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PREFACE iii

Preface

The present manuscript contains the notes for a lecture given at the University of Ulm
in the summer term 2012. It was my goal to give an overview of existence and uniqueness
results for stochastic differential equations. Moreover, I wanted to give a presentation of the
results which is more or less self-contained, thus I wanted to avoid merely quoting results,
even if the results are somewhat technical.

As prerequisites, I assumed basic knowledge from measure theory, probability theory and
functional analysis, as well as some familarity with ordinary differential equations. Some
more advanced results are recalled and (with the exception of Prokhorov’s theorem) also
proved in the Appendices.

In the preparation of this manuscript I used the following monographs which I also
recommend for further reading;:

The book by Kallenberg [4] gives an overview of all of probability and is a source of concise
and elegant proofs. The books of Karatzas and Shreve [5], Oksendal [6] and Revuz and Yor
[7] are standard intruductions to the topic, with the book by @Dksendal maybe being the most
“student-friendly”. The books by Stroock and Varadhan [8] and Ethier Kurtz [2] are more
focussed around the martingale problem, with [8] more focussed on diffusion processes (and
thus partial differential equations) whereas [2] also treats more general Markov processes
(which not necessarily continuous paths).

The current manuscript is a preliminary version. It might be changed during the semes-
ter. If you find any mistakes, please let me know.

M.K.
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CHAPTER 1

A First Glance at Stochastic Integration

1.1. Brownian Motion

DEFINITION 1.1.1. Let (2,3, P) be a probability space, I C R. A stochastic process is a
family (X ())wer of random variables X (¢) : 2 — R.

DEFINITION 1.1.2. Let (£2,%,P) be a probability space. A Brownian motion or Wiener
process is a stochastic process (W(t));>o such that
(1) W(0) = 0 almost surely.
(2) W(t+ s)— W(t) is independent of o(W(r) : 0 < r <t) for all ¢,s > 0.
(3) W(t+ s) — W (t) has distribution .47(0, s), Gaussian distribution with mean 0 and
variance s.
Given a filtration ' = (%)>0, i.e. a family of sub o-algebras % with .#; C % for t > s,
we will say that a process (W(t)):>0 is an F-Brownian motion, if it is adapted, i.e. W (t) is
Z measurable and (1), (2’) and (3) hold, where
(2") W(t) — W(s) is independent of Z for all 0 <t < s.

REMARK 1.1.3. A Brownian motion (W (#));>0 is an F"-Brownian motion where F" is
the o-algebra generated by (W (t))i>0, i.e. F# = oa(W(s):s <t).

To construct Brownian motion, we make use of so-called isonormal Gaussian processes.
DEFINITION 1.1.4. Let (2,3, P) be a probability space, H be a Hilbert space. An H-

isonormal Gaussian process is a map # : H — L*(Q, X, P) such that

(1) #(h) is a (centered) Gaussian random variable for all h € H, i.e. for some ¢ € [0, 00)
we have @y () (t) := Ecit” (M) = ¢=31° | Thus, # (h) is either constantly zero (¢ = 0)
or has distribution .47(0,¢q) (¢ > 0).

(2) (hl ‘ hQ)H = (W(hl) ‘ W(hg))Lg(Q) for all hy,hy € H.

REMARK 1.1.5. If X is centered Gaussian with px = e_%t2, then

442 942

Py(t) = —qte 3" Pr(t) = (—g+gt)e !
3 _ 442 4 _ 942
P () = (3% — Pt)e ! Pt = (3¢2 — 6g% + gth)eH!

Hence, for the first and third moment of X we have EX = iy, (0) =0 = iggog?) (0) = EX3,
for the second moment we obtain EX? = i2¢%(0) = ¢ and for the forth moment EX* =

i (0) = 3¢

LEMMA 1.1.6. Let (2,3, P) be a probability space, H be a Hilbert space and # : H —
L2(, %, P) be an H-isonormal Gaussian process. Then ¥ is linear.

PRrOOF. For a, 8 € R and hi, he € H we have
17 (ahy + Bha) — o/ (ha) + BH (ho)[32() = 0
which proves that # is linear. O
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PROPOSITION 1.1.7. Let H be a separable Hilbert space, (2,%,P) be a probability space
on which a sequence of independent standard Gaussian random variables (n)new s defined

(e-9- (ITken R Qrew BR), Qren¥) with i ((2n)new) = ).
Then there exists an H-isonormal Gaussian process W : H — L*(2).

PROOF. Let (e,)nenw be an orthonormal basis of H and define

= Z'yn(h\en).

nelN
Then # is an H-isonormal Gaussian process.

Indeed, by independence, Zivzl vk (h|ek) is a Gaussian random variable with variance
SN (B ] ex)|? for every N € IN. Upon N — oo, we see that # (h) is Gaussian with variance
e [(h]er)? = (A7 U

THEOREM 1.1.8. There exists a Brownian motion.

PROOF. Let # be an L?([0, 00))-isonormal Gaussian process and put W (t) := #/ (1))
Then [[W(0)(lz2(0) = 10/ £2(j0,00)) = 0, hence W (0) = 0 almost surely. Given 0 < t; <
ty <---tp =t <t+s, observe that the vectors L, 4,y,. .., Lz, ¢,)s Ljt,¢45) are orthogonal
in L*([0,00)). Since # is isometric, W (t2) — W(t1) = # (Ly, 1)), - - W(tn) — W(tn-1) =
W (L, o t0))s W(t+5) =W (t) = # (1} 44s)) are orthogonal in L*(Q); since the latter random
variables are jointly Gaussian, they are independent. Since o(W(r): 0 <r <t)=o(W(r)—
Wi(q):0<gq<r<t),it follows that W(t+s) —W(s) is independent of o(W (r) : 0 < r < t).
Finally, W (t + s) — W (t) is Gaussian with mean 0 and covariance [|1j ;4 [lr2(j0,00)) = 8- U
In Appendix[A] we prove that every Brownian motion (W (t));>0 has a continuous version,
i.e. there exists a family W (t) : Q@ — R of random variables such that
(1) t— W(t,w) is continuous for all w € Q.
(2) P(W(t)=W(t)) =1 for all t > 0.
Note that (W (t))i>o is also a Brownian motion. Indeed, (1) and (3) are clear since
W(0) = W(0) and W(t+s) —W(s) = W(t+s) — W(s) almost surely for all ¢, s > 0. As for
(2), note that if t; <ty <---t, =t <t+ s, then

(W(t+s)—W(t),W(t,) — W(th-1),...,W(t2) — W(t1))
= (W(t+s)— W), W(ty) = W(tn_1),...,W(t2) — W(t1))

almost surely. Hence these vectors are identically distributed. Now (2) follows as in the
proof of Theorem [I.1.8] From now on, we will always use Brownian motions with continuous
paths.

1.2. The Wiener Integral

DEFINITION 1.2.1. Let # be an L*(]0, 00))-isonormal Gaussian process and (W (¢))¢>0
be the Brownian motion constructed from this isonormal process as in the proof of Theorem

For ¢ € L?([0,00)), the Wiener integral of ¢ is defined as
/¢@mw:ww.

For t > 0, we define [ ¢(s)d = [o7 ()L 1) (s) dW (s).

REMARK 1.2.2. Let ¢t > 0 and 0 =ty < t; < --- < t, =t be a partition of [0,¢]. If
¢ =2 j=1 kL, 1), then

[ otsrawts) = (Z%MMQ:i%wMMk Z% W(ti).

k=1
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DEFINITION 1.2.3. (Stochastic differential equations with additive noise)
Let f : R — R be measurable and bounded on bounded subsets of R and ¢ > 0. A
solution of the stochastic differential equation

dX(t) = f(X(8)dt + odW(2)
(SDE){ X(0) = o

is a stochastic process (X (t));>0 with continuous paths such that for all ¢ > 0

—$0+/ f(X ds+/tJdW(s)

almost surely.

REMARK 1.2.4. Note that the deterministic integral above is well-defined pathwise. In-
deed, X has continuous paths, hence f(X(+)) is a bounded, measurable function on [0, ] for
all ¢ > 0. Also note that fg odW (s) = cW(t), hence X is a solution whenever almost surely

X(t) =20+ fg f(X(s))ds+ oW (t) for all t > 0. We have chosen the above notation to be
consistent with more general equations appearing later on.

It is a natural question, how to construct solutions to stochastic differential equations.

THEOREM 1.2.5. Let f be Lipschitz continuous and o > 0. Then there exists a unique
solution of (SDE).

PRrROOF. Fix T > 0. For w € Q, define ® = &(w) : C([0,T]) — C([0,T]) by

[@(u)](t) := zo +/ f(u(s))ds +oW(t,w).

Here, as always in what follows, we have assumed that W has continuous paths. A standard
application of Banach’s fixed point theorem yields that if f is Lipschitz continuous, ®(w)
has a unique fixed point X7 (w) € C([0,T]). We put X7 (t,w) := [XT(w)](t).

Note that X7 : Q — C’([O T]) is measurable. Indeed, as ¥ : C([0,7]) — C(]0,T)),
defined by [Pu](t) = zo + fo (s))ds is continuous, it is measurable. Hence with Y also
OY)=9(Y)+Wis measurable It follows that all iterates ®"(Y), hence also their limit
X7 is measurable.

We now put X (¢) := X7 (t) for some T > t. This is well-defined by uniqueness. Obvi-
ously, we have

—xo—i-/f ))ds + o B(t)
for all t > 0 and w € Q. O

EXAMPLE 1.2.6. (Ornstein-Uhlenbeck process)
Let a € R and o > 0. Then, for every xyp € R, there exists a unique solution of the
stochastic differential equation

dX(t) = aX(s)dt +odW (1)
(SDE){ X0 — o

This follows directly from Theorem noting that f(¢) := at is Lipschitz continuous. The
solutions of this equation are called Ornstein-Uhlenbeck processes.

With the help of the fixed point iteration, we can approximate the solution X:
Let us start with X¢ := zo + oW (¢). Then

t t
X1(t) = zo + / axo + acW(s)ds + oW (t) = zo + azxot + / acW(s)ds + oW (t).
0 0
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With Fubini’s theorem, we obtain

t s
Xo(t) = zo + / {a:co +a*xs + aoW(s) + / a’oW(r) dr] ds +oW(t)
0 0

2 kuk t 1 k+1 k
a”t a t—s
= E —x +/ g U(k!)W(S) ds + oW (t).

Inductively,

n ak:tk tn—1 ak+1(t o S)k
X,(t) = o /0 > o W(s)ds + oW (1).
k=0 k=0

As n — oo, this converges to

t
X (t) = eMxg + / ace W (s)ds + oW (t).
0

Let us compare the situation with ordinary differential equations. We consider the ODE
u'(t) = au(t) + f(t). Writing u/(t) = dlégt) and multiplying with dt, we could equivalently
have written

du(t) = au(t)dt + f(t)dt
Then the solution of the inhomogeneous problem is obtained from the solution of the homo-
geneous problem via the variation of constants formula

t
u(t) = e —|—/ e t=5) f(s) ds .
0

Using f(t) = advgt(t) as inhomogenity and boldly using integration by parts, we indeed obtain

¢ ¢
X(t) =e"Xo+ / oe® W (s) ds = e Xy + / cae®W (s) ds + oW (t) .
0 0

We may wonder, whether we have a corresponding formula involving the Wiener integral,
ie.

t
X (t) = ey —|—/ oe®t=3) qW (s)
0
This is indeed the case and follows from

LEMMA 1.2.7. (Integration by parts)
For ¢ € C'([0,T)), we have, almost surely,

[ o oW ()~ [ o(s)aw e

PROOF. Let m, := (0 = t(n) < tg < t,(:l) = T) be a sequence of partitions of [0, 7]
such that the mesh size |7,| := max{]t(.") - tyi)l\ : 1 <75 <ky}— 0. We define

Z¢ ] 1 [t(’ﬂ) t(’ﬂ))

j—1
Then ¢,, — ¢ in L?((0,T)) and hence, by continuity of #,
(1.1) / bn(s) AW (s) — / o(s)dW(s) in L*(Q).

On the other hand, by Abel partial summation, noting that W (0) = 0, we obtain

/<z>n ) (s ZM” W) — we)))
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kn
= SMW(t)+ > [o(t™) — ot w (™)
j=1
kn
= HTW(T)+ Y ¢ W) ()
j=1
kn
= W)+ ¢/ W)@ — 1)
j=1

T

—i—/ pn(t,w)dt.
0

”)].

Here, we have used the mean value theorem, so Ej(-n) is a suitable element of [tgi)l,tg- ;

moreover,
kn

pults) = > [9(5") = S ENWE )Ly o)

j=1 a

Noting that |p,(t, w)| < 2[|¢/||cc||W (-, w)|loo and that p,(t,w) — 0 as n — oo, which is easy
to see using that ¢’ is uniformly continuous on the compact set [0, 7] and that |t§.n) — 5](")] <

|| — 0 as n — oo for all j, it follows from dominated convergence that fOT pn(t,w)dt — 0
as n — oo for (almost) all w.
Moreover,

kn T
S g (EWE )@ — ) /0 /(W (1) dt
j=1
almost surely, as the former are Riemannian sums of the latter integral. Altogether, we have

T T
/ bu(3) AW (5) = B(TYW(t) — / & (W (1) dt
0 0

almost surely. Passing to a subsequence in (|1.1) which converges almost surely we see that
indeed

T T
/ & ()W (s) ds = S(TYW(T) — / o(s) AW (s)
0 0

almost surely. O

1.3. Ito’s Integral
Question: How can we extend the stochastic integral so that we can
integrate random processes ¢ : [0,00) x  — R with respect to (W (t))¢>0?

The naive approach to work pathwise, i.e. to define the integral w by w does not work
since Brownian motion does not have finite variation (as we will see in Lemma [2.2.2). The
basic idea behind It&’s integral is to look back to Remark

When given a stochastic process of the form

P(t,w) = Z Me(@) Lty ) (1)
k=1

where 0 = tg < t; < --- < t, =T is a partition of some finite interval and n : @ — R is a
random variable for all 1 < k < n, it is rather natural to define

T n
(1.2) /0 B(5) AW () = > i - [W(te) — W (k)]
k=1
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In a way, what allowed us to extend Wiener’s integral beyond step functions was the isom-
etry |[# (h)|lr2@) = [Ihllr2(0,00))- Hence, if we had a similar isometry here, we could also
extend the above definition beyond stepprocesses. It depends on the measurability of the
N,’s whether or not we have such an isometry. Before proceeding, let us give an economic in-
terpretation of the preliminary It6-Integral defined above. This will also give some intuition
about the measurability we will require.

Suppose that W(t) gives the (random) value of an asset at time ¢, which we also allow
to be negative. Assuming we hold 7 (w) of this asset over the interval [t;_1,%x), then we
pay ni(w)W (tg_1,w) at time tx_1 to buy and get ng(w)W (tx,w) at time ¢, when selling the
asset. Thus, if ¢(t,w) = > 7 Me(w) L, | 4,) s a plan of holding the asset in question (i.e.,
and investment plan), then

= an(w)(W(tk) — W(tg-1))
k=1

is our total gain/loss over the time period [0, ¢,] when following this investment plan.

We note that the investment plan ¢ may well depend on w, e.g. it may incorporate rules
such as buying at time f; an amount of the asset depending on the value of that asset at
time tr; however, it makes no sense economically to allow the amount to be dependent on
the value of the asset at a future time such as t;41, as we cannot look into the future.

We will again denote the filtration generated by the Brownian motion (W (t));>0 by
w _ ( {g-W)
t Jt>0-

THEOREM 1.3.1. Let 0 = tg < t; < -+ < t, = T be a partition of [0,T] and n €
LY, Py, P) for 1 <k <n. For = Yp_ Ly, 4, we define [; o(t) dW (t) by (T2).

Then
ELAT¢@>ﬂvaﬂ2=H;ATwun2w.

PROOF. Let us start with some preliminary observations. If n € L'(Q,.#/V,P), then for
all s > 0 we have

E[n[W (t+5)~ W (O] = E[ERW (t+s)—~W(0)]27"]] = E[EW (t+5)— W ()] = sEn.

Here, we have used the ﬁtW—measurability of 77 and the independence of W(t+s)—Wi(t)
from .7}V which yields that E[[W (¢t + s) | FNV ] =BEW(t+s) - W(t)? =s.
Similarly, for s; < t1 < s9 < t3 and .%, —rneasurable 7, we obtaln

mmwm—wemwewwwm:Emwwm—wmmwewwwm@m]
— E[n(W (1) — W(s10))E[W (ts) — W(s2)]] =0.

Using these two facts, we obtain for ¢ = >} meLy, | +,), where 7 is #)Y -measurable
E’/OTgb(t)dW(t)‘Q = (an W (t— 1)))2
- Ezhk Wt 1))’
+2EZ Z i (W (t) — W (te—1)) (W (t;) — W(t;-1))

k=1j=k+1

n
= B> nitk —th) +0
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T
- E / ()2 dt

By Theorem the integral defined by gives a partial isometry between a sub-
space of L2(Q2x [0,00), P®\), namely that of “predictable step processes”, and a subspace of
L?(2,P). Hence it can be uniquely extended to the closure of that space. This extension is
exactly the [to integral. We do not go into details here, since we will do this construction in

more generality in Chapter 3. Instead, let us use this extension to compute fOT W (t)dW(t).

0

ExaMPLE 1.3.2. Fix T' > 0. For n € IN, put

o =3 (E
k=1

Then ¢, is an adapted step process. Since W has continuous paths, ¢, — W pointwise
P ® A-a.e. on © x [0,T]. Moreover, |¢,(t,w)| < supg<i<r |[W(t)]. We will see in Corollary
that the latter is square integrable. Hence, by dominated convergence and the above,

/W £)dW(t) = lim ¢n() W (t).

n—oo

Let us abbreviate Wy, ,, := W(’%T) Noting that
Wen =Wt =Win = Wi10)? + 2Wi10(Wiin — Wi—1,0)

we obtain
T n
/ Gn(t)dW(t) = Wi—1,0 Wk — Wi—1n)
0 k=1
1 n—1 1 n—1
= 5 (ng,n - ngfl,n) - 5 (Wk n kal,n)
k=0 k=0
1 n—1
= 92 (ng W()2n) Z(Wk‘ﬂ’b - Wk—l,n)
k=0
1 1
—W(T)? - =T
— 2W( ) 5
in L2(Q), since Y7 (Wi —Wi—1,)? = T in L*(Q) which follows from Lemma below.
Hence,

/T 1 , 1
W(t)dW (t) = SW(T)* = ST
0

LEMMA 1.33. Let T >0 and m:= (0 =ty <t < --- < t, =T) be a partition of [0,T].
Let us put

n
VEW;m, T) =Y W (ty) — W(tp—1)|”
k=1
Then B|V2(W;n,T) — T|*> < 2T|x|. In particular, if 7, is a sequence of partitions with
|Tn| — 0 as n — oo, then VE(W;m,, T) — T in L*(Q).
PROOF. Let us put Dy := W (t) — W (tx—1) and Xy = D? — (t; — tg—1). Then we have
VEW;m,T) —T =Y7_, X). Consequently,

E|V2(W;n,T)—T|* = EZXk+2]EZ Z XX fEZXk

k=1 j=k+1



8

1. A FIRST GLANCE AT STOCHASTIC INTEGRATION

since E(X}X;) = 0 for k # j since X}, and X are independent random variables with mean

0.

Now note that

EX? = E[D} — 2Di(t, — ti—1) + (tr — tp—1)?]
=3tk — the1)® = 20tk — tp—1)” + (te — tr—1)® = 2ty — tp—1)?

since Dy, being Gaussian with Variance t; —tp_1 =: Ug, satisfies ED,% = 30,%. Consequently,

(1)

n
EV2(W;m,T) = T]” =2 (ty — tx—1)* < 2|7 Z ty — tp_1) = 27| . O
k=1 k=1

1.4. Exercises

A Gaussian process is a stochastic process (X (t)):>0 such that for every choice of
points ¢y, ..., t, in [0,00) the random vector (X (¢1),..., X (t,)) is Gaussian, i.e. for
all & € R™ the random variable >}, a; X (tx) is Gaussian.

Clearly, if (hy);>0 is a collection of functions in L?([0,00)), then X (t) = # (h;)
is a Gaussian process, as #  is linear. In particular, Brownian motion is a Gaussian
process.

The covariance function of a Gaussian process is the function C' : [0,00) — R,
given by C(s,t) = E[X (¢)X(s)].

Show that a Gaussian process is a Brownian motion if and only if its covariance

function is s A t. Conclude that if (W (t))¢>0 is a Brownian motion, then B(t) :=
tW(t™1) for t > 0 and B(0) = 0 is a Brownian motion.
Let us look again at Example We have proved existence and uniqueness of
solutions to the Ornstein-Uhlenbeck equation. By slightly changing the setting, we
can also allow initial datums xg which are random variables in their own right: if ¢
is a g-algebra independent of .%; for all ¢ > 0, then I, defined by .%; = (4 U.%#}V)
is a o-algebra and (W (t))¢>0 is an F-Brownian motion. Now basically the same
proof shows that for .%#y-measurable initial datums g the unique solution of the
Ornstein Uhlenbeck equation is given by X (t) = e%xq + f(f oet=5) W (s).

Suppose that zg has normal distribution with mean 0 and variance q. Determine
the law of X (¢) and try to find a ¢ such that all random variables X (t) have the
same distribution. Such a distribution is called stationary.

In Example we have seen that [ W (s)dW (s) = $W(t)? — 1t. One should
1,2

compare this with the formula fg xdx = 5t° or, for those familiar with Stieltjes

integrals, with the formula fo t)dg(t) = 3g(t)? for a function g of bounded vari-
ation with g(0) = 0. In the formula for the stochastic integral, we obtain the It6
correction term %t. This is due to the fact that Brownian motion has unbounded
variation.

Let us try a different approximation of the stochastic integral fOT W (t)dW (t).
Namely, for a given parameter 6 € [0,1] and a partition 7 = (0 =tp < t; < --- <
t, =T), we use

n
¢0 =" [(1 = )W (t—1) + OW ()] Lty _, 1)
k=1

as an approximation for W. We could then define

=Y (=)W (tr1) + OW (t)] (W (tx) — W (tr—1))
k=1
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as an approximation for the stochastic integral. Here § = 0 corresponds to the
approximation in Ito’s integral, 8 = 1 leads to the so-called backward Ité integral
and 0 = % to the Stratonovich integral.
Show that for as |w| — 0 we have Iy — $W(T)? + (6 — )T
(4) Give an example of a step function ¢ = 7' | axly, | ;) which is not adapted, i.e.
even though all aj, are square integrable, not all a; are .%;, |-measurable, such that
T
0

B > aw: (W) - Wit 2B [ loto)Pde.






CHAPTER 2

Continuous Local Martingales

2.1. Martingales: Basic results

Throughout, we are given a filtered probability space (2,3, F,P), i.e. F' = (%)er is
a filtration on the probability space (€2,%,P). Here I C R U {oo} is a directed set. We
are mainly interested in the cases I = IN (discrete time), I = [0,00) (continuous time) and
I =[0,T] (continuous time with finite time horizon T'). A filtered probability space is also
called a stochastic basis.

A stochastic process (X (t))ier is called adapted to T, if X(t) is .F-measurable for all
t € I. The smallest filtration with this property is given by %X = o(X, : r < t) is called
the filtration generated by the process (X (t))es, cf. the filtration F" from the previous
chapter.

DEFINITION 2.1.1. A martingale, more precisely, an IF-martingale, is an adapted process
(X (t))ter of integrable random variables such that for all ¢,s € I with s <t we have

E[X(t)|%s]) = X(s) P-a.s.

If for such t and s we merely have E[X (t)|.%s] > X (s) almost surely, then (X (¢));cr is called
a submartingale.

