Finite Variation of Fractional Lévy Processes
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Abstract

Various characterizations for fractional Lévy process to be of finite variation are
obtained, one of which is in terms of the characteristic tiplet of the driving Lévy
process, while others are in terms of differentiability properties of the sample paths.

A zero-one law and a formula for the expected total variation is also given.

1 Introduction

Recently there has been increased interest in fractional Lévy processes, which are
generalizations of fractional Brownian motion. Benassi et al. [2, 3] and Marquardt [7]
introduced real harmonizable fractional Lévy processes, well-balanced (moving aver-
age) fractional Lévy processes Ny and non-anticipative (moving average) fractional
Lévy processes My. Apart from a normalizing constant, these arise by replacing the
Brownian motion in the corresponding representation of fractional Brownian motion
by a centered square-integrable Lévy process, and the precise definitions of My and
Ny are given below in (1.1) and (1.3), respectively. Note that although the different
representations all give fractional Brownian motion if the driving process is Brow-
nian motion, in general the corresponding definitions lead to different processes
for arbitrary driving Lévy processes. However, all the mentioned processes have
the same second order structure as fractional Brownian motion. Other properties,
such as self-similarity, are not necessarily shared with fractional Brownian motion
(cf. [3, 7]), and in this paper we shall concentrate on the semimartingale property
and on finite variation of the paths. While it is well known that a fractional Brow-
nian motion with Hurst parameter H € (0,1) cannot be a semimartingale unless
H = 1/2 (e.g. Mishura [8], p. 71), in particular cannot be of finite variation on
compacts almost surely for any H € (0,1), this is not the case for My and Ny.
Marquardt [7], Theorems 4.6, 4.7, has shown that M, will be of finite variation
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if the driving Lévy process is a compensated compound Poisson process, and has
given examples when M, is not a semimartingale. The aim of this paper is to pro-
vide a complete characterization for the non-anticipative fractional Lévy process
M, and for the well-balanced fractional Lévy process Ny to be of finite variation
on compacts, equivalently for them to be semimartingales, in the long memory
case, i.e. when H :=d+1/2 € (1/2,1). This subject and the obtained results are
closely related to a recent paper by Basse and Pedersen [1], who characterised the
semimartingale property of general one-sided Lévy driven moving average processes
and applied their results to obtain a necessary condition for the non-anticipative
fractional Lévy process My to be of finite variation (see Remark 2.3 below). This
condition is expressed in terms of the absence of a Brownian motion component
and an integrability condition on the Lévy measure at zero. We shall show that the
condition obtained by Basse and Pedersen [1] is also sufficient and give a totally dif-
ferent proof for the necessity assertion, which is based on the stationary increments
property of fractional Lévy processes. We also obtain further characterisations based
on differentiability properties of My, show that the total variation is finite if and
only if its expectation is finite, and obtain a zero-one law for the property of being of
finite variation. Note that when M, is a semimartingale it may be used as a driving
process for various stochastic differential equations, and hence allows to incorporate
the long memory property into various classes of processes.

To set notation, fix a complete probability space (£2, F, P) on which a real valued,
two sided Lévy process L = (L(t))tcr is defined, i.e. a process with independent
and stationary increments having cadlag paths satisfying Ly = 0. We shall further
assume throughout that L(1) has finite variance and mean zero. Recall that a two
sided Lévy processes L indexed by R can be easily constructed from a one-sided
Lévy processes Li, indexed by [0,00), by letting L(t) = Li(t) for ¢ > 0 and L(t) =
—Ly(—t—) for t < 0, where Ly is an independent copy of L;. We shall use the

Lévy—Khintchine representation of L in the form

Ee”* ™M) = exp {—3220 +izy + / [ei” — 1 —dzal_q g (z)(1 — |z)] V(dx)}
R

for z € R, with v € R, 0 > 0 and v being the Lévy measure of L, and refer
to (o,v,7) as the characteristic triplet of L. See Sato [10] for further information
regarding Lévy processes.

Let d € (0,1/2) which corresponds to a Hurst index H :=d+1/2 € (1/2,1) and
hence to the long memory situation, to which we limit ourselves in this paper. As in
Marquardt [7], define the non-anticipative fractional Lévy process Mg = (My(t))ter
by

My(t) = F(dl_i_l)/R[(t—s)i—(—s)i] L(ds), teR, (1.1)



where for a € R we put 2% := 0 for x < 0 and g := 2% for z > 0. The integral
in (1.1) converges in the L? sense (e.g. [7], Proposition 2.1). As shown in [7], The-
orem 3.4, M, admits a modification with continuous sample paths, which is given

by the following improper Riemann integral representation

My(t) = F(ld) /R[(t — syl (—s)flpl} L(s)ds, teR. (1.2)

We shall always assume that we are working with the continuous modification given
by (1.2).

