y 〉

almost surely. Fixing versions of these processes, the exceptional set can be chosen indepen-
dently of t and λ. For t ∈ [0, T ] put λt := −〈X,Y 〉t〈Y 〉

−1
t , provided 〈Y 〉t > 0. Then, by the

above

0 ≤ 〈X〉t −
〈X,Y 〉2t
〈X〉t

that is 〈X,Y 〉2t ≤ 〈X〉t〈Y 〉t

outside our fixed set of measure zero. If, on the other hand 〈Y 〉t = 0, picking λt =
−1

2sgn〈X,Y 〉ts, for s > 0, we find |〈X,Y 〉t| ≤ s−1〈X〉t → 0 as s → ∞, whence also in
this case the claim holds. �
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2.4. Exercises

(1) Fill in the gaps in the proofs of Lemma 2.1.4 and Theorem 2.2.5 that you find
worthwhile to fill.

(2) Besides Brownian motion, there is another “basic” example of a martingale, namely
the compensated Poisson process.

A Poisson process with intensity λ > 0 is an adapted, integer-valued process
(N(t))t≥0 which has paths which are right continuous with left limits such that
N(0) = 0 almost surely and for 0 ≤ s < t, the random variable N(t) − N(s) is
independent of Fs and has Poisson distribution with mean λ(t − s). Recall that

the Poisson distribution with mean λ is the measure e−λ
∑∞

k=0
λk

k! δk.
Show that the compensated Poisson process N(t)−λt is a martingale. Moreover,

show that (N(t)−λt)2−λt is also a martingale. Thus, in a way, λt is the quadratic
variation of the compensated Poisson process.

(3) Let W (t) be a Wiener process τ = inf{t > 0 : W (t) ≤ −1} and define

X(t) :=

{
W ( t

1−t ∧ τ) t < 1

−1 t ≥ 1 .

Then (X(t))t≥0 is a continuous (this uses the fact that τ <∞ almost surely) process.
Show that it is a local martingale which is not a martingale.

Hint: Use τn := inf{t : X(t) ≥ n} ∧ n.

(4) A 2-dimensional Brownian motion with covariance matrix Q ∈ R2×2, which is
assumed to by symmetric and positive semidefinite, is a stochastic process W (t) =
(W1(t),W2(t)) : Ω → Rd, defined on a filtered probability space (Ω,Σ,F,P) such
that W (0) = 0 almost surely and, for t, s ≥ 0, the increment W (t + s) −W (s) is
independent of Fs and is normally distributed with mean (0, 0) and covariance sQ.

Given a symmetric, positive semidefinite matrix Q, construct a 2-dimensional
Brownian motion with covariance matrix Q and determine 〈W1,W2〉.

Hint: For the construction, start with two independent Brownian motions and diagonalize Q.





CHAPTER 3

Stochastic Calculus

3.1. The Itô Integral

We now define Itô’s integral with general continuous local martingales X as integrators.
We begin with X ∈ M2([0, T ]) as integrators and adapted step processes φ : Ω× [0, T ]→ R

as integrands. Here an adapted step process φ is a process of the form

φ(t, x) =

n∑
k=1

ηk(ω)1[ak,bk)(t)

where 0 ≤ a1 < b1 ≤ a2 < b2 < · · · ≤ an < bn and ηk ∈ L∞(Ω,Fak ,P). We define

(3.1)

∫ t

0
φ(s) dX(s) :=

n∑
k=1

ηk(X(bk ∧ t)−X(ak ∧ t))

and write φ �X for the integral process, i.e. (φ �X)t :=
∫ t

0 φ(s) dX(s).

Theorem 3.1.1. Let X ∈ M2([0, T ]) and φ be an adapted step process. Then φ � X ∈
M2([0, T ]), its quadratic variation is given by

〈φ �X〉t =

∫ t

0
|φ(s)|2 d〈X〉s :=

n∑
k=1

η2
k

(
〈X〉bk∧t)− 〈X〉ak∧t

)
.

In particular, we have the Itô isometry

(3.2) E

∣∣∣ ∫ t

0
φ(s) dX(s)

∣∣∣2 = E

∫ t

0
|φ(s)|2 d〈X〉s .

Finally, if Y ∈ M2([0, T ]), then

〈φ �X,Y 〉t =

∫ t

0
φd〈X,Y 〉t

Proof. It is clear that φ � X is a continuous, adapted process with (φ � X)0 = 0. To
show that it is a martingale, we use Proposition 2.1.6 and let a stopping time τ taking at
most two values be given. Then

E(φ�X)τ = E

n∑
k=1

ηk(X
τ (bk)−Xτ (ak)) = E

n∑
k=1

ηkE
[
Xτ (bk)−Xτ (ak)

∣∣Fak

]
= 0 = E(φ�X)0

since X, hence Xτ is a martingale.

For the second part, since t 7→
∫ t

0 |φ(s)|2 d〈X〉s is an adapted, increasing, continuous

process, it is enough to show that (φ �X)2
t −

∫ t
0 |φ(s)|2 d〈X〉s is a martingale.

To that end, we again consider a stopping time τ taking at most two values and note
that

(φ �X)2
τ =

n∑
k,l=1

ηkηl(X
τ (bk)−Xτ (ak))(X

τ (bl)−Xτ (al))

23
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and ∫ τ

0
|φ(s)|2 d〈X〉s =

n∑
k=1

η2
k(〈X〉bk∧τ − 〈X〉ak∧τ ).

We now obtain

E(φ �X)2
τ = E

n∑
k=1

η2
k(X

τ (bk)−Xτ (ak))
2

as the mixed terms vanish, due to the martingale property.

= E

n∑
k=1

η2
kE
[
Xτ (bk)

2 −Xτ (ak)
2|Fak

]
as E[Xτ (bk)X

τ (ak)|Fak ] = Xτ (ak)
2

= E

n∑
k=1

η2
k(〈X〉bk∧τ − 〈X〉ak∧τ )

since X2 − 〈X〉 is a martingale

= E

∫ τ

0
|φ(s)|2 d〈X〉s

Consequently, by Proposition 2.1.6 (φ �X)2
t −

∫ t
0 |φ(s)|2 d〈X〉s is a martingale.

The proof of the last assertion is similar. �

We now extend the stochastic integral to more integrands and to more integrators. First,
let us stick with X ∈ M2([0, T ]) and allow more integrands.

To that end, first note that for fixed ω, there is a unique Lebesgue-Stieltjes measure
ν〈X〉(ω) on [0, T ] with ν〈X〉(ω)([a, b)) = 〈X〉b(ω)−〈X〉a(ω). Moreover, using the measurability
properties of the quadratic variation, a monotone class argument shows that ω 7→ ν〈X〉(ω)(A)
is measurable for all A ∈ B([0, T ]). We may thus define a measure µ〈X〉 on (Ω× [0, T ],Σ⊗
B([0, T ])) by

(µ〈X〉)(A) :=

∫
Ω

∫ T

0
1A(ω, t) dν〈X〉(ω)(t) dP(ω).

Note that µ〈X〉 is not a probability measure! For an adapted step process φ, we have∫
Ω×[0,T ] |φ|

2 dµ〈X〉 = E
∫ T

0 |φ(t)|2 d〈X〉t. We denote by L2
F,X(Ω × [0, T ]) the closure of the

adapted step processes in L2(Ω× [0, T ], µ〈X〉). We can now extend the Itô integral uniquely

to L2
F,X(Ω× [0, T ]).

Given φ ∈ L2
F,X(Ω × [0, T ]) there is a sequence φn of adapted step processes such that

φn → φ in L2(Ω× [0, T ], µ〈X〉). By Doob’s maximal inequality and the Itô isometry 3.2,

E‖φn �X − φm �X‖2C([0,T ]) ≤ 4E|(φn �X)T − (φm �X)T |2 ≤ 4‖φn − φm‖L2(Ω×[0,T ],µ〈X〉)
→ 0

as n,m→∞. Thus, φn �X is a Cauchy sequence in M2([0, T ]). Its limit does not depend on

the approximating sequence φn. Indeed, if φ̃n is another sequence of adapted step processes
with φ̃n → φ in L2(Ω× [0, T ], µ〈X〉), then

E‖φn �X − φ̃n �X‖2C([0,T ]) ≤ 4‖φn − φ̃n‖2L2(Ω×[0,T ],µ〈X〉)
→ 0 .

Hence, we may define

Definition 3.1.2. Let X ∈ M2([0, T ]) and φ ∈ L2
F,X(Ω× [0, T ]). The stochastic integral

φ �X is the unique process Y ∈ M2([0, T ]) such that for every sequence φn of adapted step
processes with φn → φ in L2

F,X(Ω× [0, T ]) we have φn �X → Y in L2(Ω;C([0, T ])).



3.1. THE ITÔ INTEGRAL 25

Remark 3.1.3. It follows from an approximation argument that

〈φ �X〉t =

∫ t

0
|φ(s)|2 d〈X〉s

where the integral
∫ t

0 |φ(s)|2 d〈X〉s is defined as integral with respect to the Lebesgue-Stieltjes
measure µω. Note this integral is defined pathwise, hence we have to pick representatives
of φ and 〈X〉. However, for different choices of representatives, the resulting process differ
(as C([0, T ])-valued random elements) only on a null set. Thus, the right-hand side defines
a process in L0(Ω;C([0, T ])).

To extend the stochastic integral even further, it is useful to first establish a characteri-
zation of the integral in terms of covariation processes. We have

Theorem 3.1.4. Let X ∈ M2([0, T ]) and φ ∈ L2
F,X(Ω × [0, T ]). The stochastic integral

φ �X is the unique process Y ∈ M2([0, T ]) such that

(3.3) 〈Y, Z〉t =

∫ t

0
φ(s)d〈X,Z〉s

for all Z ∈ M2([0, T ]).

As a technical tool for the proof, we need the Kunita-Watanabe inequality.

Theorem 3.1.5. (Kunita-Watanabe)
Let X,Y ∈ M2([0, T ]), φ ∈ L2

F,X(Ω × [0, T ]) and ψ ∈ L2
F,Y (Ω × [0, T ]). Then, almost

surely, ∫ t

0
|φ(s)ψ(s)||d〈X,Y 〉s| ≤

(∫ t

0
|φ(s)|2 d〈X〉s

) 1
2
(∫ t

0
|ψ(s)|2 d〈Y 〉s

) 1
2

for all t ∈ [0, T ]. Here, |d〈X,Y 〉| is the total variation of the measure d〈X,Y 〉.

Proof. Let us first make some simplifying assumptions. First note that the integrals
above are pathwise continuous as functions of t. Hence, it suffices to prove that the claimed
inequality holds for every t ∈ [0, T ] almost surely (i.e. with exceptional set possibly depending
on t). We fix t ∈ [0, T ].

It is enough to prove that∣∣∣ ∫ t

0
φ(s)ψ(s)d〈X,Y 〉s

∣∣∣ ≤ (∫ t

0
|φ(s)|2 d〈X〉s

) 1
2
(∫ t

0
|ψ(s)|2 d〈Y 〉s

) 1
2
,

for, if ρ(s) is a density of |d〈X,Y 〉| with respect to d〈X,Y 〉 with values in {−1, 1} and we

replace φ with φ̃ = φρ sgn(φψ), then the above with φ̃ and ψ gives the claim for φ and ψ.

We leave it to the reader to verify that φ̃ ∈ L2
F,X(Ω× [0, T ]).

Given φ and ψ as in the assumption, we find sequences of elementary step functions φn
and ψn converging to φ, resp. ψ in L2

F,X(Ω × [0, T ]) resp. L2
F,Y (Ω × [0, T ]). In particular,∫ t

0 |φn(s)|2 d〈X〉s →
∫ t

0 |φ(s)|2 d〈X〉s in L1(Ω). And similarly for ψ. Passing to suitable
subsequences, we may assume that we have convergence almost everywhere both for the
processes and the integrals.

Thus, if the result holds for Step functions we can infer from Fatou’s Lemma the general
result.

For the rest of the proof, we assume that φ and ψ are elementary step functions. To
further simplify, we may assume without loss of generality that φ and ψ are based on a
common partition 0 = t0 < t1 < · · · < tn. Finally, to simplify notation, we assume that
t = tn; this is no loss of generality as for t < tn, we may simply replace tn with t, if t > tn,
we add in tn+1 = t and set φ, ψ zero on the last interval.
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We thus assume that

φ(t) =

n∑
k=1

ηk1[tk−1,tk)(t) and ψ(t) =

n∑
k=1

ξk1[tk−1,tk)(t) .

Next observe that, putting 〈X,Y 〉rs := 〈X,Y 〉r − 〈X,Y 〉s for s ≤ t, we have |〈X,Y 〉rs| ≤(
〈X,X〉rs

) 1
2
(
〈Y, Y 〉rs

) 1
2 . Indeed, for λ ∈ R the quantity

〈X,X〉rs + 2λ〈X,Y 〉rs + λ2〈Y, Y 〉rs = 〈X + λY,X + λY 〉rs
is almost surely nonnegative for s ≤ r and the proof can be finished as in that of Lemma
2.3.3.

Consequently,∣∣∣ ∫ t

0
φ(s)ψ(s)d〈X,Y 〉s

∣∣∣ ≤ n∑
k=1

|ηkξk||〈X,Y 〉tktk−1
|

≤
n∑
k=1

|ηkξk|
(
〈X,X〉tktk−1

) 1
2
(
〈Y, Y 〉tktk−1

) 1
2

≤
( n∑
k=1

|ηk|2〈X,X〉tktk−1

) 1
2
( n∑
k=1

|ξk|2〈Y, Y 〉tktk−1

) 1
2

=
(∫ t

0
|φ(s)|2 d〈X〉s

) 1
2
(∫ t

0
|ψ(s)|2 d〈Y 〉s

) 1
2
,

where we have used the Cauchy-Schwarz inequality. �

Proof of Theorem 3.1.4. Clearly, there can be at most one Y ∈ M2([0, T ]) which
satisfies (3.3). Indeed, if (3.3) holds with Y = Y1 and Y = Y2, then 〈Y1 − Y2, Z〉 = 0 for
all Z ∈ M2([0, T ]). Picking Z = Y1 − Y2, we find 〈Y1 − Y2〉 = 0, hence Y1 − Y2 = 0 as then
(Y1 − Y2)2 is a nonnegative martingale starting at 0.

It remains to verify that (3.3) holds for Y = φ �X. To that end, let φn be a sequence
of elementary step processes converging to φ in L2

F,X(Ω × [0, T ]). Using Lemma 2.3.3, we
obtain

|〈φn �X − φ �X,Z〉t|
2 ≤ 〈φn �X − φ �X〉t〈Z〉t ≤ 〈φn �X − φ �X〉T 〈Z〉T

Thus taking the supremum over t ∈ [0, T ] and using Cauchy-Schwarz and the Itô-isometry,
we find

E‖〈φn �X − φ �X,Z〉‖2∞ ≤ E〈φn �X − φ �X〉T 〈Z〉T ≤
(
E〈Z〉2T

) 1
2 ‖φn − φ‖L2

F,X(Ω×[0,T ]) → 0

as n → ∞. Consequently, 〈φn �X,Z〉 → 〈φ �X,Z〉 in L2(Ω;C([0, T ])). Passing to a subse-
quence, we may assume that we have convergence pointwise almost everywhere. It follows
from the Kunita-Watanabe inequality that∣∣∣ ∫ t

0
φn d〈X,Z〉 −

∫ t

0
φd〈X,Z〉

∣∣∣ ≤ (∫ t

0
|φn − φ|2 d〈X〉

) 1
2 〈Z〉 → 0

Since the result is true for elementary simple functions, we have

〈φ �X,Z〉 = lim 〈φn �X,Z〉 = lim

∫ ·
0
φn d〈X,Z〉 =

∫ ·
0
φd〈X,Z〉 . �

Corollary 3.1.6. Let X ∈ M2([0, T ]) and φ ∈ L2
F,X(Ω × [0, T ]). Moreover, let τ be a

stopping time. Then

(φ �X)τ = φ � (Xτ ) = (φ1[0,τ ]) �X = (φ1[0,τ ]) � (Xτ )

almost surely, where we have written Y τ for the process Y (· ∧ τ).
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Proof. Let Y ∈ M2([0, T ]). Then we have∫ t

0
φ(s)1[0,τ ](s) d〈X,Y 〉 =

∫ t∧τ

0
φ(s) d〈X,Y 〉s =

∫ t

0
φ(s) d〈X,Y 〉s∧τ

almost surely. Thus the claim follows from the characterization in Theorem 3.1.4, noting
that 〈X,Y 〉τ = 〈Xτ , Y τ 〉 = 〈X,Y τ 〉 = 〈Xτ , Y 〉 by Lemma 2.3.2 �

We now obtain the following corollary, which will allow us to considerably extend the
stochastic integral.

Corollary 3.1.7. Let X,Y ∈ M2([0, T ]), φ ∈ L2
F,X(Ω× [0, T ]) and ψ ∈ L2

F,Y (Ω× [0, T ]).
Moreover, let τ be a stopping time such that

Xτ = Y τ and φ1[0,τ ] = ψ1[0,τ ]

almost surely. Then (φ �X)τ = (ψ � Y )τ almost surely.

Proof. For Z ∈ M2([0, T ]), we have

〈(φ �X)τ − (ψ � Y )τ , Z〉 =
〈
φ1[0,τ ] �Xτ − ψ1[0,τ ] � Y τ , Z

〉
= 0

almost surely. Choosing Z = (φ �X)τ − (ψ � Y )τ , the claim follows from Lemma 2.2.4. �

We can now extend the stochastic integral to its full generality.

Definition 3.1.8. Let X ∈ Mloc([0, T ]). By L0
F,X(Ω × [0, T ]) we denote the closure of

the elementary step processes in L0(Ω × [0, T ], µ〈X〉). By I (X), the processes which are

integrable with respect to X, we denote the set of all φ ∈ L0
F,X(Ω× [0, T ]) such that

P(

∫ T

0
|φ(s)|2 d〈X〉s <∞) = 1 .

Since X ∈ Mloc([0, T ]), there exists a sequence of stopping times τn with τn ↑ T almost
surely such that Xτn ∈ M2([0, T ]). Now put

σn := n ∧ inf{t ∈ [0, T ] :

∫ t

0
|φ(s)|2 d〈X〉(ω) ≥ n} .

Then also σn is a stopping time. We set ρn = σn ∧ τn. In this case, (φ1[0,ρn]) � Xρn is
well-defined. By Corollary 3.1.7, we also have

(φ1[0,ρn]) �Xρn = (φ1[0,ρm]) �Xρm

on [0, ρn], for all 1 ≤ n ≤ m. We may thus define

φ �X := (φ1[0,ρn]) �Xρn on [0, ρn] .

It also follows from Corollary 3.1.7 that this definition does not depend on the particular
choice of the τn. Clearly, φ �X is a local martingale and it is easy to see that 〈φ �X,Y 〉 =∫ ·

0 φ(s) d〈X,Y 〉s for all Y ∈ Mloc([0, T ]). Moreover, localizing, it follows from Theorem 3.1.4
that this characterizes the stochastic integral.

Definition 3.1.9. For X ∈ Mloc([0, T ]) and φ ∈ I (X), the stochastic integral φ �X is
the unique process Y ∈ Mloc([0, T ]) such that for all Z ∈ Mloc([0, T ]) we have

〈Y, Z〉 =

∫ ·
0
φ(s) d〈X,Z〉s

almost surely
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3.2. Itô’s Formula

We now extend stochastic integration even further.

Definition 3.2.1. A (continuous) semimartingale is an adapted process (X(t))t∈[0,T ]

which has a decomposition
X(t) = X0 +B(t) +M(t)

where X0 = X(0), (B(t))t∈[0,T ] is a continuous, adapted process with pathwise bounded
variation and M(t) ∈ Mloc([0, T ]).

Remark 3.2.2. We note that the decomposition of a semimartingale into a bounded
variation process and a local martingale is almost surely unique. Indeed, if X(t) = X0 +

B(t) + M(t) = X0 + B̃(t) + M̃(t), then B − B̃ = M − M̃ is a continuous local martingale

which has pathwise bounded variation. Consequently, by Lemma 2.2.4, B − B̃ = 0 almost
surely, hence also M = M̃ almost surely.

Definition 3.2.3. Let X = X0 +B+M be a continuous semimartingale. By I (B), we
denote space of all adapted processes φ such that, almost surely φ(ω) ∈ L1([0, T ], dB(ω)),
where dB(ω) is the Lebesgue-Stieltjes measure induced by B(ω). We then write I (X) =
I (B) ∩I (M) and define for φ ∈ I (X)

(φ �X)(t) :=

∫ t

0
φ(s) dB(s) +

∫ t

0
φ(s) dM(s)

where the first integral is defined pathwise and the second is the stochastic integral as before.

