FUNCTIONAL REGULAR VARIATION OF LEVY-DRIVEN
MULTIVARIATE MIXED MOVING AVERAGE PROCESSES

MARTIN MOSER AND ROBERT STELZER

ABSTRACT. We consider the functional regular variation in the space D of cadlag func-
tions of multivariate mixed moving average (MMA) processes of the type X; = [ [ f(A,t —
s)A(dA,ds). We give sufficient conditions for an MMA process (X:) to have cadlag sample
paths. As our main result, we prove that (X:) is regularly varying in D if the driving Lévy
basis is regularly varying and the kernel function f satisfies certain natural (continuity) con-
ditions. Finally, the special case of supOU processes, which are used, e.g., in applications in
finance, is considered in detail.

1. INTRODUCTION

In many applications of stochastic processes, the center of the distributions involved and
related quantities (e.g. sample means, variances etc.) can be modeled quite well. In view of the
central limit theorem, Gaussian distributions play an important role in that field. However,
this needs not to be true for the tail of the distribution which is of great importance in many
areas of application. Possible examples are severe crises in stock markets or extreme weather
events which can cause huge losses to the financial industry, insurance companies and also to
private people. Therefore, it is of great importance to model the distribution tail and related
quantities (e.g. quantiles, exceedances, maxima etc.) correctly.

A very well established concept to model extreme values is regular variation. It has its
origin in classical extreme value theory, where limit distributions for sample maxima are
derived. The maximum domains of attraction of two of the three possible standard extreme
value distributions (Fréchet and Weibull) can be described by regular variation of functions,
meaning functions behaving like a power law in the limit, see also [19] and [39].

Moreover, regular variation can intuitively be extended to a multivariate setup. It is then
formulated in terms of vague convergence of measures given by

nP(a,X € ) 5 pu(-), (1.1)

where X is a multivariate random vector, (a,) an increasing sequence and p is a Radon
measure. Since p is homogeneous, multivariate regular variation of X can be interpreted as
convergence of the radial part || X|| to a univariate regularly varying random variable Y and
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of the spherical part X/||X|| to a random variable Z on the unit sphere, which is independent
of Y and can be described by the measure p. Detailed introductions to multivariate regular
variation can be found in [39] and [26].

Finally, [24] extended the definition to the space of multivariate stochastic processes
with sample paths in the space D of cadlag functions, i.e. right-continuous functions with
limits from the left. The formulation of regular variation in such generality has the advantage
that, in addition to functionals based on the values of a stochastic process at fixed time
points, one can also analyze functionals acting on the complete sample paths of the process.
This is a very powerful tool for the analysis of extremal properties of a process, especially in
combination with methods for weak convergence of point processes which are closely related
to regular variation (see Section @ Despite the power of this technique, conditions ensuring
regular variation in D have so far been given only for few classes of processes.

In this paper we apply the concept of regular variation on D to multivariate mixed mov-
ing average (MMA) processes with cadlag sample paths. MMA processes have been first
introduced by [45] in the univariate stable case and are given as integrals of the form

X, :M{ R/ F(At— $)A(dA, ds),

where A is a multivariate Lévy basis. The class of (multivariate) MMA processes covers a
wide range of processes which are well known and extensively used in applications. Examples
include Ornstein-Uhlenbeck processes (cf. [2] and [36]), superpositions of Ornstein-Uhlenbeck
(supOU) processes (cf. [I] and [3]), (fractionally integrated) CARMA processes (cf. [12], [32])
and increments of fractional Lévy processes (cf. [31], [7] and references therein).

Regular variation of the finite-dimensional distributions of MMA processes has already been
proved in [34], given that the underlying Lévy basis is regularly varying and the kernel function
satisfies the integrability condition f € IL%. In this paper we give additional integrability and
continuity conditions on the kernel function f such that the MMA process is functionally
regularly varying on ID. Furthermore, we also analyze the special case of multivariate supOU

processes given by
t
X = / / AN (dA, ds).
My =

The paper is organized as follows. In Section we introduce the notion of multivariate
regular variation and related properties. In Section we recall the definition of MMA
processes and the related integration theory. Furthermore, we review the conditions for
existence of MMA processes and for regular variation of their finite dimensional distributions.
The sample path behavior of MMA processes is discussed in Section [3] We give an overview
over the relevant literature and derive new sufficient conditions for MMA processes to have
cadlag sample paths in the case where the underlying Lévy process is of finite variation.
In Section {| we introduce the notion of functional regular variation and prove that MMA
processes are regularly varying on D, given certain conditions. In Section [5| we verify these
conditions in the special case of supOU processes. Finally, in Section [f] we show the connection
between functional regular variation and point process convergence and discuss the relevance
of the results to the extremal analysis of MMA processes.
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2. PRELIMINARIES

