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Properties of the law u of the integral fooo ¢ Ni- dY; are studied, where
c¢>1and {(N¢, Y;), t > 0} is a bivariate Lévy process such that {N;} and
{Y:} are Poisson processes with parameters a and b, respectively. This is
the stationary distribution of some generalised Ornstein-Uhlenbeck process.
The law p is parametrised by ¢, g and r, where p = 1—q—r, ¢, and r are the
normalised Lévy measure of {(NNy, Y3)} at the points (1,0), (0,1) and (1,1),
respectively. It is shown that, under the condition that p > 0 and ¢ > 0,
[e,q,r is infinitely divisible if and only if » < pg. The infinite divisibility of the
symmetrisation of p is also characterised. The law p is either continuous-
singular or absolutely continuous, unless » = 1. It is shown that if ¢ is in
the set of Pisot-Vijayaraghavan numbers, which includes all integers bigger
than 1, then p is continuous-singular under the condition ¢ > 0. On the
other hand, for Lebesgue almost every ¢ > 1, there are positive constants
C1 and C5 such that p is absolutely continuous whenever ¢ > Cip > Cor.
For any ¢ > 1, there is a positive constant C3 such that p is continuous-
singular whenever ¢ > 0 and max{q,r} < Csp. Here, if {N;} and {Y;} are
independent, then » = 0 and ¢ = b/(a + b).
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1. INTRODUCTION

A generalised Ornstein-Uhlenbeck process {V;,t > 0} with initial condition V; is

defined as .
Vi=e® (Vo + / et d775> :
0

where {(&,m;),t > 0} is a bivariate Lévy process, independent of ;. See Carmona et
al. [3], [4] for basic properties. Such processes arise in a variety of situations such as
risk theory (e.g. Paulsen [18]), option pricing (e.g. Yor [26]) or financial time series
(e.g. Kliippelberg et al. [13]), to name just a few. They also constitute a natural
continuous time analogue of random recurrence equations, as studied by de Haan and
Karandikar [11]. Lindner and Maller [16] have shown that a generalised Ornstein-
Uhlenbeck process admits a strictly stationary solution which is not degenerate to a
constant process with a suitable Vj if and only if
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exists and is finite almost surely and not degenerate to a constant random vari-
able. The distribution of (1.1) then gives the unique stationary distribution. Here,
{(&, Lt),t > 0} is another bivariate Lévy process, defined in terms of {(&,n:)} by

Lt =1+ Z (6_(&_557) - 1)(775 - 775—) - taéfp

0<s<t

where ag > denotes the (1,2)-element in the Gaussian covariance matrix of the Lévy-
Khlntchlne triplet of {(&,m)}. Conversely, {(&,n:)} can be reconstructed from

{(&, L)} by
=L+ Y (&% —1)(L, — L) + tag;.
0<s<t 7

Note that, if {&} and {n:} are independent, then L; = 1, for all . When the integral
(1.1) converges was characterised by Erickson and Maller [6] and generalised by Kondo
et al. [14] to the case when {(&;, L;)} is an R x R? valued Lévy process with d € N.

Suppose now that {(&, L)} is a bivariate Lévy process such that (1.1) converges
almost surely and is finite, and denote by

w=2L (/ e b dLS)
0

the distribution of the integral. If {; = t is deterministic, then it is well known that p
is self-decomposable, hence is infinitely divisible as well as absolutely continuous (if
not degenerate to a Dirac measure, which happens only if {L;} is also deterministic).
Other cases where p is self-decomposable include the case where {&} is stochastic,
but spectrally negative (cf. Bertoin et al. [1]). On the other hand, as remarked by
Samorodnitsky, p is not infinitely divisible if e.g. & = N; + at with a Poisson process
{N;,t > 0} and a positive drift « > 0 and L; = ¢ (cf. Kliippelberg et al. [13], p. 408).
Continuity properties of u for general { (&, L;)} were studied by Bertoin et al. [1], who
showed that p cannot have atoms unless i is a Dirac measure, with this degenerate



case also being characterised. Gjessing and Paulsen [8] derived the distribution of u
in a variety of situations; however, in all cases considered the distribution turned out
to be absolutely continuous.

With these results in mind, it is natural to ask, first, whether p will always be
absolutely continuous for general {(&;, L;)}, unless p degenerates to a Dirac measure
and, second, what is the condition for u to be infinitely divisible. The present article
will give the negative answer to the first question, showing many cases of u being
continuous-singular and, to the second question, provide a necessary and sufficient
condition in a restricted class. Namely we will restrict our attention to the case
(&, L) = ((logc)Ny,Y;), where ¢ is a constant greater than 1 and {N;} and {Y;}
are Poisson processes with parameters a and b, respectively, with {(Ny, Y;)} being a
bivariate Lévy process. Thus we will study in detail

(1.2) =L </ ) e~ (og)Ns— dYs) =L (/ i ¢ e dY;) .
0 0

The integral here is an improper Stieltjes integral pathwise. From the strong law
of large numbers, we see that the integral exists and is finite. Even in this class
the problems of infinite divisibility and continuity properties turn out to have rich
substance. Let T be the first jump time of { N;}. Then

/ R A / N dY, =Yr+c! / cNe-ayy,
0 0

T
where {(N/,Y/)} is an independent copy of {(NV, Y:)}. Hence, letting p = L(Yr), we
obtain

(13) A(s) =) A ), e
where [i(z) and p(z) denote the characteristic functions of 1 and p. It follows that

k—1
A(z) = ile™2) [[ pte™2), keN,
n=0

and hence
(1.4) () = [[ e =),
n=0

In general, if a distribution p satisfies (1.3) with some distribution p, then p is called
c~t-decomposable. Our study of the law y is based on this ¢~!-decomposability. The
expression (1.4) shows that the law p controls . The properties of ¢~ !-decomposable
distributions are studied by Wolfe [25], Bunge [2], Watanabe [23] and others. In
particular, it is known that any non-degenerate ¢~ !'-decomposable distribution is ei-
ther continuous-singular or absolutely continuous (Wolfe [25]). A distribution u is
self-decomposable if and only if u is ¢~'-decomposable for all ¢ > 1; in this case p
and p are infinitely divisible. In general if a distribution yu satisfies (1.3) with p being
infinitely divisible, then p is called ¢~t-semi-selfdecomposable. We note that, when
¢ = e and {N;} and {Y;} are independent, Kondo et al. [14] recognises that p is
e~ !-decomposable and either continuous-singular or absolutely continuous.



