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Preface

These are lecture notes geberated by the seminar course on the Caffarelli-Kohn-Nirenberg
Theory for the Navier-Stokes equations at the Universitdt Ulm in the summer term of 2019.
We mainly follow the [CKN82| in a modern fashion. This work is aimed at enthusiastic
Masters and PhD students.

I would like to thank everyone taking the seminar for typing parts of these notes.

Corrections and suggestions should be sent to jack.skipper@uni-ulm.de.
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CHAPTER 1
Talk 1: Introduction

By Dr. Jack Skipper

For this introduction we will use the original paper of [CKN82| and the excellent
book [RRS16].
The three-dimensional Navier-Stokes equations are
Owu(z,t) + (u- V)u(z,t) + Vp(z,t) - Au(z,t) = f(z,t)

divu(x,t) = 0. (1.1)

Here, (x,t) € @ x [0,T], where Q ¢ R3 or T3 or R? some domain, and we have the
unknown velocity field

wQx [0,T] - R?;
the unknown pressure field
p:Qx[0,T] - R;
and the given force f:Q x [0,T] - R? with div f = 0 in Q x [0,7]. Together with initial
data and boundary data, (1.1) turns into an initial boundary value problem
u(z,0) = up(x), x e, (1.2)
u(z,t) =0, xedQ) for O0<t<T.

With compatibility conditions for ug and f we see that

-Ap = 0;0;(uu;) fora.et.

1.1. Outline: The Navier-Stokes Equations

1.1.1. Weak and Strong. Here we will give an overview of the important results
currently known about the Navier-Stokes equations(NSE). The results here were taken
from the book by Robinson, Rodrigo,

o (Leray 1934, R3) in [Ler34| and (Hopf 1951, 2 or T3) in [Hop51| showed that
Leray-Hopf (LH) weak solutions exist globally in time. Here we assume that the
initial data ug € L2 (in L? and weakly incompressible) and u € L*(0,7;L2) n
L?(0,T; H') and satisfy the weak energy inequality, namely,

/QuQ(t) d:v+/st/Q|Vu|2 dz dtS/Qu(s) dz

for almost every t,s. We do not know about uniqueness here.

e (Leray 1934, R?) in [Ler34] and (Kiseler-Ladyzhenskaya 1857) in [KL57| showed
that strong solutions (LH weak solutions with ug € L2nH! and v e L= (0,T; H')n
L?(0,T; H?)) exist and are unique locally in time. They showed a lover bound on
the potential "blow up" time 7" = ¢|Vuo| 3. Further, strong solutions are imme-
diately smooth, even real analytic according to (Foias-Temam 1989) in [FT89].
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1.1. OUTLINE: THE NAVIER-STOKES EQUATIONS 5

e We have global existence of strong solutions for small data on € or T3 where we
have an absolute constant C'(©2) or C'(©2) such that, for example,

IVuolr2 < C Juolp2 < C||Vuo 2 < C.

For R? we have a scaling uy (,t) = Au(Az, A\%t) is a solution. Thus if we want to
talk about small data we need the norm to be invariant under this map, we say
these spaces are critical spaces. HY?2 I3, BMO™ are invariant spaces where for
small data we have strong solutions and for any data have local in time strong
solutions.

e (Sather-Serrin 1963) see [Ser63| showed weak-strong uniqueness, that is, strong
solutions are unique in the class of LH weak solutions. (Need the energy inequal-
ity) This suggests 2 possibilities u is strong always |Vu(t)||z2 < co for all s >0 or
there exists T the "blow-up" time where

Q)

[vu)(@)]” 2 m

Can use similar techniques to show robustness of solutions "if initial data is close
to a strong solution initial data then the solutions is strong for a while".

e Leary noticed that any global in time LH weak solution is eventually strong and
for large time ||u(t)|z2 — 0 as t — oo.

FIGURE 1. The H' norm of a potential solution to the Navier-Stokes equations.

1.1.2. Regularity. We can now look at the regularity of solutions and either we find
conditions on how bad could the space of solutions be, or we find conditions on solutions
that guarantee they are strong and smooth.

e (Scheffer 1976) in [Sch76] gave an upper bound on the size of the set of singular
times. We say a time is regular and in the set R if |Vu(t)|r2 is essentially
bounded. The singular times T a the rest. Here we see that the % dimensional
Hausdorff measure of the set 7 is zero. (Box counting measure is the same.)

e (Kato 1984) in [Kat84| showed that if

T
/ [Vu(s)| e ds < oo
0



6 1. TALK 1: INTRODUCTION

then wu is strong on (0,7].
¢ (Beal-Kato-Majda 1984) in [BKM84| showed that if

T
/ [ curlu(s)||p= ds < oo
0

then wu is strong on (0,7'] and further if we have "blow-up" at T' then

t
lim/ | curlu(s)|ze ds = oo.
t-T Jo

e Serrin see [Ser63| condition that

we L0 T L5(Q)) 24521
T S

gives a smooth solution on (0,7']. We note that we only unfortunately know that
for a LH weak solution that

2 3 3
— 4+ — = —

r s 2

Further, we have other Serrin type conditions, by (Beirao da Veiga 1995) in
[Bei95]

Vue L0, T; L*(Q)) §+§=2 ;<$<oo

and by (Berselli-Galdi 2002) in [BG02] in

2
pe MO0, T:I5(Q)) 2+3-9 3¢
r s 2
e (Serrin 1962) in [Ser62|, for the (<) case, showed a local version of the Serrin
condition that, on a sub-domain U x (t1,t2), if

2
we L (b, s L*(U)) — 4 g 1

then w is smooth in space on U x (t1,t2) and a-Hdlder continuous with a < %
(Don’t get smoothness in time as have problems with Vp and Oyu interacting
locally.) The equality was worked out by (Fabes-Jones-Riviere 1972) see [FJR72],
(Struwe 1988) see [Str88| and (Takahashi 1990) in [Tak90].

Leary thought that his solutions were turbulent solutions and that a self-similar con-
struction would give a solution that would "blow-up", however, (NeéaS—RuZiéka—Sverék
1996) in [NRS96| essentially disproved this. Further, for Euler equations non-uniqueness
of weak solutions has been shown starting with the work of (Scheffer 1993) in [Sch93| then
(De Lellis-Székelyhidi 2010) in [DS10] and finally with (Wiedemann 2011) in [Wiell].

We have a picture of how LH weak solutions are behaving and the interplay with strong
solutions. Regularity results go down two lines where either we ask for extra conditions,
we can’t guarantee, from LH weak solutions so that then they are strong solutions an thus
unique. Here, for the CKN result we want to keep with the regularity we know LH weak
solutions can have and find upper bounds on how bad the set of "bad singular points" of
the weak solutions can be. We will show that we get a bound of on the 1 dimensional
Hausdorff measure and show that the size of the set in this measure is 0.
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1.2. "Suitable" Weak Solutions

The CKN partial regularity result for suitable week solutions of the NSE. (How bad is
the space-time set of blow-ups)

We know that for any ug € L2 there us a LH weak solution of the NSE that satisfies
the local energy inequality. (This modern result needs maximal regularity theory for the
pressure p). (Sohr-von Wahl 1986) in [SvW86| showed that for any € >0

2 3
pelLl’(e,T;L°) for —+-=3 (s>1)
r s
or for the gradient of the pressure

2 3
VpeL'(e,T;L%) for —+—-=4 (s>1)
r s
and thus we obtain that p € Lg(Q x (0,7])). CKN only knew that p € L%(Q x (0,71]))
which adds extra technical difficulties.

DEFINITION 1.1. The pair (u,p) is a suitable weak solution of the NSE on Q x [0, 7]
with force f if the following are satisfied.
(1) Integrability:
(a) feLi(Q2x[0,T]) for ¢> 2,
(b) pe L%(Q x [0,7]) [Modern times can get as high as Lg(Q x [0,T])],
(c) we L*=(0,T;L*)n L?(0,T; HY).
(2) Local energy inequality: For all ¢ >0, ¢ € C°, then,

2 [[ IVl dz ds < [{ Tl (0 + Ag) + ([uf + 2p)u- Vo + 2(u- )¢ dz ds

(3) Weak solution: We need u € L*®(0,T;L2) n L?(0,T;H}), V- f =0, -Ap =
0:0;(ujuy) and for a.e.t € (a,b) and for all ¢ € C,

T
/ uo-qb(O)dx:/ /Vu:V¢+(u-V)uqS—u-@tqﬁ—f-gbd:L‘dt.
Qx{0} 0 Q

For the CKN theory we do not need point 3 above, that is, the pair (u,p) does not
actually need to be a LH weak solution of the NSE. The proof just deals with local energy
inequality and interpolation inequalities as so points 1 and 2 are sufficient, the “suitable”
bit.

As an interesting aside, it is important to note that in (Scheffer 1987) in [Sch87| he
showed that the end result, that the one dimensional Hausedroff measure of the singular
set of space-time points is zero, cannot be improved using the “suitable” criteria and the
method would have to use (the equation) part 3 above. He showed that if you just pick a
“suitable” pair (u,p) then for any v < 1 there will exist at least one (u,p) pair where the
~- dimensional Hausdrof measure of the singular set is infinite.

1.3. Partial Regularity

We want to study “how bad” the set of “singular points” for u a suitable solution.

We denote R the set of regular points (xz,t) € R if there exists an open set U c
Q x[0,T] with (z,t) € U and u € L*(U). Let S be the set of singular points defined by
S:=Qx[0,T]\R, so the points where u is not L} in any neighbourhood of (z,t). (Can
also be defined similarly but with curlu or Vu.) By “bad” we want an upper-bound on the
dimension of S here using the Hausdroff measure.

THEOREM 1.2 (Main Theorem (B) in [CKN82|). For any suitable weak solution of
the NSE on an open set in space-time the asscotated singular set S satisfies

PL(S) = 0.
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This condition is equivalent to H!(S) = 0 which denotes that the one dimensional
Hausdroff measure of the singular set is 0.

Importantly this shows that there are no curves in space-time where the solution w is
singular along the curve. If we have “blow-up” then this occurs at distinct points in space
time and not on a continuum.

CKN also impose extra conditions to prove two other theorems. These results are more
in the spirit of previous partial regularity results like Serrin conditions as discussed earlier.

Let E denote the initial “kinetic energy”, the L? norm of for the initial data, that is,

1
E = —/ "LLO|2 dz
2 Jrs

and let G, be a weighted form of ¥ where we want extra decay at infinity, that is,

1
G:z—/ |ug|?|x| dz < oo.
2 g3

For initial data satisfying this condition one can show that a suitable weak solution of the
NSE from this data satisfies

1 t
—/ luf?|z| da +/ / |Vul?|z| dz ds < oo
2 Jr3x {1} 0 JRrs

for every t, so obtain the following theorem showing that the solution is regular for large
enough z.

THEOREM 1.3 (Theorem C in [CKIN82|). Suppose ug € L*(R?) V-ug =0 and G < oo.
Then there exists a weak solution of the NSE with f =0 which is reqular on the set

{(z, )]t > K1}
where K1 = K1(E,G) is a constant only depending on uy via E and G.

Here we see that G is a restriction that the initial data ug should decay sufficiently
rapidly at infinity.

If instead we have a different condition where we ask for decay approaching zero, that
is,

/ ol dz = L < Lo
R?)

then we obtain

t
sup/ luf?|lz|™! dz < oo, / / \Vu|z|! dz dT < oo
T JR3x{r} 0 JR3

for each t. From this we obtain the following theorem where we see that u is regular in a
parabola above the origin and the line x = 0 is regular for all ¢.

THEOREM 1.4 (Theorem D in [CKN82|). There exists an absolute constant Ly > 0
with the following properties. If ug € L*(R®) V-ug =0 and L < Lq then there exists a weak
solution of the NSE with f =0 which is reqular on the set

{(z,t):)z|* <t(Lo - L)}.
1.4. Scale-invariant Quantities (Dimensionless Quantities)
On R3 if we have a solution to the NSE then by rescaling by A, in the following way,
w(z,t) = Au( Az, A’t)
p(z,t) = N2p(Ax, \%t)
f(z,t) = N f(x, A%t)

we have another solution. Here we see that time scales quadratically and space linearly.
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For local estimates it will be best to use, rather than balls, parabolic cylinders, that is,
Qr(a,t) = {(y,m):ly —a| <7y t=r® <7 <t}
or Qi(z,t) = Qr(z,t - %7"2) (here (x,t) is the geometric centre of Qg(x,t + %7“2)). The
scaling that works on R? also works on the parabolic cylinders where if (u,p) is a solution
on Q,(x,t) then (uy,py) will be a solution on Qﬁ(a:,t).

We want to study “quantities” being “small” over parabolic cylinders and thus to have a
sensible definition of a “smallness” assumption we should study scale invariant “quantities”,
that is, “quantities” whose value will not change after rescaling space and time as above. If
the “quantities” we study did not have this property then under rescaling we could shrink
or blow-up the values and could not compare the values. We will use factors of % to make

the scale invariant quantities we need.
For example,

1 2
— / luy]® dz dt = A—2 Nlu(Az, N2t da dt
(%) /Qz 00 ™ Qg (0,0)
1
== u(y, s)|> dy ds
7 JQ:(0,0)

where we have a change of variable y = Az, s = \%t.
Some of the scale-invariant quantities we will use are

% sup /T lu(t)|? dz, %gj \Vul* dz dt, 7“_12‘C£f lul® dz dt, r—lzgf |p|% dz dt.

—r2<t<0

1.5. The Main Ideas

We need to show two main propositions that concern bounds on w for large radii giving
properties for u on smaller radii.

PROPOSITION 1.5. There are absolute constants €,Cy >0 and constant €2(q) > 0 with
the following properties. If (u,p) is a suitable weak solution of the NSE on Q1(0,0) with
force f e L2, for some q > g and

0 i
jj (Ju® +|ullp|) dz dt + / (/ Ip| d:n) dt<e; and jf |f|? dx dt < &9
-1 B1

Q1(0,0) Q1(0,0)
then u € L”(Q%(0,0)) with |[ulLe(q, (0,0)) < C1- (u is regular on Q%(0,0)).
2

With no force and modern p € L3 we can just assume that
[ (u*+1pl?) de dt <
Q1(0,0)

and the proof is simplified.
We can shift and rescale this proposition to apply it to different @, (x,t).

PROPOSITION 1.6. There exists an absolute constant €3 such that if (u,p) is a suitable
weak solution to the NSE on Qg(a,s) for some R >0 and if

1
lim sup — / |Vul? dz dt < e3
=0 T JQ(as)

then uwe L= (Q,(a,s)) for some p with 0 < p < R. (a,s) is a regular point.

We will now discuss a rough outline of the proof and the tools used.
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e We have the local energy inequality,

2ff |Vu|2¢ dz ds < ff |u|2(<z>t +AQ) + (|u|2 +2p)u-Vo+2(u- f)o de ds.

We use an approximation to the backwards heat equation for ¢ on a parabolic
cylinder so it approximately solves ¢; + A¢ = 0 and get appropriate bounds on
¢ and V¢ as powers of % This gives an inequality over parabolic cylinders with
weighting in front of the remaining terms that means they are scaling invariant.
We can use different interpolation inequalities over parabolic cylinders, for exam-

ple,

3

2
1 jf lul® dz dt < C ! sup / lu(t)? + 1 jf |Vul? dz dt
r? T s—r2<t<s J By (a) r

Qr(a,s) Qr(a,s)

We can use these two inequalities. We see that the term on the RHS of the local
energy inequality is quadratic in u and on the LHS they are all act cubic in u
(with the assumed regularity on p and f) however this is the opposite for the
interpolation inequality. We can thus iterate between these two inequalities to
obtain inductive bounds on a solution u from the larger cylinder to a smaller
cylinder that are shrinking and so can use Lebesgue differentiation theorem to get
that the points (a, s) are regular on the smaller cylinder.



CHAPTER 2
Talk 2: Suitable weak solutions: part 1

By Farid Mohamed

We introduce the spaces for  c R3
V={ueC5(9),div u =0},
v =P anq
H - lele(Q).

The space H is equipped with the norm | - |12(q) and we write

(u,v) 20 ::/uvdm

Q

for the generating scalar product. In the case of V we need to distinguish two cases. If €2
is bounded we set [ully = [Vu[2(q) and if 2 is unbounded we define |u|y = |[Vu|r2(q) +
|lulr2(q)- We observe that V' — H < V', where we identify 7 and H' in the sense that for
every u € H we set

(%ﬂ=ﬂ&ﬂ=/wﬁx
Q

for f e H. In this case we see that (u, f) = (u, f)2(q)-
We assume for this section that

Q=R3,
feL*0,T;H(R*)) and V- f =0,
uo eH

or

Q is a smooth, bounded, open and connected set in R?
feL*(Qx(0,7)) and V- f =0,

ug € Hn W;/E(Q)

It follows directly that the spaces L?(0,T; H) and L?(0,T; V) are reflexive and L*°(0,7; H)
and L*(0,7;V) are the duals of separable Banach spaces, see for example [?]|, Theorem
1.29.