ExXAMPLE 2.1.2. Brownian motion is a martingale with respect to its natural filtration
FW. Indeed, since W(t) = W(t) — W(s) + W(s) where W(t) — W(s) has mean 0 and is
independent of .FY and W (s) is .#V-measurable, we obtain E[W (¢)|.ZYV] = W(s) for all
s < t. Similarly, an F-Brownian motion is an F-martingale.

LEMMA 2.1.3. Let (X (t))ier be a martingale and ¢ : R — R be convex. Then (¢(X(t)))ter
is a submartingale. In particular, (X (t)%)ie; and (| X (t)|)ier are submartingales. If ¢ is con-
vex and non increasing, then also for submartingales (X (t))ier the process (o(X (t)))ier is a
submartingale.

PROOF. We have E[p(X (t))|%] > ¢(E[X (t)|.%,]) = ¢(X(s)) almost surely, by Jensen’s
inequality for conditional expectation. For the addendum, note that if (X (¢)):es is merely a
submartingale but ¢ is non increasing, then ¢ (E[X (t)|.%]) > ¢(X(s)) almost surely. O

A stopping time, more precisely, an IF-stopping time, is a a map 7 : 2 — [ such that
{r<t}y=1"1 ({s ecl:s< t}) € Z;. Every stopping time 7 induces a o-algebra %, via
Fr={AeX: An{r <t} e %, Vtel}.
We collect some basic properties of stopping times, omitting the easy proofs which may

be found in every probability book containing a chapter on martingales. In order to get used
to the concept of stopping times, we suggest the reader to prove the results themselves.

LEMMA 2.1.4. Let 7,0 be stopping times. Then

(1) 7 Ao and TV o are stopping times.

(2) 7 is Fr-measurable.

(3) if I is countable and (X (t))ier is adapted, then X (1) is F--measurable.

(4) Fr = F on {T =t} for allt € I, i.e. the induced o-algebras on the set {T = t}
agree.

11
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(5) FoN{o <7} C Fopr = Fo N Fr.
(6) if o <71 then F, C F;.

We now proceed to important results for martingales, including optional sampling and
Doob’s maximal inequality. As is typical, such results are proved first for finite index sets I
and then extended via approximation. We do not strike for greatest possible generality and
only establish results in the extend needed in what follows.

THEOREM 2.1.5. (Optional sampling)
Let I be a finite set, (X (t))ter be a submartingale and 7,0 be stopping times. Then

E[X(7)| %] > X(T AN o).
If (X (t))ier is even a martingale then the inequality above is in fact an equality.

PRrROOF. We assume that I = {ty,...,t,}, where t; < --- < t,. We have to prove that

/AX(T)dIE’z/AX(T/\a)d]P

for all A € %#,. Writing A as disjoint union of AN {0 = 1}, it suffices to prove

X(T)dIPZ/ X(T/\U)dIP:/ X (1 Nty)dP
An{o=ty} An{o=ty} An{o=ty}

Since %, and %, agree on {0 = t}, this is equivalent with
(2.1) E[X (7)., > X (7 Aty).
Observing that

E[X (T Aty)|Ft, ]

(X () sty 3+ X (T A1) 1<ty 3| P
(X ()Pt | Vst + X (T A te—1) Lty
X(tk_l):ﬂ.{7—>tkil} +X(TA tk—l)]l{ﬂ—gtk,l} =X (T Atg—1)

E
E

v

(2.1) follows inductively, starting with k = n, observing that 7 A t,, = 7.
In the case of martingales, observe that all inequalities are in fact equalities. O

Actually, a weaker statement than in Theorem characterizes martingales.

PROPOSITION 2.1.6. Let I be an arbitrary index set with minimal element O and (X (t))ier
be an adapted process with E|X (t)| < oo for allt € I. Then X is a martingale if and only if
EX (1) = EX(0) for all stopping times T that take at most two values.

PrOOF. For s,t € I with s <t and A € F,, put 7 = sl g + t1 4. Then 7 is a stopping
time. Thus, by hypothesis

EX(0) = EX(7) = EX(s)14 + EX(t)1 4

On the other hand, ¢ is a stopping time whence E(0) = EX(t) = EX(t)14 + EX ()1 4.
Subtracting both equations, it follows that E(X (¢) — X (s))14 = 0. As A € %, was arbitrary,
E[X(t)|.%#s] = X(s). The converse follows from Theorem noting that (X (¢))ier is a

martingale if and only if (X (¢)),.; is a martingale for all I C I with at most two elements. [J

LEMMA 2.1.7. Let I be finite and (X(t))ier be an adapted submartingale and T € I.
Then, for every r > 0, we have

P(sup X(t) >r) < rl/ X(T)dP <+ 'EB[XH(T)].
t<T {sups<r X (t)>r}
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PROOF. Define the stopping time ¢ := min{t < T : X(t) > r} where min) := T.
Moreover, let A = {max;<7 X (t) > r}. Since {c =t} N A ={X(s) <r:Vs<t}N{X(t) >
r} € % by adaptedness we easily obtain that A € .%,

Since X (o) > r on A we obtain, using Theorem [2.1.5 u 5 with 7 =T, that

/X dIP</ [X(T)L%,]d]?:/X(T)d]Pg/X*(T)d]Pg]EXJF(T)
A A

which is equivalent with the assertion. O
We now easily obtain Doob’s maximal inequality.

THEOREM 2.1.8. (Doob’s mazimal inequality)
Let I be countable and let (X (t))ier be a martingale. Put X*(t) := supy<; | X (t)|. Then,

for p,q > 1 with % + % =1, we have || X*(t)|lp, < ql|X(t)||p, for allt € I.

PROOF. Let us first assume that I is finite.
Since (X (t))ter is a martingale, (| X (¢)|)tes is a submartingale by Lemma [2.1.3] Thus,
by Lemma
FP(X* () > 1) < / X (t)| dP
{X=(@)>r}
for all t € I.
Consequently, using Fubini’s theorem and the Holder inequality,

IX*@®E = p / TP > )L

< / / (t)| dP rP=2 dr
{X*(t) >'r}
_ /|X / =2 dr P

= HE(‘X( X))

IN

2%IIX(t)lelX*(t)”_lHq =l XOlLIX* O

This implies that | X* ()], < ¢[| X (#)]/,-

In the case where I is infinite, we write I = |J I,,, where I, is a finite index set, increasing
in n. If we put X;;(t) := sups<; ¢y, |X(s)| then X7 (t) T X*(t), almost surely. Moreover,
1X:))p, < gl X(t)]|, for all n € IN by the above. By monotone convergence, || X*(t)|, <
I X @)lp- O

Doob’s maximal inequality generalizes to continuous time martingales with regular paths.
Note that this in particular yields the square-integrability of supy<,<; |[IW(s)| needed in Ex-

ample

COROLLARY 2.1.9. Let (Q,X,IF,P) be a filtered probability space where F = (%)i>0.
Moreover, let (X(t))i>0 be a martingale with right-continuous paths and define X*(t) =
supgs< | X (t)[. Then, for p,q > 1 with %-i—é =1, we have || X*(t)||, < q|| X #)||p, for allt € I.

Moreover, we have P(X* > r) < r'EX(¢)*

PROOF. Since supp<,<; | X (s)| = supscpong [ X ()], the first assertion follows immedi-
ately from Theorem For the second assertion, write {t} UQN[0,t] = | I,,, where I,, is
an increasing sequence of finite sets. Then {supr € I,, > r} 1 {X*(¢) > r}. Thus the second
assertion follows from Lemma 2.1.7 O

We now also extend the optional sampling theorem to show that a stopped continuous
time martingale is again a martingale. Let us start with a lemma.
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LEMMA 2.1.10. Let F = (% )ier, where I C [0,00) be a filtration on the probability space
(Q,%,P) and let 7 be an I stopping time. Then there exists a sequence T, of F stopping
times which take only countably many values and decreases to 7.

ProoF. Put i
= D o lisni s b
kelN
Then clearly, 7,, takes only countably many values and decreases to 7. Moreover, 7, is a
stopping time, since

since {7 < £} =, {7 <& — L1} where {r < £ — L1 e 7, C Z. O

PROPOSITION 2.1.11. Let (X (t))icr, where I is an interval in [0,00) be a continuous
martingale on the filtered probability space (0, %, T, P) and 7 be an F-stopping time. Then
X7 := (X (7 At))er is a martingale.

PROOF. Let us first prove that X (7 A t) is #-measurable, i.e. the stopped process is
again adapted.

To that end, first note that for every ¢ € I, the map (s,w) — X (t,w) is A([0,t]) ® F-
measurable (one says that X is progressively measurable). Indeed, for every n € IN the map

(s,w) = > 1y X(M,W)ﬂ[(k—l)t ﬁ)(s) + X(t,w) 1 (s) has the claimed measurability by

n
adaptedness and they converge to the map above by continuity of the paths.

Moreover, the map (s,w) — (7(w)As,w) is B([0,t]) ®.%:/A([0, t]) ® F#-measurable, since
7 is a stopping time. Hence also the composition, i.e. (s,w) — X (s A T,w) is B([0,t]) @ F;-
measurable.

Now, let 7, be a sequence of stopping times decreasing to 7 such that 7, only takes
countably many values. Note that the proof of Lemma yields that we can choose
T, such that 7, A r takes only finitely many values, say t1,...,% ). By continuity of the
paths, X (¢t A 7,) converges to X (t) for all ¢t € I. Fix t,s € I with ¢t > s and put I, :=
{t, 8} @] {tl, e 7tk(t)}-

Applying Theorem [2.1.5|with I = I,,, 7 =t A7, and 0 = s, we obtain E[X (¢t A 7,)|.%,] =
X (s A 71y,). We note that if n — oo, then X (¢t A 7,) = X(¢t A7) for all t € I. Moreover, by
optional sampling, X (t A 7,,) = E(X (¢)|.%,), proving that the random variables X (¢ A 73,)
are equi-integrable. Thus X (¢ A 7,,) converges to X (t A7) in L'(Q2) and the claim follows
upon n — oo. U

In what follows, we will always write X” for the process X (- A 7).
For continuous martingales, Proposition [2.1.11] is most often applied with 7 a certain
hitting time.

EXAMPLE 2.1.12. Let (X (¢))s>0 be an adapted process with continuous paths and C' C R
be closed. Then 7 :=inf{t > 0 : X(¢) € C'} is a stopping time. Indeed, by continuity of the
paths

1
{r<ty=[(] U {dist(X(r),C)< =} e F.
nelN reQnlo,t] "
We end this section by introducing some spaces of martingales.
DEFINITION 2.1.13. Let I = [0,T]. A continuous, square integrable martingale is a
martingale (X (¢))e[o,r) with continuous paths such that supcjo ) E[X () |2 < 0o and X(0) =

0 almost surely. We write My([0,T]; 2, X, F,P) or, if the stochastic basis is understood,
Ms([0,T) for the space of all continuous, square integrable martingales with respect to F.
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A continuous local martingale is an adapted process (X (t)):e[o,r) With continuous paths
such that there exists a sequence of stopping times 7, with 7, T T almost surely such that
X™ is a martingale for all n € IN. Such a sequence is called localizing sequence. We write
Mioe ([0, T]; 2, 3, F, P) or, briefly, Mo ([0, T]) for the space of all continuous local martingales

LEMMA 2.1.14. Let (X (t))icpo,7] be a continuous, adapted process and put oy, = inf{t >

0:|X(t)] > n}. Then X is a local martingale if and only if X is a martingale for all
n € N.

PROOF. As g, T T almost surely by path continuity, it is clear that X is a local martin-
gale if X7~ is a martingale for all n € IN. For the converse, assume that 7, is a sequence of
stopping times with 7, 1 oo almost surely such that X™ is a martingale for all n € IN. By
optional sampling, also X™”\" is a martingale. Note that | X (t AT, Acy,)| < m for all n € IN.
Thus, letting n — oo we infer from dominated convergence that X (- A 0,,) is a martingale
for all m € IN. O

LEMMA 2.1.15. My([0,T]) is a closed, linear subspace of L*(€2; C([0,T])). On M2([0,T]),
the expression || X||? := E|X(T)|* defines an equivalent norm. Moreover, My,.([0,T]) is a
closed, linear subspace of L°(£; C([0,T])).

ProoF. By Corollary with p = ¢ = 2, we have E|X(T)]?> < ]EHXHC (1) =
4E|X(T)]? < oo. Tt follows that Ms([0,T]) C L3(Q;C([0,T])). For 0 < s < ¢t < T and
n € L2(Q), let @540(X) = E[(X(s) — E[X(t)|.Z])n]. Clearly, ¢,y is a bounded linear
functional on L2(92; C([0,T])). Moreover,

Mo([0,T]) = () () kergsin.

nEL?(Q) 0<s<t<T

This proves that My ([0, 7)) is a closed, linear subspace of L?(2; C([0,T])) and that | X (T)|?
defines an equivalent norm on Ms([0,77).

For the second part first observe that if X and Y are continuous local martingales with
localizing sequences 7, resp. o, then aX +3Y is a continuous local martingale with localizing
sequence T, Aoy, as is easy to see. Now let X, be a sequence of continuous local martingales
converging to X in L%(Q,C([0,7])). Passing to a subsequence, we assume that we have
convergence pointwise almost everywhere in C([0,7). Put 7, := inf{t € [0,7] : | X (¢)| > n}
and oy, ), == T, Ainf{t € [0,7] : |Xj(t)| > n+1}. Then X, ™" is a martingale for all n,k € IN.
Moreover, X, ™* — X™ almost surely in C([0,7]). As || X, "*|lcc <n+ 1 for all k € N, we
infer that XZ””“ — X™ in L2(9;C([0,T)])). By the first part, X™ is a martingale for all n,
hence X is a local martingale. O

2.2. Quadratic Variation

DEFINITION 2.2.1. Let ¢ : [0,7] - Rand 7 := (0 =t) < t1 < --- < t, =T) be a
partition of [0,T]. For p € [1,00), we put

Plo,m,T) Z\SD (tr) — o(tk—1)["

The function ¢ is said to be of bounded variation if V (¢, T) := sup, V(p,m,T) < oco.
If Timy 0 V2(p,m,T) exists, we say that o has finite quadratic variation. In this case,
the limit V2(p,T) := limyz 0 V2(p,m, T) is called the quadratic variation.

As is well-known, a function is of bounded variation if and only if it is the difference
of two increasing functions. Moreover, a function of bounded variation is bounded and

[elloo < Nlp(0)]| + V (g, T).
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Functions of bounded variation play an important role in the theory of Riemann-Stieltjes
integrals. Namely, if ¢ is of bounded variation and f is a continuous function, then, given a

sequence of partitions 7, := (0 = t( n) t( n . < tgi) = T') with mesh size converging to
0, the limit
T kn
0 de0) =l 3T - ()]
j=1

exists. As we have already mentioned, it would be tempting to construct stochastic integrals
pathwise as Riemann-Stieltjes integrals. However, this approach does not work as Brownian
motion has almost surely paths of unbounded variation. This is what we prove next.

LEMMA 2.2.2. Let ¢ : [0,T] = R be a continuous function. If ¢ is of bounded variation,
then V2(p,T) = 0.

to < tp < -+ < t, =T) be a partition of [0,7]. We put

PROOF. Let 7 = (0 =
(tk) — ¢(tk—1)|. Then

M(p,m) = SuPi<k<n |
*(o,m,T) Z o(tr) — p(tr-1)[* < M(p,m)V (0, T).

Since ¢ is continuous on the compact interval [0,77], it is uniformly continuous, whence
M(p,7) = 0 as |r| = 0. Thus VZ(p,T) = 0. -

EXAMPLE 2.2.3. It follows from Lemma that, pathwise, (W), := V2(W,t) = t. By
Lemma the paths of Brownian motion are almost surely of unbounded variation.

In fact, only trivial continuous local martingales have bounded variation as Lemma
below shows. Before proceeding, let us make some preliminary observations, which generalize
computations in Example

Let (X (t))iepo,7] be a martingale with X(0) =0 andlet 7 = (0 =to <t1 <--- <t, =1T)
be a partition of [0,7]. Then

(2.2) 37X () = X (te1)]? = X(1)2 = 2> X (e [X (t) — X (tr-1)]
k=1 k=1

which follows by using the equality (a — b)? = a® — b?

canceling out in the telescoping sum which appears.

— 2b(a — b) in every summand and

Moreover,
(2.3) EZ X(ty1)]” = EX(T)?
E> [X(t) - X(tr1)]” - EX(T)? = —QEZX th—1 ) = X(tr-1))
k=1

by the martingale property.

LEMMA 2.2.4. Let (X(t)):ejo,r) be a continuous local martingale with (pathwise) bounded
variation and X (0) =0 a.s. Then X =0 almost surely.
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PROOF. Let V(t) denote the total variation of X on [0,¢]. Then V(¢) is a continuous,
adapted process, whence 7, := inf{t € [0,T] : |V (¢)| > n}, where inf ) := T, is a stopping
time. Moreover by continuity of paths and assumption, Q = (J,en{mn = T} If (X(£))ser
is a continuous local martingale with bounded variation, then X™ is a uniformly bounded,
continuous martingale with uniformly bounded variation. Clearly, if the latter are 0 almost
surely, then so is X.

Hence it suffices to consider continuous martingales X whose total variation is uniformly
bounded, say by M. For t € [0,7], n € N and k = 0,...,n, put X, ; := X(%) By
continuity of the paths,

n

Qn == Z(Xn,k’ - Xn7k—1)2 <M sup |Xn,k’ - Xn,k—1| —0
P 1<k<n

almost surely and in L', as Q,, is bounded by M?2. Moreover, by (2.3), EX(t)? = EQ, — 0
as n — oo. Hence X (t) = 0 a.s. for all t € [0, 7. O

In Example we have seen that fot W(s)dW (s) = §W(t) — 3t. Thus, the quadratic
variation process (w); = t appears in the Itd correction term. As we shall see, this is not by
accident. Our goal in this section is to prove that every continuous local martingale has a
well-defined quadratic variation. We will see later on, that this process plays an important
role in stochastic integration. We will only treat the case of a finite time-horizon. This is
sufficient for our purposes and simplifies the exposition.

We now come to the main result of this section, namely the existence and uniqueness of
the quadratic variation process.

THEOREM 2.2.5. Let X € Moc([0,T]). Then there erxists a unique continuous, adapted
and increasing process ((X)t)ieo,r) such that X2 — (X) is a local martingale. Moreover, if
T = (0 = tén) < tgn) < < t,gz) =T) is a sequence of partitions of [0, T] with |m,| — 0
and m, C Tpt1, then Vi, defined by

kn
Vi (8) = S (X (Y A ) — X(E7) A 1)?
j=1
converges to (X) in L°(; C([0,T))). If X € My([0,T]), then X2 —(X) is even a martingale.
DEFINITION 2.2.6. We call ((X)t);c(0,7) the quadratic variation process of X.

ProOF. Uniqueness: if (A(t))ico,r) and (B(t))ejo,r) are continuous, adapted and in-
creasing processes such that X (t)? — A(t) and X?(t) — B(t) are local martingales, then their
difference, A(t) — B(t) is a continuous local martingale which is of bounded variation, as it
is the difference of two increasing processes. By Lemma A = B almost surely.

FExistence: We proceed in several steps. In Steps 1 and 2 we assume that X is a uniformly
bounded martingale.
Step 1: Given a partition 7 := (0 =ty < t; < ... <t, =T), we define

n

Vat) = ) (X(tp At) = X(tey A1))?
k=1
(2.4) = X(t)?*-2 ZH:X(tk_l AX (te At) — X(th_1 A L))
k=1

where the last equality is (2.2). We claim that if X is a martingale, then V() is a continuous
adapted process such that X (¢)? — V,(¢) is a martingale.
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Continuity and adaptedness of V. is obvious. For the martingale property, we use Propo-
sition and let a stopping time 7 taking at most two values be given. Noting that X (txA7)
is %, -measurable, we obtain

E(X?(1) — Vi (1)) = QEEH:X(tk,l AT (Xt AT) — X(tg—1 AN T))
k=1

=B E[X (o1 AT)(X(tx AT) = X(tiy AT))| T, ]
k=1

= 2B X(tpy ATB[(X(t A7) — X (b1 AT)) | F,] =0,
k=1

since X is a martingale.

Step 2: Construction of (X) for uniformly bounded X.
We pick a sequence m, of partitions with 7, C m,41 and |m,| — 0. By Doob’s maximal
inequality,

E(Vr, = Ve &0y = BIX? = Vi, = (X2 = Ve )2 o.17) < 4EVa, (T) = V;

Tm

(7).

Lemma below shows that V, (T) is a Cauchy sequence in L?(2) whence, by the
above, V;, is a Cauchy sequence in L?(Q;C([0,7])). Thus, V,, converges to some (X)
in L?(Q; C([0,77])). Hence also X2 — V,, — X2 — (X) in L?(£;C([0,T])). By closedness of
Ms([0,T7]), the process X? — (X) is a martingale; in particular, it is adapted whence also
(X) is adapted. We now pass to a subsequence such that V — (X) almost surely.

To see that (X) is increasing, put D = J,c mn. Since |m,| — 0, D is dense in [0, 77].
By continuity of paths it suffices to show (X); > (X)s for t > s with ¢,s € D.

However, for such ¢, s, we find ng such that ¢, s € 7, for all n > ng. Obviously, Vg, (t) >
Vi, (s) for all n > ng hence also (X); > (X)s.

Step 3: Extension to general X € Mj,.([0,7]).

Define the stopping times 7, := inf{t € [0,7] : |X(¢)| > n} (with inf() = T) and
Xn(t) := X (1, A t). By Step 2, there exist unique continuous, increasing adapted processes
(X,,) such that X2 — (X,,) is a martingale.

For n > m, we have X, (t A 7,) = Xu(t). Hence, since X,,(t A 7)% — (X0)r, At and
X2 — (X,,) are martingales, the uniqueness assertion yields (X,) = (X,,) on [0,7,]. As
Q = {7 = T}, we find a continuous, increasing process (X) with (X) = (X,,) on {7, =T}.
Thus (X2 —(X))(tAT,) = X2—(X,,). As the latter are martingales, it follows that X2 — (X)
is a local martingale.

We leave it to the reader to prove the assertion about convergence of V. to (X).

Step 4: We prove the addendum concerning X € My ([0, T7).
Let 7, be as in Step 3. By monotone convergence,

E(X)r = lim E(X),, = lim EX(r,)* > EX(T)2.
n— o0 n—oo

Here, we have used that X (- A 7,)2 — (X)) = X(- A )% — (X).Ar, is a martingale with
expectation 0 in the second equality and Fatou’s lemma in the last inequality. Since X is
a martingale, X2 is a submartingale whence, by optional sampling EX (7,,)? < EX(T)2. It
follows that E(X )7 = EX(T)2. In particular, X2—(X)r is integrable. However, a continuous
local martingale (M (t));c(o,r) such that M (T) is integrable is a continuous martingale, which
follows immediately from Corollary as in the proof of Proposition [2.1.11 O

LEMMA 2.2.7. In the situation of Theorem[2.2.5, if X is uniformly bounded, say by M,
then Vi, (T) is a Cauchy sequence in L*(£2).
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PROOF. We let m > n and denote 71, = (0 = tg < t1 < - < t, = T) and 7, =
(0=s9 < --- < sy =T). Then m, C 7. Let us moreover define X(t) := X (t,_;) for
th—1 <t <tg.

Using , we see that

N
Vi (T) = Vi, (T) =2 [X(s5-1) — X(s55-1)] (X (55) — X (55-1)) -
j=1
Thus,
N ~
E| Vi, (T) = Vi, (T)* = 4B Y (X (55-1) — X (55-1))*(X (55) — X (55-1))%,
7=1

noting that all mixed terms vanish by the martingale property, cf. the proof of .

