Navier-Stokes Seminar:
Caffarelli-Kohn-Nirenberg Theory

Marius Miiller

Universitat Ulm, Summer 2019



Preface

These are lecture notes geberated by the seminar course on the Caffarelli-Kohn-Nirenberg
Theory for the Navier-Stokes equations at the Universitdt Ulm in the summer term of 2019.
We mainly follow the [CKN82| in a modern fashion. This work is aimed at enthusiastic
Masters and PhD students.

I would like to thank everyone taking the seminar for typing parts of these notes.
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CHAPTER 1

Talk 8: The Blow-Up Estimate, Part 2

1.1. Introduction

In this talk, (u,p) will always denote a suitable weak solution in the sense of [CKN82],
cf. Talk 1 and Talk 2.

Our goal is to finish up the proof of Proposition 2 of [CKN82]| (cf. Talk 7). Proposition
2 roughly states that a certain L?-control of the gradient |Vu| in a neighborhood of a point
(z,t) is sufficient for the regularity of (x,t). For the precise statement we refer to Talk 7.

In our computations, we will assume without loss of generality that (z,¢) = (0,0).
Another assumption that we make for the sake of simiplicity is that the force vanishes, i.e.
f=0. This is less general than the situation in [CKN82|, but it makes computations less
lengthy and important concepts more obvious.

For the entire talk we set Q7 := B, (0) x (—%7“2, %7‘2), where the ball B, := B,(0) c R?
denotes a ball formed only in the z—variables. We leave out the integration measures in
each integral as the integration set will always indicate clearly, whether the integral is over
x or over t or even in both.

In Talk 7, Proposition 2 is shown once we accept Proposition 3, which will be proved in
this talk as Proposition 1.7. We first recall some important quantities from Talk 7, which
also have analogues in Section 3, cf. Talk 5.

DEFINITION 1.1 (Some quantities, cf. Talk 7). Let u be a suitable weak solution of the
Navier Stokes equations with f = 0. With our fixed notation from above, we can define
the following quantities

1
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Kx—(r) = T/72 (/ |p|) ’
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M, (r) = G,%(r) + Ho(r) + Jo (1) +K§(T),

1
0u(r) == —/ |Vul?
r Qr*
Ai(r):= sup / |ul?.
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e )

o

REMARK 1.2. Proposition 2 in [CKIN82| states that there is some €3 > 0 such that the
condition that limsup,_qd.(r) < €g is sufficient for regularity of (0,0). If we imagine the
condition to be satisfied we can think of d, as a small quantity. The estimates to come
seem more natural once one keeps this in mind.
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1.1. INTRODUCTION 5

REMARK 1.3. To begin with, it may be unclear whether these quantities are finite. We
refer to Remark 1 in Talk 7, where arguments for the finiteness of all quantities except
for J, and M, are given. Finiteness of J, will follow from Lemma 1.19, which will be
proved in the sequel. Given this, one can easily infer that M, is finite as a sum of finite
quantities. Omne has to say that another method to deduce the finiteness of J, is to use
the integrability results on the top of page 783 in [CKN82| and Hoélder’s inequality. This
computation is recommended as an exercise but not very insightful for our talk, since we
cannot obtain appropriate control of J, this way.

REMARK 1.4. Smallness of M,(r) implies regularity of v in Q% by Proposition 1
2

of [CKIN82|, cf. Talk 6. The strategy in the proof of Proposition 2 is therefore to show
smallness of M, (r) for some sufficiently small >0 and apply Proposition 1.

Proposition 1 however requires actually a little bit less than the smallness of M, (r):
It is enough if G4 (7),Ji(r) and K,(r) are small, so no condition on H,(r) needs to be
imposed.

This raises the question, whether H, is actually needed in the definition of M, , as no
control of it is required for the regularity of (0,0). We will justify its appearance during
the proof.

REMARK 1.5. The quantity A, (r) seems to be unimportant for the proof of Proposition
2, since M, (r) does not contain it explicitly. It will however turn out to be of paramount
importance since it behaves comparably to M,. We can profit from this comparision since
A, is a quantity which is easier to handle than M,.

We have seen part of this comparision result already in Talk 7, where Lukas prensented
the inequality

Ho(r) O(G(r)5 + Ay (r)8.(r)).