2.1. Notation. Let R be the real numbers, RT the positive and R~ the negative real numbers,
both without 0. N is the set of positive integers and Q are the rational numbers. The Borel
sets are denoted by B and B are the bounded Borel sets. A is the Lebesgue measure on
R and B,(z) := {y € R? : ||y — 2| < r} is the closed ball of radius r centered at .
D is the space of cadlag (right-continuous with left limits) functions z : [0,1] — R and
Sp = {z € D : supyeoq] [|2¢]| = 1} is the unit sphere in D.

For matrices, M, q is the set of all n x d matrices and M the set of all d x d matrices. M
is the set of all d x d matrices with all eigenvalues having strictly negative real part. I; is the
d x d identity matrix. We write AT for the transposed of a matrix A and ||A|| for the matrix
norm induced by the Euclidean norm.

If random variables, vectors, processes, measures etc. are considered, they are given as
measurable mappings with respect to a complete probability space (2, F, P).

Vague convergence is defined in terms of convergence of Radon measures and it is denoted
by . It is defined on the one-point uncompactification Rd\{O}, which assures that the sets
bounded away from the origin can be referred to as the relatively compact sets in the vague
topology. Similarly, w-convergence is given by the convergence of boundedly finite measures
and is defined on Dy = (0, 00] x Sp, which can be viewed as the one-point uncompactification
in D.

2.2. Multivariate Regular Variation. Regular variation on R? is expressed in terms of
vague convergence of measures and several different, but equivalent, definitions exist. For
detailed and very good introductions to regular variation we refer to [9], [38], [39] and [29].

Definition 2.1 (Multivariate Regular Variation). A random vector X € RY is regularly
varying if there exists a sequence (ap)nen, 0 < a,, * 00, and a nonzero Radon measure p on

B(@d\{O}) such that M(ﬁd\Rd) =0 and, as n — o0,
nP(a,' X € ) = pu(-)

on B(@d\{O}). Similarly, we call a Radon measure v regularly varying if (a,) and p exist as
above such that, as n — oo,

nv(an) = p()-

The limiting measure p of the definition is homogeneous, i.e. it necessarily satisfies the
condition

u(tB) =t~ u(B)

for all B € B(@d\{O}) and t > 0. Hence, we write X € RV (a, (ap), ) or v € RV (a, (an), i),
respectively. In the special case of an infinitely divisible random vector X € R? with Lévy
measure v we know that X € RV(a,(ay),p) if and only if v € RV (a, (an), ) (see [25],
Proposition 3.1). This result is very useful throughout this work, since MMA processes are
infinitely divisible, just as the driving Lévy bases are. A detailed introduction to infinitely
divisible distributions and Lévy processes can be found in [44], for instance.

2.3. Multivariate Mixed Moving Average Processes. In this section we shortly recall
the definition and main properties of multivariate mized moving average processes (short
MMA processes).
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A multivariate (R"-valued) MMA process (X;) can be defined as an integral over a mea-
surable kernel function f : M; x R — M, 4 with respect to an R?-valued Lévy basis A on

M, xR, ie.
X = //f(A,t—s)A(dA, ds).
M- R

An Révalued Lévy basis A = (A(B)) with B € By(M, x R) is a random measure which is
e infinitely divisible, i.e. the distribution of A(B) is infinitely divisible for all B € By(M; xR),
e independently scattered, i.e. for any n € N the random variables A(By),...,A(B,) are
independent for pairwise disjoint sets By, ..., B, € By(M; x R) and

e o-additive, i.e. for any pairwise disjoint sets (Bj)ien € Bp(M,; x R) with (J, .y Bn €
By(M,; x R) we have A({J,,cny Bn) = > pen A(Br) almost surely.
Thus, Lévy bases are also called infinitely divisible independently scattered random mea-

sures (i.d.i.s.r.m.). Following the relevant literature (cf. [20], [21], [22], [3] and [34]) we only
consider time-homogeneous and factorisable Lévy bases, i.e. Lévy bases with characteristic

function
E (eiuTA(B)) — eP(WI(B) (2.1)

for all u € R and B € By(M,; x R), where II = 7 x X is the product of a probability measure
7 on M, (R) and the Lebesgue measure A on R and

o(u) = iuly — %UTEU +/ (ewT‘B -1- iuTac]l[_Ll}(H:UH)) v(dx)
R4
is the characteristic function of an infinitely divisible distribution with characteristic triplet
(7,%,v). The distribution of the Lévy basis is then completely determined by (v,%, v, )
which is therefore called the generating quadruple. By L we denote the underlying Lévy
process which is given by L; = A(M; x (0,t]) and L_, = A(M; x [-t,0)) for ¢ € RT. For
more details on Lévy bases see [37] and [35].