Next put A(n,m) = supj{\X(Sj_ﬂ—X(Sj—l)’z} and note that A(n,m) — 0asn,m — oo
pointwise almost surely by continuity of the paths. Since |A(n,m)| < 4M?, it follows that
A(n,m) — 0 in L?*(Q). By the Cauchy-Schwarz inequality,

N
BV, (T) = Ve, (T < 1 A(n,m) 12| D (X (s5) = X(s55-1)], -
j=1

Hence, to finish the proof it remains to show that H Z;V:l(X(sj) - X(sj,l))2“2 is uniformly
bounded, independently of n and m.

To that end, for ease of notation, let us write X; := X(s;). Then

N 9 n n N
E(Z(Xj - Xj71)2) =E> (X - X ) 2E) > (X — X;0)A(X; - Xp)?
7j=1 7j=1 j=1ll=j+1
N N N
<S2MPEY (X - X)) 2B (X - X)) B[(X - X)) F
j=1 j=1 l=j+1
N N
=2M°EXY +2B) (X; - X;.1)” Y XP - X2, by
=1 I=j+1
N
= 2M°EX} + 2B ) (X, — X;1) (X} — X7)
j=1
N
<2MPEXR +4MPEY (X; - X;1)°
j=1
= 6M EXY .
Here, we have used that ]EZ;V:l(Xj —X;1)? =EX% =EX(T)% O

2.3. Covariation

We now extend the quadratic variation to products of processes via “polarization”. Note
that if X,Y € Myoc([0,T7]), then both (X +Y)? — (X +Y) and (X —Y)%2— (X —Y) are local
martingales. Thus, so is their difference 4XY — (X +Y) + (X - Y)

DEFINITION 2.3.1. For X, Y € My, ([0,T]), we put

(X,Y) = (X +¥)~ (X V)
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Note that (X,Y") has paths of bounded variation, whence Lemma[2.2.4]shows that (X,Y)
is the unique continuous, adapted process with paths of bounded variation such that XY —
(X,Y) is a local martingale.

We start with a result about stopping covariations.

LEMMA 2.3.2. Let X,Y € M,c([0,T]) and 7 be a stopping time. Then
(X, V)7 =(X",Y") = (X, Y") = (X",Y).

PROOF. Let us first assume that X,Y € Mz ([0, 7).

By assumption, (X,Y’) has paths of bounded variation and XY — (X,Y) is a local
martingale. By optional sampling, X"Y"™ — (X,Y)" is a local martingale. As (X,Y)” has
paths of bounded variation, (X7, Y7) = (X,Y)".

For the second equality (the last is proved similarly) it suffices to show that (X —X7)Y"
is a local martingale, for in this case XY7 — (X,Y)" = XYY" — (X, V)" + (X — X")Y7 is
also a local martingale, whence (X,Y7) = (X,Y)".

To see that (X — X7)Y7" is a martingale, first let 7 take only finitely many values and
let o be a stopping time which takes at most two values. Then

E(X(o) = X" (0)Y"(0)) = E(Y(T No)E[X (o) — X (T A a)|ﬂ}/\g]) =0

since, by optional sampling E[X () — X (T A0)|-Frre] = 0. Thus (X —X7)Y7 is a martingale
by Proposition[2.1.6] By approximation arguments, using that the processes have continuous
paths, it follows that the same is true for arbitrary stopping times 7.

In the general case of local martingales, one simply replaces 7 with 7 A oy, A pp, Wwhere oy,
is a sequence of stopping times such that o, T T almost surely such that X7 € My ([0,7])
and p, is a corresponding sequence for Y. O

The covariation bracket (-,-) shares many properties of an inner product.

LEMMA 2.3.3. For X,Y,Z € Mjo.([0,T]) and o, B € R, we have

(1) (aX + BY, Z) = a(X, Z) + BLY, Z).
(2) <X,Y> = <Y7X>
(3) (X, Y)? < (XNY).

PRrOOF. Clearly, a(X, Z) + B(Y, Z) is an adapted finite variation process. Moreover
(aX +BY)Z —a(X,Z) = B(Y, Z) = a(XZ - (X, Z)) + B(YZ = (Y, Z))

is a local martingale, whence (1). Similarly, one proves (2). As for (3), first note that
(X,X) = 1(2X)(X) > 0 almost surely, as the latter is an increasing process starting a.s. at
0. Hence, for A € R, by (1)

0 < (X +AY) = (X) +2MX,Y) + \4(Y)

almost surely. Fixing versions of these processes, the exceptional set can be chosen indepen-
dently of ¢ and . For ¢ € [0,T] put \; := —(X,Y),(Y); ', provided (Y); > 0. Then, by the
above

X,Y);
0< (X)) — Y0 that s (X,Y)7 < (X0 (V)
(X)e
outside our fixed set of measure zero. If, on the other hand (Y); = 0, picking \; =

—3sgn(X,Y),s, for s > 0, we find [(X,Y),] < s71(X); — 0 as s — oo, whence also in
this case the claim holds. O
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2.4. Exercises

Fill in the gaps in the proofs of Lemma and Theorem that you find
worthwhile to fill.

Besides Brownian motion, there is another “basic” example of a martingale, namely
the compensated Poisson process.

A Poisson process with intensity A > 0 is an adapted, integer-valued process
(N(t))t>0 which has paths which are right continuous with left limits such that
N(0) = 0 almost surely and for 0 < s < t, the random variable N(t) — N(s) is
independent of %5 and has Poisson distribution with mean A(t — s). Recall that
the Poisson distribution with mean \ is the measure e~ Yoo )‘k—Ték.

Show that the compensated Poisson process N (t)— At is a martingale. Moreover,
show that (N (t) — At)2 — Mt is also a martingale. Thus, in a way, Mt is the quadratic
variation of the compensated Poisson process.

Let W(t) be a Wiener process 7 = inf{t > 0: W(t) < —1} and define

WL AT) t<1
X(t)::{_l(lt ) i<t

Then (X (t))+>0 is a continuous (this uses the fact that 7 < co almost surely) process.
Show that it is a local martingale which is not a martingale.

Hint: Use 7, := inf{t : X(¢) > n} An.
A 2-dimensional Brownian motion with covariance matrix Q € R?*?, which is
assumed to by symmetric and positive semidefinite, is a stochastic process W (t) =
(W1 (t), Wa(t)) : Q — RY, defined on a filtered probability space (2, %, TF,P) such
that W(0) = 0 almost surely and, for ¢, s > 0, the increment W (¢ + s) — W(s) is
independent of .%; and is normally distributed with mean (0,0) and covariance sQ.

Given a symmetric, positive semidefinite matrix @), construct a 2-dimensional
Brownian motion with covariance matrix @ and determine (Wy, Wa).

Hint: For the construction, start with two independent Brownian motions and diagonalize Q.






CHAPTER 3

Stochastic Calculus

3.1. The It6 Integral

We now define It6’s integral with general continuous local martingales X as integrators.
We begin with X € My([0,77]) as integrators and adapted step processes ¢ : 2 x [0,7] — R
as integrands. Here an adapted step process ¢ is a process of the form

Z nk ak,bk )

where 0 < a1 <b; <ag <by <---<a, <b, and g, € L*(Q, Z,,,P). We define
(3.1) / d(s)dX (s an (b At) — X (ap At))

and write ¢ o X for the integral process, i.e. (¢ o X); := fo s)dX(s).
THEOREM 3.1.1. Let X € My([0,T]) and ¢ be an adapted step process. Then ¢ o X €
M>([0,T7), its quadratic variation is given by

n

t
(60 X) = /O 6 AX)s = S (X Dpen) — (XDapne)-

k=1

In particular, we have the 1t06 isometry

(3.2) E‘/(ﬁ ) dX (s —]E/ 6(s)]% d

Finally, if Y € Ma([0,T7), then

woxv), = | L sd(X,Y),

PROOF. It is clear that ¢ ¢ X is a continuous, adapted process with (¢ o X)g = 0. To
show that it is a martingale, we use Proposition and let a stopping time 7 taking at
most two values be given. Then

E(poX), =E> ne(X7(bp) =X (ar)) = B> B[ X7 (b) = X7 (ap)| Fa, ] = 0 = E(¢oX)q

k=1

since X, hence X7 is a martingale.

For the second part, since ¢t +— fg |p(s)|? d(X)s is an adapted, increasing, continuous

process, it is enough to show that (¢ o X)? fo lo(s) X)s is a martingale.
To that end, we again consider a stopplng t1me T taklng at most two values and note
that

(90 X)7 Z e (X — X7 (ar)) (X7 (b) — X7 (ar))
ki=1

23
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and

/ |¢ |2 s - an bk/\'r - <X>ak/\7)-

‘We now obtain

n
BooX)2 = BY nd(X7(bh) - X"(ax))?
k=1
as the mixed terms vanish, due to the martingale property.

= EanE[XT(bk)2 - XT(ak)2|ﬁak}
k=1
as E[X7 (bg) X" (ag)|Za,] = XT(ak)2

= ]EZ”]%(<X>bk/\T - <X>ak/\7')

since X? — (X) is a martingale

_ 4 82
- E/O ()2 d(X

Consequently, by Proposition 6 (¢ o X)? fo |p(s)]* d(X)s is a martingale.
The proof of the last assertlon is s1m11ar O

We now extend the stochastic integral to more integrands and to more integrators. First,
let us stick with X € M2([0,7]) and allow more integrands.

To that end, first note that for fixed w, there is a unique Lebesgue-Stieltjes measure
V(X)(w) O [0, T] with v xy(,)(la, b)) = (X)p(w) — (X)a(w). Moreover, using the measurability
properties of the quadratic variation, a monotone class argument shows that w — v x) () (A)
is measurable for all A € #([0,T]). We may thus define a measure pxy on (2 x [0,7],X ®

2((0,T])) by .
= / / ILA(w, t) dV(X)(w) (t) dIP(w)
QJo

Note that p xy is not a probability measure! For an adapted step process ¢, we have
fo[o,T} |01 dpxy = EfOT [¢(t)]? d(X)¢. We denote by L x (€2 x [0,T1]) the closure of the
adapted step processes in L?(Q2 x [0, T, tx))- We can now extend the It6 integral uniquely
to L%F,X(Q x [0,T7).

Given ¢ € L%F’ (2% [0,T7]) there is a sequence ¢, of adapted step processes such that
bn — ¢ in L2(Q x [0, T, pxy)- By Doob’s maximal inequality and the Ito isometry

El¢n o X — ¢m <>‘X”ZC([O,T]) < AE|(¢n 0 X)1r — (¢ <>*X)T‘2 < 4f|¢p — ¢mHL2(Q><[O,T],u<X>) —0

as n,m — oo. Thus, ¢, ¢ X is a Cauchy sequence in Mz ([0, T]). Its limit does not depend on

the approximating sequence ¢;,. Indeed, if <z~5n is another sequence of adapted step processes
with ¢, — ¢ in L*(Q x [0, T, p1(x)), then

Ellgn o X — éno X017 < 4ldn — &n”%?(gx[oﬂ,mxg —0
Hence, we may define

DEFINITION 3.1.2. Let X € My([0,7]) and ¢ € L%F’X(Q x [0,T]). The stochastic integral
¢ © X is the unique process Y € My([0,T]) such that for every sequence ¢,, of adapted step
processes with ¢, — ¢ in L%F,X(Q x [0,T]) we have ¢, o X — Y in L(£;C([0,T))).
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REMARK 3.1.3. It follows from an approximation argument that
t
0o X)i= [ lo(s) (),

where the integral fg |p(5)]? d(X)s is defined as integral with respect to the Lebesgue-Stieltjes
measure . Note this integral is defined pathwise, hence we have to pick representatives
of ¢ and (X). However, for different choices of representatives, the resulting process differ
(as C([0,T])-valued random elements) only on a null set. Thus, the right-hand side defines
a process in L°(Q; C([0,T))).

To extend the stochastic integral even further, it is useful to first establish a characteri-
zation of the integral in terms of covariation processes. We have

THEOREM 3.1.4. Let X € M2([0,T]) and ¢ € L%F,X(Q x [0,T]). The stochastic integral
¢ o X is the unique process Y € May([0,T]) such that

¢
(33) v.2), = [ oix.z),
for all Z € My([0,T1]).
As a technical tool for the proof, we need the Kunita-Watanabe inequality.

THEOREM 3.1.5. (Kunita- Watanabe)
Let X,Y € My([0,T]), ¢ € L x (2 x [0,T]) and ¢ € Ly (Q x [0,T]). Then, almost

surely,
[ otwsnace i< ([ ora.) ([ eeran.)’

for allt € [0,T]. Here, |d(X,Y)| is the total variation of the measure d(X,Y).

PROOF. Let us first make some simplifying assumptions. First note that the integrals
above are pathwise continuous as functions of ¢t. Hence, it suffices to prove that the claimed
inequality holds for every ¢ € [0, T] almost surely (i.e. with exceptional set possibly depending

on t). We fix t € [0,T].
< ([1o6ra) ([ weran.)’

It is enough to prove that

t
| [ s,

for, if p(s) is a density of |d(X,Y)| with respect to d(X,Y") with values in {—1,1} and we

replace ¢ with b = opsgn(py), then the above with ¢ and 1 gives the claim for ¢ and .

We leave it to the reader to verify that ¢ € L%F,X(Q x [0,T7).

Given ¢ and v as in the assumption, we find sequences of elementary step functions ¢,
and 1, converging to ¢, resp. ¥ in LIQRX(Q x [0,T]) resp. L]2F7Y(Q x [0,T]). In particular,
Sy lbn(s)Pd(X)s — [516(s)>d(X)s in L'(Q). And similarly for . Passing to suitable
subsequences, we may assume that we have convergence almost everywhere both for the
processes and the integrals.

Thus, if the result holds for Step functions we can infer from Fatou’s Lemma the general
result.

For the rest of the proof, we assume that ¢ and v are elementary step functions. To
further simplify, we may assume without loss of generality that ¢ and 1 are based on a
common partition 0 = tg < t; < -+ < t,. Finally, to simplify notation, we assume that
t = t,; this is no loss of generality as for ¢t < t,,, we may simply replace t,, with ¢, if ¢t > ¢,
we add in ¢,4+1 =t and set ¢, 1) zero on the last interval.
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We thus assume that

= Z nk‘ﬂ[tk,htk) (t) and ’(/} Z fk]l [th— 1,tk
k=1

Next observe that, putting (X,Y). := (X,Y) — (X, Y)S for s < t, we have |(X,Y)| <
1 1
(X, X)0)2((Y,Y):)2. Indeed, for A € R the quantity
(X, X)T 4+ 20X, V) + A2V, YY) = (X + \Y, X + \Y)!

is almost surely nonnegative for s < r and the proof can be finished as in that of Lemma

233

Consequently,
t
| [ sseaxy),| < Zrnksku XY

1 1

< Z!nk§k| (X, X)) (v, V) )2
: :

t t
< (Zmr X, X)l 1) (Zw YY)
%
= ([oerax)) ([ weran.)’
where we have used the Cauchy-Schwarz inequality. (]

PROOF OF THEOREM [3.1.4l Clearly, there can be at most one Y € My([0,T]) which
satisfies (3.3]). Indeed, if (3.3) holds with Y = Y] and Y = Y3, then (Y} — Y52, Z) = 0 for
all Z € My([0,T]). Picking Z = Y7 — Ya, we find (Y7 — Y2) = 0, hence Y7 — Y2 = 0 as then
(Y1 — Y2)? is a nonnegative martingale starting at 0.

It remains to verify that (3.3)) holds for Y = ¢ ¢ X. To that end, let ¢, be a sequence
of elementary step processes converging to ¢ in LIQF’ (2 x [0,T]). Using Lemma we
obtain

{0 X — ¢0X,Z>t|2 <{ppo X — o X)(Z)y < (ppo X — o X)p(Z)p
Thus taking the supremum over ¢ € [0, 7] and using Cauchy-Schwarz and the Ité-isometry,
we find
1
El|{¢n 0 X = ¢ o X, Z)|I3, < Blgno X — ¢0 X)r(Z)r < (B(Z)7)* [l bn — b1z (@xpory) = O

as n — oo. Consequently, (¢, o X, Z) — (¢po X, Z) in L?(2;C([0,T])). Passing to a subse-
quence, we may assume that we have convergence pointwise almost everywhere. It follows
from the Kunita-Watanabe inequality that

| [ nacx.zr- [[sacx. | < ([ 1on-oax) 210

Since the result is true for elementary simple functions, we have
(po X, Z) =lim (¢, 0 X, Z) = lim/ Ond(X,Z) = / pd(X,Z). (]
0 0

COROLLARY 3.1.6. Let X € My([0,T]) and ¢ € L%F’X(Q x [0,T]). Moreover, let T be a
stopping time. Then

(9o X)" = o(XT)=(glp,) o X = (¢1pr) o (XT)

almost surely, where we have written Y7 for the process Y (- A T).
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PROOF. Let Y € My([0,T7]). Then we have

tAT

/ o) ()X, V) = [ 8(s)d(X.,Y), = / 6(s) d(X,Y),
0 0

almost surely. Thus the claim follows from the characterization in Theorem [3.1.4] noting
that (X, V)" = (X7, Y") = (X,Y") = (X7,Y) by Lemma O

0

We now obtain the following corollary, which will allow us to considerably extend the
stochastic integral.

COROLLARY 3.1.7. Let X,Y € My([0,T)), ¢ € L x(2x[0,T]) and ¢ € L (2 x[0,T7).
Moreover, let T be a stopping time such that

XT=Y" and ¢l =19l
almost surely. Then (¢ o X)™ = (Yo Y)™ almost surely.
ProoF. For Z € My([0,T]), we have
(60 X)T — (oY), 2Z) = ($ljg, 0 X™ — g, 0 Y7, Z) =0
almost surely. Choosing Z = (¢ X)™ — (¢poY)", the claim follows from Lemma [2.2.4. [
We can now extend the stochastic integral to its full generality.

DEFINITION 3.1.8. Let X € My,.([0,7]). By L?va(Q x [0,T]) we denote the closure of
the elementary step processes in LO(Q x [0,T], pixy)- By F(X), the processes which are
integrable with respect to X, we denote the set of all ¢ € L%,X(Q x [0,7T]) such that

T
P( /0 6(5)2d(X)s < 00) = 1.

Since X € Myo.([0,T]), there exists a sequence of stopping times 7,, with 7, T 7" almost
surely such that X™ € My(]0,77]). Now put

op:=nAinf{t € [0,T] : /0 1p(5)]? d(X)(w) > n}.

Then also o, is a stopping time. We set p, = o, A 7,. In this case, (¢ﬂ[0,pn}) o XP is
well-defined. By Corollary we also have

(P10,p,1) © X" = (91 ) © XO™
on [0, pp], for all 1 <n < m. We may thus define
60X = (¢lpp) 0 X7 on [0, pu].

It also follows from Corollary that this definition does not depend on the particular
choice of the 7,. Clearly, ¢ ¢ X is a local martingale and it is easy to see that (po X,Y) =
Jo ¢(s) d(X,Y), for all Y € Mjo([0, T]). Moreover, localizing, it follows from Theorem
that this characterizes the stochastic integral.

DEFINITION 3.1.9. For X € My,([0,7]) and ¢ € .#(X), the stochastic integral ¢ o X is
the unique process Y € My, ([0, T7]) such that for all Z € My,.([0,T]) we have

v, 7) = / $(s)d(X, 2),

almost surely
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3.2. Ito’s Formula

We now extend stochastic integration even further.

DEFINITION 3.2.1. A (continuous) semimartingale is an adapted process (X (t))icpo,1]
which has a decomposition
X(t) = Xo + B(t) + M(t)
where Xo = X(0), (B(t))teo,r) is a continuous, adapted process with pathwise bounded
variation and M (t) € My, ([0,T7).

REMARK 3.2.2. We note that the decomposition of a semimartingale into a bounded
variation process and a local martingale is almost surely unique. Indeed, if X (¢ (t) = Xo +
B(t) + M(t) = Xo + B(t) + M(t), then B— B =M — M is a contmuous local martingale
which has pathwise bounded variation. Consequently, by Lemma |2 B — B = 0 almost
surely, hence also M = M almost surely.

DEFINITION 3.2.3. Let X = Xy + B+ M be a continuous semimartingale. By .# ( ), we
denote space of all adapted processes ¢ such that, almost surely ¢(w) € L'([0,T],dB(w)),
where dB(w) is the Lebesgue-Stieltjes measure induced by B(w). We then write .#(X) =
J(B)NZ(M) and define for ¢ € #(X

(po X)( / o(s)dB(s / o(s)dM(s
where the first integral is defined pathwise and the second is the stochastic integral as before.

REMARK 3.2.4. With this definition, some results from the previous section can now be
reformulated.

For example, for a local martingale X the stochastic integral ¢ ¢ X is the unique local
martingale such that (¢ o X,Y) = ¢po (X, Y) for all local martingales Y. Moreover, (¢poX) =
$? o (X). In both equalities, the “¢” on the left hand side refers to the stochastic integral
introduced in the previous section and the “¢” on the right hand side refers to a pathwise
integral with respect to a bounded variation process.

REMARK 3.2.5. Note that for a continuous semimartingale X = Xg+ B+ M and ¢ €
J(X) also ¢ ¢ X is a continuous semimartingale. Indeed, ¢ ¢ M is again a local martingale
and ¢ ¢ B is again of bounded variation.

PROPOSITION 3.2.6. (Chain rule)

Let X be a continuous semimartingale and ¢, be adapted processes with ¢ € J(X).
Then ¢ € F (o X) if and only if pyp € F(X). In this case, po (Yo X) = (p00) 0 X.

PROOF. Let X = X(+ B+ M be the canonical decomposition of X. Then ¢ € .7 (¢ ¢ X)
is equivalent to ¢? € . ({(1po M)) and ¢ € .# (1 o B). On the other hand, ¢ € .#(X) if and
only if (¢1)? € F((M)) and ¢1p € . (B). Since (o M) = ? o (M), the equivalence of the
conditions follows from the property of the Stieltjes integral.

Also by the properties of the Stieltjes integral, ¢ ¢ (¢ © B) = (¢) © B. To see the
corresponding formula for the integrals involving M, let N be a continuous local martingale.
Using the formula for the Stieltjes integral and the local version of Theorem we find

(oY) o M,N) = (¢pp) o (M, N) = o (po(M,N)) =dpo({poM,N)=(po(oM),N).
which proves that ¢ o (¢ o M) = (¢1p) © M by the local version of Theorem O

We extend the definitions of quadratic variation and covariation to arbitrary continuous
semimartingales X and Y with decompositions X = Xo+ B+ M and Y =Y+ A+ N
by setting (X) := (M) and (X,Y) := (M, N). This reflects that processes with bounded
variation have quadratic variation 0, see Lemma [2.2.2

Next we prove the fundamental “integration by parts formula”. This will be the key tool
to prove It0’s formula. It generalizes Lemma and Example
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THEOREM 3.2.7. Let X and Y be continuous semimartingales. Then, almost surely,
(3.4) XY =X+ XoY+Yo X+ (X)Y).

PROOF. We may assume that X =Y, as the general case will follow from polarization.
We may also assume that Xy = 0.

First, let X = M € M([0,T7]). Then equation reads M? = 2M o M + (M). Note
that for M = W, this is exactly what we have proved in Example [[.3.2] Repeating the
computations there for general M and using the convergence in Theorem [2.2.5] instead of
Lemma the formula follows. The case where X = M € Mjyc(]0,7T]) follows from this
by localization.

If, on the other hand, X = B is of bounded variation, equation reduces to B? =
2B ¢ B which follows from the integration by parts formula for Lebesgue-Stieltjes integrals.

In the general case, we have to prove that

(B+M)2=B2+2BM +M*=2B0B+2BoM+2MoB+2Mo M+ (M).

