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Abstract

We establish asymptotic properties of M-estimators, defined in terms of a contrast func-

tion and observations from a continuous-time locally stationary process. Using the stationary
approximation of the sequence, #-weak dependence, and hereditary properties, we give suffi-
cient conditions on the contrast function that ensure consistency and asymptotic normality
of the M-estimator.
As an example, we obtain consistency and asymptotic normality of a localized least squares
estimator for observations from a sequence of time-varying Lévy-driven Ornstein-Uhlenbeck
processes. Furthermore, for a sequence of time-varying Lévy-driven state space models, we
show consistency of a localized Whittle estimator and an M-estimator that is based on a
quasi maximum likelihood contrast. Simulation studies show the applicability of the estima-
tion procedures.
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1 Introduction

Various powerful inference methodologies for continuous-time stochastic processes are based on
stationarity. One reason for this is that, in many cases, stationarity is essential to derive asymp-
totic results. For instance, based on stationarity arguments, different estimation procedures have
been successfully applied to flexible and widely used continuous-time models in [8, 9, 16, 19] and
[28].

However, numerous established models, including processes used in the references above, are in-
appropriate for modeling data that shows non-stationary behavior. To overcome this issue, [29]
recently introduced a general theory on stationary approximations for non-stationary continuous-
time processes that allows modeling non-stationary data. Heuristically, this approach follows the
intuitive idea of local stationarity as discussed in [12, 13, 14, 32], and assumes that a sequence
of non-stationary processes can be locally approximated by a stationary process. Noticeable ex-
amples of time-series models discussed in [29] come from the class of time-varying Lévy-driven
Ornstein-Uhlenbeck processes and time-varying Lévy-driven state space models. Since such pro-
cesses are non-stationary, classical methods used for statistical inference in a stationary setting
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cannot be applied, and novel estimation procedures are needed.

In the present work, we address this issue and provide inference methodologies for sequences
of non-parametric non-stationary continuous-time processes that possess a locally stationary
approximation. Noteworthy, our results are established in a model-free setting using limit the-
orems from [29]. We apply these results to study concrete estimators for several well-known
non-stationary time series models and analyze their asymptotic properties.

To the best of our knowledge, the only comparable results can be found in [21], where the au-
thors investigate time-varying Gaussian-driven diffusion models and provide asymptotic results
of a proposed estimator. Different from [21], our theory also encompasses non-Gaussian and
non-linear time series models. In the discrete-time setting, results similar to our theory have
been obtained in [2] and [13], where the authors derive a remarkably versatile theory including
various analytical and statistical results for locally stationary processes.

More precisely, we introduce a class of kernel-based M-estimators whose objective function is
a contrast that depends on observations sampled from a sequence of non-stationary processes.
To establish consistency and asymptotic normality in a general setting, we impose conditions
on the stationary approximation of the sequence and the contrast function. Specifically, the
stationary approximation is assumed to be f-weakly dependent as introduced in [15] and the
contrast function is assumed to satisfy identifiability and regularity conditions. In particular,
these conditions ensure the existence of a f-weakly dependent stationary approximation of the
contrast. The relative simplicity of the conditions allows us to readily derive asymptotic results
for different contrast functions of finite and infinite memory.

For instance, we consider a sequence of time-varying Lévy-driven Ornstein-Uhlenbeck processes
and obtain, based on a least squares contrast, a consistent and asymptotically normally dis-
tributed M-estimator of the underlying coefficient function. The estimator’s good performance
is demonstrated through a simulation study in a finite sample for different coefficient functions.
Moreover, we consider a sequence of time-varying Lévy-driven state space models, whose lo-
cally stationary approximation is a time-invariant Lévy-driven state space model. The latter
processes build a flexible class of continuous-time models that encompasses the well-known class
of CARMA processes (see [7, 23] for an introduction) and allow modeling high-frequency and
irregularly spaced data occurring, for example, in finance and turbulence. Recently, a quasi-
maximum likelihood and a Whittle estimator for Lévy-driven state space models sampled at low
frequencies have been discussed and compared in [16], and [28]. We use results from these works
and establish consistency results for two novel estimators, a localized quasi-maximum likelihood
and a localized Whittle estimator. While the localized quasi-maximum likelihood estimator is a
time domain M-estimator that is based on a log-likelihood contrast, the localized Whittle esti-
mator is a frequency domain estimator constructed from a consistent estimator of the sample
autocovariance. We compare both estimators in a simulation study, where their finite sample
performances and convergence behaviors are studied.

The paper is structured as follows. In Section 2, all technical results needed throughout this work
are presented. We review locally stationary approximations, introduce the sampling schemes in
use, discuss f-weak dependence and outline hereditary properties of this measure of dependence
and the stationary approximations. In Section 3, we discuss the aforementioned class of M-
estimators and establish consistency and asymptotic normality. In Section 4, we first review
elementary properties of Lévy processes, stochastic integration with respect to them, and time-
varying Ornstein-Uhlenbeck processes. We then apply our results to a least squares contrast
and obtain asymptotic results of the corresponding M-estimator, where the observations are
sampled from a sequence of time-varying Ornstein-Uhlenbeck processes.



In Section 5, we first review time-varying Lévy-driven state space models. Then, for observations
sampled from a sequence of such processes, we propose a localized quasi-maximum likelihood
estimator in Section 5.2 and a localized Whittle estimator in Section 5.4. We show consistency
of both estimators and present a truncated version of the localized quasi-maximum likelihood
estimator in Section 5.3.

The outcomes of the simulation study are discussed in Section 6 and the proofs of most results
are given in Section 7.

1.1 Notation

In this paper, we denote the set of positive integers by N, non-negative integers by N, positive
real numbers by R*, non-negative real numbers by Rg, the set of m X n matrices over a ring R
by Myxn(R), and 1, stands for the n x n identity matrix. The real part of a complex number
z € C is written as fe(z). For square matrices A, B € Myxn(R), [A, B] = AB — BA denotes
the commutator of A and B. We shortly write the transpose of a matrix A € M, xn(R) as A’,
and norms of matrices and vectors are denoted by ||-||. If the norm is not further specified, we
take the Euclidean norm or its induced operator norm, respectively. For a bounded function A,
|h||o, denotes the uniform norm of h. In the following Lipschitz continuous is understood to
mean globally Lipschitz. For u,n € N, let G be the class of bounded functions from (R™)* to R
and G, be the class of bounded, Lipschitz continuous functions from (R™)" to R with respect to
the distance Y i ||z; — vi||, where z,y € (R™)". For G € G,, we define

] B |G(z)—G(y)|
sz(G) = sup le1—y1|+-Hzuw—yul
T#Y

The Borel o-algebras are denoted by B(-) and A stands for the Lebesgue measure, at least in
the context of measures. For a normed vector space W, we denote by ¢°°(W) the space of all
bounded sequences in W. In the following, we will assume all stochastic processes and random
variables to be defined on a common complete probability space (€2, F, P) equipped with an
appropriate filtration if necessary. Finally, we simply write LP to denote the space LP(2, F, P)
and LP(R) to denote the space LP(R, B(R), A) with corresponding norms ||-||,.

2 Locally stationary approximations and /-weak dependence

2.1 Locally stationary approximations

Throughout this paper, we consider sequences of processes that can be locally approximated in
LP by a stationary process. This concept is a non-parametric approach to express the intuitive
idea of local stationarity, as discussed by Dahlhaus and others (see e.g. [12, 32]). In this paper,
we consider locally stationary approximations defined as follows.

Definition 2.1 ([29, Definition 2.1]). Let Yy = {Yn(t),t € R}nen be a sequence of real-valued
stochastic processes and Y = {Y,(t),t € R}, cr+ a family of real-valued stationary processes.

We assume that the process Yy, is ergodic for all u € Rt and SUp, cr+ ‘ Yu(O)HLp < oo for some

p > 1. If there exists a constant C > 0, such that uniformly in t € R and u,v € R*
- - - 1
IYut) = Yo(®)lzr < Clu—v] and  [[¥n(t) = Vi(Nt)|z» < O, (LS)

then we call Yy, a locally stationary approximation of the sequence Yy for p.



If Y, is a locally stationary approximation of Yy for p, then it is also a locally stationary
approximation for p’, where 1 < p’ < p.
Whenever we investigate estimators based on observations from a sequence of processes, we
assume the observations to be sampled according to one of the following schemes.

Assumption 2.2. For fired N € N and u € RT we assume Yy to be equidistantly observed at
times 7V = u+1idy with grid size Sy = |7 — 1}V | such that ox | 0 for N — oo. For a sequence
by | 0 we consider the observation window [u — by, u + by] and set my = |bn/dn]|. Thus, the

number of observations is given by 2my +1 = |{i € Z : 7 € [u — by, u + by]}|. We require

bn/dn — 00 as N — oo and either
(O1) Noy =6 >0 for all N € N or
(02) Néy — o0 as N — co.

Note that these conditions on N, by and dy immediately imply that Nby — oo as N —
oo. For a comprehensive discussion on the above approximations and observations, including
examples of sequences that satisfy Definition 2.1, we refer to [29].

2.2 6O-weak dependence and hereditary properties

In this section we summarize results that are needed throughout the paper. We start with a
brief review of the concept of #-weak dependence.

Definition 2.3 ([15]). Let X = {X (t)}+cr be an R™-valued stochastic process. Then, X is called
0-weakly dependent if

O(h) =supb,(h) — 0,
veN h—00

where

[Cov(F(X (1), .., X (i), G(X(5)))]
£l Lip(G)

Hv(h):sup{ ,Feg;,Géghil§...§z’v§iv+h§j}.

We call (e(h))heRg the 0-coefficients.

Next, we summarize hereditary properties of locally stationary approximations and #-weak
dependence under transformations (see [29, Section 2.3 and 2.4] for a comprehensive discussion).
Let Yy be a sequence of stochastic processes with locally stationary approximation Y;, for some
p > 1. For k € Ng we define the infinite and finite memory vectors

Zn(t) = (YN(t),YN(t - %), . ) and Z,(t) = (Yo (1), Yu(t — 1),...), as well as

20 = (Y@, Ya(t= %), Y (t = %)) and ZP(@) = (Fa(®), Vult = 1), Vult = k).

For functions from the following two classes we obtain hereditary properties.

Definition 2.4 ([13, Definition 2.4]). A measurable function g : RFT1 — R is said to be in the
class Ly+1(M,C) for M >0 and C € [0, 0], if

lg(x) — g(y)|
M My —
ey ||z —yll, (T+ 2l + llylli)
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Definition 2.5 ([29, Definition 2.10]). A measurable function h : R — R™ is said to belong
to the class LP9(a) for p,q > 1, if there exists a sequence a = (ag)keN, C Ro satisfying
Sk < oo and a function f: RE — Ry such that for all sequences X = (Xi)ken, € £°°(L7)
and Y = (Yy)ken, € ¢>°(L?) it holds

() = A Yo < F( 5D LXall o ¥ I¥ill oY) 3 o X = Vil
0 k=0

The next proposition is a combination of Proposition 2.7 and 2.11 from [29].

Proposition 2.6. Let Yy be a sequence of stochastic processes with locally stationary approz-
imation Y, for some ¢ > 1. Then, for g € Lx+1(M,C) and a real-valued function h € LP9(«),
where M >0, C € [0,00), p>1 and > 32 kay, < oo, it holds:

(a) g(quk) (t)) is a locally stationary approximation of the sequence g(Z](\lf) (t)) for p= 375-

(b) IfY, is O-weakly dependent with -coefficients Oy. (h), then Z(Lk) 1s O-weakly dependent with
0-coefficients 6 i) (h) < (k +1)0y, (h — (k + 1)) for h > (k +1).

(c) If Yy, is O-weakly dependent with 0-coefficients Oy. (h), satisfies E[|Y, ()| M+ M+)] < 0o for
iwﬂ for a constantyé’ > 0, then g(Z(Lk) (t)) s
h) = O (0, ()75 ).

some vy > 0 and additionally |g(z)| < C ||z||

0-weakly dependent with 0-coefficients eg(Z(k”)(

(d) h(Z,(t)) is a locally stationary approzimation of h(Zx(t)) for p.

If Y, (t) is a Lévy-driven moving average processes (see Section 4.1) we give sufficient con-

ditions for h(Z,(t)) to be #-weak dependence in Proposition 4.2.

3 M-estimation of contrast functions based on locally stationary
approximations

Let Yn be a sequence of stochastic processes with locally stationary approximation Y, as de-

scribed in Definition 2.1. In this section, we study localized M-estimators of contrast functions

based on observations of Y. In a discrete-time setting, such an estimation procedure has re-

cently been investigated in [2] and [13]. The contrast functions we investigate are assumed to be
of the form

(I)((YU(A(I - k)))keNO,ﬂ), (1)
where Y = (Y, (A(1 — k)))ren, is a sequence in LP for p > 1,A > 0 and ¥ € ©, where © C R? is
a parameter space. We assume that the true parameter ¢* is identifiable from the contrast, i.e.

Assumption (M1). Assume t@at <I>(§~/, V) € L' for all¥ € © and that 9* is the unique minimum
in © of the function ¥ — E[®(Y,9)] = M(9).

In a stationary setting, the natural choice of an M-estimator for ¥* is

1L o
argE%m - 1:21 i) ((Yu(z +A(1 - k)))keNo,ﬂ) ) (2)



For processes that possess a locally stationary approximation, a localized law of large numbers
has recently been proven in [29, Theorem 3.5 and 3.6]. There, the localization is achieved by
using a localizing kernel of the following type.