In a similar way, more quantities will be controllable by A, and é.. We have already
discussed in Remark 1.2 that control by d, is desirable. That control of quantities by A,
is also desirable will become clear when we observe an "interaction" between A, and M,
in Lemma 1.9 and afterwards.

REMARK 1.6. The inequality we intend to prove is useful because it enables us to
compare the values of M, for different radii » and p. During this comparision process we
will often use some obvious estimates for r < p, for example

5. (r) < /;)(5*(p). (1.1)

Indeed, this is easy to prove:

78 (1) = /Q* |Vul? < /Q* |Vul? < pd.(p). (1.2)

r P

Later, the comparision with the half radius will be of particular importance, i.e. 5*(5) <
20.(p), which follows immediately from (1.1). Similar inequalities can be proved following
the lines of (1.2) for other quantities. Let us point out one more such estimate:

13

K. (r) < (B)QK*(p),

r

ie. K.(5) <24 K,(p). Deriving such inqualities for all given quantities we can infer that
M,,(g < CM,(p) for some C >0 independent of p. This will become important later.
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1.2. Statement of Proposition 3
Just like in Talk 7, we state the version of Proposition 3 that we are going to prove:

MAIN PROPOSITION 1.7 (Proposition 3 in [CKN82| with vanishing force). Let p > 0
and let (u,p) be a suitable weak solution of the Navier Stokes System on Q}, with vanishing
force f=0. If §.(p) <1 then there exists a constant C' >0 such that

M.(r) < O[(;) M. (p) + (5)2 (722 (052 (o) 4 M. (5. (0) +<x<p))] K

for all r e (0,51).

The strategy of the proof will be the following: The structure of the equation can be
used to relate the growth of the quantity M, to the quantity A,, which controls again all
the quantities that contribute to M,, possibly for a different radius.

REMARK 1.8. In the case of f =0 (which is the only case we consider), we can acutally
show an easier inequality, namely

M*(r)sC[(g)éM*(p)+(£)2(M2( )62 (p) + M. (p)5. (p))], vre (0,2).

r

1.3. M, and A, interact because of the energy inequality

The energy inequality gives us an important relation between A, and M,, which we
will prove now:

LEMMA 1.9 (cf. Lemma 5.5 in [CKN82]|). There exists a constant Cy > 0 such that
for all r € (0, %p] one has

A0 <0 (2) (60 + 1) + 1))

In particular,
A (r)<C) (i—f)M,,(p) Vi€ (0, 1p]. (1.4)

PRrROOF. In this proof, C denotes a generic constant that can be chosen such that all
the estimates are true. We use equation (2.17) in [CKN82] substantially, which is a slight
improvment on the energy inequality. The equation reads as follows: If (u,p) is a suitable
weak solution on a domain Q x (a,b) then each nonnegative ¢ € C§°(€2 x (a,b)) satisfies

/ 2642 / Vulé < / 2 (6 + Ad)+ (Ju>+2p)u-v o Ve € (ab).
Qx{t} Qx(a,t) Qx(a,t)

In our case we will choose Q = B,,(0) as well as a = —gpQ and b = %pQ. Note that Qx (a,b) =

Q5. Choose as well qZ) € C5°(Q7) such that 0 < ¢ <1 and ¢ =1 on Q. Moreover we can

require that |V < € and |¢]+|Ag)| < 2, see (3.8) in [CKIN82|. Now observe for arbitrary
but fixed ¢ € (-Zr?, 1 r2) that

/ juf? < / 26 < / a2 + 2 / Ve
Brx{t} B,x{t} B,x{t} Bpx(—%pQ,t)

< / [u2(6r + AG) + / (lul? + 2p)u- V.
Box(=1p2) Box(=1p2)

Now note that by (weak) divergence-freeness of u one has

/BpX(—ZPQ,t) (]gﬂ |U|2) VoS /-tgp2 /B,o (]69,) |ul2) u-Vé (1.5)
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i /_t?,ﬂ (]{u} |“|2) /Bﬂu-wb -0.

——
=0 a.e.