The Lévy process {(Ny,Y;)} is a bivariate compound Poisson process with Lévy
measure concentrated on the three points (1,0), (0,1) and (1,1) and the amounts of
the measure of these points are denoted by w, v and w. Letting p = u/(u + v + w),
q =v/(u+v+w) and r = w/(u+v+w) be the normalised Lévy measure on these three
points, we will see that y is determined by ¢, ¢ and r, and p is by ¢ and r, and hence
denote p = ficq, and p = p,,. We call r the dependence parameter of {(Ny, Y;)}, since
r = 0 is equivalent to independence of {V;} and {Y;} and r = 1 means N, =Y; for all
t. If r =0, then p = L(Y7) is a geometric distribution, which is infinitely divisible,
and hence p is also infinitely divisible. But, if » > 0, the situation is more complicated.
In Section 2 we will give complete description of the condition of infinite divisibility
of feq, and pg, in terms of their parameters. It will turn out that infinite divisibility
of ficq» does not depend on c. It is shown in Niedbalska-Rajba [17] that there exists
a ¢ '-decomposable infinitely divisible distribution p that satisfies (1.3) with a non-
infinitely-divisible p. But, in our case, it will turn out that p.,, is infinitely divisible
if and only if p,, is so. Further, under the condition that 0 < ¢ < 1 and p > 0, it
will turn out that p,, is infinitely divisible if and only if the dependence parameter
is so small that » < pg. We also address the problem of infinite divisibility of the
symmetrisations p*™ and p™™ of p and p. Infinite divisibility of a distribution implies
that of its symmetrisation, but there is a non-infinitely-divisible distribution whose
symmetrisation is infinitely divisible, which is pointed out in pp.81-82 in Gnedenko
and Kolmogorov [9]. Complete description of infinite divisibility of g™ and p™™ will
be given, which provides new examples of this phenomenon in [9]. In the proof of
non-infinite-divisibility, we use three methods: (1) Katti’s condition for distributions
on nonnegative integers; (2) Lévy-Khintchine type representation of characteristic
functions with signed measures in place of Lévy measures; (3) representation of the
Laplace transforms of infinitely divisible distributions on [0,00) in the form e~
with ¢'(0) being completely monotone.

Section 3 is devoted to the study of continuous-singularity and absolutely conti-
nuity of ficq,. If ¢ = 0, then it will be shown that

o0

Teor(2) = H [(1 —r)+ reicfnz] , z€R,

n=0

so that u is an infinite Bernoulli convolution (usage of this word is not fixed; here we
follow Watanabe [23]). The question of singularity and absolute continuity of infinite
Bernoulli convolutions has been investigated by many authors but, even if r = 1/2,
characterisation of all ¢ > 1 for which the distribution is absolutely continuous is an
open problem. See Peres et al. [19], Peres and Solomyak [20], Watanabe [23] and the
references therein. We shall exclude the case ¢ = 0 from our consideration, but we
will show that the notions and techniques developed in the study of infinite Bernoulli
convolutions and b-decomposable measures are effectively applied. Here, unlike in
the study of infinite divisibility, the parameter ¢ plays a crucial role. If ¢ has an
algebraic property of being a Pisot-Vijayaraghavan (P.V.) number, then we will show
that fi.q, is continuous-singular under the condition that ¢ > 0. For example, all
integers greater than one and some irrationals such as (1 ++/5)/2 are P.V. numbers.



On the other hand, if ¢ is the reciprocal of a Peres-Solomyak (P.S.) number, then it
will be shown that there are positive constants C; and C5 such that fi. 4, is absolutely
continuous with bounded continuous density whenever ¢ > Cip > Cyr. It is known
that Lebesgue almost all reals in (1,00) are reciprocals of P.S. numbers. In general,
under the condition 0 < ¢ < 1, we can estimate dim (y.,,), the Hausdorff dimension
of ficq, defined as the infimum of the Hausdorft dimensions of E over all Borel sets
satisfying picq-(E) = 1 (in some papers including [23], this is called upper Hausdorff
dimension and denoted by dim®). Using a powerful theorem of Watanabe [23] for
any ¢ '-decomposable distribution satisfying (1.3) with a discrete distribution p, we
see that dim (e q,) < H(pyr)/loge, where H(p,,) is the entropy of p,,. It follows
that fi.q, is continuous-singular if H(p,,)/loge < 1. Thus, for any ¢ > 1, there
is a positive constant C3 such that f,, is continuous-singular whenever ¢ > 0 and
max{q,r} < Csp.

In Section 3 we also study, in the case where p. ,, is infinitely divisible, continuity
properties of the convolution power (peq.)"™ of picq.r, that is, the distribution at time
t of the Lévy process associated with fi.4,. It is shown that if ¢ is a P.V. number,
then (ficq,)"™ is continuous-singular for all ¢ > 0, while, if ¢ is the reciprocal of a
P.S. number, then there is t; = t1(¢c,q,r) € (0,00) such that (picq,)™ is continuous-
singular for all ¢ € (0,¢;) and absolutely continuous for all t € (¢1,00). Thus the
present paper provides a new class of Lévy processes with a remarkable time evolution
in distribution. See Section 27 in Sato [21] and Watanabe’s survey [24] for such
time evolution. We emphasise that here the distribution p. 4, arises naturally as the
stationary distribution of a generalised Ornstein-Uhlenbeck process.

The case of {N;} and {Y;} being independent (that is r = 0) is of special interest.
The properties of fi. 40 are included in the results of Section 3 mentioned above. As
explicit examples, [t 40 With ¢ = e is continuous-singular if ¢ < 1 —log2 ~ 0.30685;
/2,0 With ¢ = 1/2 is continuous-singular if ¢ > 4. We can prove more results
for picq0 than for general p 4., since the Lévy measure of ji. 40 is increasing with
respect to g. Thus, for any ¢ > 1, there exists ¢; with 0 < ¢; < 1 such that pu.q
is continuous-singular for all ¢ € (0, ¢;) and absolutely continuous for all ¢ € (g, 1).
We have ¢; < 1 for Lebesgue almost all ¢ > 1, but ¢; = 1 for any P.V. number c.

Throughout the paper, the set of all positive integers will be denoted by N =
{1,2,3,...}, while we set Ny = NU{0}. The set of integers is denoted by Z. The Dirac
measure at a point x will be denoted by d,. For general definitions and properties
regarding Lévy processes and infinitely divisible distributions, we refer to Sato [21].