DEFINITION 2.1. We call the pair (u,p) a suitable weak solution of the Navier-Stokes
system on an open set D = Q x (0,T) c R? x R with force f if:

i) u,p and f are measurable functions on D,
ii) feLi(D) for ¢>5/2, V- f=0and peL*(D),

11
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iii) the solution u is bounded in the following sense

Eo(u) =g<t<r /]u(x,t)|2dx < oo and Ey(u) = ff |Vul|*dedt < oo,
3 D

iv) u,p and f solve
Ou(x,t) + (u-V)u(z,t) + Vp(z,t) — Au(z,t) = f in Q,
divu(z,t) =0 on 0 forall 0 <t < T

in the sense of distributions in D, i.e. v e L?(0,T;V) and for all v € V we have

d
pn Qu(x,t)v($)dx+/Q(u-V)u(x,t)v(x)dx+/QVu-Vvdx:/Qf(t,x)v(:c)da:

in the distributional sense on (0,7").
v) for all ¢ € C5°(D), ¢ >0 it holds

QJI |Vu|2g0dxdt < ff(\u|2(g0t +Ap) + (|u|2 +2p)u-Vo+2(u- f)p)dxdt.
D D

The goal of this chapter is to show that for every f € L9(D) there exists a suitable
weak solution in the sense of Defintion 2.1.
The first step is to show that the equation

up+(w-V)u-Au+Vp=f
has a solution for suitable f and w, where we use the following lemma.

LEMMA 2.2 (see [Tem79]|, Lemma 1.2). Suppose f € L>(0,T;V"), uwe L?>(0,T;V), p is
a distribution and

u—Au+Vp=f
i the sense of distributions on D. Then

ug € L2(0,T; V'),

d
E/QMQ = 2(ug, u) 2()

in the sense of distributions on (0,T") and
weC([0,T], H)

after modification on a set of measure zero. Solutions of (2.2) are unique in the space
L2(0,T;V) for given initial data ug € H.

PROOF. Here we give the main ideas of the proof.
Let the function @ : R - V be equal to w on [0,T"] and to 0 outside this interval. We see
by [LMT72], Theorem 4.3 a sequence (s, )men such that

Vm, Uy, is infinitly differentiable from [0,7] onto V', as m — oo
Uy, = w in Li (0,T;V),
up, —u' in L3, (0,T;V").

It follows directly

d

G | ®F =200 (0,0 (0) 200
and as m — oo we get

HUMH%%Q) - Hu”%%m in Ly, ((0,T))

(u;ruum)LQ(Q) - (u,au)L2(Q) in Llloc((oaT))
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These convergences also hold in the distribution sense. So by passing to the limit we get

d
E/QMQ = 2(ug, u) 12

and by (2) we see that u € L*(0,7;H). We conclude by [Tem?79|, Lemma 1.4 that
ue C([0,T]; H). Uniqueness will follow by the next lemma. O

LEMMA 2.3. Let f € L2(0,T;V"), ugp € H and w € C*(D,R3) with V-w = 0. Then
there exists a unique function u and a distribution p such that
uwe C([0,T], H)n L*(0,T;V),
up+(w-V)u-Au+Vp=f

in the sense of distributions on D, with u(0) = ug.

ProOOF. We will follow [Tem79|, Theorem 1.1 by constructing the solution. Let

{Zn}ney € V be a sequence of linearly indepedent vectors such that span((x,)nen) =V,
n

which exists as V' is separable. We set V,, := span(z1,...,2,) and uy, = ¥, gin(t)x;, where
i=1

(gin)iq is a solution of the system

ﬁ;ggn(t)(l‘i’ Ti)r2eq) + igm(t)(((w V)Ti,xj)20) + (VEi, Vo) 2ay) = (f, 75)
gin(0) = Py, (x0);

for j=1,...,n. Then u, solves the equation

(tp, ) p2(0) + ((W - V), v) + (Vin, VV) 12(0) = (f, )

for all v € V,,. Observe by partial integration that

((w- v)unvun)LQ(Q) = —(un, (w- v)un)LQ(Q) =0
and one obtains

1d
5@”“71”%2(9) Z(U;,un)m(g)

=(fyun) = (Vun, vUn)LQ(Q)
1 1 1

§Hf\|%// + 5”%\\%2(9) - §”VU||%2(Q)
1 1

2 2
Sl + S lunlzeqy,

<

whch follows by

1 1 1 1
| F1% + 5”’%“%/ < §HfH%/f + 5”“71”%2(9) + §Hvun”%2(ﬂ)'

(fom) < 5

The continuity of the projection and Gronwall’s inequality imply that

T
Jtn ()2 < | tol22cy + / 1£()[2 ds | T < oo,
0
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which implies that (uy,)pen is uniformly bounded in L*°(0,7; H). Furthermore, we see by
integrating (2)

t
fin () 2@y + [ 190 (5) s
0

t
T
<Oy + [ 1IRds s [ ()] ds
0

< (1u(0) 2200 + 11220 71 ) (1 + TeT)

and we conclude that (uy,)pey is uniformly bounded in L?(0,7; V). One infers that there
exists a subsequence (uy)nen € L2(0,T;V) N L*®(0,T; H) such that there exists an
we L2(0,T;V)nL>(0,T; H)

Uy, = u for n - oo in L*(0,T;V) and
Up — u for n — oo in L=(0,T; H).

We conclude for every ¢ € C*([0,T]) with ¢(T") = 0 that

0 =/0T((U§L(t),so(t)$j)mm) + ((w- V)un(t), p(t)z;) + (Vun(t), Vrjo(t)) 12()
= (f(1), p(t);)) dt
= /OT(—(un(t% ¢ (D)) r2(0) + (- V)un(t), o(0)7;) + (Vun(t), V2 0(t)) 12(0)
= (£ (), p()zj)dt = (un(0),25) 12(2)$(0))
- /OT(—(U(t), P (D)) r2(a) + ((w- V)u(t), o(t)x;) + (Vu(t), Va;o(t)) o)
= (f(#), p(t)z;)dt = (u(0), ;) 12(0) (0))

for n - oo for every j € N. Moreover, the equality holds for every finite combination of the
(z;) and by continuity even for all v e V. We obtain that

9 )12y + (-9, 0) + (T2, 90) 2 = 0, 0)

in the sense of distributions on (0,7").
In order to see that u(0) = up we use that

T d T
| O ye 0t == [ ()0 0t ((0).0)000),

which implies that
T T T
- / (u(t), ) (£)dt + / (V2. 90) oy (1) i + / (w- V) 0) 2o (1) dt
0 0 0
T
~(u(0), v)p(0) + / (F(0) 0)o(t)d
0

By comparison with the above equality we see that

(uo —u(0),v)p(0) = 0.

As v was arbitrary we conclude that ug = u(0).
To show uniqueness assume that we have two solutions u; and us with some initial data
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and force f. We know that uj —ug solves (2) with f =0. We conclude by (2) that

1d
sgplu - |72y < —(V(uwr = ug), V(u1 - u2)) 2(a) < 0.
As u1(0) = uz(0) we conclude that u; = us. O

A solution of the Poisson equation —Awu = f for f € LI(R3) for some 1 < ¢ < oo can be
written as

u(z) = (“A) () = s / W

where c3 € R can be given expl1c1tly. We use the following theorem, which can be shown
by the Calderén-Zygmund theorem.

THEOREM 2.4 (see |?], Theorem B.7). The linear operator Tji, defined by
Tjnf = 0;00(-A)"'f
is a bounded linear operator from LI(R3) into LI(R3) for all 1 < q < oo, i.e.

171 f | Laqray < Clf | Lacrsy

for some constant C > 0.

LEMMA 2.5. Let Q =R3, f e L*(0,T; H*(R?)), div f =0 and up € H. Then it holds
that

- E 8i8j(wiuj),
i’j
i the sense of distribution. Hence, we obtain

[ wPPdwdt < € ([ [w* - [ul*Pdwdt.
D D

REMARK 2.6. For general Q (if € is bounded) it is also possible to show that p €
L°3(D).

PrOOF. We follow |?] to show that p is given by (2.5). At first, observe that

(o € [SR)] : div 9 =0)
is a dense subset of V. Furthermore, for every h € [S(R3)]? there exists a ¢ € [S(R?)]?
and v € S(R3) such that h = ¢+ V¢ and V- = 0, see for example [?], Exercise 5.2. Now
let £ C5°((0,7)). As u is the solution of (2) we obtain by partial integration

T T

- / (11, ) 2y €1 (8) d / (s AR 2o (1)
0 0
T T

- / (1 ® w0, Vh) L2y E(1) i~ / (F () dt
0 0
T T

- / (1t 0) gy (£) it + / (Vi Vo) oy E(8) dt
0 0
T T

. / (w- V), ) 12y E(2) i~ / S (ustwg, ) 2o ()
0 0 iy
T

- /O (o)t

T
— /0 Z(uiw]’,ajaﬂ/})LQ(ﬂ@)f(t) dt.
%]
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As u € V| we conclude that Ap = - Z 0;0j(w;uj), where we used that V-h = Ay. By taking

the Fourier transform we see that We can interchange the Laplace operator and 9;0; and
we obtain

p=(-8) (-A)p= N (-A) 0dwiu; = 3 00y (~A)  wiuy,

7] 7.7

and one infers by Theorem 2.4 that [p||s/sgsy < Clw] - [ul] /5. O

Later on we want to estimate the pressure p by using following inequality
3
$(q-2)
4

) ) 1(6-9)
/|u|quSC’ /qu| dx (/|u| da:)
R3 R ®

for 2 < ¢ <6, which is a special case of the Gagliardo-Nirenberg interpolation inequality
HDJUHLLI(R?’) < CHDmUHLr(n@)HUHLp(Rs)

Wherel<qp,r<oo and m, j € N. « is chosen is such a way that + —%+(%—%)a+1_7‘”‘

and £ << 1. By choosing j =0, m=1,r=p=2and a = 3(— - —) we obtain (2). We
recall that we denote by

Eo(u) :=g<t<T /|u(x,t)|2dx and Fq(u) := ff |Vul?dzdt.
D

LEMMA 2.7. For u,w e L*(0,T; H*(R3)),
Jull prors o oo msyy < CEy () By (w),
lw Vul oo oo asy) < CEY () B (w) Byl (w),
HUHL5(O,T;L5/2(]R3)) < CTl/QUEg/m(U)Ef/QO(U)-

PROOF. For (2.7) we use (2) and obtain
2/3
/\u|m/3 dx < C(/ ]Vu]2dx) (/ \u\zdm) < C(/ ]Vu]de) Eo(u)??
R3 R3 R3
R3

for almost all ¢t € (0,7"). Integrating over (0,7) gives the result. For (2.7) we see by
Hoélder’s inequality that

T T 3/8 .
/ lw - Vul!dzdt < ( / |w| '3 dxdt) Eq(u)s
o Jr3 0o Jr3

5/4 5
= HwHL/10/3(0,T;L10/3(R3))E1 (u)s.

By applying (2.7) we obtain (2.7). Furthermore, we see by (2) and Holder’s inequality that

T 2 T 3¢ 7/4
/ ( |u|5/2d:1c) dt SC’/ /|Vu|2dac (/ |u|2dx) dt
0o \Jms o\ R3

. 3/4
sC’Eo(u)7/4/ /|Vu|2d:v dt
0
R

3/4
T
<CEo(u)™AT! / / |Vl dadt
0
R
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We conclude that (2.7) holds true.

17



CHAPTER 3
Talk 3: Suitable weak solutions: part 2

By David Berger

LEMMA 3.1 (see |GS91|, Theorem 2.8). Assume that Q, f and ug satisfy the assump-
tions of Lemma 2.3. Let Q be bounded, 4 = 3/q+2/s and w - Vu, f € L*(0,T;LI(Q)) and

ug € Wf_Q/S(Q), Then the solution (u,p) constructed in Lemma 2.3 satisfies
VPl T 0, pac)y + Ul 2e o.1;00(02)) + HVQUHSLS((O,T;LG(Q))
<C(|luo ||;,§—2/S(Q) +w - Vul s o590y + 1175 0,19 02)))-
Furthermore, by normalizing p such that pr =0 for all t we obtain
Ipll Ls/3 0,153 (2y) < o0

LEMMA 3.2. Let Q,uqg and f satisfy the assumption of Chapter 2 and let w € C* (_l_), R3)
with V-w =0. Let (u,p) be the solution of Lemma 2.3. Then, for every ¢ € C*°(D) with
© =0 near 02 x (0,T), and for every t, 0<t<T,

[ e P et tyde 2 [ [vue = [luoPota0)+ [ o+ Ap)
Q D Q D

+ [ (uPw+2pu) - v+ 2 [[ (u- e
D D
PROOF. We assume that €2 is bounded. Suppose for the moment that ¢ vanishes near
t =0, choose €1, so that Q1 c Q and suppy c Q; x (0,7). Writing F = f —w - Vu, we have
us—Au+Vp=F on D.

Mollifying in R* each term of the equation above, we obtain sequences of smooth functions
Um, Pm and Fy,, m=1,2, ..., such that

d
%‘Aum+me=Fm V-t =0
in a neighborhood of supp®, and such that

U = U in L(0,T; L3 () n L%(D)),

Vi, = Vu in L*(D),
5 5
Pm =D in L1(0,T; L3 (1)),
Fp—F in L*(D).

Taking the inner product of 3 with 2u,,® and integrating by parts yields
2 [ 1vume = [[ Tl (o + A0) +2 [[ pn (i 90) +2 [[ (- ).
D D D D
We pass to the limit as m — oo, to conclude for u,p and F, with F' = f —w - Vu,

QIJ(u F)p=2 If(u e+ jf |u]2w V.
D D D

18



3. TALK 3: SUITABLE WEAK SOLUTIONS: PART 2 19

This gives the proof when ¢ € C§°(D) and ¢t = T. For the more general case use a cutoff
function in time and the continuity of w in H at 0. (|

The goal of this chapter is to use the results shown in Chapter 2 to prove the existence
of the weak solution. Therefore, we will introduce the mollyfing operator

Ws(u)(at) = (67 0(18) xu(at) =57 [[ 0 (.5 )i - ot = r)dyar,
R4

where 1) € C®(R*), ¢ > 0, [[ps¥(2,t)dadt = 1 and supp ¢ ¢ {(z,t) : |2]* < t,1 <t <2}
and 4 is the extension of u on R*, ie. @(x,t) = u(x,t) on D and elsewhere 0. We see
by [Gral4|, Theorem 1.2.19 that 15 is an approximating identity on R*.

LEMMA 3.3. For any ue L*(0,T; H)n L?(0,T;V) it holds

V- ¢5(u) = 07
sup /Q s ()P < CEo(u),

0<t<T

[[ 19us(u)Pdadt < CEx (),
D

for some C >0 independent of u and §.

PROOF. It is easy to see that
V- Us(u)=61 i! v (%, %) ~u(x —y,t —7)dydr
— -4 g I . — —_ =
=0 gw(é’ 5) u(z —y,t—7)dydr = 0.

Furthemore, we obtain (3.3) by Holder’s and Young’s inequality

| sw,da- | ( / : [ v (ym)fej(x—y,t—T)dydf)Qda:
) /:5/9 (/R3 s (y,7)a;(x -y, t - 7')dy)2 dxdr

< /R 57 (s 7/0) 2 gy s ) 2y
<Fo(u) /R 46 7)1 oy -

The inequality (3.3) is a direct consequence of Young’s inequality

2
ﬂ V105 ()P dzdt < f dxdt

D R4

-4 y T e~ B
) i!w(g,g)vjul(x y,t —7)dydr

<131 @y V5wl 2 gy -
]

In the proof of the main theorem we will use the following theorem, which gives a
sufficient condition that a sequence (2, )ney N L2(0,T; L?()) is relatively compact.

THEOREM 3.4 (see |[Tem?79|, Theorem 1). Let X ¢ X c X be threee Banach spaces
such that Xq is compact in X, and Xo and X1 are reflexive. Then the space

d
Y = {v e L*(0,T; Xo), priks L0, T; Xl)}
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with ag, a1 > 1 is compact in L*°(0,T; X).