Hence we can insert this term into the equation above to find

[ wbeeans [ (e f We)uvo
Brx{t} Bpx(_%927t) Bpx(_%Pz»t) By
+2/ pu- Vo
Bpx(_%p27t)
< / 2 (64] + |Ag]) + /
BPX(_%p27t) BPX(_%p27t)
+2 / 1ol u] [V
Bpx(—%pQ,t)

2 2 2
< [, Pl ison s [ of= £, b

Using the estimates for ¢ and its derivatives we obtain

C C C
[l S eSS [ bl
Brx{t} PeJQs P JQs By P JQ,

P

- /Q i+ pHL(0) + 9. (). (16)

|ul [Vl

ol = £ Juf?
By

] [V + 2 / ol lul V4.
Qp

*
P

Using Hélder’s inequality with ¢ = %, ¢’ =3 in the first term, we can estimate

2 2
1 1 s ’ 1 ’ 1 4
S [ sosit [ ) —e ([ wp) -l
P~ JQ; P Qp p3 \/Q; ps

P
2
=CpG3(p).
Plugging this into (1.6) we find

'2
[ B SCPCEG) )+ Ha(o)) Ve (-5 ).

1

Dividing by r and taking the supremum over all ¢ ¢ (—%’FQ, §r2) we obtain the claim. [

REMARK 1.10. The above computation reveals the reason why a summand in M, is

Gz/ ? and not G, to any other power. This differs from section 3. Moreover the power of
% is really needed, since higher powers of G, in this estimate would lead to higher powers

of M.(p) in the right hand side of (1.3) - at least if we can only use (1.8) to estimate G..

REMARK 1.11. Without the trick in (1.5) we would not be able to bring H, into play
and therefore there would be no hope to control the third-power-of-u term with GE/  or
with J, (look at the scaling properties!). Hence H, is really needed for the inequality we

just proved.

REMARK 1.12. An important special case is again r = g for which one can deduce that
there exists C' > 0 such that

A (8) <CM.(p). (1.7)
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The main task for the rest of this section is to bound the quantities G, J., H, and
K, in terms of M, so that we get a converse inequality that bounds M, (r) in terms of
A.(p), 0.(p). H. has already been bounded in Talk 7, see Remark 1.5. Before we bound
the other quantities we state a general and recurrent proposition, which is a refinement
of Sobolev’s inequality, stating that for one certain exponent, the constant in the Sobolev
inequality does not depend on the domain.

PROPOSITION 1.13 (Essentially Section 5.6.1. in [EG92]). Let Q c R" be a C-smooth
domain or Q = R™. Then there exists a constant D = D(n) > 0 such that for each f €

WHL(Q) one has
ay n=l
(/ f—][ fn_l) <D [Vf] VxeQ,r>0:B.(z)cQ.

B(x) Br(x) B, (z)
REMARK 1.14. The fact that the constant D in the previous Proposition does not
depend on Q becomes clear once one proves the inequality for f € W11(R") and argues
with the extension operator.

LeEMMA 1.15 (Bounding G4, cf. Lemma 5.2 in [CKIN82|). Suppose that r < p. Then
we have

r\3 3 p\> 3 3
c.n<af(2) alo+(2) alesion) (18)
ProoF. In this proof, C' will again be used as a generic constant that can be determined

such that all estimates below are true. First of all recall equation (2.9) of [CKN82|, which
is a Sobolev inequality with explicit embeding constants in three dimensions. It reads:

f s me) () (] 1)

for each ¢ € [2,6] and a = %(q —2). This connects for example the L3-norms of u (which
are relevant for G) to J,. and the L?-norms of u (which are crucial to compute A,). This
explains why G, (r) can be bounded by A.(r) and d,(r) and gives the desired inequality
in the special case r = p. We however want to make a transition between different radii.
For this we can use the following insightful estimate, employing the average integral and
the Sobolev inequality in Proposition 1.13. For a fixed time t we can compute

3
DA N (I B A L A e e el O
B, - By B, JBy B, By 1Y B,
3
< [ k- f wlec(E) [
B, By p B,
3\ 3 ,
1 2 r\°
< c<p3>s(/ - £, ) ce(5) [
Holder B, B, P B,
2 r\’ 2
< o[ wPlee(E) [
Prop.1.13 B, p B

P

T 3 2
SCp/ |u||Vu|+C(—)/ ]
B P B

P P

< C’p(/Bp |u|2)§ (/BPWUP); +c(£)3/B .