Definition 3.1. Let K : R — R be a bounded function. If K is of bounded variation, has compact
support [—1,1] and satisfies [z K(x)dz =1, then we call K a localizing kernel.

From now on, if not otherwise stated, K always denotes a localizing kernel.
Following this approach we replace the observations of Y, in (2) by observations of the sequence
Yy as defined in Assumption 2.2, leading to the localized estimator

Jn = argmin My (9), where
[2S(S)

My (9) = 2’; %NKCZN_u) @((YN<TIN+A(1N—’€))>%NO’Q9)‘ (3)

it=—m bN

In the next two sections, we derive sufficient conditions on the contrast ® that ensure consistency
and asymptotic normality of ¥y. As first step, we give conditions ensuring that & is integrable.

Lemma 3.2. Let ® : R® x R? = R be a measurable function. If ®(-,9) € L2I(a) for all ¥ € ©
and supgee || ®(0,9)|| < oo, then ®(X,9) € L' for all X = (Xj)ren, € (°°(L9) and 9 € O.
Moreover, if X = (Xy)er is a stationary integrable ergodic process, then (® ((Xi—x)reNy,V))icr
s again a stationary integrable ergodic process for all ¥ € ©.

Proof. For t € R and m € N we have that ¢r;m = (X, ..., Xi—m,0,...,9) € L1, since
supyee [|2(0,9)|] < oo and ®(-,9) € LBI(«). Then, similar to [2, Lemma 3.1], one can show
that ¢; ., is a Cauchy sequence in L'. Noting that ® is measurable, we conclude analogous to
[22, Proposition 4.3]. O

Note that Lemma 3.2 is often used implicitly in the following.

3.1 Consistency

We now show pointwise convergence of My (1), i.e. My (¥) L M (V) for all ¥ € ©® as N — oo
and stochastic equicontinuity of the sequence { My (¥)}nen. Together, these properties imply
N L9 as N = o0 along usual lines. To show pointwise convergence, we use the localized
law of large numbers from [29]. To this end, it is necessary to impose regularity conditions
on ®. We demand that ® belongs to £2? for each ¥ € ©. Moreover, if (02) holds, it is clear
that ®(Y, ) has to be f-weakly dependent for all ¥ € © (see [29, Theorem 3.6]). Besides this,
® has to additionally belong to L4 with respect to the parameter space to ensure stochastic
equicontinuity.

Theorem 3.3. Let Yy be a sequence of stochastic processes with locally stationary approximation
Y, for some q > 1 such that either (O1) or (02) holds. Besides, for some p > 1 and a compact
set © C R%, we assume that

(a) ®(-,9) € LEI(x) for all ¥ € O, such that Y j—gkoy < 00,

(b) ®(x,-) € Lq(0,D1(1+ 3720 Brlzkl?)) for all real sequences © = (xk)ren, and some Dy >
0, where (Bk)ken, C RT is a sequence such that > 32 o kB < oo,



(c¢) if (02) holds, both ®((Yy(t + A(1 — k)))reng,¥) as well as g((Yu(t + A(1 — k)))ren,) are
0-weakly dependent for all 9 € ©, where g(x) = Y 5o Brlrk|?,

(d) supyee [8(0,9)] < oo and

(e) the identifiability condition (M1) holds.

Then, 1§N is consistent, i.e. 1§‘N L9 as N = .
Proof. See Section 7.1. O

Remark 3.4. In the case where (02)~h0lds and the contrast funcfion P is qf finite memory,
i.e. there exists n € Ng such that ®((Yu(A(l — k)))keng, V) = ®(Yu(A), ..., Yu(A(l —n)), V),
Proposition 2.6 shows that the conditions (c) and (d) of Theorem 3.3 are implied by the condition

that

(¢*) ®(z,9) < C|z|M and ®(-,9) € Lni1(M,C) for some C,M > 0 and all x € R,

¥ € ©. Moreover, Y, is 0-weakly dependent and E[|Y,|(@M+1)+] < 0o for some v > 0.

For contrast functions that are of infinite memory, we give sufficient conditions for (c¢) in Corol-
lary 4.8, where we investigate processes, whose locally stationary approximation Y, is a Lévy-
driven moving average.

3.2 Asymptotic normality

To establish asymptotic normality of Jn we follow the classical approach (see e.g. [31, Section
5.3]) to show asymptotic normality of an M-estimator. We impose conditions on the first and
second order partial derivatives of the contrast ® and investigate the Taylor expansion of Vy My
at ¥*. The individual components of the expansion are then shown to either converge to 0 or to
be asymptotically normal. The localization is achieved by using the rectangular kernel

1
Krect(x) = il{xe[—l,l}}' (4)

It is easy to see that K, .. is a localizing kernel. Depending on whether (O1) or (O2) holds, we
obtain different asymptotic variances.

To establish asymptotic normality of the components of the Taylor expansion we use results
from [29]. There, the authors derived central limit type results under the following condition on
the O-coefficient §(h) of the locally stationary approximation

DD(e) : Z G(h)h% < oo for some € > 0.
h=1

Sufficient conditions for DD(e) to hold are for instance 6(h) € O(h=*) for some a > (1+ 1) or
1
6(h) € O((hIn(h)) """ 7).

Theorem 3.5. Let q,G,q > 1 and Yy be a sequence of stochastic processes with locally stationary
approzimation Y, for some s > max{q,q,q} such that either (01) or (02) holds. The contrast
function ® is assumed to be of the form (1) such that the Hessian matriz Vl%(I) of ® with respect
to ¥ exists. Moreover, assume that



(a) the parameter space © C R? is compact, (M1) holds and the unique minimum 9* is located
in the interior of ©.

(b) ymnby — 0 as N — oo and the localizing kernel is given by (4).

(c) ®(z,-) € Lq(0,Do(1+ > 52 Brlrk]?)) for all real sequences x = (x)ken, and some Dy >
0, where (Bk)ren, C RT is a sequence such that Y 32 kBr < 0o and ®(-,9) € LEI () for
all ¥V € ©, where p > 1 and >"72 kay, < 0.

(d) %@(-,0*) LPA(A) for alli=1,...,d, where p > 2 and Y32 kéy < co.

(e) the stationary process Vy®(t) := Vyd <<}~/u(t—i— Al — k))>keN ,19*) € L*™ for some
0
~v1 > 0. Moreover, Vy®(t) is 0-weakly dependent with 0-coefficients 0(h) satisfying DD (v1).

(f) 5257 0(@,) € La (0, D1(1+ L2 Belaxl?)) for all real sequences & = (wx)keny, i, =
.,d and some Dy > 0, where (By)ren, C R is a sequence such that 332 kfBr < 00
and %{;%@(-,ﬁ) LPA(a) forallYd € ©, 4,5 =1,...,d, where p > 1 and >3 kay < oc.

(g9) if (02) holds, the following conditions are satisfied:

(g1) the processes ((Yu(t + A1 - k:)))keNO ,19) and g <( w(t+ A1 — k)))k€N0> are 0-
weakly dependent for all 9 € ©, where g((Tk)keN,) = 2o Bk ETE

_02 y — -

(92) the processes 75 755-® ((Yu(t + A(1 k))>keNo ,19) and g (( w(t + AL k)))keN())
are 9-@€akly_ dependent fOr all 19 € @ and l,j = 17 cee 7d7 where g((xk')k'GNo) =
>0 B ol

(h) supyee ||P(0,9)] < 0o and supyee H#;%@(O,ﬁ)u < oo foralli,j=1,...,d.

{

are positive definite, where

(i) the matrices

$1(u,0) + S22, I(u, k), if (O1) holds,
$1(u,0), if (02) holds

e (50 7)

I k) = E [wcp ((YU(A(l ) ,19*) Vyd ((ifu(ka FAL-R)), ,ﬁ*ﬂ .
Then, it holds

by (I =) 5 N (0, V() IV (w)). (5)

N

Proof. See Section 7.2. 0



Remark 3.6. If the contrast function ® is of finite memory (see Remark 3.4), Proposition 2.6

and the obvious analog of [10, Proposition 3.4] for our 8-weak dependence coefficient, show that

condition (e) is implied by

(e*) Vy@(0,9%) = 0, 879 (-, 9%) € Lpy1(My,Cy) for some Ci, My > 0 and Y, is 0-weakly
dependent with 6- foeﬁiczents Oy, (h) € O(h™%) for some v > (1+ M}Y;rl)(llfj\%fﬁl ), where
y1 > 0 such that Y, (0) € L2447,

If, in addition, (O2) holds, condition (g) is implied by 3.3 by

(91*) ®(z,9) < Cy ||a;|]M2+1 and (-, V) € Ln11(Ma, Cs) for some M, C2 > 0 and all x € RmHL
¥ € ©. Moreover, Y, is 0-weakly dependent and Y, € L@VM24D)+%2 for some ~4 > 0.
(92) 819?(‘2)19 O(x,9) < Cs H90||M3Jr1 and 819 819 O(, ) € Ly41(Ms,C3) for some Ms,C3 > 0 and

allz e R"M 4.5 =1,...,d and ¥ € ©. Moreover, Y, is 0-weakly dependent and Y, €
LA@VMs+1))433 for some 43 > 0.

4 Least squares estimation for time-varying Lévy-driven Orn-
stein-Uhlenbeck processes

In this section, we establish consistency and asymptotic normality of an M-estimator using
results from Section 3 for a least squares contrast. The observations are assumed to be sampled
according to Assumption 2.2 from a sequence of time-varying Lévy-driven Ornstein-Uhlenbeck
processes, which possesses a locally stationary approximation.

Before we give the definition of (time-varying) Lévy-driven Ornstein-Uhlenbeck processes, we
review Lévy processes and discuss basic results including stochastic integration with respect to
them. For further insight we refer to [1] and [26].

4.1 Lévy processes and stochastic integration
Definition 4.1. A real-valued stochastic process L = {L(t),t € R{} is called Lévy process if
(a) L(0) =0 almost surely,

(b) the random wvariables (L(to), L(t1) — L(to),. .., L(ty,) — L(tn—1)) are independent for any
ne€Nandty <t; <to < -+ <tp,

(c) for all s,t >0, the distribution of L(s+t) — L(s) does not depend on s and
(d) L is stochastically continuous.

Without loss of generality we additionally consider L to be cadlag, i.e. right continuous with
finite left limits.

Let L = {L(t),t € R{} be a real-valued Lévy process. Then, L(1) is an infinitely divisible
real-valued random variable with characteristic triplet (v, X, v), where v € R, ¥ > 0 and v is

a Lévy measure on R, i.e. ¥(0) = 0 and [ (1 A ]x]Q) v(dr) < oo. The characteristic function
of L(t) is given by ¢r(2) = E[e*LD] = '¥2(2) with characteristic exponent W, (z) = (iyz —



ZTZQ + Jr(€¥® — 1 —izaly(z))v(dz)), z € R and Z = {z € R,|z| < 1}. If v has finite second

moment, i.e.
/“ |xFV@x)<cm<<:$ /ﬁxFVQM)<<m>, (6)
|z[>1 R

then L(t) € L? for all t > 0 and we have E[L(t)] =t ('y + Jo>1 xl/(da:)) < oo and Var(L(t)) =
t (X + J[g2?*v(dr)) < cc. In the remainder we work with two-sided Lévy processes, i.e. L(t) =

L1(t)1g>0y — L2(—t)1{4<0y, where Ly and Lg are independent copies of a one-sided Lévy process.
Consider

:Lf@@ﬂ%} (7)
where t € R and f : R x R — R" is B(R x R) — B(R™) measurable. Necessary and sufficient
conditions for the stochastic integral (7) to exist are given in [26, Theorem 3.3], namely if

o X RISt s)f (2 s) ] ds < oo,
o JrJr ((I£(t;9)[2)* A1) v(dz)ds < oo and
o | ft5) (v + Jrw (1o (£ )2l) = Loy (o) v(dn)) )| ds < oo

are satisfied, then (7) is well-defined. If L satisfies (6) and f(t,-) € L'(R)NL?(R), then the above
conditions are satisfied and the integral X (t) = [ f(t,s)L(ds) exists in L% If X = {X(t),t

R} with X (¢) as in (7) is well-defined, X (¢) is infinitely divisible with characteristic trlplet
(’Yinty Yint, Vint)7 where

 Yint = Jo(f(t;8)vds + [ Jr £ (&, $)2 (Lo, (1F (E 8)2]l) = Lo,y (|2]))v(d))ds,
o Vit = EfR f(t,s)f(t,s)ds and
o vint(B) =[x Jr 1B(f(t, s)z)v(dx)ds, B € B(R™).

The following proposition shows that infinite memory transformations of Lévy-driven mov-
ing average processes, i.e. processes of the form (7) for which g(u, t, s) = g(u,t—s), are 8-weakly
dependent.