2. NECESSARY AND SUFFICIENT CONDITIONS FOR INFINITE DIVISIBILITY

Suppose that {(N;,Y;), t > 0} is a bivariate Lévy process such that {N;} is a
Poisson process with parameter a > 0 and {Y;} is a Poisson process with parameter
b > 0. It then follows easily that {(/V;, Y;)} has no Gaussian part, no drift, and Lévy
measure v(y,yy concentrated on the set {(1,0), (0,1), (1,1)}, consisting of three points
(e.g. [21], Proposition 11.10). Denote

U= V(N,Y)({(LO)})? U= I/(N,Y)({<O7 1)})7 and  w := Z/(N,Y)<{<1a 1)}>



Then u,v,w >0, u+w =a and v+ w = b. Let
u v w

P irere T urere T

u+v+w u+v+w

so that p,q,r € [0,1], p+q+7r =1, p+r > 0 and g+r > 0. These give the normalised
Lévy measure on the three points. The two processes { N;} and {Y;} are independent
if and only if r = 0. If r = 1, then N; =Y, for all ¢t with probability one. So we call
r the dependence parameter of {(Ny,Y;)}. The law p in (1.2) depends on ¢, u, v and
w. But it will turn out (Proposition 2.1) that x depends only on ¢, ¢ and r. Thus,
for ¢ > 1 denote

(2.1) fegr =L (/ ¢ Ne- dY;) .
0

If r =1, then
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which is degenerate to a constant. So, from now on, we assume that p + ¢ > 0
in addition to the above mentioned conditions p +r > 0 and ¢ +r > 0. That is,
p,q,r < 1. In this section we are interested in whether p. . is infinitely divisible or
not. It is also of interest whether the symmetrisation (g4, )™ of fic 4, is infinitely
divisible or not. Recall that the symmetrisation p*™ of a distribution p is defined
to be the distribution with characteristic function |fi(z)|?. Infinite divisibility of u
implies that of p*¥™, but the converse is not true, as is mentioned in the Introduction.

We define p,, in the following way: if ¢ > 0, denote by o, a geometric distribution
with parameter 1 — ¢, i.e. o,({k}) = (1 —q)¢" for k=0,1,..., and denote

(2.2) p=pgr:=1+1r/q)0c, — (r/q)d,

so that p,, is a probability distribution concentrated on Ny with

(2.3) per({0}) = (1 +r/q)(1 —q) — (r/q) = p;

if ¢ =0, let po, be a Bernoulli distribution with parameter r € (0, 1), i.e.

(2.4) por({1}) =1 —po,({0}) =1
Proposition 2.1. We have

(2.5) l/zaq,r(z) = ﬁq,r(z) ﬁqq’r(c_lz), zeR

In particular, p.q, is ¢~*-decomposable and determined by ¢, q and r.

Proof. As is explained in the Introduction, we have only to show that £(Y7) = py.,
where T' is the time of the first jump of {N;}, i.e. the time of the first jump of
{(Vy, Y:)} with size in {(1,0), (1,1)}. Let S; be the size of the ith jump of {(N, Y3)}.
Then we have for k > 1
Yr=F — [Slz:Sk,12(0,1>,5k:(1,1)]
or [Sl =...= Sk = (07 1),Sk+1 = (1,0)]



as well as
Yr=0 <= S5/ = (1,0)
Since
P[S;=(1,0)] =p, P[S;=(0,1)]=q, P[S;=(1,1)]=r,
it follows that P(Yr = 0) = p and, for k > 1, P(Yy = k) = ¢*"'r + ¢*p. From this
follows easily that £(Yr) = p,, for ¢ > 0, while it is a Bernoulli distribution with
parameter r for ¢ = 0. 0

We can now formulate criteria when p,, and ., and their symmetrisations
are infinitely divisible. As is seen in (1.4), infinite divisibility of p,, implies that
of ficq,. Similarly, infinite divisibility of (p,,)®™ implies that of (peq.)®™. The
converse of these two implications are by no means clear, as we know Niedbalska-
Rajba’s example mentioned in the Introduction. However the following theorem will
say that the converse is true for p.,, and p,, and for (p.q,)¥™ and (pg,)¥™. Thus
infinite divisibility of p 4, does not depend on c. Another remarkable consequence is
that (peq,)™™ can be infinitely divisible without p.,, being infinitely divisible and
that (pg,)™™ can be infinitely divisible without p,, being infinitely divisible.

Theorem 2.2. Assume that the parameters p,q,r satisfy p,q,r < 1. Let ¢ > 1. For
feqr defined in (2.1) and py, in (2.2) and (2.4), the following hold true:
(a) If p=0, then p,, and pi.q, are infinitely divisible.
(b) If p > 0 and q > 0, then the following conditions are equivalent:
(1) peqr is infinitely divisible.
(ii) pg.r is infinitely divisible.
(iii) r < pq.
(¢) If p >0, ¢ >0 and r > pq, then the following conditions are equivalent:
(1) (feyqr)™¥™ is infinitely divisible.
(i) (pgr)™ is infinitely divisible.
(ili) p < qr.
(d) If ¢ = 0, then none of pgr, Hegrs (Pgr)™™ and (picq.r)

Y™ s anfinitely divisible.

In the proof, we will first settle the question of infinite divisibility of p,, and
(D)™™

Lemma 2.3. Assume ¢ > 0 and let p = p,,. Then the following hold true:

(a) If r < pq, or if p =0, then p is infinitely divisible.

(b) If r > pq and p > 0, then p is not infinitely divisible.

(¢) Assume that r > pq and p > 0. Then p™™ is infinitely divisible if and only if
(

2.6) p < qr.

We remark that if 0 < o < 1, then (1 — a))o, + ady is infinitely divisible, since
convex combinations of two geometric distributions are infinitely divisible (see pp.379—
380 in Steutel and van Harn [22]), and the Dirac measure dy is a limit of geometric
distributions. Assertions (a) and (b) show in what extent this fact can be generalised
to negative a.



Proof of Lemma 2.5. Since 7,(z) = (1 — q)/(1 — ge**), we have

(2.7) p(z)

(a) If p = 0, then p({0}) = 0 and p({k}) = (1 — q)¢"! for k = 1,2,..., and thus p
is a geometric distribution translated by 1, hence infinitely divisible. So assume that
r < pg. Then p > 0, recalling that p +r > 0. Since p = (1 — q)/(1 4+ r/p), it follows
from (2.7) that

pz) = exp {bg(l —q) —log <1 + f) +1log (1 n fe”) —log(1 — qeiz)] .
p p

Hence

n(z) = ex v ethz _ q—k (- ' .
(2.8 Ae) = pLE_;( y k(l (pq) )]

Recall that r/(pg) < 1. It follows that p is infinitely divisible with Lévy measure
v,({k}) = k7'¢*(1 — (—r/(pq))*), k = 1,2,..., and drift 0.