We should stress that the set M, in the definition of MMA processes can be replaced by
M, or basically any other topological space. The choice of M, is motivated by the special
case of supOU processes, where this is the canonical choice.

Necessary and sufficient conditions for the existence of MMA processes are given by the
multivariate extension of Theorem 2.7 in [37].

Theorem 2.2. Let A be an R%-valued Lévy basis with characteristic function of the form
(2.1) and let f: M; xR — M, q be a measurable function. Then f is A-integrable as a limit
in probability in the sense of [37] if and only if

//Hf(A,S)er[f(A,s)x (Ljo.1 (1£(A, s)z])) — L1y () v(dz)

dsm(dA) < oo, (2.2)
/ /||f (A, 8)E f(A,s)"||dsm(dA) < 0o and (2.3)

/// (LA IIF(A, 8)2]) v(de)dsm(dA) < (2.4)

M R R4
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If f is A-integrable, the distribution of Xog = fM; S+ f(A,s)A(dA, ds) is infinitely divisible

with characteristic triplet (Yint, Lint, Vint) given by

ont = / / ( (A, s)y + / (A, )z o,l](llf(A,S)xll)11[0,1](||93||))V(d$)) dsm(dA),

M,

Yint = / /f (A, )2 f(A, s)Tdsm(dA)  and

Mg

Vint(B / //]13 f(A, s)x)v(dx)dsm(dA)  for all Borel sets B C R".

M; R R4

However, since our focus is on regularly varying processes, we recall sufficient conditions
derived in [34] which are intrinsically related to the conditions needed to ensure regular
variation. To this end we define

Lo(m x A) := {f :M; xR — M, 4 measurable, / /||f(A,S)H6dS7T(dA) <00, nE N}.

Mm; R

Theorem 2.3 ([34], Theorem 2.6). Let A be a Lévy basis with values in R? and characteristic
quadruple (v, 3, v, ). Furthermore, let v be reqularly varying with index o and let f : M x
R — M, 4 be a measurable function. Then f is A-integrable in the sense of [37] and X; is
well defined for all t € R, stationary and infinitely divisible with known characteristic triplet
(see Theorem if one of the following conditions is satisfied:

(i) Ly is a-stable with o € (0,2)\{1} and f € L* N L.

(ii) f is bounded and f € L for some § < a, § < 1.

(iii) f 4s bounded, EL1 =0, a > 1 and f € L for some § < o, § < 2.

Regular variation of X for fixed ¢t € R as well as regular variation of the finite dimensional
distributions of the process (X;) have been derived in [34] under similar conditions.

Theorem 2.4 ([34], Th. 3.2 and Cor. 3.5). Let A be an R%-valued Lévy basis on M_ X R
with generating quadruple (v,%,v,7) and let v € RV («, (an), 1y). If Xp = fM Jr f(

s)A(dA,ds) exists (in the sense of Theorem.) feLe(mxA) and pu, (f~1(A4, s)(]R"\{O}))
0 does not hold for m x A almost-every (A, s), then Xo € RV («, (an), px) with

_ / / / 15 (F(A,t — 8)2) i (dz)dsm(dA) VB € B{R™\{0}).

— d
M; RR

Furthermore, the finite dimensional distributions (X¢,,...,X¢,), ti € R and k € N, are also
regqularly varying with indexr o« and limiting measure

A, t1 — S)
— / / / 15 : v | (de)ds(dA) VB € BR\{0})

M; R R f(A tg — )
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Comparable necessary conditions for regular variation do also exist, see [34], Theorem 3.4,
for details. Note in particular that in the one-dimensional case f € L% (m x \) is both sufficient
and necessary.

Next we introduce a result which allows to decompose a Lévy basis into a drift, a Brownian
part, a part with bounded jumps and a part with finite variation. This is the extension of
the Lévy-Ito decomposition to Lévy bases.

