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Exercise 5.1

Given a filtered probability space (Ω,F ,F = (Ft)t≥0, P ), let B = (Bt)t ≥0 be a standard
Brownian motion with respect to F. Show that

(a) The geometric Brownian motion Xt := eBt− t
2 , t ≥ 0, is a continuous L2-integrable

F-martingale with EX2
t <∞ for all t ≥ 0.

(b) Yt := B3
t − 3tBt, t ≥ 0, is an F-martingale.

Definition 5.2: Let (Ω,F ,F = (Ft)t≥0, P ) be a filtered probability space. A stochastic
Process X = (Xt)t≥0 with X0 = 0 almost surely is called a local martingale if there
exists a sequence of stopping times (τn)n∈N with τn ↗ ∞ almost surely such that the
stopped process

Xτn
t = Xt∧τn = Xt1{t<τn} +Xτn1{t≥τn} , t ≥ 0 ,

is a uniformly integrable martingale for all n ∈ N.

Exercise 5.3

Let (Ω,F ,F = (Ft)t≥0, P ) be a filtered probability space and X = (Xt)t≥0 a local
martingale. Assume further that there exists a random variable Z with E|Z| < ∞
such that |Xt| ≤ Z for all t ≥ 0. Show that then X is a martingale.

Exercise 5.4

Given a continuous time financial market (Ω,F ,F = (Ft)t∈[0,T ], P, (St)t∈[0,T ],Asi) with
time horizon T as defined in Definition 1.5 with only bounded self-financing simple
trading strategies. Assume that S0, S1, . . . , Sd are strictly continuous and uniformly
bounded. Let Q denote an equivalent martingale measure. Show that then the market
satisfies the NFLVR-condition as defined in Definition 3.9.

Exercise 5.5

Let (Ω,F , P ) be a probability space and X ∈ L1(Ω,F , P ). Then the family of random
variables

{E [X | G ] : G a sub-σ-algebra of F}

is uniformly integrable.