(b) Now assume that r > pg and p > 0. By Katti’s criterion ([12] or Corollary 51.2 of
21]), a distribution >  p,d, with py > 0 is infinitely divisible if and only if there
are ¢, > 0, n=1,2,..., such that

B p+r€lz

=1 zeR.

n
npnzqukpn—ka n = 1727"' .
k=1

In fact, the equations above determine ¢,, n = 1,2, ..., successively in a unique way;
infinite divisibility of >~ p,d, is equivalent to nonnegativity of all ¢,. Now let
pn = p({n}). The first two equations are p; = q1po and 2ps = ¢1p1 + 2¢2po. Hence
q1 = p1/po > 0, but

2py — 147 1—q)¢*
o= 22t QEVOCZ D0 (rg)1+ )] <o
since r > pq. This shows that p is not infinitely divisible.
(c) Assume again that r > pg and p > 0. From (2.7) it can be seen that p will have a
real zero if and only if p = r. In that case, also |p|? will have a real zero, and hence
p*¥™ cannot be infinite divisible, in agreement with the fact that (2.6) is violated for
p =r. So in the following we assume that p # r. From (2.7) we have

log(|p(2)]?) = log(p?® 4 2pr cos z + r?) —log(1 — 2qcos z + ¢*).
Write
2 2 2 2
_ w2 P
p2_|_r2 1_|_q2 1_|_q2
Then 0 < A< 1,0< B < 1,and C > 0 (recall that 0 < ¢ < 1 and p # r), and we
obtain

log(|p(2)[?) = log C + log(1 + Acos z) — log(1 — B cos z)



=log C' — Z kN (—A)F cos? 2 + Z k' B* cos® 2

k=1
00 k k

=logC' + Z ET127R(— (= Ak + BY) Z (l) cos(k — 21)z,
k=1 1=0

since cos? z = 27F Zf:o (’;) cos(k — 21)z. Letting z = 0, we represent log C' by A and
B and get

0o k
log(|p(2) :ZD’“Z( ) cos(k —20)z — 1),
-1 =

where
(2.9) Dy = k71278 (—(—A)* + BY).
Then we get, with |(k — 1)/2] denoting the largest integer not exceeding (k — 1)/2,

oo L(k—1)/2]

log(|p(2)]7) = 2 Z Dy, Z (?) (cos(k —20)z — 1)

=0

_ZZDkZ ( . ];)/2>(Cosmz—1),

where m runs over k, k — 2, ...,3, 1if kisodd > 1 and over k, k — 2, ...,4, 2if k
is even > 2. Since > -, 2% Dy < >°77 k71(A* + B¥) < 0o, we can change the order
of summation and obtain

(2.10) log(|p(2) Z (cosmz — 1)
with

= m + 2h
211 E, =S D, .

This means that
2.12) lo8((F(:) ) = [ (€7 =1 == 1) i),

where v is the symmetric signed measure

(2.13) v = i B (B + 6_m).-

Let F' =r/(pg). Then F > 1. A simple calculation then shows that A < B if and
only if FF—1 < ¢*(F? — F), which is equivalent to 1 < ¢?F, that is, (2.6). Now, if
(2.6) holds, then A < B and hence Dy > 0 for all k, which implies E,, > 0 for all m
and p™™ is infinitely divisible with Lévy-Khintchine representation (2.12) and (2.13).
If (2.6) does not hold, then A > B, D, < 0 for all even k, and E,, < 0 for all even m,



which implies, by (2.12) and (2.13), that p®™ is not infinitely divisible (see Exercise
12.3 of [21]). O

Proof of Theorem 2.2. Write p = picq, and p = p,,. (a) Suppose p = 0. Then p is
infinitely divisible by Lemma 2.3, and hence so is u by (2.5).
(b) Suppose that p,q > 0. Under these conditions, the equivalence of (ii) and (iii)
follows from Lemma 2.3. Further, (ii) implies (i) by (2.5), so that it remains to show
that (i) implies (iii). For that, suppose that r > pq, and in order to show that pu is
not infinitely divisible, we will distinguish three cases: p =r, p > r and p < r. The
first case is easy, but in the second and third cases, we have to use rather involved
arguments resorting to different conditions that guarantee non-infinite-divisibility.

Case 1: Suppose that p = r. Then p will have a real zero as argued in the proof
of Lemma 2.3 (c). By (2.5), also 1 will have a real zero, so that x4 cannot be infinitely
divisible.

Case 2: Suppose that p > r. Then p can be expressed as in (2.8) with the same
derivation. Together with (2.5) and (1.4) this implies

e} [e.e]
— 1
2.14 u(z) = meE D) —(¢™ — (— " € R.
1) A —ew |3 (" = (/)| 2
Absolute convergence of this double series follows from ¢ > 1, ¢ < 1 and r/p < 1.
Define the real numbers a,,, m € N, and the signed measure v by

1 o0 oo
= —(¢" — (—r/p)™) and v:= Gy Op—rp -
(g™~ (~r/p)") >3

It follows that g in (2.14) has the same form as the Lévy-Khintchine representation
with the signed measure v in place of a Lévy measure, so that infinite divisibility of
it is equivalent to the signed measure v having negative part 0; see Exercise 12.3 in
[21]. Thus, to show that p is not infinitely divisible, we will show that there is a point
x such that v({z}) < 0. Since r/p > ¢, it follows that a,, < 0 if m is even and that
@y, > 0 if m is odd. If ¢* is irrational for all £ € N, then the points ¢ "m with n € N,
and m € N are distinct, which implies v({c""m}) < 0 for all even m and pu is not
infinitely divisible.

Suppose that c* is rational for some & € N. Let kg be the smallest such & and
write ¢® = o/ with a, 3 € N such that a and 3 have no common divisor. Let f be
the largest t € Ny such that 2¢ divides 3. Let m be even. Denote

Gn = {(,m)eNygxN: ¢m'=m, m odd},
H,, = {(n',m)eNyxN:c"m' =m, m'even}.
Then
(2.15) v{mph = D aw S ant Y, aw.
(n',m")eGmUHp (n',m")eGm

We claim that the set G,, contains at most one element. To show this, let (n',m') €
Gm. Then n/ # 0 and ¢ = m’/m and thus n’ = lky for some [ € N. Then
m'/m = (a/B)! and hence (' divides m and m/3' is odd. Thus m = 2¥m” with
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some odd integer m”. It follows that [f is determined by m. Hence [ is determined
by m and c¢. Hence n’ is determined by m and ¢, which shows that G,, contains at
most one element. It also follows that f > 1 whenever G,, # 0 for some even m.
If there is some even m such that G,, = 0, then v({m}) < 0 by (2.15), and we are
done. So suppose from now on that G,, # 0 for every even m. Let m; = 27/ for
j=1,2,.... The argument above shows that the unique element (n},m’) in G, is
given by n; = jko and mj = c@m;. Noting that 0 < ¢ < r/p < 1 and ¢ > 1, choose
j so large that ¢ < 27'(r/p)™ and m}; = m;c/* > 2m;. Then

1
= (g™ — mi\ < m;
g = o™ = (1)) < 5 /)
and
1 3 3 o,
;= m;(q i+ (r/p)™) < 2m9(7“/10) < 4mj(?"/p) -
Thus

A(m3}) < i, + g < 52—/ (14 (3/2)(r/p)™) < 0
j

for large enough j, showing that p is not infinitely divisible under the conditions of

Case 2.