Theorem 2.5 ([3], Theorem 2.2). Let A be a Lévy basis on M, x R with characteristic func-
tion of the form and generating quadruple (v, %, v, 7). Then there exists a modification
A of A which is also a Lévy basis with the same characteristic quadruple (v, %, v, ) such that
there exists an R%-valued Lévy basis AC on M xR with generating quadruple (0,%,0,7) and

an independent Poisson random measure N on R x M, xR with intensity measure v X ™ X X
such that

A(B) = y(m x \)(B) + A%(B / / N(dz,dA,ds) — n(dA)dsv(dz)) / /xN (dx,dA, ds)

|z||<1 B ||z]|>1 B

for all B € By(M; x R) and w € Q. If, additionally, sz”q ||z||v(dx) < oo, then

A(B) = yo(m x \)(B) + A%(B //xN (dx,dA,ds)

Rd B

for all B € By(M,; xR), where vy := v —
with respect to N for all w € Q).

lzll<1 zv(dx). Moreover, the Lebesque integral exists

Throughout the remainder of this paper we assume that all Lévy bases occurring are already
modified such that they have the above Lévy-It6 decomposition. Moreover, for a Lévy basis
A we define two Lévy bases A and A by

AD(B) = ~(x x A)(B) + A°(B) + / / +(N(dz, dA, ds) — r(dA)dsv(dz))  (2.5)
el<1 B
AD(B) = / / N (dz, dA, ds) (2.6)
fel>1 B
for all Borel sets B.

If the underlying Lévy process is of finite variation, the integral can be defined w-wise.
Note that by Theorem 21.9 in [44] finite variation of (L;) is equivalent to ¥ = 0 and

Sjzj<a 121l v(dz) < oo

Proposition 2.6 ([3], Prop 2.4). Let A be a Lévy basis on M; x R with characteristic
function of the form (2.1) and generating quadruple (,0,v, ) such that f|$||<1 ||| v(dx) <

o0o. Let g and N be as deﬁned in Them"em- If f e L' and

[ [ [anisasvn dsaaa) < o,

— d
M; R R
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then

X = / / F(A, $)A(dA, ds) = / / F(A, $) 0 dsm(dA) + / / / F(A, $) 2 N(dz, dA, ds)
My My R R My R

R

and the integrals on the right hand side exist as Lebesgue integrals for every w € . Moreover,
the distribution of X is infinitely divisible with characteristic function

E <€iuTX) = exp | iu Ym0 + / <€iuT$ - 1) Vine(dz) |
Rd
where yinto = [ [ f(A,s)vwdsm(dA) and

M; R
vint(B) = [ 1{ fd 15(f(A,s)x)v(dx)dsm(dA) for all Borel sets B C R™.
My RE

The condition f € L' is obsolete if vy = 0.

3. SAMPLE PATH BEHAVIOR

In Section 4] we review the concept of regular variation for cadlag processes and apply it
to MMA processes. Therefore, we first have to discuss the sample path behavior of MMA
processes.

Many examples of results for MMA processes to have cadlag sample paths exist in the
special case where the underlying Lévy process has sample paths of finite variation, i.e. ¥ =0
and flle<1 ||| ¥(dx) < oo. In this case, the sample path behavior of the driving Lévy process
transfers to the sample paths of the MMA process. For example, define for any Lévy process
L; the corresponding filtered Lévy process X by

X = [ f(t,s)dLs (3.1)
/

for t € [0,1]. If X; exists, L; is of finite variation and the kernel function f is bounded and
continuous, then X; has cadlag sample paths (cf. [24], Lemma 28).

Another result for supOU processes is given by Theorem 3.12 in [3]. This result can be
extended to the general case of MMA processes.

Theorem 3.1. Let A be a Lévy basis on M, x R with characteristic function of the form
(2.1) and generating quadruple (vy,0,v, ) such that wallﬁl |z|| v(dz) < co. Suppose that the
kernel function f(A,s) is continuous and differentiable in s for all s € R\{0} and f(A,07) =
limg ~ f(A,s) = C1 € Myq as well as f(A,01) = limyo f(A,s) = Co € M, 4 for all
Ae M, . Set
e [ Ap(As) if s 0,
fi(4;s) = { ﬁins\o d%f(A, s) ifs=0
and assume that for some § > 0 and for every ti,to € R such that t1 <ty and to —t1 < 6 the
function supepy, 1,0 If'(A,t — s)|| satisfies the conditions of Pmposition where (7,0,v,m)
is replaced by (||v||,0, vy, 7) and the Lévy measure vy (-) = v(T (")) is transformed by T(z) =
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lz||. If the process Xy = fM; Jz f(A,t —s)A(dA, ds) exists (in the sense of Proposition ,
then setting Zy = fM; Jo [/(A,t — s)A(dA, ds) we have
t
X: = Xo+ /Zu du+ (Cy — Ca) Ly (3.2)
0

and consequently X; has sample paths in D which are of finite variation on compacts.

