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Exercise 3.1

Let J ∈ {[0,∞), [0, T ], [0, T )}, F = (Ft)t∈J a filtration on (Ω,F) and τ : Ω→ J ∪ {∞}
an F-stopping time. Show:

(a) Fτ defined by
Fτ := {A ∈ F : A ∩ {τ ≤ t} ∈ Ft ∀ t ∈ J}

is indeed a σ-algebra.

(b) τ is Fτ -measurable.

(c) If σ is another stopping time such that σ(ω) ≤ τ(ω) ∀ω ∈ Ω, then Fσ ⊂ Fτ .

(d) Fσ ∩ Fτ = Fσ∧τ .

(d) (Fτ∧t)t∈J is a filtration in (Ω,F).

Exercise 3.2

Let J ∈ {[0,∞), [0, T ], [0, T )}, (Ω,F ,F = (Ft)t∈J , P ) be a filtered probability space and
X = (Xt)t∈J a progressively measurable process. If τ : Ω → J ∪ {∞} is an arbitrary
stopping time, then Xτ , the process evaluated at τ , is Fτ -measurable. To do so, show:

(a) For any product measurable process (Xt(ω))t∈J and any random time τ , i.e. a
mapping τ : Ω → J ∪ {∞} which is measurable with respect to F , the process
evaluated at τ , i.e. Xτ(ω)(ω) is F -measurable.

(i) Show (a) for Xt(ω) = 1B×C(t, ω) for B ∈ B(R+) and C ∈ F .

(ii) Show for

D := {D ∈ B(R+)⊗F : Xτ(ω)(ω) is F -measurable, where Xt(ω) = 1D(t, ω)}

that D = B(R+)⊗F .

(iii) Show (a) for general product measurable X.

(b) Conclude that the assertion of (a) holds true for every progressively measurable
process X and every stopping time τ .

(c) If X is progressively measurable and τ a stopping time, then the stopped process
Xτ is also progressively measurable.



(d) Conclude that, if X is a progressively measurable process and τ a stopping time,
Xτ is Fτ -measurable.

Exercise 3.3

Let J ∈ {[0,∞), [0, T ], [0, T )}, (Ω,F ,F = (Ft)t∈J , P ) be a filtered probability space
and τ : Ω→ J ∪ {∞} a stopping time. If

G := σ(Xτ : X is strict càdlàg and adapted)

then G = Fτ .