Case 3: Suppose that p < r and, by way of contradiction, assume that g is
infinitely divisible. Denote by L, () = [, e *u(dz), 6 > 0, the Laplace transform
of 1. Then L,(0) = e #® where ¢ has a completely monotone derivative 1(f) on
(0,00), that is, (—1)")™(8) > 0 on (0,00) for n = 0,1,... (see Feller [7], p.450). By
(2.5) and (2.7) we have

p+rfa(6)
1 - an 9)

where f3(0) = e and f,(0) = exp(—c"0) = fo(c™"0), n = 1,2,.... Convergence of
the summation in (2.16) is easily established. Since ¢ = d%go is completely monotone,
so is 0 — ¢ 'Y(c716) = L (p(c7'0)). Consider the function

(2.16) ©(0) = —log L,( Zl

_ p
£(0) = P 8 € (0,00).

Then 1/(1 — qfo(0)) — &£(0) is the difference of two completely monotone functions,

because
d 1 d p+rfo(0)\ 1
70—t = (TR ) = T~

Since 1/(1—qfo(0)) = > r"; "¢~ is completely monotone, £(6) is itself the difference
of two completely monotone functions. Applying Bernstein’s Theorem, there must
exist a signed measure ¢ on [0,00) such that f[o ) e |o|(dr) < oo and &£() =

f[O,oo) e % (dx) for all § € (0,00). However, introducing the signed measure 7 :=
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> e o(=7/p)*b), we have

£(0) = 2:: (—ge—e)k - /[0 N e~%r(d)

if @ > 0y := log(r/p). Thus e~%%g(dx) and e~%*7(dx) have a common Laplace trans-
form £(6p+6), 6 > 0. Now from the uniqueness theorem in Laplace transform theory
(p.430 of Feller [7]) combined with Hahn-Jordan decomposition of signed measures,
it follows that e~%%o(dx) = e~%%7(dx), that is, 0 = 7. But f[o,oo) e % |7|(dx) = oo

for 0 < 6 < 6, contradicting the property of o. This finishes the proof of (b).

(¢) Suppose that p,q > 0 and that » > pg. The equivalence of (ii) and (iii) then
follows from Lemma 2.3, and (ii) implies (i) by (2.5), so that it remains to show that
(i) implies (iii). If p = r, then |p|*> and hence |fi|*> have real zeros as shown in the
proof of Lemma 2.3 (¢) and g™ is not infinitely divisible. Hence we can assume that
p # r. With A, B, D, and E,, as in the proof of Lemma 2.3 (c), it follows from

A(:)? = 120 [3(c =) and (2.10) that
(2.17) log(|7(2) :2ZZE (cos(me™"z) —1).

Since

QZZ|E||COS nz) — 1|

n=0 m=1
0o 00 k k
=3 > Dl (z) |cos((k — 20)¢™"z) — 1
n=0 k=1 1=0
< Z Z | Di|28 (ke 2)? < 22 Z c Z k(A* + B*) < o0
n=0 k=1 n=0 k=1

we can consider the right-hand side of (2.17) as an integral with respect to a signed
measure. Thus

(2.18) log((f2)) = [ (6% =1 = i 1o o) 7,

where v is the symmetric signed measure

(2.19) i i Ery(Gpe—n + 0_pme—n).

n=0 m=1

Now suppose that p > gr. As observed in the proof of Lemma 2.3 (c), this is equivalent
to A > B. In order to show that p is not infinitely divisible, we use Exercise 12.3
of [21] again. We need to show that ¥ has a non-trivial negative part. Recall that
E,, > 0 for all odd m and E,, < 0 for all even m. If ¢* is irrational for all k¥ € N, then
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v({m}) = E,, < 0 for even m. Hence, suppose that c* is rational for some k € N.
We first estimate FE,,. Since (ngh) < 2m+2h it follows from (2.9) and (2.11) that

> 1 24™
m+2h
(2.20) | Bl < hgzo e 2h2A < (1 = A7)’ m € N.

Choose v € (0,1) such that A/y < 1, and choose a € N such that (a«+1/2)/(a+1) >
~. By Stirling’s formula, there exists a constant d; > 0 such that for every m € N;

m + 2am > g m+2am \'"?  (m+ 2am)mt2em
"\ (m 4 am)mtom(qm)om

m+ am)am

dl m-+2am
_W(QV) e,

am

Since Dy < 0 for every even k, we conclude

m + 2am)

|Em| Z |Dm+2am| (
am

dy
= (am)V2(m + 2am)

(2.21)

(An)ms2em (1 — (B A)t2em)

for every even m > 2. For even m define G,,, Hy,, ko and f as in the proof of (b)-
Case 2. If G,,, = 0 for some even m, then v({m}) < E,, < 0 similarly to (2.15). So
suppose that G,, # ) for all even m > 2. As seen in the proof of (b), this implies that
G, consists of a single element and that f > 1. Let m = m; = 2/ with j € N, then
the unique element (nf,m}) in Gy, satisfies m//m; = ¢/*. Recall that m/ is odd by
the definition of G,,. For large j, we then have m//2 > m; + 2am;, and from (2.20)
and (2.21) it follows that there exists some constant dy > 0 such that

E,

Yo < dyy /) (A)7)"? =0 as j— oo,
m;

so that v({m;}) < By, + By < Ep,; /2 <0 for large j, finishing the proof of (c).

J

(d) Suppose ¢ = 0. By (2.4), p = po, is Bernoulli distributed with parameter 7.
Further, p = fi.0, is the distribution of " ° ¢ "U,, where {U,,n € N} is an ii.d.
sequence with distribution p. The support of p is then a subset of [0,¢/(c — 1)]. It
follows that also p®™ and p®™ have bounded support. Moreover none of them is
degenerate to a Dirac measure. Hence they are not infinitely divisible. 0

Example 2.4. (a) Let p = ¢ > 0. Then py., fleqr, (Pgr)¥™ and (pcq,)™™ will all
be infinitely divisible if 7 € [0,3 — 21/2], and none of them is infinitely divisible if
r >3 —2v2~0.17157. Recall that r is the dependence parameter.