Proof. Obviously the process Z; exists (in the sense of Proposition .

We follow the steps of the proof of Theorem 3.12 in [3] and begin by showing that Z; is
locally uniformly bounded on compacts. Note that by Proposition the processes X; and
Z; can be given as integrals with respect to a Poisson measure and 7w x A. For § > 0 and every

t1,t2 € R such that t; <ty and t2 —t; < 6 we obtain sup || Z|| = sup H fM Jo [1(At—
tE[tl,tQ} tE 17

s)A(dA,ds) H < fM Jz sup [[f'(A,t — s)||[Ar(dA,ds), where T : Rd — R is given by
tG[tl tg
T(xz) = ||z|| and Ar is the transformed Lévy basis with characteristic triplet (|||, 0, vr, 7).
Existence of the right hand side is covered by Proposition 2.6, Thus Z; is locally uniformly
bounded and it follows by Fubini that

t o0
/Zdu—// /f (A, u — s)A(dA, ds) du+///f’Au—s A(dA,ds) d
0 A u
t ot 00 tAs
/ //f'Au—s ) duA(dA,ds) +///f’Au—s du A(dA,ds)
My —000Vs My 00
/ t 7 tAs
/ /fA u—8) e A(dA,ds) +//f(A,u—s) uZOA(dA,ds)
My~ Mg O
ZXt—Xo—i-(Cl—Cz)
O
Remark 3.2. (1) The inclusion of kernel functions with a discontinuity at s = 0 is mo-

tivated by the class of causal MMA processes where the kernel function is of the form
J (A, 8)1jg o) (5). For example, in the supOU case the kernel function is e Lj0,00)(5)
and the limits at s = 0 can be given directly by C1 = 0 and Cy = I yielding (see

Theorem 3.12 in [3])
t

&:%+/am—u
0

(2) The result can obviously be extended to the case where f(A4,07) and f(A4,0") exist
for all A, but are not independent of A. Then (3.2)) holds with the Lévy process

L := f f F(A,07) — f(A,07))A(dA,ds) in place of (C; — C3) Ly.

(3) Intultlvely a necessary condition for a MMA process X to have cadlag paths should
be that f(A4,-) is cadlag for (w almost) all A. In the case of continuous paths the
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analogous necessary condition follows from [41], Theorem 2.4]. We conjecture that also
in the cadlag case one can prove this necessary condition by extending the arguments
of [14], [41], but this is beyond the scope of the present paper.

(4) The condition on f being differentiable with respect to time everywhere except at 0
is clearly only sufficient. For example, for any Lévy process L with finite logarithmic
moment

X, = / <e*<t*8> I+ (t— ) +e g (-1 - 8)) dLs
R

is cadlag as the sum of two OU processes which are cadlag. Obviously, one can extend
Proposition 3.1 and its proofs to appropriate functions which are differentiable except
at finitely many points and thus cover the above counterexample. However, it seems
completely unclear whether one can extend it to functions which are differentiable
except at countably many points.

Note that the references given below for other results on the cadlag property usu-
ally demand absolute continuity of f in time or something similar and so the above
counterexample also violates their conditions. All particular examples of MMA pro-
cesses considered so far in the literature have — to the best of our knowledge — kernels
f discontinuous and non-differentiable at most at 0.

If C1 — Cy = 0 in the above theorem, further properties of the sample paths of X; follow
directly.

Corollary 3.3. Assume that the conditions of Theorem hold. If additionally C1 = Cs,
then the paths of X; = fM(; Jr [(At — s)A(dA,ds) are absolutely continuous and almost

everywhere differentiable.

Remark 3.4. The condition C; = C3 holds if and only if f(A,s) is continuous in s = 0
and f(A,0) is constant for all A € M, . This is satisfied, for example, by two-sided supOU
processes which are MMA processes with kernel function

F(A,8) = e g o) (5) + e ML 0(5).

In the case of moving average processes, where 7 is a one-point measure, the condition only
requires that f is continuous in s = 0. Processes of this class include, for example, two-sided
CARMA and two-sided Ornstein-Uhlenbeck processes.