Remark 3.2.4. With this definition, some results from the previous section can now be
reformulated.

For example, for a local martingale X the stochastic integral φ � X is the unique local
martingale such that 〈φ �X,Y 〉 = φ�〈X,Y 〉 for all local martingales Y . Moreover, 〈φ�X〉 =
φ2 � 〈X〉. In both equalities, the “�” on the left hand side refers to the stochastic integral
introduced in the previous section and the “�” on the right hand side refers to a pathwise
integral with respect to a bounded variation process.

Remark 3.2.5. Note that for a continuous semimartingale X = X0 + B + M and φ ∈
I (X) also φ �X is a continuous semimartingale. Indeed, φ �M is again a local martingale
and φ �B is again of bounded variation.

Proposition 3.2.6. (Chain rule)
Let X be a continuous semimartingale and φ, ψ be adapted processes with ψ ∈ I (X).

Then φ ∈ I (ψ �X) if and only if φψ ∈ I (X). In this case, φ � (ψ �X) = (φψ) �X.

Proof. Let X = X0 +B+M be the canonical decomposition of X. Then φ ∈ I (ψ �X)
is equivalent to φ2 ∈ I (〈ψ �M〉) and φ ∈ I (ψ �B). On the other hand, φψ ∈ I (X) if and
only if (φψ)2 ∈ I (〈M〉) and φψ ∈ I (B). Since 〈ψ �M〉 = ψ2 � 〈M〉, the equivalence of the
conditions follows from the property of the Stieltjes integral.

Also by the properties of the Stieltjes integral, φ � (ψ � B) = (φψ) � B. To see the
corresponding formula for the integrals involving M , let N be a continuous local martingale.
Using the formula for the Stieltjes integral and the local version of Theorem 3.1.4, we find

〈(φψ) �M,N〉 = (φψ) � 〈M,N〉 = φ � (ψ � 〈M,N〉) = φ � 〈ψ �M,N〉 = 〈φ � (ψ �M), N〉 .
which proves that φ � (ψ �M) = (φψ) �M by the local version of Theorem 3.1.4. �

We extend the definitions of quadratic variation and covariation to arbitrary continuous
semimartingales X and Y with decompositions X = X0 + B + M and Y = Y0 + A + N
by setting 〈X〉 := 〈M〉 and 〈X,Y 〉 := 〈M,N〉. This reflects that processes with bounded
variation have quadratic variation 0, see Lemma 2.2.2.

Next we prove the fundamental “integration by parts formula”. This will be the key tool
to prove Itô’s formula. It generalizes Lemma 1.2.7 and Example 1.3.2.
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Theorem 3.2.7. Let X and Y be continuous semimartingales. Then, almost surely,

(3.4) XY = X0Y0 +X � Y + Y �X + 〈X,Y 〉.

Proof. We may assume that X = Y , as the general case will follow from polarization.
We may also assume that X0 = 0.

First, let X = M ∈ M2([0, T ]). Then equation (3.4) reads M2 = 2M �M + 〈M〉. Note
that for M = W , this is exactly what we have proved in Example 1.3.2. Repeating the
computations there for general M and using the convergence in Theorem 2.2.5 instead of
Lemma 1.3.3, the formula follows. The case where X = M ∈ Mloc([0, T ]) follows from this
by localization.

If, on the other hand, X = B is of bounded variation, equation (3.4) reduces to B2 =
2B �B which follows from the integration by parts formula for Lebesgue-Stieltjes integrals.

In the general case, we have to prove that

(B +M)2 = B2 + 2BM +M2 !
= 2B �B + 2B �M + 2M �B + 2M �M + 〈M〉 .

In view of the formulas for B2 and M2 proved so far, it remains to show that BM =
B �M + M � B. Localizing again, we may assume that B and M are uniformly bounded.
Fixing t ∈ (0, T ], we put tk := kt

n and

An(s) :=
n∑
k=1

A(tk−1)1[tk−1,tk)(s) and Mn(s) :=
n∑
k=1

M(tk)1[tk−1,tk)(s)

and observe that

(An �M)(t) + (Mn �A)(t) =
n∑
k=1

A(tk−1)
[
M(tk −M(tk−1))

]
+M(tk)

[
A(tk)−A(tk−1)

]
= A(t)M(t)

by Abelian partial summation. Noting that An → A in L2
F,M (Ω× [0, t]) by dominated con-

vergence and Mn →M pointwise and dominated, it follows from continuity of the stochastic
integral, resp. dominated convergence for Lebesgue-Stieltjes integrals, that (An �M)(t) →
(A �M)(t) and (Mn �A)(t)→ (M �A)(t) in measure. Thus, indeed, BM = B �M +M �B,
finishing the proof. �

We are now ready to prove Itô’s formula.

Theorem 3.2.8. Let X1, . . . , Xd be continuous semimartingales, X = (X1, . . . , Xd).
Then, for every f ∈ C2(Rd), f(X) is a continuous semimartingale and

f(X) = f(X0) +
d∑
j=1

fxj (X) �Xj +
1

2

d∑
i,j=1

fxixj (X) � 〈Xi, Xj〉 .

Proof. For notational convenience, we only treat the case d = 1, the multidimensional
case follows similarly. Thus, fix a continuous semimartingale X. By C we denote the set of
all f ∈ C2(R) such that

f(X) = f(X0) + f ′(X) �X +
1

2
f ′′(X) � 〈X〉 .

Clearly, f is a vector space and contains the functions f1 ≡ 1 and f2(x) = x. We prove next
that if f, g ∈ C , then fg ∈ C , whence C contains all polynomials.

To see this, let f, g ∈ C . Then

(fg)(X)− (fg)(X0) = f(X)g(X)− f(X0)g(X0)

= f(X) � g(X) + g(X) � f(X) + 〈f(X), g(X)〉 by Theorem 3.2.7

= f(X) �
[
g′(X) �X + g′′(X) � 〈X〉

]
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+g(x) �
[
f ′(X) �X + f ′′(X) � 〈X〉

]
+ 〈f ′(X) �X, g′(X) �X〉

since f, g ∈ C

= (fg′ + gf ′)(X) �X +
1

2
(fg′′ + 2f ′g′ + f ′′g)(X) � 〈X〉

by Proposition 3.2.6

= (fg)′(X) �X +
1

2
(fg)′′(X) � 〈X〉 .

We now extend this to arbitrary f ∈ C2(R). By stopping, it suffices to consider semi-
martingales X which take values in a bounded interval [a, b] of R. As a consequence of the
Weierstrass approximation theorem, given f ∈ C2(R), we find a sequence of polynomials
pn such that pn → f , p′n → f ′ and p′′n → f ′′, uniformly on [a, b]. Using the continuity of
the stochastic integral and dominated convergence for the pathwise integral, we see that
f ∈ C . �

In its one-dimensional case, Itô’s formula asserts that for every semimartingale X, we
have

f(X(t)) = f(X(0)) +

∫ t

0
f ′(X(s)) dX(s) +

1

2

∫ t

0
f ′′(X(s)) d〈X〉s .

One should compare this formula with the fundamental theorem of calculus, where, for

X(t) = t, we have f(t) = f(0) +
∫ t

0 f
′(s) ds. Thus, replacing the deterministic t with a

random semimartingale X, we need a correction term 1
2f
′′(X) � 〈X〉.

Often, and we have seen this already in the formulation of stochastic differential equa-
tions, one prefers to write the above in differential form:

df(X) = f ′(X)dX +
1

2
f ′′(X)d〈X,X〉 .

Thinking of d〈X,X〉 as dXdX, it is suggesting to think of Itô’s formula as a second order
Taylor expansion:

df(X) = f ′(X)dX +
1

2
f ′′(X)dXdX .

3.3. First applications of Itô’s Formula

3.3.1. Lévy’s characterization of Brownian motion. In this section, we show that
Brownian motion is the only continuous local martingale with quadratic variation t. This
will have appliactions later on, for example in Tanaka’s example (Example 5.1.5) or in the
integral representation theorem (Theorem 6.1.6).

Theorem 3.3.1. Let X ∈ Mloc([0, T ]). Then X is a Brownian motion if and only if
〈X〉t = t.

Proof. Fix r ∈ R and define f : R2 → C by f(t, x) := eirx+ 1
2
r2t. We will use Itô’s

formula for the semimartingales X1(t) = t and X2(t) = X(t). Note that X1 has bounded
variation, hence 〈X1〉 ≡ 0 and 〈X1, X2〉 = 0. Moreover, we have established Itô’s formula
merely for real-valued functions. However, we may apply it to the real and imaginary part
separately.

The derivatives of f are given by ft = 1
2r

2f , fx = irf and fxx = −r2f . Note that
the derivatives ftt and ftx will not appear in Itô’s formula as 〈X1〉 ≡ 0 and 〈X1, X2〉 =
〈X2, X1〉 ≡ 0.

Put M(t) = f(X1(t), X2(t)) = f(t,X(t)). By Itô’s formula

M(t) = 1 +

∫ t

0
ft(s,X(s)) dX1(s) +

∫ t

0
fx(s,X(s)) dX2(t) +

1

2

∫ t

0
fxx(s,X(s)) d〈X2〉s

= 1 +
1

2
r2

∫ t

0
M(s) ds+ ir

∫ t

0
M(s) dX(s)− 1

2
r2

∫ t

0
M(s) ds
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= 1 + ir

∫ t

0
M(s) dX(s) .

It follows that M is a continuous local martingale. In fact, we have |M(t)| = e
r2

2
t ≤ e

r2

2
T <

∞ and hence M is a bounded local martingale and thus a martingale. Consequently, for
0 ≤ s < t we have E[M(t)|Fs] = M(s), i.e.

E
[
eirX(t)− 1

2
r2t
∣∣Fs

]
= eirX(s)− 1

2
r2s.

Or, equivalently,

E
[
eir(X(t)−X(s))

∣∣Fs

]
= e−

r2

2
(t−s) .

Taking expectations, it follows that the characteristic function of X(t) − X(s) is given by

ϕX(t)−X(s)(r) = e−
r2

2
(t−s), i.e. X(t) − X(s) has normal distribution with mean zero and

variance t− s. Moreover, for every A ∈ Fs, we have∫
A
eir(X(t)−X(s)) dP = e−

r2

2
(t−s)P(A) .

which implies that X(t)−X(s) is independent of Fs. Consequently, X is indeed a Brownian
motion. �

Remark 3.3.2. We should point out that it is important that X has continuous paths
in Theorem 3.3.1. Indeed, the compensated Poisson process of intensity 1 is a martingale
which has “quadratic variation” t but is different from a Brownian motion.

There is also a generalization to higher dimensions:

Corollary 3.3.3. Let X1, . . . , Xd be continuous local martingales with 〈Xi, Xj〉 = δijt.
Then X1, . . . , Xd are independent Brownian motions.

3.3.2. Burkholder-Davies-Gundy inequalities. In Lemma 2.1.15, we have seen that

M2([0, T ]) is a closed linear subspace of L2(Ω, C([0, T ])) and that ‖X‖ :=
(
E|X(T )|2

) 1
2

defines an equivalent norm on that space. Since X2 − 〈X〉 is a martingale and X(0) = 0 =

〈X〉0, we find E|X(T )|2 = E〈X〉T . Thus, also
(
E〈X〉T

) 1
2 defines an equivalent norm on

M2([0, T ]).
We now extend this also to the Lp-setting, even for p ∈ (0,∞).

Theorem 3.3.4. For every p ∈ (0,∞) there exist constants cp > 0 and Cp such that

(3.5) cpE〈X〉
p
2
T ≤ E‖X‖

p
C([0,T ]) ≤ CpE〈X〉

p
2
T

for all X ∈ Mloc([0, T ]).

Implicitly in (3.5) is the assertion that if one of the terms is finite, then the other term
is also finit.

We first establish some special cases.

Lemma 3.3.5. For p ≥ 2 there exists a constant Cp such that E‖X‖pC([0,T ]) ≤ CpE〈X〉
p
2
T

for all X ∈ Mloc([0, T ]).

Proof. By stopping, we may assume that X is bounded.
We apply Itô’s formula for f(x) = |x|p. and obtain

|X(t)|p =

∫ t

0
p|X(s)|p−1sgn(X(s)) dX(s) +

1

2

∫ t

0
p(p− 1)|X(s)|p−2 d〈X〉s .

As the middle term is a martingale, we find

E|X(T )|p =
p(p− 1)

2
E

∫ T

0
|X(s)|p−2 d〈X〉s
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≤ p(p− 1)

2
E‖X‖p−2

∞ 〈X〉T

≤ p(p− 1)

2

(
E〈X〉

p
2
T

) 2
p
(
E‖X‖p∞

) p−2
p

where the last inequality follows from Hölder’s inequality with p
2 and p

p−2 . By Doob’s maxi-

mal inequality (Corollary 2.1.9), E‖X‖p∞ ≤ p
p−1E|X(T )|p, whence

E‖X‖p∞ ≤
p2

2

(
E〈X〉

p
2
T

) 2
p
(
E‖X‖p∞

) p−2
p

which is equivalent with the assertion. �

Now we prove a lower estimate.

Lemma 3.3.6. For p ≥ 4 there exists a constant cp > 0 such that cpE〈X〉
p
2
T ≤ E‖X‖

p
∞

for all X ∈ Mloc([0, T ]).

Proof. Again, we assume that X is bounded.

Since X(t)2 = 2
∫ t

0 X(s) dX(s) + 〈X〉t (this is Itô’s formula for f(x) = x2 or the integra-
tion by parts formula in Theorem 3.2.7) we have

E〈X〉
p
2
T ≤ ap

(
E|X(T )|p+2pE

(∫ T

0
X(s) dX(s)

∣∣∣ p2) ≤ 2pap

(
E‖X‖p∞+E

∣∣∣ ∫ T

0
X(s) dX(s)

) p
2
)
.

Applying Lemma 3.3.5 to the martingale X �X, we find

E〈X〉
p
2
T ≤ 2pap

(
E‖X‖p∞ + C p

2
E
(∫ T

0
X(s)2 d〈X〉s

) p
4
)

≤ 2papC p
2

(
E‖X‖p∞ + E

(
‖X‖

p
2∞〈X〉

p
4
T

))
≤ 2papC p

2

(
E‖X‖p∞ +

(
E‖X‖p∞

) 1
2
(
E〈X〉

p
2
T

) 1
2

)
.

Setting α = 2papC p
2
, x =

(
E〈X〉

p
2
T

) 1
2 and y =

(
E‖X‖p∞

) 1
2 , this is equivalent with

0 ≥ x2 − αxy − αy2 =
(
x− αy

2
−
√
α+

α

4
y
)(
x− αy

2
+

√
α+

α

4
y
)
.

As x, y and α are nonnegative, this forces x ≤ (α2 +
√
α+ α

4 )y. This is the assertion. �

To extend these results, we make use of the following

Lemma 3.3.7. Let M be a continuous, adapted process and A be a continuous, adapted
increasing process such that for all stopping times τ , we have EMτ ≤ EAτ . Then for all
x, y > 0, we have

P(‖M‖∞ > x,AT ≤ y) ≤ 1

x
E(AT ∧ y) .

Proof. Define τ := inf{t ∈ [0, T ] : At > y} and σ := inf{t ∈ [0, T ] : Mt > y}. Note that
{AT ≤ y} = {τ = T}, as A is increasing. Moreover, Aτ∧σ ≤ AT ∧ y as A is increasing and
continuous. Thus

P
(
‖M‖∞ > x,AT ≤ y

)
= P

(
‖M‖∞ > x, τ = T

)
≤ P

(
Mσ ≥ x, σ < T, τ = T

)
≤ 1

x
EMτ∧σ ≤

1

x
EMτ∧σ ≤ EAT ∧ y . �

Corollary 3.3.8. Under the Hypothesis of Lemma 3.3.7, for r ∈ (0, 1), we have

E‖M‖r∞ ≤
2− r
1− r

EArT .
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Proof. Put F (t) := tr. Then F is an increasing, continuous function with F (0) = 0.
Thus

E‖M‖∞ = E

∫ ∞
0

1{‖M‖∞>t} dF (t)

=

∫ ∞
0
E1{‖M‖∞>t} dF (t)

≤
∫ ∞

0
P(‖M‖∞ > t,AT ≤ t) + P(AT > t) dF (t)

≤
∫ ∞

0

1

t
E(AT ∧ t) + P(AT > t) dF (t)

≤
∫ ∞

0
2P(AT > t) +

1

t
EAT1{AT≤t} dF (t)

= 2EF (AT ) + EAT

∫ ∞
AT

1

t
dF (t)

=
2− r
1− r

EArT . �

We are now ready for the proof of Theorem 3.3.4.

Proof of Theorem 3.3.4. The Hypothesis of Lemma 3.3.7 is satisfied for M(t) :=
(sups≤t |X(s)|)2 and A(t) := C2〈X〉t as a consequence of Lemma 3.3.5 applied to stopped
processes. Thus, Corollary 3.3.8 yileds the upper estimate in 3.5 also for p ∈ (0, 2).

Similarly, applying Corollary 3.3.8 to M(t) := 〈X〉2 and A(t) := C4(sups≤t |X(s)|)4 gives
the lower estimate in 3.5 also for p ∈ (0, 4). �

3.4. Exercises

(1) In this exercise, we take a closer look at the measurability assumptions which appear
in connection with Itô’s integral. Show that the following σ-algebras on Ω × [0, T ]
coincide:

(i) the σ-algebra generated by the adapted step processes.
(ii) the σ-algebra generated by the adapted left-continuous processes.

(iii) the σ-algebra generated by the adapted continuous processes.
This σ-algebra is called the predictable σ-algebra P.

Also show that a map X : Ω × [0, T ] is P-measurable if and only if it is the
pointwise limit of a sequence of adapted step processes. It follows that

I (W ) =
{
X ∈ L0(Ω× [0, T ],P,P⊗ λ) : X(·, ω) ∈ L2([0, T ] a.e.

}
.

(2) We define the Hermite Polynomials Hn(x, t) by

Hn(x, t) =
∂n

∂λn
eλx−

1
2
λ2t
∣∣∣
λ=0

for n ∈ N0.
(a) Prove that

1

2

∂2

∂x2
Hn +

∂

∂t
Hn = 0

for all n ∈ N0 and that

∂

∂x
Hn = nHn−1 .

(b) Now, let (W (t))t≥0 be a Brownian motion and Mn(t) := Hn(W (t), t). Show
that Mn is a martingale and determine 〈Mn〉.
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(3) In this exercise, we give an introduction to Brownian local time. We have established
Itô’s formula for functions f which are twice continuously differentiable. Suppose,
we want to apply it to f(x) = |x| =: abs(x) which is obviously not twice continuously
differentiable. The distributional derivatives of abs are given by

abs′(x) = sign(x) =

 1 , x > 0
0 , x = 0
−1 , x < 0

and abs′′(x) = 2δ0 .

Being bold, we formally apply Itô’s formula with this and obtain

|W (t)| =
∫ t

0
sign(W (s)) dW (s) +

∫ t

0
δ0(W (s)) ds .

Thus the last term in this equation somehow measures how much time Brownian
motion spends at zero.

Putting Z := {(t, ω) : W (t, ω) = 0}, we find with Fubini’s theorem

(P⊗ λ)(Z) = E

∫ T

0
1{0}(W (s)) ds =

∫ T

0
E1{0}(W (s)) ds = 0,

that is, almost surely, the Lebesgue measure of the time that Brownian motion
spends at zero is 0.

Nevertheless, in this exercise we will prove that there exists a continuous, in-
creasing process L such that

(3.6) |W (t)| =
∫ t

0
sign(W (s)) dW (s) + L(t)

almost surely for all t ∈ [0, T ]. This is Tanaka’s formula for Brownian local time.
(a) Given a sequence an ↓ 0, we pick functions ϕn ∈ C∞c ((0,∞)) which are positive,

supported in (an+1, an) and satisfy
∫∞

0 ϕn(t) dt = 1. We define fn : R→ R by

fn(x) =

∫ |x|
0

∫ t

0
ϕn(s) ds dt .

Show that fn ∈ C∞(R), that f ′n(x) → sign(x) for all x ∈ R, that fn(x) → |x|
uniformly on compact sets and that f ′′n(x) = ϕn(|x|).

(b) Applying Itô’s formula to fn, we obtain

Xn(t) := fn(W (t)) =

∫ t

0
f ′n(W (s)) dW (s) +

1

2

∫ t

0
f ′′n(W (s)) ds

=: In(t) + Ln(t) .