(b) Let 2p = ¢ > 0. Then p,, and p.,, will be infinitely divisible for r € [0, (13 —
3v/17)/4] and fail to be infinitely divisible for r > (13 — 3v/17)/4 =~ 0.15767. On
the other hand, (pg,)™™ and (pcq,)¥™ are infinitely divisible if and only if r €

[0, (13 — 3V/17) /4] U [1/2,1).
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3. CONTINUOUS-SINGULARITY AND ABSOLUTE CONTINUITY

We continue to study the distribution

He,gr = L (/ ¢ NVs- dYs)
0

defined by a process {(IVy,Y;),t > 0} and a constant ¢ > 1 in Section 2. The pa-
rameters p, ¢ and r with p + ¢ + r = 1 are assumed to satisfy p,q,7 < 1 and
p,q,r > 0 throughout this section (see the first paragraph of Section 2). In this sec-
tion continuity properties of j..,,. are considered. Since p,,, is ¢ !-decomposable and
non-degenerate, it is either continuous-singular or absolutely continuous, as Wolfe’s
theorem [25] says. So our problem is to specify the continuous-singular case and the
absolutely continuous case. To get complete criteria for the two cases is a difficult
problem, far from being achieved.

We use two classes of numbers, namely Pisot-Vijayaraghavan (P.V.) numbers
(sometimes called Pisot numbers) and Peres-Solomyak (P.S.) numbers. A number
¢ > liscalled a P. V. numberif there exists a polynomial F'(x) with integer coefficients
with leading coefficient 1 such that ¢ is a simple root of F'(x) and all other roots have
modulus less than 1. Every positive integer greater than 1 is a P.V. number, but also
(1++/5)/2 and the unique real root of #* —x —1 = 0 are non-trivial examples. There
exist countably infinitely many P.V. numbers which are not integers. See Peres,
Schlag and Solomyak [19] for related information. On the other hand, following
Watanabe [23], we call ¢™! a P.S. number if ¢ > 1 and if there are py € (1/2,1) and
k € N such that the kth power of the characteristic function of the distribution of
> ¢ "Uy, where {U,} is Bernoulli i.i.d. with P[U, = 0] = 1 — P[U,, = 1] = py,
is integrable. Watanabe [23] points out that the paper [20] of Peres and Solomyak
contains the proof that the set of P.S. numbers in the interval (0,1) has Lebesgue
measure 1. However, according to [23], an explicit example of a P.S. number is not
known so far. As follows from the results of [23], the set of P.V. numbers and the set
of reciprocals of P.S. numbers are disjoint.

Theorem 3.1. Assume that c is a P.V. number and that ¢ > 0. Then fi.q, 1S
continuous-singular.

Recall that the assumption ¢ > 0 merely excludes the case of infinite Bernoulli
convolutions.

Proof of Theorem 5.1. Write u = pic 4. The following proof of continuous-singularity
of u is based on an idea of Erdés [5]. It is enough to show that it is not absolutely
continuous. Thus, by virtue of the Riemann-Lebesgue theorem, it is enough to find
a sequence z; — 00 such that
lim sup |zi(zx)| > 0.
k—o0
By the definition of a P.V. number, there is a polynomial F(x) = 2 + ay_12V=! +
-+ 4 a1z + ag such that ay_q,...,a9 € Z, F(c) = 0, and the totality {ay,...,ayx} of
roots of F'(x) satisfies a1 = c and |o;| < 1 for 2 < j < N. Choose z;, = 27wk, Now we
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divide the proof into three cases: (Case 1) p > 0 and r < pg; (Case 2) p = 0; (Case
3) p> 0 and r > pqg. Recall that ¢ > 0 is always assumed.
Case 1: As in the proofs of Theorem 2.2 (b)-Case 2, we have

(3.1) = exp [Z Z pmeE m] , Zz€R

n=0 m=1

with
(3.2) = m g (1 — (=1 /(pg))™) > 0.
The double series above is absolutely convergent. We then have

(3.3) |1i(2)] = exp [ Z Z (1 — cos(me™ ))am] .

n=0 m=1
Thus
|7i(21)| = exp [—Z Z(l — cos(2rmc*™))a ] = exp [ Z (Sm + R,
n=0 m=1 m=1
with .
Spm = Z(l — cos(2mrmc™™™)), R, = Z (1 — cos(2mmc™™™)).
n=0 n=k+1
Now
k k N
= Z(l — cos(2mmc™)) = Z (1 — cos (27Tm2aj">> ,
n=0 n=0 =2
N n

since ¢ = ) .7 Zjvzz a;" and Zjvzl a;" is an integer. The latter is a conse-
quence of the symmetric function theorem in algebra (e.g. Lang [15], Section IV.6),
implying that Zjvzl a;", as a symmetric function of a1, ..., oy, can be expressed as
a polynomial with integer coefficients in the elementary symmetric functions, which
are integer valued themselves since F' has integer coefficients with leading coefficient

1. Choose 0 < 6 < 1 such that |a;| < d for j =2,..., N. Then, with some constants
017027037
S < Clz <mzaj ) < Cym? ZZ ;[ < Csm 252“ < Cym?/(1 - 6%).
n=0 n=0 j=2
Further, we have
R, < (4 Ez(mc_")2 = COym?/(* —1).
n=1

Hence, it follows that

| (Zk!>eXp[ Zamm (1_52 0_11)]

This shows that limsup,_, |[fi(zx)| > 0, since Y a,m* < cc.
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Case 2: We have

o0

|Pg.r(2)] = exp [Z(COS mz— 1)%]

by the remark at the beginning of the proof of Lemma 2.3 (a). Hence the situation
is the same as in Case 1.
Case 3: Recall the proof of Lemma 2.3 (c). We have

Pur(2)? = exp [2 Z E,.(cosmz — 1)]

m=1

with E,, of (2.11). Hence

H |Pyr(c7"2) 2 > exp [—2 Z Z Ef(1 - cos(mc_"z))] :

n=0 m=1

where Ef = max{Em, 0}. We have > Ftm? < oo, since

ZE+m - sz |Dm+2h|(m+2h) - i ) m2|Dk|<(k _];)/2)

m=1 h=0 m=1k—m even >0

o0 L(k—1)/2] I .
< 2 D < ViAk k
WD (}) =D b+ p <o
1=0 k=1
noting that ZM 1/% (%) < 2¥'and |Dy| < k7'27%(A* + BF) with 0 < A < 1 and
0 < B < 1. Hence we obtain limsup,,_,, |fi(21)* > 0 exactly in the same way as in
Case 1. U

Theorem 3.2. Assume that ¢! is a P.S. number. Then there exists ¢ = €(c) € (0,1)
such that picq, 1s absolutely continuous with bounded continuous density whenever
p>0,r<pqgandq>1—c¢c, or whenever p = 0 and ¢ > 1 —¢c. In particular,
there exist constants Cy = Cy(c) > 0 and Cy = Cy(c) > 0 such that jicq, is absolutely
continuous with bounded continuous density whenever ¢ > Cip > Cor.

Recall that Lebesgue almost all ¢ € (1, 00) are the reciprocals of P.S. numbers.