Similar results for the sample paths of MMA processes, where the driving Lévy process
is not of finite variation, are in general not so easy to obtain. [4], Corollary 3.3, give nec-
essary and sufficient conditions for filtered Lévy processes of the form to have cadlag
sample paths of bounded variation even if the driving Lévy process itself has sample paths

of unbounded variation. Furthermore, they also study two-sided moving averages of the form
¢

X; = f (f1(t —s) — fa(—s)) dLy, where f1, fo : R — R are measurable kernel functions such
—00
that fi1(s) = fa(s) = 0 for all s € (—o00,0). They give necessary and sufficient conditions for
such processes to have cadlag sample paths of finite variation. These conditions also allow
the underlying Lévy process to be of infinite variation. For MMA processes [6] gives neces-
sary and sufficient conditions for finite variation and absolute continuity of sample paths for
underlying Lévy processes of infinite variation. Moreover, [4] also consider the special case
where the driving Lévy process is symmetric a-stable with a € (1,2] (cf. [4], Lemma 5.2,
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Proposition 5.3 and Proposition 5.5). Conditions for a-stable MMA processes, a € (0,2), to
have cadlag sample paths are also given in [5], Section 4.

Additionally, there also exist some results for the stronger property of continuous sample
paths. See [30], [13] and [41] for results on general MMA processes to have continuous sample
paths. For the special case of a-stable MMA processes, see also [43] and [40].

4. FUNCTIONAL REGULAR VARIATION

We follow [24] to introduce the notion of regular variation on D. Let D be the space of
cadlag (right-continuous with left limits) functions = : [0,1] — R¢ equipped with the .J;
metric (equivalent to the dyp metric of [§]) such that D is a complete and separable metric
space. Using the supremum norm ||z = supcg 1) [|2¢|| we can then introduce the unit sphere
Sp={x €D: ||zl = 1}, equipped with the relativized topology of D. Next, we equip (0, 00|
with the metric p(z,y) = |1/2—1/y| which makes it a complete separable metric space. Then
also the space Dy = (0,00] x Sp, equipped with the metric max{p(z*,y*),do(Z,7)}, is a
complete separable metric space.

If we use the polar coordinate transformation 7 : D\{0} — Do, = = (||7|lc0, 2/]|Z]|c0), We
see that the spaces D\{0} and (0, 00) x Sp are homeomorphic. Thus, the Borel sets B(IDg) of
interest can be viewed as the infinite dimensional extension of the one-point uncompactifica-
tion that is used to introduce finite dimensional regular variation (cf. [9], [19] and [38]).

Regular Variation on D can then be introduced in terms of the so-called w-convergence of
boundedly finite measures on Dy. A measure i on a complete separable metric space E is
said to be boundedly finite if u(B) < oo for every bounded set B € B(FE). Let (tn)nen be a

sequence of boundedly finite measures on E. Then (u,) converges to p in the w-topology if

pin(B) — pu(B) for all bounded Borel sets B € B(E) with p(0B) = 0. We write y, — u. Note
that for locally compact spaces E the boundedly finite measures are called Radon measures
and the notions of w-convergence and vague convergence coincide. See [15] and [27] for details
on w-convergence and vague convergence.

We are now able to formulate regular variation for stochastic processes with sample paths
in D.

Definition 4.1 (Regular Variation on D). A stochastic process (X3), ¢t € [0,1], with sample
paths in D is said to be reqularly varying if there exists a positive sequence (an), n € N, with
an /oo and a nonzero boundedly finite measure p on B(Dg) with u(Dp\D) = 0 such that,
as n — 0o,

nPla; X €)% u()  on B(Dy).

As in the finite dimensional case, direct calculation shows that the measure p is homoge-
neous, i.e. there exists a positive index o > 0 such that p(uB) = u=“u(B) for all v > 0 and
for every B € B(Dg). Thus, we say that the process (X;) is reqularly varying with index o
and write X € RVj, (o, (an), p).

Example 4.2 (Lévy Process). Let (L;) be a Lévy process. Then by definition (or Theorem
11.5 in [44] resp.) (L;) has sample paths in D. Furthermore, (L;) is also a strong Markov
process (cf. [44], Theorem 10.5 and Corollary 40.11). Now the results of [24], Section 3, can
be applied. If L; € RV («, (ay), tu) for one and thus all ¢ > 0, then it follows by Theorem 13
of [24] that (L) € RVj, (e, (an), f1) for some measure pi. For details we refer to [24], Example
17.
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The next theorem states some necessary and sufficient conditions for regular variation on
D. In the theorem, we use the notation
w(z,Tp) := sup ||lzy — x4,|| and
t1,t2€Tp

w”(z,0) = sup min {[[z¢ — @, [|, (|26, — e[|}
0<t1 <t<to<1; ta—t1<6

for z € D, Ty C [0,1] and 6 € [0, 1].

Theorem 4.3 ([24], Theorem 10). Let (X;) be a stochastic process with sample paths in D.
Then the following statements are equivalent.