In view of the formulas for B? and M? proved so far, it remains to show that BM =
Bo M 4+ M ¢ B. Localizing again, we may assume that B and M are uniformly bounded.
Fixing t € (0,77, we put t := £ and

An(s) = Alte—1)Lp, 40(s) and  M(s) =3 M(tp)Ly, , 4)(5)
k=1

k=1
and observe that

(Ap o M)(t) + (M o A)(t) = Z Altg—1) [M(tp — M (tp—1))] + M (tg) [A(tr) — A(tg—1)]
k=1

— A(W)M()

by Abelian partial summation. Noting that 4,, — A in L]2F7 (82 x [0,]) by dominated con-
vergence and M,, — M pointwise and dominated, it follows from continuity of the stochastic
integral, resp. dominated convergence for Lebesgue-Stieltjes integrals, that (A4, ¢ M)(t) —
(Ao M)(t) and (M, o A)(t) — (M o A)(t) in measure. Thus, indeed, BM = BoM + M ¢ B,
finishing the proof. O

We are now ready to prove It6’s formula.

THEOREM 3.2.8. Let Xi,...,Xy be continuous semimartingales, X = (Xi,...,Xq).
Then, for every f € C2(RY), f(X) is a continuous semimartingale and

d d
FOX) = F(X0) + 3 Fa, (X) 0 X4 5 D Fue, (X) 0 (X0, X5)
j=1

ij=1

PROOF. For notational convenience, we only treat the case d = 1, the multidimensional
case follows similarly. Thus, fix a continuous semimartingale X. By % we denote the set of
all f € C%(R) such that

FX) = F(Xo) + F(X) 0 X + L f/(X) 0 (X).

Clearly, f is a vector space and contains the functions f; = 1 and fo(x) = . We prove next
that if f,g € €, then fg € €, whence € contains all polynomials.
To see this, let f,g € €. Then

(f9)(X) = (f9)(Xo) = [(X)g(X) = f(Xo)g(Xo)
= f(X)og(X)+g(X)o f(X)+ (f(X),g9(X)) by Theorem [3.2.
F(X)o[g'(X) e X +4¢"(X) 0 (X)]
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+g(@) o [f'(X) o X + f'(X) o (X)] + (f'(X) 0 X, ¢'(X) 0 X)
since f,g € €

(fg' +9f)(X)o X + 5 (fg” +2f'g" + f"9)(X) o (X)
by Proposition 3.2. 6

= (f9)(X)oX + (fg)”( ) o (X).

We now extend this to arbitrary f € C2( ). By stopping, it suffices to consider semi-
martingales X which take values in a bounded interval [a,b] of R. As a consequence of the
Weierstrass approximation theorem, given f € C?(R), we find a sequence of polynomials
pn, such that p, — f, p,, — f and p!! — f”, uniformly on [a,b]. Using the continuity of
the stochastic integral and dominated convergence for the pathwise integral, we see that
feé@. O

In its one-dimensional case, [t&’s formula asserts that for every semimartingale X, we

have
t 1 t
FOX0) = 1) + [ P )X +5 [ 17X ),
One should compare this formula with the fundamental theorem of calculus, where, for
X(t) = t, we have f(t) = ) + fo f'(s)ds. Thus, replacing the deterministic ¢ with a
random semimartingale X, we need a correctlon term 3 f”(X) o (X).

Often, and we have seen this already in the formulation of stochastic differential equa-
tions, one prefers to write the above in differential form:

df(X) = ['(X)dX + % FX)d(X, X))

Thinking of d(X, X) as dXdX, it is suggesting to think of It6’s formula as a second order
Taylor expansion:

df (X) = f(X)dX + %f”(X)dXdX.

3.3. First applications of I1td’s Formula

3.3.1. Lévy’s characterization of Brownian motion. In this section, we show that
Brownian motion is the only continuous local martingale with quadratic variation ¢. This
will have appliactions later on, for example in Tanaka’s example (Example or in the
integral representation theorem (Theorem .

THEOREM 3.3.1. Let X € Mjpc([0,T]). Then X is a Brownian motion if and only if
(X)) =t.

PROOF. Fix r € R and define f : R? — C by f(t,z) := T3t We will use Itd's
formula for the semimartingales X;(¢) = ¢ and Xo(t) = X(¢). Note that X; has bounded
variation, hence (X;) = 0 and (X1, X2) = 0. Moreover, we have established It6’s formula
merely for real-valued functions. However, we may apply it to the real and imaginary part
separately.

The derivatives of f are given by f; = %T2f, fr = irf and fox = —r?f. Note that
the derivatives fy and f;; will not appear in Ité’s formula as (X;) = 0 and (X;, Xo) =
<)(27 X1> =0.

Put M(t) = f(X1(t), Xo(t)) = f(¢, X (¢

(0
M<t>=1+/ftsx<>>dxl /fxsX ) dXst /fmsX a(Xa),

= /M derzr/M )dX (s T’/M ) ds

). By Itd’s formula
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t
- 14 ir/ M(s) dX(s).
0

-2
It follows that M is a continuous local martingale. In fact, we have |[M(t)| = e7! < ez T <
oo and hence M is a bounded local martingale and thus a martingale. Consequently, for
0 < s <t we have E[M(t)|.Z,] = M(s), i.e.

E[eirX(t)—%TQt}g;S] — oirX(s)—3r%s
Or, equivalently,

E[e"XO-X()|2,] = ¢~7 (=)
Taking expectations, it follows that the characteristic function of X (¢) — X(s) is given by
Ox(t)-x(s) (1) = e‘é(t_s), ie. X(t) — X(s) has normal distribution with mean zero and
variance t — s. Moreover, for every A € %,, we have

/ eir(X(t)*X(S)) dPP = efg(tis)IP(A) .
A

which implies that X (¢) — X (s) is independent of .#;. Consequently, X is indeed a Brownian
motion. U

REMARK 3.3.2. We should point out that it is important that X has continuous paths
in Theorem [3.3.1] Indeed, the compensated Poisson process of intensity 1 is a martingale
which has “quadratic variation” ¢ but is different from a Brownian motion.

There is also a generalization to higher dimensions:

COROLLARY 3.3.3. Let Xi,..., Xy be continuous local martingales with (X;, X;) = 6;;t.
Then X1,..., X4 are independent Brownian motions.

3.3.2. Burkholder-Davies-Gundy inequalities. In Lemmal2.1.15] we have seen that

1

My ([0,77]) is a closed linear subspace of L?*(Q2,C([0,T])) and that || X|| := (E|X(T)*)?
defines an equivalent norm on that space. Since X2 — (X) is a martingale and X (0) = 0 =

1
(X)o, we find E|X(T)*> = E(X)r. Thus, also (E(X)7)?2 defines an equivalent norm on
We now extend this also to the LP-setting, even for p € (0, 00).

THEOREM 3.3.4. For every p € (0 00) there exist constants ¢, > 0 and C), such that
P
(3-5) &B(X); < Bl X110, < ColB(X) 7
for all X € Myoc(]0,T7).

Implicitly in (3.5 is the assertion that if one of the terms is finite, then the other term
is also finit.
We first establish some special cases.

Noks

LEMMA 3.3.5. For p > 2 there exists a constant Cp such that IEHXHp co.r]) < CoE(X)
for all X € Myoc(]0,T7).

ProOOF. By stopping, we may assume that X is bounded.
We apply Ité’s formula for f(x) = |z|P. and obtain

X = [ pXEP T sen(X () dX () + 5 [ o= DIX (P2 a(x),.

As the middle term is a martingale, we find

B T
Bx@p = MVE [ pxer ),
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28— Do) xjz-2(x)

o= (e 00d) (el

where the last inequality follows from Hélder’s inequality with £ and ]%. By Doob’s maxi-
mal inequality (Corollary [2.1.9), E|| X5 < L E[X(T)[P, whence

IN

IN

2 p 9 p—
< 2 (B(X)3) (BIX %) 7

which is equivalent with the assertion. O

B[ XI5

Now we prove a lower estimate.

p
LEMMA 3.3.6. For p > 4 there exists a constant ¢, > 0 such that ¢, E(X)2 < B[ X5
for all X € Mo ([0,T7).

PROOF. Agaln we assume that X is bounded.
Since X (t)° =2 fo ) + (X); (this is It6’s formula for f(x) = 22 or the integra-
tion by parts formula in Theorem E we have

) < 270, (B X |2, +B) / X(9)dx(5))°).
Applying Lemma [3.3.5] to the martingale X ¢ X, we find

D
2

E(X)} < a(BIX(T)P+2"E / X(s) dX (s)

p
4

=

>

Nors
AN

2ay (BIX I + Oy ( [ X(6a(x),)

IN

2%a,Cy (EIIX |2 + E(1X[12(X)7))

IN

1 p 1
2a,Csy (BIIX 5 + (BIX %) (B(X)7)?) .

B 1 1
Setting a = 2Pa,Cp, x = (E(X)2)2 and y = (E[|X|%)?2, this is equivalent with

st manyo = (s = o §0) (= o)
0>2° —axy —ay x 5 a+4y x 2—1— a+4y

As z,y and « are nonnegative, this forces x < (§ + /o + §)y. This is the assertion. O
To extend these results, we make use of the following

LEMMA 3.3.7. Let M be a continuous, adapted process and A be a continuous, adapted
increasing process such that for all stopping times 7, we have EM, < EA,. Then for all
x,y > 0, we have

1
P(|Mlec >z, Ar < y) < —E(Ar Ay).
PROOF. Define 7 := inf{t € [0,T] : Ay > y} and o := inf{t € [0,7] : M; > y}. Note that

{Ap <y} ={r =T}, as A is increasing. Moreover, A;r, < Ap Ay as A is increasing and
continuous. Thus

P(| M|l > =, Ar < y)

P(|M|s >z, 7=T)
P(My>x,0<T,7=T)

IN

1 1
7]EMT/\O' < 7EMT/\0’ < IELAT NY. U

IN

COROLLARY 3.3.8. Under the Hypothesis of Lemma forr € (0,1), we have
9 _

E[[M]|5 <
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PROOF. Put F(t) :=t". Then F is an increasing, continuous function with F'(0) = 0.
Thus

E|M|e = E/O L)oo >t} AF'(2)

= /O E L) 0] >} AF (1)

IN

/ P(| Mo > t, Ap < 1) + P(Ag > t) dF(t)
0

IN

/OO %E(AT At) +P(Ap > 1) dF(t)
0

IN

& 1
/ 2P(Ap > t) + EEATIL{ATSt} dF(t)
0

>*1
= QEF(AT)+EAT/ —dF(t)
Ap t
2—r
= EAL. O
1—r T

We are now ready for the proof of Theorem [3.3.4

Proor oF THEOREM [3.3.4l The Hypothesis of Lemma is satisfied for M(t) :=
(supy<; | X (s)])? and A(t) := Co(X); as a consequence of Lemma applied to stopped
processes. Thus, Corollary yileds the upper estimate in also for p € (0,2).

Similarly, applying Corollaryto M(t) := (X)? and A(t) := Ca(sup,<; | X (s)])* gives
the lower estimate in [3.5| also for p € (0,4). O

3.4. Exercises

(1) In this exercise, we take a closer look at the measurability assumptions which appear
in connection with It6’s integral. Show that the following o-algebras on €2 x [0, 7]
coincide:

(i) the o-algebra generated by the adapted step processes.
(ii) the o-algebra generated by the adapted left-continuous processes.
(iii) the o-algebra generated by the adapted continuous processes.
This o-algebra is called the predictable o-algebra &.
Also show that a map X : Q x [0,7] is #-measurable if and only if it is the
pointwise limit of a sequence of adapted step processes. It follows that

IW)={X e L Qx[0,T],Z,Pa\) : X(-,w) € L*([0,T] a.e.} .
(2) We define the Hermite Polynomials Hy(z,t) by

a?’L
Hy(xz,t) = A

OA" A=0
for n € INg.
(a) Prove that
1 02 5,
-—H,+—H,=0
2022 " ot
for all n € INy and that
n=nHy_1.

oz
(b) Now, let (W (t))t>0 be a Brownian motion and M"(t) := H,(W(t),t). Show
that M™ is a martingale and determine (M™).
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(3) In this exercise, we give an introduction to Brownian local time. We have established

1t6’s formula for functions f which are twice continuously differentiable. Suppose,
we want to apply it to f(z) = |z| =: abs(x) which is obviously not twice continuously
differentiable. The distributional derivatives of abs are given by

1 , x>0
abs'(z) =sign(z) =< 0 ,z=0 and abs"(z)=24.
-1 ,2<0

Being bold, we formally apply 1t6’s formula with this and obtain

W) = /0 Sign(W (s)) dW (s) + /0 5o(W (s

Thus the last term in this equation somehow measures how much time Brownian
motion spends at zero.
Putting Z := {(t,w) : W(t,w) = 0}, we find with Fubini’s theorem

T T
(P@A)(Z):E/O Il{o}(W(s))ds:/O E1 gy (W (s)) ds = 0,

that is, almost surely, the Lebesgue measure of the time that Brownian motion
spends at zero is 0.

Nevertheless, in this exercise we will prove that there exists a continuous, in-
creasing process L such that

W (t)] = /O sign(W (s)) dW (s) + L(t

almost surely for all ¢t € [0,7]. This is Tanaka’s formula for Brownian local time.
(a) Given a sequence a,, | 0, we pick functions ¢, € C2°((0, c0)) which are positive,
supported in (a1, a,) and satisfy fooo on(t)dt = 1. We define f, : R — R by

z) :/OII /Dt%(s)dsdt.

Show that f, € C*°(R), that f)(z) — sign(x) for all z € R, that f,(z) — |z|
uniformly on compact sets and that f/(x) = @, (|z]).
(b) Applying Itd’s formula to f,, we obtain

Xal) = £ (W / g aw s+ 3 [ w)as

= L (1) + Lu(t

Moreover, we define I(t) := fo sign(W(s)) dW (s) and X (t) = |W(t)|. Prove
that X,, - X and I, — I in L2(9;C([0,7))). Conclude that L,, converges in
L?(Q;C([0,T))) to a limit L which satisfies (3.6).
Hint: Use Doob’s maximal inequality and dominated convergence

(c) Show that L is a continuous, increasing process which is adapted to the fil-
tration generated by |W(¢)|. Moreover, show that, P-almost surely, the paths
of L are A-almost everywhere differentiable with L' = 0. Hence, the paths of
L look like the Cantor function: They are increasing but outside of a null set
constant.
Hint: For almost every w the set Z(w) := {t € [0,T] : W(t,w) = 0} is closed and has
Lebesgue measure zero. It’s complement is open. Prove that for o in the complement,

L(-,w) is differentiable in ¢o with derivative 0. This proves the last assertion.
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(d) For later purposes, we introduce also the function sgn(W(s)) := 1) —
1(_oo,0- Show that fot sign(W(s)) dW (s) = fg sgn(W(s)) dW(s) almost surely
for t € [0,T]. Hence, (3.6) also holds when we replace sign with sgn.






CHAPTER 4

Stochastic Differential Equations with Locally Lipschitz
Coefficients

4.1. Solutions via Banach’s Fixed Point Theorem

In this section, we let W = (W1,...,W,,) be an m-dimensional Brownian motion, i.e.
a vector of m independent Brownian motions. Moreover, we are given a finite time horizon
T and continuous functions f : [0,7] x R — R? and o : [0,T] x R? — R¥™ which are
Lipschitz continuous and of linear growth in the second variable, uniformly in the first, i.e.
there exists a constant L > 0 such that for all ¢ € [0, 7] and z,y € R?

1f(t,z) = f(ty)ll < Lllw —yl| and |lo(t,z) —o(t,y)| < Lilz —y||
and there exist constants a,b > 0 such that
[f(t, ) <a+blz] and [0t )| < a+blz]

for all t € [0, 7] and = € R?. Here, || - || denotes the euclidean norm on R? resp. R¥*™. Note
that the linear growth condition follows from the Lipschitz assumption if we additionally
assume that sup,cio 71 [|f (¢, 0) < o0.

We are concerned with the stochastic differential equation

dX(t) = f(t, X(#)dt +o(t, X(t)dW (t
(4.1) {X((g)) - n( (1)) (t, X (t))dW (t)

which we us as a shorthand for

dXi(t) = filt, X1(8), ., Xa(0)dt + 3 03y, Xa(8), . Xu(0)AW; (1) Xi(0) = my
j=1

for i =1,...,d. This again is a shorthand notation for the integral equation

t m t
X)) =mt [ B XD s+ Y [ oyl X(6) W)

fori=1,...,d.

We are given a filtered probability space (§2, %, F,P) and the Brownian motions W; are
F-Brownian motions. Finally, n € L?(2, %o, P). A solution of equation (4.1)) is a process
X € LA(9;C([0,T);RY)) such that, almost surely, (4.1 holds for all ¢+ € [0,7]. Here,
LZ(9;C([0,T); RY)) denotes the subspace of L%(€2;C([0,T]; R?)) consisting of all adapted
processes.

THEOREM 4.1.1. Let f : [0,T] x R — R and o : [0,T] x R — R¥™ be continu-
ous functions which are Lipschitz continuous and of linear growth in the second variable,
uniformly in in the first. Then, for every n € L?(); %o;P) there exists a unique solution
X € LE(9;C([0,T); RY)) which solves the stochastic differential equation (1))

PROOF. The main idea of the proof is to consider the map ® : £ — E, where E denotes
the Banach space L2(€;C([0,T]; R?)) and @ is defined by

t t
[@(w)](2) ¢=77+/0 f(S,U(S))dS+/O (s, u(s)) dW(s),

37
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show that it satisfies a suitable Lipschitz condition and apply Banach’s fixed point theorem.
We denote by L a common Lipschitz constant for both f and ¢ and @ be a number such
that supo<i<r | f (¢, 0)[|, supg<s<r ||/ (Z, 0)|| < a.

Let us first verify that ® is indeed well-defined.

It suffices to prove that the three terms in the definition of ® again yield processes in F.
Concerning 7, there is nothing to prove. Concerning the deterministic integral, first note that
for almost every w the map s +— f(s,u(s)) is measurable and bounded (by the linear growth
assumption) hence integrable on (0,t¢). Moreover, fg f(u(s))ds is certainly .#-measurable
since u, hence f(-,u(-)) is adapted. Thus, the deterministic integral is adapted. Finally, we
have

H /Otf(s,U(S))dSH < /Ota—i-LHu(s)Hds < (a+ L)T||uloe

which is square integrable.

Let us now consider the stochastic integral. Obviously, the components of o (-, u(-)) be-
long to L& (2;C([0,T])), hence they are stochastically integrable with respect to a Brownian
motion, as L2(€; C([0,7])) C L%F,Wj (©2x10,T)), ct. Exercise 1 from Chapter 3. It follows that
Jo o(s,u(s)) dW(s) is a continuous square integrable martingale, in particular, it belongs to
L (€;C([0,T7)).

Next, we prove Lipschitz continuity of ®. For r € [0,7] and u,v € E, we have

E sup [|[2(w)(t) - [0 < 2E sup

t 2
/ Fls.u(s)) — £(s.0(s)) s
0

+2E sup
0<tr

/t o(s,u(s)) —o(s,v(s)) dW(s)H2 .
0

We now treat the two terms on the right hand side separately. Using Jensen’s inequality,

E sup
0<t<r

t 2 t
| #sats) = s as]| < B sup ¢ [fGs,u(s) - Fls o)) ds
0 0

0<r<r

IN

712 /OTIEHU(S) — o(s)|2 ds

Doob’s maximal inequality and the It6 isometry yield for the stochastic integral

E sup /Ot(f(s,u(s))—J(s,v(s))dW(s)H2§2EH/OTU(8,U(3))—J(s,v(s))dW(s)H2
A
_ 222@/{) Gij(s,u(s))—Uij(s,v(s))de(s)r

d m
_ QZZ]E/ (035 (5, u(s)) — 053 (s, v(s)) 2 ds

'
i=1 =1 0

d m r
QZZ/O L2E|Ju(s) — v(s)|2 ds

i=1 j=1

IN

IN

T
2mdL2/ E||u(s) — v(s)||* ds
0
Thus, altogether, we obtain that for a certain constant C, we have

E sup [[[@(w)](t) - [@@)]0)] < C/OTEHU(S) —v(s)|*ds

0<tlr
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Iterating, we find

B sup [[[@" ) - @ @) <

Ellu — vl .
e L — ol

Consequently, [|®"(u)—®"(v)||% < (C;{!)n |u—v||%. It now follows from a variant of Banach’s

fixed point theorem that ® has a unique fixed point, i.e. our stochastic differential equation
has a unique solution. O

4.2. Extension to locally Lipschitz Coefficients

It is a rather natural question, whether we can extend this result to stochastic differential
equations with locally Lipschitz continuous coefficients and/or initial data which are still .%-
measurable but not necessarily square integrable. Of course, we have to modify our solution
concept slightly.

DEFINITION 4.2.1. Given f : [0,7] x R — R? and ¢ : [0,7] x R? — R¥™>™ Borel
measurable and 1 € L%(Q; %, P), a solution of (1) is an element X € L%L(%; C([0,T]; RY))
such that

(1) Almost surely, s — fi(s, X(s)) € L([0,T]) for all 1 <i < d.
(2) Almost surely s — 0;(s, X(s)) € L%([0,T]) for all 1 <i < dand 1 < j < m.
(3) Almost surely, we have

t t
X(t)=n+ /0 F(s, X (s)) ds + /0 o(s, X (s)) W (s)
for all ¢ € [0,T].

In view of Exercise (1) of Chapter 3, requirement (2) is equivalent with o;;(-, X(-)) €
F(Wj)foralll<i<dand1<j<m.

We next prove that if f and o are locally Lipschitz continuous, then we have uniqueness
of solutions.

PROPOSITION 4.2.2. Assume that f : [0,T] x R = R and ¢ : [0,T] x R? — R4>™
are locally Lipschitz continuous in the second variable, uniformly in the first, i.e. for every
n € IN there exists a constant Ly, such that for x,y with ||z|, |ly|| < n we have

1£(t,2) — Pyl < Lalle —yll - and [lo(t,2) - o(t,9)]| < Ll — 3
for allt € [0,T]. Then, if X and Y are solutions of , we have X =Y almost surely.
PROOF. We define the stopping time 7, by
Tpi=1nf{t >0 : || X(¢)|| > m} Ainf{t >0 : |Y(¢)|]| > m}.

Then, since X and Y are solutions we find, with similar estimates as in the proof of Theorem

AL
BIIX™(t) = Y™ (t)|

_ EH/OtATn f(s,X(s)) — f(s,Y(s)) ds+/0tATn o(s, X(s)) —o(s,Y(s)) dW(s)H

2

tATn tATh

< TE /0 1£(5.X(5)) — f(5,Y ()| ds + E /0 lo(s, X(s)) — (s, Y (s))[]2 ds
tATh tATh

< TE /0 Lol X(s) = Y(s)|2ds + E /0 Lol X(s) — Y(s)|2ds

<

t
/0 E||X™(s) —Y™(s)||*ds.
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Hence, putting ¢, (t) := E|| X™ (t) — Y™ (¢)||?, we have, for a suitable constant Ci,, @ (t) <
Cm fg ©m(s)ds. By Gronwall’s lemma, ¢,,(t) = 0 for all £ > 0. It hence follows that for
every t € [0,7] we have X™(t) = Y™ (¢t) almost surely. Note that the exceptional set may
depend on ¢t. However, by continuity of the paths, taking the union of exceptional sets for
t € 10,71 N Q, we find a null set outside of which X™ (¢) = Y™ (¢) for all ¢ € [0,T].

By continuity of the paths, we have Q = |J,,cn{7» = T'}. Hence, we infer that X =Y
in LO(Q; C([0,T]); RY)) as claimed. O

In particular, we see that in the situation of Theorem [£.1.1] we do not find more solutions
if we allow solutions to be defined in L%(€2; C([0,T]; R?)) rather than L(Q;C([0, T]; RY)).
From the proof of Proposition we obtain the following Corollary, which, roughly speak-
ing, states that solutions depend on the coefficients locally.