P
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Further, we estimate some terms with A, to obtain

3 1
[ P <opta! (/
B, B

This gives us an estimate for the L?-norm of u on B,.. Using (1.9) with ¢ = 3 (which implies
a= %) we find

2 : r?
|Vl +C;A*(p). (1.10)

P

3 3 %
SCP‘*A*(P)“(/ IVUIQ) +
By

We can use (1.10) and the fact that for nonnegative a, b the expression (a+b)%

is bounded

by a constant multiple of a3 +b> to estimate

3 1
: 3 3 e 3 1 2 3
/ |u|3scp4A*(p>4( [ 1w +—3(Op2A*<p)z( / |Vu|2) +0—2A*<p>)
B, B, 2 B, P

3 9 3
I 1 3 .
(/ Vuf? : (/ |w|2) +c(f) A (p)3.
BP TE Bp p

r?) and using Hélder’s inequality with ¢ = %,q’ = i we find

3
2

]

I
+
Q

|b
BN
%

—~

a

~

]

<Cpid.(p)

Integrating over t € (—%7’2 L

’ 8
that
3 7 3 5T i r\? 3
[ wpsefpe ) at (/ |w|2) o (Z) Ao}
Q: r2 -Ir2\JB, P
3 p% 3 2 1 %TQ 2 4 2 3 3
colpf+ L |Aup)ie) val ) +crt(L) Ano)?
r2 —%7‘2 B,
3
3 P2 31 5P 1 3 3
sclpteZ)a@iv | [T [ wal) vot (D) A
T2 —%02 B,
3
3 p% 3 1 2 4 2 3 3
sclpte L) a@iv| [ i) o (L) Ao
T2 .
s p? 3 3 YAk 3
colpf+ 2 riap)is )t +or (—) A(p)s.
r2

Dividing by 72 we finally obtain

G.(r) < C’((ﬁ)g + (5)3) A*(p)%é*(p)% +C(£)3A*(p)g.

r



10 1. TALK 8: THE BLOW-UP ESTIMATE, PART 2

Before we can bound J, we prove some useful estimates on the pressure, which can be
deduced with the following splitting technique.

ProOPOSITION 1.16 (Splitting Technique for the pressure, cf. p. 801 in [CKN82]).
Suppose that p > 0 cmd ¢ € C3°(B,) is such that 0 < ¢ <1 and ¢ =1 in Bs, as well as
4

Vol < = and |[Ag| < for some C >0. Then for all x € B%p and t € (0,T) one has

p(xa t) = p4(x7 t) +p5(x7 t)
where

et = 2 [ ans) a2 [ SR p00)p00.0)

and

3 . .
ps(a.t) = - / L o) 3 0y (. 0)0,, il (u.1) dy.

4 Jrs |z -yl ij=1

Moreover there exists a constant Cs >0 such that

|p4(93,t)|503]€B Il VzeBg (1.11)
P

/ ps|? < Csp (/
B, B

PRrROOF. Let ¢ be as in the statement. Recall that the fundamental solution of the
Poisson equation is given by k(z) := —%ﬁ. In the following we will leave out the t-
argument. Moreover, integrals without a specified set are always over R3. In the following
we will make extensive use of equation (2.12) in [CKN82]| which reads

and

2
|Vu|2) vre (0,5]. (1.12)

P

3
=- 3 9l o, (1.13)
i,j=1
in the sense of distributions. For the first we will assume, that p is a smooth function on B,
and (1.13) holds pointwise. We have to get rid of this assumption later. This assumption
is restrictive but can be gotten rid of, as wee shall discuss in Proposition 1.17. With the
fundamental solution property we infer for x € B £

p(@)0(@) == [ A, (0n) dy

1
- —43 [t 000+ 2(v6.98) +68p) dy. (114)
T ) |z -yl

Now we split the integral into three summands and integrate by parts in the second one,
more precisely we compute

6 1 3
_— )dy = 90, pd
W/u_y V¢, Vp) dy = 2477/@ By, 60y,p dy
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Plugging this back into (1.14) and using (2.12) in [CKN82| we obtain

_ 2 Ti—Yi
p(:lf)cf)(x)—( . 2W) T ylpA¢dy /pzl |35yz¢dy

|z -
— / ¢Apdy
) |z -yl

3 1 3 Sz -y
= — Ao dy + — Oy, d
71_\/ |$_y|p ¢ y+ 27T/ |3 yz¢ Yy

zll

3 . .
¢ Y. 0ndoju’ dy.