THEOREM 3.5. Assume that Q,ug and f satisfy the assumptions from Chapter 2. Then
there exists a weak solution (u,p) of the Navier-Stokes system such that

we L*(0,T;V)n L®(0,T; H),
u(t) ~up in H ast— 0,

pe LP3(D) if A =R,

vp e L4(D) if Q is bounded and

for all p e C5° (D), ¢ >0 and ¢ =0 near 02 x (0,T") it holds

t
[t oP etz [ [ [vupde
Q 0 JQ

t
< [ fuoPotw 0o+ [ [ (uP ot Bp) s (uf + 2p)u- Vi + 2u- f)p)dat.
Q 0o Jo
Let NeNand § =T/N. uy € L?(0,T;V)nC([0,T]; H) is the solution of the equation
d
Ut (Ys(un) - V)un — Aun + Vpn = f,un(0) = u,

which exists by applying Lemma 2.3 on each time interval (ém,d(m + 1)) for each m =
0,...,N —1 separately. By using (2), (2) and (2) we obtain

t t
/ lun (t, z)[2dz +/ / \Vuy|*dzdt < C (/ |ug|*da: +/ f(t)]vfdt) ,
Q 0 JQ Q 0

for some constant C' > 0 which implies that uy is bounded in L*(0,T; H) n L?(0,T;V).
Morever, by [Tem79|, Lemma 4.2 we conclude that %un is bounded in L2(0,T;Vy), hence
(un) Nen is relatively compact in L?(D) by Theorem 3.4. We obtain a subsequence (uy,)
such that u, — u, in L2(D), up — uy in L2(0,T;V) and uy, — u, in L=(0,T; H). More-
over, as (uy) is bounded in L'%3(D) we see easily by an interpolation argument that
up = u, in L¥(D) for every 2 < s < 10/3. Using the above inequalities it is possible to
show that u, solves the Navier-Stokes equation. We will only prove the convergence of the
term fot o(t) (s (un) - V)un,v)2(q)dt, as the other parts are trivial. As v e H'(Q), we
see that |u;v;] r2(rsy < 0o, which follows by the Sobolev embedding theorem. We conclude
that

‘/Ot/g((%(ulv)'V)UN’”)‘P(t)dxdt_/Ot/Q((u'V)u,v)go(t)dxdt

<

/Ot/Q((%(UN)'V)“N’”)‘P(t)dmt—/Ot/Q((u-V)uN,v)w(t)dxdt‘

+

/Ot/ﬂ((u'v)“N’”)Qp(t)dl'dt—/Ot/g((u'v)u,v)cp(t)dggdt

— 0 for N — oo,

where we use for the first term that ¢s(uy) = u in L3(R3) and in the second term that
u, = u in L?(0,T;V).

In the case that €2 is bounded, we use Lemma 3.1. Let {Q;} jen be a sequence of subdomains
such that ﬁj c ;41 and Ujen ) = Q. We see that Vpy is bounded in L5/4(D) and p, in
L2140, T; L213(52;)). We obtain for every j a subsequence py — p. in L4(0, T; L3(Q;)).
Moreover, we see that uy — u, in L°(0,T; L%()). The proof follows the same arguments
as in the case of Q = R3.



CHAPTER 4
Talk 4: Background and Definitions

By Fabian Rupp
4.1. On the initial boundary value problem

First, note that the condition div f = 0 is not a restriction at all. Indeed, suppose
we want to solve (1.1) for a general force f € L9(Q) with 1 < ¢ < co. We may apply a
L%-Helmholtz decomposition to write f = V@ + f1 with div f1 = 0 and [ fi|zeqxq0,77) <
C(a, ) | f acaxoryy- I (u,p) is a solution of (1.1) with the force term fi, it is easy to
see that (u,p+ @) is a solution to (1.1) with the right hand side V® + f; = f as desired.

To obtain an existence theory for arbitrary time intervals, we study weak solutions of
(1.1) for which the energy

T
ess sup0<t<T/ |u)? da:+/ / |Vul? dz dt < oo, (4.1)
Q 0 Q

is finite, where |Vu|? := i ‘&-ujf. This choice is motivated by multiplying (1.1) by wu,
integration and using integration by parts. (4.1) justifies why requiring a solution u to
have space derivatives of first order is a somewhat physical assumption.

If one instead multiplies (1.1) by 2u¢ for some ¢ € C*° (2 x [0,T']) and integrates one
obtains

/Ot/QZ@tu-ungrQ((u-V)u)-u¢—2Au-u¢+2Vp-u¢da::/Ot/QQf'ugZ)dx.(Zl.Q)

Since ulgpn = 0 by (1.2), we may use integration by parts without creating any boundary
terms. For the first term, we use 9y |u|* = 20,u - u, so

t t
. _ 2 _ 2
/0/928tu uep dx dt /08,5/Q|u| ¢ dx dt /Q|u| Or dax dt (4.3)
=/Q|u(t)|2qbd1:—/Q|u(0)|2¢d:n—/ﬂ|u|28t¢ dz dt.

For the second part, integration by parts yields, using summation convention,
t t
/ / 2ut O’ v ¢ da dt = —/ / lu? Oiu’ ¢ da dt — / lu? w'9;¢ dz dt (4.4)
0 Jo 0JQ Q

t
=—//|u|2u-v¢dmdt,
0 /o

since 0; lul? = 20;u7u? and divu = 0 by (1.1). For the third term, we get using 9; |ul* =
20;u?u? again

t t ¢
‘2/ /@@'ujuj@bd“?/ /IVUI2¢dfc dt+2/ /aiujujai¢dx dt (4.5
0 JQ 0 JO 0 Jo
t t
:2/ /|VU|2¢d$ dt—/ /|u|28i81-¢> dz dt
0 JQ 0 JOQ
t t
=2/ /IVuI2<z>dxdt—/ /|u\2A¢dxdt.
0 JQ 0 JQ
21
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Finally, for the last term, using divu = 0, we have

t t t )
2/ /aipu’gb dx dt=—2/ /p@iuiqbdx dt—2/ /pu’@igb dz dt (4.6)
0 JQ 0 JQ 0 JQ
t
:—2/ /pu-V(;Sda:dt.
0 JQ

Combining, (10.6),(10.10),(4.4),(4.5) and (4.6), we get

t
/Q|u(t)|2¢dx+2/0 /Q|Vu|2¢d:c dt:/Q|u0|2<;5da: (4.7)

+/Ot/ﬂ|u|2(8t¢+A¢) d$dt+/0t/g(|U|2+2p)u-v¢dxdt

+2/t/f-uq§dxdt.

Pluggin in ¢ =1 in (4.7) we obtain

/yu(t)y dx+2/ /|w\ da;dt_/yuoy +2/ /f u da. (4.8)

Note that for f = 0 in (4.8), we may formally conclude (4.1) with an explicit bound
depending on the initial date ug € L?(2). The key point in proving existence of weak
Leray-Hopf solutions is the energy inequality, an inequality form of (4.8).

t t
/ lu(t)]* da + 2/ / [Vul* dz dt < / lug|® + 2/ / frude, (4.9)
Q 0 JQ Q 0 JQ

for almost every t.

For the main result, the localized version of (4.9) is crucial. Taking any ¢ > 0 with
compact support in  x (0,7") in (4.7), one may conclude the following generalized energy
inequality by estimating the first term by zero

T T
2/ /|Vu|2d>dx dtg/ /[|u|2 (016 + Ad) + (Ju® + 2p)u- Ve + 2u- fo] da dt.
0 JQ 0 JQ
(4.10)
By definition, any suitable weak solution satisfies (4.10). Last week, we saw that such a

suitable weak solution in fact exists (cf. David’s talk Lemma 2.2, Theorem 2.5, Farid’s
talk Lemma 1.3).

DEFINITION 4.1. We call a pair (u,p) a suitable weak solution to the Navier-Stokes
equation with force f on Q x (0,7") if the following conditions are satisfied.

(1) u,p, f are measureable on Q x (0,7") and
(a) fe LZ(Q x (0,7)) for ¢ > 2 and div f =0,
(b) pe Li(Q2x (0,T))
(c) for some Ey, E < co we have

/ lul* dz < Ey for almost every ¢ € (0,T), and (4.11)
Q

T
/O /QIVu|2 dz dt < E;. (4.12)

(2) u,p and f satisfy (1.1) in the sense of distributions on € x (0,7").
(3) For each ¢ € C§°(2 x (0,T)) with ¢ >0, inequality (4.10) holds.
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Even for a suitable weak solution, it is not immediately clear that the right hand side
of (4.10) is well, defined, i.e. it is not obvious that the integrals

T T
/ / luu-veéderdt and / / pu-Vo¢dx dt
0 Q 0 Q

do exist. We will prove that this is the case.

4.2. Higher Regularity

Recall that a point (x,t) in space-time is regular if u € Ly, (U) for an open neighbor-
hood U of (x,t). This is justified by the following result due to Serrin [Ser63|. If u is a
weak solution of (1.1) on a cylinder Q x (a,b) satisfying

b a 3 2
/ (/ ) dx) dt < oo with — + = < 1, (4.13)
a Q q S

then u us necessarily C"™*%8 in space on compact subsets of Q, provided f is C™# in space
with m >0 and 0 < 8 < 1. In particular if f is C* in space and (4.13) is satisfied, then w is
C* in space. Regularity in time is more difficult. If v e L*(0,7; L3(U)), then u is Holder
continuous in time. From this, if u € L7° (U) in a neighborhood U of (z,t), then (4.13)

loc
clearly holds, so u is smooth in space, provided f is smooth in space.

4.3. Recurrent Themes
The following three observations will be used frequently.

4.3.1. Interpolation inequalities for u and p. If B, c R? be a ball of radius r > 0
and let w e H'(B,). Then, the Gagliardo-Nirenberg-Sobolev inequality yields

a Z-a 2
lu|? da < c(/ IVul? dm) ( Ju)? dx) + %( Jul? dx) . (4.14)
B, B, B, < \JB,

where C >0,2<qg<6anda= %(q—2). If B, is replaced by R? the second term on the right
in (4.14) can be omitted. Inequality (4.14) follows from the classical Gagliardo-Nirenberg-
Sobolev inequality [Nir59] by applying an extension operator to u € H'(B,). The term
1%@ makes (4.14) scaling invariant with respect to r > 0.

We will now use (4.14) to interpolate between (4.11) and (4.12). Take ¢ = 13—0 soa=1
in (4.14) and integrate in time. Then

T 10 2 5
/ lu|3 dzdt<C (Eg E| + r’zEg’T) : (4.15)
0o JB.
A particular consequence is that u e L3(Q x (0,T)), hence

T
/ / > u- Ve dz dt
0 Q

so the corresponding term in (4.10) is in fact finite if u is a suitable weak solution and
»eC®(Qx(0,T)). Moreover, if g = g, S0 a= % we get

< VO Lo (o, 10l L3 axco,ry) < o0

T 5 % T 10
/ ( |u|2 da:) dt <C(E§ Eq + r_2E03 T). (4.16)
o \/B,

If we take the (distributional) divergence of (1.1), we get
0=Ap+0; (ujajui) =Ap+ Oié?j(ujui),
hence
Ap = -0;0;(u'u’) on Q x (0,T) in the sense of distributions. (4.17)
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In addition, any solution u € C1(0,T;C%(Q)) of (1.1) on Qx (0,T) for f = 0 satisfying (1.2)
has to fulfill

v-Vp=v-Auon 02 x(0,T),

by simply restricting (1.1) to 9Q and multiplying with v.
Recall that in R3, the unique solution to —Awv = f, with f e LY(R?) is given by

v = - [ )

We may thus rewrite (4.17) as p = (-A)719;0;(u'u?).
First, we consider the case Q = R3. For u smooth enough, we have

pa) = o / 8,00y, (ui) dy = i (2 ()

|z -y
+ — Oy, Oy, | —— '’ d
47_‘_/]1&3 Yi y](|ﬂf—y|)uu Y,

where the latter has to be understood as a singular integral, i.e. a principal value

lim
e0 ) fo—yl>e
Also note that «a;; =0 if ¢ # 5.

We now use standard Calderon-Zygmund theory, see for instance [Ste70]. To that end,

fix 4,5 € {1,...,3} and consider the convolution operator

1 1
. By [ —— ) 7 dy.
SJf 47T\/]R?sayjayl(|m—y|)f Y

0ij - +3 (Ii—yi)(xg‘—yj)
eyl lz—yl

with Q(y) = =d;; +33ﬁ“ Note that €2 is homogeneous of degree 0 and a computation shows

Jo2 Q(y) dS(y) = 0 for all i, 5. Clearly, Q is Lipschitz on S2. Thus, by Calderén-Zygmund
theory [Ste70, §4.3, Theorem 3],

Sij:Lq(Rg) — LY(R?) is bounded for any 1< ¢ <o0,i,j=1,...,3. (4.18)
As a consequence

HpHLq(R3) = H(_A)_laiaj(uiuj)HLQ(Rs) S Cz HuiujHLq(Rs) )
2y

A computation yields 9,0y, (|x y|) . We may write

for some C' = C(q) >0 and

[y = [l o< [l d.

This yields

/ Ip|? dz < C’/ u[* da.
R3 R3

In particular, if (u,p) is a suitable weak solution of (1.1) on R? x (0,7") we have

//|p|3 d:cdt<0/ / | ® dz:dt<CE3E1

by (4.15) using that we don’t need the second term in (4.14) since we are in the whole
space R3.
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For general Q c R? bounded, let Q; ¢ Q and ¢ € C5°(2) with ¢ = 1 in a neighborhood
U of ;. Then for ¢ fixed we have using

St =4 |

1
R3 |33—l/|
1

1
- [pA¢ +2(Ve, Vp) + ¢Ap] d
4t Jrs o~y

Ay(¢p) dy (4.19)

We plug in (4.17) for Ap in (4.19) and obtain using summation convention

1 1
op=-—

A Jgs |z -yl

[pA(b +2(Vo,Vp) - ¢8¢8j(uiuj)] dy. (4.20)

Now, we integrate by parts to remove all derivatives on p and u. Note that in order to do
this in a precise way, you have to cut out a ball B; of radius € and do integration by parts

there. However, since 0, (Iw_lyl) is L}OC(R?’), the boundary terms will vanish as ¢ - 0. We
have

1 1 1
/ (Vo,Vp) dy = —/ Oy, (—)&' pdy—/ ——A¢p dy. (4.21)
Rr3 |7~y RS [z~ Rr3 |z Y

For the last term in (4.20) we have
/ L 40,0,(ut) dy = - / 9y, (L) 60, (u'n?) dy (4.22)
rs |7 =yl r O \[z -y

—/ L qba(uuj)dy
r3 |-y

1 o 1 o
= . N tu? A e ; tu?
/R?)(?yjﬁyl(m_m)(ﬁuu dy+/Rg(9yl(|x_ |)8J¢uu dy
+/ Oy, (L)aiqbuiuj dy+/ ——0;0j¢u’ w? dy
re O \|z -yl R? ! —yl

:/R3ayjayi(m)¢u o dy+/ iz —y| djpu’ ' dy

+/ —Yi 61<Z>uiuj dy+/ —Giajqﬁuiuj dy
3 |z -yl R3 |7 =yl

= Oy, Oy, | —— | pu'v? dy+2/ Ojpu'n’ dy
/R3 o (Ix—yl) wo o -y
+/ ——0;0j¢u’ ‘W dy
R3 |7 = Y|

Therefore, combining (4.19), (4.20), (4.21) and (4.22) we get

po=p+p3+pa (4.23)
with
p=agu(z)u! (z) + i/ 0y Oy, o pu'n? dy
J 47 Jgs Y\ 2 - y|
1 1
p3 = — quu ' dy + — ——0;0j¢u’ w? dy
27T R3 |g; y| 4 R3 |$ y|

1 2 1 1 i
(1 LTV o dy.
b ( 4 4#)/]1@ |:17—y|p Addy+ 21 s |z —y[? 0Py
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Note that we have for z € Q, using ¢ =1 on U and ¢ =0 on R®\ Q

1 1
/ d;pu'v? dy| +
2m Jrs |z yl

Ips] (2. £) < / L 0,6 dy
A Jgs |z - yl

1 1 ) 1 )
<o — 00 [ul” dy + — ——10i0;¢[ul” dy
21 Jow |-y Am Jou |90 -yl

les [0 4 0l
<o /Q|u| /| 2a

where 6 := d(Qy,0U) > 0 gives lower bounds on |x -yl Slmilarly for py, we have for z € {0y

1
il s - [ lpllad] dy+ o / el ay
dm Jou |z -yl
||¢|cz/ ||¢|c1/
<< d d
s lel Y+ s lel Y
Consequently,
ps| (z,t) + |pal (z,t) SC/ (Ipl + [u®) dy, for z € Q. (4.24)
Q

Since the operators S;; are bounded by (4.18), there exists C'> 0 such that
51”7 da < Sii(pu'n? i de<C dutu’ i dx,
p J
R3 i,j JR3 i,j JR3
and consequently
/Q 57 da < C’Z/]R3 ‘qﬁuiujr)/s dz < CHQZ)LOO/Q|U|IO/3 dz. (4.25)
1 i,

From (4.24) and (4.25), we may deduce p € L*(0,T; L*())).
We have using (4.15) and (4.25)

T . 3/5-5/4 T o 3/
/ ( 57 dx) dtsC’/ (/ ju""? d:c+1) dt (4.26)
0 (951 0 Q
T 10,
SC(/ /|u] /s dxdt+T)
0 Q

<C(EFE,+ElT+T),

where the constant C' > 0 changes from line to line. For the remaining terms in (4.23), we
have using (4.24) and Jensen’s inequality

/OT (/91(|p3| + |pal)”? d;v)3/4 dt < C|Ql|/OT (/Q(|p| Juf?) d:v)5/3.3/4 Qi (4.27)
co [(([wras)" ([ me ar)")

T
SC’/ /|p|5/4 dz divaC’TES/4
0o Jo

5
= C 1Pl oy + CTEY
Therefore, combining (4.26) and (4.27) we get using p = ¢p for a.e. t and x €

||pHL5/4(O,T;L5/3(Ql)) < Hﬁ||L5/4(0,T;L5/3(Ql)) + ” |p3| + |p4|||L5/4(07T;L5/3(Q1)) < 00, (4-28>

if (u,p) is a suitable weak solution. Thus, we have proven the following
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LEMMA 4.2. If (u,p) is a suitable weak solution of (1.1) on Qx (0,T) and B, x (a,b) c
Qx (0,T), then p e L*(a,b; L°(B,)) and u e L°(a,b; L (B,)).