(i) X € RVg, (o, (an), ).
(ii) There exists a set T C [0,1] containing 0, 1 and all but at most countably many points
of [0,1], a positive sequence a, ,/* 0o and a collection {yu, . 4 :ti € T,k € N} of Radon

measures on B(@dk\{O}) with (e, 1, (@dk\de) = 0 and p; is nonzero for somet € T
such that

nP(a, (Xiys -y Xip) €)% ping,n () on BR™\{0}) (4.1)

holds for all ty,...,t, € T. Furthermore, for every e,n > 0, there exist § € (0,1) and
no € N such that, for all n > ng,

nP(a, 'w(X,[0,0)) > ¢) <n, (4.2)
nP(a, 'w(X,[1—0,1)) >¢) <n, (4.3)
nP(a,'w"(X,8) >¢) <. (4.4)

Remark 4.4. The theorem links regular variation of the process (Xi)icp,1] with sample
paths in D to regular variation of the finite dimensional distributions (X, ..., Xy, ) of the
the process. Key to that connection are the relative compactness criteria , and
(4.4) which restrict the oscillation of the process (X;) in small areas. See [24], Example 11,

for a process satisfying conditions (4.2)) and (4.3)), but not (4.4]).

Now we will extend the finite dimensional regular variation of MMA processes in the sense
of Theorem to regular variation in I by applying Theorem Therefore, we need to
restrict the MMA process (X;) as defined in Section to the time interval [0,1]. Note
that a restriction to any other compact time interval [a,b], a < b, would not change any of
the results. Furthermore, we assume that (X;) has sample paths in the space D of cadlag
functions. See Section [3|for possible conditions ensuring this. We start with the main theorem
for functional regular variation of MMA processes.

In order not to overload the notation we from now on assume always that t¢,t1,to are
restricted to the set [0; 1] when taking suprema without writing this explicitly. Furthermore,
we are now using the decomposition of our Lévy basis A into A and A®.

Theorem 4.5. Let A be an R%-valued Lévy bases on M, x R with generating quadruple
(v, X,v,m) such that v € RV (o, (ap), py). Assume that the kernel function f is bounded,
cadlag in time, f € LY(m x ), u,(f1(4,5)(R™\{0})) = 0 does not hold for © x A almost-
every (A, s) and

/ (LA f(A, s)x||) v(dx) dsT(dA) < oo. (4.5)

My R [lzf|>1
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Moreover, suppose that the MMA process Xy = [, [z f(A,t — s)A(dA,ds) exists for t €
d

[0,1] (in the sense of Theorem and that the processes Xy and Xt(2) = fM(; Jz f(At—
s)A®)(dA, ds) have cadlag sample paths. If the function f5 given by

foldys)i= _sup [[f(Ate =) = f(A 0 = )l Ty ) (5) (4.6)

t1<tg; to—t1<

satisfies (4.5)) for all 6 > 0 small enough and, as 6 — 0,

/ / F5(A, $)* ds(dA) — 0, (@7)

M; R

then
(Xt)tG[O,l} € Rvﬁo (Oé, (a'fI)v M)

The measure (1 is uniquely determined by the measures jig, .. ¢ 0 Theorem concentrated
on the cadlag functions of the form [0;1] — R™, s — f(A,s —t)x where A € supp(w),t € R
and x € supp(p,) and we have that

pu{f(A,-—t)z: Ac A teT, e X} = \NT)r(A)u,(X) (4.8)
for measurable sets AC M, , T CR and X C R,

Before we prove this theorem in Section we discuss its intuition and its assumptions.
Let us stress that the aim of this paper is to derive sufficient conditions for MMA processes
to be regularly varying in D which can be reasonably checked and are useful for the MMA
processes typically employed.

Remark 4.6. There is a very simple intuition behind the limiting measure p. Asymptotically
in the case of regular variation it is normally the largest event which alone matters. In our
case it is the largest jump in our Lévy basis. The largest jump of size say x; occurs at a time
t; and is “marked” with a matrix A; determining the function with which it propagates over
time. In other words we have the function s — f(A;, s — t;)x; which determines the extremal
behaviour. Now by the time homogeneity of the Lévy basis ¢; is uniformly chosen from R and
by the factorisability A; has distribution 7.

If f is zero on an interval of length at least one, like for (sup)OU processes, u has
mass at the zero function which is not an extremal event. Our non-degeneracy condition
“uy (1A, s)(R™\{0})) = 0 does not hold for 7 x A almost-every (A,s)” ensures that u is
not concentrated on the zero function. For example in the case of (sup)OU processes (see
the upcoming Section [5| for details) for the “true extremal” events the time ¢; is chosen uni-
formly on (—o0,1]. So for a (sup)OU process the extremal events are either functions on [0, 1]
which decay exponentially or functions first identical zero, then having a jump and decaying
exponentially thereafter.

