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Exercise 9.1

Let (Ω,F ,F = (Ft)t∈[0,T ], P ) be a stochastic basis satisfying Convention 5.9 and X =
(Xt)t∈[0,T ] be a semimartingale. For ϕ ∈ L define

Yt =

∫ t

0

ϕs dXs , t ∈ [0, T ] .

Show that then Y = (Yt)t∈[0,T ] is a semimartingale and it holds for ψ ∈ L∫ t

0

ψs dYs =

∫ t

0

ψs d

(∫ s

0

ψu dXu

)
=

∫ t

0

ψsϕs dXs .

Exercise 9.2

Let (Ω,F ,F = (Ft)t∈[0,T ], P ) be a stochastic basis satisfying Convention 5.9. Let
((X, Y )t)t∈[0,T ] be a bivariate standard Brownian motion. Let 0 < α < 1 and defi-
ne

Bt = αXt +
√

1− α2Yt , t ∈ [0, T ] .

Then (Bt)t∈[0,T ] is a univariate standard Brownian motion. Calculate [B,B], [X, Y ],
[X,B], and [Y,B].

Exercise 9.3

Let (Ω,F ,F = (Ft)t∈[0,T ], P ) be a stochastic basis satisfying Convention 5.9, X, Y be
semimartingales, and H ∈ D[0,T ]. Let πn = {0 = τ1,n ≤ τ2,n ≤ · · · ≤ τm(n),n = T},
n ∈ N, be a sequence of stopping times with

lim
n→∞

sup
i=1,...,m(n)−1

|τi+1,n − τi,n| = 0 a.s.

Show that then

m(n)−1∑
i=1

Hτi,n(Xτi+1,n∧t −Xτi,n∧t)(Yτi+1,n∧t − Yτi,n∧t)
ucp−→

∫ t

0

Hs− d[X, Y ]s , ∀ t ∈ [0, T ] .