Proposition 4.2. Let L be a two-sided Lévy process satisfying (6), u + f|$‘>1 zv(dx) = 0 and
g:RT xR+ R a function such that g(u,-) € L*(R)NL4(R) for all u € RY and some q € {2,4}.
For fired u € RT we define the process X, = {X,(t),t € R} as

Xut)= [ glust—)(ds). (®)

o0

Consider an R™-valued function ¢ € LB9(a), where p > 1 and for some A > 0 the infinite
memory vector Zy,(t) = (Xu(t+ A), Xu(t), Xu(t — A),...). Then, the process ¢(Z,(t)) is 6-
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weakly dependent with 0-coefficients satisfying

[N

0 _h
q= 2 GW(Zu)(h) < C Z o + C (EL/ g(u, —3)2d8> = Gw(zu)(h)
= -

q=4: Oyz,(h)<C i oy + C(/j g(u, —s)*ds (/R a:4u(dm)) (9)

for a constant C' > 0 and all h > 1.
Proof. See Section 7.3. O

Corollary 4.3. Consider Yn, Y, and ® as in Theorem 3.8 for ¢ = 2 where ® is of infinite
memory. Then, condition (c) from Theorem 3.3 is implied by

(¢**) Y, satisfies the conditions of Proposition 4.2.

Corollary 4.4. Consider Yy, Y, and ® as in Theorem 3.5, where ¢,§ =2, § = 4 and ® is of
infinite memory. Then, the conditions (e) and (g) are respectively implied by

() Vy®(t) € L** for some v1 > 0 and Y, satisfies the conditions of Proposition 4.2.
Moreover, 0y o) (h) from (9) satisfies DD(y1) and

() Y. satisfies the conditions of Proposition 4.2.

4.2 Time-varying Lévy-driven Ornstein-Uhlenbeck processes

We consider a sequence of time-varying Lévy-driven Ornstein-Uhlenbeck processes

Yn(t) = / gN(Nt, Nt — u)L(du), with kernel function

Nt /. _ [0
gN(Nt, Nt —u) = 1{Nt—u20}e_ fu a( % )ds = 1{Nt—u20}6 ff(Ntfu) a( 7
_ (o s+Nt
where a : R — R is continuous such that u ~ e Jua(557)ds € L'(R) for all t € R and
N € N, which ensures the existence of (10), since additionally (6) holds. In the next proposition
we review sufficient conditions under which the sequence (10) possesses a locally stationary
approximation Y,, for p = 2 and p = 4 given by

Y. (t) = /Rg(u,t — s)L(ds), with kernel function

glu,t — s) = Ly sgpe 09,

(11)

Remark 4.5. The process Y, from (11) is the unique stationary solution to the stochastic
differential equation

dYy(t) = —a(u)Yy (t)dt + L(dt).

11



Proposition 4.6 ([29, Proposition 5.3]). Let Yn be a sequence of time-varying Lévy-driven
Ornstein-Uhlenbeck processes as given in (10) such that (6) holds. Then, Y, as given in (11) is
a locally stationary approximation of Yy for p =2, if

(a) the coefficient function a is Lipschitz with constant L,

(b) infsera(s) > 0.
If additionally f|x‘>1 rtv(dx) < oo, then Y, is also a locally stationary approzimation of Yy for
p=4.
4.3 Least squares estimation

Let us assume that we observe a sequence of time-varying Lévy-driven Ornstein-Uhlenbeck
processes Yy as defined in (10), where the characteristic triplet of the driving Lévy process L is
known and the observations are sampled according to Assumption 2.2 such that either (O1) or
(02) hold.

Our goal is to estimate the coefficient function at a fixed point u > 0, i.e. to estimate a(u). To
this aim we assume that a(u) € © C R, where © is a compact parameter space.

For ¢ € © and A > 0 we define the following least squares contrast

OV (VAL k)iens9) = 055 (Vu(A), 7u(0).9) = (Fuld) — e 29,(0) . (12)

We show consistency and asymptotic normality of the estimator Jy from (3), defined with
respect to the least squares contrast (12), using Theorem 3.3 and 3.5.

Theorem 4.7. Let Yy be a sequence of time-varying Lévy-driven Ornstein- Uhlenbeck processes
as giwen in (10) such that (6) and either (O1) or (0O2) hold. Assume that

(a) v+ [z v(dz) =0,
(b) the parameter space © C RT is compact,
(c) the coefficient function a is Lipschitz and satisfies infseg a(s) > 0 and
(d) if (02) holds, [, |z|*t7 u(dx) < oo for some 1 > 0.
Then, Oy is consistent, i.e. Oy — a(u) as N — oo. Moreover, if
(d) Jizp=1 z2p(dz) < oo for some yo > 0,
(e) a(u) is in the interior of © and \/mnby — 0 as N — oo and
(f) D is defined with respect to the rectangular kernel (4),

then ./g—x (ﬁN — a(u)) N N (0,%(u)) as N — oo, where

1—e—2a(u)d

eQa(u)A -1, ’Lf (02) holds.

1 {€2a(u)A 1 2620(0)8~2a(F L2 o A st e (01) holds, 13

Remind that A denotes the step size in the contrast function (1) and 6 = Ndn for the observation
scheme (O1). In particular, if 6 = A, the asymptotic variance is given by X(u) = ﬁ(eza(“m—l),
independent of whether (0O1) or (02) holds.

12



Proof. See Section 7.4. O

Remark 4.8. A consistent plug-in estimator of X(u) can be readily obtained by replacing a(u)
in (13) with Y.

5 Quasi-maximum likelihood and Whittle estimation for time-
varying Lévy-driven state space models

We consider observations of a time-varying Lévy-driven state space model that follow the sam-
pling scheme from Assumption 2.2 such that either (O1) or (O2) hold. In this section, we derive
consistency results for an M-estimator that is based on a log-likelihood contrast. In addition,
we establish consistency for a localized Whittle estimator.

5.1 Time-varying Lévy-driven state space models

We give a brief review of the definition and basic properties of time-varying Lévy-driven state
space models. For further details we refer to [5, 29].

Let L = {L(t),t € R} be a two-sided Lévy process with values in R satisfying (6). For p € N and
arbitrary continuous coefficient functions A(t) € Mpx,(R) and B(t),C(t) € Myx1(R), t € R we
consider the observation and state equation

Y(t) = B(t)X(t) and  dX(t) = A(t)X(t)dt + C(t)L(dt). (14)

The solution of (14) is unique and given by (see [5, Section 4])
t t
X() = [ W s)C)Lds) and Y(0) = B) [ U(t.5)C(s)L(ds),

provided that the integrals exist in L?. The matrix W(t,) for ¢ > o is the unique solution to
the homogeneous initial value problem (IVP)

d

%\I/(t,to) = A(t)WU(t,tp), with initial condition W(tg,tp) = 1,. (15)
A comprehensive discussion on the IVP (15) can be found in [6, Section 3 and 4] and in the
context of Lévy-driven state space models in [29, Section 5.2 and 5.3].

Definition 5.1. Let X = {X(t),t € R} be a solution to the state space representation (14).
Then, we call X a time-varying Lévy-driven state space process. If the coefficient functions A, B
and C are time-invariant, the solution is called a Lévy-driven state space process.

Remark 5.2. Noticeable examples from the class of time-varying Lévy-driven state space models
are time-varying Lévy-driven CARMA processes, for which the matrixz function C(t) is time-
invariant, i.e. C(t) = C for all t € R and the matriz function A(t) is of the form

0 1 .. 0
(t) 0 .
—ap(t) —ap—1(t) ... —ai(t)
where a;(t), i =1,...,p are continuous real functions.
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Now, for continuous coefficient functions A(t) € My,x,(R) and B(t),C(t) € Mpx1(R), t € R
and a two-sided Lévy process L, we consider a sequence Yy of time-varying Lévy-driven state
space models, where

Yn(t) = / gn(Nt, Nt — s)L(ds), with kernel function
R
, —(Nt —s) (16)
gN(Nt, Nt —s) = Lint 550y B(t) Un e (0, — (Nt — 5))C —N Tt
where ¢t € R. Then, Ux+(0, —(Nt — u)) is the solution to the IVP

d
d—\I/Mt(s, s0) =A (; + t) U +(s,80), with initial condition Wy ¢(so,s0) =1,
s

for s > sg. We assume that A(u), u € R" has eigenvalues with strictly negative real part and
consider as corresponding locally stationary approximation Y, the process

Yu(t) = / g(u,t — s)L(ds), with kernel function
R (17)

g(u7t - S) = 1{t—820}B(u),eA(U)(t_S)C (U) :

Proposition 5.3 (29, Corollary 5.13]). Let Yy be a sequence of time-varying Lévy-driven state
space models as given in (16). Then, Y, as given in (17) is a locally stationary approzimation

of Yn forp =2, if
(a) the coefficient functions A, B and C are Lipschitz with constants La,Lp and L¢,
(b) supger [[B(s)|| < 00 and supyer [[C(s)]| < oo,

and either (c1)-(el) or (c1), (d2) and (e2) hold, where

(c1) {A(t)}ier commutes, i.e. [A(t), A(s)] =0 for all s,t €R,

0 T
(d1) e”fs Alg+tdr| < yersA with v, A > 0 for all v € [0,1], s <0, t €R and N € N and

(el) He‘”A(t)s < ’76”55‘, with 7, \ > 0 for allv € [0,1], s < 0 and t € R,

(d2) the eigenvalues \j(t) of A(t) for j =1,...,p satisfy sup;cg max;—1,.. p Re(A;(t)) <O0.
(e2) A(t) is diagonalizable for allt € R.

If we additionally assume that [g rtv(dx) < oo, then Y, is also a locally stationary approzimation
of Yn forp=4.

5.2 Quasi-maximum likelihood estimation

Let © C R? be a compact parameter space and 9* = {9*(t),t € R} a parameter curve in
©. Moreover, let (Ay)gco C Mpxp(R) and (By)geo, (Cy)oco C Mpx1(R) be families of matri-
ces, (Xy)yeco a family of positive numbers, and (Ly)yco a family of Lévy processes such that
Var(ng(l)) = 219.

Consider a sequence of time-varying Lévy-driven state space models (Y3 (t))yen such that
Y (t) is defined as in (16) with coefficient functions A(t) = Ay« B(t) = By«(), C(t) = Cig=(y)
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and driving noise L = Ly« (g), such that Var(L(1)) = Sy« ().
Based on the families Ay, By, Cy and Ly from above we define a family of processes (Yﬁ (t))geo,
where

~ t
V(1) = / Blye =5 Cy Ly (ds). (18)
—0o0

The following assumption is crucial for all results that we derive in the sequel.

Assumption (C0). We assume that Y, (t) = Y )(t) is a locally stationary approzimation of
YY'(t) for somep > 1.

To obtain a consistent estimator for 9*(u), u € R*, we consider an M-estimator of a log-
likelihood contrast ®X% and use results from Section 3. We derive the contrast & using results
from [28], where the authors investigated a related estimator in a stationary setting.

Assumption (C1). For each ¥ € ©, it holds E[Ly(1)] = 0 and E[Ly(1)?] = Xy < oo. Addi-
tionally, we rule out the degenerate case, where E[Ly(1)?] = 0.

Assumption (C2). For each ¥ € O, the eigenvalues of Ay have strictly negative real parts.

Under the previous assumptions Y7 is for all ¥ € © the unique stationary centered solution
to the observation and state equation

YU(t) = ByX(t) and  dX(t) = AgX(t)dt + CyLyg(dt), (19)

i.e. a Lévy-driven state space process. Moreover, for A > 0 it follows from [28, Proposition
3.6] that the sampled process (Y72 (k))pcz, where Y72 (k) = YV (Ak) satisfies the state space
representation

YPAk) = ByX(k)and  X(k) = 2 X (k — 1) + NS (k), (20)

where NéA)(kJ) = f(]ﬁl)A e (FA=5)Cy Ly (ds), k € Z. The sequence (NéA)(k))kez is i.i.d with
mean zero and covariance matrix

A) A /
ng = 219/0 e5CyClhetos ds. (21)
Moreover, the spectral density of Y?2, denoted by f}(;A) (w, ), is given by

1 . . ’
PO ,0) = By (1, - M) S e, - ABy, we[mrl (2)

Next, we review some aspects of Kalman filtering that are necessary to define the log-
likelihood contrast ®X~.

Proposition 5.4 (|28, Proposition 2.1]). Let Y = {Y,,,n € Z} be the output process of the state
space model Y,, = B'X,, and X,, = AXy,_1 + Zy,—1, n € Z, where A € Myxp(R), B € Myx1(R)
and Zy,, is an RP-valued centered i.i.d. sequence with covariance matrix Q. The linear innovations
€ = (en)nez of Y are defined as €, = Y,, — P,_1Yy, where P, is the orthogonal projection onto
span{Yy : k < n} and the closure is taken in L?. If the eigenvalues of A are less than 1 in
absolute value it holds:
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(a) The Ricatti equation Q = AQA' + Q — (AQB)(B'QB) Y (AQB)' has a unique positive
semidefinite solution Q € Myyp(R).

(b) The eigenvalues of A — KB' € Mpy,(R) have absolute value less than one, where K =
(AQB)(B'QB)™! € M,x1(R) is the steady-state Kalman gain matriz.

(c) The linear innovations € of Y are the unique stationary solution to X, = (A— KB X, _1+
KY, 1 ande, =Y, — B'X,, n € Z. Moreover, &, can equivalently be written as

en=Y,— B> (A-KB)" 'KY,_,. (23)

v=1
For the covariance matriz V = E[e2] we have V = B'QB.

We apply the above proposition to the state space model (20) and obtain the parametrized
matrices Qy, Ky and Vy. In addition to the assumptions (C1) and (C2), we impose the following
conditions.

Assumption (C3). The parameter space © C R? is compact.

Assumption (C4). The functions ¥ — Ay, ¥ — By, ¥ +— Cy and ¥ — Xy are continuously
differentiable and By # 0 for all ¥ € O©.