Following Taqqu and Samorodnitsky [9] the process defined in (1.1) is called
non-anticipative, since for positive ¢ the value My(t) depends on {L(s);s <t} only.

This is in contrast to the well-balanced fractional Lévy process defined by

Na(t) ::F(dl_i_l)/ROt—s\d—]sd> L(ds), teR, (1.3)

where Ny(t) depends also on the future behaviour of L. It is easy to see that both
M, and Ny have stationary increments, which will be a crucial tool in the proofs
presented.

The structure of the paper is as follows: Section 2 contains the main results for
the non-anticipative fractional Lévy process My, giving various characterisations
for it to be of finite variation, one of which is the already mentioned condition in
terms of the characteristic triplet of L, while some others are given in terms of
differentiability properties of M. A formula for the derivative of My at zero and for
the expected total variation is further obtained. The results of Section 2 are proved
in Section 3. Section 4 is concerned with the well-balanced case Nz and shows that
the same characterisations hold for Ny. Finally, in Section 5, the connection between
fractional Lévy processes and the fractional Riemann-Liouville integral of a Lévy
process is investigated, which establishes a direct link between the results obtained

in this article and those of Basse and Pedersen [1] for this situation.

2 Main results

The results in this section completely characterise when fractional Lévy processes
are semimartingales. One characterisation is given by integrability conditions on the
Lévy measure of the driving Lévy process, a second by finiteness of the expected
total variation, others are provided via various differentiability conditions on the
sample paths of My. The characterisation also contains a 0-1 law for the finite

variation property of the sample paths.

Theorem 2.1. Let L be a Lévy process with finite variance and EL(1) = 0 and char-
acteristic triplet (o,v,7), let d € (0,1/2) and [a,b] be a non-empty non-degenerate



compact interval in R. The following are equivalent:

(a) My is almost surely of finite variation on [a,b].

(a’) My is of finite variation on [a,b] with positive probability.

(b) With probability one the sample paths of My are Lebesgue almost everywhere
differentiable on [a,b].

(b’) With positive probability the sample paths of My are Lebesgue almost everywhere
differentiable on [a,b].

(c) My is almost surely differentiable in 0.

(¢’) My is differentiable in 0 with positive probability.

(d) My is almost surely differentiable from the left in 0.

(e) The Brownian motion part of L is zero (i.e. 0 =0) and

1 1
/ |z| T4 v(dz) < 0.
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(f) The expected total variation of My on compacts is finite, i.e. E [TV (Md‘[a,b])] <
0.

(9) My is a semimartingale on [0, 00] with respect to any filtration (satisfying the
usual hypothesis) it is adapted to.

(h) My is a semimartingale on [0, 00| with respect to some filtration (satisfying the

usual hypothesis) it is adapted to.

Remark 2.2. By Théoréme III in Bretagnolle [4] property (e) in the above theorem

is equivalent to the driving Lévy process L being of finite 1/(1 — d)-variation.

Remark 2.3. Basse and Pedersen [1] showed that property (a) implies (e) in the
above Theorem. This is stated explicitly in Corollary 5.4 of [1] when o is assumed
a priori to be zero, but that also ¢ = 0 is necessary can be seen immediately from
Corollary 3.3 and Lemma 5.2 in [1] along with a symmetrization argument. Observe
that in Theorem 2.1 above, (e) is deduced from the weaker conditions (b), (c), or

(d), and that (e) is shown to imply (a) and even the stronger condition (f).

For the derivative of My at zero and for the expected total variation, we have

the following explicit representation:

Theorem 2.4. If the assumptions as well as one of the equivalent conditions of

Theorem 2.1 hold, then the derivative of My at zero can be expressed by

0 0
%Md(m _ F(ld)/_oo(—s)d_lL(ds) _ F(dl_l)/_oo(—s)d—%(s) ds,  (2.1)

where the integrals exist as improper integrals at zero in the sense of almost sure

|

and L*(P) convergence. Moreover, for every a < b € R,

—a 0
E [TV (Mdljy)] = (br(d))E H/_oo(—s)d_lL(ds)




3 The proofs

We first provide the proof of Theorem 2.1 by showing the following implications
(a) = (@) = () = () = (c) = (d) = (e) = (f) = (9) = (h) = (a)

and
(a) = (b) = (V).

Note that

(a) = (a) = (), (c) = (), (f) = (9) = (), (a) = (b) = (V)

are obvious and (h) = (a) is a consequence of the zero quadratic variation property

and the continuous paths of My, see Theorem 4.7 in Marquardt [7] for details.

