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Summer Term 2015 INSTITUTE OF Prof. Dr. Alexander Lindner
MATHEMATICAL Dirk Brandes
FINANCE

Financial Mathematics 11

Fxercise Sheet 3

Discussion: Thursday 07/05/2015, 16:00-17:30, Hel8, E60,
and Friday 15/05/2015, 08:15-09:45, Hel8, 120.
Handing in: Thursday 07/05/2015, beginning of the lecture.

Exercise 3.1

Let J € {[0,00),[0,77,[0,T7)}, F = (F;)ies a filtration on (2, F) and 7: Q@ — J U {oo}
an F-stopping time. Show:

(a) F, defined by
Fr={AeF: An{r<tle F,Vte J}

is indeed a o-algebra.
(b) 7 is F,-measurable.
(c) If o is another stopping time such that o(w) < 7(w) Yw € Q, then F, C F,.
(@) Fo O F, = Four
(d) (Frat)tes is a filtration in (Q, F).
Exercise 3.2

Let J € {[0,00),[0,7],]0,T)}, (Q, F,F = (F;)ies, P) be a filtered probability space and
X = (X¢)tes a progressively measurable process. If 7: Q@ — J U {oo} is an arbitrary
stopping time, then X, the process evaluated at 7, is F,-measurable. To do so, show:

(a) For any product measurable process (X;(w));es and any random time 7, i.e. a
mapping 7: Q@ — J U {oo} which is measurable with respect to F, the process
evaluated at 7, i.e. X, (w) is F-measurable.

(i) Show (a) for X;(w) = 1pxc(t,w) for B € B(R,) and C € F.
(ii) Show for

D :={D € B(R})®F: X,(u)(w) is F-measurable, where X;(w) = 1p(t,w)}

that D = B(R,) ® F.
(iii) Show (a) for general product measurable X.

(b) Conclude that the assertion of (a) holds true for every progressively measurable
process X and every stopping time 7.

(c) If X is progressively measurable and 7 a stopping time, then the stopped process
X7 is also progressively measurable.



(d) Conclude that, if X is a progressively measurable process and 7 a stopping time,
X, is Fr-measurable.

Exercise 3.3

Let J € {[0,00),[0,7],[0,7)}, (QF,F = (F)es, P) be a filtered probability space
and 7: 2 — J U {oco} a stopping time. If

G :=o(X,: X is strict cadlag and adapted)

then G = F..