PRrROOF. This follows from (4.28) and (4.16). O

In particular, the term [ [ p(u-V¢) in (4.10) is integrable, since if supp ¢ c 1 we have
T
| [ wveldzarsc [ @l O], @

T s o o1 45
5,
<o [ Oy @) ([ 0O, )

=C Hu||L5(0,T;L5/2(Ql)) HpHL5/4(0’T;L5/3(Ql)) )

by Holder’s inequality and since % + % = % + % = 1. Thus, we have shown that for any

suitable weak solution of (1.1), the right hand side of (4.9) exists.

4.3.2. Weak continuity. It can be shown, that any suitable weak solution w of (1.1)
is weakly continuous in time with values in L?(Q), i.e. for any w e L?(Q2) we have

/Qu(a:,t)w(x) dz — /Qu(x,to)w(x) dz as t — to.

For a proof of this property we refer to [Tem79, p. 281-282|. This has some important
consequences.

(i) We can evaluate w at times t and it makes sense to impose the initial condition
u(0) = ug in the sense that u(t) — ug in L?(Q) as t - 0, i.e. u extends weakly
continously to [0,T).

(ii) The integrability condition (4.11) holds for every t € (0,7). If ¢ty € (0,7"), then
there exist ¢, - to with [, lu(t,)|* dz < Ey, otherwise (4.11) would not hold almost
everywhere. But since the L?(Q)-norm is weakly lower semicontinuous and as u(t, ) -
u(to) as n — oo, we conclude [q lu(to))? da < Ey.

(iii) If (u,p) is a suitable weak solution of (1.1) on € x (a,b), then for each a <ty < b and
¢ eC (2 x (a,b)) with ¢ >0 we have

2 fo 2
/Q|U(to)| o(to) de+2/a /Q|Vu| ¢ dx dt (4.29)
to
< / / [[ul* (9up + A@) + (Jul* + 2p)u- Vo +2u- f¢] da dt.
a Q

This follows from (4.10), by choosing the positive test function ¢(x,t)x ((to-t)/e),
where € > 0 and y is a smooth function with 0 < x <1, x(s) =0 for s <0 and x(s) =1
for s > 1. Then (4.10) yields

2/at0 /Q |Vu|2 ox ((to-t)fe) da dt < /ato /Q [ |u|2 (0 (px ((to-1)/e)) (4.30)

+ Agy ((t0=0)fc)) + (Juf* + 2p)u - Ve ((to-D)fe)
+2u- fox ((to-t)/e) ] dz dt.
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Note that for t < tg, x ((to-t)/z) - 1 as € - 0. Since 0 < x < 1, the dominated
convergence theorem yields that as € - 0 in (4.30)

to to
2/a /Q|Vu|2¢dmdt§/a /Q[|u|2(8t¢>+A¢+(|u|2+2p)u.v¢+2u.f¢] O(lz;l;

to
+ hI%/ / ul? ¢0; (x ((t-0)/c)) da dt,
eVJa JQ

since all terms in u and p are integrable. Taking a closer look at the last term, we
observe that for u smooth enough

K 2 to-1)/e x = N u2 to-1)/e x
/a /Q|u| 60, (x (o)) da d /Q/ uf? 6, (x ((to-0)2)) dt d
- / [u(to) > 6(to)x (0) da - / (@) dla)x ((to-)e) da
Q Q
~ 0 ul? to-0)/2) di d - to ul? , to-t)/2) da dt.
/a /Qat\ww ) de d / /Q| 28,6y (Co-0)e) da dt

If we let € = 0 we obtain

to
lim / ul? $0; (x ((t-0)/=)) da dt
Q

e=0/,

:—/Q\u(a)|2 o(a) dx—/ato/gat|u\2¢dx dt—/ato/QM2 Orp dx dt
- - /Q lu(a) ¢(a) da - / ’ /Q o (Jul® ¢) dz dt = - /Q [u(to)I é(to) dz,

which together with (4.31) proves (4.29). If w is not smooth in time, we can approx-
imate, so (4.29) holds for a.e. ¢y and any suitable weak solution (u,p). But by weak
continuity this implies that (4.29) has to hold for all ty. Like in (ii), for any ¢y € (a,b)
we may find ¢,, such that (4.29) holds along t,,. By dominated convergence, all double
integrals in (4.29) will then converge in the correct way as t, — to since the involved
functions are integrable on 2 x (a,b) as (u,p) is a suitable weak solution. More-
over, for the single integral, we have using weak continuity and the Cauchy-Schwarz
inequality

/ (o) 6(to) da = lim / Wt )/ D) - ulto)/B(to) da
Q n—oco jO
1/2

<t [ o) ) ([ oo az)

n—

hence fQ|u(to)|2 P(to) dz < liminf, e [o lu(t,)]? ¢(tn) dz. Here we used that for
any v e L2(Q)

/Q (u(t“) V o(tn) = ulto)v ¢(t0)) vdx
:/Qu(tn)(\/fls(tn)‘\/¢(t0))vdx+/g(u(tn)—u(to))\/gb(tg)v dz -0,

as n — oo since |u(tn)| 2y is bounded. This proves (4.29) for all ¢ € (a,b).
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4.3.3. The measures . and Z*. Recall that the k-dimensional Hausdorff mea-
sure in RY of a set X c R? is given by

HH(X) = Jim A (X) = sup A (X)),
- 6>0

where
HF(X) = inf { S a(k)(diam Up)*| Uy ¢ RY closed, X c | J Uy, diam Uy < 5} ,
¢=1 £=1

where a(k) is chosen such that #%([0,1]% x {0}%%) = 1. In a completely analogous
manner, we define a “parabolic” Hausdorff meausre via

PF(X) = lim PF(X) =sup Z2F(X),
U >0
with
PE(X) = inf{er Qr, cR*xR, X c |JQpy,7e < 5},
=1 =1

where the supremum is taken over any parabolic cylinders, i.e. any sets

Qraot ={(y,7) eR3 x]R||y—:c0|£r,t—r2£Tst}.

Like for 2%, one can show that £* is an outer measure for which all Borel sets are
measurable and a Borel regular measure on the g-algebra of measurable sets.

LEMMA 4.3. There exists C(k) >0 such that % < C(k)".

Proor. Let 0 < ¢ <1 and let Q; = Qr, 4, be parabolic cylinders with 7, < 6. Let
dyp = diam Q. Then, clearly ry < dy. Moreover, by the Pythagorean theorem dy < +/7p + 7“% <
\/2rg, since 1y < § < 1. Thus, for X c R? xR, we have

HF(X) < inf { > a(k)(dg)*| Q¢ ¢ R? x R parabolic cylinders , X c | Qg, dy < 6}
(=1 £=1
< a(k)\/ik inf{ Z(m)k Q¢ c R? x R parabolic cylinders,
l=1
Xc G Qe < 0 }
e s —=
s V2
k
= a(k)V2 25 5(X).

Taking § — 0 finishes the proof. O



CHAPTER 5
Talk 7: The Blow-up estimate part 1

By Lukas Niebel

The aim of this talk is to provide a partial proof of the following Proposition 5.1. This
proposition gives a criterion for the regularity of certain points of suitable weak solutions
by means of control of the parabolic mean of the gradient of u in cylinders shrinking to
that point. Let us recall some notation first. Given any point (¢,2) and a radius r > 0 we
introduce the cylinders

Qr(t,x) = {(s,y) eRY|t-rP<s<t,|z—y] <r}

Qi (t.) = {(s.9) <!

The cylinders Q; (¢, z) are useful in the sense that (¢t,z) € Q% (t,z), while (¢t,z) ¢ Q,(¢t,z).
2

Therefore we may apply Corollary 5.3 to the cylinders @ (¢,x) to show that the point
(t,x) € Q% (t,x) is regular.
2

2

7 1,
t——rf<s<t+-r|lr-yl<r;.
8 8

PROPOSITION 5.1 (Proposition 2 in [CKN82|). There is an aabsolute constant €3 > 0
such that for all suitable weak solutions (u,p) of the Navier-Stokes in a neighborhood of a
given point (t,x) satisfying

1 1
lim sup —/ |Vul* d(t,z) < =es
Qi (t) 2

r->0 T
are regular in (t,z).

This theorem is going to be used to show Theorem B in [CKIN82|, namely that the
singular set S satisfies 221(S) = 0.

The proof of Proposition 5.1 is based on a rather technical decay estimate for a quantity
M., (r) in terms of M,,d. and Fi. These quantities are analogues to the quantities intro-
duced in section 3. However they are defined on the translated cylinders Q; (¢, ) instead
of on the cylinder @, (¢,x). The estimate and its proof are going to be subject of the next
talk. We are going to use it to prove Proposition 5.1 for now. To provide a shorthand way
of writing it down we introduce several dimension-less quantities depending on u,p and f.
Without loss of generality we may restrict to the case (t,z) = (0,0) by translation in space
and time. Writing Q = @;:(0,0), we define

2

1 5

87 1
(/ Ip| d:z;) dt

2,2 \JB,(0)

2= [ lplaa)  H0) = | |l ol

T

1~

Go(r) =12 /Q [l d(t,2) Ko(r)=r % /

T

d(t,z)

ey =o [ (e r =it [ il aen,

T

30
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Let us compare these quantities to their analogues from section 3. Clearly 9§, G, K are ex-
actly the same integral, with the only difference that they are now defined on the translated
cylinder Q7(0,0). The quantity F.(r) corresponds to the quantity F'(r) with ¢ = % fixed
and again @,(0,0) swapped by @Q(0,0). The function d.(r) is used to provide a shorthand

way of writing down the regularity condition in Proposition 5.1, i.e. limsupd.(r) < %63.
r—0

We define the function
2 8
M.(r)=G;(r)+ Ho(r)+ Jo(r) + K2 (1),
which satisfies the following decay estimate.

PROPOSITION 5.2. Let p > 0 and let (u,p) be a suitable weak solution of the Navier-
Stokes System with force f on the cylinder Q;(0,0). If it holds 6.(p) <1 and F.(p) <1,
then the following decay estimate holds

M.(r) <C [(;) M. (p) + (5)2 (32252 () + M.()6.(p) + Fup) + &(p))]

for some constant C' >0 and all 0 <r < }lp. Moreover M, (r) is finite for all r < %p.

COROLLARY 5.3. There exists absolute constants €1, €2 > 0 such that the following holds.
We consider a cylinder Q,(t,x) and any suitable weak solution of the Navier Stokes system
in the given cylinders with a force term f e LY for ¢ > g Suppose that

5
1 [f 1
bl aa et [ ([ b)) assa
Qr(t,m) t—r2 Br(iﬂ)

Fy(r) = % / A7 d(s,y) < eo,
Q‘!‘(tvx)

then it must hold |u| < Cr™1 Lebesgue almost everywhere in the smaller cylinder Qg(t,x).

and

In particular u is reqular on Q%(t,x).

PROOF OF PROPOSITION 5.1. By translation of (u,p) we may assume that (¢,z) =
(0,0). Let (u,p) be a suitable weak solution of the Navier Stokes System in a neighborhood
D of (0,0). We want to apply Corollary 5.3 and verify its assumptions to prove that (0,0)
is a regular point. It holds @ = Qr(%rz,()) which suggest that we can use Corollary 5.3
applied to the point (érQ, 0). Let 7 <1 such that @ c D, then it holds

Fy(r) = 135 /Q AP d(tz) <o /D A7 d(t ),

whence lir% F,(r) = 0 due to the fact that f € L'(D). This shows that, by Corollary 5.3,
r—
the point (0,0) € Qg(é?ﬂ, 0) is regular if for example it holds

L. _92 3 13 %72 %
liminfr lul” + |ul |p| d(t,z) +r s Ip| dy| ds<e
r=0 Qr(0,412) -Ir2 \JB,(0)

which can be written as

limiglf Go(r)+J.(r)+ K.(r) < €.

Due to the nonnegativity of the involved terms the latter condition is clearly verified if it

holds
2 8
€ € 3 € 5
lim inf M, (r) < & := min _1,(_1) (_1) .
r=0 3'\3) "\3
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We claim that there are constants ez € (0,1] and v € (0, %] such that whenever it holds
M.(p) > &1, Fu(p) < €3 and 64(p) < €3

for some p > 0 with Q; c D it follows that M. (vyp) < %M*(p). To show the existence of
such constants we choose

< i 1 1
min{ ——, -
7 (C6)5 4
and then e3 > 0 such that
1
o{prtaf s (2) < 2
< — , 1 des+|{=) <—.
€3 mln{12c’)/ €1 and €3 gl 6C
Let us suppose that M, (p) > €, that F.(p) < e3 and that 6.(p) < e3. In this case it holds
1 1
Mg (p) < &*M(p).

Using the decay estimate from Proposition 5.2 we deduce

M. (r) < C{(g)é M.(p)+ (5)2 [53 ; (z—i’);:lM*(p) +2(§)253}

for all r < Z—llp. Choosing r = vp < %p and using the assumptions on v and e3 we deduce
1) 2 1)?
Mm,o)sc{wéM*(pw(—) [53+(€—3)2]M*<p>+2(—) 53}
Y €1 Y

1 1 1 1
< -—M, - M., —€1 < =M, .
<5 (p) + G (p) + 56153 (p)

Now let us show that

liminf M., (r) < €.
r—0
We first note that due to ¢ > % it holds

15

R =t [ A < C(/Q 17 atea)) e

<COrh (/D TG d(t,x));q

for all r <1 such that @7 ¢ D by Holder’s inequality. This shows lir% F.(r) = 0, which
r—

together with the assumption yields a radius ro > 0 such that F,(r) < €3 and d.(r) < €3 for

all r < 7. This is due to the assumption that limsup d.(r) < %63 < €3. Let us now suppose
r—0

that lim iglf M., (r) > &. We claim that there is N € N such that M, (7Vrg) < &. Assuming
r—

the opposite would be true it must hold that M, (y"rg) > €; for all n € N. Consequently as
we have proven before it follows that

M. (v"ro) < (%)n M. (ro)

for all n € N, which is a contradiction to lim i(])af M, (r) > é;. This is only due to the fact that
r—

M. (ro) is finite. Hence, we may assume that M, (7Vrg) < & for some N € N. Now if it were
true that M, (7" 'rg) > & we could conclude that & < M.(vV*'rg) < M. (v"r) < 3&
which is a contradiction. By induction it follows that M, (yV**rg) < & for all k € N,
whence liIgLiélf M., (r) < €. This shows that (0,0) is a regular point. O
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In preparation of the proof of the decay estimate we are going to start with an bound
of H, in terms of G.(r), d.(r) and in terms of A, (r), which is given by

Ai(r)= sup r_l/ |u]2 (t,-) dx.
{t}xBr(0)

_Tp2 1.2
g7 <t<8r

Let us fix a suitable weak solution (u,p) of the Navier Stokes system in a neighborhood D
of (0,0). Let 7 >0 such that Q; c D. Clearly it holds that A,(r) <7 1Ej < co.