Proof of Theorem 2.1, (b’) = (¢’). By the stationary increments property, we can

assume without loss of generality that [a,b] = [—1,1]. Denote
d
B :={(to,w) € (—1,1) x Q: &Md(to,w) exists}.

Note that the sample paths of M, are continuous. Hence, My : R x @ — R is
(B ® F) — B-measurable, and so is h~1(My(t + h) — My(t)) for every h # 0, where
B denotes the Borel o-algebra in R. Thus, thanks to the continuous paths of My,

we observe that

Md(t + h) — Md(t)

B = {(t,w)G(—l,l)xQ: —00 < liminf

heQ, h—0 h
My(t+ h) — My(t
= limsup alt + 1) d<)<oo}€8®.7:.
heQ, h—0 h

Now, define the cuts
By, i={w e Q: (tp,w) € B}, B*:={ty € (—1,1): (to,w) € B},

which are F- and B-measurable, respectively. By assumption we have P({w € Q :
A1(B¥) = 1}) > 0, where A\; denotes the Lebesgue measure on [—1,1]. Further, by
stationarity, P(B;) = P(By) for all t € (—1,1), and consequently Fubini’s theorem

gives
1
2P(Bo) :/ P(B) M (dt) = (\ @ P) (B) = / M(B)dP > 0.
1 Q
Proof of Theorem 2.1, (¢’) = (c¢). With the definition above we have

d
By ={weQ: aMd(O,w) exists}.
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For fixed » < 0 and ¢ € (r,|r|), (1.2) yields

T

[(t _g)dl (fs)d—l} L(s)ds+ / Ow[(t — s = (—s)? 1] L(s) ds.

Note that M;(0) = 0 and

I(d)Ma(t) = /

—00

lim sup [L(s)] < 00
s——oc (2]8]loglog|s|)1/2

(cf. Sato [10], Proposition 48.9). Moreover, L is pathwise bounded on compacts.

Therefore Lebesgue’s dominated convergence theorem ensures the existence of
T T
nmtl/ [(t—s)dfl—(—s)dfl L(s)ds = (d—l)/ (—8)4"2L(s) ds.
t—0 — 0o —00
It follows that for each fixed r < 0, the set By is measurable with respect to
(L(s))r<s<|r|- Letting r T 0, we conclude from the Blumenthal zero-one law, e.g.
as given in Proposition 40.4 in Sato [10], that P(By) € {0,1}. Since P(By) > 0 by

assumption, we have P(By) = 1. O

Proof of Theorem 2.1, (d) = (e). (i) Suppose first that L is symmetric. Denote
by D the left derivative of I'(d)My in 0. Then D is infinitely divisible as a limit of
infinitely divisible distributions. Since D is also symmetric, its characteristic triplet
with respect to the continuous cut-off function #(x) = (1 — |z|)1[_y 1j(z) is given by

(Ap,vp,0) with Gaussian variance Ap and Lévy measure vp, i.e. we have
. 1 ,
Ee'P? = exp [—2AD22 +/ (e =1 —izaf(x)) I/D(d$):| , z€R.
R

For any r < 0 we have (as shown in the proof of “(¢’) = (c¢)”) that

D=(d-1) /T (—5)472L(s)ds + lti%ltil /TO [(t - s)Slr_1 - (—s)flfl} L(s)ds.

—0o0

Integrating by parts, we obtain

(@-1) / (—s5)2L(s)ds = / (—s)TLL(ds) — [r|*1L(r)

—00 —00

o [ -9t - ot peas = @ [ -9t - o] pas

(Il + )7 — |r|?

+L(r) ”

Hence, for every r < 0 we have,
D=Y.+ Z,

where

Y, = /T (—s)471 L(ds),

—00

Z, = lim(td)™* /TO [(t—s)i—(—s)ﬂ L(ds).

10
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Then Y, and Z, are independent for each r, and also infinitely divisible. Denote the
characteristic triplets of Y, and Z, with respect to 3 by (A, v,,0) and (Az,,vz,.,0),

respectively, and observe that
A+ Az =Ap and v, + vz, =vp

by independence. Observe further that A, is a monotone increasing sequence of real
numbers bounded by Ap and (v,),<q is an increasing sequence of Lévy measures as
r T 0, bounded by vp. Denote
vo(A) = lim v, (A)
rT0
for each Borel set A. Then 1y is a measure (e.g. Kallenberg [6], Corollary 1.16), and

it is a Lévy measure, since it is bounded by vp. Further,

/ 22, (dz) < / ?vp(dz), >0, r<O0,
[_576]

[_676]
so that

lim lim Sup/ 2? v, (dz) = 0.
el0 r10 [—e€]