|z~ yl i,j=1

If z € Bs , then ¢(z) = 1 and therefore we can infer the first sentence of the claim. For the
4

pointwise estimate on py in Bg let x € Bg be arbitrary but fixed. We can estimate with
the triangle inequality

Ipsa(x)]

3 Ti—Yi
<|i [ popmact) a5 [ EEwoem w019
|z - 2r J |z -yl
Notice that V¢ = 0,A¢ =0 on B3 since ¢ = 1 on 33 For the first summand we can

estimate, using the properties of ¢ mentloned in the statement as well as the inverse triangle
inequality

4W/|x y)Ad(y) d ‘

3 1

— p(y)Ad(y) d
e /BP\BS T p(y)A¢(y) dy
< A¢(y)| d
</Bp\Bip |9[;_y||p(y)|| o(y)| dy
= L o)l dy

B,,\B3 |$ |

1
/ ()l
B,,\B%p ly| - 2|

1
/ )l dy
BP\BS Zp_ §p

5 lp(y) |dy<—][ lp(y)| dy,

IA
Q
w

Q=
.4;

IA
S
o

IA
Rl Q
Flee Fle

IA
ﬂ‘w
B

for an appropriate choice of C3. To estimate the second summand we use that |z;—-y;| < |z-y|
and otherwise the same techniques as above.

47T/|x’ ylgp ¥)9i(y) dy

3 Ti—
<2 [ EEMpgswla
™ BP\B% | |

3C 1
<= s lo(y)ldy
0 BBy, [ -
3¢ o
~Amp By By, |z —yl?

3C 1
< —— Py dy
drp By\By, (Jyl = |=)

Ip(y)| dy
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3C 1
S T 1 PWldy
p By B, (1p-3p)
12C
<— Ip(y)| dy

3
7Tp BP\B%p

Cs
<— d
<5 £, bwldy

by possibly increasing C3. The two previous computations imply the pointwise estimate
of ps together with (1.15). For the L%-estimate on ps fix r < £. Estimating all derivatives
of u by |Vu| we get

/ Ipsl? = /
B, B,

2
1 3 . .
— o’ ||0;ut| d dx

4,J=1

4

2
243
<2 [ ([ hewivawra) a
T JB, |.CU

2 (/ . ¢ VeV |w(y|dy) da

47 B,

243
Holder 477/3 (/ |z — y|2 lIvu(y)l® dy) /|¢ )[Vu(z))? dz) dz
243
/|¢ )N|IVu(z |2 dZ / / 2 () |Vuly )|2 dy dz
(0) /B, (0) |7~ yl

243
(Jreomaera) [ ([ s a)umiwumr
Fublnl 47‘(‘ B,(0) B(0) |x y|
Now note that for y € B, one has B,(0) c B,.,(y) c Ba,(y) and therefore

[k <22 (oemuera) [ (] g sl

243 / 9 )
o(2)||vVu( dz)/ (/ — dw) o(||Vu(y)|* dy
Substoen—y A |o(2)[Vu(z)] 50 s oy TP o) IVu(y)l

<22 ([l dz) /| » o

By radial integration one has

Qp 1
/ — dw = / (47r52)—st =8mp
B, (0) |w| 0 )

and hence we can conclude

REMARK 1.17. In the fundamental solution argument in (1.14) we have used the ad-
ditional assumption that p is smooth in B,, which is not satisfied in general. If p is not
smooth on B, we follow the lines of the proof after (1.14), replacing p with p * ¢, for fixed

2

3 . .
o(y) Z 0w Oju’ dy| dx

dm J |z -yl i,j=1
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€> 0, where (¢¢)eso denotes the standard mollifier family. Note that by (1.13)

3 . .
A(p * ¢e) =p* Ape = - Z (aiujajul) * Pe.

i,j=1
Using this and the fact that p * ¢, > p almost everywhere by [EG92, Theorem 1 (iv),
Section 4.2] one can possibly repeat the above computations and pass to the limit as e — 0.

REMARK 1.18. Possibly one can circumvent adjustments in the previous Remark with
a maximal regularity argument for (1.13). For this however, more a-priori regularity of p
and higher integrability of derivatives of u have to be shown first (in case that these are
actually true).