Moreover, we define I(t) :=
∫ t

0 sign(W (s)) dW (s) and X(t) = |W (t)|. Prove

that Xn → X and In → I in L2(Ω;C([0, T ])). Conclude that Ln converges in
L2(Ω;C([0, T ])) to a limit L which satisfies (3.6).
Hint: Use Doob’s maximal inequality and dominated convergence

(c) Show that L is a continuous, increasing process which is adapted to the fil-
tration generated by |W (t)|. Moreover, show that, P-almost surely, the paths
of L are λ-almost everywhere differentiable with L′ ≡ 0. Hence, the paths of
L look like the Cantor function: They are increasing but outside of a null set
constant.
Hint: For almost every ω the set Z(ω) := {t ∈ [0, T ] : W (t, ω) = 0} is closed and has

Lebesgue measure zero. It’s complement is open. Prove that for t0 in the complement,

L(·, ω) is differentiable in t0 with derivative 0. This proves the last assertion.
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(d) For later purposes, we introduce also the function sgn(W (s)) := 1(0,∞) −
1(−∞,0]. Show that

∫ t
0 sign(W (s)) dW (s) =

∫ t
0 sgn(W (s)) dW (s) almost surely

for t ∈ [0, T ]. Hence, (3.6) also holds when we replace sign with sgn.





CHAPTER 4

Stochastic Differential Equations with Locally Lipschitz
Coefficients

4.1. Solutions via Banach’s Fixed Point Theorem

In this section, we let W = (W1, . . . ,Wm) be an m-dimensional Brownian motion, i.e.
a vector of m independent Brownian motions. Moreover, we are given a finite time horizon
T and continuous functions f : [0, T ] × Rd → Rd and σ : [0, T ] × Rd → Rd×m which are
Lipschitz continuous and of linear growth in the second variable, uniformly in the first, i.e.
there exists a constant L ≥ 0 such that for all t ∈ [0, T ] and x, y ∈ Rd

‖f(t, x)− f(t, y)‖ ≤ L‖x− y‖ and ‖σ(t, x)− σ(t, y)‖ ≤ L‖x− y‖
and there exist constants a, b ≥ 0 such that

‖f(t, x)| ≤ a+ b‖x‖ and |σ(t, x)‖ ≤ a+ b‖x‖
for all t ∈ [0, T ] and x ∈ Rd. Here, ‖ · ‖ denotes the euclidean norm on Rd resp. Rd×m. Note
that the linear growth condition follows from the Lipschitz assumption if we additionally
assume that supt∈[0,T ] ‖f(t, 0)‖ <∞.

We are concerned with the stochastic differential equation

(4.1)

{
dX(t) = f(t,X(t))dt+ σ(t,X(t))dW (t)
X(0) = η

which we us as a shorthand for

dXi(t) = fi(t,X1(t), . . . , Xn(t))dt+
m∑
j=1

σij(t,X1(t), . . . , Xn(t))dWj(t) Xi(0) = ηi

for i = 1, . . . , d. This again is a shorthand notation for the integral equation

Xi(t) = ηi +

∫ t

0
fi(s,X(s)) ds+

m∑
j=1

∫ t

0
σij(s,X(s)) dWj(s)

for i = 1, . . . , d.
We are given a filtered probability space (Ω,Σ,F,P) and the Brownian motions Wj are

F-Brownian motions. Finally, η ∈ L2(Ω,F0,P). A solution of equation (4.1) is a process
X ∈ L2

F(Ω;C([0, T ];Rd)) such that, almost surely, (4.1) holds for all t ∈ [0, T ]. Here,

L2
F(Ω;C([0, T ];Rd)) denotes the subspace of L2(Ω;C([0, T ];Rd)) consisting of all adapted

processes.

Theorem 4.1.1. Let f : [0, T ] × Rd → Rd and σ : [0, T ] × Rd → Rd×m be continu-
ous functions which are Lipschitz continuous and of linear growth in the second variable,
uniformly in in the first. Then, for every η ∈ L2(Ω; F0;P) there exists a unique solution
X ∈ L2

F(Ω;C([0, T ];Rd)) which solves the stochastic differential equation (4.1)

Proof. The main idea of the proof is to consider the map Φ : E → E, where E denotes
the Banach space L2

F(Ω;C([0, T ];Rd)) and Φ is defined by

[Φ(u)](t) := η +

∫ t

0
f(s, u(s)) ds+

∫ t

0
σ(s, u(s)) dW (s) ,

37
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show that it satisfies a suitable Lipschitz condition and apply Banach’s fixed point theorem.
We denote by L a common Lipschitz constant for both f and σ and a be a number such
that sup0≤t≤T ‖f(t, 0)‖, sup0≤t≤T ‖f(t, 0)‖ ≤ a.

Let us first verify that Φ is indeed well-defined.
It suffices to prove that the three terms in the definition of Φ again yield processes in E.

Concerning η, there is nothing to prove. Concerning the deterministic integral, first note that
for almost every ω the map s 7→ f(s, u(s)) is measurable and bounded (by the linear growth

assumption) hence integrable on (0, t). Moreover,
∫ t

0 f(u(s)) ds is certainly Ft-measurable
since u, hence f(·, u(·)) is adapted. Thus, the deterministic integral is adapted. Finally, we
have ∥∥∥∫ t

0
f(s, u(s)) ds

∥∥∥ ≤ ∫ t

0
a+ L‖u(s)‖ ds ≤ (a+ L)T‖u‖∞

which is square integrable.
Let us now consider the stochastic integral. Obviously, the components of σ(·, u(·)) be-

long to L2
F(Ω;C([0, T ])), hence they are stochastically integrable with respect to a Brownian

motion, as L2
F(Ω;C([0, T ])) ⊂ L2

F,Wj
(Ω×[0, T ]), cf. Exercise 1 from Chapter 3. It follows that∫ ·

0 σ(s, u(s)) dW (s) is a continuous square integrable martingale, in particular, it belongs to

L2
F(Ω;C([0, T ])).

Next, we prove Lipschitz continuity of Φ. For r ∈ [0, T ] and u, v ∈ E, we have

E sup
0≤t≤r

∥∥[Φ(u)](t)− [Φ(v)](t)
∥∥∥2
≤ 2E sup

0≤t≤r

∥∥∥∫ t

0
f(s, u(s))− f(s, v(s)) ds

∥∥∥2

+2E sup
0≤t≤r

∥∥∥∫ t

0
σ(s, u(s))− σ(s, v(s)) dW (s)

∥∥∥2
.

We now treat the two terms on the right hand side separately. Using Jensen’s inequality,

E sup
0≤t≤r

∥∥∥∫ t

0
f(s, u(s))− f(s, v(s)) ds

∥∥∥2
≤ E sup

0≤r≤r
t

∫ t

0
‖f(s, u(s))− f(s, v(s))‖2 ds

≤ TL2

∫ r

0
E‖u(s)− v(s)‖2 ds

Doob’s maximal inequality and the Itô isometry yield for the stochastic integral

E sup
0≤t≤r

∥∥∥∫ t

0
σ(s, u(s))− σ(s, v(s)) dW (s)

∥∥∥2
≤ 2E

∥∥∥∫ r

0
σ(s, u(s))− σ(s, v(s)) dW (s)

∥∥∥2

= 2
d∑
i=1

m∑
j=1

E

∣∣∣ ∫ r

0
σij(s, u(s))− σij(s, v(s)) dWj(s)

∣∣∣2
= 2

d∑
i=1

m∑
j=1

E

∫ r

0
|σij(s, u(s))− σij(s, v(s))|2 ds

≤ 2

d∑
i=1

m∑
j=1

∫ r

0
L2E‖u(s)− v(s)‖2 ds

≤ 2mdL2

∫ r

0
E‖u(s)− v(s)‖2 ds

Thus, altogether, we obtain that for a certain constant C, we have

E sup
0≤t≤r

∥∥[Φ(u)](t)− [Φ(v)](t)
∥∥2 ≤ C

∫ r

0
E‖u(s)− v(s)‖2 ds
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Iterating, we find

E sup
0≤t≤r

∥∥[Φn(u)](t)− [Φn(v)](t)
∥∥2 ≤ (Cr)n

n!
E‖u− v‖2∞ .

Consequently, ‖Φn(u)−Φn(v)‖2E ≤
(CT )n

n! ‖u−v‖
2
E . It now follows from a variant of Banach’s

fixed point theorem that Φ has a unique fixed point, i.e. our stochastic differential equation
has a unique solution. �

4.2. Extension to locally Lipschitz Coefficients

It is a rather natural question, whether we can extend this result to stochastic differential
equations with locally Lipschitz continuous coefficients and/or initial data which are still F0-
measurable but not necessarily square integrable. Of course, we have to modify our solution
concept slightly.

Definition 4.2.1. Given f : [0, T ] × Rd → Rd and σ : [0, T ] × Rd → Rd×m Borel
measurable and η ∈ L0(Ω; F0,P), a solution of (4.1) is an element X ∈ L0

F(Ω;C([0, T ];Rd))
such that

(1) Almost surely, s 7→ fi(s,X(s)) ∈ L1([0, T ]) for all 1 ≤ i ≤ d.
(2) Almost surely s 7→ σij(s,X(s)) ∈ L2([0, T ]) for all 1 ≤ i ≤ d and 1 ≤ j ≤ m.
(3) Almost surely, we have

X(t) = η +

∫ t

0
f(s,X(s)) ds+

∫ t

0
σ(s,X(s)) dW (s)

for all t ∈ [0, T ].

In view of Exercise (1) of Chapter 3, requirement (2) is equivalent with σij(·, X(·)) ∈
I (Wj) for all 1 ≤ i ≤ d and 1 ≤ j ≤ m.

We next prove that if f and σ are locally Lipschitz continuous, then we have uniqueness
of solutions.

Proposition 4.2.2. Assume that f : [0, T ] × Rd → Rd and σ : [0, T ] × Rd → Rd×m

are locally Lipschitz continuous in the second variable, uniformly in the first, i.e. for every
n ∈ N there exists a constant Ln such that for x, y with ‖x‖, ‖y‖ ≤ n we have

‖f(t, x)− f(t, y)‖ ≤ Ln‖x− y‖ and ‖σ(t, x)− σ(t, y)‖ ≤ Ln‖x− y‖

for all t ∈ [0, T ]. Then, if X and Y are solutions of (4.1), we have X = Y almost surely.

Proof. We define the stopping time τn by

τn := inf{t > 0 : ‖X(t)‖ ≥ m} ∧ inf{t > 0 : ‖Y (t)‖ ≥ m} .

Then, since X and Y are solutions we find, with similar estimates as in the proof of Theorem
4.1.1,

E‖Xτn(t)− Y τn(t)‖2

= E

∥∥∥∫ t∧τn

0
f(s,X(s))− f(s, Y (s)) ds+

∫ t∧τn

0
σ(s,X(s))− σ(s, Y (s)) dW (s)

∥∥∥2

. TE

∫ t∧τn

0
‖f(s,X(s))− f(s, Y (s))‖2 ds+ E

∫ t∧τn

0
‖σ(s,X(s))− σ(s, Y (s))‖2 ds

≤ TE

∫ t∧τn

0
Ln‖X(s)− Y (s)‖2 ds+ E

∫ t∧τn

0
Ln‖X(s)− Y (s)‖2 ds

≤
∫ t

0
E‖Xτn(s)− Y τn(s)‖2 ds .
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Hence, putting ϕm(t) := E‖Xτn(t)−Y τn(t)‖2, we have, for a suitable constant Cm, ϕm(t) ≤
Cm

∫ t
0 ϕm(s) ds. By Gronwall’s lemma, ϕm(t) = 0 for all t ≥ 0. It hence follows that for

every t ∈ [0, T ] we have Xτn(t) = Y τn(t) almost surely. Note that the exceptional set may
depend on t. However, by continuity of the paths, taking the union of exceptional sets for
t ∈ [0, T ] ∩Q, we find a null set outside of which Xτn(t) = Y τn(t) for all t ∈ [0, T ].

By continuity of the paths, we have Ω =
⋃
m∈N{τn = T}. Hence, we infer that X = Y

in L0(Ω;C([0, T ];Rd)) as claimed. �

In particular, we see that in the situation of Theorem 4.1.1, we do not find more solutions
if we allow solutions to be defined in L0

F(Ω;C([0, T ];Rd)) rather than L2
F(Ω;C([0, T ];Rd)).

From the proof of Proposition 4.2.2 we obtain the following Corollary, which, roughly speak-
ing, states that solutions depend on the coefficients locally.

Corollary 4.2.3. Assume that f1, f2 : [0, T ]×Rd → Rd and σ1, σ2 : [0, T ]×Rd → Rd×m

are locally Lipschitz continuous in the second variable, uniformly in the first, and satisfy
f1(t, x) = f2(t, x) and σ1(t, x) = σ2(t, x) for all t ∈ [0, T ] and x with ‖x‖ ≤ m. Moreover,
let η1, η2 ∈ L0(Ω,F0,P) be such that η11{‖η1‖≤m} = η21{‖η2‖≤m}.

Finally, let Xi be a solution of the stochastic differential equation with coefficients fi and
σi and initial datum ηi and σi = inf{t ∈ [0, T ] : ‖Xi‖ ≥ m}.

Then, almost surely, σ1 = σ2 and Xσ1
1 = Xσ2

2 .

Proof. It suffices to copy the proof of Proposition 4.2.2 with τn replaced with τn ∧ σ1.
Note that in this case, we can have f1(s,X1(s)) = f2(s,X1(s)) for all s ≤ τn∧σ1 and similarly
for the σ’s. Hence we obtain Xσ1

1 = Xσ1
2 . Interchanging the roles of X1 and X2, we obtain

Xσ2
1 = Xσ2

2 . Which yields the claim. �

Given locally Lipschitz continuous coefficients, we can “freeze” the coefficients outside
a Ball of radius n thus obtaining globally Lipschitz continuous coefficients. The resulting
equation we can solve using Theorem 4.1.1, obtaining a solution Xn. Putting τn := inf{t ∈
[0, T ] : ‖Xn(t)‖ ≥ n} we obtain from Corollary 4.2.3, that Xτn

n = Xτn
m for all m ≥ n in

particular, τn ≥ τn.
We may thus “glue together” these solutions to a maximal solution (X(t))t∈[0,τ) by setting

τ := supn τn and X(t) := Xn(t) for t ≤ τn. The stopping time τ is called the life time of
the process. By definition, it is clear that if τ < T then ‖X(t)‖ → ∞ as t ↑ τ . Hence
τ is also called explosion time. Already deterministic equations exhibit this behavior. For
example, if n = d = 1, f(t, x) = −x2 and σ ≡ 0, our equation becomes dX(t) = −X(t)2dt
or, as an ODE, u′ = −u2. This ODE with initial condition u(0) = 1 has the unique solution
u(t) = (1− t)−1 which explodes at time τ = 1.

In these lecture notes, we are more interested in situations where τ ≡ T and no explosion
occurs, i.e. we have a solution in the sense of Definition 4.2.1. Therefore, we do not develop
the concept of “maximal solution” for stochastic differential equations.

Let us now give a first example where we obtain solutions in the sense of Definition 4.2.1.

Proposition 4.2.4. Let f : [0, T ] × Rd → Rd and σ : [0, T ] × Rd → Rd×m be Borel
measurable and locally Lipschitz continuous in the second variable, uniformly in the first,
i.e. for all n ∈ N there exists a constant Ln such that

‖f(t, x)− f(t, y)‖, ‖σ(t, x)− σ(t, y)‖ ≤ Ln‖x− y‖

for all t ∈ [0, T ] and x, y with ‖x‖, ‖y‖ ≤ n. Moreover, assume that there exist a, b such that

‖f(t, x)‖, ‖σ(t, x)‖ ≤ a+ b‖x‖

for all (t, x) ∈ [0, T ]×Rd.
Then, for every η ∈ L2(Ω,F0;Rd), there exists a unique solution of equation (4.1).
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Proof. Uniqueness is immediate from Proposition 4.2.2. To prove existence, we put

fn(t, x) :=

{
f(t, x) ‖x‖ ≤ n
f
(
t, nx‖x‖

)
‖x‖ > n and σn(t, x) :=

{
σ(t, x) ‖x‖ ≤ n
σ
(
t, nx‖x‖) ‖x‖ > n .

Then fn and gn satisfy the hypothesis of Theorem 4.1.1. We let Xn be the unique solution
of equation (4.1) with f and σ replaced with fn and σn and initial datum η. To prove global
existence of a solution to equation (4.1), it suffices to prove that E‖Xn‖2∞ ≤ C for a constant
C independent of n. Indeed, In this case, by Chebyshev’s inequality,

P(‖Xn‖∞ ≥ n) ≤ Cn−2 .

As n−2 is summable, the Borel-Cantelli lemma yields

P
( ⋂
k≥1

⋃
n≥k
{‖Xn‖∞ ≥ n}

)
= 0

Hence, almost surely, τn := inf{t ∈ [0, T ] : ‖Xn(t)‖ ≥ n} = T for all n large enough.
Consequently, gluing together the Xn as described above, we obtain a solution of our initial
equation defined for all t ∈ [0, T ].

It remains to prove the boundedness of E‖Xn‖2∞. Using the linear growth assumption
on the coefficients, similar estimates as in the proof of Theorem 4.1.1 yield the estimated
E‖Xn‖2∞ ≤ C(T )E‖Xn‖2∞+C1 +C2E‖η‖2, where C1, C2 are coefficients which only depend
on the coefficients in the linear growth assumption and C(T )→ 0 for T → 0. Hence, for T0

small enough,

E‖Xn‖2C([0,T0]) ≤
1

1− C(T0)
(C1 + C2E‖η‖2) .

Next note that on the filtered probability space (Ω,Σ, (Ft)t∈[T0,T ],P) the process W̃ (t) :=
W (T0 + t) −W (t) is a Brownian motion. Moreover, the processes (Xn(t))t∈[T0,T ] solve the
differential equation (4.1) with initial datum Xn(T0) at time T0 and coefficients fn and σn.
Thus,

E‖Xn‖2C([T0,2T0]) ≤
1

1− C(T0)
(C1 + C2E‖Xn(T0)‖2)

≤ 1

1− C(T0)

(
C1 + C2

( 1

1− C(T0)
(C1 + C2E‖η‖2)

))
.

Inductively, we obtain constants Ck such that E‖Xn‖2C([0,kT0]) ≤ Ck(1+E‖η‖2) for all n ∈ N.

Eventually, we have proved the boundedness of E‖Xn‖2C([0,T ]) independently of n. �

4.3. Examples

4.3.1. Geometric Brownian motion. Let X(t) denote the price of an “asset” at
time t. Suppose first that the asset is risk free and interest is paid on the asset continuously
with an interest rate r. Then the change of X is proportional to the value of X and the
proportionality constant is exactly r. Thus, X(t) is a solution of the (deterministic) equation

X ′(t) = rX(t) .

Now suppose that the interest rate r is itself a random variable. A simple model could
be that r consists of a fixed number µ (the expected interest rate) plus a multiple σ of a
“noise”-term Ξ which has zero expectation. Here σ measures the size of the noise. Thus,
our ODE becomes

X ′(t) = µX(t) + σX(t)Ξ(t) .

The question is, what is a good choice for Ξ. One of the simplest choices is to take “white

noise”, i.e. Ξ = dW (t)
dt . Inserting this and multiplying with dt, we obtain the stochastic

differential equation

(4.2) dX(t) = µX(t)dt+ σX(t)dW (t) .
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Note that this equation has Lipschitz continuous coefficients f(t, x) = µx and σ(t, x) = σx.
Hence, by Theorem 4.1.1 it has a unique solution for every initial datum η. For simplicity,
let us take η = 1, i.e. we normalize the price of our asset at time 0. How can we compute a
solution to this equation?

We try to separate the variables. Dividing by X and integrating, we find that formally∫ t

0

dX(s)

X(s)
=

∫ t

0
µds+

∫ t

0
σdW (s) = µt+ σW (t)

as W (0) = 0. It remains to compute the integral on the left. We “guess” that the integral
should somehow involve logX(t). By Itô’s formula

d log(X(t)) = +
1

X(t)
dX(t) +

1

2
(− 1

X(t)2
)d〈X〉t

=
dX(t)

X(t)
− 1

2X(t)2
σ2X(t)2dt =

dX(t)

X(t)
− 1

2
σ2t

since 〈X〉t = 〈(σX) �W 〉t =
∫ t

0 σ
2X(s)2dt, hence d〈X〉t = σ2X(t)2dt. Combining, we find

logX(t) = log η + µt+ σW (t)− 1

2
σ2t

and thus

X(t) = e(µ−σ
2

2
)t+σW (t)) .

Note that we cannot apply Itô’s formula with log, as this function cannot be defined on

the whole real line. However, applying Itô’s formula with f(t, x) = exp((µ − σ2

2 )t + σx)
to the semimartingale (t,W (t)) we find that indeed the above process solves our stochastic
differential equation.