We conclude that Y, converges in distribution to an infinitely divisible random
variable, Yy say, with characteristic triplet (A, vp, 0) with respect to 3, cf. Sato [10],
Theorem 8.7. By the independent increments property of r — Y., this convergence
is even almost surely (e.g. Kallenberg [6], Theorem 4.18). Hence,

r

Y_oio:=lim [ (—s)¢1 L(ds)
r10 J_4

exists as an almost sure limit. We now apply Proposition 5.3 parts (ii) and (i) of
Sato [11] to f(s) = (—s)? ! and o = 1 — ;4 € (0,1) to find that the existence of
lim,o Y_1,, in probability is equivalent to L being purely non-Gaussian with a Lévy
measure v fulfilling f[—l,l] ||/ (=) p(dz) < .

(ii) In the general case denote by L an independent copy of L, and write L* = L — L
for the symmetrization of L. Suppose MyL (the fractional Lévy process driven by
L) is almost surely left-differentiable at 0. Then Mdz and MyL* are almost surely
left-differentiable at 0 as well. Further, L* has a Gaussian part if and only if L has,
and the Lévy measure v* of L* is given by v*(A) = v(A) + v(—A) for every Borel
set A. It follows from (i) that f_ll 2|V 0=Dp*(dz) < oo, which is clearly equivalent
to f_ll 2|/ (=4 p(dz) < . O

We now prepare the proof of the remaining implication “(e)=-(f)” of Theorem 2.1

and, at the same time, the proof of Theorem 2.4 by the following lemmas:



Lemma 3.1. A symmetric and infinitely divisible random variable X without Gaus-
stan part and with Lévy measure v fulfills the following inequality for e > 0:

[e.o]

E|X| < f—:+§/08xu([:v,oo))dx+2/ v ([z,00)) d.

)

Proof. Writing X = XM + X@) where X (1) has characteristic triplet (0, 1/‘(_6 o 0)
and X ®) has characteristic triplet (0, 1/|R\(7E o 0) we find for all € > 0 that E|X| <
E|XM| + E|X@|. By Chebyshev’s inequality, symmetry, and integration by parts
we get

EXW| = / PIXW| > t)dt <e +/ ar;) dt
0 €

= 2 22 v(dz) = %Exl/xoo x — 2¢ev([e, 00
= 6+5/(0,5) (dz) 8+5/0 ([x,00))dx — 2ev([e, 00)). (3.1)

Moreover, denoting by X(®) the compound Poisson distribution with Lévy measure

I/’[E,Oo), we clearly have

EX®| <2EXx®) = 2/

[e,00)

zv(de) = 2ev([e, 0)) + 2/ v([xz,00))dz. (3.2)

(£,00)

Merging equations (3.1) and (3.2) gives the assertion. O

Lemma 3.2. Suppose condition (e) of Theorem 2.1 holds true. Then

)-o

Proof. (i) Let L be symmetric and denote by 1y the Lévy measure of % fg (t —
5)? L(ds). Then for every e > 0 we obtain from Lemma 3.1 that

E (ﬁ /Ot(t — 5)? L(ds)

Hence it is sufficient to show that, for every € > 0,

lim E (’1/;@— 5 L(ds)

t10

) < £+j/(:uvt([u,oo))du+2/:o vt ([u, 00)) du

3 o0

a) lim [ wyy(ju,00))du =0, and b) lim vi([u, 00)) du = 0.
t]0 0 tl0 e

To this end note that, for u > 0,

vi([u,00)) = /Ot /]R\{O} Ljy,00) (t_l(t - s)d:J:) v(dz)ds

t
/ / Ly 00) (td*1x> v(dz)ds = tv([ut' =%, o0)),
0 J{z>0}

where the first identity is due to Theorem 3.10 in [11]. Hence,

IN

0 < v([u, 00)) < tr([ut' ™%, 00)) = /oo t.qTod . pTod v(dz) — 0 (3.3)

utl—d
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by dominated convergence as t | 0, since

1 —1 1 —1
]1{$2ut1*d} t-xl-d.pi-d S rl-dyl-d,

By (3.3) the integrand in a) converges to zero. So a) can be obtained by dominated

convergence, because

o
uvg([u, 00)) < ulm T / zTa v(dz), u>0,
0

1
and u'”T4 is integrable at zero since d < %
To get b) note that

o0 oo 1 o0
/ v ([u, 00)) du < t/ v ([utlfd, oo)) du = —d/ v([u,00))du — 0
€ e t etl—d
as t | 0 by L’Hopital’s rule, since
g [e.9]
dt etl—d
and hence, by (3.3),

<C(11t /:_d v([u, 00)) dU> / <(itd> _ ! ; dtu([atlfd, ) — 0.