LEMMA 1.19 (Bounds for J,, cf. Lemma 5.3 in [CKN82|). For each r <5 one has
r\E 1 1 4 P 2 1
AR Y R HOLHOLOR O I PINOI

ProoOF. We start using the splitting of p to get

1 1 1
Ju(r) == [ [lpl<— [ lullpal+—= [ lullps]|. (1.16)
e JQ; ™ JQ: " JB,

We estimate both summands seperately, starting with the first one. As usual, we compute

for a fixed time ¢ € (—%7"2, %T‘Q) using (1.11)

f s ([ ) (< () (1) (£,
i () () (£
() () (£ )

Integrating in time we obtain

1.2 1
[ et scrtoiaio) [ ([ ) (£ )
Qx -£r2 \JB, By

[SF
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9 1 1 1/ 13 3
SCT5P5A;’(P)(/ IUI3) —3(/)4K*(p))5
Qr P
1
0o 1 1 51
SCT’gpéAi(p)(/ IUIS) —~K.(p)?
Qs ps
9 1 1, ., 1 4 ul 1 1 4
<Crtaf ()L (PG () KL (0)F = ot L aF ()G (R ().
ps ps
Dividing by 7? we conclude
1 r\s 1 1 4
—2/ IUI|p4ISC(—) Az (p)G2(p) K2 (p). (1.17)
" Jo; P
To estimate the second summand in (1.16) we compute with (1.12)
1 1 1
,\2 ,\2 7,
[ wtwsts ([ 1) ([ vok) < (f) 1) ot [ o
B B, B B
<A [ 19l =0} [ ul
P
Integrating with respect to ¢ we obtain
1 1
[ tullsl < o (@ [ [wuf =Gt A(o) 36 (0)
Q; Q;
Dividing by 72 we obtain
1 2 1
5 [ sl < (2) A0,
r Q; T
This and (1.17) yield the claim. O

The proof of the following lemma will most likely be omitted in the talk, since it is
somewhat technical. Nevertheless it is highly recommendable to read, since it presents
useful refinements of the pressure estimate.

LEMMA 1.20. [An estimate for K., see Lemma 5.4 in [CKN82]] If r < £p then

1 5
r\2 p\4 5 5
K*msc{(;) K.0)+ () Af(p)am)}.
Before we can prove this lemma we have to prove another splitting property of the

pressure

PROPOSITION 1.21 (Refinement of the pressure splitting and L!-control of ps, cf. p.
803 in [CKN82]|). Let p, ¢, pa, ps be as in Proposition 1.16. Then ps can be split as follows

p5($,t) =p6(m7t) +p7(l‘,t),

where

(u-vu')(y,t) dy,

pe(x,t) = Z

Iw yl3

3 .
pr(a) % [ = R o) ) ).

|z~ i=1
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Moreover, for each r < g one has

[ mlscmiam? ( /
B, B

ProOOF. Just like in the proof of Proposition 1.16, we leave out the ¢t-argument. To
simplify the following computation, we assume first that w is smooth in B,, an assumption
which is not at all justified but can be gotten rid of, as we will discuss after the computation.
We integrate by parts in the expression for ps that we obtained in Proposition 1.16 to obtain

ps( Z

|Vu|2)2 : (1.18)

P

———$0y, u18y7 uw? dy

1,j= llx_ |
= Zl y ( gzb(?y]u)u] dy.
irj
i 147T/ yl( ¢>8yju)uj W
ij=

— Y 90y, U’ ‘! dy + / e 8yl<bu3 8yJu dy

_ 3(
i1 4w |fU yl?
1 92yl
gt

= pe(x) + pr( $)+Z/ UJZ vy

where we have rewritten the j—sums as with the dot product in the last step. Now observe
that by Schwarz’s Lemma (or Clairaut’s Theorem)

|z -yl

3 3

Z 8§¢yjui = ayj Z 8yi'u,i = 8yj div(u) =0,
i=1 i=1

as u was assumed to be divergence-free. This implies that ps = pg + p7 as claimed. The

point where we apply Schwarz’s Lemma is however exactly the point where the additional

regularity assumption kicks in. We will now briefly comment on how we can overcome the

unjustified regularity assumption. In the first step we rewrite

e~0 4

Py u'dy,u? dy = lim — / (d5u" * ¢c) (y) Dy’ dy,
47T/Z]1|.%'— Yi Y ’Lj]. !