We should note that the above equation is nothing but a model for the price of an asset.
The solution depends on our interpretation of the stochastic differential equation. Indeed,
if instead of the Itô integral we would have used the Stratonovich integral (which we merely

glanced at in Exercise (3) of Chapter 1), the solution would have been X(t) = eµt+σW (t),
which might be closer to the what one would have guessed as a solution. We note that in

our (Itô-)solution above, we again have an Itô correction term e−
σ2

2
t.

In applications, it is also worth discussing whether the noise should be given by a Brow-
nian motion, hence whether it is appropriate to use the stochastic differential dW (t). More
generally, we could use dZ(t) where Z(t) is some other stochastic process. We do not discuss
such modeling issues here.

4.3.2. Linear equations. Similar to the Ornstein-Uhlenbeck equation in Example
1.2.6, we can consider general linear equations. Indeed, if A ∈ Rd×d and B ∈ Rd×m we
may consider the general linear equation{

dX(t) = AX(t)dt+BdW (t)
X(0) = x0

where W is an m-dimensional Brownian motion. By Theorem 4.1.1, for every x0 ∈ Rd, there
exists a unique solution X(t) of this equation. Note that being a solution means that

X(t) = x0 +

∫ t

0
AX(s) ds+

∫ t

0
BdW (s) = x0 +

∫ t

0
AX(s) ds+B

 W1(t)
...

Wm(t)

 .
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Writing S(t) := etA, the matrix exponential function generated by A, we expect that the
variation of constants formula holds, so that the solution is in fact given by

X(t) = S(t)x0 +

∫ t

0
S(t− s)B dW (s) .

We leave the verification of this as an exercise to the reader

As for ordinary differential equations, we can rewrite higher order equations as systems
of equations of order one. As is well-known, the second order equation y′′ = f(y) describes
the movement of a point in a force field which only depends on the location. This equation
could be disturbed by noise, i.e. y′′ = f(y) + noise. Let us for simplicity consider the
function f(y) = −y which corresponds to the harmonic oscillator. We model the noise as

before as dW (t)
dt , where W is a one-dimensional Brownian motion. Setting X1(t) = y(t) and

X2(t) = y′(t), the resulting equation can be rewritten as the system

dX(t) =

(
0 1
−1 0

)
X(t)dt+

(
0
1

)
dW (t)

It is well-known that

exp t

(
0 1
−1 0

)
=

(
cos t sin t
− sin t cos t

)
.

Consequently, by the variation of constants formula,

X(t) =

(
cos t sin t
− sin t cos t

)
x0 +

∫ t

0

(
sin(t− s)
cos(t− s)

)
dW (s)

Using the integration by parts formula, we see that∫ t

0

(
sin(t− s)
cos(t− s)

)
dW (s) =

( ∫ t
0 cos(t− s)W (s) ds

W (t)−
∫ t

0 sin(t− s)W (s) ds

)
4.3.3. Integrating Factors. An important technique in solving ordinary differential

equations is to multiply with an ”integrating factor” so that the differential equation becomes
exact. In this section, we see that for equations of the form

dX(t) = f(X(t))dt+ σX(t)dW (t)

we can find an integrating factor which transforms the stochastic differential equation into
an ordinary differential equation with random coefficients.

To be more precisely, let F (t) := exp(−σW (t)+ σ2

2 t). By Itô’s formula (or Section 4.3.1),
we find

dF (t) = σ2F (t)dt− σF (t)dW (t) .

Thus, with integration by parts, we have

d(F (t)X(t)) = F (t)dX(t) +X(t)dF (t) + 〈F (t), X(t)〉
= F (t)f(X(t))dt+ σF (t)X(t)dW (t)

+σ2F (t)X(t)dt− σF (t)W (t)dW (t)

−σ2F (t)X(t)dt

= F (t)f(X(t))dt .

Here used the chain rule and the characterization of the stochastic integral in Theorem

3.1.4 which yields 〈X,F 〉t = −σ2
∫ t

0 F (t)X(t) dt. Consequently, if we write Y (t) := F (t)X(t),
then

dY (t) = F (t)f(F (t)−1Y (t))dt

that is, Y solves an ordinary differential equation with random coefficients. Solving this
equation pathwise, we can compute the solutionX of our given equation viaX(t) = F (t)Y (t).
Some applications of this technique will be presented in the exercises.
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4.4. Exercises

(1) Let φ : [0, T ] → Rd×m. For an m-dimensional Brownian motion W , we write, as

before,
∫ T

0 φ(s) dW (s) for the vector with components(∫ T

0
φ(s) dW (s)

)
i

=
m∑
j=1

∫ T

0
φij(s) dWj(s) .

Use Itô’s formula to prove the integration by parts formula∫ T

0
φ(s) dW (s) = φ(T )W (T )−

∫ T

0
φ′(s)W (s) ds.

Here, differentiation is component wise and the last integral is also understood
component wise.

Hint: Try f(t, x) = φ(t)x for t ∈ [0, T ] and x ∈ Rm.

Then use the integration by parts formula to prove the variation of constants
formula for the linear stochastic differential equation.

Hint: First apply Itô’s formula to determine d(e−AtX(t)) where X is the solution.

(2) Use an integrating factor to determine a solution of the following stochastic differ-
ential equations
(a) dX(t) = adt+ σX(t)dW (t).
(b) dX(t) = Xγ(t)dt + σX(t)dW (t). Here, X(0) = x0 > 0. For which γ do the

solutions explode?
(3) It is interesting to extend the existence result from Proposition 4.2.4 to more general

coefficients f and σ which are locally Lipschitz continuous but not necessarily of
linear growth. In this exercise we take a look at an important technique using
Lyapunov functions. For simplicity, we restrict ourselves to the case d = m = 1
and coefficients f, σ which do not depend on the time, i.e. f, σ : R → R. We also
restrict ourselves to deterministic initial data η ∈ R.

As in the proof of Proposition 4.2.4, we define fn and σn by freezing the functions
f resp. σ outside the ball of radius n and denote by Xn the unique solutions of the
equation with coefficients fn and σn and initial datum η.
(a) Let τn := inf{t ∈ [0, T ] : |Xn(t)| > n}. Change the proof of Proposition 4.2.4

to show that if

(4.3) P(τn ≤ t)→ 0 as n→∞ ∀ t ∈ [0, T ] ,

then there exists a solution to the equation with coefficients f and σ and initial
datum η.

To verify (4.3), we make use of Lyapunov functions. Given f and σ, a Lyapunov
function for our equation is a function V ∈ C2(R) such that

(i) V (x) ≥ 0 for all x ∈ R.
(ii) lim|x|→∞ V (x) =∞.

(iii) Af,σV (x) := 1
2σ

2(x)V ′′(x) + V ′(x)f(x) ≤ κV (x) for a certain κ > 0.
We now assume that there exists a Lyapunov function for our equation.
(b) Let Vn := V φn, where 0 ≤ φn ∈ C∞c (R) is such that φn(x) = 1 whenever
|x| ≤ n and φn(x) = 0 whenever |x| ≥ 2n. Moreover φn ≤ 1. Apply Itô’s
formula for the function Vn and the stopped process Xτn and use the Gronwall
lemma to infer that

EVn(X(t ∧ τn)) ≤ eκtVn(η)

whenever n ≥ |η|.
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(c) Derive from (b) that

inf
|x|=n

V (x)P(τn ≤ t) ≤ eκTV (η)

and infer (4.3) from this.
(4) Find Lyapunov functions for the stochastic differential equations with coefficients

f and σ, where
(a) f(t) = t− t3 and σ(t) = t.
(b) f(t) = t and σ(t) = t2.





CHAPTER 5

Yamada-Watanabe Theory

5.1. Different notions of existence and uniqueness

In the last chapter, we have discussed existence and uniqueness of stochastic differential
equations with (locally) Lipschitz continuous coefficients. The solutions were defined on a
given probability space and with respect to a given Brownian motion; uniqueness meant that
if X and Y are two solutions, then P(X(t) = Y (t) : t ∈ [0, T ]) = 1.

However, for some applications these notions of existence and uniqueness are too narrow.
We define here more general concepts. Throughout, we consider the stochastic differential
equation

(5.1)

{
dX(t) = f(t,X(t))dt+ σ(t,X(t))dW (t)
X(0) = η

We will assume that f : [0, T ] × Rd → Rd and σ : [0, T ] × Rd×m are measurable; W is
interpreted as an m-dimensional Brownian motion. In contrast to the last section, η is
assumed to be a vector in Rd, it is not random.

Definition 5.1.1. We will say that (5.1) admits a strong solution if whenever (Ω,Σ,F,P)
is a stochastic basis on which an m-dimensional F-Brownian motion W is defined, we find
an F-adapted, continuous process X : Ω→ Rd such that

(1) P(X(0) = η) = 1.

(2) P(
∫ T

0 |fi(s,X(s))|+ |σij(s,X(s))|2 ds <∞) = 1 for all 1 ≤ i ≤ d and 1 ≤ j ≤ m.
(3) The integrated version of (5.1) holds true, i.e. almost surely

X(t) = η +

∫ t

0
f(s,X(s)) ds+

∫ t

0
σ(s,X(s)) dW (s) ∀ t ∈ [0, T ].

Here, the deterministic integral is defined pathwise, the stochastic integral is Itô’s
integral. Note that both are well-defined in view of condition (2).

This is exactly Definition 4.2.1. Note that here we require that we can find such a solution
on every stochastic basis carrying a Wiener process and that it is a solution with respect to
that given Wiener process.

For a weak solution, we make the stochastic basis a part of the solution thus, we cannot
allow random initial data, as we are not given a priori a probability space. It is, however,
possible to generalize this definition by prescribing a certain initial distribution. We will not
go into details at this moment.

Definition 5.1.2. A weak solution of (5.1) is a tupel (Ω,Σ,F,P,W,X), consisting of
a filtered probability space (Ω,Σ,F,P), an m-dimensional F-Brownian motion W on that
probability space and a continuous, F-adapted process Omega, X defined on (Ω,Σ,F) such
that (1), (2) and (3) of Definition 5.1.1 hold.

Obviously, every strong solution is also a weak solution and a weak solution is a strong
solution on the stochastic basis and relative to the Brownian motion which is part of the
solution.

47
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We will see below that a stochastic differential equation may have weak solutions but
not strong solutions. Next, we also introduce two uniqueness concepts. The first one is that
of pathwise uniqueness which we have used so far.

Definition 5.1.3. We say that pathwise uniqueness (or strong uniqueness) holds for
equation (5.1) if whenever X and Y are (strong) solutions defined on the same stochastic
basis and with respect to the same Brownian motion1 with X(0) = Y (0), then P(X(t) =
Y (t) : ∀ t ∈ [0, T ]) = 1.

As for general weak solutions, how could they be unique? Certainly, the stochastic basis
could differ from one solution to another. This of course implies that (being maps defined
on that basis) the Brownian motion W and the process X will differ from one solution to
another. However, often the sole interest in a solution lies in its distribution.

Definition 5.1.4. We say that uniqueness in law (or weak uniqueness) holds for equation
(5.1) if whenever X and Y are two weak solutions2 starting at the same η ∈ Rd, the laws of
X and Y as C([0, T ])-valued random variables are the same.

Example 5.1.5. (Tanaka)
We let sgnx = 1(0,∞) − 1(−∞,0] and consider the one-dimensional stochastic differential

equation
dX(t) = sgnX(t)dW (t) .

Let us first discuss uniqueness of equations. If this equation has a solution with initial

datum η ∈ R, then X(t) = η+
∫ t

0 sgnX(s) dW (s). Consequently, X−η is a local martingale
with quadratic variation

〈X − η〉t =

∫ t

0

[
sgnX(s)

]2
ds =

∫ t

0
s ds = t .

Thus, by Theorem 3.3.1, X − η is a Brownian motion. This implies that uniqueness in law
holds for Tanaka’s equation.

On the other hand, if X is a solution starting at 0 on the stochastic basis (Ω,Σ,F,P)
with respect to the Brownian motion W , then also −X is a solution on the same stochastic
basis and with respect to the same Brownian motion. Consequently, if there exists solutions,
they cannot be pathwise unique.

Let us now turn to existence. We start with a stochastic basis (Ω,Σ,F,P) on which an
F-Brownian motion X (yes, this Brownian motion will be our solution!) is defined. To be

definite, take the one constructed in Chapter 1. Now, we define W by
∫ t

0 sgnX(s) dX(s).
By the above, W is a Brownian motion defined on our stochastic basis. With the chain rule
from Proposition 3.2.6, we see that∫ t

0
sgn (X(s)) dW (s) =

∫ t

0
sgn (X(s))sgn (X(s)) dX(s) =

∫ t

0
1 dX(s) = X(t).

Hence, (Ω,Σ,F,P,W,X) is a weak solution of Tanaka’s equation starting at 0. To obtain
solutions starting at a general point η ∈ R, we repeat this construction with X replaced with
X + η. This shows that there exist weak solutions of Tanaka’s equation.

However, strong solutions do not exist. Indeed, given a Brownian motion W on a prob-
ability space (Ω,Σ,P), we endow the probability space with the filtration FW generated by
W . Now suppose we had a solution X starting at 0 on the stochastic basis (Ω,Σ,FW ,P)

1Equivalently, if (Ω,Σ,F,P) is a stochastic basis on which an m-dimensional F-Brownian motion W is
defined and (Ω,Σ,F,P,W,X) and (Ω,Σ,F,P,W, Y ) are weak solutions of (5.1)

2Here, as is customary, we do not mention explicitly the stochastic basis on which the processes are
defined and the Brownian motion with respect to which we have a solution. It would be more accurate
to say “whenever (Ω,Σ,F,P,W,X) and (Ω̃, Σ̃, F̃, P̃, W̃ , Y ) are solutions”. However, we want to avoid such
sentences.
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with respect to the Brownian motion W . Then X is a Brownian motion. Using again the
chain rule and Tanaka’s formula (3.6), we find that

W (t) =

∫ t

0
sgn (X(s)) dX(s) = |X(t)|+ L(t) .

As the right-hand side is σ(|X(s)| : s ≤ t) =: F
|X|
t -measurable, we find that FW ⊂ F|X| and

consequently, since X is FW -adapted, FX ⊂ F|X|, which is absurd. Hence, a process X as
above cannot exist and we see that indeed, we cannot expect strong existence of solutions.

Tanaka’s example shows that we can have weak existence without strong existence and
weak uniqueness without strong uniqueness. Several questions are natural and immediate:

• Does strong uniqueness imply weak uniqueness?
• Does weak existence and strong uniqueness imply strong existence?

Such, and related question are the topic of this chapter. We call this Yamada-Watanabe
theory, as such questions were studied by Yamada and Watanabe in their seminal papers
[9, 10].

5.2. On strong and weak uniqueness

In this section, we address the first question raised above, whether strong uniqueness
implies weak uniqueness. We shall prove that this is indeed the case.

The main difficulty to overcome is that we have to prove something for solutions defined
on possibly different probability spaces, while we only know something about solutions de-
fined on the same probability space. Thus, if we want to use strong uniqueness to prove
weak uniqueness, we have to transfer solutions onto a common probability space. This will
be done by means of regular conditional probability

Definition 5.2.1. Let (Ω,Σ,P) be a probability space and F be a sub-σ-algebra of Σ.
A regular conditional probability for Σ given F is a map q : Ω× G → [0, 1] such that

(1) for every ω ∈ Ω, q(ω, ·) is a probability measure on (Ω,Σ).
(2) for every A ∈ Σ, the map ω 7→ q(ω,A) is F -measurable.
(3) for every A ∈ Σ, we have q(ω,A) = E[1A|F ] almost surely.

Thus, in a way, regular conditional probability is a version of the conditional probability
P(A|F ) := E[1A|F ]. Here, we have to make a choice for every A ∈ Σ (that’s quite a lot)
in such a way, that whenever Ak is a sequence of disjoint sets in σ, we have q(ω,

⋃
k Ak) =∑

k q(ω,Ak) for all ω ∈ Ω. It is not clear at all whether this is possible.

Theorem 5.2.2. Let (E, d) be a complete, separable metric space, P be a probability
measure on the Borel σ-algebra B(E) and F be a sub-σ-algebra of B(E). Then there exists
a regular conditional probability for B(E) given F .

Proof. We proceed in several steps.
Step 1: Preparation.
Let {xn : n ∈ N} be a countable, dense subset of E and let B be the collection of all open

balls, centered at some xn with rational radius. Then B is a countable set which generates
the Borel σ-algebra. We denote by R the ring generated by B, i.e.

R =
{
∪nk=1 ∩mj=1Akj : n,m ∈ N, Akj ∈ B or Ackj ∈ B}

Then R is a countable set generating the Borel σ-algebra. Adding ∅ to B, we may, and
shall, assume that E ∈ R.

Since P is a regular measure, see Lemma D.2, for every A ∈ R, there exists a sequence
(KA

j )j∈N of compact sets contained in A such that P(A) = supj P(KA
j ). We let R∗ be the
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ring generated by R and all the KA
j ’s. Then R∗ is a countable ring, generating the Borel

σ-algebra.

Step 2 : Preliminary selection.
For every R ∈ R∗, we choose a version q0(x,R) of E[1R|F ]. Note that q0(·, R) is F -

measurable. By linearity of conditional expectation, if R1, . . . , Rn are pairwise disjoint sets
of R∗, we have

q0(x,R1 ∪ · · · ∪Rn) =
n∑
j=1

q0(x,Rj)

for P-almost every x. Since R∗ is countable, there are only countably many such finite
families in R∗. Consequently, we find a set N0 ∈ F with P(N0) = 0 such that q0(x, ·) is a
finitely additive set function on E \N0.

We now enlarge N0 somewhat. By construction, for R ∈ R, we have 1KR
j
↑ 1R. By

the properties of conditional expectation, q0(x,KR
j ) ↑ q0(x,R) almost surely. Thus, we find

NR ∈ F with P(NR) = 0 such that q0(x,KR
j ) ↑ q0(x,R) for all x ∈ E \ NR. Finally, let

N∞ ∈ F be a null set such that q0(x,E) = 1 on Ω \N∞.
Define N := N0∪N∞∪

⋃
R∈R NR. Then P(N) = 0 and for x ∈ E\N we have that q0(x, ·)

is a finitely additive set function with total mass 1 such that q0(x,R) = supj q0(x,KR
j ) for

all R ∈ R.

Step 3: We extend q0(x, ·) to a measure q(x, ·) on B(E) for x ∈ E \N .
Fix x ∈ E \N and let An be a sequence in R with An ↓ ∅. Given ε > 0 for each n we

find a compact set Cn (a suitable KAn
j ) in R∗ with Cn ⊂ An and q0(x,An \Cn) ≤ 2−nε. As

An ↓ ∅, we have that
⋂
Cn = ∅. As the sets Cn are compact, there exists some n0 such that

C1 ∩ · · · ∩ Cn0 = ∅. Consequently,
⋃n0
n=1An \ Cn =

⋃n0
n=1An ∩

(⋃n0
n=1Cn

)c
=
⋃n0
n=1An, so

that An0 ⊂
⋃n0
n=1An \ Cn. Thus, since q0(x, ·) is finitely additive on R∗,

q0(x,An0) ≤
n0∑
n=1

q0(x,An \ Cn) ≤
∞∑
n=1

2−nε = ε.

It follows that q0(x,An) ↓ 0, hence q0(x, ·) is a pre-measure. By the Caratheodory extension
theorem, there exists a unique measure q(x, ·) on B(E) such that q(x,R) = q0(x,R) for all
R ∈ R. We finally put q(x, ·) = δx for x ∈ N .

Step 4: We show that q is the sought-after regular conditional probability.
Condition (1) in the definition is true by construction. For (2), let us show that x 7→

q(x,A) is F -measurable for all A ∈ Σ. Indeed, the sets of all A for which this is true is
easily seen to be a Dynkin system. Moreover, it contains R (observe: N ∈ F ). Thus, by
Dynkin’s π -λ theorem, this is indeed true for all A ∈ Σ.

Finally, for R ∈ R we have q(x,R) = E[1R|F ] almost surely by construction. It is
straightforward to prove that the sets R for which this is true is a Dynkin system. Invoking
Dynkin’s π -λ theorem again, it is true for all R ∈ B(E) hence (3). �

In the case where F is generated by a random element, we get a related result:

Corollary 5.2.3. Let (Ω,Σ,P) be as in Theorem 5.2.2, and X be a measurable map
from (Ω,Σ) to a measurable space (S,S ). The distribution of X is denoted by µX . Then
there exists a function q : S×Σ→ [0, 1] called regular conditional probability of Σ given X,
such that

(1) for every x ∈ S, q(x, ·) is a probability measure on (Ω,Σ).
(2) for every A ∈ Σ, the map x 7→ q(x,A) is S -measurable.
(3) for each A ∈ Σ, we have q(x,A) = P(A|X = x), µX-a.e. This should be interpreted

as
q(X,A) = E[1A|X] Pa.e.
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Hence, the σ(X)-measurable random variable q(X,A) is a version of conditional
expectation of 1A given X.