(ii) If L is not symmetric, then denote by L an independent copy of L and by
L* = L — L the symmetrization of L. Further define

v([u,00)) du = e(d — 1)t~ ([et %, 00)),

1

=1 /O (t — 5) L(ds)

and by C, Ct analogous expressions for L and L*, respectively. As it holds
E[G|c] =E[¢] =0
by independence, we get
Elcl] = E[lc-E[G|c]|] =ElECICI <ElC),
and so the first case applies. O

Lemma 3.3. Suppose condition (e) in Theorem 2.1 holds true. For r < 0 < t let

vyt denote the Lévy measure of

By = 1/0 (=5~ ()] Las).

Then for any a > 0 it holds that

[ e ey au < SEZD [""'” ([« () o ”(dx)]



and

‘ |1—d

/:O Vet ([, 00)) du < |r\d[j|1_d zv(dz) + (1 —d) (j) o /03 T gt v(da).
’ (3.5)

Proof. From Theorem 3.10 in [11], it follows that for any u > 0,

Vrt ([u,00)) = /|T/ [1,00) ( (t+s)? — d] x> v(dz)ds

/lr/ 1y 00y (@™ 'd) v(dw) ds

/O V([Zsl d,oo>) ds (3.6)
= B 1

_ 1id.<z>ld/0d 275y ([, 00)) da. (3.7)

Hence, we obtain for any a > 0 that

IN

IN

a a rir
/ - vpg ([u,00)) du < ! dli/ / u%x%y([:c,oo)) dz du
0 ’ 1—d 0 Jo

< P
= 1-2d 0

from which (3.4) follows using integration by parts, observing that the boundary
term vanishes at 0 by (3.3). Moreover, by (3.7), we have

/ vrt ([u, 00)) du
¢ ulrllfd

dra [ N Y i _a_
< / u 1d/ xT=dy ([z,00)) dedu
1 —d a 0
d1 d
= / / wd- lduy([x 00)) xT-d ‘2 dz
max{a,zd|r|4=1}

= dld/ max{a,azd!ﬂd_l} _Tdy([x,oo))xmdx
0

|17d

_ <Z>1d‘1/j'r ™y (7, 00)) dac—l—\r]d/;jl_dz/([x,OO)) de

— (1-d) (j) = /O‘;lrl—d
—alr|v ([%wl—d’m)) ’

giving (3.5). O

o0

pT v(dz) + |T]d/ zv(dr)

glrf1=

10



Lemma 3.4. Suppose condition (e) of Theorem 2.1 holds true.
(a) Then By;, as defined in Lemma 3.3, satisfies

limsup E [|B,+|] = 0.

r10 ¢>0

(b) Moreover, the improper integral

0 r
d—1 Y — o)1 L(ds
| o s =i [ (-9 1)

exists as an L'-limit and as an almost sure limit.

Proof. (a) Note that, analogously to part (ii) in the proof of Lemma 3.2, we may and
do assume symmetry of L. For fixed € > 0 we conclude from Lemmas 3.1 and 3.3

that there is a constant ¢4, depending on d and € only, such that

€ d [r['=e/(2d)
swp Bl[Boall < 5+ cac (Irly (el /(2d),00)) + [ (o)
t>0 0

+\r|d/ zv(dz) | .
r|*=de/(2d)

The right-hand side is bounded by ¢ for r < 0 sufficiently close to 0, because

Ir['~e/(2d)
lim V0= y(dx) = 0
10 Jo
lim ]r|d/ zv(dex) =0 (3.8)
r10 Ir|'=de/(2d)
i (1, ) = 0 3.9)

by the assumption fol zTa v(dz) < oo and dominated convergence. For (3.8) the

use of dominated convergence is justified by

_1 _ _

Lyppp-aejeay<e<yITl?@ < Lypp-de/ay<a<ny |22 (e/(2d)) 4/(1~d)
a1 4
Lococnyl2| T (e/(2d)) " T4,

IN

Eq. (3.9) is already shown in (3.3).

(b) The almost sure convergence follows from the L!-convergence by the independent
increments property of ["_ (—s)4"' L(ds), r < 0, (see Theorem 4.18 in [6]). For
proving the L'-convergence, as above we may and do assume that L is symmetric.

Denote by 74, the Lévy measure of

q
d/ ()1 L(ds), —co<r<q<O0.

11



Then, for u > 0,

7|
Ugr ( / / Ty 009 ( (dzsT v (dac)ds</0 V([%sl_d,oo)> ds,

which is the same upper bound as the one obtained for v,; in (3.6) in the proof
of Lemma 3.3. Therefore exactly the same estimates as in part (a) can be applied
to conclude that, given € > 0, E[| [?d(—s)?"! L(ds)|] < € if |r|, |q| are sufficiently
small. Hence ( [r o (=s)t L(d5)>rT0 isa Cauchy sequence and therefore convergent
in L.

