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Exercise 8.1

Let (Ω,F ,F = (Ft)t∈[0,T ], P ) be a stochastic basis satisfying Convention 5.9. For X, Y ∈
D or X, Y ∈ L,

(X − Y )∗ := sup
t∈[0,T ]

|Xt − Yt| , and

ducp(X, Y ) := E[min{1, (X − Y )∗}]
show the following statements:

(a) ducp is a semi-metric on D or L, i.e. satisfies

(i) ducp(X, Y ) ∈ [0,∞)

(ii) ducp(X,Z) ≤ ducp(X, Y ) + ducp(Y, Z)

(iii) ducp(X, Y ) = ducp(Y,X)

(iv) ducp(X,X) = 0.

(b) ducp(X, Y ) = 0 ⇐⇒ X and Y are indistinguishable.
(c) For a sequence of processes X(n) in D or L and X in D or L, it holds X(n) → X,

n→∞, in ducp if and only if (X(n) −X)∗
P−→ 0, n→∞.

(d) The spaces D or L associated with the semi-metric ducp are complete, i.e. if (X(n))n∈N
is a Cauchy-sequence with respect to ducp in D or L, then there exists a X in D or L
with X(n) → X, n→∞, in ducp.

Exercise 8.2

Let (Ω,F ,F = (Ft)t∈[0,T ], P ) be a stochastic basis satisfying Convention 5.9 and X =
(Xt)t∈[0,T ] be a semimartingale with respect to the filtration F. Let G be a sub-filtration
of F such that X is also adapted to G. Show that then X is a semimartingale with
respect to G.

Exercise 8.3

Let (Ω,F ,F = (Ft)t∈[0,T ], P ) be a stochastic basis satisfying Convention 5.9 and
X = (Xt)t∈[0,T ] be a continuous martingale. Let (τn)n∈N defined by τn := inf{t ∈
[0, T ] : |Xt| ≥ n}∧T be a sequence of positive random variables increasing to T almost
surely. Then X is a semimartingale. To prove this, show first that Xτn is a square
integrable martingale.



Exercise 8.4

Let (Pk)k≥1 be a sequence of probability measures on the measurable space (Ω,F)
and (λk)k≥1 a sequence of real numbers such that λk ≥ 0 and

∑∞
k=1 λk = 1. Define

P =
∑∞

k=1 λkPk and let (Xn)n∈N be a sequence of random variables which converges in

Pk-probability for all k ≥ 1 to a random variable X. Show that then Xn
P−→ X. What

does the above result imply if you assume that X = (Xt)t∈[0,T ] is a semimartingale for
each Pk, k ≥ 1.