COROLLARY 4.2.3. Assume that f1, f2: [0,T] xR = R? and 01,09 : [0,T] x R — R*™
are locally Lipschitz continuous in the second wvariable, uniformly in the first, and satisfy
fi(t,z) = fa(t,x) and o1(t,x) = o9(t,x) for all t € [0,T] and x with ||z|| < m. Moreover,
let n1,m2 € LY(Q, Fo,P) be such that m Loimi<my = m2Llqna1<m) -

Finally, let X; be a solution of the stochastic differential equation with coefficients f; and
o; and initial datum n; and o; = inf{t € [0,T] : || X;|| > m}.

Then, almost surely, o1 = o9 and X7 = X3°.

PRrROOF. It suffices to copy the proof of Proposition with 7, replaced with 7, A o7.
Note that in this case, we can have fi(s, Xi(s)) = fa(s, Xi(s)) for all s < 7, Ao and similarly
for the o’s. Hence we obtain X' = XJ*. Interchanging the roles of X; and X5, we obtain
X7? = X3?. Which yields the claim. O

Given locally Lipschitz continuous coefficients, we can “freeze” the coefficients outside
a Ball of radius n thus obtaining globally Lipschitz continuous coefficients. The resulting
equation we can solve using Theorem obtaining a solution X,,. Putting 7, := inf{t €
[0,7] : || Xn(t)]] > n} we obtain from Corollary that X]» = X» for all m > n in
particular, 7,, > 7,.

We may thus “glue together” these solutions to a mazimal solution (X (t)).c(o,-) by setting
T := sup,, T, and X (t) := X,(¢t) for t < 7,,. The stopping time 7 is called the life time of
the process. By definition, it is clear that if 7 < T then ||X(¢)|| — oo as t T 7. Hence
7 is also called explosion time. Already deterministic equations exhibit this behavior. For
example, if n = d = 1, f(t,x) = —2? and o = 0, our equation becomes dX (t) = —X (t)2dt
or, as an ODE, u’ = —u?. This ODE with initial condition «(0) = 1 has the unique solution
u(t) = (1 — t)~! which explodes at time 7 = 1.

In these lecture notes, we are more interested in situations where 7 = T" and no explosion
occurs, i.e. we have a solution in the sense of Definition Therefore, we do not develop
the concept of “maximal solution” for stochastic differential equations.

Let us now give a first example where we obtain solutions in the sense of Definition

PROPOSITION 4.2.4. Let f : [0,T] x R* = R? and o : [0,T] x RY — R¥>™ be Borel
measurable and locally Lipschitz continuous in the second variable, uniformly in the first,
i.e. for allm € IN there exists a constant L, such that

1t 2) = &)l ot x) — ot y)ll < Lallz —yl|
forallt € [0,T] and x,y with ||z|, ||y|| < n. Moreover, assume that there exist a,b such that
1t @), lo(t, 2)]| < a+ bl

for all (t,z) € [0,T] x R
Then, for every n € L%(Q, %o;RY), there exists a unique solution of equation ([4.1]).
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PROOF. Uniqueness is immediate from Proposition 4.2.2] To prove existence, we put
ftx) Azl <n o(t,z) |zl <n

falt @) :={f(t i) lz| >pn 204 oa(tT) ::{o( mn) el >mn

] > ]
Then f, and g, satisfy the hypothesis of Theorem We let X, be the unique solution
of equation with f and o replaced with f, and o, and initial datum 7. To prove global
existence of a solution to equation (4.1)), it suffices to prove that E||X,,||%, < C for a constant
C independent of n. Indeed, In this case, by Chebyshev’s inequality,

P(|Xnlloc 2 n) < Cn72.

As n~2 is summable, the Borel-Cantelli lemma yields

]P< ﬂ U{HXnHoo > n}) =0

k>1n>k

Hence, almost surely, 7, := inf{t € [0,T] : || Xn(t)| > n} = T for all n large enough.
Consequently, gluing together the X,, as described above, we obtain a solution of our initial
equation defined for all ¢ € [0, T].

It remains to prove the boundedness of E|| X, ||%. Using the linear growth assumption
on the coefficients, similar estimates as in the proof of Theorem yield the estimated
E||X,|%2 < C(T)E||X,||% + C1 + CoE|n||?, where Cy, Cy are coefficients which only depend
on the coefficients in the linear growth assumption and C(T") — 0 for ' — 0. Hence, for Ty
small enough,

1
Bl Xall& (o, < o @t CoE|In]%) .

Next note that on the filtered probability space (£, 3, (%t):c[z,. 17, P) the process W(t) ==
W(To +t) — W(t) is a Brownian motion. Moreover, the processes (X, (t)):e[r,,7] solve the
differential equation (4.1) with initial datum X, (7p) at time Tp and coefficients f,, and o,,.
Thus,

1
B Xallémo 2mo)) < W(Cl + CoB| X, (To)[?)

< 1_é(TO) (01 + 02(1_&%)(01 + CQ]E||77H2)>> .

Inductively, we obtain constants Cj such that ]E||Xn||2c([o KTo]) = Cr(1+E|n||?) for alln € IN.
Eventually, we have proved the boundedness of IEHXnHQC([O 7)) independently of 7. O

4.3. Examples

4.3.1. Geometric Brownian motion. Let X (¢) denote the price of an “asset” at
time t. Suppose first that the asset is risk free and interest is paid on the asset continuously
with an interest rate r. Then the change of X is proportional to the value of X and the
proportionality constant is exactly . Thus, X () is a solution of the (deterministic) equation

X'(t)y=rX(t).

Now suppose that the interest rate r is itself a random variable. A simple model could
be that r consists of a fixed number u (the expected interest rate) plus a multiple o of a
“noise”-term = which has zero expectation. Here o measures the size of the noise. Thus,
our ODE becomes
X'(t) = puX(t) + o X(t)=().

The question is, what is a good choice for =. One of the simplest choices is to take “white
noise”, i.e. = = dvgt(t)' Inserting this and multiplying with d¢, we obtain the stochastic
differential equation

(4.2) dX(t) = pX (H)dt + o X () dW ().
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Note that this equation has Lipschitz continuous coefficients f(t,x) = pz and o(t,z) = ox.
Hence, by Theorem it has a unique solution for every initial datum 7. For simplicity,
let us take n = 1, i.e. we normalize the price of our asset at time 0. How can we compute a
solution to this equation?

We try to separate the variables. Dividing by X and integrating, we find that formally

th(S) _ t t _ .
. X(s) —/0 ,uds+/0 gdW (s) = ut + cW(t)

as W(0) = 0. It remains to compute the integral on the left. We “guess” that the integral
should somehow involve log X (¢). By It6’s formula

dlog(X(t)) = +X1(t)dX(t) + ;(_th)z)d@n
_ ClX(t) 1 - dX(t) )
X 2X(t)202X(t)2dt =X - 50%

since (X); = ((6X) o W), = fg 02X (s)%dt, hence d(X); = 02X (t)?dt. Combining, we find

1
log X (t) =logn + ut + oW (t) — 50—%

and thus
X (t) = eln= T oW D)

Note that we cannot apply Itd’s formula with log, as this function cannot be defined on
the whole real line. However, applying It6’s formula with f(t,2) = exp((u — %2)t + ox)
to the semimartingale (¢, W (t)) we find that indeed the above process solves our stochastic
differential equation.

We should note that the above equation is nothing but a model for the price of an asset.
The solution depends on our interpretation of the stochastic differential equation. Indeed,
if instead of the It6 integral we would have used the Stratonovich integral (which we merely
glanced at in Exercise (3) of Chapter 1), the solution would have been X (t) = ett+oW(®),
which might be closer to the what one would have guessed as a S(;lution. We note that in
our (It6-)solution above, we again have an Ito correction term e~z ¢,

In applications, it is also worth discussing whether the noise should be given by a Brow-
nian motion, hence whether it is appropriate to use the stochastic differential dW (t). More
generally, we could use dZ(t) where Z(t) is some other stochastic process. We do not discuss
such modeling issues here.

4.3.2. Linear equations. Similar to the Ornstein-Uhlenbeck equation in Example
we can consider general linear equations. Indeed, if A € R*¢ and B € R¥™ we
may consider the general linear equation

{dX(t) = AX(t)dt + BdW (t)
X(O) = X

where W is an m-dimensional Brownian motion. By Theorem for every zg € RY, there
exists a unique solution X (¢) of this equation. Note that being a solution means that

t t t Wi(t)
X(t):a:0+/0 AX(s)ds—l—/ BdW(s):a:o+/O AX(s)ds+ B

0 Wi (#)
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Writing S(t) := e, the matrix exponential function generated by A, we expect that the
variation of constants formula holds, so that the solution is in fact given by

X(t) = S(t)zo + /0 t S(t — s)BdW(s).

We leave the verification of this as an exercise to the reader

As for ordinary differential equations, we can rewrite higher order equations as systems
of equations of order one. As is well-known, the second order equation y” = f(y) describes
the movement of a point in a force field which only depends on the location. This equation
could be disturbed by noise, i.e. ¥y’ = f(y) + noise. Let us for simplicity consider the

function f(y) = —y which corresponds to the harmonic oscillator. We model the noise as
before as dvgt(t), where W is a one-dimensional Brownian motion. Setting X;(¢) = y(t) and

Xs(t) = y/(t), the resulting equation can be rewritten as the system

AX(t) = ( Y )X(t)dt+ ( ’ >dW(t)

oxD £ 0 1Y\ cost sint
P -1 0 ) \ —sint cost )~
Consequently, by the variation of constants formula,
[ cost sint b [ sin(t — s)

X() = ( —sint cost )mo +/0 ( cos(t — s) ) AW (s)
Using the integration by parts formula, we see that

t .

/ sin(t — s) AW (s) = fo cos(t — s)W(s) ds
o \ cos(t—s) W(t fo sin(t — s)W(s) ds
4.3.3. Integrating Factors. An important technlque in solving ordinary differential

equations is to multiply with an ”integrating factor” so that the differential equation becomes
exact. In this section, we see that for equations of the form

dX(t) = f(X(1))dt + o X (£)dW (t)

we can find an integrating factor which transforms the stochastic differential equation into
an ordinary differential equation with random coefficients.

To be more precisely, let F'(t) := exp(—oW (t)+ C’7225) By Itd’s formula (or Section )
we find

It is well-known that

dF(t) = o*F(t)dt — o F(t)dW ().
Thus, with integration by parts, we have
d(F(t)X(t) = F@)dX(t)+ X(@t)dF(t)+ (F(t),X(t))
= F@t)f(X(t)dt +cF(t)X(t)dW (t)

)
+02F(t) X (t)dt — o F(t)W (t)dW (t)
—0?F(t) X (t)dt
— F@)f(X(t)dt.
Here used the chain rule and the characterization of the stochastic integral in Theorem
Wthh yields (X, F), = —o? fo t) dt. Consequently, if we write Y (t) := F(t) X (1),

then

dY (t) = F(t)f(F(t)"'Y (t))dt
that is, Y solves an ordinary differential equation with random coefficients. Solving this
equation pathwise, we can compute the solution X of our given equation via X (t) = F(t)Y (t).
Some applications of this technique will be presented in the exercises.
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4.4. Exercises

Let ¢ : [0, ] — R¥™_ For an m-dimensional Brownian motion W, we write, as
before, fo s) dW (s) for the vector with components

/d)dW /aﬁszW)

Use [t0’s formula to prove the integration by parts formula

/¢>dW /¢

Here, differentiation is component wise and the last integral is also understood
component wise.

Hint: Try f(t,z) = ¢(t)x for t € [0,T] and z € R™.

Then use the integration by parts formula to prove the variation of constants
formula for the linear stochastic differential equation.

Hint: First apply Ité’s formula to determine d(e”“*X (t)) where X is the solution.
Use an integrating factor to determine a solution of the following stochastic differ-
ential equations
(a) dX(t) = adt + o X (t)dW (t).
(b) dX(t) = X7(t)dt + o X (t)dW (t). Here, X(0) = xp > 0. For which « do the

solutions explode?

It is interesting to extend the existence result from Propositionto more general
coefficients f and o which are locally Lipschitz continuous but not necessarily of
linear growth. In this exercise we take a look at an important technique using
Lyapunov functions. For simplicity, we restrict ourselves to the case d = m =1
and coefficients f,o which do not depend on the time, i.e. f,o : R — R. We also
restrict ourselves to deterministic initial data n € R.

As in the proof of Proposition[4.2.4] we define f,, and o, by freezing the functions
f resp. o outside the ball of radius n and denote by X,, the unique solutions of the
equation with coefficients f,, and o, and initial datum 7.
(a) Let 7, := inf{t € [0,T] : | Xy(t)| > n}. Change the proof of Proposition

to show that if

P(r, <t) =0 asn—o0 Vtel0,T],

then there exists a solution to the equation with coefficients f and ¢ and initial
datum 7.

To verify , we make use of Lyapunov functions. Given f and o, a Lyapunov

function for our equation is a function V € C%(R) such that

(i) V(z) > 0 for all z € R.

(ili) ooV (2) = 20%(x)V"(z) + V'(z)f(z) < KV (z) for a certain & > 0.

We now assume that there exists a Lyapunov function for our equation.

(b) Let V,, := V¢, where 0 < ¢, € C°(R) is such that ¢,(x) = 1 whenever
|z| < n and ¢,(xr) = 0 whenever |z| > 2n. Moreover ¢, < 1. Apply Ito’s
formula for the function V,, and the stopped process X™ and use the Gronwall
lemma to infer that

EV,(X(tAT)) < eVu(n)

whenever n > |n|.
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(c) Derive from (b) that
inf V(z)P(r, <t) < eV (n)

|z|=n
and infer from this.
(4) Find Lyapunov functions for the stochastic differential equations with coefficients
f and o, where
(a) f(t)=t—t>and o(t) = t.
(b) f(t) =t and o(t) = 2.






CHAPTER 5

Yamada-Watanabe Theory

5.1. Different notions of existence and uniqueness

In the last chapter, we have discussed existence and uniqueness of stochastic differential
equations with (locally) Lipschitz continuous coefficients. The solutions were defined on a
given probability space and with respect to a given Brownian motion; uniqueness meant that
if X and Y are two solutions, then P(X(¢) =Y (¢t) : t € [0,T]) = 1.

However, for some applications these notions of existence and uniqueness are too narrow.
We define here more general concepts. Throughout, we consider the stochastic differential
equation

(5.1)

{dX(t) = f(t,X(t))dt +o(t, X(t))dW (t)
X(0) =7

We will assume that f : [0,7] x R? — R? and o : [0,T] x R™™ are measurable; W is
interpreted as an m-dimensional Brownian motion. In contrast to the last section, 7 is
assumed to be a vector in R?, it is not random.

DEFINITION 5.1.1. We will say that (5.1) admits a strong solution if whenever (2, X, F, P)
is a stochastic basis on which an m-dimensional F-Brownian motion W is defined, we find
an F-adapted, continuous process X : Q@ — R? such that

(1) P(X(0) =) = 1.
2) P(fy |fi(s, X (s))] + |oj (s, X ()2 ds < 00) =1 forall 1 <i < d and 1 < j < m.
(3) The integrated version of (|5.1)) holds true, i.e. almost surely

X(t)—n—i-/o f(s,X(s))ds+/0 o(s,X(s))dW(s) Vtel0,T].

Here, the deterministic integral is defined pathwise, the stochastic integral is It0’s
integral. Note that both are well-defined in view of condition (2).

This is exactly Definition[£.2.1] Note that here we require that we can find such a solution
on every stochastic basis carrying a Wiener process and that it is a solution with respect to
that given Wiener process.

For a weak solution, we make the stochastic basis a part of the solution thus, we cannot
allow random initial data, as we are not given a priori a probability space. It is, however,
possible to generalize this definition by prescribing a certain initial distribution. We will not
go into details at this moment.

DEFINITION 5.1.2. A weak solution of is a tupel (Q, X, F, P, W, X), consisting of
a filtered probability space (2, %, F,P), an m-dimensional F-Brownian motion W on that
probability space and a continuous, F-adapted process Omega, X defined on (2, X, ) such
that (1), (2) and (3) of Definition hold.

Obviously, every strong solution is also a weak solution and a weak solution is a strong
solution on the stochastic basis and relative to the Brownian motion which is part of the
solution.

47
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We will see below that a stochastic differential equation may have weak solutions but
not strong solutions. Next, we also introduce two uniqueness concepts. The first one is that
of pathwise uniqueness which we have used so far.

DEFINITION 5.1.3. We say that pathwise uniqueness (or strong uniqueness) holds for
equation if whenever X and Y are (strong) solutions defined on the same stochastic
basis and with respect to the same Brownian motionlﬂ with X(0) = Y(0), then P(X(t) =
Y(t):Vte|0,T]) = 1.

As for general weak solutions, how could they be unique? Certainly, the stochastic basis
could differ from one solution to another. This of course implies that (being maps defined
on that basis) the Brownian motion W and the process X will differ from one solution to
another. However, often the sole interest in a solution lies in its distribution.

DEFINITION 5.1.4. We say that uniqueness in law (or weak uniqueness) holds for equation
(5.1)) if whenever X and Y are two weak solutionsﬂ starting at the same 7 € R?, the laws of
X and Y as C([0,T])-valued random variables are the same.

EXAMPLE 5.1.5. (Tanaka)
We let sgnx = 1(0,00) — L(—o0,0) and consider the one-dimensional stochastic differential
equation
dX(t) =sgn X (t)dW (t).
Let us first discuss uniqueness of equations. If this equation has a solution with initial
datum 7 € R, then X (¢) =n+ fg sgn X (s) dW (s). Consequently, X —n is a local martingale
with quadratic variation

t t
(X—77>t:/0 [San(S)]2d5:/0 sds=t.

Thus, by Theorem X — n is a Brownian motion. This implies that uniqueness in law
holds for Tanaka’s equation.

On the other hand, if X is a solution starting at 0 on the stochastic basis (2,3, IF, P)
with respect to the Brownian motion W, then also —X is a solution on the same stochastic
basis and with respect to the same Brownian motion. Consequently, if there exists solutions,
they cannot be pathwise unique.

Let us now turn to existence. We start with a stochastic basis (£2, %, F,P) on which an
IF-Brownian motion X (yes, this Brownian motion will be our solution!) is defined. To be
definite, take the one constructed in Chapter 1. Now, we define W by fg sgn X (s) dX(s).
By the above, W is a Brownian motion defined on our stochastic basis. With the chain rule
from Proposition [3.2.6, we see that

t

/sgn(X(s))dW(s):/ sgn(X(s))sgn(X(s))dX(s):/ 1dX(s) = X(t).
0 0 0

Hence, (2,3, F,P,W, X) is a weak solution of Tanaka’s equation starting at 0. To obtain
solutions starting at a general point n € R, we repeat this construction with X replaced with
X + 7. This shows that there exist weak solutions of Tanaka’s equation.

However, strong solutions do not exist. Indeed, given a Brownian motion W on a prob-
ability space (2, %, P), we endow the probability space with the filtration F"Y generated by
W. Now suppose we had a solution X starting at 0 on the stochastic basis (2, v, FW, P)

1Equiva1ent1y, if (2,%,F,P) is a stochastic basis on which an m-dimensional F-Brownian motion W is
defined and (2,3, F,P,W, X) and (Q, X, F,P,W,Y) are weak solutions of

2Here, as is customary, we do not mention explicitly the stochastic basis on which the processes are
defined and the Brownian motion with respect to which we have a solution. It would be more accurate
to say “whenever (2,%,F, P, W, X) and (fl,i},]ﬁ‘,fP, W,Y) are solutions”. However, we want to avoid such
sentences.
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with respect to the Brownian motion W. Then X is a Brownian motion. Using again the
chain rule and Tanaka’s formula (3.6]), we find that

W(t) = /0 sgn (X (s))dX(s) = |X(t)| + L(¢t) .

As the right-hand side is o(| X (s)]| : s < t) =: ﬁgm—measurable, we find that W ¢ FIXI and
consequently, since X is FW-adapted, FX < FIXI which is absurd. Hence, a process X as
above cannot exist and we see that indeed, we cannot expect strong existence of solutions.

Tanaka’s example shows that we can have weak existence without strong existence and
weak uniqueness without strong uniqueness. Several questions are natural and immediate:

e Does strong uniqueness imply weak uniqueness?
e Does weak existence and strong uniqueness imply strong existence?

Such, and related question are the topic of this chapter. We call this Yamada-Watanabe
theory, as such questions were studied by Yamada and Watanabe in their seminal papers
[9], 10].

5.2. On strong and weak uniqueness

In this section, we address the first question raised above, whether strong uniqueness
implies weak uniqueness. We shall prove that this is indeed the case.

The main difficulty to overcome is that we have to prove something for solutions defined
on possibly different probability spaces, while we only know something about solutions de-
fined on the same probability space. Thus, if we want to use strong uniqueness to prove
weak uniqueness, we have to transfer solutions onto a common probability space. This will
be done by means of regular conditional probability

DEFINITION 5.2.1. Let (£2, X, P) be a probability space and .# be a sub-o-algebra of X.
A regular conditional probability for ¥ given F is a map q: Q x 4 — [0,1] such that
(1) for every w € €, ¢(w,-) is a probability measure on (2, X).
(2) for every A € ¥, the map w +— ¢(w, A) is .#-measurable.
(3) for every A € 3, we have q(w, A) = E[14|.#] almost surely.

Thus, in a way, regular conditional probability is a version of the conditional probability
P(A|.%) := E[1 4|-#]. Here, we have to make a choice for every A € ¥ (that’s quite a lot)
in such a way, that whenever A, is a sequence of disjoint sets in o, we have q(w,J, Ax) =
>k d(w, Ay) for all w € Q. It is not clear at all whether this is possible.

THEOREM b5.2.2. Let (E,d) be a complete, separable metric space, P be a probability
measure on the Borel o-algebra #(E) and F be a sub-o-algebra of B(FE). Then there exists
a regular conditional probability for B(E) given F.

ProOOF. We proceed in several steps.

Step 1: Preparation.

Let {z,, : n € IN} be a countable, dense subset of E and let % be the collection of all open
balls, centered at some x, with rational radius. Then & is a countable set which generates
the Borel o-algebra. We denote by & the ring generated by 4, i.e.

X = { Up—1 N7y Agj : nym € N, Ay € #B or Ay € B

Then Z is a countable set generating the Borel o-algebra. Adding () to %, we may, and
shall, assume that F € Z.

Since P is a regular measure, see Lemma for every A € Z, there exists a sequence
(K]A)je]N of compact sets contained in A such that P(A) = sup; IP(KJA). We let Z* be the
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ring generated by # and all the K jA’s. Then Z* is a countable ring, generating the Borel
o-algebra.

Step 2 : Preliminary selection.

For every R € %*, we choose a version qo(z, R) of E[1g|.#]. Note that qo(-, R) is .#-
measurable. By linearity of conditional expectation, if Ry,..., R, are pairwise disjoint sets
of #*, we have

go(z, R1U---URy) = qo(z, Ry)
7j=1

for P-almost every z. Since #Z* is countable, there are only countably many such finite
families in Z*. Consequently, we find a set Ny € . with P(Ny) = 0 such that go(x,-) is a
finitely additive set function on E \ Njy.

We now enlarge Ny somewhat. By construction, for R € %, we have 1 KR T 1r. By

the properties of conditional expectation, go(x, K JR) T qo(z, R) almost surely. Thus, we find
Ng € Z with P(Ng) = 0 such that qo(z, Kf*) 1 qo(x, R) for all z € E\ Ng. Finally, let
Ny € % be a null set such that go(z, ) =1 on Q\ Ny.