O]

Lemma 3.5. Under condition (e) of Theorem 2.1, we have

0
—%th() F(ld)/_oo(—s)d_lL(ds).

Proof. By Lemma 3.4 part b) the candidate limit is an L!-random variable. More-

|

over, for every r < 0 and ¢ > 0,

[} [ [e-9t - ot] L —a [ ot
| )

t

. 001 / ; (0= o)~ (~s)] L(ds)iood / ;<—s>d—1 L(ds) ]
+ E 1/;(75 — 5)? L(ds) ] +stl>1103E Hi /TO [(t — )l — (_s)d} L(ds) ]

+ E _ d/o(—s)d1 L(ds)

} = (1)+(2)+(3)+ (4), say.

Using It6’s isometry we get for (1)

{‘/ { t_sd (= S)d}—d(_s)d 1} (ds)2}1/2
- E(L(1)2)1/2 {/TOO {1 [(t_s)d_ (—s)d} —d(_s)d—1}2ds}1/2

(1)

IA

and by dominated convergence the latter integral converges to zero as ¢t | 0. For
t | 0 (2) tends to zero as shown in Lemma 3.2. Term (3) tends to zero as r T 0 by
Lemma 3.4(a), and so does term (4) by Lemma 3.4(b). Hence, the assertion follows
by letting ¢ | 0 and then r T 0. O

Remark 3.6. Under condition (e) of Theorem 2.1, one can also show that

0
[ 13%111\4(1@) - F(ld) /m(—s)d—l L(ds).

12



To this end one decomposes, for r <t <0,

e[| [ et - ot] s —a [ o aias)

78 N |

< E| 1/ (15— (~s)'] L(ds)—d/r (—s)1 L(ds)

[if. . |
1LY I d d
+ E||= [ (=s)®L(ds)|| +supE | |- [(t—s) —(—s) ] L(ds)
t t t<0 t r
and shows convergence of these four terms analogously to the situation in Lemma
3.5 letting t T 0 and then r T 0.

|

+E d/o(—s)d_lL(ds)

Proof of Theorem 2.1 (e) = (f)’, and Theorem 2.4. We assume that condition (e)
in Theorem 2.1 is satisfied. In order to prove (f) we fix a < b € R. Due to the

continuous paths of My the total variation can be calculated along dyadic partitions,

1.€. on
TV (Malay) = nh_{goz |Ma(ti) — Ma(ti-1)l,
=1

where t; = a + (b — a)i27". By the stationary increments of M, monotone conver-
gence and Lemma 3.5, we obtain,

n

E [TV (Malwy)] = (b—a)nhm ~E[|[Ma((b— a)27")]]

2al o]

In view of Lemma 3.4, the expectation on the right-hand side is finite. Hence, (f)

follows and the proof of Theorem 2.1 is complete. Moreover, the explicit expression
for the expected total variation in Theorem 2.4 is derived under condition (e) and,
thus, under every of the equivalent conditions in Theorem 2.1.

Now suppose that one of the equivalent conditions in Theorem 2.1 holds true.
Then, properties (c) and (e) are valid. By (c), the limit My(t)/t exists almost surely
as t goes to zero. Thanks to (e) and Lemma 3.5 the limit My(t)/t exists in L' as

t | 0. Then both limits must coincide, and consequently,

0
%Md(m _ F(ld)/ (—s) 1 L(ds).

o0

Note that by Lemma 3.4 the improper integral on the right hand side converges in
L' and almost surely. The alternative expression in (2.1) can be derived as follows.

Integration by parts yields, for r < 0,

/T (—s)d_lL(ds)—(d—l)/T L(s)(—s)"2ds = L(r)[r[2=.

—0o0 —00
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So, in view of Lemma 3.4, it is sufficient to show that the right-hand side converges
to zero in L' and almost surely for r T 0. L'-convergence is analogous to the proof of
Lemma 3.2 thanks to the integrability condition (e) for the Lévy measure, because
the Lévy measure 7, of L(r)|r|%! is given by #,(dz) = |r|v(r'~?dz). Condition (e)
also guarantees almost sure convergence to zero in view of Theorem 2.1 in Bertoin,

Doney and Maller [5]. O

4 Well-balanced fractional Lévy processes

In this section we discuss the semimartingale property of the closely related well-
balanced fractional Lévy process as defined in (1.3). Integration by parts yields
the following representation of a well-balanced fractional Lévy process as improper

Riemann integral
Ny(t) = —— / = (sign(t — s)|t — s|?1 +sign(s)\s|d—1) L(s)ds. (4.1)
I'(d) J

For well-balanced fractional Lévy processes the equivalences of Theorem 2.1 do also
hold true.