We are now ready to prove that pathwise uniqueness implies uniqueness in law. To
bring two solutions, defined on possibly different probability spaces, together, we use regular
conditional probability.

Now let (Ωj ,Σj ,Pj ,Wj , Xj) be two weak solutions of equation (5.1) such that X1(0)
has the same distribution µ as X2(0). We set Yj := Xj − Xj(0) and regard solution j as
consisting of the parts Xj(0),Wj and Xj . For j = 1, 2, this triple induces a measure Pj on

E∗ := Rd × C([0, T ];Rm)× C([0, T ];Rd),

endowed with the σ-algebra

Σ∗ := B(Rd)⊗B(C([0, T ];Rm))⊗B(C([0, T ];Rd))

via
Pj(A) := Pj((Xj(0),Wj , Yj) ∈ A) ∀A ∈ Σ.

Note that as a product of three complete, separable metric spaces, E∗ is itself a complete
separable metric space and Σ∗ is in fact the Borel σ-algebra of E∗. We write θ∗ = (x,w,y)
for a generic element of E∗.

Now let qj be a regular conditional probability of Σ∗ given (x,w). In fact, we will only be

interested in the regular conditional probability of sets of the form Rd×C([0, T ];Rm)×A. By
slight abuse of notation we will thus write qj(x,w, A) instead of qj(x,w,R

d×C([0, T ];Rm)×A
and consider qj as a map from Rd × C([0, T ];Rm)×B(C([0, T ];Rd))→ [0, 1].

Note that the push-forward of Pj under (Xj(0),Wj), i.e. the distribution of (x,w), is the

measure µ⊗W, where W is m-dimensional Wiener measure, on B(Rd)⊗B(E([0, T ];Rm)).
In particular, it is independent of j. We write P0 for this measure. We obtain for A ∈
B(Rd)⊗B(C([0, T ];Rm)) and B ∈ B(C([0, T ];Rd)) that

Pj(A×B) =

∫
A
qj(x,w, B) dP0(x,w) .

We can now glue things together. We add an additional copy of C([0, T ];Rd) to E to
make room for two y’s. Thus, we put E := E×C([0, T ];Rd) and Σ := Σ∗⊗B(C([0, T ];Rd).
We write θ = (x,w,y1,y2) for a generic element of E. On (E,Σ), we define a probability
measure P by setting for A ∈ B(Rd)⊗B(C([0, T ];Rm)) and B,C ∈ B(C([0, T ];Rd))

P(A×B × C) =

∫
A
q1(x,w, B)q2(x,w, C) dP0(x,w) .

We note that for the marginals, we have P(A×B ×C([0, T ];Rd)) = P1(A×B) and P(A×
C([0, T ];Rd) × C) = P2(A × C). In particular, (x,w,y1) is a “distributional copy” of
(X1(0), Y1,W1) and (x,w,y2) is a distributional copy of (X2(0), Y2,W2). We also define
Ft := σ(x,w(s),y(s),y2(s) : s ≤ t) and F := (Ft))t∈[0,T ].

Lemma 5.2.4. With the definitions above, (E,Σ,F,P,w, x+ y1) and (E,Σ,F,P,w, x+
y2) are weak solutions of equation (5.1).

Taking Lemma 5.2.4 for granted (we will indicate a proof in the exercises), we can now
prove the following result.

Theorem 5.2.5. (Yamada and Watanabe)
Pathwise uniqueness implies uniqueness in law.

Proof. Given two weak solutions (Ωj ,Σj ,Pj ,Wj , Xj) for j = 1, 2, we have constructed
two weak solutions x + yj on a single stochastic basis (E,Σ,F,P) and with respect to the
same Brownian motion w. Now pathwise uniqueness implies

P(x+ y1 = x+ y2 : ∀ t ∈ [0, T ]) = 1
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or, equivalently,

(5.2) P({(x,w,y1,y2) : y1 = y2}) = 1.

Consequently, for A ∈ B(R)⊗B(C([0, T ];Rm)) and B ∈ B(C([0, T ];Rd)), we have

P1((X1(0),W, Y1) ∈ A×B) = P1((x,w,y1) ∈ A×B)

= P((x,w,y1,y2) ∈ A×B × C([0, T ];Rd))

(5.2)
= P((x,w,y1,y2) ∈ A×B ×B)

= P((x,w,y1,y2) ∈ A× C([0, T ];Rd)×B)

= P1((x,w,y2) ∈ A×B)

= P2((X2(0),W2, Y2) ∈ A×B) .

This is uniqueness in law. �

It is a remarkable Corollary of the Yamada-Watanabe result that pathwise uniqueness
implies strong existence. That is, if pathwise uniqueness holds for a certain equation and
if there exist solutions (otherwise, there is nothing to prove anyway), then on every given
stochastic basis with a given Brownian motion, there exists a solution with respect to that
Brownian motion.

The basic strategy is to show that there exists a measurable function k(x,w) such that

P((x,w,y1,y2) : y1 = y2 = k(x,w)) = 1 .

That is, yj is a measurable function of x and w. Then we set h(x,w) = x + k(x,w). It
follows that our initially given solutions Xj = h(Xj(0),Wj) almost surely. Conversely, given
a stochastic basis (Ω,Σ,F,P) on which an F-Brownian motion W and an independent η
with distribution µ is defined, we may define X := h(η,W ). Then (Xj(0),Wj) and (η,W )

induce the same measure P0 = µ ⊗W on B(Rd) ⊗B(C([0, T ])). However, on that space
the process X := h(x,w) solves (5.1) with respect to w. By a variant of Lemma 5.2.4,
X = h(η,W ) solves that equation.

The details of the proof (in particular the construction of h and the verification of mea-
surability conditions) are rather technical, so we do not go into details here and do not prove
this result.

5.3. Pathwise uniqueness for some one-dimensional equations

Our approach to solve stochastic differential equations with (locally) Lipschitz continuous
coefficients yields pathwise uniqueness, cf. Corollary 4.2.3. Hence, by the Yamada-Watanabe
result, we also have uniqueness in law. In particular, the distribution of the solution does
not depend on the stochastic basis on which we solve the equation. A natural question is,
whether there are examples of stochastic differential equations with coefficients which are
not (locally) Lipschitz continuous, yet still pathwise uniqueness holds for such equations.

In this section, we give a one-dimensional example, due to Yamada and Watanabe. At
this moment, we merely prove that pathwise uniqueness holds. Existence of solutions will
follow from the results of the next chapter.

Theorem 5.3.1. We consider the stochastic differential equation

(5.3) dX(t) = f(t,X(t))dt+ σ(t,X(t))dW (t)

in dimension one, more precisely, m = d = 1. Moreover, assume that there exists a constant
L and a strictly increasing function h : [0,∞)→ [0,∞) with h(0) = 0 and∫

(0,ε)
h−2(s) ds =∞ ∀ ε > 0 .
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Finally, we assume that the coefficients f and σ satisfy

|f(t, x)− f(t, y)| ≤ L|x− y| and |σ(t, x)− σ(t, y)| ≤ h(|x− y|) ∀x, y ∈ R, t ∈ [0, T ] .

Then pathwise uniqueness holds for equation (5.3).

Proof. By the assumption on h, there exists a strictly decreasing sequence an with
a0 = 1 and an ↓ 0 such that

∫ an−1

an
h−2(s) ds = n. We now pick for n ∈ N a continuous

function ϕn supported in (an, an−1) with 0 ≤ ϕn(x) ≤ 2
nh2(x)

and
∫∞

0 ϕn(x) dx = 1. Then

ψn(x) :=

∫ |x|
0

∫ t

0
ϕn(s) ds dt

is an even, twice continuously differentiable function with |ψ′(x)| ≤ 1 and ψn(x) ↑ |x|, cf.
Exercise 3 in Chapter 3.

Now let (Ω,Σ,F,P,W,Xj) be a solution of (5.3) for j = 1, 2. By stopping, it suffices to

prove that X1 = X2 almost surely additionally assuming that E
∫ T

0 |σ(t,Xj(t))|2 dt <∞.
We have

∆X(t) := X1(t)−X2(t) =

∫ t

0
f(s,X1(s))−f(s,X2(s)) ds+

∫ t

0
σ(s,X1(s))−σ(s,X2(s)) dW (s) .

By Itô’s formula,

ψn(∆X(t)) =

∫ t

0
ψ′n(∆X(s))

[
f(s,X1(s))− f(s,X2(s))

]
ds

+
1

2

∫ t

0
ψ′′n(∆X(s))

[
σ(s,X1(s))− σ(s,X2(s))

]2
ds

+

∫ t

0
ψ′n(∆X(s))

[
σ(s,X1(s))− σ(s,X2(s))

]
dW (s) .

By our additional assumption, the stochastic integral is a martingale, hence it has expectation
zero. Taking expectations,

Eψn(∆X(t)) ≤ E
(∫ t

0
|ψ′n(∆X(s))||∆X(s)| ds+

1

2

∫ t

0
φn(|∆X(s)|)h2(|∆X(s)|) ds

)
≤ E

(∫ t

0
1 · L|∆X(s)| ds+

∫ t

0

1

nh2(|∆X(s)|)
h2(|∆X(s)|) ds

)
≤

∫ t

0
LE|∆X(s)| ds+

t

n
.

Upon n→∞, we obtain E|∆X(t)| ≤ L
∫ t

0 E|∆X(s)| ds and, by Gronwall’s lemma, it follows
that E|∆X(t)| = 0 for all t ∈ [0, T ]. Taking continuity of the paths into account, pathwise
uniqueness follows. �

Typical examples for the function h are h(t) = |t|α for α ≥ 1
2 . This shows that we obtain

pathwise uniqueness for functions σ which are Hölder continuous of order α ≥ 1
2 .

Example 5.3.2. Consider the stochastic equation{
dX(t) = |X(t)|αdW (t)
X(0) = 0

Clearly, X ≡ 0 is a solution. By Theorem 5.3.1, this is the unique solution for α ≥ 1
2 .

It can be shown, that for α ∈ (0, 1
2) we do not have pathwise uniqueness, not even

uniqueness in distribution.
This should be compared with the deterministic equation dX(t) = |X(t)|αdt, or as a

differential equation, u′(t) = |u(t)|α. With initial datum u(0) = 0, the solution u(0) = 0 is

the only solution for α ≥ 1 (!). For α ∈ (0, 1) also u(t) = (1− α)
1

1−α t
1

1−α is a solution.
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Example 5.3.3. A real-world example which fits into the situation of this section is the
Cox-Ingersoll-Ross model for interest rates. According to it, the short rate r (= instanta-
neous interest rate) solves the stochastic differential equation

dr(t) = a(b− r(t))dt+ σ
√
|r(t)|dW (t)

where a, b and σ are model parameter, a, b, σ ≥ 0.
In our abstract framework, f(t, x) = a(b−x) which is certainly Lipschitz continuous and

σ(t, x) = σ
√
|x| which is Hölder continuous of order 1

2 . Thus, pathwise uniqueness holds for
this equation.

5.4. Exercises

(1) Find as many different strong solutions of the stochastic equation

dX(t) = 3X(t)
1
3dt+ 3X(t)

2
3dW (t)

as possible. Here x
1
3 = −(−x)

1
3 for x < 0 and X

2
3 =

(
X

1
3

)2
.

(2) The Heston model is a so-called stochastic volatility model. Let us again consider
the model for an asset price S from Section 4.3.1:

dS(t) = µS(t)dt+ σS(t)dW (t) .

Here, µ and σ are constant model parameter. In stochastic volatility models, the
parameter σ (which is a measure for the amount of noise in the process) is as-
sumed to be itself a stochastic process. In the Heston model, we have the following
equations: {

dS(t) = µS(t)dt+
√
σ(t)S(t) dW1(t)

dσ(t) = κ(θ − σ(t))dt+ ρ
√
σ(t) dW2(t).

Note that σ solves the Cox-Ingersoll-Ross equation.
Assuming thatW1 andW2 are independent, this fits into our framework. Indeed,

setting d = m = 2 and

f(t, x, y) :=

(
µx

κ(θ − y)

)
and σ(t, x, y) :=

( √
yx 0
0 ρ

√
y

)
this equation is of the form (5.1). More appropriately, we should replace y with
|y| in the square roots. However, as we will see in the next exercise, if the initial
datum for σ is positive (and this is the case which is interesting for applications)
the process is positive almost surely.

Show that we have pathwise uniqueness for the above equations.
Hint: The results of this section show that pathwise uniqueness holds for σ. Now prove

pathwise uniqueness for the first equation as in Proposition 4.2.2.

In applications, often W1 and W2 are assumed to be correlated (thus not inde-
pendent). What happens in this case?

(3) In this exercise, we prove a comparison result. Let f1, f2 and σ be given, such
that they satisfy the assumptions of Theorem 5.3.1 and f1(t, x) ≤ f2(t, x) for all
(t, x) ∈ [0, T ]×R. Moreover, let Xj be a solution of the equation{

dX(t) = fj(t,X(t))dt+ σ(t,X(t))dW (t)
X(0) = ηj

for j = 1, 2. Prove that if η1 ≤ η2 almost surely, then P(X1(t) ≤ X2(t)∀ t ∈
[0, T ]) = 1.

Hint: If ψn is as in the proof of Theorem 5.3.1, put ψ̃n := ψn1(0,∞) and repeat the proof of

Theorem 5.3.1.

Use this result to prove that in the Cox-Ingersoll-Ross model respects positivity,
i.e. we have r(t) ≥ 0 whenever r(0) ≥ 0.
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(4) Prove Lemma 5.2.4. For simplicity, we only consider the case m = d = 1, the
general case being similar.

We are given two filtered probability spaces (Ωj ,Σj ,Fj ,Pj) for j = 1, 2 and
on the j-th space, an Fj-Brownian motion Wj , a continuous, adapted process Xj

and an F
(j)
0 -measurable random variable ηj . Moreover, we are given measurable

functions f, σ : R→ R. We need to prove that if the distribution of (η1, X1,W1) is
the same as that of (η2, X2,W2) (as R×C([0, T ];Rm)×C([0, T ];Rd)-valued random
variables), then one is a solution if and only if the other is a solution. That is, we
need to prove that

P1

[
X1(t) = η1 +

∫ t

0
f(X1(s)) ds+

∫ t

0
σ(X1(s)) dW (s)

]
= P2

[
X2(t) = η2 +

∫ t

0
f(X2(s)) ds+

∫ t

0
σ(X2(s)) dW (s)

]
along with similar statements concerning integrability of f(Xj(·)) and stochastic
integrability of σ(Xj(·)). Proceed along the following steps:
(a) (Reduction)

Show that it suffices to prove that for every t ∈ [0, T ] the vectors

(5.4)

(
η1,

∫ t

0
f(X1(s)) ds,

∫ t

0
f(X1(s)) dWj(s)

)
and(

η2,

∫ t

0
f(X2(s)) ds,

∫ t

0
f(X2(s)) dW2(s)

)
have the same distribution. We may moreover assume that f and σ are bounded
and that P1(‖X1‖∞ ≤ c) = P2(‖X2‖∞ ≤ c) = 1 for some c > 0.

(b) (Proof of the reduced statement for continuous f and σ)
Show that if f and σ are bounded and continuous (and the additional assump-
tions from (a) holds) then (5.4) holds. To that end, take partitions πn of (0, t)
with |πn| → 0 and consider for both integrals Riemann sums for the parti-
tion (evaluate at the left end points!). Show that (5.4) holds if we replace the
integrals with their Riemann sum approximation and finish by letting n→∞.

(c) (Proof of the reduced statement for measurable f and σ) Use the point above,
approximation, a Dynkin system argument and linearity to extend to general
measurable coefficients.





CHAPTER 6

Martingale Problems

6.1. The Martingale Problem associated to an SDE

Let us consider the general time homogeneous stochastic differential equation

(6.1)

{
dX(t) = f(X(t))dt+ σ(X(t))dW (t)
X(0) = η

with measurable coefficients f : Rd → Rd and σ : Rd → Rd×m. Here, W is an m-dimensional
Brownian motion. Again, η is an element of Rd. In this chapter we focus on coefficients
which are time independent for notational convenience. Note that time can always be added
as an additional (spatial) variable.

In Chapter 4, we have proved (strong) existence and uniqueness of solutions in the case
where f and σ are (locally) Lipschitz continuous using Banach’s fixed point theorem. Our
approach was very similar to that in the Picard-Lindelöf theorem for ordinary differential
equations.

There is a second Theorem for ordinary differential equations, namely Peano’s theo-
rem, which asserts existence (not uniqueness, however) of solutions for ODE with merely
continuous coefficients. The proof is based on compactness.

In this section, we want to establish similar results for stochastic differential equations,
i.e. we want to prove existence of (in general: weak) solutions of (6.1) for coefficients f and
σ which are merely continuous.

As we are expecting weak solutions, the main problem to overcome is where to look
for solutions. We resolve this problem by not constructing weak solutions directly, but
rather to construct the distribution of such a solution. Thus, we look for an element of
P(C([0, T ];Rd)), the set of all probability measures on C([0, T ];Rd). Our first task is to
characterize those measures, which are distributions of solutions.

This is done via the martingale problem.

We denote by C2
c (Rd) the set of all functions ϕ : Rd → R which are twice continuously

differentiable and have compact support, i.e. {x : ϕ(x) 6= 0} is compact.
Now assume that we have a (weak) solution X of (6.1), defined on some stochastic basis.

Thus, for the components X1, . . . , Xd, we have

Xi(t) = ηi +

∫ t

0
fi(X(s)) ds+

m∑
j=1

∫ t

0
σij(X(s)) dWj(s) .

Writing ρij(s) = σij(X(s)), we obtain

〈Xk, Xl〉 =
〈∑m

ν=1 ρkν �Wν ,
∑m

µ=1 ρlµ �Wµ

〉
=

m∑
ν=1

ρkν �
〈
Wν ,

∑m
µ=1 ρlµ �Wµ

〉
=

m∑
ν=1

ρkν �
( m∑
µ=1

ρlµ � 〈Wµ,Wν〉
)

=

m∑
ν=1

ρkν � (ρlν〈Wν〉) =

m∑
ν=1

(ρkνρlν) � 〈Wν〉

by using the biliniearity of the covariation and the chain rule.

57
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Thus, applying Itô’s formula to ϕ(X) for ϕ ∈ C2
c (Rd), we obtain

ϕ(X(t)) = ϕ(η) +

d∑
k=1

∂ϕ

∂xk
(X(s)) �Xk +

d∑
k,l=1

∂2ϕ

∂xk∂xl
(X(s)) � 〈Xk, Xl〉

= ϕ(η) +

d∑
k=1

∫ t

0

[ ∂ϕ
∂xk

(X(s))
]
fk(X(s)) ds(6.2)

+
d∑

k=1

m∑
j=1

∫ t

0

[ ∂ϕ
∂xk

(X(s))
]
σkj(X(s)) dWj(s)

+
1

2

d∑
k=1

d∑
l=1

m∑
ν=1

∫ t

0

[ ∂2ϕ

∂xi∂xj
(X(s))

]
σiν(X(s))σjν(X(s)) ds

If we write σ = (σij) and A = σσT , then aij =
∑m

ν=1 σiνσjν . We can now introduce the
associated operator:

Definition 6.1.1. Given f : Rd → Rd and σ : Rd → Rd×m, we write A = σσT .
The associated operator to (6.1) is the differential operator Af,σ : C2

c (Rd) → Bb(R
d), the

bounded, measurable functions on Rd, given by

Af,σu(x) =

d∑
i=1

fi(x)uxi +
1

2

d∑
k,l=1

akluxkxl

= ∇u(x) · f(x) +
1

2
tr(A(x)Hu(x))

where ∇u and Hu refer to the gradient and the Hessian of u, respectively.

We can now rewrite equation (6.2) as

ϕ(X(t))− ϕ(η)−
∫ t

0

[
Af,σϕ

]
(X(s)) ds =

d∑
k=1

m∑
j=1

∫ t

0

∂ϕ

∂xk
(X(s))σkj(X(s)) dWj(s) .

Note the integrands in the stochastic integrals are bounded since ϕ is compactly supported
and σ is bounded on bounded subsets of Rd. Consequently, the stochastic integrals are
martingales and thus, the right-hand side in the above equation is a martingale.

Hence, we have proved that if X is a solution of (6.1), then for every ϕ ∈ C∞c (Rd), the
process

f(X(t))− f(X(0))−
∫ t

0
Af,σϕ(X(s)) ds

is a martingale. We are now very close to the martingale problem. However, we are still
working with martingales on our given probability space. We change this now.

