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Exercise 4.1

Given a filtered probability space (Ω,F ,F = (Ft)t≥0, P ), let X = (Xt)t ≥0 be a mar-
tingale and assume that X is square integrable for all t ≥ 0 that is

Xt ∈ L2(Ω) :=

{
f : Ω→ R : f measurable and

∫
Ω

|f(ω)|2 dP <∞
}
∀t ≥ 0 .

Show if s < t then

E
(
(Xt −Xs)

2
)
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(
X2

t

)
− E

(
X2

s

)
. (4.1)

Exercise 4.2

Let (Ω,F ,F = (Ft)t≥0, P ) be a filtered probability space. Let X = (Xt)t≥0 be a càdlàg
square integrable martingale such that∥∥∥∥sup

t
|Xt|

∥∥∥∥
2

<∞ ,

i.e. X is bounded in L2. Here

‖X‖2 =

(∫
Ω

|X(ω)|2 dP

)1/2

=
(
E
(
|X|2

))1/2
.

Show that then there exists a random variable X∞ such that X∞ ∈ L2(Ω,F , P ) and

Xt
a.s.
= E (X∞ |Ft)

for every t ≥ 0. Further

Xt
L2−→ X∞ , n→∞ .