Theorem 4.1. Under the assumption of Theorem 2.1 conditions (a)-(h) given there
are equivalent for the well-balanced fractional Lévy process Ng. If one of the condi-

tions holds true, then
40 = =L /Oo sign(s)[s|* 1 L(ds) = 1/00 1s|42L(s) ds
at ) ) . Tld—1) !

—0o0

where the integrals exist as improper integrals at zero in the sense of almost sure

|

The proof of Theorem 4.1 follows similar lines as the proof of Theorem 2.1. The

and L*(P) convergence. Moreover, for every a < b € R,

E [TV (Naliay)] = (bI‘(_dgl)E H/_O; sign(s)|s|* 1 L(ds)

following decomposition of well-balanced fractional Lévy processes into the sum of

two non-anticipative fractional Lévy processes M\" and M'? turns out to be useful:
T(d + 1)Ny(t) = /R (= 54— (=) + (= )% — (~)%] L(as)
= [ et = 91] p@s+ [ [t w0 - (0] D-du),
= D+ )M )+ MP (-1) (4.2)
Proof of Theorem 4.1. The implications
(@) = (@) = (), (©) = (@), (F) = (9) > (h), (@) = (b) => (&)

14



are again obvious.
“h) = (a)”: In view of (4.2) N, inherits the continuous paths and the zero
quadratic variation of M @) , = 1,2 and, hence, is a semimartingale only if its
paths are of bounded variation with probability one.
“(b") = (c’)”: Analogously to Theorem 2.1 using stationarity of Ny.
“(¢’) = (c)”: Denote
~ d
By={weQ: &Nd(o,w) exists}
Due to (4.1) we obtain, for r > 0,

@ Nty = |

—00

'

(sign(t —s)[t — s+ sign(s)]s\dA) L(s)ds

+/T <sign(t — )|t — s[4t + Sign(5)|5|d_1) L(s)ds

'

+/r°° (sign(t —s)[t — 8Tt + sign(s)\s|d_1> L(s)ds.

With the reasoning of the one-sided case it follows that the first and third limit in

the corresponding decomposition of
1
lim -T'(d) N,
li () Na(1)
exist for every fixed r > 0. Then the Blumenthal 0-1 law yields P(By) = 1.
“(d) => (e)”: Denoting the left derivative of T'(d + 1)Ny in 0 by D and using the
representation above we find for » < ¢ < 0 analogously to the non-anticipating case

D = / 1541 L(ds)

—00
“+oo

+1ti%€(td>—%lr (1t = sl ~ 1s1%) L(ds)—/m 1541 L(ds)

= Y +Z -Y7

Then we apply the same reasoning to Y,~ as in the one-sided case for Y.
“(e) = (f)”: Fix a < b € R. By the decomposition (4.2) and the triangle inequality

we have
E[TV (Naljay)] <E[TV (M0 )] +E [TV (3] )] < 0
thanks to Theorem 2.1, (e) = (f).

Representation for the derivative and expected total variation: Applying Lemma 3.5
and Remark 3.6 to Mél) and Mf) we obtain

1 1 1
1 i & 7l g 2D L lim =M@
L %H%tNd(w L %H%th (t)+L }n%th (—t)

1 a8 I (ds) — 0 a1 I ds
- F(d)/w() L(ds) F(d)/m() L(~ds)

- F_(;)/_Oo sign(s)[s|4~ L(ds).
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Then an analogous reasoning as in the proof of Theorem 2.4 applies. O

5 Fractionally integrated Lévy processes

Suppose L is a Lévy process with zero expectation and finite variance. By (1.2), the
fractional Lévy process My of order 0 < d < 1/2 driven by L can be split into the
sum
1 0
My(t) = -1 / (6= )" = (=)™ L(s)ds + (T'L)(#), ¢ >0.
I'(d) J -

Here (Z9£)(t) is the well-known fractional Riemann-Liouville integral of order d > 0
defined by

ﬂﬂw=rékéﬁ—$**ﬂ$®

for sufficiently integrable functions f.

In order to transfer our results from fractional Lévy processes to Riemann-
Liouville integrals of Lévy processes we first study the process

1 0 d—1 d—1
Fy(t) ‘:r(d)/_w [(t—s) — (=)™ L(s)ds, t>0.

Proposition 5.1. Suppose L is a Lévy process with zero expectation and finite
variance and 0 < d < 1/2. Then the expected total variation of Fyq on compact
intervals [0,b], b > 0 is finite. In particular, T°L is a.s. of finite variation on compact
intervals (resp. has finite expected total variation on compact intervals) if and only

if My has the respective property.