Lemma 5.5. Assume that (C1) - (C4) hold. Then, e4? has eigenvalues with absolute value
less than 1 and Vy = ByQyBy > Cy for a constant Cy > 0 and all ¥ € ©.

Proof. Follows from the proof of [28, Lemma 2.2 and Lemma 3.14]. O
Following the sensitivity analysis of the Ricatti equation in [30], the degree of smoothness
of Ay, By,Cy and ¥y, namely C' carries over to the mapping ¥ + Qy. Therefore, from the

previous assumptions it follows that the functions ¥ — Ay, ¥ — By, ¥ — Cy, ¥ — Xy, ¥ — Ky
and ¥ — Vy are Lipschitz.

Under the conditions (C1) - (C4) we define for u € RT, YO @A — (Y WA(1 — k))pen, and
Y WA(k) = YW (AK) as in (20) the log-likelihood contrast
5129 (yﬂ*(u),A)

LL (Y;ﬁ)*(u),A7 79) = log(27) + log(Vy) + — (24)

where e9(Y?"(®):2) it given by the analogue of (23), i.e.

9 (Yﬂ*(u%A) _ Yﬂ*(u)’A(l) _ B1/9 Z (eAA»ﬂ _ KﬁB{g)n_l Kﬁ?ﬁ*(u)’A(l B n) (25)

n=1

The localized M-estimator resulting from the contrast (24) can be considered as a localized
quasi-maximum likelihood estimator. It is given by

Jn = argmin My (9), where
LIS(S)

My(0) = 2¥ _% K (TZ;U) oLl <<Y]€ [+ A(lN_k))>keNo ,79) @

where K is a localizing kernel. The following proposition shows that if (C1) - (C4) hold, ®&*
satisfies all conditions of Theorem 3.3 besides the identifiability condition (M1).
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Proposition 5.6. If (C1) - (C4) hold, then
(a) ®LE(-,9) € LL2(a) for all ¥ € O, where a = (a)ken, C R satisfies 352 kay, < oo,

(b) ®LE(x,-) € L4(0,D1(1 4+ 352 Bex?_)) for all real sequences x = (x1_k)reN, and some
Dy > 0, where (Bi)ren, C R satisfies Y po o kBr < 00 and

(c) if the observations follow the sampling scheme (02), condition (c¢) of Theorem 3.3 is
satisfied.

Proof. See Section 7.5. O]

The following conditions (C5)-(C7) will help to verify the identifiability condition (M1).
First, it is necessary to ensure that the sampled process Y72 is not the output process of any
state space representation of lower dimension than p for all ¥ € ©. The concept of minimality
is suitable for this purpose.

Definition 5.7. Let H : R — R be a rational function and A € Myx,(R) and B,C € M,x1(R)
such that H(x) = B'(x1,—A)~'C. We then call the triplet (A, B,C) an algebraic realization of H
of dimension p. If (A, B, C) is an algebraic realization whose dimension is smaller than or equal
to the dimension of any other algebraic realization of H we call it minimal. The corresponding
dimension of such a minimal algebraic realization is called McMillan degree.

Assumption (C5). For each ¥ € © the triplet (Ay, By, Cy) is minimal with McMillan degree
p.

Definition 5.8. An algebraic realization (A, B,C) of dimension p is called controllable if the
matriz [C AC ... AP71C] € Ryxp has full rank. Moreover, it is called observable if the matriz
[B BA' ... B(AP™YY] € Ryxp has full rank.

Proposition 5.9. An algebraic realization (A, B,C) of dimension p is controllable and observ-
able if and only if it is minimal.

Proof. See [18, Theorem 2.3.3]. O

Assumption (C6). Let (17‘9)1969 be the family of output processes of the observation and state
equation (19). For all 91 # Oy the spectral densities of the two processes Y1 and Y2 are
different.

Proposition 5.10. For 9 € © let YV be the output process of (19). Then, its spectral density
fyo is given by

1 ) .
fyo(w) = gHﬂ(ZU))EIQHﬁ(—ZUJ), w € R,
where Hy : R — R is the transfer function of YV and defined as Hy(x) = Bly(x1, — Ag) " Cy.

Proof. See [28, Proposition 3.4]. O

Under the following assumption one can show that (C6) also holds for the sampled process
YA,

Assumption (C7). For each ) € © the spectrum of Ay is a subset of {z € C, &+ < Jm(z) < X}
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Proposition 5.11. Let ®'F be as defined in (24) and assume that (C1) - (C7) hold. Then,
(M1) holds.

Proof. Follows from [28, Lemma 2.10 and the proof of Theorem 3.16]. O

Theorem 5.12. Assume that (C0) is satisfied for p=2 and that either (O1) or (O2) holds. If
(C1) - (C7) hold, then Dy L *(u) as N — oo for all u € RT with Ox as defined in (26).

Proof. According to Proposition 5.6 and 5.11 the contrast ®** as defined in (24) satisfies the
conditions of Theorem 3.3. O

Remark 5.13. Theorem 5.12 provides an tmportant first result for the statistical inference of
time-varying Lévy-driven state space models, specifically including time-varying CARMA pro-
cesses.

In addition, it is desirable to have results on the estimator’s (asymptotic) distribution at hand
to construct for instance confidence intervals. In fact, Theorem 3.5 should pave the way to prove
asymptotic normality 0f1§N as defined in (26). However, this requires an in-depth analysis of the
reqularity properties of the contrast function’s first and second order partial derivatives, which is
beyond the scope of this work.

Remark 5.14. If (O1) holds for N6y = A, the estimator O is given by the simpler expression

oN 70 "
Iy = argmm - Z K ( N) oL ((Yﬁ (Ti+1_k))k€No ﬂ9> .

veo bn, bn

In the next example we briefly present an estimation setting that satisfies the conditions

(CO)-(CT).

Example 5.15. Assume that © C R? is a properly restricted compact parameter space. For
¥ = (¥1,92,93) € © we consider the following families of matrices and real numbers

_ (" 0 _ [ %= _ [ (1 +92) _

Ay = ( 0 s ), By = ( 192_191 ), Cy = ( _192(1+191) ) and Xy = 13 > 0.
Moreover, Ly denotes a family of two sided Lévy process that satisfies (C1) for all 9 € ©. For
a properly restricted compact parameter space T C R°, we define the family Rg = {19(15) =
(71 + 72| sin(t)|, 71 + 73] cos()|, 74) } (71 70, m,ma)eT Of curves in ©, such that (0(t))eer C © for
all ¥ € Re. _

Following Remark 5.14, we define the family (Yﬁ(t))geRe of sequences of time-varying Lévy-
driven state space models such that YJ(t) is defined as in (16) with coefficient functions A(t) =
Agpy» B(t) = By, C(t) = Cy and driving noise Ly, U € Re. All of the above functions
are uniformly bounded and Lipschitz in t for all T € T. In addition, it holds [A(t), A(s)] = 0 for
all s,t e R and 7 € T (see e.g. [33]). All eigenvalues of A(t) are real and strictly negative for a
properly restricted T. Ouerall, (a), (b), (c1), (d2) and (e2) of Proposition 5.3 hold and Y (t)
as given in (18) is a locally stationary approzimation of Y(t) for p = 2 and all T € T. Now,
assume that we observed Y (t) for some true parameter curve 9*(t) € Rg. Then, (C0) holds.

By construction, the functions ¢ — Ay, 9 — By, ¥ — Cy and ¢ — Xy are continuously

differentiable. It is easy to see that the triplet (Ay, By, Cy) is controllable and observable and
therefore, according to Proposition 5.9 also minimal for all ¥ € ©. Overall, (C0)-(C5) and (C7)
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hold. In view of (C6) it is enough to observe that fyo(w) = gﬂ (w+zﬂ(S(ufilzZ§g§:+zgif(2¢3 7y which

satisfies (C6) whenever 91 # 92, ¥; # U; and Re(¥;) < 0 for i = 1,2. Finally, for all u € RT
Theorem 5.12 implies that UN is a consistent estimator of 9*(u). If the true parameter curve 9*
can be estimated at 0 < up < ug, one can solve a system of equations to obtain estimators for
T, such that the whole curve ¥ can be reconstructed.

It is interesting to note that [27, Theorem 3.3] immediately shows that YV is a CARMA(2,1)
process with AR polynomial p(z) = (z — V1)(z — ¥2) and MA polynomial q(z) = z — V172.

We note that the form of B and C ensures the transfer function of YV to be properly normed
and the AR and MA polynomials to be monic, which helps to obtain the identifiability condition
from the spectral density.

5.3 Truncated quasi-maximum likelihood estimation

We consider observations as described in Assumption 2.2 that follow the sampling scheme (O1)
for Néy = A.

It is clear that in practice one does not observe the full history of Y as assumed in (26). As
unobserved sampling points must not contribute to the estimator, we set Y]{?* (1) to 0 if 7 is
not included in the observation window [u — by, u + by]. Thus, for Y = (Y (Ti11-%))kenN, We
define

@LL (Y’ﬁ* 19) — {1 é?%,’i,mN (Ylg*)
N V) = | log(2m) +log(Vp) + ———— ] and

MmN Vﬁ
) . - mpy-+i+1 AA ) 1 . N .
E9,i,my (YN ) =Yy ( H—l) By (8 v = KﬂBﬁ) KoYy (Ti—i-l—n) i€,
n=1
This leads to the truncated estimator
70l — arg min My (¥9), (27)
JeEO

i=—mpy i,my

where My (d) = % vl K ( ) oL (Yﬁ* , 19). The following theorem extends the con-

sistency result from Theorem 5.12 to the truncated estimator ﬁﬁOd.

Theorem 5.16. Assume that (C0) is satisfied for p=2. If (01) as well as (C1) - (C7) hold,
then 9700 N 9*(u) as N — oo for all u € RT with 07°% as defined in (27).

Proof. See Section 7.6. O

5.4 Whittle estimation

In this section, we investigate under the same setting as in Section 5.2 a localized Whittle
estimator for ¥*. Before we prove consistency of this estimator, we briefly review the Whittle
estimator in a stationary setting [16].

Let X = {X(t),t € R} be a real-valued centered square integrable Lévy-driven state space
model given by X(t) = [*_ B'eAt=5)CL(ds), where A € Mpx,(R) and B,C € My (R). For
some A > 0 we consider the sampled process X2 = {X?(k),k € No}, where X2 (k) = X (Ak).
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The spectral density f)((A) is defined as the Fourier transform of the autocovariance function
P (h) = BXA()X2(0)], h € Z, ie.

A 1 A) (1, —ihw
f)(()(w):%ZFg()(h)e he w € [—m, 7,
hez

and conversely, using the inverse Fourier transform, F ( ) =J"_ (A)(w)eihw, h € Z, where we

make the additional convention that Fg( )(—h) = Fg?)(h). Based on the sample autocovariance
T,(h) = L0t XA (k + h)X2(k), h € Z, where T',(—h) := T',(h), we define the periodogram
I, : [—m, ] — [0,00) as

n—1

I 27-[-n (Z XA ljw) (Z XA zkw) _ % Z fn(h)efihw’ wE [_7_‘_771_]' (28)

h=—n+1

The periodogram I,,(w) can be considered as the empirical version of the spectral density and
is the main part of the Whittle estimator.

Now, let © C R? be a compact parameter space. For 9 € © let XV be a real valued centered
square integrable state space model of the form (18) and f)((A) (w, ) the corresponding spectral
density. In this stationary setting the Whittle function is defined as

Wstat(ﬁ) 21n Z <(i7;(('u]) + log (f)((A) (wj’ 19))) , 9 e @, (29)

j=—n+1 fX (OJj,ﬁ)

where w; = % for 5 =1,...,n. Based on this Whittle function, the Whittle estimator is defined

as 057 = arg mingyeg W (19). For more information on the Whittle estimator including con-
ditions that ensure consistency, we refer to [16].

Let (Y (t)) ven denote a sequence of time-varying Lévy-driven state space models as con-
sidered in Section 5.2 and (Y?(t))gece a family of Lévy-driven state space models in the form of
(18). Based on observations of Yf\?*, we now give a localized version of the Whittle estimator.
We fix A > 0 and assume that the available observations follow the sampling scheme introduced
in Assumption 2.2 such that (O1) holds for Noy = A. For a positive localizing kernel K we

consider a localized version I{¢ : [—7, ] — [0,00) of the periodogram (28) which is given by
loc —ijw * (NN ijw
IN“(w) QWbN(Z“K< )YN(]' J)( 2 K( )YN(TJ-)GJ)
J m .7* mN (30)
[ ih
=5 Z LY (h)e ",
h=—2my

where w € [—m, 7] and

my—h

oc oN TNh—u ™N —u x *
P (h) = e > \JK<]+ >K<] Yy (YN (T), heZ,

Jj=—mn
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with the convention T'9°(—h) = T%°(h). Based on the localized periodogram we define the
localized Whittle function Wy (¢) as

Wy (9) ! QmZNjH G (F(w;,)) 9eo
N = S A A, v 7 ) )
dmy +2, T féA) (wj, V) i
where w; = #}\fﬂ for j = —2my,...,2my + 1 and figA)(-,ﬂ) denotes the spectral density of

YA given by (22). Then, the localized Whittle estimator is defined as

Oy = argmin W (9). (31)
Y€

Under the same conditions as in Section 5.2 we obtain consistency.

Theorem 5.17. Assume that (C0) is satisfied for p=2, (O1) holds for Noy = A and that the
localizing kernel K is continuous and positive or the non-continuous rectangular kernel (4). If

additionally (C1) - (C7) hold, then Oy £, 9*(u) as N — oo for all u € Rt with Oy as defined
in (31).