LEMMA 9.4. For any r such that Q; c D it holds

2
H.(r) <C(GE(r) + Au(r)d.(r))
for some constant C > 0.

PROOF. At almost every time t it holds

/B NG
< ( [, d:c)é ( [0 —W(t)f d$)§

sc/ uf? (t) da / |V |uf’| () da
B,(0) B,(0)

uf? (t2) = ()] do

ol

gc/ ul? (¢) da / (V| (t) |u| (t) dz:
B, (0) B (0)

, 3 , 3 ) 3
<C /BT(O) (1) da (/BT(O)|VU| (t) dx) (/B,m l? (1) dx)
( [ ko d)
B (0)

where we have used Holder’s inequality, the Poincaré inequality on the ball B,(0), the

Cauchy-Schwarz inequality and the definition of A,(r). Integration in time from -Ir2 to

8
%TQ yields

=

; 3
<C /BT(O) lul” (t) dx | (rA«(r))

2

/_f; (/BT(O) [l (0 dx)é (/BT(O) [ul? (t) d:L‘)é dt

8

< (rA.(r))2 (/Q Juf? d(t,x))3 (/Q Vul? d(t,x))Qré

1 1
= A2 (1) G2 (r)b.(r)?
by Holders inequality. Applying Young’s inequality we conclude

(NI

’I“QH*(T) <C(rA.(r))

Ho(r) < Cr 6 A2 (1)G3 ()6, (1)} < C(GE (1) + A, (1)5.(1)).
]

REMARK 9.5. Let 7 > 0 such that Q* c D, then A,(r) <7 'Ey and 6,(r) <r 'Ey. It
can be shown similar to Lemma 3.1 that G.(r) can be bounded by A.(r) and J,(r) and
thus must be finite. This is going to be proven in the next talk given by Marius. By Lemma
9.4 we deduce that H.(r) is finite as well. Furthermore, due to the fact that p € L%(D)
it holds that K.(r) is finite. Finally J.(r) can be bounded by A.(r),d.(r),G.(r) and
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K. (r), whence M,(r) must be finite. The latter claim is going to be shown in the talk
given by Marius, too.



CHAPTER 10
Talk 8: The Blow-Up Estimate, Part 2

By Marius Miiller

10.1. Introduction

In this talk, (u,p) will always denote a suitable weak solution in the sense of [CKIN82|
2.1, cf. Talk 1 and Talk 2.

Our goal is to finish up the proof of Proposition 2 of [CKN®82]| (cf. Talk 7). Proposition
2 roughly states that a certain L2-control of the gradient |Vu/| in a neighborhood of a point
(z,t) is sufficient for the regularity of (z,t). For the precise statement we refer to Talk 7.

In our computations, we will assume without loss of generality that (z,t) = (0,0).
Another assumption that we make for the sake of simiplicity is that the force vanishes, i.e.
f =0. This is less general than the situation in [CKN82|, but it makes computations less
lengthy and important concepts more obvious.

For the entire talk we set Q7 := B,(0) x (—%rQ, %7'2), where the ball B, := B,(0) c R?
denotes a ball formed only in the z—variables. We leave out the integration measures in
each integral as the integration set will always indicate clearly, whether the integral is over
x or over t or even in both.

In Talk 7, Proposition 2 is shown once we accept Proposition 3, which will be proved
in this talk as Proposition 10.7. We first recall some important quantities from Talk 7,

which also have analogues in Section 3, cf. Talk 5.

DEFINITION 10.1 (Some quantities, cf. Talk 7). Let u be a suitable weak solution of
the Navier Stokes equations with f =0. With our fixed notation from above, we can define
the following quantities

1
G-y | bl

1
Hy= o [ ol f,

1
10)= 5 [ b

7‘2 =4
1 s
K*(T’) = —13/72(/ |p|) )
T4 —% B,

Mo (r) = G5 (1) + Ho(r) + Ju (1) + K2 (1),

1
du(r) = —/ |Vul?
T JQrx
Ai(r):= sup / Jul?.

2 2
T )

)

o
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REMARK 10.2. Proposition 2 in [CKN82| states that there is some €3 > 0 such that
the condition that limsup,_qd.(r) < €3 is sufficient for regularity of (0,0). If we imagine
the condition to be satisfied we can think of §, as a small quantity. The estimates to come
seem more natural once one keeps this in mind.

REMARK 10.3. To begin with, it may be unclear whether these quantities are finite.
We refer to Remark 1 in Talk 7, where arguments for the finiteness of all quantities except
for J, and M, are given. Finiteness of J, will follow from Lemma 10.19, which will be
proved in the sequel. Given this, one can easily infer that M, is finite as a sum of finite
quantities. One has to say that another method to deduce the finiteness of J, is to use
the integrability results on the top of page 783 in [CKN82| and Holder’s inequality. This
computation is recommended as an exercise but not very insightful for our talk, since we
cannot obtain appropriate control of J, this way.

REMARK 10.4. Smallness of M, (r) implies regularity of v in Q% by Proposition 1
2

of [CKIN82|, cf. Talk 6. The strategy in the proof of Proposition 2 is therefore to show
smallness of M, (r) for some sufficiently small » >0 and apply Proposition 1.

Proposition 1 however requires actually a little bit less than the smallness of M., (r):
It is enough if G« (r),J.(r) and K.(r) are small, so no condition on H,.(r) needs to be
imposed.

This raises the question, whether H, is actually needed in the definition of M,, as no
control of it is required for the regularity of (0,0). We will justify its appearance during
the proof.

REMARK 10.5. The quantity A,(r) seems to be unimportant for the proof of Propo-
sition 2, since M,(r) does not contain it explicitly. It will however turn out to be of
paramount importance since it behaves comparably to M,. We can profit from this com-
parision since A, is a quantity which is easier to handle than M,.

We have seen part of this comparision result already in Talk 7, where Lukas prensented
the inequality

H.(r) < C(Go(r)5 + Au(r)8.(r)).

In a similar way, more quantities will be controllable by A, and é.. We have already
discussed in Remark 10.2 that control by d, is desirable. That control of quantities by A,
is also desirable will become clear when we observe an "interaction" between A, and M,
in Lemma 10.9 and afterwards.

REMARK 10.6. The inequality we intend to prove is useful because it enables us to
compare the values of M, for different radii » and p. During this comparision process we
will often use some obvious estimates for r < p, for example

5.(r) < 26.(p). (10.1)
r
Indeed, this is easy to prove:
0. (1) = / |Vaul? < / |Vaul < pd.(p). (10.2)
Q; Q;

Later, the comparision with the half radius will be of particular importance, i.e. (5*(%) <
24, (p), which follows immediately from (10.1). Similar inequalities can be proved following
the lines of (10.2) for other quantities. Let us point out one more such estimate:

13

K. <(2)" K0

e K.(5)< 27K +(p). Deriving such inqualities for all given quantities we can infer that
M. (5) < CM.(p) for some C > 0 independent of p. This will become important later.
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10.2. Statement of Proposition 3
Just like in Talk 7, we state the version of Proposition 3 that we are going to prove:

MAIN PROPOSITION 10.7 (Proposition 3 in [CKIN82| with vanishing force). Let p >0
and let (u, p) be a suitable weak solution of the Navier Stokes System on @7 with vanishing
force f=0. If 0.(p) <1 then there exists a constant C' > 0 such that

M*msc[(g);M*(p)+(§)Q(M§(p)6§(p>+M*(p)6*<p)+6*<p>)], (10.3)

for all r e (0, ff).

The strategy of the proof will be the following: The structure of the equation can be
used to relate the growth of the quantity M, to the quantity A, which controls again all
the quantities that contribute to M,, possibly for a different radius.

REMARK 10.8. In the case of f = 0 (which is the only case we consider), we can acutally
show an easier inequality, namely

M*<r>sc[(g)éM*(p>+(5)2(ME@)a%(p)+M*<p)6*<p>)], vre(0.8).

10.3. M, and A, interact because of the energy inequality

The energy inequality gives us an important relation between A, and M,, which we
will prove now:

LEMMA 10.9 (cf. Lemma 5.5 in [CKN®82|). There exists a constant Cy > 0 such that

for all r € (0, %p] one has

A <G (2) (G2 + Ha(p) + 1.p))

In particular,
A(r) <Cy (g)M*(p) vr e (0, p]. (10.4)

PROOF. In this proof, C denotes a generic constant that can be chosen such that all
the estimates are true. We use equation (2.17) in [CKN82| substantially, which is a slight
improvment on the energy inequality. The equation reads as follows: If (u,p) is a suitable
weak solution on a domain Q x (a,b) then each nonnegative ¢ € C§°(€2 x (a,b)) satisfies

/ 242 / Vufé < / (G0t Ad)+ (u242p)u-v Ve € (ab).
Qx{t} Qx(a,t) Qx(a,t)

In our case we will choose Q2 = B,,(0) as well as a = —gpQ and b = %pz. Note that Qx (a,b) =
Q5. Choose as well ¢ € C5°(Q}) such that 0 < ¢ <1 and ¢ =1 on Q. Moreover we can

require that |[V¢| < % and |¢¢|+|Ag| < p%, see (3.8) in [CKN82|. Now observe for arbitrary

but fixed t € (—% 2 %TQ) that

[oowPef Pes [ pPorzf vult
B, x{t} B, x{t} B, x{t} Bpx(fgpz,t)

< / u2(r + Ag) + / (uf? + 2p)u - V6.
BPX(_%p27t) BPX(_%pQ’t)

Now note that by (weak) divergence-freeness of u one has

7 ) u-vo- [ ) u-vo 105)
Byx(-1p2,0) \IBo 1,2/, \ /B,
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i /_t?pa (]gp |“’2) /B,, - =0.

~———
=0 a.e.

Hence we can insert this term into the equation above to find

[oowes [ eeaos [ (Wl £ l)uvo
Byx{t} Box(-1p2,t) Box(-1p2) By
+2/ pu-Vo
Bpx(_%p27t)
< / a2 (] + [ Ag]) + /
BPX(7%p27t) BPX(7%p27t)
42 / 1ol ful [V
Box(~Lp2t)

px(—gp%t
- £ Jul?
By

2
S/@; Ju <r<z>tr+|A¢|>+/Q;

Using the estimates for ¢ and its derivatives we obtain

C
A M M (e AT [Ty MR
B, x{t} 1Y Q}

C
— WP (0) + p (). (10.6)
P JQs

[ul [V¢l

P - £ Jul?
By

] [V + 2 / 1ol ful [V
Qp

Using Holder’s inequality with ¢ = %, ¢’ = 3 in the first term, we can estimate

2 2 2

3 3 3

. / < C—0 (/ |u|3) =0i1(/ |u|3) =ci1p3(% / |u|3)
p3 \/Q; ps  \PJQ;

~ CpG (p).
Plugging this into (10.6) we find

/B {t}|u|2<CP(G3(p)+J(p)+H(p)) vte (=% gr?).

Dividing by r and taking the supremum over all ¢ € (—%rQ, %72) we obtain the claim. [

REMARK 10.10. The above computation reveals the reason why a summand in M, is

Gz/ % and not G, to any other power. This differs from section 3. Moreover the power of %
is really needed, since higher powers of G, in this estimate would lead to higher powers of
M. (p) in the right hand side of (10.3) - at least if we can only use (10.8) to estimate G..

REMARK 10.11. Without the trick in (10.5) we would not be able to bring H. into
play and therefore there would be no hope to control the third-power-of-u term with GQ/ 3
or with J, (look at the scaling properties!). Hence H, is really needed for the inequality

we just proved.

REMARK 10.12. An important special case is again r = g for which one can deduce
that there exists C' > 0 such that

A (5) <CM.(p). (10.7)
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The main task for the rest of this section is to bound the quantities G., J., H. and
K, in terms of M, so that we get a converse inequality that bounds M., (r) in terms of
A.(p), 6+(p). H, has already been bounded in Talk 7, see Remark 10.5. Before we bound
the other quantities we state a general and recurrent proposition, which is a refinement
of Sobolev’s inequality, stating that for one certain exponent, the constant in the Sobolev
inequality does not depend on the domain.

PROPOSITION 10.13 (Essentially Section 5.6.1. in [EG92|). Let Q c R"™ be a C*-
smooth domain or @ = R™. Then there exists a constant D = D(n) > 0 such that for each

feWwbhl(Q) one has
ao oL
(/ f—][ fn_l) <D IVf] VxeQr>0:B.(x)c.
B () B (x) B, (z)
REMARK 10.14. The fact that the constant D in the previous Proposition does not
depend on Q becomes clear once one proves the inequality for f € W1(R") and argues
with the extension operator.

LEMMA 10.15 (Bounding G, cf. Lemma 5.2 in [CKN82|). Suppose that r < p. Then
we have

G.(r) < Cy {(;)3 by (2) Ad <p>}. (108)

PRrROOF. In this proof, C' will again be used as a generic constant that can be determined
such that all estimates below are true. First of all recall equation (2.9) of [CKN82|, which
is a Sobolev inequality with explicit embeding constants in three dimensions. It reads:

=[] (fwe) "+ S 0e)

for each ¢ € [2,6] and a = %(q —2). This connects for example the L3-norms of u (which
are relevant for G) to 6, and the L2-norms of u (which are crucial to compute A,). This
explains why G, (r) can be bounded by A,(r) and d,.(r) and gives the desired inequality
in the special case r = p. We however want to make a transition between different radii.
For this we can use the following insightful estimate, employing the average integral and
the Sobolev inequality in Proposition 10.13. For a fixed time ¢t we can compute

3
D N e A A A e G R
B. B By B, 7By B By P B,
3
< [ - f wllec(E) [
B, By p B,
3\ 3
3\ 1 2 a|? r\? 2
< ([ fur- £l ) () [
Hélder B, B, P B,
2 r\? 2
<O [ wtlee(E) [
Prop.10.13 B, p B,
T 3 2
SC'p/ |u||Vu|+C(—)/ 1
B P B

P P

< C’p(/Bp |u|2)§ (/B |w|2)§ +c(£)3/B 2.

P

A
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Further, we estimate some terms with A, to obtain

3 1
/ [ul> < Cp2 Au(p)> (/
B, B

This gives us an estimate for the L?-norm of v on B,. Using (10.9) with ¢ = 3 (which
implies a = 2) we find

2 : r?
|Vul +C;A*(p). (10.10)

P

We can use (10.10) and the fact that for nonnegative a, b the expression (a+b)g is bounded

by a constant multiple of a3 +b> to estimate

3 1
3 3 1 C 3 1 2 rd
/ |u|3s0p4A*<p>4( / |w|2) +—3(Op2A*<p>z( / |w|2) +0—2A*<p>)
B, B, 72 B, P

3 9 3
1 I 1 3
SCpZA*(p)i(/ |w|2) +C%A*(p)i(/ |w|2) +c(f) A.(p)?.
B, 2 B, p

r

3
2

Integrating over t € (—%7’2, %TQ) and using Holder’s inequality with ¢ = %,q’ = % we find

that
3 p% 5 57 9 i ofT 3 3
[oweseloteZ)awt [T ([ ) vor(5) a0
Q: r2 -Ir2\JB, P
3
3 p% 5. 5.1 57 5\" 5 (T\? 3
cclpte L) a@ient| [T [ i) vor (L) a0
r2 -Ir2JB, p
3 p% 3 1 §p2 9 % of T 3 3
<0(pt+ 25 ) Aup)ind val | +ort (1) o)
r2 -1p2JB, p
cclpte ) a@iv| [ war) o (L) Ao}
r2 Q; P
3 p3 1 3 3 2 'S 3 3
<c(p?+ 2 )5 a.(n)is. ()i +Or (—) A (p)3.
r2 P

Dividing by 7? we finally obtain
E ) 2
G*(msc((ﬁ’) +(2) )A*(p)ié*(p)iw(f) A.(p)%.
r r p

3
. 5 3 .
Due to the fact that r < p we can estimate (5)2 < (f) and conclude the claim. g
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Before we can bound J, we prove some useful estimates on the pressure, which can be
deduced with the following splitting technique.