Proof. Let 0 =ty < t; < ... < t, = b be a partition of [0,b]. Then we have for
5 <0<ty <t;that (t; —s)% ! < (t;_1 — s)?! and we conclude

I'(d) [Fa(ti) — Fa(ti- 1)|
= '/ — (ti—1 — s)d_l} L(s)ds

Sl/mw%rﬂw ~ (ti— )] |L(s) ds.

Taking in the following the supremum over all finite partitions of [0, b], the total

variation TV (Fyljo) of Fy over [0,b] can be estimated by

V (Falpy) = sup Z|Fd — Fy(ti—1)]

to,.. :tni 1

tos’up / Z (ticy — )t — (t; — S)d_1> |L(s)|ds

_ F(ld) /0 [y = 0= 9] ()] as.

—0o0

IA
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Hence,

0
E[TV (Falpy)] < F(1d> / [T =@ Blne) PR ds
211/2 0
E[LIEEC)J) } / |:(_8)d71 _ (b _ S)dfl] 81/2 ds

The latter integral is finite because 0 < d < 1/2 and
(=)t —(b—s)Tt ~bld— 15|92 as s — —oo0.

Hence we see that Fj; has finite expected total variation on compacts. The other

assertions are immediate consequences of the decomposition
My(t) = Fy(t) + (Z°L)(t), t>0.
O

Note that the fractional Riemann-Liouville integral Z¢L can be defined for any
Lévy process L (without any extra requirements on the expectation and variance).
In this general setting, the combination of Corollaries 3.3 and 3.5(3) in Basse and
Pedersen [1] states that, for 0 < d < 1/2, Z?L is a.s. of finite variation on compacts,
if and only if L has no Gaussian component and ||/~ is integrable with respect
to the Lévy measure v around the origin (condition (e¢) in Theorem 2.1 above).
Hence, on the one hand, Proposition 5.1 and the results of Basse and Pedersen can
be combined to provide an alternative proof for the equivalence of properties (a)
and (e) in Theorem 2.1. This observation complements Corollary 5.4 of [1], which
only states that the condition (e) on the Lévy measure is necessary for the finite
variation property of the paths of the fractional Lévy process Mj.

On the other hand, we can combine Theorem 2.1 and Proposition 5.1 to provide
an alternative proof of Basse and Pedersen’s Corollary 3.5(3) and, additionally,
include a 0-1 law and a statement about the expected total variation, which is done

in the following result.

Theorem 5.2. Let L be a Lévy process with characteristic triplet (o,v,7), but
without any moment assumptions. Let 0 < d < 1/2 and b > 0. Then the following
statements are equivalent:

(a) I°L is a.s. of finite variation on [0,b].

(b) I%L is of finite variation on [0,b] with positive probability.

(¢) The Brownian motion part of L is zero (i.e. 0 =0) and

1
/ |x\1f1d v(dz) < oo.
-1

Moreover, if one of the conditions holds true and E[|L(1)|] < oo, then the expected
total variation of T¢L on [0,b] is finite.
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Proof. We decompose L into a sum L = L) 4+ L) where the Lévy process L)
contains the Gaussian part of L and the compensated small jumps of L correspond-
ing to V\(,Ll). Then L) has zero expectation and finite variance, and so Theorem

2.1 and Proposition 5.1 can be applied to this process. Observe that
7er = 74 4 7 () = Mc(ll) . Fél) + 74,

In view of Theorem 2.1 and Proposition 5.1 it remains to show that Z¢L®) is a.s.
of finite variation on [0,b], and that its expected total variation is finite provided
EJ[|L(1)|] < co. Note, that the Lévy process L) only contains large jumps and a drift
component and, thus, is of finite variation. We decompose L = L(Z+) — L(2:-) into
the difference of two increasing Lévy processes (subordinators) L(*>*) and Lz,

Then,

1 t
ey = L / ST LCH (o) ds
0=t (t—s)

is increasing, because the mapping ¢ — 1[07,5](3)3"[*1 LZ%)(t — 5) is increasing for
fixed s. Then, we obtain, for every b > 0,

vV (IdL(Q)][OJ,]) < ZALEH(b) + 7027 () < oo

Note that the Lévy measures of L% are V|[1,00) and V|(_og,—1]- Hence, E[|L(1)[] <
oo implies that E[|LZH) ()| 4+ |L(>7)(t)|] < oo for every t > 0. Thus,

I _
E [Tv (IdL(2)|[07b])} < F<d)/o sTLE[LED (b)] + |LE)(b)]] ds < oo.
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