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Exercise 7.1

Let [a, b] ⊂ R and f : [a, b] → R. Define π = (t0, . . . , tn) to be a partition of [a, b], i.e.
a finite sequence of points a = t0 < t1 < · · · < tn = b, n ∈ N, Π[a,b] the set of all
partitions of [a, b], and

v[a,b](f) = sup
π∈Π[a,b]

n∑
j=1

|f(tj)− f(tj−1)|

the total variation of f on [a, b].

(a) Let f : [a, b]→ R monotone. Show that v[a,b](f) = |f(b)− f(a)|.
(b) Show v[a,b](f) = v[a,c](f) + v[c,b](f) ∀c ∈ (a, b).
(c) Calculate the total variation v[0,1](fj) of fj, j = 1, 2, where

f1(t) = 5 cos(2πt) ,

f2(t) =

{
7 log(t) , if t 6= 0 ,

0 , if t = 0 ,

for all t ∈ [0, 1].
(d) Let g : [0,∞)→ R be of finite variation and right-continuous. Show that then also
vt(g) and vt(g)− g are right-continuous.

Exercise 7.2

(a) Let [0, T ] ⊂ R, f : [0, T ]→ R be Borel-measurable and bounded on compacts, and
g : [0,∞)→ R continuously differentiable. Then∫

[0,T ]

f(t) dg(t) = f(0)g(0) +

∫
(0,T ]

f(t)g′(t) dt .

(b) Let [0, T ] ⊂ R, f : [0, T ] → R be continuous, and g : [0, T ] → R of finite variation
and right-continuous. Show that

lim
n→∞

m(n)∑
j=1

f(ξn,j) · (g(tn,j)− g(tn,j−1)) =

∫ T

0+

f(x) dg(x) ,



where π(n) := (tn,0, . . . , tn,m(n)) be a sequence of partitions of the interval [0, T ] such
that

δ(π(n)) := max
i∈{0,...,m(n)}

|tn,i − tn,i−1| → 0 , n→∞ ,

and, for all j ∈ {1, . . . ,m(n)− 1}, ξn,j ∈ [tn,j−1, tn,j].

Exercise 7.3

For A ⊂ [0, T ] and f · 1A Borel-measurable and bounded on compacts define∫
A

f(x) dg(x) :=

∫
[0,T ]

f(x)1A(x) dg(x) .

and ∫ b

a

f(x) dg(x) :=

∫
[a,b]

f(x) dg(x) , for [a, b] ⊂ [0, T ].

Calculate the Lebesgue-Stieltjes-integrals Ij, j = 1, 2, 3,

I1 =

∫ 3

1

1

x
d(ln(x)) ,

I2 =

∫ 4

1

1

x
d((x− 2)2) ,

I3 =

∫ 1

0

x dg5(x) , where g5(x) =

{
−x/2 , if x ∈ [0, 1/2) ,

3(x− 1/2) , if x ∈ [1/2, 1] .