Define N := NgUNyUJpepy Nr- Then P(N) = 0 and for x € E'\ N we have that go(z, -)

is a finitely additive set function with total mass 1 such that go(x, R) = sup; qo(z, KJR) for
all R € Z%.

Step 3: We extend go(z, ) to a measure ¢(z,-) on #(E) for x € E'\ N.

Fix x € F'\ N and let A,, be a sequence in # with A, | 0. Given ¢ > 0 for each n we
find a compact set C), (a suitable KJA") in Z* with C,, C A,, and qo(z, A, \ Cp) <27 "e. As
Ay, | 0, we have that () C,, = 0. As the sets C,, are compact, there exists some ng such that
CiN---NChy = 0. Consequently, n%; Ay \ Cr = Un%y An 0 (U2, C’n)C =, 4,, so
that A,, C U2, An \ Cpn. Thus, since go(z, -) is finitely additive on Z*,

ng 0o
qO(xaAno) < ZQO(x;An \ Cn) < ZQinE =E&.
n=1 n=1

It follows that go(z, Ay,) | 0, hence go(z, -) is a pre-measure. By the Caratheodory extension
theorem, there exists a unique measure ¢(x,-) on Z(FE) such that ¢(z, R) = qo(z, R) for all
R € #. We finally put ¢q(z,-) = 0, for z € N.

Step 4: We show that ¢ is the sought-after regular conditional probability.

Condition (1) in the definition is true by construction. For (2), let us show that z —
q(z, A) is F-measurable for all A € ¥. Indeed, the sets of all A for which this is true is
easily seen to be a Dynkin system. Moreover, it contains % (observe: N € .%). Thus, by
Dynkin’s - A theorem, this is indeed true for all A € X.

Finally, for R € # we have q(z, R) = E[l1g|.#]| almost surely by construction. It is
straightforward to prove that the sets R for which this is true is a Dynkin system. Invoking
Dynkin’s 7- A\ theorem again, it is true for all R € #(FE) hence (3). O

In the case where .# is generated by a random element, we get a related result:

COROLLARY 5.2.3. Let (Q,%,P) be as in Theorem [5.2.9, and X be a measurable map
from (2,%) to a measurable space (S,.7). The distribution of X is denoted by pux. Then
there exists a function q : S x ¥ — [0,1] called regular conditional probability of ¥ given X,
such that

(1) for every x € S, q(x,-) is a probability measure on (,%).
(2) for every A € X, the map x — q(x, A) is % -measurable.
(3) for each A € X2, we have q(x, A) = P(A|X = x), px-a.e. This should be interpreted
as
(X, A) =E[14]X] Pa.e
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Hence, the o(X)-measurable random variable q(X,A) is a version of conditional
expectation of 14 given X.

We are now ready to prove that pathwise uniqueness implies uniqueness in law. To
bring two solutions, defined on possibly different probability spaces, together, we use regular
conditional probability.

Now let (£2;,%;,P;,W;, X;) be two weak solutions of equation such that X;(0)
has the same distribution p as X2(0). We set Y; := X; — X;(0) and regard solution j as
consisting of the parts X;(0), W; and X;. For j = 1,2, this triple induces a measure P; on

E, =R x C([0,T;R™) x C([0,T]; RY),
endowed with the o-algebra
2, = B(RY) @ B(C([0,T; R™)) @ B(C([0, T]); RY))
via
P;(A) :=P;((X;(0),W;,Yj) € A) VAeX.

Note that as a product of three complete, separable metric spaces, F, is itself a complete
separable metric space and X, is in fact the Borel o-algebra of E.. We write 6, = (z,w,y)
for a generic element of E,.

Now let ¢; be a regular conditional probability of 3, given (x,w). In fact, we will only be
interested in the regular conditional probability of sets of the form R¢ x C([0, T]; R™) x A. By
slight abuse of notation we will thus write g;(z, w, A) instead of g;(z, w, R4xC([0, T]; R™)x A
and consider ¢; as a map from R? x C([0, T]; R™) x Z(C([0,T]; R%)) — [0, 1].

Note that the push-forward of IP; under (X;(0), W;), i.e. the distribution of (z, w), is the
measure ;1 ® W, where W is m-dimensional Wiener measure, on Z(R%) @ Z(E([0,T]; R™)).

In particular, it is independent of j. We write Py for this measure. We obtain for A €
B(RY @ Z(C([0,T];R™)) and B € Z(C([0,T]; RY)) that

P](A X B) = /qu((E,W,B) dPo(JZ,W) .

We can now glue things together. We add an additional copy of C([0,7]; R%) to E to
make room for two y’s. Thus, we put E := E x C([0,T]; R%) and ¥ := %, ® Z(C([0, T]; RY).
We write § = (x,w,y1,y2) for a generic element of E. On (E,X), we define a probability
measure P by setting for A € Z(R%) @ #(C([0,T];R™)) and B, C € B(C([0,T]; R%))

P(AxBx(C) = / q1(z,w, B)g2(z,w,C) dPy(x,w) .
A

We note that for the marginals, we have P(A x B x C([0,T]; RY)) = P1(A x B) and P(A x
C([0,T];RY) x C) = Po(A x C). In particular, (z,w,y1) is a “distributional copy” of
(X1(0),Y1,W1) and (z,w,y2) is a distributional copy of (X2(0), Y2, W2). We also define
Fp = o(x,w(s),ys),y2(s) : s <t)and I := (F))epo,17-

LEMMA 5.2.4. With the definitions above, (E, X, F,P,w,z +y1) and (E,X,F, P, w,x +
y2) are weak solutions of equation (5.1)).

Taking Lemma for granted (we will indicate a proof in the exercises), we can now
prove the following result.

THEOREM 5.2.5. (Yamada and Watanabe)
Pathwise uniqueness implies uniqueness in law.

PRrROOF. Given two weak solutions (£2;,3;,P;, W;, X;) for j = 1,2, we have constructed
two weak solutions x + y; on a single stochastic basis (£, X, F,P) and with respect to the
same Brownian motion w. Now pathwise uniqueness implies

Plz+yi=xz+y2:Vte[0,T]) =1
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or, equivalently,

(5.2) P({(z,w,y1,y2) : y1 =y2}) = L.
Consequently, for A € Z(R) ® Z(C([0,T);R™)) and B € Z(C([0,T]; R?)), we have
IPl((X1<0),I/V,Y1) EAXB) = Pl((a; w y1) EAXB)
= P((z,w,y1,y2) € Ax BxC([0,T]; Rd))
B2 p((2,w,y1,y2) € Ax Bx B)
= P((z,w,y1,y2) € Ax C([0,T];R?) x B)
= Pi((z,w,y2) € Ax B)
(

= IPQ( ()WQ,YQ)EAXB).
This is uniqueness in law. O

It is a remarkable Corollary of the Yamada-Watanabe result that pathwise uniqueness
implies strong existence. That is, if pathwise uniqueness holds for a certain equation and
if there exist solutions (otherwise, there is nothing to prove anyway), then on every given
stochastic basis with a given Brownian motion, there exists a solution with respect to that
Brownian motion.

The basic strategy is to show that there exists a measurable function k(z,w) such that

P((z,w,y1,y2) : y1 =92 = k(z,w)) = 1.

That is, y; is a measurable function of z and w. Then we set h(z,w) = = + k(z,w). It
follows that our initially given solutions X; = h(X;(0), W;) almost surely. Conversely, given
a stochastic basis (©,%,F,P) on which an F-Brownian motion W and an independent n
with distribution p is defined, we may define X := h(n,W). Then (X;(0),W;) and (n, W)
induce the same measure Py = ¢ ® W on Z(R%) @ Z(C([0,T])). However, on that space
the process X := h(z,w) solves with respect to w. By a variant of Lemma
X = h(n, W) solves that equation.

The details of the proof (in particular the construction of h and the verification of mea-
surability conditions) are rather technical, so we do not go into details here and do not prove
this result.

5.3. Pathwise uniqueness for some one-dimensional equations

Our approach to solve stochastic differential equations with (locally) Lipschitz continuous
coefficients yields pathwise uniqueness, cf. Corollary [£.2.3] Hence, by the Yamada-Watanabe
result, we also have uniqueness in law. In particular, the distribution of the solution does
not depend on the stochastic basis on which we solve the equation. A natural question is,
whether there are examples of stochastic differential equations with coefficients which are
not (locally) Lipschitz continuous, yet still pathwise uniqueness holds for such equations.

In this section, we give a one-dimensional example, due to Yamada and Watanabe. At
this moment, we merely prove that pathwise uniqueness holds. Existence of solutions will
follow from the results of the next chapter.

THEOREM 5.3.1. We consider the stochastic differential equation
(5.3) dX(t) = f(t,X(t))dt + o(t, X (t))dW(t)

in dimension one, more precisely, m = d = 1. Moreover, assume that there exists a constant
L and a strictly increasing function h : [0,00) — [0,00) with h(0) =0 and

/ h™2(s)ds =00 Ve >0.
(0.¢)
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Finally, we assume that the coefficients f and o satisfy
[ftx) = fty)l < Llz—y| and |o(t,z) —o(t,y)| <h(z—yl)  VoyeR,tel0,T].
Then pathwise uniqueness holds for equation (5.3)).

PrRoOOF. By the assumption on h, there exists a strictly decreasing sequence a,, with
ap = 1 and a, | 0 such that [*"" h™%(s)ds = n. We now pick for n € IN a continuous

function ¢,, supported in (ay,, a,—1) with 0 < ¢, (z) < hg( and fo on(x)dx = 1. Then

= /Olgc| /Otgpn(s) ds dt

is an even, twice continuously differentiable function with |¢'(z)| < 1 and ¢, (x) T |z|, cf.
Exercise 3 in Chapter 3.
Now let (2,3, I, P, W, X;) be a solution of for j = 1,2. By stopping, it suffices to
prove that X; = Xy almost surely additionally assuming that I fOT lo(t, X;(¢))|* dt < oo.
We have

t t
AX(t) := X1(t)—Xao(t) = /0 f(s,Xl(s))f(s,Xg(s))ds+/0 o(s,X1(s))—o(s, Xa(s))dW(s).

By It6’s formula,
AX0) = [ UL AXE)[FsXa(5) = 5. Xa(s))] ds
/W (AX(s))[o(s, X1(5)) — o (s, Xa(s))]* ds

+/0 U (AX(s))[o(s, X1(s)) — (s, Xa(s))] dW(s).

By our additional assumption, the stochastic integral is a martingale, hence it has expectation
zero. Taking expectations,

Eu,(AX(1) < B( [ WhAXEIAXE) ds+ 5 [ o(AX@)R(AX () ds)

< E(/O 1-L|AX(3)\ds+/0 Mh%m){(s)\)ds)

t
< /L]E|AX(5)|ds+t.
0

Upon n — oo, we obtain E|AX (¢)] < L fo E|AX (s)|ds and, by Gronwall’s lemma, it follows
that E|AX (¢ )| = 0 for all ¢t € [0,T]. Taking continuity of the paths into account, pathwise
uniqueness follows. 0

Typical examples for the function h are h(t) = [¢|* for a > 3. This shows that we obtain
pathwise uniqueness for functions ¢ which are Holder continuous of order o > %

ExaMPLE 5.3.2. Consider the stochastic equation
aX(t) = [X(B)dW ()
X(0) = 0
Clearly, X = 0 is a solution. By Theorem this is the unique solution for oo > %
It can be shown, that for o € (0,%
uniqueness in distribution.
This should be compared with the deterministic equation dX (t) = |X(t)|*dt, or as a
differential equation, u'(t) = |u(¢)|*. With initial datum u(0) = 0, the solution u(0) = 0 is
1 1
the only solution for o > 1 (!). For a € (0, 1) also u(t) = (1 — a)T=atT-= is a solution.

) we do not have pathwise uniqueness, not even
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EXAMPLE 5.3.3. A real-world example which fits into the situation of this section is the
Coz-Ingersoll-Ross model for interest rates. According to it, the short rate r (= instanta-
neous interest rate) solves the stochastic differential equation

dr(t) = a(b — r(t))dt + o/]r()]dW (t)

where a,b and o are model parameter, a,b,o > 0.

In our abstract framework, f(t,z) = a(b—x) which is certainly Lipschitz continuous and
o(t,x) = o+/|z| which is H6lder continuous of order 3. Thus, pathwise uniqueness holds for
this equation.

(1)

(2)

5.4. Exercises
Find as many different strong solutions of the stochastic equation
1 2
dX(t) =3X(t)3dt +3X(t)3dW (t)

as possible. Here 25 = —(—:c)% for z < 0 and X3 = (Xé)Q.
The Heston model is a so-called stochastic volatility model. Let us again consider

the model for an asset price S from Section
dS(t) = uS(t)dt + oS (t)dW(t).

Here, 1 and o are constant model parameter. In stochastic volatility models, the
parameter o (which is a measure for the amount of noise in the process) is as-
sumed to be itself a stochastic process. In the Heston model, we have the following
equations:

{dS(t) = pS(t)dt + /o (t)S(t) dWi(t)
do(t) = k(0 —o(t))dt + p\/o(t) dWa(t).

Note that o solves the Cox-Ingersoll-Ross equation.
Assuming that W7 and W5 are independent, this fits into our framework. Indeed,
setting d = m = 2 and

F(t,z,y) = < m(@Mf ) > and o(t,z,y) = ( \/gx p\()/ﬂ )

this equation is of the form . More appropriately, we should replace y with
ly| in the square roots. However, as we will see in the next exercise, if the initial
datum for o is positive (and this is the case which is interesting for applications)
the process is positive almost surely.

Show that we have pathwise uniqueness for the above equations.

Hint: The results of this section show that pathwise uniqueness holds for 0. Now prove
pathwise uniqueness for the first equation as in Proposition [£:2.2}

In applications, often W; and W5 are assumed to be correlated (thus not inde-
pendent). What happens in this case?
In this exercise, we prove a comparison result. Let fi, fo and o be given, such
that they satisfy the assumptions of Theorem and fi(t,z) < fo(t,z) for all
(t,x) € [0,T] x R. Moreover, let X; be a solution of the equation

{ dX(t) = fi(t,X(t))dt+ o(t, X (t))dW (t)
X(0) = n
for j = 1,2. Prove that if 7, < 79 almost surely, then P(X;(t) < Xq(t)Vt €
[0,7]) = 1.

Hint: If ¢, is as in the proof of Theorem put n = ¥nl(0,00) and repeat the proof of
Theorem (.3.11

Use this result to prove that in the Cox-Ingersoll-Ross model respects positivity,
i.e. we have r(t) > 0 whenever r(0) > 0.
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(4) Prove Lemma For simplicity, we only consider the case m = d = 1, the

general case being similar.

We are given two filtered probability spaces (€2;,%;,F;,P;) for j = 1,2 and
on the j-th space, an IF;-Brownian motion W, a continuous, adapted process X;
and an ﬁéﬂ )_measurable random variable n;. Moreover, we are given measurable
functions f,o : R — R. We need to prove that if the distribution of (n;, X1, W7) is
the same as that of (19, X2, W) (as Rx C([0, T]; R™) x C([0, T]; R¢)-valued random
variables), then one is a solution if and only if the other is a solution. That is, we
need to prove that

P[0 =m+ [ a0+ [ o) ave)
= Rl =t [ 1) ds+ [ o0kt aw o]

along with similar statements concerning integrability of f(X;(:)) and stochastic
integrability of o(X;(-)). Proceed along the following steps:
(a) (Reduction)

Show that it suffices to prove that for every ¢ € [0,T] the vectors

(m, /O " F(Xa(s)) ds, /O t F(Xa())dWj(s))  and
([ sta(e) s, [ 5(Xa(s)) awa(s))

have the same distribution. We may moreover assume that f and o are bounded
and that P (|| X1]lec < ¢) = Pa(|| X2|loo < ¢) =1 for some ¢ > 0.
(b) (Proof of the reduced statement for continuous f and o)
Show that if f and o are bounded and continuous (and the additional assump-
tions from (a) holds) then holds. To that end, take partitions 7, of (0,t)
with |7,] — 0 and consider for both integrals Riemann sums for the parti-
tion (evaluate at the left end points!). Show that holds if we replace the
integrals with their Riemann sum approximation and finish by letting n — oo.
(¢) (Proof of the reduced statement for measurable f and o) Use the point above,
approximation, a Dynkin system argument and linearity to extend to general
measurable coefficients.






CHAPTER 6

Martingale Problems

6.1. The Martingale Problem associated to an SDE

Let us consider the general time homogeneous stochastic differential equation

(6.1) {dX(t) = f(X(t)dt + o(X ()W (1)

X(0) =1

with measurable coefficients f : R* — R¢ and o : R — R¥*™. Here, W is an m-dimensional
Brownian motion. Again, 7 is an element of R?. In this chapter we focus on coefficients
which are time independent for notational convenience. Note that time can always be added
as an additional (spatial) variable.

In Chapter 4, we have proved (strong) existence and uniqueness of solutions in the case
where f and o are (locally) Lipschitz continuous using Banach’s fixed point theorem. Our
approach was very similar to that in the Picard-Lindel6f theorem for ordinary differential
equations.

There is a second Theorem for ordinary differential equations, namely Peano’s theo-
rem, which asserts existence (not uniqueness, however) of solutions for ODE with merely
continuous coefficients. The proof is based on compactness.

In this section, we want to establish similar results for stochastic differential equations,
i.e. we want to prove existence of (in general: weak) solutions of for coeflicients f and
o which are merely continuous.

As we are expecting weak solutions, the main problem to overcome is where to look
for solutions. We resolve this problem by not constructing weak solutions directly, but
rather to construct the distribution of such a solution. Thus, we look for an element of
2(C([0,T]; R?)), the set of all probability measures on C([0,T]; R%). Our first task is to
characterize those measures, which are distributions of solutions.

This is done via the martingale problem.

We denote by C?(R?) the set of all functions ¢ : R? — R which are twice continuously
differentiable and have compact support, i.e. {z : p(z) # 0} is compact.

Now assume that we have a (weak) solution X of (6.1, defined on some stochastic basis.
Thus, for the components X7, ..., X4, we have

Xi(t):m—i—/o fl-(X(s))ds—l—Z/o o1 (X (8)) dW;(s).
j=1

Writing pi;(s) = 04(X(s)), we obtain

(Xp, Xp) = <ZT:1 Prv © Wy, 2,7:1 Plu < Wu> = Z Pkv © <Wua Z,T:1 Plu © Wu>
v=1

= Z Pkv © (Z Pl © <W,u7 WV>> = Zpku < (pr<Wl/>) = Z(pkuplu) % <W1/>
v=1 pn=1 v=1

v=1
by using the biliniearity of the covariation and the chain rule.

57
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Thus, applying It6’s formula to ¢(X) for ¢ € C2(RY), we obtain

If we write o = (0y;) and A = oo’ then a;; = Y ;" 0i,0j,. We can now introduce the
associated operator:

DEFINITION 6.1.1. Given f : R — R? and ¢ : R? — R™™, we write A = oo?.
The associated operator to (6.1) is the differential operator @7, : C2(RY) — By(R?), the

bounded, measurable functions on R?, given by
d

d
1
dfﬂu(qj) = Zlfl(x)u% + 5 Z ALl Ugy o
1=

k=1
1
= Vu(@) f(2) + Su(A@) ()
where Vu and H, refer to the gradient and the Hessian of u, respectively.

We can now rewrite equation (6.2)) as

PX () — o) = [ 0] (X ds—ZZ / S (X ()0 (X (5)) AW ().

Note the integrands in the stochastic integrals are bounded since ¢ is compactly supported
and ¢ is bounded on bounded subsets of R?. Consequently, the stochastic integrals are
martingales and thus, the right-hand side in the above equation is a martingale.

Hence, we have proved that if X is a solution of (6.1]), then for every ¢ € C°(R?), the
process

FX() - / Ay oip(X(s)) ds

is a martingale. We are now very close to the martingale problem. However, we are still
working with martingales on our given probability space. We change this now.

DEFINITION 6.1.2. We consider the measurable space C([0,7];RY) endowed with its
Borel o-algebra. The natural filtration is T := (F{)ic[0,1], where F{*(x(s) s < t). Here, we
have identified x(¢) with the measurable map 7; : C([0, T]; RY) — R? given by m(x) = x(¢).
We shall do so in what follows without further notice.

A solution to the martingale problem associated with is a probability measure P on
(C([0,T]; RY), B(C(]0,T],R%))) such that

(1) P(x(0) =) = 1.
(2) For every ¢ € C?(R%) the process

t
Mo (t) := p(x(t)) — ¢ (x(0)) /0 [p00] (x(s)) ds
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is a martingale with respect to IF* under P.

We will briefly say that P solves the martingale problem [f, o, n]. If instead we are given a
probability measure x on R (an initial distribution) we say that P solves the martingale
problem [f, o, ] if (2) above holds and (1’) P(x(0) € A) = u(A) for all A € B(RY), i.e.
under P the random variable x(0) has distribution .

PROPOSITION 6.1.3. Let f : R = R? and o : R — R¥™™ be measurable and bounded on
bounded subsets of R, If (2,8, F, P, W, X) is a weak solution to , then the distribution
P of X (considered as an C ([0, T]; RY)-valued random variable) is a solution to the martingale
problem associated with .

PROOF. First, note that the maps X : (Q,%,P) — C([0,7]; RY) and
x : (C([0,T];R?), Z(C([0, T];R")), P) — C([0, T]; RY)

have the same distribution. In particular, P(x(0) = n) = 1.
Now let 0 <7y <7y < -+ <1, <s<t, function h; € By(RY), for j = 1,...,n and a
function ¢ € C2(RY) be given. We define ® : C([0, T]; R¢) — R by

Bx) i= [p(x(0) — p(x(s) = [ [Fpoe)x(s)) ds] - T hylx(r))
s j=1

Then @ is a bounded, measurable map from C([0,7]; R%) to R. Thus, ®(X) and ®(x), as
random variables on (2,2, P) and (C([0, T]; RY), B(C([0, T]; RY)), P) respectively, have the
same distribution, in particular, they have the same expectation.

Now note that [[;_, h;(X(r;)) is Fs-measurable, as X is adapted. By the above com-
putations, the process

M(t) := p(X(1)) — p(X(0)) —/0 [0 0] (X(s))ds

is an IF martingale. Consequently,

n n

E(X) = B[(M (1) — M(s)) [] (X ()] = E[E[(M(1) — M(s) [ hs(X (). 7]] =0
j=1 j=1

Thus also ®(x) has expectation 0 under P. Taking h; = 14, for some A; € B(R), we see
that

t
/ Px) = x0) ~ [ [p¢] 501 dr
{x(r1)€A1,...x(rn)EAL} 0

- / (x(s)) — p(x(0)) - / [ (x(r)) dr dP
{x(r1)€A1,...x(rn)EAL} 0

By a monotone class argument, we can replace the cylinder set {x(r1) € Ay,...,x(r,) € An}
with an arbitrary element of .#X. This proves that

p(x(1)) — p(x(0)) — /0 [7.00) (x(r)) dr
is an IF*-martingale under P. O

Let us pause at this moment and look at the operators associated to some stochastic
differential equations.
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EXAMPLE 6.1.4. (1) For f = 0and o = I;x4, the solution of (6.1]) is an d-dimensional
Wiener process. In this case, we have 0! = I;.q and we find for the associated
operator

klf

Thus, the operator associated to Browinian motion is half the Laplace operator.
(2) For the Ornstein-Uhlenbeck equation, we have m = d = 1 and f(z) = ax and
o(x) = 0. The associated operator is

d 1 2 d?
A 5 ax% + 3% g2

(3) For the equation in Section with d = 2 and m = 1 and coefficients

f(%y):(_@l (1)><§>:<—yx> and a(x,y)=<(1])
we find
(-3

Thus, for the associated operator, we have

d o 102
Ao =Y
5 Yor ~ 8y *3 2 8y
(4) For the Cox-Ingersoll-Ross modell with m = d = 1 and f(z) = a(b — z) and
o(x) = o+/x, we have

o O

d 1, d2
=alb—x)—+ -0
(b= 2) + 30%lal+
So far, we have proved that if the stochastic differential equation (6.1) has a solution,
then the associated martingale problem has a solution. The more interesting question is,
whether given a solution of the martingale problem, we can find a solution of the stochastic
differential equation (which has the given measure as a distribution).