Proof of Theorem 3.2. Let p = picqr. Let po € (1/2,1) and k € N as in the definition
of a P.S. number. The following proof was suggested by an argument of Watanabe [23].
Let K := k|log(2po — 1)|/2, which is positive. Then, Equation (2.4) of [23] tells us
that

(3.4) / exp {04 Z(cos(c_”u) - 1)} du < oo  whenever a > K.
—© n=0

Under the condition that p > 0, ¢ > 0 and r < pgq, we have (3.3) with a,, of (3.2).
Let ap = > | Gyp,. Then it follows from Jensen’s inequality that

[ ez =2 [T e [ 13 Zam (%Z 1)>] N
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< 2/000 [aio z:; Ay €XD (ao Z:;(cos(mc"z) - 1))] dz
- 0430 <Z %) /Ooo exp (ao ZO(COS(C_”u) — 1)) du.

=1
The last integral is finite whenever oy > K by (3.4). We have a,, > m~'¢™ for m
odd, and it follows that aq tends to oo as ¢ T 1. Thus there is ¢ = ¢(c) such that
ag > K for all ¢ > 1 — . Hence p has bounded continuous density whenever p > 0,
r < pqand ¢ > 1—¢e. The case when p = 0 and ¢ > 1 — ¢ follows similarly, with
@, = m~1¢™ in the above calculations.

To see the second half of the theorem, suppose that ¢ > Cip > Cor with C;, Cy >
0. Then p > 0 since p +r > 0, and hence ¢ > 0. Thus

p o\ p . Cip\ " 1 1\"'
=(1+5+-) >(1+2+25) > (1+5+=) .
K ( q Q) ( q Czq) ( Cy Cz)

Hence, ¢ > 1 — ¢(c) if C; and Cy are large enough. We also have

11
L<ﬁ(1+—+—>.

pq — Cy Gy Gy
Hence 7/(pq) < 1 if C is fixed and C; is large. Thus there are C; and Cy such that
g>1—¢(c),p>0and r/(pg) <1 whenever ¢ > Cip > Cor. O

Now we use the entropy H(p) of a discrete probability measure p on R. Here
discrete means that p is concentrated on a countable set. We define

H(p) === p({a}) log p({a}),
acC
where C' is the carrier (the set of points with positive mass) of p.

Theorem 3.3. Assume that ¢ > 0. Then
+

1
3.5 H(pgr) = (¢ +r <log >+plog—,
35 Hipy) =g+ 1) (lon = + 7= ;

where plog(1/p) is understood zero for p = 0. The following are true:
(a) The Hausdorff dimension of pi.q, is estimated as
H{(pgsr)

. i < —=.
(3 6) dim (/’607617"') — IOgC

qtr

1
log — — log
q

(b) For each ¢ > 1, there exists a constant C3 = Cs(c) > 0 such that pcq, is
continuous-singular whenever max{q,r} < Csp.

(¢) Fiz q and r. Then there exists a constant Cy = Cy(q,r) > 0 such that .., is
continuous-singular whenever ¢ > Cy.

The estimate (3.6) is meaningful only when H(p,,)/logc < 1, as the Hausdorff
dimension of any measure on the line is less than or equal to 1. But, in this case, (3.6)
does not only tell continuous-singularity of ji. 4, but also gives finer information on
a set of full measure for fic g,
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Proof of Theorem 3.3. Recall that p,, is defined by (2.2). The geometric distribution
0,4 has entropy

(3.7) H(o,) = —log(1 - g) — = logg

and H(p,,,) is readily calculated as

H(pgr) = (1+7/q) [H(og) + (1 = q)log(1 — q) — qlog(1 +r/q)] — plogp,
which shows (3.5).
(a) Applying the remarkable Theorem 2.2 of Watanabe [23] on ¢~ !-decomposable dis-
tributions, we obtain (3.6).
(b) Notice that, since p is continuous-singular or absolutely continuous, it must be
continuous-singular if its Hausdorff dimension is less than 1. Suppose that max{q, r} <
Csp with C3 > 0. Then p > 0 and hence p = (1+¢/p+7/p)~* > (1 + 2C3)~!, which
tends to 1 as C3 — 0. Hence ¢ — 0 and r — 0 as C'5 — 0. Thus

1 q 1 1
H(pg,) = (qg+7) (1 + log = +1
(Pgr) = (g +7) ( 0g og - +log—

1
+plog— — 0
1—-q¢ 1-—¢q r P

and hence
sup{H (p,,): max{q,r} < Csp} — 0, C5—0.
This shows (b).

(c) For given ¢, r, take any Cy > exp H(p,,). Then the assertion follows from the
estimate (3.6). O

It is known that the distributions of some Lévy processes have time evolution, that
is, change their qualitative properties as time passes (see Chapters 5 and 10 of Sato
[21] and Watanabe [24]). It was Watanabe [23] who showed that the distributions of
some semi-selfdecomposable processes have time evolution in continuous-singularity
and absolute continuity. It is of interest that the Lévy process {Z;,t > 0} determined
by the distribution . ,, when it is infinitely divisible, gives an explicit example of
time evolution of this sort as the following theorem shows. Note that £(Z;) = (ic,q.)"
for t > 0.

Theorem 3.4. Assume that either p >0, ¢ >0 and r < pq orp=0. Write p = p,,
and pt = ficqr. Then the following are true.

(a) There are t; = ti(c,q,r) and ty = ta(c,q,r) with 0 < t; < ty < oo such that
pt* is continuous-singular for all t € (0,t1), absolutely continuous without bounded
continuous density for allt € (ty,t9) ift, < ta, and absolutely continuous with bounded
continuous density for all t € (t3,00) if to < 0.

(b) If ¢ is a P.V. number, then t; = oo, that is, u** is continuous-singular for all
t>0.

(¢) If ¢ is a P.S. number, then ty < oco. Thus ty < oo for Lebesque almost all ¢ > 1.
(d) The entropy H(p™) is a finite, continuous, strictly increasing function of t €
[0,00), vanishing at t =0, and

(3.8) dim (™) <

for allt > 0.



(e) Fiz q, v and t > 0. Then u** is continuous-singular for all sufficiently large ¢ > 1.

Lemma 3.5. If p is a distribution on Z with finite absolute moment of order 1+ ¢
for some € > 0, then its entropy H(p) is finite.