Proof. See Section 7.7. [

Remark 5.18. In contrast to Theorem 5.12, we cannot readily adapt the above theorem for
observations following the sampling scheme (02) as Fﬂ{}c(h) does not necessarily convergence to
E[Y,(0)Y,(h)] in this setting (see also Lemma 7.2).

Remark 5.19. For time-invariant Lévy-driven state space models, asymptotic normality of the
Whittle estimator has been shown in [16, Theorem 2] following an approach that is similar to
the proof of Theorem 3.5. More detailed, the authors approzimated the periodogram (28) in the
score function (29) by the corresponding periodogram with respect to the process ngA) as defined
in (20) (see [16, Lemma 3]). It is worth noting that this technique does not immediately carry
over to our mon-stationary setting.

6 Simulation study

In this section, we study the finite sample behavior and the convergence of the estimators intro-
duced in Section 4.3, Section 5.3 and Section 5.4 in a simulation study.

More precisely, we perform a Monte Carlo study for each estimator and different data generating
processes. Using an Euler-Maruyama scheme on the interval [0, 2000] we simulate 400 indepen-
dent paths of different time-varying Lévy-driven state space models that start in 0. For each
simulated path we estimate the coefficient function at equidistant points (u;)i=1,. 101, where
Ul = 400 and U101 = 1600.

The driving Lévy process is either a centered Gaussian Lévy process or a centered normal-
inverse Gaussian (NIG) Lévy process (see e.g. [3] and [25] for more details). The distribution of
the increments L(t) — L(t — 1) of an NIG Lévy process L is characterized by the density

onic (1 +ag(2)) wipoag(a)
2 (o) |

with g(z) = \/512\71G + (z — p)? and kK = Va? — 52, where p € R is a location parameter, o > 0
is a shape parameter, § € R is a symmetry parameter and dy;a > 0 is a scale parameter.

z €R

fN]G(.fL',[L,Oé,/B,(SN[G) =
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It is clear that the step size used for the Euler-Maruyama scheme has a strong impact on the
accuracy of the simulated solution of the Lévy-driven state space model and hence also on a
sample taken from this. Even for a constant step size, a sample becomes inaccurate if the distance
between two observations shrinks, as we observe it for dy when N increases. To overcome possible
distortions of our simulation study caused by this issue, we adapt the step size to the sampling
scheme by considering a ratio of 1:1000 between the sampled and simulated points, i.e. every
1000th simulated point is sampled.

The observations are sampled according to (O1), where

%, by = il/o%, such that A =1 and my = [400V'N .

The bandwidth parameter by has to be chosen. Our choice of by satisfies the conditions imposed
in Theorem 3.3 and 3.5. Moreover, the constant 400 aims to establish a sample size known to
provide good results in a stationary setting (see [16, 28]). An investigation on the choice of the
bandwidth is an interesting topic of further research.

In our simulation study we investigate the values N = 1,4,16,64,256. If the driving Lévy
process is Gaussian (i.e. L(1) ~ N (p,0?)), we assume that u = 0 and 02 = 0.2. In the case of
an NIG Lévy process as driving noise we consider the parameters o = 3,5 = 1,076 = 2 and
p = —2/+/8, which implies that E[L(1)] = 0 and X = 9v/2/16 ~ 0.7955. As localizing kernel
we consider the rectangular kernel (4) or the Epanechnikov kernel

N =

3
Kepan(w) = 5 (1= #*) L ge|-1,1))- (32)

To measure the coefficient function estimate’s quality, we use the mean integrated square error
(MISE), where the integral in the MISE over the interval [400,1600] is replaced by a Riemann
sum over the equidistant partition that is based on the estimation points (u;)i=1,.. 101

All simulations have been conducted in MATLAB on the BwUniCluster. For numerical opti-
mization, a differential evolution optimization routine has been used.

6.1 Simulation Study: least squares estimation

We simulate a sequence of time-varying Ornstein-Uhlenbeck processes as defined in (10) for
three different coefficient functions

1 1 t
W) = — 4 = s
a'V(t) 10 + 5 ’cos (500)

t € [0,2000]. The characteristic triplet of the driving Lévy process is assumed to be known.
Using the rectangular kernel as localizing kernel, we compute for the above coefficient functions
the localized least squares estimators a™(u;),a® (u;) and a® (u;), i = 1,...,101. Since the
conditions of Theorem 4.7 are satisfied, all estimators are consistent and asymptotically normal.
Indeed, Figure 1 reflects the consistency of a(!) and a(?). As N grows the mean over 400 estima-
tions recovers the respective coefficient function with increasing accuracy. Moreover, the MISE
of the estimated coefficient functions decreases across all coefficient functions and driving noises
as N increases (see Table 1).

Qualitatively, we observe a higher bias for estimates conducted near to extreme points of the
coefficient functions (see Figure 1). This arises from the fact that the localizing kernel smoothes
the estimation at each fixed estimation point u; over the window [u; — by, u; +by]. If the average

1 t
2 5000’

1 t
@ () = —sin [ — B)(t) =
, av(t) =1+ Tg Sin (150) and a'(t)
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4@ a®@ a®
Gaussian  NIG | Gaussian NIG | Gaussian NIG
6.2142  6.4279 | 7.5200 @ 8.9841 1.0293  1.1089
1.3816 1.3120 2.2083 2.8325 0.4889 0.5416
0.3550  0.3868 | 0.9882  1.2945 | 0.2407  0.2562
0.1400 0.1543 | 0.4837 0.6278 | 0.1203  0.1290
256 0.0651  0.0722 | 0.2402 0.3085 | 0.0588  0.0650

Table 1: MISE of a,a(®),a® for N = 1,4, 16, 64, 256 using the rectangular kernel (4). As driving noise
we use either a Gaussian or NIG Lévy process.

N

of the respective coefficient function on the estimation window deviates from the value of the
coefficient function at u;, we observe a comparably high bias (see N = 1,16 in Figure 1). For
our coefficient functions, the peak effect occurs at extreme points. Since by | 0, the smoothing
window [u; — by, u; + by] shrinks which eventually ensures a low bias also at extreme points (see
N = 256 in Figure 1).

Exemplary, we investigate the performance of the estimates a(), a(2) and a® at fixed estimation
points u;, i = 25,50, 75 in Table 2. The MSE presented in Table 2 decrease across all estimation
points, coefficient functions and noises as IV increases.

It is not surprising that we find high differences in the MSE across the estimation points for each
of the coefficient curves alV) and a(? at low values of N. Again, the main driver for this effect
is an increased bias at estimation points close to extreme points of the coefficient functions. As
a® is a linear function, we do not find the same effect for this coefficient function.

Moreover, in Figure 2, we compare the empirical distribution of the standardized estimation
error of the estimates d(l), a® and a® at ugs for N = 256 with a standard normal distribution
through a Q-Q plot. For standardization we use the consistent estimator from Remark 4.8. All
Q-Q plots show that the sample quantiles of the standardized estimation error are close to those
of a standard normal law.

Overall, the investigated least squares estimators perform well across all coefficient functions and
noises and the finite sample behavior is very well described by the asymptotic results established
in Theorem 4.7.
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N = 256 N = 256
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Figure 1: First row: coefficient function a(!) with five realizations of @) and the mean over 400 real-
izations of 4(1) respectively for N = 1,16, 256. Second row: coefficient function a(?) with five realizations
of @® and the mean over 400 realizations of a(? respectively for N = 1,16, 256. For simulation we
considered an NIG Lévy process. In addition, we indicate uos, usg and uys for N = 256.
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Figure 2: Normal Q-Q plots of the standardized estimation error of 4™ (ugs), 4 (ugs) and a®) (ugs) for
N = 256, where we considered either a Gaussian or an NIG Lévy process as driving noise.
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4@ a®@ PIE)
N Uu2s5 us0 urs Uu2s Us0 U7s U25 Us0 U7s
1 3.5077 1.5266 5.6332 | 10.6488 5.1043 8.4159 | 1.0586 0.8761 0.7687
4 0.3127 1.5355 0.7543 | 2.4044 2.1300 2.6313 | 0.4783 0.4464 0.3483
16 || 0.2698 0.2551 0.3058 | 0.9397 1.0692 1.1790 | 0.2917 0.2272 0.1739
64 || 0.0597 0.0868 0.1576 | 0.4116 0.5218 0.5996 | 0.1205 0.1134 0.0767
256 || 0.0338 0.0470 0.0776 | 0.2163 0.2569 0.2948 | 0.0662 0.0591 0.0417

Table 2: MSEx10? of the estimators a™ (u;),a® (u;) and a® (u;) for N = 1,4,16,64,256 and i =
25,50, 75 using the rectangular kernel (4). As driving noise we consider an NIG Lévy process.

6.2 Simulation study: quasi-maximum likelihood and Whittle estimation

We simulate a sequence of time-varying Lévy-driven state space models as defined in (16) for
1

( 192(?5)_—1191(75) > ,O(t) = (
192(75)—191 (t)

V1(t) = —5 + 0.1 [sin(zh5)| , and  Ja(t) = —3 — 0.2|cos(5L5)] ,

the matrix functions

At) = ( 2 " ) B(t) =

and X7, = 93(t), where

—91(t)(1 + D2(t))
—2(t)(1+91(8) )’

t € [0,2000].

In the Gaussian case, we consider ¥3(t) = 0.2 and ¥3(t) = % ~ 0.7955 in the NIG case.
Using either the rectangular kernel (4) or the Epanechnikov kernel (32) as localizing kernel, we
compute for the aforementioned coefficient functions the

and the
i=1,...,101,

M () DM () O (i)
DY (ui), Y (w)),

quasi-maximum likelihood estimators

Whittle estimators (7911/‘/ (u;),

from Section 5.3 and Section 5.4, respectively. All conditions of Theorem 5.16 and Theorem 5.17
are satisfied (see also Example 5.15) such that both estimators are consistent.

Figure 3 and 4 are in line with our theoretical findings and reflect the estimators’ consistency.
For both estimators, we observe that the mean over 400 estimates recovers the respective true
coefficient function more precisely as N increases, independently of the driving noise and the
localizing kernel. We note that the Epanechnikov kernel has a stronger smoothing effect com-
pared to the rectangular kernel (see Figure 3 and 4).

Table 3 and Table 4 show that also the MISE of all estimated coefficient functions decreases
as N increases for both estimators, all localizing kernels and driving noises. However, for the
rectangular kernel, we observe lower MISE.

Exemplary, we compare in Figure 5 and Figure 6 for fixed estimation points w;, i = 25,75 the
empirical distribution of the estimation error with a standard normal distribution, where we
consider different localizing kernels and driving noises for the quasi-maximum likelihood and
Whittle estimator. The results show that the estimation error’s distribution of both estimators
can be well approximated by a normal distribution and strengthen the hypothesis that the es-
timators are asymptotically normal.

Overall, the performances of the quasi-maximum likelihood and the Whittle estimator are very
similar, and neither of the estimators is preferable.
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Figure 3: Coefficient functions 91, 9,93 and the mean over 400 realizations of 19Q 19Q and 19?

for N = 16, 256 using either the rectangular or the Epanechnikov kernel. For the snnulatlon we considered
an NIG Lévy process.
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Figure 4: Coefficient functions 11,92, 93 and the mean over 400 realizations of 19}”,19‘2” and @gv for
N = 16,256 using either the rectangular or the Epanechnikov kernel. For the simulation we considered
an NIG Lévy process.
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Krect Kepan

Noise N lg?ML 1§§2ML 7§3QML ﬁ?ML ﬁg)ML ﬁ?ML
1 12.2178 954.9114  1.5844 | 15.9248 1074.9837 1.6684

4 5.6206  527.5252 0.8054 | 6.7165  623.1291  0.9417

Gaussian | 16 2.7979  257.3131 0.3921 | 3.4222  314.5225  0.4845
64 1.3190 125.3640 0.1887 | 1.6603  150.1066  0.2357

256 || 0.6793  62.2253  0.0965 | 0.7965 74.7023 0.1159
1 13.3915 962.2520 25.2487 | 15.1466 1081.8759 28.8395
4 5.8316 528.2882 13.0114 | 6.8370  632.4238 15.7627

NIG 16 2.8093 267.8274 6.5422 | 3.2770  310.6784  7.5447
64 1.3502  125.6270 3.1771 | 1.6305  155.1777  3.8812

256 || 0.6743  63.4687  1.6086 | 0.8241 76.5732 1.9886

Table 3: MISE of the estimators 99™% §$M~

and ﬁ?ML for N = 1,4,16,64,256 using either the

rectangular kernel (4) or the Epanechnikov kernel (32). As driving noise we consider either a Gaussian

or an NIG Lévy process.
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and 1§3QML(u25) for N = 256 using the rectangular kernel (4) and a Gaussian Lévy process as driving

noise. Second row: normal Q-Q plots of the estimation error of the estimates ﬁ?ML(um)
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Krect Kepan