A} 5

)

DEFINITION 6.1.5. Let (5, X;,T;,P;) be stochastic Bases for j = 1,2 with Q1 N Qs = 0.
The canonical extension of (Q1, X1, F1,IP1) by (Q2, X2, IF;,Py) is the stochastic basis

(1 % Q9,51 ®@ B, (F' @ F )iepor), P1 @ Pa).

Any probability space which is a canonical extension of (21,31,1F1,IP1) by some other sto-
chastic basis will be called a canonical extension of (Qq,%1,F 1, Py).

We will use canonical extensions to glue to a given probability space another probabil-
ity space on which a suitable Brownian motion lives. For example, if P is a probability
measure on (C([0,T]; R%), Z(C([0,T];R?)) and W is m-dimensional Wiener measure on
(o, T; R™), B(C(]0,T); R™)) and we denote by F* and FW the natural filtrations, then
with ' = (F @ #")sc(0,1) the extension

(C([0, T];RY) x C([0, T|; R™), B(C([0,T); RY) ® 2(C([0, T|; R™),F,P @ W)

is a stochastic extension of the first stochastic basis. Note that on this extension (x, w) — x
has the same law as x on the old basis is adatped to IF and that w is an m-dimensional Wiener
process even with respect to IF' (as ¥; and 39 are independent on the enlarged space).

We now prove the following integral representation theorem due to Doob:
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THEOREM 6.1.6. Let (2, %,F,P) be a stochastic basis and, on this basis, Let X be a
vector in R consisting of continuous local martingales with X (0) = 0 and

<XkaXl>t:/O ;Ukj(s)alj(s)ds

for a certain o : Qx[0,T] — R¥>™ every component of which belongs to L°(Qx[0,T], 2, P),
cf. Exercise 1 of Chapter 3.

Then there exists a canonical extension of the basis, on which an m-dimensional Brow-
nian motion W is satisfied such that

X)) =Y /0 owi(5) AW (s)
j=1

forall1 <k <d.

Proor. For t € [0,T], we denote by K(t) and R(t) the kernel, resp. the range of
o(t) and by K(t)* and R(t)* their orthogonal complements. By Pryy € R™™, Pryy €
RdXd,PK(t)J_ € R™™ and Ppyr € R¥? we denote the orthogonal projection onto the

corresponding space. We note that o(t) is a bijection from K (t)* to R(t), we write o(t)~"

for its inverse.

All these matrices are obtained via standard algorithms from linear algebra. Inspecting
these algorithms, we see that they are Borel-measurable functions of o(t). In particular,
they are again progressive.

We now consider a standard extension of (€2, X, F, P), on which an m-dimensional Brow-
nian motion B = (By, ..., B,,) independent of ¥ is defined. We define:

W(t) := /0 o(s) " Pryy dX(s) + /0 Prep) dB(t)

where we have used the matrix-vector notation. Then W (t) is a continuous local martingale.
Let us compute the quadratic variation. With computations as at the beginning of this
chapter, we see that the matrix of quadratic variations has density with respect to Lebesgue
measure as

(07'Pr)oo” (67 'PR)" + PxPk = P Pl + P =Pg1 + Pg =1.
Hence, by Corollary W is an m-dimensional Wiener process. Using the chain rule from
Proposition we find
coW = (00" 'PR)o X +0PxoB=ProX +0=(Pr+Pp)oX =X.

Here, we have used that Pp1 ¢ X = 0 almost surely, as its matrix of quadratic variations is
PpiooTPpi =0 O

We can now prove the main result of this section.

THEOREM 6.1.7. Let f : R — R? and o : R* — RY™ be measurable and bounded on
bounded subsets. Moreover, let 1 € RY. Then there exists a weak solution of equation ([6.1))
with distribution P if and only if P solves the associated martingale problem.

PROOF. It was seen in Proposition that the distribution of any weak solution of
(6.1)) solves the associated martingale problem. For the converse, let P solve the associated
martingale problem.

Pick ¢;, € C2(RY) such that ¢;, = z; for all x € RY with ||z|| < n. Since P solves the
martingale problem, M, is a martingale for all i,n. Using the stopping time 7, := inf{t €
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[0,T7] : [|[x(t)|| < n}, we see that
tATh
Mz () =%t A1) —%(0) — /0 fi(x(s))ds
hence M;(t) := x(t) — fo fi(x(s)) ds is a continuous local martingale.

Let us now compute the covarlatlon processes. Similarly as above, using ¢y ;. € C%(RY)
with ¢ n(2) =z for ||z]| < n, it follows that
t
1
M (1) = xx(t)x(t) — x£(0)x1(0) — / xk(s)f1(x(s)) +x(s) fu(x(s)) + Fam(x(s)) ds
0

is a local martingale. Here, A = (ay;) = 0o’ as before.
A direct computation shows

Mk(t)Ml(t) — /Ot akl(x(s)) dS
= Mkz(t)—Xk(O)Ml(t)—Xl(O)Mk(t)+/0 (xk(s) — xk(t)) fi(x(s)) ds
# [ o) =@l s + [ sxionas [ s
= Mkl(t) — Xk(O)Ml(t) — Xl(O)Mk(t) +/0 [Mk(s) — Mk(t)] fl(X(S)) ds
+/ [Ml(s) — Ml(t)}fk(x(s))ds
0
= Mkl(t) — Xk(O)Ml(t) — Xl(O)Mk(t) +/0 Mk(s) dFl(S) — Mk(t)Fl(t)

+ /t M;(s) dFy(s) — M;(t)Fy(t)

where we have set Fj(t fo fi(x(s)) ds. Noting that F; is a bounded variation process and
integrating by parts (Theorem , it follows that

MU0 ~ [ aux(6))ds =Ma(8) = O M(0) ~ O M(0) — [ o) das)
- [ FG ).
a local martingale. Thus,
<Mk,Ml>t:/0takl( ds_/ Z% ))oi(x(s)) ds .
By Theorem there exists a canonical extension (2,3, F,P) of the stochastic basis

(C([0,T); RY), B(C ([0, T); RY)), FX, P) on which an m-dimensional Brownian motion W is
defined such that

Mi(t) = x4 (t) — x4(0 /fk )ds:Z/O oy (x(5)) W (s)

forall 1 <k <d, i.e.

/f ds+/ o(x(s)) AW (s)
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Since P(x(0) = n) = P(x(0) = n) = 1, it follows that (2, %, I, P, W, x) is a weak solution of
6. O

The theory developed so far has an extension to time dependent functions. We write
Cy([0,T] x R?) for the bounded, continuous functions on [0, 7] x R¢ and C12((0,T) x R%)
for the functions on (0,7) x RY which are once continuously differentiable with respect to t
and twice continuously differentiable with respect to x € R

PROPOSITION 6.1.8. A measure P solves the martingale problem [f,o,n] if and only if
P(x(0) =) =1 and for all u € Cy([0,T] x RY) N CH2((0,T) x R?) the process

t du

s ult,x(0) = u(0x(0) = [ [GF = ] (0x() s

s a local martingale under P.

The proof of this proposition is left as an exercise.

6.2. Existence of weak solutions

We can now construct weak solutions of via compactness arguments. However,
we will not assume that certain processes are relatively compact, but we will assume that
certain measures (namely, solutions of certain martingale problems) are relatively compact,
i.e. we assume that they are tight, see Appendix

Given f: R — R?, o : R — R™™ and n € R?, we will refer to the martingale problem
associated with as the martingale problem [f, o, n)].

THEOREM 6.2.1. Let sequences fy,on and n, be given which converge to f,o resp. n.
For the functions, we assume that the convergence is uniformly on compact subsets of R?.
Moreover, we assume that the functions are measurable and uniformly bounded on bounded
sets.

Let Py, be a solution of the martingale problem [fy, on,nn|. If the sequence (Py,) is tight,
then every accumulation point of the sequence is a solution of the martingale problem [f, o, n].

ProOF. Passing to a subsequence, we may assume that P, converges weakly to the
probability measure P. Testing against v o mg for ¢ € Cy(RY), we infer that the distribution
of x(0) under P,, converges weakly to that under P. Thus, since n, — 7, P(x(0) =) = 1.

Fix 0 <r <rpg <o <1y <5 <t < T, functions hj € Cy(R?) and a function
¢ € C?(RY). We define @, : C([0,T]; RY) — R by

() = [ix(t)) ~ 0lx() ~ [ [,.0,] x(5)) d| [ s ().
s j=1

We defined ® similarly, replacing f,, o, with f,o.

Using our assumptions, is is easy to see that <7, 5, ¢ is uniformly bounded, say by M,
and converges to %7, ., ¢ uniformly on compact subsets of R¢.

It follows that ®,, is uniformly bounded, namely by (2||¢||cc + (t —s)M) H?Zl |hj]loc and

converges to ®, uniformly on compact subsets of C([0,T];R%). Indeed, if € is a compact
subset of C([0,T]; R?), then there is a compact subset K of R? such that x(t) € K for all
x € € and all t € [0,7]. Thus, the claimed convergence follows easily from the uniform
convergence of <7y, , ¢ to &} sp.

Now, let € > 0 be given. By tightness, we find a compact set € such that P, (%) < ¢ for
all n € IN. Moreover, we find ng such that |®,(x) — ®(x)| < e and | [ ®dP, — [ PdP| < ¢
for all n > ng. Hence, for n > ng, we find

‘/@nd]Pn—/deIP‘ < /|<I>n—<1>|d]Pn+‘/<I>d]Pn—/<I>d]P‘
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/sdIPn+/ 2M dP,, + ¢
€ ¢c
< e+2Me+e=(2+2M)e.

IN

As ¢ > 0 was arbitrary, [®,dP, — [®dP. Since P, solves the martingale problem
[fn,n, 1], we have [ @, dP,, = 0, cf. the proof of Proposition Consequently, [ @ dP =
0. As in the proof of Proposition (with an additional Dynkin system argument to get
from continuous h;-.s to indicator functions), we infer that under IP, the process

p(x(1)) — p(x(0)) - /0 (7.0 (x(5)) ds

is a martingale. As ¢ was arbitrary, P solves the martingale problem [f, o, 7] as claimed. O

Next, we have to find a suitable criterion to prove tightness of measures on C([0, T]; R%).
Recall that the Arzeld Ascoli theorem asserts that a subset of C([0,T];R?) is relatively
compact if and only if it pointwise bounded and equicontinuous. In particular, if ||x(t) —
x(s)|| < Clt—s|* all x € € and certain constants C, o independent of x € %, i.e. the elements
of & are Holder continuous with constant independent of x, then the set % is equicontinuous.

LEMMA 6.2.2. Let forn € N (Q,, ., P,) be probability space and X,, : Q, — C([0,T], R?)
be such that for certain constants M,C,a,v > 1, and 8 > 0 we have

(1) E,|| X, (0)]" <M for alln € N
(2) B, || Xn(t) — Xpn(s)||* < C|t — s|**P for all n € IN.
Then the distributions P, of X,, are tight.

ProOOF. By the Chebyshev inequality and Corollary |A.3] for v < g we can pick C,Co
such that
€ €
Pul(lXally > C1) < 5 and Bo(1X,(0)] > Co) < ©.
Then, for ¢ = {x: ||x|l, < C1, [|x(0)|| < Cs}, we find

P (6°) = Pu([|Xnlly > Cror [Xa(0)] > C2) < e.

By the Arzeld Ascoli theorem, % is compact in C([0,T]; R?). Hence, we have proved that
the measures P,, are tight. O

This criterion can be applied in the following situation.

LEMMA 6.2.3. Let f : R — R? and 0 : R — R¥™™ be measurable and satisfy the growth
condition

[f @) <a+blzl and |o(z)]| < a+ bl
If X is a weak solution of of equation (6.1)), then

EI|X |2 29y < O+ [n]*™)

and
E[[X(t) = X(s)[*™ < C(L+ [[nl*™)|t = s|™ (t,s €[0,T))

for allm > 1 and a constant C' which only depends on m,a and b.

PROOF. Since X is a weak solution, we have that

e <o+ [ o]+ [occave|™)

almost surely where C' is a constant only depending on m. In what follows, C' denotes a
generic constant and may change from ocurrence to ocurrence.
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By Jensen’s inequality,

H/Otf(X(S))dstm - /fl Dds)]" <o / )R]

S 7f2m 1/ ||f |2md5

As for the stochastic integral, we have

E sup H/OTO'(X(S))dW(S 2 <CE /|cr |2ds) <ct™ 1/ (X (s))]*™ ds

0<r<t

by the Burkholder-Davies-Gundy inequality. It follows that

E( sup [X(r)]*") < C(In>" + /w (NP + lo (X (5)) 2™ ds)

0<r<t

Setting ¢(t) := E(Supogrﬁ HX(T)HQm) and using the linear growth assumptions, we see
that

o) (14l + [ o))

Now the first assertion follows from the Gronwall lemma.
Similarly, we can prove that

Bl X (t) - X (s)|*™ < Ot - S)ml/o L+ sup [|X(r)[*™ds < C(1+ [[n*™)(t - s)™

0<r<s
by the first estimate. O

We can now prove existence of weak solutions for arbitrary continuous coefficients f and
o of linear growth.

THEOREM 6.2.4. Let f : R? — R? and o : RY — R¥™™ be continuous and of linear
growth. Then for every n € R?, there exists a weak solution of equation (6.1]).

Proor. By Theorem it suffices to construct a solution to the martingale problem
[f,o,m]. If f and o are additionally Lipschitz continuous, then a solution exists by Theorem
and Proposition [6.1.3

Let

A :={(f,o0) : problem [f,o,n| has a solution} .

Then % contains Lip(R%, R?) x Lip(R%; R*™) by the above. Moreover, if (f,,0,) is a
sequence in # which is uniformly of linear growth and converges to (f,o) uniformly on
compact subsets of RY, then (f, o) € J#. Indeed, if P,, solves the problem [f,,c,,n], then
the sequence P,, is tight as a consequence of Lemmas [6.2.2| and [6.2.3] Thus, this sequence
has an accumulation point which, by Theorem solves the problem [f, o, n].

To finish the proof, it suffices to note that for every continuous f and ¢ of linear growth,
there exist sequences f, and o, of Lipschitz continuous functions which are uniformly of
linear growth and converge uniformly on compact subsets to f resp. o. Thus any such pair
of functions belongs to JZ. g

We can now establish existence of solutions for the Cox-Ingersoll-Ross modell.

COROLLARY 6.2.5. Let a,b,0 > 0. Then for every n > 0 there exists a pathwise unique
strong solution of the stochastic differential equation

{dX(t) = a(b— X(@))dt + /| X (t)]dW (t)

X(0) = n.
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PRrROOF. Existence of weak solutions follows immediately from Theorem as the
coeflicients are continuous and of linear growth. Pathwise uniqueness was proved in Theorem
[5.3.1] and that pathwise uniquneness implies strong existence was discussed after Theorem
5.2.5] O

6.3. Uniqueness of solutions

Having established existence of solutions for continuous coefficients f and o with the help
of the martingale problem, we now turn to the question of uniqueness (in law) of solutions.
As it turnes out, this question is intimately connected with existence of solutions to some
partial differential equation involving the associated operator .27f ;.

In this section, we will also consider martigale problems where we prescribe an initial
distribution p rather than an initial value n. This is due to the fact that even if we just
want to prove uniqueness for deterministic initial values, we have to consider solutions with
random initial distributions on the way.

We start with the following

LEMMA 6.3.1. Let f and o be continuous. Suppose that for every o € C°(R?) there
exists a solution u, € Cp([0,T] x R N CL2((0,T) x RY)) of the Cauchy problem

{Cffi = yqu
u(0) = ¢p.

Then, if P and Q are two solutions of the martingale problem [f,o,p], then the one-
dimensional marginals agree, i.e. for all t € [0,T] we have

P(x(t) € A) = Q(x(t) € 4))
for all A € B(R?).

PROOF. Fix ¢ € CX(RY), t € [0,T] and put g(s,z) := u,(t — s,x) for 0 < s < t and
x € R Then g € C([0,1] x RY) N CH2((0,t) x RY) satisfies
du

I —djo,u=0 and g(t)=¢.

By Proposition the process g(s,x(s)) is a local martingale under both P and Q. In
fact, as g(s,x(s)) is bounded, it is actually a martingale. Consequently,

Ep(p(x(t)) = Ep(g(t, x()) = Ep(9(0,x(0)) = /]Rd 9(0, ) dp(z) = Eq(p(x(t))
As ¢ € C(RY) was arbitrary, it follows from a monotone class argument that the push-

forward of P and Q under x(¢) are equal. That is the assertion. O

Lemma asserts that any two solutions of the martingale problem (with identical
initial distribution) have the same one-dimensional marginals. Note that since the Borel o-
algebra on C'([0, T7; ]Rd) is generated by the point evaluations, see Proposition a measure
on C([0,T]; RY) is uniquely determined by its finite-dimensional marginals.

We now extend Lemma to a uniqueness result, by showing that certain conditional
distributions also solve the martingale problem.

THEOREM 6.3.2. Let f and o be continuous. Suppose that for every f € C°(RY) there
exists a solution uy € Cp([0,T] x RY) N CL2((0,T) x RY)) of the Cauchy problem

{ CC%‘ = dfqu

Then, if P and Q are two solutions of the martingale problem [f, o, u], we have P = Q.
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PROOF. As a consequence of Proposition it suffices to prove that for every 0 < t; <
ty <---<t,<Tandall Ay,..., A, € B(R?), we have that

P(x(t1) € A1,...,x(tn) € A) = Q(x(t1) € A1, ..., x(tn) € 4y) .

By a Dynkin system argument, it suffices to prove that for positive measurable functions
fi,..., fn with f; > € for a certain € > 0, we have

(6.3) EP[

=
=

x(01)] = Ea [T fux()]

We prove this by induction on n. The case n = 1 follows from Lemma [6.3.1] Now assume
that holds for all n < m. We prove that it also holds for n = m + 1. We thus assume
that t,, < T. We set E = C([tm,T];R%) and define the measures P1,Q; on E by setting,
for A e B(E),

B [1a Ty fi(x(t))] Bq [LaTT7 fi(x(t)]
B | TTy fi(x(t))] Eq [T fubx(te))]

Then P; and Q; are probablity measures on E. Moreover, by using (6.3) with n = m, it
follows that

Pi(A) =

and Qi(A) :=

Ep | (x(tm)) T}" 1fk<x<tk>>}
Ep | [/ fr(x }
(t

(t
n

[ (e(tn)) Ty fo(x(t0))]
[ j 1fk: )} :EQlf(X(tm))v

for all strictly positive, measurable f. It follows that P; and Qi have the same initial
distributions, say v. Moreover, P; and Q; solve the martingale problem for [f, o, v]|. Indeed,
ifty, <r < ...,rp < s < tand hy,...,h are bounded, measurable functions, and ¢ €
C%(RY) we may put

Ep, (f(x(tm)) =

l

Bx) i= [p(x(t) ~ p(x(s)) [ [yl ex(r))dr] TLhitxr)

=1

Then Ep, ®(x) is a multiple of

B o) — ) [ (0]t ] [Tt T 60,0 =0

i=1

as P solves the martingale problem. Now a standard argument shows that P; solves the
martingale problem, cf. the proof of Proposition Similarly one sees that Qi solves the
martingale problem.

Now Lemma yields that P; and Q have the same one-dimensional marginals. In
particular,

Ep [ fr 1 (1) Ty fi(x(t0))] g [t (<(bms) TTy (1)
Ep | T, felx(t)] Eq T}, filx(t))]

for all bounded, measurable functions f,,+1. As the nominators above are equal by induction
hypothesis, we have proved (6.3) for n = m + 1. O
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We have thus reduced the question of uniqueness of solutions to the martingale problem,
i.e. of uniqueness in law for our stochastic differential equation to a queasion of existence to
some partial differential equation. If the matrix A(z) = o(z)o(z)? is positive definite, i.e.
there exists a K > 0 such that

d
> ai(@)€g; > wlef?
ij=1
and the coefficients A and f are bounded and Holder continuous, then the Cauchy problem
u; = 4, has a solution for every initial value f € C2°, see Theorem 12 in [3] Section 1.7].

6.4. Exercises

(1) Prove Proposition

(2) Let us consider the stochastic differential equation with coefficients f and o, which
we assume to be locally Lipschitz continuous and of linear growth. The results of
Chapter 4 yield that for every n € L%(Q,.%o,P) there exists a (pathwise) unique,
strong solution of the equation with initial datum 7. It now follows from The-
orem and the results of this chapter, that for every probability measure pu,
there exists a unique solution P, of the associated martingale problem with initial
distribution u.

Given f € By(RY), the bounded, borel-measurable functions on RY, we define
for t > 0 the function T'(¢)f by

[T(t)f](2) = Eo f(x(t)) = Bf(X(t,2))
where X (t,z) denotes a strong solution with initial datum = and E denotes ex-
pectation with respect to the probability measure on that space and IE, denotes
expectation on C([0, T]; RY) with respect to the probability measure Pj, .
Show the following properties:

(a) If f € Cy(RY), then T(t)f € Cy(RY). If f € By(R?), then T(t)f € By(RY).
Moreover, show that if f,, is a bounded sequence converging pointwise to f,
then T'(t) f,, — T'(t)f pointwise.

Hint: For the first part, use Theorem Then show the last assertion and use this and
a Dynkin class argument to prove the second assertion
(b) Show that for s,t > 0 we have T(t + s)f =T (¢t)T'(s)f.
Hint: Inspect the proof of Theorem [6.3.2
Part (b) asserts that T'(t) is a semigroup on either By(R%) or Cy(RY). It is called
the transition semigroup of the stochastic differential equation.



APPENDIX A

Continuity of Paths for Brownian Motion

DEFINITION A.0.1. Let (X(¢))ier and (Y (¢))ier be stochastic processes defined on the
same probability space (2,3, P). Then (X (t))ier and (Y (¢))ier are called versions of each
other if P(X(¢t) =Y (t)) =1forallt e [.

THEOREM A.1. (Kolmogorov)
Let (X (t))tejo,r) be a stochastic process such that there exist C,a, 3 > 0 such that

(A.1) E[X(t)— X(s)|* < C|t —s|'*? Vi, s€0,T].
Then, for all 0 < v < g, the process X has a version Y whose paths are Hélder continuous
of exponent 7y, i.e. for all w € Q there exists a constant C(w) such that

Y (tw) = Y(5,0)| < C)lt — s Vt,5€[0,7].

PROOF. We may assume that 7" = 1 for notational simplicity.
For k € IN, define the real valued random variables Y3 by

J—1 J
Y, = X - X(=)] .
k 03]‘8;12%—1 ‘ ( ok ) (zk)‘
Hence, by assumption,
2k 1 . .
EY < ) E|X(]2;k1) - X(z‘ik)| <2k.c( M8 = g2k
j=0

Note that for ¢ < g we have
o0 oo oo
B (27Y,)" =Y 2°"EY,? < C) 2727 < o0 .
n=1 n=1 n=1
It follows that almost surely, there exists a constant C'(w) such that |Y;,| < C(w)27". Indeed,
the above proves that the series Y °°  (2°"Y,,)® converges in L!(2). However, by positivity
of the summands, it converges almost surely. Thus, if for some w € €2 there was no such
constant, then Y,, > 27" infinitely often but then (2°"Y,,)® > 1 for infinitely many n. But
then for such an w the series > >, (2°"Y},)* diverges.
Now put Dy := {j27% : j =0,...,28 =1} and D := {J,cn Dx. Define the real valued
random variable Z by
Z =sup{|t —s| 7| X(t) — X(s)| : s,t€D,s#t}.