where (¢¢)es0 is the standard mollifier family. Following the lines of the proof and using
that u(t,-) e WH2(Q) (which is true at least for almost every t) we obtain

pa(x) = po(x) + pr(z) +1im = / WZ% (@7 * 60) () dy

-0 47r |z -y

Now observe that
ﬁyi(ajui * Pc) = Oy, /@jui(z)(bg(y - z)dz = =0y, /ui(z)ﬁzj(be(y —-2)dz
-~ [ W(0,0., 0. - )iz [ i@ oy -2)a:

Chai; Rule

_ / U (2)02, [0, 6 (y - 2)]dz

Schwarz’s Lemma
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Summing over ¢ and use the definition of the dot product we obtain

Zayl ju' * ) (y) = /U(z)-Vaijgbe(y—z)dz:O Ve>0,

since u is weakly divergence-free and hence L?-orthogonal to VOjpe(y — ) for each € > 0.
We have shown the desired decomposition. To show (1.18) we show

1
2
[ s cnpt o)} ( / |w|2)
B, B

Ip| < Crp? Ay (p)2 (/

B,

P

and
1
9 2
vl )

Given the two previous inequalities, the desired estimate follows easily with the triangle
inequality. First we obtain the Ll—control for pe:

/ Ipal-/r
<0 [ [ G vy s
R R L
o f ([ ) bliva

1
i C ( / dw) 16| Jul [V,
Bp\B2r r |.T |

We estimate both summands seperately. For the first summand we use that y € Ba,.(0)
implies B,(0) c Bgr(y) and hence

/ ( / de) ol 9l < ( / zdx) 6] ful [V
BQ?" Br |'r yl BQT BST‘(y) |ZC yl
1
AL ) ([ )
z=2=Y \ J By, B3,-(0) |2’|
3r ) 1
Radial in:tegration (/32r |¢| |u| |Vu|) (/0 (47T8 )g ds)

< 127r (/B || |ul |Vu|) . (1.19)

For the other integral we use the inverse triangle inequality to estimate for x € B,.(0) and
ly| > 2r

By

Y b (y) (u- V') (y) dy| de

B, 47T Ifc yl3

1 1 1 1

< < <.
|z —yl? = (lyl=|z[)? ~ (2r-7)2 " r?
Therefore

1
Lo atps)ewas [ Lisondnlivd
BP\BQT' BT |x yl BP\B27' r

4
=S [ el val,
BP\BQT
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where we have used that |B,-(0)| = 7rr is the volume of B,(0). Plugging both considera-
tions back into (1.19) we obtain

1 1
2 2
[ wiser [ ol sor [ |u||w|s0r( / |u|2) (/ |w|2)
B, B, B, B, B,
1 1
<Crp2AzZ(p) (/
B

which is the desired estimate for pg. Now for the estimation of p7 fix r < ’5) and z € B,.(0)
to estimate with the properties of ¢ (cf. statement of Proposition 1.16)

pr (e / 1T 170 dy

1
2
IVUIQ) : (1.20)

P

[ d
Ch01ce of ¢ 471- BB, |ZL‘ ||ng5(y)| |U( )l |Vu(y)| Yy
qr

C 1
< = lu(y)| [Vu(y)| dy
Choice of ¢ p B/J\B%p |33—y|
C 1
<= lu(y)] [Vuly)| dy
Inv. triangle inequality p BP\B%p |y| - |:L’|
C 1

< — 37— [u)Vu(y)l dy
zeBp p By By, P~ 3P

¢ / u()| [Vu(y)| dy < & / Ju(y)| [Vu(y)]| dy.

Integrating over x € B, (0) we obtain

[ St [ o) |w<y>|dysc(£)2r(ép |u|2)2 (/B

=
D=

|w|2)

P

1
3
< Crp%A*(p)% (/ |Vu|2) , (1.21)
By
where we used that - < 1 in the last step. As we discussed before, the claim follows from
(1.20) and (1.21). O

PROOF OF LEMMA 1.20. Let r, p be as in the statement. By (1.11) we conclude that

r 3
mi<c (%) / "
B, P B

P

in particular

(/[ |p4|) se(0) (/. |p|)i.