Definition 6.1.2. We consider the measurable space C([0, T ];Rd) endowed with its
Borel σ-algebra. The natural filtration is Fx := (Fx

t )t∈[0,T ], where Fx
t (x(s) s ≤ t). Here, we

have identified x(t) with the measurable map πt : C([0, T ];Rd)→ Rd given by πt(x) = x(t).
We shall do so in what follows without further notice.

A solution to the martingale problem associated with (6.1) is a probability measure P on
(C([0, T ];Rd),B(C([0, T ],Rd))) such that

(1) P(x(0) = η) = 1.
(2) For every ϕ ∈ C2

c (Rd) the process

Mϕ(t) := ϕ(x(t))− ϕ(x(0))−
∫ t

0

[
Af,σϕ

]
(x(s)) ds
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is a martingale with respect to Fx under P.

We will briefly say that P solves the martingale problem [f, σ, η]. If instead we are given a
probability measure µ on Rd (an initial distribution) we say that P solves the martingale
problem [f, σ, µ] if (2) above holds and (1′) P(x(0) ∈ A) = µ(A) for all A ∈ B(Rd), i.e.
under P the random variable x(0) has distribution µ.

Proposition 6.1.3. Let f : Rd → Rd and σ : Rd → Rd×m be measurable and bounded on
bounded subsets of Rd. If (Ω,Σ,F,P,W,X) is a weak solution to (6.1), then the distribution
P of X (considered as an C([0, T ];Rd)-valued random variable) is a solution to the martingale
problem associated with (6.1).

Proof. First, note that the maps X : (Ω,Σ,P)→ C([0, T ];Rd) and

x : (C([0, T ];Rd),B(C([0, T ];Rd)),P)→ C([0, T ];Rd)

have the same distribution. In particular, P(x(0) = η) = 1.
Now let 0 ≤ r1 < r2 < · · · < rn ≤ s < t, function hj ∈ Bb(Rd), for j = 1, . . . , n and a

function ϕ ∈ C2
c (Rd) be given. We define Φ : C([0, T ];Rd)→ R by

Φ(x) :=
[
ϕ(x(t))− ϕ(x(s))−

∫ t

s

[
Af,σϕ

]
(x(s)) ds

]
·
n∏
j=1

hj(x(rj)) .

Then Φ is a bounded, measurable map from C([0, T ];Rd) to R. Thus, Φ(X) and Φ(x), as
random variables on (Ω,Σ,P) and (C([0, T ];Rd),B(C([0, T ];Rd)),P) respectively, have the
same distribution, in particular, they have the same expectation.

Now note that
∏n
j=1 hj(X(rj)) is Fs-measurable, as X is adapted. By the above com-

putations, the process

M(t) := ϕ(X(t))− ϕ(X(0))−
∫ t

0

[
Af,σϕ

]
(X(s))ds

is an F martingale. Consequently,

EΦ(X) = E
[
(M(t)−M(s))

n∏
j=1

hj(X(rj))
]

= E
[
E
[
(M(t)−M(s))

n∏
j=1

hj(X(rj))|Fs

]]
= 0

Thus also Φ(x) has expectation 0 under P. Taking hj = 1Aj for some Aj ∈ B(Rd), we see
that ∫

{x(r1)∈A1,...,x(rn)∈An}
ϕ(x(t))− ϕ(x(0))−

∫ t

0

[
Af,σϕ

]
(x(r)) dr dP

=

∫
{x(r1)∈A1,...,x(rn)∈An}

ϕ(x(s))− ϕ(x(0))−
∫ s

0

[
Af,σϕ

]
(x(r)) dr dP .

By a monotone class argument, we can replace the cylinder set {x(r1) ∈ A1, . . . ,x(rn) ∈ An}
with an arbitrary element of Fx

s . This proves that

ϕ(x(t))− ϕ(x(0))−
∫ t

0

[
Af,σϕ

]
(x(r)) dr

is an Fx-martingale under P. �

Let us pause at this moment and look at the operators associated to some stochastic
differential equations.
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Example 6.1.4. (1) For f ≡ 0 and σ = Id×d, the solution of (6.1) is an d-dimensional
Wiener process. In this case, we have σσT = Id×d and we find for the associated
operator

A0,I =
1

2

d∑
k,l=1

δkl
∂2

∂xk∂xl
=

1

2

d∑
k=1

∂2

∂x2
k

=
1

2
∆ .

Thus, the operator associated to Browinian motion is half the Laplace operator.
(2) For the Ornstein-Uhlenbeck equation, we have m = d = 1 and f(x) = ax and

σ(x) = σ. The associated operator is

Af,σ = ax
d

dx
+

1

2
σ2 d

2

dx2
.

(3) For the equation in Section 4.3.2 with d = 2 and m = 1 and coefficients

f(x, y) =

(
0 1
−1 0

)(
x
y

)
=

(
y
−x

)
and σ(x, y) ≡

(
0
1

)
we find

A =

(
0
1

)
( 0 1 ) =

(
0 0
0 1

)
.

Thus, for the associated operator, we have

Af,σ = y
∂

∂x
− x ∂

∂y
+

1

2

∂2

∂y2

(4) For the Cox-Ingersoll-Ross modell with m = d = 1 and f(x) = a(b − x) and
σ(x) = σ

√
x, we have

Af,σ = a(b− x)
d

dx
+

1

2
σ2|x| d

2

dx2
.

So far, we have proved that if the stochastic differential equation (6.1) has a solution,
then the associated martingale problem has a solution. The more interesting question is,
whether given a solution of the martingale problem, we can find a solution of the stochastic
differential equation (which has the given measure as a distribution).

Definition 6.1.5. Let (Ωj ,Σj ,Fj ,Pj) be stochastic Bases for j = 1, 2 with Ω1∩Ω2 = ∅.
The canonical extension of (Ω1,Σ1,F1,P1) by (Ω2,Σ2,Fj ,P2) is the stochastic basis

(Ω1 × Ω2,Σ1 ⊗ Σ2, (F
1
t ⊗F 2

t )t∈[0,T ],P1 ⊗ P2) .

Any probability space which is a canonical extension of (Ω1,Σ1,F1,P1) by some other sto-
chastic basis will be called a canonical extension of (Ω1,Σ1,F1,P1).

We will use canonical extensions to glue to a given probability space another probabil-
ity space on which a suitable Brownian motion lives. For example, if P is a probability
measure on (C([0, T ];Rd),B(C([0, T ];Rd)) and W is m-dimensional Wiener measure on
(C([0, T ];Rm),B(C([0, T ];Rm)) and we denote by Fx and Fw the natural filtrations, then
with F = (Fx

t ⊗Fw
t )t∈[0,T ] the extension

(C([0, T ];Rd)× C([0, T ];Rm),B(C([0, T ];Rd)⊗B(C([0, T ];Rm),F,P⊗W)

is a stochastic extension of the first stochastic basis. Note that on this extension (x,w) 7→ x
has the same law as x on the old basis is adatped to F and that w is an m-dimensional Wiener
process even with respect to F (as Σ1 and Σ2 are independent on the enlarged space).

We now prove the following integral representation theorem due to Doob:
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Theorem 6.1.6. Let (Ω,Σ,F,P) be a stochastic basis and, on this basis, Let X be a
vector in Rd consisting of continuous local martingales with X(0) = 0 and

〈Xk, Xl〉t =

∫ t

0

m∑
j=1

σkj(s)σlj(s)ds

for a certain σ : Ω×[0, T ]→ Rd×m, every component of which belongs to L0(Ω×[0, T ],P,P),
cf. Exercise 1 of Chapter 3.

Then there exists a canonical extension of the basis, on which an m-dimensional Brow-
nian motion W is satisfied such that

Xk(t) =
m∑
j=1

∫ t

0
σkj(s) dWj(s)

for all 1 ≤ k ≤ d.

Proof. For t ∈ [0, T ], we denote by K(t) and R(t) the kernel, resp. the range of
σ(t) and by K(t)⊥ and R(t)⊥ their orthogonal complements. By PK(t) ∈ Rm×m, PR(t) ∈
Rd×d, PK(t)⊥ ∈ Rm×m and PR(t)⊥ ∈ Rd×d we denote the orthogonal projection onto the

corresponding space. We note that σ(t) is a bijection from K(t)⊥ to R(t), we write σ(t)−1

for its inverse.
All these matrices are obtained via standard algorithms from linear algebra. Inspecting

these algorithms, we see that they are Borel-measurable functions of σ(t). In particular,
they are again progressive.

We now consider a standard extension of (Ω,Σ,F,P), on which an m-dimensional Brow-
nian motion B = (B1, . . . , Bm) independent of Σ is defined. We define:

W (t) :=

∫ t

0
σ(s)−1PR(t) dX(s) +

∫ t

0
PK(t) dB(t)

where we have used the matrix-vector notation. Then W (t) is a continuous local martingale.
Let us compute the quadratic variation. With computations as at the beginning of this
chapter, we see that the matrix of quadratic variations has density with respect to Lebesgue
measure as

(σ−1PR)σσT (σ−1PR)T + PKP
T
K = PK⊥P

T
K⊥ + PK = PK⊥ + PK = I .

Hence, by Corollary 3.3.3, W is an m-dimensional Wiener process. Using the chain rule from
Proposition 3.2.6, we find

σ �W = (σσ−1PR) �X + σPK �B = PR �X + 0 = (PR + PR⊥) �X = X .

Here, we have used that PR⊥ �X = 0 almost surely, as its matrix of quadratic variations is
PR⊥σσ

TPR⊥ = 0 �

We can now prove the main result of this section.

Theorem 6.1.7. Let f : Rd → Rd and σ : Rd → Rd×m be measurable and bounded on
bounded subsets. Moreover, let η ∈ Rd. Then there exists a weak solution of equation (6.1)
with distribution P if and only if P solves the associated martingale problem.

Proof. It was seen in Proposition 6.1.3 that the distribution of any weak solution of
(6.1) solves the associated martingale problem. For the converse, let P solve the associated
martingale problem.

Pick ϕi,n ∈ C2
c (Rd) such that ϕi,n = xi for all x ∈ Rd with ‖x‖ ≤ n. Since P solves the

martingale problem, Mϕi,n is a martingale for all i, n. Using the stopping time τn := inf{t ∈
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[0, T ] : ‖x(t)‖ ≤ n}, we see that

M τn
ϕi,n(t) = xi(t ∧ τn)− xi(0)−

∫ t∧τn

0
fi(x(s)) ds

hence Mi(t) := x(t)− x(0)−
∫ t

0 fi(x(s)) ds is a continuous local martingale.

Let us now compute the covariation processes. Similarly as above, using ϕk,l,n ∈ C2
c (Rd)

with ϕk,l,n(x) = xkxl for ‖x‖ ≤ n, it follows that

Mk,l(t) = xk(t)xl(t)− xk(0)xl(0)−
∫ t

0
xk(s)fl(x(s)) + xl(s)fk(x(s)) +

1

2
akl(x(s)) ds

is a local martingale. Here, A = (akl) = σσT as before.
A direct computation shows

Mk(t)Ml(t)−
∫ t

0
akl(x(s)) ds

= Mkl(t)− xk(0)Ml(t)− xl(0)Mk(t) +

∫ t

0
(xk(s)− xk(t))fl(x(s)) ds

+

∫ t

0
(xl(s)− xl(t))fk(x(s)) ds+

∫ t

0
fk(x(s)) ds

∫ t

0
fl(x(s)) ds

= Mkl(t)− xk(0)Ml(t)− xl(0)Mk(t) +

∫ t

0

[
Mk(s)−Mk(t)

]
fl(x(s)) ds

+

∫ t

0

[
Ml(s)−Ml(t)

]
fk(x(s)) ds

= Mkl(t)− xk(0)Ml(t)− xl(0)Mk(t) +

∫ t

0
Mk(s) dFl(s)−Mk(t)Fl(t)

+

∫ t

0
Ml(s) dFk(s)−Ml(t)Fk(t)

where we have set Fi(t) =
∫ t

0 fi(x(s)) ds. Noting that Fi is a bounded variation process and
integrating by parts (Theorem 3.2.7), it follows that

Mk(t)Ml(t)−
∫ t

0
akl(x(s)) ds =Mkl(t)− xk(0)Ml(t)− xl(0)Mk(t)−

∫ t

0
Fk(s) dMl(s)

−
∫ t

0
Fl(s) dMk(s) ,

a local martingale. Thus,

〈Mk,Ml〉t =

∫ t

0
akl(x(s)) ds =

∫ t

0

m∑
j=1

σkj(x(s))σlj(x(s)) ds .

By Theorem 6.1.6, there exists a canonical extension (Ω,Σ,F,P) of the stochastic basis
(C([0, T ];Rd),B(C([0, T ];Rd)),Fx,P) on which an m-dimensional Brownian motion W is
defined such that

Mk(t) = xk(t)− xk(0)−
∫ t

0
fk(x(s)) ds =

m∑
j=1

∫ t

0
σkj(x(s)) dW (s)

for all 1 ≤ k ≤ d, i.e.

x(t) = x(0) +

∫ t

0
f(x(s)) ds+

∫ t

0
σ(x(s)) dW (s) .
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Since P(x(0) = η) = P(x(0) = η) = 1, it follows that (Ω,Σ,F,P,W,x) is a weak solution of
(6.1). �

The theory developed so far has an extension to time dependent functions. We write
Cb([0, T ] × Rd) for the bounded, continuous functions on [0, T ] × Rd and C1,2((0, T ) × Rd)
for the functions on (0, T )×Rd which are once continuously differentiable with respect to t
and twice continuously differentiable with respect to x ∈ Rd.

Proposition 6.1.8. A measure P solves the martingale problem [f, σ, η] if and only if
P(x(0) = η) = 1 and for all u ∈ Cb([0, T ]×Rd) ∩ C1,2((0, T )×Rd) the process

t 7→ u(t,x(t))− u(0,x(0))−
∫ t

0

[∂u
∂t
−Af,σu

]
(t,x(s)) ds

is a local martingale under P.

The proof of this proposition is left as an exercise.

6.2. Existence of weak solutions

We can now construct weak solutions of (6.1) via compactness arguments. However,
we will not assume that certain processes are relatively compact, but we will assume that
certain measures (namely, solutions of certain martingale problems) are relatively compact,
i.e. we assume that they are tight, see Appendix D

Given f : Rd → Rd, σ : Rd → Rd×m and η ∈ Rd, we will refer to the martingale problem
associated with (6.1) as the martingale problem [f, σ, η].

Theorem 6.2.1. Let sequences fn, σn and ηn be given which converge to f, σ resp. η.
For the functions, we assume that the convergence is uniformly on compact subsets of Rd.
Moreover, we assume that the functions are measurable and uniformly bounded on bounded
sets.

Let Pn be a solution of the martingale problem [fn, σn, ηn]. If the sequence (Pn) is tight,
then every accumulation point of the sequence is a solution of the martingale problem [f, σ, η].

Proof. Passing to a subsequence, we may assume that Pn converges weakly to the
probability measure P. Testing against ψ ◦π0 for ψ ∈ Cb(Rd), we infer that the distribution
of x(0) under Pn converges weakly to that under P. Thus, since ηn → η, P(x(0) = η) = 1.

Fix 0 ≤ r1 ≤ r2 ≤ · · · ≤ rn ≤ s < t ≤ T , functions hj ∈ Cb(R
d) and a function

ϕ ∈ C2
c (Rd). We define Φn : C([0, T ];Rd)→ R by

Φn(x) =
[
ϕ(x(t))− ϕ(x(s))−

∫ t

s

[
Afn,σnϕ

]
(x(s)) ds

] n∏
j=1

hj(x(rj)) .

We defined Φ similarly, replacing fn, σn with f, σ.
Using our assumptions, is is easy to see that Afn,σnϕ is uniformly bounded, say by M ,

and converges to Afn,σnϕ uniformly on compact subsets of Rd.

It follows that Φn is uniformly bounded, namely by (2‖ϕ‖∞+(t−s)M)
∏d
j=1 ‖hj‖∞ and

converges to Φ, uniformly on compact subsets of C([0, T ];Rd). Indeed, if C is a compact
subset of C([0, T ];Rd), then there is a compact subset K of Rd such that x(t) ∈ K for all
x ∈ C and all t ∈ [0, T ]. Thus, the claimed convergence follows easily from the uniform
convergence of Afn,σnϕ to Af,σϕ.

Now, let ε > 0 be given. By tightness, we find a compact set C such that Pn(C c) ≤ ε for
all n ∈ N. Moreover, we find n0 such that |Φn(x) − Φ(x)| ≤ ε and |

∫
Φ dPn −

∫
Φ dP| ≤ ε

for all n ≥ n0. Hence, for n ≥ n0, we find∣∣∣ ∫ Φn dPn −
∫

Φ dP
∣∣∣ ≤ ∫

|Φn − Φ| dPn +
∣∣∣ ∫ Φ dPn −

∫
Φ dP

∣∣∣
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≤
∫

C
ε dPn +

∫
C c

2M dPn + ε

≤ ε+ 2Mε+ ε = (2 + 2M)ε .

As ε > 0 was arbitrary,
∫

Φn dPn →
∫

Φ dP. Since Pn solves the martingale problem
[fn, σn, ηn], we have

∫
Φn dPn ≡ 0, cf. the proof of Proposition 6.1.3. Consequently,

∫
Φ dP =

0. As in the proof of Proposition 6.1.3 (with an additional Dynkin system argument to get
from continuous h′js to indicator functions), we infer that under P, the process

ϕ(x(t))− ϕ(x(0))−
∫ t

0

[
Af,σ

]
(x(s)) ds

is a martingale. As ϕ was arbitrary, P solves the martingale problem [f, σ, η] as claimed. �

Next, we have to find a suitable criterion to prove tightness of measures on C([0, T ];Rd).
Recall that the Arzelá Ascoli theorem asserts that a subset of C([0, T ];Rd) is relatively
compact if and only if it pointwise bounded and equicontinuous. In particular, if ‖x(t) −
x(s)‖ ≤ C|t−s|α all x ∈ C and certain constants C,α independent of x ∈ C , i.e. the elements
of C are Hölder continuous with constant independent of x, then the set C is equicontinuous.

Lemma 6.2.2. Let for n ∈ N (Ωn,Σn,Pn) be probability space and Xn : Ωn → C([0, T ],Rd)
be such that for certain constants M,C, α, γ ≥ 1, and β > 0 we have

(1) En‖Xn(0)‖γ ≤M for all n ∈ N
(2) En‖Xn(t)−Xn(s)‖α ≤ C|t− s|1+β for all n ∈ N.

Then the distributions Pn of Xn are tight.

Proof. By the Chebyshev inequality and Corollary A.3, for γ < β
α we can pick C1, C2

such that

Pn(‖Xn‖γ > C1) ≤ ε

2
and Pn(‖Xn(0)‖ > C2) ≤ ε

2
.

Then, for C := {x : ‖x‖γ ≤ C1 , ‖x(0)‖ ≤ C2}, we find

Pn(C c) = Pn(‖Xn‖γ > C1 or ‖Xn(0)‖ > C2) ≤ ε .

By the Arzelá Ascoli theorem, C is compact in C([0, T ];Rd). Hence, we have proved that
the measures Pn are tight. �

This criterion can be applied in the following situation.

Lemma 6.2.3. Let f : Rd → Rd and σ : Rd → Rd×m be measurable and satisfy the growth
condition

‖f(x)‖ ≤ a+ b‖x‖ and |σ(x)‖ ≤ a+ b‖x‖ .
If X is a weak solution of of equation (6.1), then

E‖X‖2mC([0,T ]) ≤ C(1 + ‖η‖2m)

and

E‖X(t)−X(s)‖2m ≤ C(1 + ‖η‖2m)|t− s|m (t, s ∈ [0, T ])

for all m ≥ 1 and a constant C which only depends on m, a and b.

Proof. Since X is a weak solution, we have that

‖X(t)‖2m ≤ C
(
‖η‖2m +

∥∥∥∫ t

0
f(X(s) ds

∥∥∥2m
+
∥∥∥∫ t

0
σ(X(s)) dW (s)

∥∥∥2m)
almost surely where C is a constant only depending on m. In what follows, C denotes a
generic constant and may change from ocurrence to ocurrence.
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By Jensen’s inequality,∥∥∥∫ t

0
f(X(s)) ds

∥∥∥2m
=

[ d∑
i=1

(∫ t

0
fi(X(s)) ds

)2]m
≤ tm

[ ∫ t

0
‖f(X(s))‖2 ds

]m
≤ t2m−1

∫ t

0
‖f(X(s))‖2m ds .

As for the stochastic integral, we have

E sup
0≤r≤t

∥∥∥∫ r

0
σ(X(s)) dW (s)

∥∥∥2m
≤ CE

(∫ t

0
|σ(X(s))|2 ds

)m
≤ Ctm−1

∫ t

0
|σ(X(s))|2m ds

by the Burkholder-Davies-Gundy inequality. It follows that

E
(

sup
0≤r≤t

‖X(r)‖2m
)
≤ C

(
‖η‖2m +

∫ t

0
‖f(X(s))‖2m + ‖σ(X(s))‖2m ds

)
.