Noise N 19‘14/ &gV 19}3/‘/ 73‘1” 1912/1/ 1§§V
1 12.8997 1082.6087 1.5627 | 14.3332 1143.9525 1.8873
4 5.2176  526.1243  0.7166 | 6.9049  626.2685  0.9188
Gaussian | 16 2.8774  256.1971  0.4000 | 3.3788  295.5396  0.4658
64 1.3734 1251810 0.1950 | 1.6296  153.6250  0.2351
256 || 0.6737 61.8317 0.0960 | 0.8060 75.4662 0.1164
1 12.1261  960.6616  22.9088 | 14.0046 1127.7369 27.4745
4 5.6328  485.4932 12.8253 | 6.8520  639.1451 15.1066
NIG 16 2.7545  255.6482  6.4252 | 3.4720  313.6670  7.8922
64 1.3238  124.9270  3.1781 | 1.5885  155.3078  3.8583
256 || 0.6855 63.3847 1.6103 | 0.8083 77.1361 1.9350

Table 4: MISE of the estimators 9%, 9% and 9% for N = 1,4,16, 64,256 using either the rectangular
kernel (4) or the Epanechnikov kernel (32). As driving noise we consider a Gaussian or an NIG Lévy

process.
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Figure 6: First row: normal Q-Q plots of the estimation error of the estimates 1§¥V(UQ5),1§¥V (u25) and
W (ugs) for N = 256 using the rectangular kernel (4) and a Gaussian Lévy process as driving noise.
Second row: normal Q-Q plots of the estimation error of the estimates 91V (urs), 0% (u7s) and 9% (uzs)
for N = 256 using the Epanechnikov kernel (32) and an NIG Lévy process as driving noise.
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7 Proofs

7.1 Proof for Section 3.1

Proof of Theorem 3.3. Clearly, Lemma 3.2 implies that ® is integrable. In the following we show
the sufficient conditions of [31, Theorem 5.7].
First, we note that M (¢) is continuous, since for ;1,92 € © we have

[M(01) = M(d2)] < [@(V,91) - B(V,02)|

Ll

0o N (33)
< |91 — 2| 3Dy (1 +> BeB[Yu(AQ1 - k))‘ﬂ) :
k=0

To show uniform convergence in probability of My (1) we use [24]. For all ¥ € © Proposition 2.6
and Lemma 3.2 imply that ®((Yy,(t+ A(1 —k)))ken,, V) is a locally stationary approximation of
D((Yn(t+ A%))keNo’ﬁ) for p > 1. An application of [29, Theorem 3.5] in the case of (O1)

and [29, Theorem 3.6] if (0O2) holds, gives

| Mn(9) — M(9)] 1 e 0, for all ¥ € ©.
—00

It is left to show stochastic equicontinuity of the family (Mpy(¥))nen. Define g : R — R where
g(x) = Y720 Prlrk|?. Using the mean value theorem, we obtain ||y|? — |z]9] < qly — z|(1 +
ly|9=t +|2|971) for all y, 2 € R. An application of Hoelder’s inequality ensures g € £L9(3). Since
S22 o kB < oo, Proposition 2.6 implies that g((Yy(t + A(1 — k)))zen,) is a locally stationary

approximation of ¢((Yn (t + A(}\i_k)))keNo) for p = 1. Noting that %

kernel, we obtain from either [29, Theorem 3.5] or [29, Theorem 3.6] that

is again a localizing

ZZ i:gN I (Tij\;]; “)‘ (1 +g ((YN (TiN + A(1.7V_k)))k€No>> (34)

B ire((Taa-m), )| [ K@i = £

Then, for A = 575 it holds

P ( sup ’MN(ﬁl) — MN(ﬁg)‘ > T])
[91—D2 (<X

(35)
Oy N ™ —u A(l -k
<P ( bzi}_mN K< S )‘ <1+g ((YN (TZ'N‘F( -’))>kewo>>_E >E)moo.

It follows that supycg || Mn () — M (9)|| NL 0. Finally, we conclude with [31, Theorem 5.7]. [
— 00

7.2 Proof for Section 3.2

Proof of Theorem 3.5. For My as defined in (3) we investigate the Taylor expansion of VyMy
at 9%, which is given by

g(vﬁMN (19*)) = \/g (vﬁMN(QgND - \/g (91\[ - 79*) (V%MM@))
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for some U € © satisfying ||J — 19*” < |[9n — 9*|. From the definition of Jy it follows for

sufficiently large N that VyMy(9x) = 0. Hence, for Yy = (Y (7N + AU k)))keNo and Y, =
(Yu(N7N + A(1 — k)))ren, We obtain
ON (G = ) = = |2 (VoM (%)) (VML (”))’1
oy N - oy VoMn s MnN
N —
( @—%N Freer | 5 ) (Vo2 (Vv 0") = B [V92 (Viv,0") )

_WZL: Krect ( ]\;N u) [Vﬁ@ (YN,ﬂ*)} ) (V129]\4N(1§))71

(P + Py) (WMN<79>)’1

As first step, we show asymptotic normality of P;, which mainly follows from [29, Theorem 3.7]
and the Cramer-Wold dev1ce

Let a € R% Then, since W O(-, %) € LZI(a) for all i = 1,...,d and some p > 2, we have
a'Vy®(-,9*) € LP9(a). Thus, due to Proposition 2.6, a'Vy®(Y,,9*) is a locally stationary
approximation of a’Vg4>(}7N,19*) for p. Furthermore, since linear functions are Lipschitz, the
locally stationary approximation a’Vy® (Y, ") is f-weakly dependent with #-coefficients, that
decay with the same rate as the f-coefficients of Vy®(Y,,9*). Overall, all assumptions of [29,
Theorem 3.7] are satisfied and

Z Kt< NbN “) a (vﬂé(YN,ﬁ*) ~E [vﬁé(YN,ﬁ*)D N%ON(O,a/I(u)a).

From the Cramer-Wold device we obtain immediately

P-4 N(0,I(u)). (36)

N—o0

Since E {Vﬂfb (?u, 19*)} = 0, we obtain

NS () (e ()] [t ()

z*—mN bN

by 1
< - —
_dw/(sN(QmN+1)‘K|OOC<N+bN> N_>—> 0 (37)

for some constant C' > 0. Regarding V2 My (1), we first note that

\/> NK <7Nb;“> vie (Vi 0) - B [V3o (Yu,é)]H

+ B [V3e (v, 9)| - B[v3e (Y, 07) || = IR @) + | Rall

[Viaiv () - v <

From the conditions on %;,_@ it follows that the map ¥ — F {V%@ (Yu,ﬁ)} is continuous.
i0Vj

Additionally noting that 9 = ¥* as dy —— ¥*, we obtain |Rz|]| — 0 as N — oc.
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To show that ||Ry(9)|| tends to 0 in probability, we show that supyeg ||R1(d)| converges to 0
in probability as N — oo. To this end, it is sufficient to investigate the asymptotic behavior of

Rg )(19) forall i, =1,...,d, 9 € ©, where R( ’”(19) denotes the i, j-th entry of R;(¢). More
precisely,

2 _ 2 _
B0 = |2y K( by u) aﬁ?aﬁfb (V0) ~E [819?81%@ <Y“’Q9)] '

z—me

Noting that % satisfies all assumptions on the contrast function from Theorem 3.3, we can
1dVj
follow the same steps as in the proof of Theorem 3.3 to obtain

sup [ @) 2o, 0 9

Finally, combining (36), (37), (38) and Slutsky’s theorem we obtain the convergence as stated
in (5). O

7.3 Proof for Section 4.1

Proof of Proposition 4.2. In the following we suppress the index v € R™ and assume g = 2. We
fix h > 0 and define, for all ¢ € R and m € R™ the truncated process X(m) ft m 9(u, t —
s)L(ds) and for [ € N

ZOW) = (X (t+A),...,X(t-A(1-2)), eO(t)  =(ZW(t),0,...) as well as
Z0m () = (Xt (t+ A), ., X (= AL -2))), UM @) = (20 (),0,.).

Then, for £, = ¥ + [ 2%v(dx)

R TS R

Let FegG:, GeGand i < ... <y <iy+h <7, u € N. In view of Definition 2.3 we define
©* = (¢(Z(i1),...,¢(Z(iy)))) and obtain

(Cou(F ("), Glp(Z()))] < |Cov (F(¢*), G (9(2(7)) - G (¢"()))]
+|Cov (F(¢),G (¢1()) = G (¢"™()))|
+|Cov (F(¢), G (6" ()| = P+ P+ Ps.

| -x

We show that ¢* and @) () are independent which implies P3 = 0. Due to to the independence
of L on non-overlapping intervals it is sufficient to truncate the stochastic integrals entering in
) (j) with suitable choices of [ and m such that the involved integration sets are disjoint
from any integration set entering in g*.

Since i, > iq for all @ = 1,...,u, it is enough to investigate Z(i,) and Z(¢:™)(5). In turn, this
requires to analyze the stochastic integrals in Z(i,) and Z")(j) whose integration sets have
the smallest distance, i.e.

J—A(1-2)

XM (j — A(l—2)) = /j_A(H)_m g(u, j — Al = 2) — s)L(ds) and

31



iu+A
X(iy+ A) = / 9ty + A — 5)L(ds).

—0o0
We set m =2 and | = {%J Then, i, + A < j—A(l —2) —m and P; = 0.
For P; we have for some function f : Rg — R(J{ due to the stationarity of X

Pi <2|F|l.||G (0(2(5) - G (¢P())]

Ll

< 2||Fllo Lip(G) f (IX(0)]| 2) [X(O)l] 2 > ax —> 0,
k=l

by the dominated convergence theorem, since we set [ = {%J Moreover, using (39)

Py <2)|Fll, |G («70)) = G (¢ )|,
< 2P|l Lin(@)f (IX(O)]1 2 v | X (0)]

L2>

3 o [ X — Ak = 1))~ X - A - 1)
k=0

L2
1
~ (m) S o 20 )2
< 2||P| Lip(@)f (IXO) 2 v | X ©)] ,) o) (2 | otu—92as)” — o
again by the dominated convergence theorem for m = % For ¢ = 4 we follow similar steps and
4

use that | X () = X0(0) s = (21 g(u, —s)*ds)(fg 2'v(da)) + 353 (J21 g(u, —s5)%ds)?) 7 (see
[29, Lemma 5.2]). O

7.4 Proof for Section 4.3

To calculate the asymptotic variance in Theorem 4.7, it is necessary to evaluate 4-th order mixed
moments of Y.

Lemma 7.1. Let Y, be a Lévy-driven Ornstein-Uhlenbeck process as given in (11) such that
v+ f|x|>1 zv(dx) =0 and f|x|>1 r*v(dx) < oo. Then, for any real numbers t; < to,t3,14

%7
da(u)?
ea(u) (3t1—to—tz—ta)

4
+ Ta () /RI v(dx),

E[Yu(tl)Yu(tQ)yU(t?))Yu(tﬁl)] =

(ea(U)(trtrlts%ﬂ) et (ti—ts—|tz—t4]) +ea(u)(t1*t4*|t2*t3|)>

where ¥f, = ¥ + [g 2?v(dz).

Proof. Define the random vector

X = [ (gt = ). glust = ). g(usts — 5), glusts — ) L(ds).
R

From Section 4.1 it is known that X is infinitely divisible. Since X is centered, we obtain for

the joint cumulant x(Yy(t1), Ya(t2), Yu(ts), Yu(ts)), as defined in [17, Definition 4.2.1.],

84

k(Yu(t1), Yu(te), Ya(ts), Yu(ts)) = 921022023021

log (E |:e7:(zl,z2,23,Z4)X:| )

21 4...,24=0
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= / z*v(dx) / u,t1 — s)g(u, ta — s)g(u,ts — s)g(u, ty — s)ds

(3t1 to—t3— t4)

= Ta() /R:r41/(dx).

On the other hand, due to [17, Proposition 4.2.2.],

ACHACY A AC A
+ B [Vu(t)Vults)| B [Yu(tg)l}u(m)] + B [Vo(t)Vu(ta)| B [Valt2)Vults)]

We conclude by noting that E[Y,(z)Y,(y)] = 2?@) e~9Wlz=yl for any z,y € R. O

Proof of Theorem 4.7. First, we note thz}t Q)LS(O, 0,9) = 0. We use Theorem 3.3 and Remark
3.4. From Proposition 4.6 it follows that Y, is a locally stationary approximation of Yy for ¢ = 2.
Basic calculations show that for ¥, = ¥ + [, 2%v(dx) we have

B [085 ((Tu(a0 =), 7)| = 0+ BT - 22 BT (4) (0]

XL

— —2A9 o —A(a(u)+9)
Sa(u) (1+e 2e ),

which has a unique minimum in ¥ = a(u) such that (M1) holds for 9* = a(u). We show that
the conditions (a) and (b) of Theorem 3.3 hold. In view of (a) we have for xg,z1,y0,y1 € R and
v e

’(I)LS(wo,ﬂfl,??) — ®55 (yo, y1,9) ‘ ’ ’ +2e7 2% |yoyy — woxy| 4 7287 ‘96% - y%‘

(|ZEO — y0| + |1:1 - y1|) (40)
X (1+2e~ Ad e_QAﬂ)(|xo| + |z1| + |yo| + |1 ])-

Using Hoelder’s inequality and (40), we obtain for Xo, X1,Yp,Y; € L% and 9 € ©

|55 (X0, X1,9) — O (¥, Y1,9) .,
< 16 ma {1 X 2 V [¥ill 23 (1% — Yol 2 + X1 — ¥l 2),

which shows ®%9(-,9) € LL?(a), where ap = 1 for k = 0,1 and oy, = 0 for k& > 2. To show (b)
let zg,z1 € R and 91,99 € ©. Then,

‘CI)LS(,Io,l'l,’ﬁl) — (I)Ls(xo,xl,ﬂg)‘ S 2 |$0| |$1‘ ‘e_AﬂZ — G_Aﬂl

+ m% ‘6—2&91 _ 2002

< A (203 + 4a3) 91 = v,

such that ®55(z,-) € L2(0,D1(1 + X2, Bk |zx|?)) for D1 = A and Sy =2, f1 =4 and S = 0
for k > 2. If (O1) holds, the stated convergence follows immediately from Theorem 3.3.