Integrating over ¢ € (- g , é 2) we obtain
r2 5 15 r? 5 15 P02 5
B 4 r\z [§ 4 r\z [§ 4
Lo wa) oG L () <eC) o], )
o L r P -5r2 \JB, p -5P?2 \/B,
r\ 2 13 1B(r 3
=C(—) p+Ap)=Cri (;) K.(p)
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Dividing by P yields

L) <o) o

Furthermore, using (1.18) we find

o~

2

: 5 .2 5
78 1 8 5 5 3 9 8
[ wl) < [T staio [ v
—Lr2 B, —%T‘Q B,
2

[e<JRN]

5 5 5
< ol AR () / Vuf?
Hoélder p:? ,ng —%7’2 B,
: :
5 5 3 9 5 5
sorgtai| [T [ 1vi| sortatalnes.on?

Dividing by r% we infer

1 % i p i s 5
T/7 (/ |p5|) SC(—) A3 (p)2 (p)- (1.23)
ra J-%r2 . T

Given (1.22) and (1.23) we conclude

1 % i 1 3 i
K.(r) = _13/ / Ip|] < —13/ / |P4|+/ |ps|
ra J-Ir2\JB, ra J-Ir2 \JB, B,
2 2 5

1.4. Proof of the main proposition
PrOOF. Let r < %p. Recall that the statement imposes the condition §,(p) < 1. We

2
bound G2 (r), H.(r), J.(r) and K,(r) seperately in terms of M, and §,. Again, we use C
to denote a generic constant which we possibly have to increase after each estimate.
Step 1: Estimating G.. First we can use (1.8) with input parameters 7:=r and p:= §
to obtain

IS
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< {(f)QM*(m ; ’;’)QM*(p)%a*(p)%}. (124

Remark 1.6 |\ p

Step 2: Estimating H.,.

2 2
H. < 3(r) + Au(r)o. < :
(’I“ Rema<rk 1.5 C(G (7") " (T)é (T)) Rema<rk 1.6 ¢ {G (T) " (

< 0{05 (r) + (§)QM*(p>6*(p)}

(1.4

< C{(Z)QM*(p) + (B)2 [M*(p)&(p) +M§(p)5§(p)]}-

(1.24) p r

We can merge the estimates in Step 1 and Step 2 to get

2

GE(r) + HL(r) < c{(g)QM*(m (2) [rtoron oy + a2 <p>aé<p>]}

< 0{(;) M. (p) + (3) 2205 0) + M2 ()52 <p>]}, (1.25)

where we used in the last estimate that £ < 1.
Step 3: Estimating J,. By Lemma 1.19 and similar techniques as in the first three
estimates of Step 1 we obtain

T.(r) < c{(i)é AL(B)FGL(r) S KL (8)5 + (g)zA*(g)%&(g)}

(1.4),Remark 1.6 P

< C{(—)A*(é)éG*(r)éK*(é)g+(£)2M*(p)55*(p)}

< C{(f)éA*(g)éG*(r)éK*(g)

5. (p)<1 p

+(§)2M*(p)56*(p)5}- (1.26)

We can now use the generalized Young inequality abc < C(aP* + bP2 + ¢P3) whenever pil +

p% +pi3 =1 to estimate A*(g)%G*(r)éK*(g)%. Here the choice p; = 5,py = %O,pg =2 yields

(S

Ac(8)3G.(r)FK.(8)5 < C(A*(é) LG () +K§(§))

< (M) + K () + G (1)

where we have used (1.4) and Remark 1.6 in the last step. Notice that one can also estimate
8
K; (p) < M(p) to simplify

1 1

A (5)5G. ()5 K. (5)

(SIS

< C(M*(p) +G§(r)).
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Plugging this into (1.26) we obtain

o
=
RS

1

T < {(;) M)+ (2) Mot (1.27

8
Step 4: Estimating K. By Lemma 1.20 and (a + b)% < C(ag + bg) we obtain that

0 (C{(E) () AE(%)«SE(%)})S

rys 8 2
<C (;) K2 (2) +( ) A (8)5.(8)
T i s p 2
<ci(5) w2+ () 49800
p r
8
We can use that by definition of M, one has K2 (p) < M. (p) as well as (1.7) to obtain

K?(r) < C{(%);l M.(p) + (2)2 M*(p)&e(p)}

< c{(g)%M*(m . (Q)QM*(p)Mp)}, (1.28)

where the last step uses again that r < p.

Step 5: The claim follows now by adding up (1.25), (1.27) and (1.28), all of which
consist only of terms that appear on the right hand side of the desired inequality. O

=D
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