Then Z is finite almost everywhere.
To see this, note that

Z < sup {2<'f+1>7 sup IX(t) — X(s)], s, € D}
keN 2= (kD) <|t—s|<2-F

©) ad
< sup2tDr.9 Z Y, < 27F! Z 27y, < oo a.e. ,

keN n>k n=0
since, almost surely, Y,, < 2-(rte)n wwhere e > 0 is such that y+e< g

69
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It remains to verify (). To that end, let s, € D with |t — s| < 2¥ be given. For n > k
put s, :=sup{r € D, : r < s} and t, := sup{r € D,, : r <t} and note that s, = s and
t, =t eventually. Hence

X( tk + Z tn+1 (tn))
and X (s) = X(sg —I—Z (Sn41) — X(sn)) -

Furthermore, t,, 11 is either equal to t,, or to t, +2~ 1. It follows that | X (t,, 1) — X (t,,)| <
Yo+1, and, similarly, | X (sp+1) — X (sn)| < Ynt1. Thus, by the triangle inequality,

X (8) = X(s)] < |X(tr) — X(sp)| +2) Yier -
n>k
Since |t — s| < 2=k the difference |tk — sk| is either O or 2=F hence | X (tr) — X(sx)| < Y.
Putting this together, (x) is proved.

We have proved that, almost surely, the map D > t — X(¢) is Holder continuous of
exponent 7y, more precisely,

sup | X(t) — X(s)| < Z|t —s|7 .
t,s€D ,t#s

Define Y (t) := lims_¢ sep X (s) on the set {Z < oo} and Y (¢) := 0 on the remaining null set.
Then Y has almost surely Hélder continuous paths of exponent . Indeed, for ¢ 1, € [0, 1]
and s1,s9 € D, we have
[ X(t1) = X(t2)] < [X(#) = X(s1)| + Z(s1 — 82)7 + [ X (£2) — X(s2)]
— Z(tl — tg)’y

as s1 — t1 and so — to, whenever Z < oo.

Finally, we note that Y is a version of X. Indeed, if (¢,) is a sequence in D converging
to t € [0, 1], then Y (¢,) — Y (¢) almost surely. However, by the Kolmogorov condition

| X (tn) — X(t)|* — 0 as n — oo. Passing to a subsequence, X (t,) — X(t) almost surely.
Thus Y (t) = X(t) almost surely. O

COROLLARY A.2. Let (W (t));>0 be a Brownian motion and o € (0,1). Then (W (t))i>0
has a version with a-Holder continuous paths.

PRrROOF. For n € IN, we have
E[(W(t) — W(s)]Q” = (2n — DMt — s|”

as for a Gaussian random variable v with mean 0 and variance r, we have Ey?" = (2n —
a)!!T”H By Theorem with o = 2n and 8 = n — 1, it follows that Brownian motion has
a version with %=1

5.-Holder continuous paths. As n — oo, this coefficient tends to % U

We also note

COROLLARY A.3. In the situation of TheorenfA.1], additionally assume that o > 1. In
this case, for v < g, we have

E|Y|s<C
where Y|y = sup, 4, [t — s| 7Y (¢) — Y(s)| and C is a constant which only depends on
C,a,B and 7.

IThis follows easily by induction.



A. CONTINUITY OF PATHS FOR BROWNIAN MOTION 71

ProOOF. Clearly, |Y(t) =Y (s)| = |X(t) — X (s)| < Z|t—s|" for all t, s € D. By continuity,
it follows that ||Y'||, < Z. We have seen in the proof of Theorem that

o
7 <t Z 2"y,
n=0
almost surely. Taking norms in L%(2), we obtain
(0.9} o
(EZ%)= <2771y om(EY)a <271y 2m (02 e < oo






APPENDIX B

Stochastic Processes as Random Elements

Throughout these lecture notes, we are concerned with (R%-valued) stochastic processes
(X ())tejo,m- According to our definition, we are given a probability space (€2, %, IP) and, for
each t € [0,7T] a random variable X (¢) : Q@ — R?. Writing X (¢, w) for X (t)(w), we are thus
requiring that every t € [0, 7] the map w — X (f,w) is measurable.

However, we also keep w fixed and vary ¢ thus obtaining a function ¢t — X (¢,w) which
depends on w. In our applications, the functions ¢ — X(¢,w) are usually continuous, i.e.
elements of C([0,T]; R?). In this appendix, we discuss the measurability of maps from  to
C([0,T];RY).

We endow C([0, T]; R?) with the topology induced by || - ||o0, defined by

[ flloo = max sup [f;()]
J=1,...d g0,
and denote the Borel o-algebra by 2(C([0,T]; RY)).
We note that (C([0,T7]),] - |lec) is a complete metric space which is separable by the
Stone-Weierstrass theorem. We thus obtain

LemMMA B.1. Z(C([0,T]; R%)) is generated by either the open balls B(z,r) or the closed
balls B(xz,r) for x € C([0,T]) and v > 0. In fact, it suffices in both cases to consider a
countable union of such balls.

PROOF. Let (fn)new be a sequence which is dense in C(]0,7]; R?). And define S :=
{B(fn, k™) : n,k € N}. Then every set U which is open in C([0,7];R)) is the union of
all balls in S which are contained in U. Indeed, if g € U, then B(g,k~!) C U for large
enough k. Since the f,’s are dense, there is some m € IN with f,, € B(g,%k‘l), thus
g € B(fm,3k™%) C B(g,k™') C U. This shows that every element of U is contained in a
ball in S which is entirely contained in U. Hence, U is contained in all balls of S contained
in U. The converse is trivial.

This proves that the Borel g-algebra is generated by all open balls. As every open ball
is a countable union of closed balls, it is also generated by the closed balls. ]

Of particular importance are the point evaluations m; : C([0,T];RY) — RY, given by
7:(f) = f(t). These maps are continuous, hence measurable. Thus, if X : Q — C([0,T]; R%)
is measurable, then 7;(X) : © — R? is measurable. As for random processes above, this just
means that w — X (¢,w) is a measurable map from 2 to R? for all ¢ € [0, T].

We will prove next, that the Borel o-algebra Z(C([0, T]; R?)) is generated by the point
evaluations.

PrOPOSITION B.2. Z(C([0,T];R?)) = o(m; : t € [0,T)).

PROOF. A cylinder set is a set A C C([0,T]; RY) such that there exist t1,...,t, € [0,T]
and A1, ..., A, € B(RY) such that

A={feC(0,TRY) : f(tj) € Ajj=1,....n} =7, (4))-
j=1
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The latter shows that cylinder sets belong to the Borel o-algebra %(C([0,T]; R%); they also
belong to every o-algebra with respect to which the point evaluations are measurable. It
thus suffices to show that the cylinder sets generate Z(C([0, T]; R?)). Actually, by Lemma
it suffices to show that closed balls B(g,r) belong to the o-algebra generated by the
cylinder sets.

To see this, fix g and r and let {t; : k € N} = [0,7]N Q. For € R? and r > 0, we put

By, = Hizl[:ck — 1,z + 7] and claim
ﬂ 7Tt 7’ g(t]

JEN

Note that the right-hand side certainly belongs to the o-algebra generated by the cylinder
sets. Thus, given the claim, we are done.

To prove the claim, note that the set on the right-hand side consists of all f € C([0, T]; R%)
such that |fi(t;) = gx(t;)| < r for all j € IN, i.e. for all rationals in [0,7], and k =1,...,d.

As the components fi and g; are continuous for all k = 1,...,d, it follows that the set in
fact consists of all f € C([0,T]; RY) with |fi(t) — ge(t)] <7 for all k =1,...,d. Hence, the
set is B(g,r) as claimed. O

Proposition has important consequences:

COROLLARY B.3. Let (9,3, P) be a probability space and X,Y : Q — C([0, T]; R?).

(1) X is measurable if and only if X (t) : Q@ — R? is measurable for all t € [0,T], i.e. if
and only if (m¢(X))ieco,1) s a stochastic process.

(2) If both X and Y are measurable, then X and Y have the same distribution if and
only if X and Y have the same finite dimensional distribution, i.e. for all n € IN
and t,...,t, the random vectors

(X(t1),..., X(tn)), (Y(t1),...,Y(tn)) : 2 = R"
have the same distribution.
Finally, we define some spaces of function-valued random elements. For a measurable

map X : Q — C([0,T]; R?), we write [X] for the equivalence class modulo equality almost
everywhere, i.e.

[(X]:={Y :Q— C([0,T]; RY) measurable : X =Y P-a.e.}.
By LO(Q, %, P; C([0,T]; RY)), we denote the vector space space of all equivalence classes [X]
of measurable maps X2 — C([0,7];R9)). As is customary, we will immediately drop the
equivalence classes again from our notation and say things like X € L°(Q; C([0, T]; R?)) or
X =Y with the understanding that equalities are only valid almost everywhere.

Note that since || - [loo : C([0,T]; RY) is continuous, also || X||oo : 2 — R is measurable
for measurable X : Q — C([0,7]; R%). Hence, we may define

LP(@C(0, T RY) = {X € LA C(0,THRY) : | X € (4 R)} .

PROPOSITION B.4. Endowed with the norm || - || 1r(q,c(jo,1;r%)), defined by

X100 comymay = [ IX @I P
the space LP(Q; C([0,T]; RY)) is a Banach space.
The proof is basically a copy of the scalar-valued case, but we include it for completeness.

Proor. We write ||| - ||| instead of || - || 1»(q,c(j0,71;r%)) for convenience. It suffices to prove

that every Cauchy sequence in LP(2; C([0,T];R%)) has a convergent subsequence. Given a

Cauchy sequence X, there exists a subsequence X, with [|[X;,,, — Xn, ||| < 27"
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We put

[e.9]

Yii= Xnpyy — Xn, and fi=> Vil
k=1
For the scalar valued functions ||Yx||o, we have

N n N
[0 el ]| < 37 WXy = Xl < 327 <1
k=1 Pok= k=1

By monotone convergence, Y n_, [|[Villoo 1 f almost surely (say for w € N° for some N € %
with P(N) = 0) and f € LP(Q). By completeness of C([0,T];RY), for w € Q\ N the
series Y po, Yi(w) converges to some Y(w). Extend Y to Q by setting it 0 on N. Then
Y is measurable and X,,, = X,,, + Ef;ll Y; converges almost surely to ¥ + X,,;, =: X. In

particular, || X,, — X|c — 0 almost surely.
Noting that

k—
X = Xloo € 3 1l + X oo+ X o < 2F + [ Kl
J:
where the latter belongs to LP(2; R), it follows from dominated convergence that

11X, — X7 = /Q | X — X|E dP - 0

as k — oo. O

We note that
d(X,Y) := / [X = Ylloo ALdP
Q

defines a metric on L°(2; C ([0, T]; R?)) which turns it into a complete metric space. Conver-
gence with respect to this metric is called convergence in probability. As in the scalar case,
one shows that a sequence X,, converges to X in probability if and only if every subsequence
of X,, has a further subsequence converging to X almost surely.






APPENDIX C

Stieltjes Integrals

Let i be a measure on ([0,77; 4(]0,7])). Then
Fu(t) := p([0,¢])

is an increasing (in the sense of non-decreasing), right-continuous function which determines
p uniquely, as F,(0) = p{0} and pu((a,b]) = F,(b) — F,(a) for all @ < b and these inter-
vals, together with the singleton {0} form a generator of %([0,7]) which is stable under
intersections.

It is natural to ask whether every increasing, right-continuous function arises in this way.
This is indeed the case.

THEOREM C.1. Let F : [0,T] — R be a positive, increasing, right-continuous function.
Then there exists a unique measure pp on ([0,T); A([0,T))) such that pur((a,b]) = F(b) —
Fla) and p({0}) = F(0).

PROOF. Let R be the ring generated by intervals of the form (a,b] with 0 <a <b<T
and the singleton {0}. A typical element of R is of the form

U (ar,be] or {0} U | (ax, bi]
k=1 k=1
for some n € IN and sets ap < by.
We put
i Utantn]) = D" P~ Flax) and ({030 [ (ax,byl) = F(0)+ " F(bi) — Fla)
k=1 k=1 k=1 k=1
Note that this is well-defined. Indeed, if (a,b] = Uj_, (ak, bg] as disjoint union, then, after
relabeling we may assume that a = a1 < by =as < by =... <b,_1 =a, <b, =b. We thus
have

u((a,b]) = F(b) = Fa) = > F(by) = Flay) = > u((ar, bi]).
k=1 k=1

Similarly, one also sees that pu is finitely additive.

It suffices to prove that p is a pre-measure on R. Indeed, in this case, it follows from
Carathéodory’s theorem, that there exists a unique measure pr on o(R) = %([0,T]) which
extends p.

Thus, let a pairwise disjoint sequence Ap € R and an element A € R be given with
A = Upen Ak- Using the finite additivity, we see that
w(A) =S pa) +u( | A) = D u(40) 1Y (A
k=1 k>n+1 k=1 k=1
This prove that u(A) > > 72 pu(Ag).
For the converse inequalities, it suffices to consider the cases where A = (a,b] or A = {0}

for otherwise, A is a finite union of such sets and intersecting, we obtain partitions of the
parts into countably many sets. The case A = {0} is trivial.

v
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In the case where A = (a,b] we find, expanding the sets Ay Upen Ax = Ujen(as, bs] =
(a,b]. Given e > 0, we pick ¢ and ¢; such that F'(a+9) — F(a) < ¢ and F(a;j+9;) — F(a;) <
€277 for all j € IN: Then

[a+6,b] C Uaj,b + ;)

By compactness, [a + 0, b] is covered by ﬁnltely many of the (aj,b; + 0;)’s, say [a + J,b] C
UN_.(aj,.,bj,, + ;). For convenience, we relabel j,, = m. Moreover, rearranging and
removing unnecessary intervals, we may assume that a,,4+1 > a,, form=1,... , N — 1.

We find
u((a,b)) = F(b)—F(a) < F()—F(a+6)+e¢
< F(bn+06n)—F(a+0)+e < F(by) — F(ay) + 2¢

N-1

< F(bn)—Flan) + Y [F(bm + 6m) — Flam)] + 2¢
m=1
N—1 '

< F(by)— Flan) + [F(bm) — F(am) + 52_9"1] 4+ 2¢
m=1

< ) [F(r) = Flar)] + 3 =3+ Y ul(an, bi]) -

k=1 k=1
As € > 0 was arbitrary, the converse inequality is proved. O

Now, let ¢ : [0,7] — R be of bounded variation. It is well-known, that in this case, ¢
can be written as the difference of two increasing functions. If ¢ is right-continuous, then
these functions can be chosen to be right-continuous as well.

Thus if ¢ = 1 — @2 is such that o1, s are right-continuous, increasing functions, then
there exists unique measures fi,, and ju,, with pg;((a,b]) = ¢;(b) — p;(a) and p,, ({0}) =
;i (0).

We now define

Ho += Hpr = Moo -
Then p, is a signed measure. Note that it does not depend on the specific decomposition of
@ into 1 — @o. Indeed, if @1 — w2 = Y1 — Yo and we put fi, = fuy, — [y, then

tp((@, 0]) oy ((a,b]) = pagy ((a,8]) = p(b) — p(a) = g, ((a,b]) = py, ((a,b]) = fip((a, b]) -
Similarly, p,({0}) = ¢(0) = fi,({0}). Since u, and fi, are signed measures, the set of all
A with py(A) = fiy(A) is easily seen to be a Dynkin system. As it contains a generator of
#([0,T]) which is stable under intersections, it is already ([0, T]), i.e. iy, = fip,. We may
hence define

DEFINITION C.2. Let ¢ be a function of bounded variation which is right-continuous and
iy be defined as above. Then we define for f € C([0,77)

/f dp (1) /fdu@

for all A € #([0,T]). For A = [a,b], (a,b],[b,a) resp. (a,b), we use the notations

b— b—
/f ) dg(t) / £(6) deo(t) f(B) dp(t) resp. £(t) dip(t)

a a+



C. STIELTJES INTEGRALS 79
Of course, these definitions extend to f € L*([0,T]; |uyl), in particular to bounded, measur-
able functions.
We now establish some properties of Stieltjes integrals:

ProprosITION C.3. Let ¢ : [0,T] — R be right-continuous and of bounded variation and
fec(o,T].
(1) If  is continuously differentiable, then

/ F(8) dio(t) = 14(0)2(0) + /A F(t)g (1) dt

(2) If mp, := (0= t ) < t( " < t(n) T) is a sequence of partitions with |m,| — 0,
then

/f ) do(t) —hmet(” p(t) = (1)

PRrROOF. (1) follows from the uniqueness theorem of measures since i, and ¢(0)dg + ¢'dt
are two measure which agree on a generator of the Borel o-algebra which is stable under
intersections.

(2) Put

313

o
=>f (t§”)) L) 4y -
=1

Then f, converges pointwise to f and is bounded by the constant function ||f||~ which is
integrable with respect to |u,|. The assertion now follows from the definition of integrals of
simple functions and dominated convergence. O

Next, we prove the integration by parts formula.

PropPOSITION C.4. Let p,% be right-continuous functions of bounded variation. Then
fort e 0,7

p(t)y(t) =90(0)¢(0)+/0 (s) d¢(8)+/0 P(s—

PRrROOF. Let u resp. v be the singed measures associated with ¢ resp. .
Decomposition [0,t]> = {(0,0)} + L; + Uy, where Ly = {(z,y) : 0 <z < y << t} and
Up:={(z,y) : 0 <y <z<t}, we find

Pt (t) = p@v([0,1?) = (0)(0) + @ v(L;) + p @ v(Uy).
As a consequence of Fubini’s theorem

i) = | t / o) du(s) = / (s
pouv) = [ [ autr v = [ ots1aves).

Assembling, the result is proved. O

and

Observe that if i is a positive measure and f > 0 be integrable with respect to p. Then

tes /0 £(s) dp(s)

is a right-continuous, increasing function. Consequently, if ¢ is of bounded variation and f €
LY([0,T], |ppl), decomposing f in positive and negative part and writing ¢ as the difference
of two increasing functions, it follows that fo s)du(s) is a right-continuous function of
bounded variation.
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How does one integrate with respect to this bounded variation function?

ProprosITION C.5. Let ¢ be a right-continuous function of bounded variation and f €

LY[0, T, |ppl). Put (t) := fgf(s) dp(s). Then g € LY([0,T0;|uyl) if and only if gf €
LY[0,T, |ppl). In this case,

/ o(s) dp(s) = / a(5)£(s) dio(s)
0 0

PRrOOF. This follows immediately from the observation that the measure j,, has density
f with respect to p,. O



APPENDIX D

Measures on Topolgical Spaces

In this appendix, we review some properties of probability measures defined on the Borel
o-algebra of a complete, separable metric space. Such a measure is called Borel probability
measure.

As a first result, we show that Borel probability measures are tight, i.e. u(M) = sup p(K)
where the supremum runs over all compact subsets of M.

LEMMA D.1. Let p be a probability measure on (M, %(M)), where M is a complete,
separable metric space. By J , we denote the collection of all compact subsets of M. Then

u(M) = supgee 4 p(K).
ProOF. It suffices to produce given € > 0 a compact set K such that pu(M \ K) <e.
Since M is separable, there exists a countable, dense subset {z,, : n € IN}. We write B,, j,

for the closed ball of radius % centered at x,,. Then for every k € IN we have M = |J,,cv Bn,k-
Consequently, given € > 0, we find an index my such that

My, c
n=1

Put K := (cn U, Bk Then K is closed and totally bounded, hence, as M is complete,
K is compact. Moreover, (M \ K) <3y e u(M\ Uﬁi’“l Byi) <e. O

This gives a first consequence of topological properties of M for the measure-theortic
properties of Borel measures. As a matter of fact, we can use Lemma to prove that
every probablity measure i on a complete, separable metric space is reqular, i.e. for every
set A € B(M) we have

w(A) =inf{u(U) : ACU,Uopen} and p(A)=sup{u(K): K C A, UK compact }.
We prove this next.

LEMMA D.2. Let p be a probability measure on (M), where M is a complete, separable
metric space. Then u is regqular.

PROOF. Let us denote the open sets in M by ¢ and the compact sets by 4. We put

G :={A€BM) : u4) = Acg}(geﬁ'u(U) B KCE};(E%M(K)} ’
Then every closed subset F' of M is contained in ¢. Indeed, given ¢ > 0 we find by Lemma
a compact set K with u(M\K) < e. Then K := KNF is a compact set with u(F\K) < e.
On the other hand, in a metric space every closed set is a Gg-set, i.e. a countable intersection
of open sets. Continuity of the measure implies that p(F') is the infimum of the measures of
the open sets which contain F'.

We claim that ¢ is a Dynkin system.

Indeed, M, being closed is obviously a member of &. If A belongs to ¢, then so does
A¢. To see this, let ¢ > 0 be given. Then if K C A is a compact set with u(K) > p(A4) — e,
then K€ is an open set containing A with pu(A°) > pu(K¢) —e. Similarly, if U is an open
set containing A, with u(A) > u(U) — e, then U® is a closed set contained in A° with
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p(U€) > u(A°) — €. Intersecting U° with a suitable compact set, we obtain a compact set
contained in A° with measure greater thatn p(A¢) — 2¢.

Finally, let A be a sequence of disjoint sets in 4. Given ¢ > 0, pick Uy open with
Ay C Uy, and u(Ag) > u(Ug) — €27%. Then Uy Uk is an open set containing J, Ay with
1(Ue Uk) < (U Ak) + &

For approximation from within, first pick kg with M<Uk2ko Ap) <e/2 and then K; C A;
compact with u(A4;\ K;) < e(2ko) ™ for j = 1,...,ko. Then K := K1 U---UKj, is a compat
set contained in J, Ay with p(lUJ, Ax \ K) <e.

It follows that | J, Ay is an element of ¢, hence ¢ is a Dynkin system as claimed.

By Dynkins 7- A theorem, &4 = Z(M ), proving that p is regular.

Next, we introduce the concept of weak convergence.

DEFINITION D.3. Let u, and p be probability measures on (M, Z(M)). We say that u,
converges weakly to p if

/fd,un—>/fdu for all f € Cp(M).
M M

Weak convergence is induced by the so-called weak topology induced on the finite Borel
measures by the bounded continuous functionsH This topology has a basis sets of the form

Upr, poie(p) i= {V: ‘/fjd,u/fjdu‘ <e€ ijl,...,n}

where fi, ..., f, are bounded, continuous functions.

It can be proved that if M is a complete, separable metric space, then the restriction of
this topology to the Borel probability measures, is metrizable through a complete, separable
metric, i.e. in the weak topology, the Borel probability measures on a complete, separable
metric space are a complete separable metric space in their own right.

Important for applications is a characterization of compact subsets of measures (endowed
with the weak topology). By the above results about the metrizability of the weak topology,
a set is compact if and only if it is sequentially compact. We thus state and prove this result
only for sequences.

DEFINITION D.4. Let u, be a sequence of Borel probability measures. This sequence is
called relatively weakly compact if each of its subsequences has a weakly convergent subse-
quence. It is called tight if given € > 0 there exists a compact subset K of M such that
pn(M\ K) <e for all n € IN.

THEOREM D.5. (Prokhorov)
Let iy, be a sequence of Borel probability measures on a complete, separable metric space
M. Then the sequence ., is relatively weakly compact if and only if it is tight.

PRrROOF. See [1, Theorem 8.6.2]. O

L 1f you know something about Banach spaces and their dual spaces, note that this is not the weak
topology in the Banach space sense
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