PROPOSITION 10.16 (Splitting Technique for the pressure, c¢f. p. 801 in [CKN82|).
Suppose that p > 0 and ¢ € C5°(B,) is such that 0 < ¢ <1 and ¢ =1 in B3 as well as

Vol < = (md |Ag| < C 5 for some C > 0. Then for all x € Bs and t € (0,T) one has

p(l', t) = p4(x7 t) +p5(557 t)
where

3 i
pa(w,t) = 47T/ P |p(y,t)A¢(y dy+— y361'¢>(y)p(y,t) dy

Rzl
and

o) = [ o) 3 0,000, .0) dy

4,7=1

Moreover there exists a constant C3 >0 such that

|p4($,t)|£C’3]g bl VreB, (10.11)
P

/ ps|? < Csp (/
. B

PRrROOF. Let ¢ be as in the statement. Recall that the fundamental solution of the
Poisson equation is given by k(z) := —%ﬁ. In the following we will leave out the t-
argument. Moreover, integrals without a specified set are always over R3. In the following
we will make extensive use of equation (2.12) in [CKN82| which reads

and

2
|Vu|2) Vr e (0,2]. (10.12)

P

3
=- > 9l o, (10.13)
i,j=1
in the sense of distributions. For the first we will assume, that p is a smooth function on B,
and (10.13) holds pointwise. We have to get rid of this assumption later. This assumption
is restrictive but can be gotten rid of, as wee shall discuss in Proposition 10.17. With the
fundamental solution property we infer for x € B 2

p(2)é(x) = / (o) dy

-2 [ 000+ 2(v6.9) + 00p) dy. (10.19)
dr ) Jz-yl

Now we split the integral into three summands and integrate by parts in the second one,
more precisely we compute

3.6 1
47T/| (Wﬁ,Vp) dy = ZE/|$ J 0y, 0y, p dy

=1
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Plugging this back into (10.14) and using (2.12) in [CKN82| we obtain

‘rl 1
p(2)6(z) = / pAG dy+ / Py LYy, 6 dy
Yy 2y
—/ »Apdy
) |z-yl
3 / 1 3 3. @i — v
-3 pA¢dy+—/ 9y, dy
™ |.’E _yl 27 =1 | |3 Y

3 . .
o) O’ Oju’ dy.
|z~ y| ”2:31 ’

If 2 € Bs , then ¢(x) =1 and therefore we can infer the first sentence of the claim. For the
4

pointwise estimate on py in B £ let x € B £ be arbitrary but fixed. We can estimate with
the triangle inequality

lpa(z)| <

/ P A0() d 4 / - |3p<y)al¢<y>dy‘ (10.15)

Notice that V¢ = 0,A¢ = 0 on B3 since ¢ = 1 on 33 For the first summand we can

estimate, using the properties of ¢ mentloned in the statement as well as the inverse triangle
inequality

2 [ s s

3 1
o e IR
7T BP\B%IJ lz -y

<[ Wl dy

ﬂ\B%p yl
C 3 1
<o bl
p? AT BB, Tyl
ar
C 3
<o Ip(y)] dy
p- Am By By, ly| =[]
C 3
3—24—/ T Ip(y)| dy
peam By By, zp—gp
3C
S_

Pl dy <3 S £, bl

for an appropriate choice of C3. To estimate the second summand we use that |x;—y;| < [x—y|
and otherwise the same techniques as above.

=/ S p)0() ) <

3 €T; —
2 EEhsw a
™ BP\B% | |

30 1
—p(y)|dy
47TP B,\Bjy, |z -yl
3C 1
<— —p(y)| dy
dmp By By, [z~
3C

< —— ———p(y)| dy
drp By\By, (DS
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3¢ L
 drp By, (o3 )2

12C
<— lp(y)| dy
7Tp BP\B%p

Cs
<23 d
<5 \f;p!p(y)l Y,

by possibly increasing C3. The two previous computations imply the pointwise estimate
of py together with (10.15). For the L2-estimate on ps fix r < £. Estimating all derivatives
of u by |Vu| we get

/ Ipsl? = /
B, B,

2
1 SETIP T

i,J=1

2
([ elvatr an) as

28 [ ([ IV ) de
([ 2 plewlvak a)([lslvatR az) as

243
E 2 1 2
< (Jremmere) [ ] iR

Holder 47
243 1
2B([wenvara) [ ([ L a)ewivumPa,
Fublm m B,(0) \J B(0) |.’L’ y|

Now note that for y € B, one has B,(0) ¢ By ,(y) c Ba,(y) and therefore

[ 32 (Jeenvuera) [ (] s el dy

< y244_3 / 16(2)|IVu(2)]? dz) /B . ( /B Qp(o)de) 6()|IVu(y)? dy
2B ([wemeuere) [

2p(0) W[

1 5Pl dy

2

3 . .
o(y) Z Oiw 0ju’ dy| dx

dm J |z -yl ij=1

By radial integration one has

2p 1
/ — dw = / (4%52)—2ds =8mp
B3,(0) |w| 0 s

and hence we can conclude

/Br el < C (/ [6(2)1vu(2) dz)QSCﬂ(/B Tu(z)P dz)z.

REMARK 10.17. In the fundamental solution argument in (10.14) we have used the
additional assumption that p is smooth in B, which is not satisfied in general. If p is not
smooth on B, we follow the lines of the proof after (10.14), replacing p with p * ¢, for fixed
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€ >0, where (¢¢)es0 denotes the standard mollifier family. Note that by (10.13)
3

A(p * ¢e) =p* A(be == Z (azujajul) * ¢e-

i,j=1
Using this and the fact that p * ¢ - p almost everywhere by [EG92, Theorem 1 (iv),
Section 4.2| one can possibly repeat the above computations and pass to the limit as e — 0.

REMARK 10.18. Possibly one can circumvent adjustments in the previous Remark with
a maximal regularity argument for (10.13). For this however, more a-priori regularity of p
and higher integrability of derivatives of u have to be shown first (in case that these are
actually true).

LEMMA 10.19 (Bounds for J,, cf. Lemma 5.3 in [CKN82|). For each r < 5 one has

2
J<r><c4{(p) AL PG () + (2 )QA,%(p)é*(p)}.

PROOF. We start using the splitting of p to get

1 1 1
1) =g [ olbl< g [ g s (10.16)

We estimate both summands seperately, starting with the first one. As usual, we compute
for a fixed time t € (—g T2, 1 r?) using (10.11)

[ i se ([ (£, |p|)<c(/ |u|) (/. |u|) (£,v)
e (o) () (£
et () ‘“'3)0 (£, )
ol ] 5.9
(o (]
< vt (pA. () (/B |u|3) ( lpl)

Integrating in time we obtain

o )

[ < ortpt at o / (/ uf (
Q3

1 1

9 1 1 8" °

<Cripb A3 (p) / / juf? (

1,2
9 1 1 51 8"
< Crsps AL (p) / \UIB) 3 /72(/3
r -g"
1 1.2
1 5 1 ]P
o ([ ) L)
b —gP

9
5

01\»—‘

<Crsp
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; p
< Or¥ AT (p) L (PG (M) KL (p)} = OrF - A3 ()G ()P Ko ().
ps ps
Dividing by 72 we conclude
1 r\s 1,1 4
- / *\u||p4|sc(;) AF (0)GE (VK (p). (10.17)

To estimate the second summand in (10.16) we compute with (10.12)

/JBT'“"p5'S(/13T'“'2)é(/BT'“'Q) ([, |u|) [ o

< C(pAs(p)) o} / Vul? = CpA. ()} / vul?.

P By

=

Integrating with respect to ¢ we obtain

1 1
/Q ullos] < oA (o) /Q VU = CP AL (p) . ().

P

Dividing by 7? we obtain
1 2 1
5 [ tulesl <€ (2) )00
T Q: T

This and (10.17) yield the claim. O

The proof of the following lemma will most likely be omitted in the talk, since it is
somewhat technical. Nevertheless it is highly recommendable to read, since it presents
useful refinements of the pressure estimate.

LEMMA 10.20. [An estimate for K., see Lemma 5.4 in [CKN82|] If r < %p then
1 5, 5
T\2 10 4 2 2
Kmﬂ)sc{(;) K. +(2) Af(p)éf(p)}.
Before we can prove this lemma we have to prove another splitting property of the

pressure

PROPOSITION 10.21 (Refinement of the pressure splitting and L!-control of ps, cf. p.
803 in [CKIN82|). Let p, ¢, pa, ps be as in Proposition 10.16. Then ps can be split as follows

p5($,t) = pﬁ(xvt) +p7(1',t),

where

po(a.t) =~ / > o) (a9 0.)

i) = [ S 000w 0)
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Moreover, for each r < g one has

1

2
/Ip&slsCm%A*(p)%(/ |w|2). (10.18)
B, B,

PRrROOF. Just like in the proof of Proposition 10.16, we leave out the t-argument. To
simplify the following computation, we assume first that « is smooth in B,, an assumption
which is not at all justified but can be gotten rid of, as we will discuss after the computation.
We integrate by parts in the expression for ps that we obtained in Proposition 10.16 to

obtain
ps(r) = /
INE 1

__24

z]l

Oy uzayl w dy

|
Oy, ( qb@y]u )uJ dy.

gb@y]u ) W’ dy

]: /
3 3 —Yi i J

Z 4— d)@z/]u u dy + | 8yquu 8yju dy
]:

|z~ yl3
1 o i
+ | ——0;. ,u’u])
/Il‘—yl s

=p6(55)+p7(1‘)+j2/’ _y|“ Z iy

where we have rewritten the j—sums as with the dot product in the last step. Now observe
that by Schwarz’s Lemma (or Clairaut’s Theorem)

. 3 .
Z iy, W= Oy Y Oyu’ =8y, div(u) =0,
i=1

as u was assumed to be divergence-free. This implies that ps = pg + p7 as claimed. The
point where we apply Schwarz’s Lemma is however exactly the point where the additional
regularity assumption kicks in. We will now briefly comment on how we can overcome the
unjustified regularity assumption. In the first step we rewrite

/ |x_ 00,10, dy=lim > / 00+ 9) (WD
i,j=1 INE l

where (¢¢)es0 is the standard mollifier family. Following the lines of the proof and using
that u(t,-) e WH2(Q) (which is true at least for almost every ) we obtain

ps(x) = pe(x) + pr( 1‘)+hm / ¢u]23y1(3 u' + @) (y) dy.

'l

Now observe that

0y (Bju’ * ¢e) = Oy, /szui(z)¢e(y - z)dz = -0y, /ui(z)(?zj(be(y -z)dz
- [ @00, lody- i = [ [0y - 2z

_ / U (2)05,[0:,0c(y - 2)]d2

Schwarz’s Lemma
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Summing over ¢ and use the definition of the dot product we obtain

Zayz(au * ¢e)(y) = /u(z)-vazjcbe(y—z)dz:o Ve >0,

since u is weakly divergence-free and hence L?-orthogonal to VO;j¢pe(y —-) for each € > 0.
We have shown the desired decomposition. To show (10.18) we show

1
2
[ s criam? ( / \wP)
B,
1
2
[ i< crptao)} ( / |w|2)
Br BP

Given the two previous inequalities, the desired estimate follows easily with the triangle
inequality. First we obtain the L!-control for pg:

J o=,
<of | ,2|¢(y>| )| [9u(s)] dy da
il ( [ ot ed
o[ ([ Eozae) el v

1
i C ( / dx) 16| ul [V,
By By r ‘CC |

We estimate both summands seperately. For the first summand we use that y € Bg,.(0)
implies B, (0) c Bgr(y) and hence

/ (/ de)|¢||u||w|< / (/ de)|¢||u||w|
Ba, B, |$ y| Bs, BSr(y) |Jf y|
1
(/ |¢||u||w|)(/ —de)
z=2=Y \ J B,, B3,-(0) ’Z|

3r ) 1
= 4 —d
Radial integration (/32r |¢| |u| |VU|) ( 0 ( e )32 S)

<127 ( /B 6] lul yvu|). (10.19)

For the other integral we use the inverse triangle inequality to estimate for x € B,.(0) and
ly| > 2r

and

)(u-vu)(y) dy‘ da

B, 471'»

1 < 1 < 1 < 1
|z —yl? = (lyl=|z))? ~ (2r-7)2 " r?
Therefore

1
/ ( / zdff:) o ul [Vl < / 1B (O)] [l [ul [Vul
BP\BQT' Br |x y| BP\BQT' r

4m
e A
BP\BQT
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where we have used that |B,(0)| = 7T7“ is the volume of B, (0). Plugging both considera-
tions back into (10.19) we obtain

1 1
2 2
/ Ipe| < C’r/ |6 |u| |Vu| < Cr/ lu| [Vu| < Cr(/ |u|2) (/ |Vu\2)
B, B, B, B, B,

1
1 2
< C’rp%Af (p) (/ |Vu|2) , (10.20)
By

which is the desired estimate for pg. Now for the estimation of py fix r < £ and x € B,.(0)
to estimate with the properties of ¢ (cf. statement of Proposition 10.16)

pr(2)] < / 5 VO W) [7u) dy

P— d
o ats o /B s T ) ) dy
ar

C
< = ——[u(y)| |Vu(y)| dy
Choice of ¢ p Bﬂ\Bép ]:c—y|
1

C 1
S o [ )] V()] dy
BP\B%p [y = ||

Inv. triangle inequality p

C 1
< - T lu(y)| [Vu(y)| dy
wBy P JBBy, 1P~ 5P

< % ()] [Vu(y)| dy < p—c; /B w9

BP\B%/J
1
9 2
B,

Integrating over x € B,.(0) we obtain

[ St [ wrwutansc () ([ 1)

[SIES

1
3
<Crp2A.(p)? (/ |w\2) , (10.21)
BP
where we used that T < 1 in the last step. As we discussed before, the claim follows from
(10.20) and (10.21). O

PRrROOF OF LEMMA 10.20. Let r,p be as in the statement. By (10.11) we conclude

that
r 3
ml<c(t) / 1,
By P B

P
in particular

5

() |p4|)i sc(g)l‘* (/B |p|)i.

Integrating over ¢ € (—%’FQ, %rz) we obtain

5 92

/(/'p') C(;)/ [ |p|)Z c(;)/ (. |p|)i
<

83
ol

Pt A(p)=Crt (g) K.(p).
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Dividing by P yields

1 é i T 2
T3/7 (/ |p4|) SC(—) K.(p)- (10.22)
ra J-Lr2 - p

Furthermore, using (10.18) we find

A st

< C?“4,08A8(p)(r2)8/ /IVuI2

Holder p= 3 ,q— 2

5 35 8 5 5 5
sorgtai)| [T [ 1vi| sorttaliones. ot
—3P P

Dividing by 7% we infer

2

L (L) e (2) st 102

Given (10.22) and (10.23) we conclude

2
1[5 i 5
k== [ (L ow) s [0 (] mae ) )’
r4 —§r2 B,
2 5 5
1 B 1 8 1
<C T3/7 (/ |P4|) 13/7 (/ |p5|)
ra J-gr2 \JB, ra J-£r2 \JB,

c{(;)K )+ (2)' A§<p>6§(p)}.

[eelin

10.4. Proof of the main proposition
PRrOOF. Let r < %p. Recall that the statement imposes the condition d.(p) < 1. We

2
bound G (r), H.(r), J«(r) and K,(r) seperately in terms of M, and 6. Again, we use C
to denote a generic constant which we possibly have to increase after each estimate.
Step 1: Estimating G.. First we can use (10.8) with input parameters 7 := r and
p = & to obtain

cto) 5, (7)o (%) A3<§>a§<g>}§
SC{(p/z) A5+ (/) A8)35.( >}
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2 1 1
A+ 1(2) a@ismi]

IN
Q
——
B
SN—
[\

[\

r

IN
Q
—

—_—,—_— 0 DS —

A*(§)+(p)2A*(§)§5*(§)§}

—~ ~— ~—, ™%

2 ) 1
(15.4){ M*(p)+(§) M*(P)Qé*(g)z}
r\2 2 ) 1

o () M0+ (7) M*<p>26*<p>2}~ (10.24)

Step 2: Estimating H..

TONL.
H*(’l“) Rema?k 10.5 C(G* (T) * A*(’I”)(S*(?”)) Remafk 10.6 ¢ {G* (T) " (;) A* (T)d* (,0)}

< C{G§ 0 +(2) M*<p>5*<p>}

(10.

A

0{(;) M)+ (2) [0 0) + ME 5 <p>]}.

We can merge the estimates in Step 1 and Step 2 to get

(10.24)

GE(r) + Ha(r) < C{(E)ZM*(p) (2) [0+ A 1o} <p)]}

< c{(;) M. (p) + (f) ML (0)5. () + 12 ()52 <p>]}, (10.25)

where we used in the last estimate that £ < 1.