Proof. Let p = >.7°_ _ PmOm. Then > |m|'"**p,, < co. Hence there is a con-

stant C' > 0 such that p,, < C|m|~'7¢. The function f(z) = xlog(1/xr) is increasing
for 0 < 2 < e !. Hence,

H(p) < Y pmlog(l/pm)+ Y Clm|™ " log((Clm| ™)) < o0

m|<mg [m|>mg

with an appropriate choice of my. O

Proof of Theorem 3.4. Observe that under our assumption p is infinitely divisible (see
Theorem 2.2), so that u™ is definable for all ¢ > 0. If p > 0 and r < pq, it follows
from (2.8) that p is a compound Poisson distribution, concentrated on Ny, with finite
second moment, since Y °_ m?a,, < oo for a, = v,({m}). If p = 0, then p is
a geometric distribution shifted by 1 (see the proof of Lemma 2.3). In both cases,
H(p) < oo by Lemma 3.5. The property that p is ¢~ !-decomposable is preserved to
convolution powers, since (1.3) implies

—~
tx

§(2) = g (=) i (2)
for any ¢ > 0. Thus we have

(3.9) ,L;t\*(z) = H ,gt\*(c_"z) = exp <it73z + tz Z(eimcinz - 1)am> ,
n=0

n=0 m=1
00

where v) = 0 for p >0 and v) = > ¢ =¢/(c—1) for p=0. If p> 0, ¢ > 0 and
r = 0, then p is geometric. If p = 0, then the result is the same as in the case of p
being geometric distribution, since shifts do not change entropy, Hausdorff dimension
and continuity properties. Hence, from now on, we exclude the case p = 0. Let us
prove (d) first. We obtain the properties of H(p") from Proposition 5.1 of Watan-
abe [23] or Exercise 29.24 of Sato [21]. Applying Theorem 2.2 of [23] to the law p'*,
we get (3.8).

(a) Tt follows from (d) that p™ is continuous-singular for all sufficiently small ¢ > 0.
Let ¢, be the supremum of ¢ > 0 for which p** is continuous-singular. Then 0 < #; <
oo. Noting that if ¢t < ¢, then p** is a convolution factor of u!*, use Lemma 27.1 of
[21]. Thus p™ is continuous-singular for all ¢ € (0,¢;) and absolutely continuous for
all t € (t1,00) if t; < co. Let ty be the infimum of ¢ > ¢; for which p™* has bounded
continuous density. Use the fact that a distribution is absolutely continuous with
bounded continuous density if a convolution factor of it has this property. Then we
obtain the assertion (a).

(b) The proof is the same as that of Theorem 3.1 with a,, replaced by ta,,.

(c) Let ¢! be a P.S. number. Then p'* is absolutely continuous with bounded con-
tinuous density for all sufficiently large ¢, which is shown in the same way as Theorem
3.2, or we can apply Theorem 2.1 of Watanabe [23].

(e) Obvious consequence of (d). O
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In the rest of this section we consider the case where {N;} and {Y;} are indepen-
dent, that is, the case where r = 0. The following theorem is largely repetition of
Theorems 3.1-3.3 in this case but, since the Lévy measure of ji. 40 is increasing with
respect to ¢, we obtain stronger statements.

Theorem 3.6. Under the condition that 0 < ¢ < 1 andr =0 (that is, {N;} and {Y;}
are independent), the following are true:

(a) For any ¢ > 1 there are constants ¢ = q1(c) and g2 = q2(c) satisfying 0 < 1 <
q2 < 1 with the following properties: fi.qo is continuous-singular for all ¢ € (0,q1),
absolutely continuous without bounded continuous density for all ¢ € (q1,q2) if 1 < ga,
and absolutely continuous with bounded continuous density for all g € (q2,1) if g2 < 1.
(b) If ¢ is a P.V. number, then g1 =1, that is, fi.q0 is continuous-singular for all q.
(¢) If ¢t is a P.S. number, then qx < 1. Hence gy < 1 for Lebesgque almost all ¢ > 1.
(d) The Hausdorff dimension of pi.q0 is estimated as

. Hp ,0)
(3.10) dim (pe,q0) < ﬁ7
where
q
(3.11) H@m)z—kgﬂ—qy—l_qbg%

which is a finite, continuous, strictly increasing function of q¢ € (0,1) and tends to 0
as q | 0.

(e) Fiz ¢ > 1. If q is so small that H(pgo) < loge, then pi.q0 is continuous-singular.
In particular, if

(3.12) 0<qg<1-(log2/logc),
then picq0 18 continuous-singular.

(f) Fiz q > 0. If ¢ is so large that ¢ > exp H(pq0), then ficq0 is continuous-singular.

Proof. Let us begin with the proof of (d). The estimate (3.10) follows from (3.6) of
Theorem 3.3. The expression (3.11) is exactly (3.7), since p,0 = 0.

(e) and (f) These come from (d), as a distribution with Hausdorff dimension < 1
cannot be absolutely continuous. We get the sufficient condition (3.12), since

O (R

by strict concavity of the function log x.
(a) Recall that p. 40 has Lévy measure

0o 00
q
Vego = E E E5c*"m-

n=0 m=1

1 1
+qlog-) < log 2
q 1

I—gq —q

Hence, if ¢ < ¢/, then pi. 4 is a convolution factor of j. 4 o. Now the proof is obtained
by the same argument as in the proof of (a) of Theorem 3.4.

(b) Consequence of Theorem 3.1.

(¢) This follows from Theorem 3.2. O
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Example 3.7. (a) In the case ¢ = e, p 40 is continuous-singular if
q <1—1log2 =~ 0.30685.

This follows from (3.12) in Theorem 3.6.
(b) In the case ¢ = 1/2, fic1/2, is continuous-singular if ¢ > 4 since H(p1/2,0) = 2log 2,
as (f) of Theorem 3.6 says.

In the independent case (0 < ¢ < 1 and r = 0), the assumption in Theorem 3.4
is satisfied. So the assertions on time evolution of y. 40 hold true as in that theorem.
It is of interest to estimate H(p,0™) appearing in the right-hand side of (3.8).

Proposition 3.8. If0 < g < 1, then

1 1 1
(3.13) H(pgo™) <t {— <1 + 2log —) + glog —] for 0<t<1,
p p) p "t

where p = 1 — q. The right-hand side of (3.13) is a strictly increasing function of
t € (0,1] which tends to 0 ast | 0.

Proof. Write p = p, 0. Since p equals geometric distribution o, with parameter p, the
distribution p™*, t > 0, is negative binomial distribution with parameters ¢ and p, i.e.,

= ()t kem

To estimate H(p™) from above, observe that ¢ p'¢*/k < p*({k}) < tq" for 0 <t <1
and k € N so that

H(p"™) == p*({k}) log p™ ({k})

< —(logp') + > tq" (log k — log(tp') — klogq)
k=1

1 1 1
<t {log—%——log— - glog(tpt) — %bgq ,
p p p p p

where we used Y 77, kq¢" = ¢/p* and

k k ~ o -
;q logkgkz;q Zln S log

cf. Gradshteyn and Ryzhik [10], Formula 1.513.6. Recalling that p’ > p since ¢ < 1,
this can be further estimated to

2 1 1 1
H(p™) Stblog;—k%log;—i-]%logg] .

Together with (¢/p)log(1/q) = (¢/p)log(1 + p/q) < 1, this gives (3.13). O
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