Using Remark 3.4 we also obtain consistency if (O2) holds. Indeed (c*) holds, since the con-
trast ®*S is of finite memory (for n = 1), |®X5(xg,21,9)| < (|wo| + |21])? and (40) gives
that ®L9(-,09) € L£5(1,4) for all ¥ € © and xo,z; € R. Since Jiap>1 r?™y(dz) < oo, we have
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Y, € L**. Analogous to [11, Theorem 3.36] one can show that Y, is f-weakly dependent with
exponentially decaying -coefficients §(h). Then, the stated result follows from Remark 3.4.

To show asymptotic normality we apply Theorem 3.5 and Remark 3.6. Proposition 4.6 implies
that Y, is a locally stationary approximation of Yy for ¢ = 4. The conditions (a)-(c) of Theorem
3.5 are immediately satisfied. For all zg,z; € R and ¥ € © it holds

d

dv
d2

2

— o5 (29, 21,0) = 28727 (xoml - e_Aﬁx%) and
— L5 (29, 21,0) = 202787 (26 AVy2 a:ofrl)
Note that 2CIDLS(O 9¥) =0 for all ¥ € ©. Then, for xg,z1,y0,y1 € R and ¥ € © we have

d _ _
@5 (yo,y1,9)| < (lwo — ol + |on — 1)) 28e727 (14 e727)

d LS
) (.Z‘o,l’l,ﬂ)—dﬁ

i
X (Jzol + |1] + lyo| + |p]) and (41)

d? d? _ _
o O (20, 21,8) — @8 (yo, 1, 9)| < (|mo — ol + 1 — p1]) 242747 (14 2747)

X (|zol + [@1] + |yol + [w1l]) - (42)
In view of (d) we apply Hoelder’s inequality to (41) and obtain for Xg, X1, Y0,Y: € L? and ¥ € ©

d
5O (X0, X1,0) = 5080, 1,0 | < 168 puae (I Xull e IV )

([[Xo = Yol o + | X1 = Y1l 4),

which shows Cm(I)LS( 9*) € L24(a), where @y, = 1 for k = 0,1 and @, = 0 for k > 2.

Note that -£®L9(0,0,9) = 0 and, due to (41), also & @LS( v) € L2(1,4A). Moreover, since
Jiajs1 2 2v(dx) < o0, it holds Y, € L*2. As explalned above, Y, is 6-weakly dependent with
exponentially decaying 0-coefficients. Hence (e*) from Remark 3.6 holds.

In view of (f) we first apply Hoelder’s inequality to (42) and obtain for Xg, X1, Yo, Y1 € L? and
URSNC)

L (Xo, X1,0) — @LS(Yo,Yl,ﬁ)

2
Hdﬁ? 402 o < 24A Iggaoﬁ{HXkHL? VI Ykl 2}

(X0 = Yoll g2 + [[ X1 = Vil z2)

such that d192 SOLS(- 9) € £L2(a), where ap = 1 for k = 0,1 and @y, = 0 for k > 2. Now, let
o, 21 € R and 191,792 € 0. Then,

d? d?
—= &L (g, 21,01) — —— L5 (wo, 1, 92)

dy? dy?

< 2A% |zgxy | ‘e*M’lQ —e AN

4 4A2x% ‘efzmh _ o200

< A% (428 +1243) [91 — 0],
such that 2<I>LS( Y€ £1(0,Dy(1 4 %0 B |xk]?)) for Dy = A% and fy = 4, f; = 12 and
Br = 0 for k: > 2. Overall, (f) holds.

If (02) holds we show (g1*) and (g2*) from Remark 3.6. Indeed, we have already shown (g1*).
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Moreover |d1922 OLY (g, 1,9)| < 6A2(Jxo|+|21|)? and (42) implies that -2 a0 @LS( v) € Lo(1, 6A2)
for all ¥ € © and g,z1 € R. From [, ; « 2Ny (dr) < oo, it follows Y, € L**7. Since Y, is
f-weakly dependent, the assertion of Remark 3.6 holds. It is left to investigate the asymptotic
variance Y (u). We obtain

I(u, k) = 402200 (B [V, (0) Vo (A) Vo (kS + A)Vu (k)] — e WA E [V, (0)Vu( A) Vo (k6)?]
“AR [V,(0)2Vu (ke + A)Vu(kd)| + e WA B [V,(0)2Yu(kd)?] ).

An application of Lemma 7.1 gives

2 —2a u
T(u,k) = fo u(d:n)(A) Wa (e_ga(u)(k5+A) _ 9e—a(w)A —a(u)(2k6+A) | e—2a(u)A€—2a(u)k5))
alu
AQz%e—Qa(u)A
a(u)?

. 267a(u)(k5+A+|k57A|) _ e*Q(l(u)A . 2672a(u)(k5+A) + 672a(u)A + 2672a(u)(k5+A)>

(e—2a(u)A + e—a(u)(k5+A+|k6—A\) + e—2a(u)k6 _ e—Za(u)A

A2 E%ean(u)A

5 (e—2a(u)k6 . e—a(u)(ké-ﬁ-A—Hk(S—A\)) .

a(u)
First, we note that

AQE%G_QG(U)A

I(u,0) = oL

(1 - 672a(u)A> )

Moreover, straightforward calculations give

©© A222 —2a(u [A/6]-1 o)
Z [(u’ k-) = ~rL= Z e—2a u)kd Z 6—2a(u)A o Z e—2a(u)k5
k=1

k=1 k=[A/4]
A2%2 o—2a(w)A [A/6]-1

-~ —2a(u)kd _ _—2a(u)A
a(u)? 192:21 (e © ) (43)
A2z%€—2a(u)A 5 1— 6—2‘1(“)5((A/6]_1)
_ =2~ —2a(u)d __—2a(u)A o
= e \° ez ¢ AR
Hence
) = AR A [ e TSR — 23 (2[A/5] 1), it (O1) holds,
2a(u)? 1 — e 20(W)A, if (02) holds.

If (O2) holds, it is easy to see that I(u) > 0. If (O1) holds, it is enough to additionally observe
that all summands in (43) are non-negative since k§ < A for all k =1,...,[A/J] — 1. Finally,

A2€—2a(u)A2L
a(u)

V(u) = 4A%e 20 WA R[Y, (0)?] — 2A%e" WA B[V, (A)Y,(0)] = > 0.
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7.5 Proof for Section 5.2

Proof of Proposition 5.6. First, we note that supycg |®LL(0,9)| < oo. For all ¥ € © and se-
quences X = (X1_)keN, € £°(L?) and Y = (Y1_g)ken, € (*°(L?), we have

|O2E(X, 9) — OHE(v, )

_ ;ﬁ [ea(x)? —ea(¥7

Lt I’

where 9(X) and £4(Y") are the analogues of (25), defined in terms of X and Y. From Hoelder’s
inequality we obtain

oo

Bllg Z (eAAﬂ — KﬁBé)nil KﬁXl_n

n=1
L2>
0

By Y (A — KﬁBg)”_l Ky (Yi_n — X1_n)

1
<—1 ||X
_Vﬂ<” gz +

L2

+ Y2 +

By (eAAﬂ — KﬂB;)"fl KyYin
n=1

)

X <\|X1 — Vil +

n=1
1 = AA P\t
7 4 Sup {HX1—1<:||L2 v ||Y1—1<:HL2}C’1 > (6 7’ — KﬂBﬁ>
n=1
i n—1
y (HXl il + 0 3 (2 - Kamy)" [ 1x-0 - Yl_nup>
n=1

for some constant C; > 0. In the following we bound the expression (e®4v — K@Bg)"_l, n € N.
From Proposition 5.4 (b), (C3) and since eigenvalues are continuous functions of the entries of
a matrix (see [4, Fact 10.11.2]), we obtain

max{|)\| ,AEC (eAA“ - KﬁB:S\)} <p

for some positive number p < 1 and all ¥ € ©, where o(-) denotes the spectrum of a matrix. Let
€ > 0 be small enough, such that p + ¢ < 1. Then, using Gelfand’s formula there exists Ny € N
such that

-1 n=1 " for all n > N,
(eAAl9 B KﬁBg)n < (p +1€) ) or all n > Ny (44)
Sy, for all n < Np.
for some constant S, > 1. We set
1 ,n =20,
an = max(1,C1) ¢ Sp! ,1 < n < Ny, (45)

(p+e)"t ,No<nm.

Then, we readily obtain 322 ;na, < oo and ®4(-,9) € LL2(a) for all ¥ € O.
It remains to show ®LL(z,-) € L4(0, D1 (1+372 Brx?_,.)) for any real sequence = (1_k)keN, -
Define Sp = supyeg || Byll, Sv = supyee || Vol and Sk = supyeg || Kyl|. First,

2 (@) @)
Vgl Vi,

(@5 (2, 01) — OFE(z,95)| < [log(Vy,) — log(Va,)| +

‘ = P+ PB.
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Since, ¥ — Vy is Lipschitz with constant Ly and bounded from below by Cy > 0 we obtain
Ly
P < — 91 — 92 .
1S5, |91 — 2|
For P, it holds

Pr < g ([Vaus3, @) Voudh, ()] + Vi, @) — Vi, )]

1 1
<5 | Vo, = Vi, | €5, (x) + 28y | sup [eg(@)] | lew, (2) — 9, (2)| | =8 S5 (R1 + Ro).
i ) Cy
Again, due to (44) we obtain
s n—1
o) < ol i (3| (2% = o)1
n=1
< |zi| + SBSK (Z Qn \xl_no and (46)
n=1

2
o0
e3(x) < 222 +25%5% <Z an, |l‘1n> .

n=1

From Hoelder’s inequality for sequences we obtain

< 227 4+ 25%5% (Z anx%n> (Z an> . (47)
n=1

n=1

Because ¥ — Vy is Lipschitz with constant Ly we get from (47)
Ry < (|01 = 2]l 3 B0t
n=0

where B((]l) = 2Ly and BT(Ll) = 2LVS%S%{ (>-p2; ag) oy, for n > 1. Moreover,

’$1n|>

<eAA191 _ KﬁlBﬁl)nfl _ (eAAﬂQ _ K%B%)n*l

[e.e]

0s(2) — £n@) Sk | B, — Bl (z

n=1
+ SBSK (Z

n=2

(eAAm — KﬂlBﬁl)”_1

’ml—n’>

n—1
(eAAﬁZ - K192B192) |$1n|> = Sl + 52 + Sg.

+ 5B |‘K191 - K’l92|| (Z

n=1

Since ¥ — By and ¢ — Ky are Lipschitz with constants Ly and Lx we obtain
S1+ 953 < (LpSk + SpLk) |91 — V4| (Z Qi \xl_nl> .
n=1

In view of S, a modification of [20, Lemma B.4] and an application of (44) give

(eAAm _ KﬁlBﬁl>"_1 — (eAAﬂz _ l(7923192)”_1
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< (H&AI91 _ oAy,
n—2
x>
i=0
< (HeAAﬁl _ oAy,

n—2

x> (Sf;l{z‘—1<No} +(p+e) 1{i—12N0}) (Sg_i_Ql{n—i—KNo} +(p+e)? 1{n—i—12N0})
i—0

< (HeAAﬁl _ DAy,

+ ||K192Bi92 - KﬁlBﬂl H)
n—i—2
‘ (GAA% N KﬂzBM)

+ 1Ko, B, — Ko, Bo, )

(eAAm _ KﬂlBﬁly

+HK192BI92 _Kﬁ1Bl91 H)

2Np—2 LS, \ Mo No—i—1
(0= 082 A1y o (TS (e
pte i=0
n—2 ) )
ALY (p+5y+(n_1>(p+g>n—>
=41

Since ¥ — Ay, ¥ — KyBy and the matrix exponential on a compact subset of M,y,(R) are
Lipschitz with constants L4, Lxp and Legp, respectively, we can bound the above expression

by |91 — Ua|| (ALALeap + Licp) B, where for n > 2

S No _ No SNo
B =(No = DI L cany) + <<p er) <(P +1E)_ (p(/:erf)s) ) e " 1)>

51,

X (p+e)
It is clear that > > o nﬁq(f) < 00. Thus
Sy < |91 — || SpSk (ALsLewp + Lip) (Z B |x1n|> .
n=2
Using (46)

Ry < |91 — 92| Co (ﬁ +onag+ Y (an + 57(;)) xh) = [|01 — 9] C2 Y P,

n=2 n=0

where
B =1, B =ar, Y =an+8P, nx2

and the finite constant Cy is given by

Cy =4Sy <1 +2 (S%S%( + (LBSK + SBLK)2) (Z Ctn>
n=1

+ S%S%{ (ALALe:cp + LKB)2 (Z /87(L2)> >
n=2
Finally,

’(I)LL(:v,fh) - <1>LL(93,192)‘ < [[91 — 2| D1 (1 +) Bﬂx%—n> ;
n=0
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where Dy = & + gg and B, = BY + 8P, for all n > 0, such that 3-°,nB, < oo and

dLl(z,.) € L4(0, (1 + 3220 Ber?_,)). To show part (c) we note that
Yo (t) = V) / Bl (1€ C ) L(ds)

is of the form (8). From (C2) it follows, that the kernel is of exponential decay and therefore also

in L' N L2. As shown above ®XL(-,49) € £12(a) for all ¥ € ©. Moreover, v + Jizj>1 2v(dz) =0
and (6) holds. Therefore, condition (c) from Theorem 3.3 follows from Corollary 4.3. O