Step 3: Estimating J.. By Lemma 10.19 and similar techniques as in the first three
estimates of Step 1 we obtain

J.(r) < c{(%) A(B)FGL(r)P KL (8)5 + (5)214*(5)%*(5)}

< 0{(5)5*(5)%0*@)%&(5)?+(§)2M*<p>%5*<p>}

(10.4),Remark 10.6 p
1 2
< c{(f)sAA%)%G*(r)%m(g)?+(f) M*<p>%<x<p>%}. (10.26)
3« (p)<1 p r

We can now use the generalized Young inequality abc < C(aP* + b2 + ¢P3) whenever pil +

pi2+pi3 =1 to estimate A*(g)%G*(r)%K*(g)%. Here the choice p1 = 5,pa = 12, p3 = 2 yields

ABIC.IK§F <0(A(5) + i) + KX (5)
<0 (M) + K () +GE00)

where we have used (10.4) and Remark 10.6 in the last step. Notice that one can also
8

estimate K7 (p) < M, (p) to simplify

A ()G ()KL (8)F < C(M*(p) +G§(r)).
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Plugging this into (10.26) we obtain
Ju(r) <€ (%)éM*(P)+(£)éG§(T)+(g)QM*(p)%&(P)é}
adan C{(g)éM*(”“G)é () 30+ (2) s 02)

3 5 2 2
< {((f) . (f) g )M*(,o) ¥ ((3) ; (B)5)M*(,0)§5*(,0)%}.
P r r
£ respectively dominates and infer

r

p
Using that r < p we can determine which power of % or

Ju(r) < {(%)é M.(p) + (f—f)QM*(p)éé*(p)é}-

8
Step 4: Estimating K. By Lemma 10.20 and (a + b)g < C’(a% + b§) we obtain that

(10.27)

Ki0)s (C{(g); K.(5)+ (’;))fi A§(§)5§(g)})5

of(o)f ki () awno)

of(z) ko (2) a5.00]

8
We can use that by definition of M, one has K} (p) < M.(p) as well as (10.7) to obtain

K3 (r) < c{(g)éwp) + (f)QM*(p)w)}
(10.28)

< C{(g)éM,,(p) + (f)ZM*(pmp)},
O

where the last step uses again that r < p.
Step 5: The claim follows now by adding up (10.25), (10.27) and (10.28), all of which
consist only of terms that appear on the right hand side of the desired inequality.



CHAPTER 11

Talk 9: Estimating the Singular Set and Estimates for v and
p in Weighted Norms

By Dennis Gallenmiiller

This talk splits into two independent sections. On the one hand, we prove the main
theorem subject to this seminar, namely Theorem B in [CKN82|, which corresponds to
section 6 in the paper. On the other hand, this talk will prepare the proof of Theorems C
and D in [CKN82|, which corresponds to section 7 of the paper. For this we provide two
lemmas concerning estimates of the velocity field u and the pressure p of a suitable weak
solution in some specific weighted norms.

11.1. Estimating the Singular Set

11.1.1. Completing the Proof of the Main Theorem. For convenience we recall
the main theorem and Proposition 2 from [CKIN82|.

THEOREM 11.1 (Caffarelli, Kohn, Nirenberg (Theorem B)). For any suitable weak
solution of the Navier-Stokes system on an open set in space-time, the associated singular

set satisfies P1(S) = 0.

PROPOSITION 11.2 (Caffarelli, Kohn, Nirenberg (Proposition 2)). There is an absolute
constant €3 > 0 with the following property. If (u,p) is a suitable weak solution of the
Navier-Stokes system near (x,t) and if limsup,_, %«]‘Q*(CL‘ 5 |Vul|? < e3, then (x,t) is a
regular point.

The idea of the proof of Theorem 11.1 is to use Proposition 11.2 (cf. Proposition 1.6 in
talk 1) and a variant of Vitali’s covering lemma for parabolic cylinders (see Lemma 11.3)
to estimate the one-dimensional parabolic Hausdorff measure of S.

First, let us state and prove this variant of Vitali’s covering lemma for parabolic cylin-
ders. The classical Vitali lemma considers balls, but cylinders are more convenient for our
discussion due to the structure of the Navier-Stokes equations.

LEMMA 11.3. Let C = (Q:i(xi’ti))iel be any collection of parabolic cylinders contained
in a bounded subset of R® x R. Then there exists a finite or countable sub-collection

C' = (Q:Zj (mij i ))

i.e. I' c I, which is disjoint and has the property that for all Q* € C there is a j € I' such
that Q* c Qgrij (xz-j,tij).

REMARK 11.4. As in the other talks we use the notation

1
Qr (1) = {(y,T) Dy -l <, t—gr2<7<t+§r2}.

gel’

PROOF. Set Cy :=C. Moreover, since (Q:Z) is contained in a bounded subset, we have

supr; < oo. Hence, we can choose Q)] c Cp such that %TQ; > supr;. Note that this is
iel iel
possible, since by the definition of the supremum and %sup r; >0 we find some r such that
iel
52
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T2Ssupr; — %supri = %sup ;.

iel iel iel
Let us choose a countable sub-collection of C inductively as follows:
Assume for n € N we have already chosen (QZ)Z:l. Then set

Cn={Q"€C : Q'nQr=2, k=1,...,n}.
Moreover, as long as C, # @ choose @, € C, such that qulc) rQ+ < %TQ;H. This is again
‘el

possible by the definition of the supremum as above.

Thus, the subcollection C’ := (QZ) , 18 disjoint and countable or finite by construction. The
latter case is considered if C,, = & for some n € N.

Now, we claim that given a Q* € C\C' there exists a n € Ny such that Q* € C,, but Q* ¢ Cp41.
In the case that C’ is finite this is obvious, since Cp4+1 = @ for some n € Ng. In the case that
C' is countably infinite, the pairwise distjointness of C’ and the fact that C is contained in
a bounded set imply that rg: tend to zero as n — co. Now, given a Q* € C\C' by the same
reasoning as just mentioned there are only finitely many pairwise disjoint cylinders Q* € C
such that %TQ* > rg+. Assume now that (Q* would not be deleted by intersecting one of

these Q*. Then eventually after finitely many, say n € N many, selection processes holds
ro* > —=ro*
Q75"

for all Q"™ € C,. As Q* has not yet been deleted, we have Q* € C,,. Therefore, we have
to make the selection Q* = @}, contradicting the fact that @* ¢ C’. Thus, @* has to be
deleted after finitely many steps yielding the claim.

The claim implies by definition of the selection process, that for every Q* € C\C' there is a
n € Ng such that Q* n @), # @ and 7o+ < %TQ;H.

Let us write ry,41 := TQr - Therefore, the diameter of Q™ in space direction is at most 3r,,1

and in time direction at most (%rml)z. Hence, the maximal distance of a point (z,t) € Q*
to the parabolic center of @)y, in space is 4r,.1. In time direction the maximal distance
of (z,t) to the parabolic center of Q7 has to be considered for forewards and backwards
direction seperately, since the definition of the Q* involves different scaling forewards and
backwards in time. To be precise, the maximal distance backwards in time is

7 2

9., L7
g+ e < g(amna)”. (11.1)

Here, we introduced some a € R to be chosen such that the cylinder Qg

From (11.1) it follows that a >/ %, where the latter is less than 2.

For the forewards time direction we have to ensure that

: *
,, contains Q.

1 9 1

§7“721+1 + 17“72”1 < g(aﬂ“ml)Q-
Thus, a > /19, which is less than 5. All in all, we showed that Q* c Q3  for all Q" eC
as the latter is obviously true for Q* € C’, as 5 > 1. O

We have collected all tools needed to prove Theorem 11.1.

PROOF. Let (u,p) be a suitable weak solution of the Navier-Stokes system. It suffices
to assume that (u,p) is only defined on an open bounded subset of R3 x R. Indeed, let
(D;)i2y be a countable open covering of the potentially unbounded domain of definition of
(u,p). Then (u,p) is also a suitable weak solution on Sn D; for all i by restricting the set
of testfunctions to those with support in D;. Assume we have already shown the theorem
for bounded domains, then P'(Sn D;) = 0 for all 5. Let 6 > 0 and € > 0. Now, for all

i choose a countable collection of parabolic cylinders (Q:l (:L‘;,t;)) covering § N D; with
j
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) . ) 1 . £ * 141\ * 41 ia
T < 4 such that 3, i <Ps (SnD;)+ 5. Then L;JL]JQT; (xj,tj) = HQT; (xj,tj) is a countable

collection covering S. Thus,
PIH(S) < Zr§ = ZE?"; < E(P;(SmDi) + ;) = ZP;(SmDi) +e.
ij i i i

We can let € — 0 to infer the countable subadditivity of Pg for all § > 0. By definition of
P} and the infimum, we know that P}, (SnD%) < P}(SnD?) for § < §'. Thus, by monotone
convergence

PLS) = (lsii%Pg(S) < (lsii%ZP;(SnDi) = Z(lgii%Pg(SmDi) =2 PH(SnD;) = 330=0.

Therefore, we assume (u,p) to be defined on the open bounded set D c R? x R.
By Proposition 11.2 there is a constant £3 > 0 such that for all (x,t) € S holds

r—-0 T

1
limsup — / |Vul? > e3. (11.2)
Qi (w,t)

Now, let § >0 and V c D be a neighborhood of §. By the strictness of the inequality in
(11.2) for every (z,t) € S we can choose a parabolic cylinder @ (x,t) with 0 < r < ¢ such
that

1

—/ Vul? > &3 (11.3)
" JQx ()

and Q;(z,t) cV.

Now the covering Lemma for parabolic cylinders (Lemma 11.3) yields a disjoint countable
subcollection (Q,’:Z(atrz,tz))Z such that

Se U Qi) cUQs,, (@i t)-
(z,t)eS i
Moreover, since Q.. c V' are disjoint and by (11.3) we obtain

1 1
Yori<y — |Vul? < —/ \Vul?, (11.4)
i i €3JQp (wity) €3 Jv
where the right hand side is independend of the choice of r; and hence independent of §.
Therefore, we estimate the Lebesgue measure of the singular set by using r < §

S| < [UQ3,, (i, i) SZ‘Qgri(xi,ti)’=ZCT?SC§4EWSC§/ Ivul?- 6%,
7 7 7 7 3JV

where in the last inequality we used (11.4). Since 0 > 0 was arbitrary, we conclude that
|S| = 0.
Also (11.4) and r; < ¢ imply that

PLS) < Y br < 3/ Tu?
i €3.Jv

for all § > 0, hence also the limit for § — 0, i.e. the parabolic Hausdorff measure P!(S), is

less or equal than % Jy [vul.

Still the neighborhood V is arbitrary. Thus, we can choose a sequence V,, for example by

V,:=Dn {(y, §) : dist(S, (y,9)) < %} .

We need to show that the indicator function of V,, tends pointwise almost everywhere in
D to zero as n — oo. Indeed, § is closed, since its complement R, defined as

R :={(=x,t) : 3 neighborhood U of (z,t) such that uwe L*(U)},
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is obviously an open set, because every point in R has an open neighborhood that contains
again only points in R by definition. Now, let (z,t) € R. Then, there is some ball B.(z,1)
around this point lying in R. Hence, for all n € N large enough such that % <5 we
achieve (z,t) ¢ V,,, because else B:(z,t) NS # @ would be a contradiction. Since, R =S8
is a Lebesgue null set, we infer that the indicator of V,, tends to zero as n — oo almost
everywhere.

We also have [, [Vul? < [}, |Vul* < co. So, dominated convergence implies that
5 — 00
PUS) <2 [ fval "o,
€3 JV,
finishing the proof. g

11.1.2. Some Corollaries. In general, Theorem 11.1 is not strong enough to imply
the uniqueness or strong time-continuity for suitable weak solutions, since still S could be
non-empty. On the other hand, there are interesting direct consequences, some of them
listed in the following.

COROLLARY 11.5. On T? holds H3? (T) =0, where T denotes the set of positive singular
times.

PROOF. From Lemma 16.3 in [RRS16] we know that on T2 holds 7 = pr;(S), where
the latter denotes the projection of S onto the time coordinate. Thus, it is sufficient to
prove the inequality

2 (pr, X) < OPL(X) (11.5)

for all X c R3 x R.
Indeed, for every covering by parabolic cylinders (Qy,(x;,t;))55, of X holds in particular
that pr, X c Upr, @Qr,. Thus, for all § >0 holds

’P(%(X) =inf {27’1 : XCUQTN ri<§}

v

inf {> 7 s pry X cJpr; Qs ri<5}
7 7

inf {Zn cpry X U(ti—rf,ti), r; <5}
=inf {Z\/S_Z cpry X c (i - siyti), si< 52}

> inf {Z \/diam([ti—si,ti]) cpr X c [t - sisti], si <52}

1
2 C‘HEQ(pI“tX).

Passing to the limit 6 — 0 on both sides yields the desired inequality (11.5), completing
the proof. 0

COROLLARY 11.6. Let [ ([|Vul? da:)2 dt < oo for a suitable weak solution (u,p) defined
on D cR®xR. Then (u,p) is reqular on D.

PROOF. Let (z,t) € D be any point. We estimate using Holder in the time-integration

1 1 t+é7‘2
lim sup —/ |Vl = lim sup —/ 1 / |Vul* dy ds
>0 T JQx(x,t) r=>0 T Jt-Ir2 r(x)
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1 t+%7”2 2 %
< limsup — / (/ |Vul? dy) ds| -Vr?
r-0 T t—%rz B, (x)

t+ér2 2 %
< limsup / (/ |Vul? dy) ds
r—0 t-Lr2 Dn{s=t}

5
where in the last step we used dominated convergence as clearly the indicator of the time
interval X[1-Tr2 H;7"2](3) — (0 for all s #¢ and
8 '8

12 2 2
/ (/ |Vul? dy) ds| < / (/ |Vul? dy) ds
t—%ﬂ Dn{s=t} pr, D \J Dn{s=t}

which is bounded by assumption.
Thus, Proposition 11.2 implies that (x,t) is regular. O

A similar result follows by Proposition 1 in the paper.

7

COROLLARY 11.7. Let [ ([ |ul*+ Ip|2 dz)® dt < oo for a suitable weak solution (u,p)
defined on D c R® xR and 3 < s < s’ satisfying % + % =1. Then (u,p) is regular on D.

PROOF. Let (z,t) € D be any point. We estimate using Holder with exponents % and
N L in the time-integration, but first we Holder in space in both summands with Holder

s’

.8 1 _ s
exponents 5 and TT=%

5
1
lim sup — uf® + |p|g
r=0 T JQx(x,t)
1 t+é7‘

=limsup —
r->0 T t7%7'2

1 t+é’l‘2 g H
s s S 2
e A (AR R A I R IERE
r—-0 T tf%T‘Q Br(x) Br(z)

1 t+§r2 % 2
Slimsup—Q/ (/ |U|s+|p|% dy) -1dr-|Bp(x)|+
t Br(z)

2
/ 1-|u|3+1-|p|% dy dr
r(x)

r—0 72 _%Tz
3
2 t+%r2 L’ o7
S“msup—z/ (Juf* +1plF dy) ™ ar | (3B (@)
r—»0 T t_%,a

Now the second factor involving the time integral over the measure of the ball B,(z) is

6 6
proportional to p(2m)rg = 2, Hence, this factors cancelles the prefactor of %2 and infer
that the limit » — 0 tends to zero on the right hand side by dominated convergence similarly

as in the previous proof, which is valid due to [ ([ |ul* + Ip|2 dz)* dt being bounded by
assumption. ]

COROLLARY 11.8. Let (u,p) be a suitable weak solution of the Navier-Stokes system
which has cylindrical symmetry about some axis. Then singularities can only occur on the
symmetry axis.

PROOF. Assume there would be an off-axis singularity. Then, due to symmetry, this
would give rise to a whole circle on which the solution would be singular. But this contra-
dicts the fact that H!(S) < CPL(S) = 0. So, possible singularities can only lie on the axis
of symmetry. O
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11.2. Estimates for u and p in Weighted Norms

In the following we will prove two lemmas that play an important role in the proof of
Theorems C and D, which are subject to the subsequent talk.
The first lemma provides a weighted interpolation estimate.

LEMMA 11.9. Let «, B,7,7,8 be such that:
(i) r>2, ’y+%>0, a+%>0, B+%>O, andse[%jl],
(i) y+2=s(a+3)+(1-s)(B+32),
(i1i) s(a=1)+(1-s)B<y<sa+(1-s)8.
Then there exists a constant C = C(«, 3,7,71,8) such that for all € >0 holds the inequality

s

. (11.6)

1-s
[(e+ 1) %l

| e +12l*)3u| L2

<C H(es + |$|2)%|Vu|‘

L7(R3)

for all we HY(R3) with H(a + ]a:]Q)aT_lu|

< o0
L2(R3)

REMARK 11.10. Note that for functions u € H'(R?) with compact support of course
we do not need to assume the weighted L?-norm of u with exponent a — 1 to be finite.
Also in the original paper, this assumption is not stated even for non compactly supported
functions u. Nevertheless, it is not clear to us how to relax this condition or even skip it.
Hence, we kept this assumption for completeness of the present notes.

PROOF. Suppose we have already proven the lemma for € = 1, then for £ > 0 we have
by rescaling

2\ X
|G+ 1e)2u|
e

= ‘ (1 + @) u(x)
€ .