Setting ϕ(t) := E
(

sup0≤r≤t ‖X(r)‖2m
)

and using the linear growth assumptions, we see

that

ϕ(s) ≤ C
(

1 + ‖η‖+

∫ t

0
ϕ(s) ds

)
.

Now the first assertion follows from the Gronwall lemma.
Similarly, we can prove that

E‖X(t)−X(s)‖2m ≤ C(t− s)m−1

∫ t

0
1 + sup

0≤r≤s
‖X(r)‖2m ds ≤ C(1 + ‖η‖2m)(t− s)m

by the first estimate. �

We can now prove existence of weak solutions for arbitrary continuous coefficients f and
σ of linear growth.

Theorem 6.2.4. Let f : Rd → Rd and σ : Rd → Rd×m be continuous and of linear
growth. Then for every η ∈ Rd, there exists a weak solution of equation (6.1).

Proof. By Theorem 6.1.7, it suffices to construct a solution to the martingale problem
[f, σ, η]. If f and σ are additionally Lipschitz continuous, then a solution exists by Theorem
4.1.1 and Proposition 6.1.3.

Let

H := {(f, σ) : problem [f, σ, η] has a solution} .
Then H contains Lip(Rd,Rd) × Lip(Rd;Rd×m) by the above. Moreover, if (fn, σn) is a
sequence in H which is uniformly of linear growth and converges to (f, σ) uniformly on
compact subsets of Rd, then (f, σ) ∈ H . Indeed, if Pn solves the problem [fn, σn, η], then
the sequence Pn is tight as a consequence of Lemmas 6.2.2 and 6.2.3. Thus, this sequence
has an accumulation point which, by Theorem 6.2.1 solves the problem [f, σ, η].

To finish the proof, it suffices to note that for every continuous f and σ of linear growth,
there exist sequences fn and σn of Lipschitz continuous functions which are uniformly of
linear growth and converge uniformly on compact subsets to f resp. σ. Thus any such pair
of functions belongs to H . �

We can now establish existence of solutions for the Cox-Ingersoll-Ross modell.

Corollary 6.2.5. Let a, b, σ ≥ 0. Then for every η ≥ 0 there exists a pathwise unique
strong solution of the stochastic differential equation{

dX(t) = a(b−X(t))dt+
√
|X(t)|dW (t)

X(0) = η .
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Proof. Existence of weak solutions follows immediately from Theorem 6.2.4 as the
coefficients are continuous and of linear growth. Pathwise uniqueness was proved in Theorem
5.3.1 and that pathwise uniquneness implies strong existence was discussed after Theorem
5.2.5. �

6.3. Uniqueness of solutions

Having established existence of solutions for continuous coefficients f and σ with the help
of the martingale problem, we now turn to the question of uniqueness (in law) of solutions.
As it turnes out, this question is intimately connected with existence of solutions to some
partial differential equation involving the associated operator Af,σ.

In this section, we will also consider martigale problems where we prescribe an initial
distribution µ rather than an initial value η. This is due to the fact that even if we just
want to prove uniqueness for deterministic initial values, we have to consider solutions with
random initial distributions on the way.

We start with the following

Lemma 6.3.1. Let f and σ be continuous. Suppose that for every ϕ ∈ C∞c (Rd) there
exists a solution uϕ ∈ Cb([0, T ]×Rd) ∩ C1,2((0, T )×Rd)) of the Cauchy problem{

du
dt = Af,σu
u(0) = ϕ .

Then, if P and Q are two solutions of the martingale problem [f, σ, µ], then the one-
dimensional marginals agree, i.e. for all t ∈ [0, T ] we have

P(x(t) ∈ A) = Q(x(t) ∈ A))

for all A ∈ B(Rd).

Proof. Fix ϕ ∈ C∞c (Rd), t ∈ [0, T ] and put g(s, x) := uϕ(t − s, x) for 0 ≤ s ≤ t and

x ∈ Rd. Then g ∈ C([0, t]×Rd) ∩ C1,2((0, t)×Rd) satisfies

du

dt
−Af,σu = 0 and g(t) = ϕ .

By Proposition 6.1.8, the process g(s,x(s)) is a local martingale under both P and Q. In
fact, as g(s,x(s)) is bounded, it is actually a martingale. Consequently,

EP(ϕ(x(t)) = EP(g(t,x(t)) = EP(g(0,x(0)) =

∫
Rd
g(0, x) dµ(x) = EQ(ϕ(x(t)) .

As ϕ ∈ C∞c (Rd) was arbitrary, it follows from a monotone class argument that the push-
forward of P and Q under x(t) are equal. That is the assertion. �

Lemma 6.3.1 asserts that any two solutions of the martingale problem (with identical
initial distribution) have the same one-dimensional marginals. Note that since the Borel σ-
algebra on C([0, T ];Rd) is generated by the point evaluations, see Proposition B.2, a measure
on C([0, T ];Rd) is uniquely determined by its finite-dimensional marginals.

We now extend Lemma 6.3.1 to a uniqueness result, by showing that certain conditional
distributions also solve the martingale problem.

Theorem 6.3.2. Let f and σ be continuous. Suppose that for every f ∈ C∞c (Rd) there
exists a solution uf ∈ Cb([0, T ]×Rd) ∩ C1,2((0, T )×Rd)) of the Cauchy problem{

du
dt = Af,σu
u(0) = f .

Then, if P and Q are two solutions of the martingale problem [f, σ, µ], we have P = Q.
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Proof. As a consequence of Proposition B.2, it suffices to prove that for every 0 ≤ t1 <
t2 < · · · < tn ≤ T and all A1, . . . , An ∈ B(Rd), we have that

P(x(t1) ∈ A1, . . . ,x(tn) ∈ An) = Q(x(t1) ∈ A1, . . . ,x(tn) ∈ An) .

By a Dynkin system argument, it suffices to prove that for positive measurable functions
f1, . . . , fn with fj ≥ ε for a certain ε > 0, we have

(6.3) EP

[ n∏
j=1

fk(x(tk))
]

= EQ

[ n∏
j=1

fk(x(tk))
]

We prove this by induction on n. The case n = 1 follows from Lemma 6.3.1. Now assume
that (6.3) holds for all n ≤ m. We prove that it also holds for n = m+ 1. We thus assume
that tm < T . We set E = C([tm, T ];Rd) and define the measures P1,Q1 on E by setting,
for A ∈ B(E),

P1(A) :=
EP

[
1A
∏m
j=1 fk(x(tk))

]
EP

[∏m
j=1 fk(x(tk))

] and Q1(A) :=
EQ

[
1A
∏m
j=1 fk(x(tk))

]
EQ

[∏m
j=1 fk(x(tk))

] .

Then P1 and Q1 are probablity measures on E. Moreover, by using (6.3) with n = m, it
follows that

EP1(f(x(tm)) =
EP

[
f(x(tm))

∏m
j=1 fk(x(tk))

]
EP

[∏m
j=1 fk(x(tk))

]
=
EQ

[
f(x(tm))

∏m
j=1 fk(x(tk))

]
EQ

[∏m
j=1 fk(x(tk))

] = EQ1f(x(tm)) ,

for all strictly positive, measurable f . It follows that P1 and Q1 have the same initial
distributions, say ν. Moreover, P1 and Q1 solve the martingale problem for [f, σ, ν]. Indeed,
if tm ≤ r1 < . . . , rl ≤ s < t and h1, . . . , hl are bounded, measurable functions, and ϕ ∈
C2
c (Rd) we may put

Φ(x) :=
[
ϕ(x(t))− ϕ(x(s))−

∫ t

s

[
Af,σ

]
ϕ(x(r)) dr

] l∏
i=1

hi(x(ri)) .

Then EP1Φ(x) is a multiple of

EP

([
ϕ(x(t))− ϕ(x(s))−

∫ t

s

[
Af,σ

]
ϕ(x(r)) dr

] l∏
i=1

hi(x(ri))
m∏
j=1

fj(x(tj))
)

= 0

as P solves the martingale problem. Now a standard argument shows that P1 solves the
martingale problem, cf. the proof of Proposition 6.1.3. Similarly one sees that Q1 solves the
martingale problem.

Now Lemma 6.3.1 yields that P1 and Q1 have the same one-dimensional marginals. In
particular,

EP

[
fm+1(x(tm+1)

∏m
j=1 fk(x(tk))

]
EP

[∏m
j=1 fk(x(tk))

] =
EQ

[
fm+1(x(tm+1)

∏m
j=1 fk(x(tk))

]
EQ

[∏m
j=1 fk(x(tk))

]
for all bounded, measurable functions fm+1. As the nominators above are equal by induction
hypothesis, we have proved (6.3) for n = m+ 1. �
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We have thus reduced the question of uniqueness of solutions to the martingale problem,
i.e. of uniqueness in law for our stochastic differential equation to a queasion of existence to
some partial differential equation. If the matrix A(x) = σ(x)σ(x)T is positive definite, i.e.
there exists a κ > 0 such that

d∑
ij=1

aij(x)ξiξj ≥ κ|ξ|2

and the coefficients A and f are bounded and Hölder continuous, then the Cauchy problem
ut = Af,σ has a solution for every initial value f ∈ C∞c , see Theorem 12 in [3, Section 1.7].

6.4. Exercises

(1) Prove Proposition 6.1.8.
(2) Let us consider the stochastic differential equation with coefficients f and σ, which

we assume to be locally Lipschitz continuous and of linear growth. The results of
Chapter 4 yield that for every η ∈ L0(Ω,F0,P) there exists a (pathwise) unique,
strong solution of the equation with initial datum η. It now follows from The-
orem 5.2.5 and the results of this chapter, that for every probability measure µ,
there exists a unique solution Pµ of the associated martingale problem with initial
distribution µ.

Given f ∈ Bb(Rd), the bounded, borel-measurable functions on Rd, we define
for t ≥ 0 the function T (t)f by[

T (t)f
]
(x) = Exf(x(t)) = Ef(X(t, x))

where X(t, x) denotes a strong solution with initial datum x and E denotes ex-
pectation with respect to the probability measure on that space and Ex denotes
expectation on C([0, T ];Rd) with respect to the probability measure Pδx .

Show the following properties:
(a) If f ∈ Cb(R

d), then T (t)f ∈ Cb(R
d). If f ∈ Bb(R

d), then T (t)f ∈ Bb(R
d).

Moreover, show that if fn is a bounded sequence converging pointwise to f ,
then T (t)fn → T (t)f pointwise.
Hint: For the first part, use Theorem 6.2.1. Then show the last assertion and use this and

a Dynkin class argument to prove the second assertion

(b) Show that for s, t ≥ 0 we have T (t+ s)f = T (t)T (s)f .
Hint: Inspect the proof of Theorem 6.3.2.

Part (b) asserts that T (t) is a semigroup on either Bb(R
d) or Cb(R

d). It is called
the transition semigroup of the stochastic differential equation.



APPENDIX A

Continuity of Paths for Brownian Motion

Definition A.0.1. Let (X(t))t∈I and (Y (t))t∈I be stochastic processes defined on the
same probability space (Ω,Σ,P). Then (X(t))t∈I and (Y (t))t∈I are called versions of each
other if P(X(t) = Y (t)) = 1 for all t ∈ I.

Theorem A.1. (Kolmogorov)
Let (X(t))t∈[0,T ] be a stochastic process such that there exist C,α, β > 0 such that

(A.1) E|X(t)−X(s)|α ≤ C|t− s|1+β ∀ t, s ∈ [0, T ] .

Then, for all 0 ≤ γ < β
α , the process X has a version Y whose paths are Hölder continuous

of exponent γ, i.e. for all ω ∈ Ω there exists a constant C(ω) such that

|Y (t, ω)− Y (s, ω)| ≤ C(ω)|t− s|γ ∀ t, s ∈ [0, T ] .

Proof. We may assume that T = 1 for notational simplicity.
For k ∈ N, define the real valued random variables Yk by

Yk := sup
0≤j≤2k−1

∣∣X(j − 1

2k
)
−X

( j
2k
)∣∣ .

Hence, by assumption,

EY α
k ≤

2k−1∑
j=0

E
∣∣X(j − 1

2k
)
−X

( j
2k
)∣∣ ≤ 2k · C(2−k)1+β = C2−βk .

Note that for c < β
α we have

E

∞∑
n=1

(2cnYn)α =

∞∑
n=1

2cαnEY α
n ≤ C

∞∑
n=1

2cαn2−βn <∞ .

It follows that almost surely, there exists a constant C(ω) such that |Yn| ≤ C(ω)2−cn. Indeed,
the above proves that the series

∑∞
n=1(2cnYn)α converges in L1(Ω). However, by positivity

of the summands, it converges almost surely. Thus, if for some ω ∈ Ω there was no such
constant, then Yn ≥ 2−cn infinitely often but then (2cnYn)α ≥ 1 for infinitely many n. But
then for such an ω the series

∑∞
n=1(2cnYn)α diverges.

Now put Dk := {j2−k : j = 0, . . . , 2k − 1} and D :=
⋃
k∈NDk. Define the real valued

random variable Z by

Z := sup{|t− s|−γ |X(t)−X(s)| : s, t ∈ D , s 6= t} .
Then Z is finite almost everywhere.
To see this, note that

Z ≤ sup
k∈N

{
2(k+1)γ sup

2−(k+1)<|t−s|≤2−k
|X(t)−X(s)| , s, t ∈ D

}
(∗)
≤ sup

k∈N
2(k+1)γ · 2

∑
n≥k

Yk ≤ 2γ+1
∞∑
n=0

2γnYn <∞ a.e. ,

since, almost surely, Yn ≤ 2−(γ+ε)n, where ε > 0 is such that γ + ε < β
α .
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It remains to verify (∗). To that end, let s, t ∈ D with |t− s| ≤ 2k, be given. For n ≥ k
put sn := sup{r ∈ Dn : r ≤ s} and tn := sup{r ∈ Dn : r ≤ t} and note that sn = s and
tn = t eventually. Hence

X(t) = X(tk) +
∑
n≥k

(
X(tn+1)−X(tn)

)
and X(s) = X(sk) +

∑
n≥k

(
X(sn+1)−X(sn)

)
.

Furthermore, tn+1 is either equal to tn or to tn+2−(n+1). It follows that |X(tn+1)−X(tn)| ≤
Yn+1, and, similarly, |X(sn+1)−X(sn)| ≤ Yn+1. Thus, by the triangle inequality,

|X(t)−X(s)| ≤ |X(tk)−X(sk)|+ 2
∑
n≥k

Yk+1 .

Since |t − s| ≤ 2−k, the difference |tk − sk| is either 0 or 2−k, hence |X(tk) −X(sk)| ≤ Yk.
Putting this together, (∗) is proved.

We have proved that, almost surely, the map D 3 t 7→ X(t) is Hölder continuous of
exponent γ, more precisely,

sup
t,s∈D , t6=s

|X(t)−X(s)| ≤ Z|t− s|γ .

Define Y (t) := lims→t s∈DX(s) on the set {Z <∞} and Y (t) := 0 on the remaining null set.
Then Y has almost surely Hölder continuous paths of exponent γ. Indeed, for t,1, t2 ∈ [0, 1]
and s1, s2 ∈ D, we have

|X(t1)−X(t2)| ≤ |X(t)−X(s1)|+ Z(s1 − s2)γ + |X(t2)−X(s2)|
→ Z(t1 − t2)γ

as s1 → t1 and s2 → t2, whenever Z <∞.
Finally, we note that Y is a version of X. Indeed, if (tn) is a sequence in D converging

to t ∈ [0, 1], then Y (tn) → Y (t) almost surely. However, by the Kolmogorov condition A.1,
|X(tn) − X(t)|α → 0 as n → ∞. Passing to a subsequence, X(tn) → X(t) almost surely.
Thus Y (t) = X(t) almost surely. �

Corollary A.2. Let (W (t))t≥0 be a Brownian motion and α ∈ (0, 1
2). Then (W (t))t≥0

has a version with α-Hölder continuous paths.

Proof. For n ∈ N, we have

E|(W (t)−W (s)|2n = (2n− 1)!!|t− s|n

as for a Gaussian random variable γ with mean 0 and variance r, we have Eγ2n = (2n −
a)!!rn.1 By Theorem A.1 with α = 2n and β = n − 1, it follows that Brownian motion has
a version with n−1

2n -Hölder continuous paths. As n→∞, this coefficient tends to 1
2 . �

We also note

Corollary A.3. In the situation of TheoremA.1, additionally assume that α ≥ 1. In
this case, for γ < β

α , we have

E‖Y ‖αγ ≤ C̃

where ‖Y ‖γ := supt6=s |t − s|−γ |Y (t) − Y (s)| and C̃ is a constant which only depends on
C,α, β and γ.

1This follows easily by induction.



A. CONTINUITY OF PATHS FOR BROWNIAN MOTION 71

Proof. Clearly, |Y (t)−Y (s)| = |X(t)−X(s)| ≤ Z|t−s|γ for all t, s ∈ D. By continuity,
it follows that ‖Y ‖γ ≤ Z. We have seen in the proof of Theorem A.1 that

Z ≤ 2γ+1
∞∑
n=0

2γnYn

almost surely. Taking norms in Lα(Ω), we obtain

(EZα)
1
α ≤ 2γ+1

∞∑
n=0

2γn(EY α
n )

1
α ≤ 2γ+1

∞∑
n=0

2γn(C2−βn)
1
α <∞ .

�





APPENDIX B

Stochastic Processes as Random Elements

Throughout these lecture notes, we are concerned with (Rd-valued) stochastic processes
(X(t))t∈[0,T ]. According to our definition, we are given a probability space (Ω,Σ,P) and, for

each t ∈ [0, T ] a random variable X(t) : Ω → Rd. Writing X(t, ω) for X(t)(ω), we are thus
requiring that every t ∈ [0, T ] the map ω 7→ X(t, ω) is measurable.

However, we also keep ω fixed and vary t thus obtaining a function t 7→ X(t, ω) which
depends on ω. In our applications, the functions t 7→ X(t, ω) are usually continuous, i.e.
elements of C([0, T ];Rd). In this appendix, we discuss the measurability of maps from Ω to
C([0, T ];Rd).

We endow C([0, T ];Rd) with the topology induced by ‖ · ‖∞, defined by

‖f‖∞ = max
j=1,...,d

sup
t∈[0,T ]

|fj(t)|

and denote the Borel σ-algebra by B(C([0, T ];Rd)).
We note that (C([0, T ]), ‖ · ‖∞) is a complete metric space which is separable by the

Stone-Weierstrass theorem. We thus obtain

Lemma B.1. B(C([0, T ];Rd)) is generated by either the open balls B(x, r) or the closed
balls B̄(x, r) for x ∈ C([0, T ]) and r > 0. In fact, it suffices in both cases to consider a
countable union of such balls.

Proof. Let (fn)n∈N be a sequence which is dense in C([0, T ];Rd). And define S :=
{B(fn, k

−1) : n, k ∈ N}. Then every set U which is open in C([0, T ];Rd)) is the union of
all balls in S which are contained in U . Indeed, if g ∈ U , then B(g, k−1) ⊂ U for large
enough k. Since the fn’s are dense, there is some m ∈ N with fm ∈ B(g, 1

2k
−1), thus

g ∈ B(fm,
1
2k
−1) ⊂ B(g, k−1) ⊂ U . This shows that every element of U is contained in a

ball in S which is entirely contained in U . Hence, U is contained in all balls of S contained
in U . The converse is trivial.

This proves that the Borel σ-algebra is generated by all open balls. As every open ball
is a countable union of closed balls, it is also generated by the closed balls. �

Of particular importance are the point evaluations πt : C([0, T ];Rd) → Rd, given by
πt(f) = f(t). These maps are continuous, hence measurable. Thus, if X : Ω→ C([0, T ];Rd)
is measurable, then πt(X) : Ω→ Rd is measurable. As for random processes above, this just
means that ω 7→ X(t, ω) is a measurable map from Ω to Rd for all t ∈ [0, T ].

We will prove next, that the Borel σ-algebra B(C([0, T ];Rd)) is generated by the point
evaluations.

Proposition B.2. B(C([0, T ];Rd)) = σ(πt : t ∈ [0, T ]).

Proof. A cylinder set is a set A ⊂ C([0, T ];Rd) such that there exist t1, . . . , tn ∈ [0, T ]
and A1, . . . , An ∈ B(Rd) such that

A = {f ∈ C([0, T ];Rd) : f(tj) ∈ Aj j = 1, . . . , n} =
n⋂
j=1

π−1
tj

(Aj) .
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The latter shows that cylinder sets belong to the Borel σ-algebra B(C([0, T ];Rd); they also
belong to every σ-algebra with respect to which the point evaluations are measurable. It
thus suffices to show that the cylinder sets generate B(C([0, T ];Rd)). Actually, by Lemma
B.1, it suffices to show that closed balls B̄(g, r) belong to the σ-algebra generated by the
cylinder sets.