7.6 Proof for Section 5.3

Proof of Theorem 5.16. We use the same notation as in the proof of Proposition 5.6. First, we
note that supyce |P*%(0,9)| < oo. Following the proof of Theorem 3.3 it is sufficient to show
that for any n > 0 there exists A > 0 such that

|3y (@) = M@)|,, — 0forall v €6 and (48)
— 00

P( sup  |My(91) — MN(ﬁg)] > 77) — 0. (49)
91 -020]<X N0

We start by proving (48). From Proposition 5.6 it follows that | My (9) — M (9)|| ;1 fee 0, such
—00
that it is left to show that || My (9) — Mn(9)| 1 e 0. Now
—00

bn

my 1 ™ _u
< 5—NZ K<Z )éﬁ( SV - %sz(YN))

Il

5]\] Tnj}[ —Uu 1
+ EK <ZN> <log(27r) —log(Vy) — v (YN (T mzv+1)
00 1 2
- By Z (eAAﬁ - KﬂB;?) KﬁY]{?* (TmN+1—n)> ) = P+ P.
n=1 I

From (LS) we obtain sup,cg||Yy (t)||2 < Sy for some constant Sy > 0 and all N € N. Thus,
using Hoelder’s inequality for sequences

2
oN 252 25265262 (&
< ==
P < bn |K oo (log(27r) + |log(Vy)| + Cy + Cy n§:1 o N—JOO 0,

where v, is defined in (45). For P; we obtain from Hoelder’s inequality

LQ)'

eo(YN) = Egimy (YN )

5N |K|oo ~ 9*
P < _bN Z (H (YN) + Epiamy (YN )’ 12
mn
Similar arguments as in the first part of the proof of Proposition 5.6 give

(o]
HE@(YJ@“) + éﬂ’i’mN(Y]e*)HLQ §25'32/ (1 + SpSk Z Oén> =1 < 0.

n=1
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Thus

C1lK|o Oy X o .

RO 3 ) = s 030
C152|K|wSpSK Oy X > n—
OB 5T S et - Kot

i—me n=mpy-+i+2

C1Sy|K\ooSBSK 5N (A0 _ i, Byt
Cy by % nZ:l H o)

015Y|K|OOSBSK 5N
CV nz:()an N—>oo

To show (49) it is enough to observe that analogous to the second part of the proof of Proposition
5.6 it holds for ¥; # 92 and any real sequence x = (1_k)keN,

“EL#N (,91) — D11 (%192)‘ < |[¥1 = d2|| D1 (1 +> ﬁnﬁ_n> :
n=0

Finally, similar steps as in (34) and (35) ensure that (49) holds. O

7.7 Proof for Section 5.4

The following auxiliary lemmata will be essential for the proof of Theorem 5.17.

Lemma 7.2. Assume that (C0) is satisfied for p=2, (O1) holds for Nony = A and that the
localizing kernel K is continuous and positive or the non-continuous rectangular kernel (4).

Then, for all h € Ng

f‘lﬁc(h) L_1> E[YU(O)Yu(h)]

N—o0

Proof. In view of [29, Theorem 5.14] it is enough to observe

my TN
rloc(h) — g]]:; | > K (ij> YY (eOYN ()

J=—mN

Ll
o 3 ) I e

]Aj_h—u K TJN—’U, _® TJN
P by by by

SN mN TNh—u ™ —u . .
> JK( () ey ol

j=my—h+1 bN

Ll

=P+ PB.

Since ||YY (TJN)YN*(Tﬁ_h)||L1 < ||YN*(TJN)HL2”YN*(Tﬁ-h)HL? < 8% for some constant Sy > 0,
we obtain
hS% | K| 6

Y| |oo N N

P <
2= bN N—o00
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N_
From the continuity of K it follows ( HI;’;V u) - K (ij u) < ¢ for
sufficiently large N. Thus it holds
2 mN TN — N _ N _
Py < 50N Sl () ok () e (L
by - by by by
J=—mnN
\/ SY 2mN + \/7 —> \/ 25}/[
For the non-continuous rectangular kernel (4) we can directly bound P; and obtain
P <Sy—-= -1 1 <S5 — 0.
b 2, Z ‘ { j+h) S [—1,1]} {jg—xe[—m]} {jg—xe[—l,l]} Yy 2 Nooo
O]

Lemma 7.3. Assume that (C1) - (C7) hold. Then, there exists a constant fi,; such that

f&) (w, V) > fing >0 for allw € [—m, 7] and ¥ € ©. Moreover, there exists a constant Ly > 0

such that

sup [ £ (w, 1) = FEV(w, ba)| < Ly |01 = 0| for all 91,05 € ©. (50)

wE[—m,7]

Proof. Since (w, V) — féA) (w,9)~! is continuous (see e.g. the proof of [16, Proposition 2]) and
© x [—m, 7] is compact, there exists a constant f;,s > 0 such that féA)(w, ¥) > fing > 0.

In order to show (50) we first note that, using the representation of fé,A)(w,ﬂ) from (22), we
obtain

1@, 00) = £ w0, 02)] = ‘ R DOEE s N DO
j=0 §j=0
—ngf)BanQ (Z eAﬂzAjeijw> (Z eAggAjeijw> By,
§j=0

=0
< Ry + Ry + R3 + R4 + R, ] (51)
where
Ri= | 2 : |\i!\e“l“\\ii!*“j\\ 1B
Ry= | =185, - BﬁQHZH A%AJHZHe w9 1B, |
R 1 Z4A) B - Ag. Aj A NG —ijw - A 5B
1= 2 5 = o) | 5 g
A LA | G B [
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1 A)

[oe) o .
1B, 1S (e S |2  1Bo, — Baall.
§j=0 j=0

It is sufficient to show that each summand R;-R5 can be bounded by Cj |91 — 92| for some
constant C3 > 0. To avoid repeating calculations we just give the main ideas.

Since O is compact and (C4) holds, the functions ¢ — By, ¥ — Ay are bounded and Lip-
schitz with constants L4 and Lg. Moreover, from (C2) we can follow ||e4?!|| < De=* for some
constants D, > 0 and all ¢t € R(J)r such that

o
Z oA
§=0

for some C7; > 0. Note that since the eigenvalues of a matrix are continuous functions of its
entries the above bounds hold uniformly in ¥. In addition, due to [20, page 238], we have for
some constants Cy,& > 0 and all j € Z

[e.9]
3 cADA

j=0

x 0
< Z HeAﬁAJH < DZe‘O‘AJ < (1, as well as <y
j=0 j=0

eo2T — etoab | < |4y, — Ay, | A /
0

euAﬁlAj" He(ku)AﬁzA]’H dv
< CoLaAj |91 — g e ¥R,

Thus, the functions ¥ — 4927 and ¥ — 27 are Lipschitz. Next, the representation (21) of
Z&A) implies that ¥ ngA) is bounded. By using a similar decomposition as in (51) for fo)
one can show that there exists a constant Ly > 0, such that

’Zg(lA) _/Zl(g(QA)‘ S LZ’Hﬁl — 792” fOl" all 191,192 ~ @

Overall, each summand R;-Rs in (51) can be bounded by Cs ||¢; — 02| for some constant Cs,
which in turn implies that (50) holds. O

Proof of Theorem 5.17. In order to show consistency of Jn we follow the same steps as in the
proof of Theorem 3.3. As limiting function we consider

= (0, 0% (u
W) 1/ fy - (w, 0" (u))

(a)
= +log (fo ' (w,9)) dw, v e 0.
21 J f}(;A)(w,ﬁ) ( Y )

Then, [16, Lemma 1] yields that

Be (7))
Vi ’

W () = L(9) = —log(27) + log(Vy) +

where Vy, Y7 (WA and ey are defined as in Section 5.2. Note that L(¥9) is closely related
to the limiting function of the quasi maximum likelihood estimator from Section 5.2 such
that Proposition 5.6 along with the inequalities in (33) ensure that W is continuous. More-
over, Proposition 5.11 ensures that W (¢) has a unique minimum. Therefore, it is left to show
Wi (9) — W ()]l 11 e 0 and that the sequence (W (1)) nen is stochastically equicontinu-

ous. Indeed,

2mpy+1
1 . (2) L (2)
IWx () = W@))l: < 4mN+2j:22leog (1 wim) - o= [ og (£ (w,0)) dw
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1l pleey 1 fE) (w9 ()

Iy £ 2 S 7w 0) 2w Y (0, 0)

Ll

From [16, equation (15)] we obtain P; — 0 as N — oo. To show P, — 0 as N — oo we follow

the approach from [16, Proposition 2] and approximate f}(;A) (w,9)~! by the Cesaro mean of its
Fourier series of size M for M sufficiently large. Define

M—1
M(w, ) = % Z Z b (9)e™ ke = Z (1 - L@) b(9)e™ " where
7=0 [k|<j |kl <M
1 [m 1 ,
b(9) = — / T ik,
2m S () (w, )

Similar arguments as in the proof of [16, Proposition 2] yield that for all € > 0 and M sufficiently
large

< e. (52)

sup sup gy (w, ) —

we[—m,7] VEO

12w, 0)

From the definition of I{¢¢ in (30) it is clear that it is non-negative, such that

- — gy (wj, 9 I(w;)
A J J
dmy +2 5 S0 wj,9)  Amy 2 S I3
e 2mpy+1 e 2mpy—+1 2mpy
< E e, | = E - fwloc h —ihw;
= dmy + 2 ._Z N = e ._Z 2 72 N (h)e
j=—2my J=—2mpy h==2my

= B[ 0)].

where the last equality follows from the identity (see [16, Lemma 4])

1 2mzN:+1 o—ihw; _ 1 ,there exists z € Z: h = z(dmy + 2), (53)
dmpy + 2 j=—2my 0 ,else.

Now, from Lemma 7.2 it follows that

B [%(0)] 2 Bu(0)%] < oo,

N—o0

such that overall

_— — gy (wi, 0) I (wj) < Cie,
A J J
dmy +2 Jj=—2mp fé/ )(wj’ ) dmy +2 Jj=—2mpy J2!
for some constant C > 0. In view of P it is therefore enough to show
2mpy+1 (A) *
) l 1 f w90 ()
s Y e DIy — o [ 0
dmpy + 2 i=Somn o7 ) f}(; )(w’ 9) o N—o0
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On the one hand, using (53), we obtain

—_ gm(wi, DI (w;
T3, S eI

1 %] . LR e,
=5 Z ( —M>bk(79)FN(h) pre— Z 2 !

|k|<M |h|<2mpn j=—2mp

1 Z (1—|k|> L)y L L ( ’]@)bk(ﬁ) [Vu(0) Y (),

N—oo 2T
T k<M o0 k<M

where the convergence follows from Lemma 7.2 and

sup sup |bg(9¥)| < max max ‘fi(/A)(w,ﬁ)*l‘ < 00,
keZ 9€O V€0 wel-m7]

since (w, ) — fé,A) (w,¥)~1 is continuous (see e.g. the proof of [16, Proposition 2]). On the other
hand we obtain from (52)

» ¥ (1-Wnwemonom - [0

(A) *
£ (w, 0% (w) dw‘

k<M fé (w,9)
1 k| ) 5 () 1 [ (w, 0% (u)) |
=|— £ w0 (W) e dw — — [ T duw
2 |k|Z<:M ( ) / 2m /_” fé/A)(wa )

_ |1 (A) * 1
—g/ Iy (wﬁ())(qM(w,ﬁ)—W)dw

for some constant C > 0, since w féA) (w,¥*(u)) is continuous. Overall, it holds P, frae 0.
— 00

It is left to show stochastic equicontinuity of the sequence (W (¥))nen. For n, A > 0 we have

< 0257

P ( sup ‘WN(191) — WN(192)’ > T])
|91 =02l <A

1 27%+1 . 1 1 n
<P sup  |——— I (wj) — > =
nmasten | dmy 2 S N WG 0T ey )| 2
L S (on (1) s (12 00))| >

+ P sup  |——— log (fy ' (wj, 1)) —log ( fo 7 (wj,¥2) ) )| > 5 | = Th + 1%
(91— 02| <A 4mN+23_22:mN Y J Y J 2

From Lemma 7.3 it is clear, that

1 1
P 0) 2 (w,02)

sup ‘log (f}?)(w,ﬁl)) —log (fé (w, 02))‘

we[—m,m] inf

L
< 2f |91 — 2| as well as (54)
inf

sup
we[—m,7]

Loy =] (55)
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We set

2
\ = min nﬂfénf ’ nfznf )
2L¢E[Y,(0)%] 4Ly

Since % is non-negative we can follow from (54) that

2mpy+1
T <P|ZL|l—— > rw)|>2)=r plocoy > 1) .
( 2p |Amy +2 S 2 2 f2,, 2

From Lemma 7.2 we have T'9¢(0) £, E[Y,(0)?], such that

N—oo

2T 2 N—o0

P ( My pieeg) > 3) < P(|F}(0) ~ BIV.(07]] > B[Yu(0]) = 0.
inf

Using (55) it holds for T5

which concludes the proof. O
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