=[P EuvEy)|
<C |1+ A Evy u(VE )P, 1+ ) 2u(vEw)|
=C[| 1+ P2 v 2, (V)AL (1+|y|2)§u(\/gy)H;sgé(s(a+%)+<1—s)(ﬁ+g)>
-0 (e + VeI E 19 oy (u(VaI [, | e + Ve Ful /ey 3309

B 1-s
(e+lal) 7l ,

(V] o

X
2

143
€2+27‘
Lr

1-s 7+%
E 2
L2

S
L2

S
L2

=C||(e + 2% % |vul?|

S
L2
where we used assumption (ii) from the lemma. So, the case € > 0 follows from ¢ = 1. For
€ =0 we let ¢ > 0 in the inequality for € > 0. To do so, we use dominated convergence,
which is valid as the pointwise almost everywhere convergence (¢ + |z[2)2"|ul" — |z|"|u|"
is clear and for ¢ small enough and ~ > 0 holds (¢ + [z[2)2"|u|" < (1 + |z|?)2"|u|". This last
function is integrable because

8 1-s
(1+ o) 2y

[CRAEDEN .

Tl (RN Ry

S
L2
2118 1-s
<M +C||z[*|vy| HL2 H|x|BuHL2 < oo
for some number M < oo, and we assume the right hand side of (11.6) to be finite for
€ =0, since else the statement of the lemma is trivially true. For v < 0, we simply estimate
(e +]x2)2"|u)" < |u|" € L' and respecting (11.9). The convergence & — 0 on the right hand

side of (11.6) is treated similarly.
We now want to simplify the proof in terms of which functions v need to be considered.
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Again, without loss of generality, we assume that both weighted norms of v on the right
hand side of (11.6) are finite, since else the inequality is trivially satisfied.

Assume further that we have shown the inequality (11.6) already for all functions in H*
with compact support. Then for a general u € H'(R3) we define ¢ € C5°(R?) to be a
radially-symmetric function with 0 < ¢ <1, ¢ =1 on B1(0) and ¢ = 0 outside By(0), and
|[V¢| < 2. Then, the sequence of smooth functions (¢, ), = (go (—))n tends to 1 a.e. on R?

n
and (V,)n tends to zero almost everywhere. So, ¢,u € H'(R?) has compact support and
we can estimate
s 1-s

L2(R3)

|1+ ) F o

|+ )2 o)

C |+l Ev e, o @+ 2)E (pnw)]

<
L7 (R3) L2(R3)

s 1-s

<O+ 1) Egulu .

L2(R3)

@+ P2

+ 0|+ 1a?) % onl v I

L) (11.7)

All norms in (11.7) involving ¢,, tend to the desired norm by monotone convergence, e.g.

|+ )2 o)

el (RO EM

Lr(R?) L7 (R3)

The only problematic term is H(l + |x]2)%|Vgon|uHL2(R3) as (Ven)n is not a monotonically
increasing sequence of functions. But here (and in fact only here) the assumption discussed
in Remark 11.10 comes into play and we have
N 2 oya 2 2
|+l 2 nlu] < |1+ [o) 2~ Xy, o200

42

= |(L+]a?)? 5 1 XBau(0)\Ba (0)

2

4V2(1+[a) 2 "
\/W XBQn(O)\Bn(O)

a— 2
<|9V2(1+ [2%) T | e L'(RY),

IN

since v/|72 + 1 < \/2|z[2 < V/22n for all n € N. By dominated convergence we infer that all
terms in (11.7) converge to the desired norms.

Now it suffices to show the inequality (11.6) only for smooth compactly supported func-
tions. Indeed, assume u is supported in Bys(0), i.e. u e HY(By(0)). Clearly, for all
1 < ¢ < 0o and all measurable functions f holds

) )
oo < [+ R gy < O+ M2 oo

Thus, the weighted norm and the unweighted norm on L9(Bj;(0)) are equivalent. Note
that by (11.9) (see below) and assumption (i) we have r € [2,6]. So by the continuous
Sobolev embedding H'(Bys(0)) = L%(By(0)) and the fact that u € Hi (B (0)) we can
choose a sequence u,, € C5°(Bys(0)) with u, - u in H' as n — co. Note that the conver-
gence in H'! implies the convergence in L% and hence in L™ and L? by Holder. Thus,

O R O (CRN DL F
sclasupytwnl]l, , o Ja o) 5 Z;M@)
o S B 1-s
> O+ o) 3 [Vl o) |+ ) 2 B
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hence the lemma follows for v compactly supported.

To sum up, it suffices to prove the lemma for € = 1 and u € C§°(R?).

We introduce the notation 7 := (1 + |x|2)%, A= |7 Vul| 12, and B = |75 2.
We first consider the case r = 2:

Assumption (i) implies v > —% and assumption (ii) implies

’y:s(a+%)+(1—s)(ﬂ+g)—g:s(a—1)+(1—s)ﬂ.

We now introduce spherical coordinates (p,6) on R? to obtain

/ 727 |u? d:cz/ / 2 p? dp db
R3 S2.J0

:/ / 7'27|u|27'pdpd9+/ / |l (p* = 7p) dp d6.
S52J0 S2J0

By partial integration in p, while recalling u € C§° and the triviality p|p=0 =0, we get

oo oo 2
/ / 7_27+1p|u|2 dpdo = _/ / - (u . arUTZ’Hl + |u|2(2’y " 1)7_2’Y£) dp dé
s2.Jo s2Jo 2 T

o 1
< —/ / PP (’y + —) + p* 2 |Vl dp d6.
s2.Jo 2

e 1
/ 2 |uf? dz < / / 727 2 | [V + |u 1?7 p? (1 U (’y + —B)) dp dé.
R3 sz Jo P 27

Now notice that by v > —% we have v > —% + C' for some constant 1> C > 0. Hence,

T L\p A V1| - || A/ 1+]|z]?

—+|v+=z)]=2(1-C)———-(1-0C) +C

p 2) T | V1+[z? ]
1+ |z

>C
]

Thus,

>C.

Using the last estimate and rearranging yields

1 o o]
/ 7 u)? < T/ / 727 2 ||Vl dp 6
R3 C Js2 Jo

1 2y+1
= — \V d
& [ v da

1
:i/T“%ﬂwwﬁwwm?%m
CRB

1 1, 1_
= 5/R3(T”Iul)2 S (rOval) (P lul) s da,

where we used (i), i.e. 1+2=a+3(1-1).
Note that % € [1,2] and %-f- %(%—1) + %(2—1) = 1. Thus, we can apply the Holder

inequality for three factors with exponents 2, 12_ I 2_2 T

vl

and to obtain

1

1 1-55 =3 3
/ muﬁgf( / (+7]u))? dx) ( / ()2 dx) ( / 72 da:)
R3 C R3 R3 R3

1-L
:é(/ (+7]u])2 dm) T piig
R3
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Rearranging and taking the whole inequality to the power s yields

1
(/ 727|1L|2 d:l:)2 <CBY™5 4%,
R3

finishing the proof in the case r = 2.

Now consider r > 2:

Define Ry, := {2871 < |z| < 2¥}. We note that ¢ := ﬁ = 37623 €[3,6]asse [%, 1]. Therefore,
2 3

by standard Lebesgue space interpolation on Ry with % = 1%5 + 2 and Poincare’s inequality
on balls (cf. section 4.5.2 in [EG92|) holds

lullacryy < lu=alLacry) + 14l La(ry)

< Ju=aliz{p,lu=als g, + 1@l pacry)

s s —3+%
< Clu-al 35 |9ul5sn, ) + Cdy /R ] da
k

-5 s -3+3
< Cluliz{g, IVulizry + Cdy, VIRl lul2(ay)
S -8 C
s C’W“HLQ(R@”MPQ(R@ + d—SHU”B(Rk), (11.8)
k

where we introduced the shorthand notation dj, := diam(Ry) and @ := ﬁ i) R, U dxr. We
also used the estimate
2 \2
dx)

w1l 2 g, = S
Ju =l 2, ( / g
[Ri| J,

2\ 3
SCHULZ(RIC)'FC(/ )
Ry

1

1 2

< Cullz2 +C’/ dr— uzdy)
oy + ([ s [ 1

U u dy

u dy

= Clulr2(r,),
which follows from Jensen’s inequality. Note that C' does not depend on di. Another
remark on (11.8) is concerning the use of the Poincare inequality for balls: By Theorem
1 in section 5.4 in [Eval0] there is a continuous linear extension operator E: H'(Ry) —
H' (Byy1(0)). This means we estimate as follows

lu—alzscr,) = |Bu—EulLsr,) < HEU—EHLG(BZQ,C(O))
< C\‘VEU”L2(BQZk(0)) <C|Vulp2(ry)-

Moreover, assumptions (ii) and (iii) yield s (a + %)+(1—s) (B+ %) = 'y+§ < sa+(1—s)ﬁ+%.

Hence, §+%—3—2‘9

,1os (11.9)
r 2 3

Or in other words, 7 < ¢. So, Hélder with exponents £ and (;%rleads to

o(1-4):

q-r
|7 ul () < CIRRL ™ 770 La(ry) < Cd

< 3, which rearranged gives
T

~
Hu”Lq(Rk)v (11.10)

where we used that dj, is comparable to 7 on Rj. Indeed, dj, = 2- 2", hence

1
T= VTP 2 e 22 = d
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On the other hand,
T=/1+[z2 < V1+22k <V2.22k = \/29F = /24,

Thus, we can combine the non-weighted interpolation estimate (11.8) with the Holder
estimate (11.10) to obtain

3 %7l +y s
Il < Ca ) (19l oty + gl

< cnfﬂwwzm)||Tﬂu||ff(3k) +Clrulagay), (11.11)

where we used the definition § := v + S-S =vy + + 3 — s and the identity

3 3 3 3 3
;—§+fy:s(a+§)+(1—s)(ﬁ+§)—5=sa+(1—s)5+g+(1—s)§—5
=sa+(1-s)8,

which follows from (ii).
We now take the sum of the inequalities (11.11) over k to obtain the inequality on the

whole R3. Note that then the left hand side is estimated by ar +br < 217 r(a+ b) for
a,b> 0 by concavity, and by using that R, n R; = @ for k # j the sum over the integrals is
simply the integral over R3. On the right hand side we use Minkowski’s inequality on the
summands with 794 and for the others we estimate using concavity of the square root and
Holder with exponents % and ﬁ in the sum over k to get

s 1-s
0 2 2
Z (/ 72a|Vu|2dm) (/ 72’8|u|2d:1:)
k=0 \J/ Ry, Ry,
0o s 1-s %
Sﬂ(z (/ T2O‘|Vu|2d:c) (/ 725|u|2dx) )
k=0 \/ Ry, Ry
o s o0 1-s %
<\/§((Z 720‘|Vu|2d:c) : (Z 72’8|u|2dx) )
k=0 Rg k=0 Ry

=\/§AsBl_S.

We conclude the proof by applying the case r = 2 to the term CHT u||L2 Rs) on the right

hand side with ¢ playing the role of «, which is valid since § = ~ + > -< by (i). This
means, we can estimate

|70 p2(gsy < CA*B'2,
which finishes the proof also for the case r > 2. O

Let us now prove a lemma concerning weighted-norm bounds of the singular integral
operator (-A)~!divdiv, i.e. for later use we want to relate weighted norms of the pressure
and the velocity field of a suitable weak solution.

LEMMA 11.11. If p e L3(R3) is the solution of the differential equation
-Ap =divdiv(u® u) (11.12)

on R for a function w e H*(R3). Then for r,v satisfying 1 < r < co and —% <y<3- %
there exists a constant C such that for all € >0 holds

<C|(e+ P )w\

2\ X
| e+ 22| ) Lor(RS) (11.13)
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PrROOF. Without loss of generality assume the right hand side of (11.13) is finite, else
the statement is trivial.
Define the operator T;; f := c0;0; (%) * f for f € C3°(R3). By Theorem B.6 in [RRS16] this

extends to a linear bounded operator from L?(R?) to itself. Note that u;u; < [u[* € L3(R?)
for all 4,7, since u € H'. Thus, for all 4, j choose a sequence of testfunctions ¢y = Ui
Moreover, define

pi=—|u* + Y Tij(uiuy).

i*]

By the above we know p € L3(R3). This is also the unique solution to (11.12) in L3.
Indeed, let p € L? be another distributional solution. We check that p is a distributional
solution. For that let v € C°(R3) and observe

(=Ap, ) =Y (~uius, =0;0:0) + > Ty (winy), —Av)

( %]
< {uis, B0) + YTy (o), - )
1 1¥)

= > {0iBhuiui, ) + >{ei, 0,0;(=A) T (=A)y)

li]

- Z(&@'Uiui, P) + D (uiug, 0;0;1))

i#]
= Z(@‘@iuz’u@', P) + Z(@'@j(uzug‘% V)
i %]

= (divdiv(u ® u), ).

Therefore, A(p—p) = 0 and p—p € L?, hence in particular p - € L{ (R*). By Weyl’s
Lemma (cf. Theorem C.3 in [RRS16]) we obtain that p—p is smooth. But since p—p also
lies in L we get by the mean value property for all 2 € R? using Hélder

r—>00

HP Plrsmsy — 0.

-D@l<s [ p-pldes

By (x) T

Thus, p defined above is the unique solution in L3,
We show that for ¢ # j holds

I(1+ |I|2)%Tij(f)”L’“(R3) <C[(1+ |x|2)%f”LT(R3) (11.14)

for all f such that the right hand side is finite. This then proves the lemma, since by
scaling we infer for € > 0

vy
2

(/RS(HIIF)?(%J‘)’”(:E) da:)’l” = &3 (/Rs 1+ (%)2) (T3, ) () da
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= Ce2 (/Rg (1 + (%)2)5 f(x) dg[;)i

- c(/R3(g+ 22) 5 () dx);.

-

In the above we used

N =p. [ € (aiajﬁ) (2 - VEy) f () d

RS

C(\/Eyi - 2;)(\Vey; - v;5)

=p.V. z) dx
. Vay-ap )
[ vi— 2L (y; - 22
:p.V.Ce_g/ ( \/E)( ]5 \/E)f(x) dz
R3 ‘y_i
N
=p.V. Cs_%+% (i - Zi)(y]g_ %) f(Vez) dz
R3 ly - 2|

=T(f(Ve)(y)
Note that the case € =0, i.e.
el T (Pl sy < C Ml F gy
is proven in [Ste57|, where the bounds on 7 stated in the lemma are exactly chosen to fit
into Stein’s theorem. Indeed, using 0;0; (i) = 3% the function H(x,z —y) appearing in

||

Stein’s theorem, which is defined by

1 1

Dy | (&) = ——  H(z,z - y),

|| |z -yl
satisfies the bound
|3 - yillz; -y

|z = y|?

Thus, all requirements for Stein’s theorem are satisfied.
So, assume (11.14) holds, then for € > 0 we get

(e+]z/*)2 (—MQ + ZTij(uz’Uj))

(]

|H(z,x-y)|=3 <3.

H(€ * MZ)% L7 (R3) B

L7 (R3)

(e +|2P)2u

IA

+>.C H(s + |33|2)%uzuJ

%]

LQr(RS) Lr

2

IN

202 |12 2\ 2
(c+ ) 3u LQT(R3)+ZCH(5+|:U| )3u
1#])

L2r
2
L2 (R3)

<|le+2P)zu

Hence, it is left to prove (11.14). The case v = 0 corresponds to the classical Calderon-
Zygmund estimate

|Ts5 (D zr < Ol

Now decompose f into f = fi + fa, where f1 = X|3j<1 and fa = X|z>1- Note that (1+ |x|2)% <
1<22(1+]z]7) for v <0 and else for |z < 1 holds

(1+]z)z <22 <23(1+ |2,
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whereas for |z| > 1 holds
(1+]z?)2 <22|2" <22 (1 +|2]).
Now using the estimates for v = 0 and € = 0 proven before we obtain for positive
o o T o’ r
|+ l2®3mf| <@+ leP)iTn, + QP iTn|
<C|T filyr + Cll T fill g + CITij foll 1 + C " T fo v
<Clfilpr + Cllal fulr + C 1 f2lze + Clllal fol e
222 . |" 22 . |"
<cla+lPyin| +cla+P)in]

T
LT

+C | +12P)2 fo

el [CRNEDES

r r
L L
r

=Clla+leP)3 s

L
For v <0 we estimate

|+ a2 T3y 1|

<|a+ePyimn| @+ 2P s

Ty il + M=l T fall e

2 2
§'f1 W]‘é

r
+
L'r

r r
L L

T

cc|

T
+C
Lr

L’I‘

<C H2(1 " |33|2)%f1 ‘TU +C H2(1 + |96|2)%f2‘

v
=Cll@+leP)3 s

-
L
This completes the proof of the lemma. O
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