To see this, fix g and r and let {tk : k ∈ N} = [0, T ] ∩Q. For x ∈ Rd and r > 0, we put

Br,x :=
∏d
k=1[xk − r, xk + r] and claim

B̄(g, r) =
⋂
j∈N

π−1
tj

(Br,g(tj)) .

Note that the right-hand side certainly belongs to the σ-algebra generated by the cylinder
sets. Thus, given the claim, we are done.

To prove the claim, note that the set on the right-hand side consists of all f ∈ C([0, T ];Rd)
such that |fk(tj) = gk(tj)| ≤ r for all j ∈ N, i.e. for all rationals in [0, T ], and k = 1, . . . , d.
As the components fk and gk are continuous for all k = 1, . . . , d, it follows that the set in
fact consists of all f ∈ C([0, T ];Rd) with |fk(t) − gk(t)| ≤ r for all k = 1, . . . , d. Hence, the
set is B̄(g, r) as claimed. �

Proposition B.2 has important consequences:

Corollary B.3. Let (Ω,Σ,P) be a probability space and X,Y : Ω→ C([0, T ];Rd).

(1) X is measurable if and only if X(t) : Ω→ Rd is measurable for all t ∈ [0, T ], i.e. if
and only if (πt(X))t∈[0,T ] is a stochastic process.

(2) If both X and Y are measurable, then X and Y have the same distribution if and
only if X and Y have the same finite dimensional distribution, i.e. for all n ∈ N
and t1, . . . , tn the random vectors

(X(t1), . . . , X(tn)), (Y (t1), . . . , Y (tn)) : Ω→ Rn

have the same distribution.

Finally, we define some spaces of function-valued random elements. For a measurable
map X : Ω → C([0, T ];Rd), we write [X] for the equivalence class modulo equality almost
everywhere, i.e.

[X] := {Y : Ω→ C([0, T ];Rd) measurable : X = Y P - a.e.} .

By L0(Ω,Σ,P;C([0, T ];Rd)), we denote the vector space space of all equivalence classes [X]
of measurable maps XΩ → C([0, T ];Rd)). As is customary, we will immediately drop the
equivalence classes again from our notation and say things like X ∈ L0(Ω;C([0, T ];Rd)) or
X = Y with the understanding that equalities are only valid almost everywhere.

Note that since ‖ · ‖∞ : C([0, T ];Rd) is continuous, also ‖X‖∞ : Ω → R is measurable
for measurable X : Ω→ C([0, T ];Rd). Hence, we may define

Lp(Ω;C([0, T ];Rd)) := {X ∈ L0(Ω;C([0, T ];Rd)) : ‖X‖ ∈ Lp(Ω;R)} .

Proposition B.4. Endowed with the norm ‖ · ‖Lp(Ω;C([0,T ];Rd)), defined by

‖X‖p
Lp(Ω;C([0,T ];Rd))

:=

∫
Ω
‖X(ω)‖p∞ dP

the space Lp(Ω;C([0, T ];Rd)) is a Banach space.

The proof is basically a copy of the scalar-valued case, but we include it for completeness.

Proof. We write ‖| · |‖ instead of ‖ ·‖Lp(Ω;C([0,T ];Rd)) for convenience. It suffices to prove

that every Cauchy sequence in Lp(Ω;C([0, T ];Rd)) has a convergent subsequence. Given a
Cauchy sequence Xn, there exists a subsequence Xnk with ‖|Xnk+1

−Xnk‖| ≤ 2−k.
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We put

Yk := Xnk+1
−Xnk and f :=

∞∑
k=1

‖Yk‖∞ .

For the scalar valued functions ‖Yk‖∞, we have∥∥∥ N∑
k=1

‖Yk‖∞
∥∥∥
p
≤

n∑
k=1

‖|Xnk+1
−Xnk |‖ ≤

N∑
k=1

2−k ≤ 1 .

By monotone convergence,
∑N

k=1 ‖Yk‖∞ ↑ f almost surely (say for ω ∈ N c for some N ∈ Σ

with P(N) = 0) and f ∈ Lp(Ω). By completeness of C([0, T ];Rd), for ω ∈ Ω \ N the
series

∑∞
k=1 Yk(ω) converges to some Y (ω). Extend Y to Ω by setting it 0 on N . Then

Y is measurable and Xnk = Xn1 +
∑k−1

j=1 Yj converges almost surely to Y + Xn1 =: X. In

particular, ‖Xnk −X‖∞ → 0 almost surely.
Noting that

‖Xnk −X‖∞ ≤
k−1∑
j=1

‖Yj‖∞ + ‖Xn1‖∞ + |X‖∞ ≤ 2f + ‖Xn1‖∞

where the latter belongs to Lp(Ω;R), it follows from dominated convergence that

‖|Xnk −X|‖
p =

∫
Ω
‖Xnk −X‖

p
∞ dP→ 0

as k →∞. �

We note that

d(X,Y ) :=

∫
Ω
‖X − Y ‖∞ ∧ 1 dP

defines a metric on L0(Ω;C([0, T ];Rd)) which turns it into a complete metric space. Conver-
gence with respect to this metric is called convergence in probability. As in the scalar case,
one shows that a sequence Xn converges to X in probability if and only if every subsequence
of Xn has a further subsequence converging to X almost surely.





APPENDIX C

Stieltjes Integrals

Let µ be a measure on ([0, T ]; B([0, T ])). Then

Fµ(t) := µ([0, t])

is an increasing (in the sense of non-decreasing), right-continuous function which determines
µ uniquely, as Fµ(0) = µ{0} and µ((a, b]) = Fµ(b) − Fµ(a) for all a < b and these inter-
vals, together with the singleton {0} form a generator of B([0, T ]) which is stable under
intersections.

It is natural to ask whether every increasing, right-continuous function arises in this way.
This is indeed the case.

Theorem C.1. Let F : [0, T ] → R be a positive, increasing, right-continuous function.
Then there exists a unique measure µF on ([0, T ]; B([0, T ])) such that µF ((a, b]) = F (b) −
F (a) and µ({0}) = F (0).

Proof. Let R be the ring generated by intervals of the form (a, b] with 0 ≤ a < b ≤ T
and the singleton {0}. A typical element of R is of the form

n⋃
k=1

(ak, bk] or {0} ∪
n⋃
k=1

(ak, bk]

for some n ∈ N and sets ak < bk.
We put

µ
( n⋃
k=1

(ak, bk]
)

=
n∑
k=1

F (bk)−F (ak) and µ
(
{0}∪

n⋃
k=1

(ak, bk]
)

= F (0)+
n∑
k=1

F (bk)−F (ak) .

Note that this is well-defined. Indeed, if (a, b] =
⋃n
k=1(ak, bk] as disjoint union, then, after

relabeling we may assume that a = a1 < b1 = a2 < b2 = . . . < bn−1 = an < bn = b. We thus
have

µ((a, b]) = F (b)− F (a) =
n∑
k=1

F (bk)− F (ak) =
n∑
k=1

µ((ak, bk]) .

Similarly, one also sees that µ is finitely additive.
It suffices to prove that µ is a pre-measure on R. Indeed, in this case, it follows from

Carathéodory’s theorem, that there exists a unique measure µF on σ(R) = B([0, T ]) which
extends µ.

Thus, let a pairwise disjoint sequence Ak ∈ R and an element A ∈ R be given with
A =

⋃
k∈NAk. Using the finite additivity, we see that

µ(A) =
n∑
k=1

µ(Ak) + µ
( ⋃
k≥n+1

Ak

)
≥

n∑
k=1

µ(Ak) ↑
∞∑
k=1

µ(Ak) .

This prove that µ(A) ≥
∑∞

k=1 µ(Ak).

For the converse inequalities, it suffices to consider the cases where A = (a, b] or A = {0}
for otherwise, A is a finite union of such sets and intersecting, we obtain partitions of the
parts into countably many sets. The case A = {0} is trivial.
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In the case where A = (a, b] we find, expanding the sets Ak
⋃
k∈NAk =

⋃
j∈N(aj , bj ] =

(a, b]. Given ε > 0, we pick δ and δj such that F (a+ δ)−F (a) ≤ ε and F (aj + δj)−F (aj) ≤
ε2−j for all j ∈ N: Then

[a+ δ, b] ⊂ (a, b] ⊂
∞⋃
j=1

(aj , bj + δj) .

By compactness, [a + δ, b] is covered by finitely many of the (aj , bj + δj)’s, say [a + δ, b] ⊂⋃N
m=1(ajm , bjm + δjm). For convenience, we relabel jm = m. Moreover, rearranging and

removing unnecessary intervals, we may assume that am+1 > am for m = 1, . . . , N − 1.
We find

µ((a, b]) = F (b)− F (a) ≤ F (b)− F (a+ δ) + ε

≤ F (bN + δN )− F (a+ δ) + ε ≤ F (bn)− F (a1) + 2ε

= F (bn)− F (aN ) +
N−1∑
m=1

[
F (am+1)− F (am)

]
+ 2ε

≤ F (bN )− F (aN ) +
N−1∑
m=1

[
F (bm + δm)− F (am)

]
+ 2ε

≤ F (bN )− F (aN ) +
N−1∑
m=1

[
F (bm)− F (am) + ε2−jm

]
+ 2ε

≤
∞∑
k=1

[
F (bk)− F (ak)

]
+ 3ε = 3ε+

∞∑
k=1

µ((ak, bk]) .

As ε > 0 was arbitrary, the converse inequality is proved. �

Now, let ϕ : [0, T ] → R be of bounded variation. It is well-known, that in this case, ϕ
can be written as the difference of two increasing functions. If ϕ is right-continuous, then
these functions can be chosen to be right-continuous as well.

Thus if ϕ = ϕ1 − ϕ2 is such that ϕ1, ϕ2 are right-continuous, increasing functions, then
there exists unique measures µϕ1 and µϕ2 with µϕj ((a, b]) = ϕj(b) − ϕj(a) and µϕj ({0}) =
ϕj(0).

We now define

µϕ := µϕ1 − µϕ2 .

Then µϕ is a signed measure. Note that it does not depend on the specific decomposition of
ϕ into ϕ1 − ϕ2. Indeed, if ϕ1 − ϕ2 = ψ1 − ψ2 and we put µ̃ϕ := µψ1 − µψ2 then

µϕ((a, b])µϕ1((a, b])− µϕ2((a, b]) = ϕ(b)− ϕ(a) = µψ1((a, b])− µψ2((a, b]) = µ̃ϕ((a, b]) .

Similarly, µϕ({0}) = ϕ(0) = µ̃ϕ({0}). Since µϕ and µ̃ϕ are signed measures, the set of all
A with µϕ(A) = µ̃ϕ(A) is easily seen to be a Dynkin system. As it contains a generator of
B([0, T ]) which is stable under intersections, it is already B([0, T ]), i.e. µϕ = µ̃ϕ. We may
hence define

Definition C.2. Let ϕ be a function of bounded variation which is right-continuous and
µϕ be defined as above. Then we define for f ∈ C([0, T ])∫

A
f(t) dϕ(t) :=

∫
A
f dµϕ

for all A ∈ B([0, T ]). For A = [a, b], (a, b], [b, a) resp. (a, b), we use the notations∫ b

a
f(t) dϕ(t),

∫ b

a+
f(t) dϕ(t),

∫ b−

a
f(t) dϕ(t) resp.

∫ b−

a+
f(t) dϕ(t) .
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Of course, these definitions extend to f ∈ L1([0, T ]; |µϕ|), in particular to bounded, measur-
able functions.

We now establish some properties of Stieltjes integrals:

Proposition C.3. Let ϕ : [0, T ]→ R be right-continuous and of bounded variation and
f ∈ C([0, T ].

(1) If ϕ is continuously differentiable, then∫
A
f(t) dϕ(t) = 1A(0)ϕ(0) +

∫
A
f(t)ϕ′(t) dt

(2) If πn := (0 = t
(n)
1 < t

(n)
2 < · · · < t

(n)
kn

= T ) is a sequence of partitions with |πn| → 0,
then ∫ T

0
f(t) dϕ(t) = lim

n→∞

kn∑
j=1

f(t
(n)
j−1)(ϕ(t

(n)
j )− ϕ(t

(n)
j−1) .

Proof. (1) follows from the uniqueness theorem of measures since µϕ and ϕ(0)δ0 +ϕ′dt
are two measure which agree on a generator of the Borel σ-algebra which is stable under
intersections.

(2) Put

fn(t) :=

kn∑
j=1

f(t
(n)
j )1

[t
(n)
j−1,t

(n)
j )

.

Then fn converges pointwise to f and is bounded by the constant function ‖f‖∞ which is
integrable with respect to |µϕ|. The assertion now follows from the definition of integrals of
simple functions and dominated convergence. �

Next, we prove the integration by parts formula.

Proposition C.4. Let ϕ,ψ be right-continuous functions of bounded variation. Then
for t ∈ [0, T ]

ϕ(t)ψ(t) = ϕ(0)ψ(0) +

∫ t

0
ϕ(s) dψ(s) +

∫ t

0
ψ(s−) dϕ(s) .

Proof. Let µ resp. ν be the singed measures associated with ϕ resp. ψ.
Decomposition [0, t]2 = {(0, 0)} + Lt + Ut, where Lt = {(x, y) : 0 ≤ x < y <≤ t} and

Ut := {(x, y) : 0 ≤ y ≤ x ≤ t}, we find

ϕ(t)ψ(t) = µ⊗ ν([0, t]2) = ϕ(0)ψ(0) + µ⊗ ν(Lt) + µ⊗ ν(Ut) .

As a consequence of Fubini’s theorem

µ⊗ ν(Lt) =

∫ t

0

∫ (s−)

0
dν(r) dµ(s) =

∫ t

0
ψ(s−) dϕ(s)

and

µ⊗ ν(Ut) =

∫ t

0

∫ s

0
dµ(r) dν(s) =

∫ t

0
ϕ(s) dψ(s) .

Assembling, the result is proved. �

Observe that if µ is a positive measure and f ≥ 0 be integrable with respect to µ. Then

t 7→
∫ t

0
f(s) dµ(s)

is a right-continuous, increasing function. Consequently, if ϕ is of bounded variation and f ∈
L1([0, T ], |µϕ|), decomposing f in positive and negative part and writing ϕ as the difference

of two increasing functions, it follows that
∫ t

0 f(s) dµ(s) is a right-continuous function of
bounded variation.
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How does one integrate with respect to this bounded variation function?

Proposition C.5. Let ϕ be a right-continuous function of bounded variation and f ∈
L1([0, T ], |µϕ|). Put ψ(t) :=

∫ t
0 f(s) dϕ(s). Then g ∈ L1([0, T ]; |µψ|) if and only if gf ∈

L1([0, T ], |µϕ|). In this case,∫ t

0
g(s) dψ(s) =

∫ t

0
g(s)f(s) dϕ(s) .

Proof. This follows immediately from the observation that the measure µψ has density
f with respect to µϕ. �



APPENDIX D

Measures on Topolgical Spaces

In this appendix, we review some properties of probability measures defined on the Borel
σ-algebra of a complete, separable metric space. Such a measure is called Borel probability
measure.

As a first result, we show that Borel probability measures are tight, i.e. µ(M) = supµ(K)
where the supremum runs over all compact subsets of M .

Lemma D.1. Let µ be a probability measure on (M,B(M)), where M is a complete,
separable metric space. By K , we denote the collection of all compact subsets of M . Then
µ(M) = supK∈K µ(K).

Proof. It suffices to produce given ε > 0 a compact set K such that µ(M \K) ≤ ε.
Since M is separable, there exists a countable, dense subset {xn : n ∈ N}. We write Bn,k

for the closed ball of radius 1
k centered at xn. Then for every k ∈ N we have M =

⋃
n∈NBn,k.

Consequently, given ε > 0, we find an index mk such that

µ
(
M \

Mk⋃
n=1

Bn,k

)
≤ ε

2k
.

Put K :=
⋂
k∈N

⋃mk
n=1Bn,k. Then K is closed and totally bounded, hence, as M is complete,

K is compact. Moreover, µ(M \K) ≤
∑

k∈N µ(M \
⋃Mk
n=1Bn,k) ≤ ε. �

This gives a first consequence of topological properties of M for the measure-theortic
properties of Borel measures. As a matter of fact, we can use Lemma D.1 to prove that
every probablity measure µ on a complete, separable metric space is regular, i.e. for every
set A ∈ B(M) we have

µ(A) = inf{µ(U) : A ⊂ U , U open } and µ(A) = sup{µ(K) : K ⊂ A , UK compact } .

We prove this next.

Lemma D.2. Let µ be a probability measure on B(M), where M is a complete, separable
metric space. Then µ is regular.

Proof. Let us denote the open sets in M by O and the compact sets by C . We put

G :=
{
A ∈ B(M) : µ(A) = inf

A⊂U,U∈O
µ(U) = inf

K⊂A,K∈C
µ(K)

}
.

Then every closed subset F of M is contained in G . Indeed, given ε > 0 we find by Lemma
D.1 a compact setK with µ(M\K) ≤ ε. Then K̃ := K∩F is a compact set with µ(F\K̃) ≤ ε.
On the other hand, in a metric space every closed set is a Gδ-set, i.e. a countable intersection
of open sets. Continuity of the measure implies that µ(F ) is the infimum of the measures of
the open sets which contain F .

We claim that G is a Dynkin system.
Indeed, M , being closed is obviously a member of G . If A belongs to G , then so does

Ac. To see this, let ε > 0 be given. Then if K ⊂ A is a compact set with µ(K) ≥ µ(A)− ε,
then Kc is an open set containing A with µ(Ac) > µ(Kc) − ε. Similarly, if U is an open
set containing A, with µ(A) > µ(U) − ε, then U c is a closed set contained in Ac with
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µ(U c) > µ(Ac) − ε. Intersecting U c with a suitable compact set, we obtain a compact set
contained in Ac with measure greater thatn µ(Ac)− 2ε.

Finally, let Ak be a sequence of disjoint sets in G . Given ε > 0, pick Uk open with
Ak ⊂ Uk and µ(Ak) > µ(Uk) − ε2−k. Then

⋃
k Uk is an open set containing

⋃
k Ak with

µ(
⋃
k Uk) ≤ µ(

⋃
k Ak) + ε.

For approximation from within, first pick k0 with µ(
⋃
k≥k0 Ak) ≤ ε/2 and then Kj ⊂ Aj

compact with µ(Aj \Kj) ≤ ε(2k0)−1 for j = 1, . . . , k0. Then K := K1∪· · ·∪Kk0 is a compat
set contained in

⋃
k Ak with µ(

⋃
k Ak \K) ≤ ε.

It follows that
⋃
k Ak is an element of G , hence G is a Dynkin system as claimed.

By Dynkins π -λ theorem, G = B(M), proving that µ is regular.
�

Next, we introduce the concept of weak convergence.

Definition D.3. Let µn and µ be probability measures on (M,B(M)). We say that µn
converges weakly to µ if ∫

M
f dµn →

∫
M
f dµ for all f ∈ Cb(M) .

Weak convergence is induced by the so-called weak topology induced on the finite Borel
measures by the bounded continuous functions.1 This topology has a basis sets of the form

Uf1,...,fn;ε(µ) :=
{
ν :
∣∣∣ ∫ fj dµ−

∫
fj dν

∣∣∣ < ε ∀ j = 1, . . . , n
}

where f1, . . . , fn are bounded, continuous functions.
It can be proved that if M is a complete, separable metric space, then the restriction of

this topology to the Borel probability measures, is metrizable through a complete, separable
metric, i.e. in the weak topology, the Borel probability measures on a complete, separable
metric space are a complete separable metric space in their own right.

Important for applications is a characterization of compact subsets of measures (endowed
with the weak topology). By the above results about the metrizability of the weak topology,
a set is compact if and only if it is sequentially compact. We thus state and prove this result
only for sequences.

Definition D.4. Let µn be a sequence of Borel probability measures. This sequence is
called relatively weakly compact if each of its subsequences has a weakly convergent subse-
quence. It is called tight if given ε > 0 there exists a compact subset K of M such that
µn(M \K) ≤ ε for all n ∈ N.

Theorem D.5. (Prokhorov)
Let µn be a sequence of Borel probability measures on a complete, separable metric space

M . Then the sequence µn is relatively weakly compact if and only if it is tight.

Proof. See [1, Theorem 8.6.2]. �

1 If you know something about Banach spaces and their dual spaces, note that this is not the weak
topology in the Banach space sense
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