Turning to the conditions it is clear that we need to demand that the process has cadlag
paths and in view of Remark[3.2]it is natural to demand f cadlag in time. However, in general
this is a very problematic assumption, since as discussed in Section [3| the conditions known to
ensure cadlag paths are much too strong. It is easy to construct non-cadlag regularly varying
processes as the following example exhibits.
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Example 4.7. Let L be a compound Poisson process (or a Lévy process of finite variation)
with regularly varying jumps of index «. Then for any A > 0

t
X, = / (Mgt~ ) + Loyt — 5)) dL,

—0o0

exists w-wise and has finite-dimensional distributions which are regularly varying. However,
it is not cadlag at all jump times of the underlying Lévy process. Thus it cannot be regularly
varying on ). Note, however, that conditions and are satisfied. Moreover, the
finite-dimensional distributions are the same as those of ffoo e M=) 15, (t — 5)dL, which is
regularly varying on D.

An alternative example of a moving average process with regularly finite dimensional dis-
tributions not regularly varying on D is fioo (e”‘(tfs) Ip+(t —s) + Lo,1)(t — s)) dLs.

The condition f € L%(m x A) has already been discussed in [34]. It is close to necessary in
general and necessary in the one-dimensional case.

The boundedness of the kernel function allows us to use results on the regular variation on D
of the underlying Lévy process in the proof. Since f has to be cadlag, some local boundedness
(in time) is already demanded and in applications no unbounded kernel functions are used to
the best of our knowledge.

Note that an essential part of the proof of the theorem is going to be to show that under
the above assumption it is essentially only X2 = [ | Jf(At—s)z N(dx,dA,ds) that

l=l=1p; R
matters regarding the extremal behaviour. Condition ensures that this integral is w-
wise well defined. In the proof this is extremely important, because only the w-wise existence
allows us to bound the probabilities occurring in Theorem in the way we do. Intuitively
condition says that f is integrable with respect to the big jumps of the Lévy bases.
Actually, this is a severe restriction, since to have X well-defined only square integrability is
needed.

Example 4.8. Let L be a stable Lévy process with index « € (1,2). Then the process

i(t—s) _
X, = / © L,
r i(t—s)

is well-defined and its finite dimensional distributions are regularly varying with index «
(follows similar to [23, Proposition 3.9]). However, condition is not satisfied (follows
from [23, Proposition 3.9 (i)]. In this case condition is satisfied due to Lemmata
and Remark Moreover, the conditions of [4, Proposition 5.5] are easily verified
which allows us to take X cadlag.

So the only problem prohibiting us to show that X is regularly varying on D is condition
. Since it is essential for our proof to have the w-wise existence of the integral over the
big jumps and we cannot think of an alternative approach at the moment, we do not know
whether or not X is regularly varying on .

Note that this example is related to the spectral representation of a Lévy process relevant
in continuous time time series models (see [23]) but similar conclusions can always be drawn
when the kernel function f has norm proportional to [¢|7 for all ¢ outside a compact set with

v € (1,2).

We can also give sufficient conditions for a general function f: M x R — M,, 4 to satisfy

condition (|4.5)).
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Lemma 4.9. Let f: M; xR = M, 4 be a measurable function. Then condition (4.5 holds
if one of the following two conditions are satisfied:

(i) feLY(m x\) and o > 1.
(i) felL*e(m x ) for oneec € (0,«) and o < 1.

Proof. For (i) we calculate
(1A F(A, 5)z]) v(dz) ds w(dA) < //HfA o)\ ds w(dA) / 2| v(da) < oo
My R Jlal>1 ya Jall>1

by [44], Corollary 25.8, and similarly for (ii) we obtain

/// (LA If(A, 8)z|)) v(dz) ds w(dA) /// (1A (A, )2 ) (dz) ds w(dA)

M; R [z]>1 My R Jlz[|>1
< / / 1£(A, $)||*~* dsm(dA) / 2% v(dz) < oo
MmM; R [Jz]|>1

d

0

Remark 4.10. (i) The conditions of Lemma are only sufficient, not necessary, similar to
the ones of Theorem Thus in general we will only demand the weaker condition
which is also one of the existence conditions for MMA processes with driving Lévy process of
finite variation in Proposition

(ii) Note that this theorem can be also used to verify the condition of Theorem that
needs to hold for fs with § > 0 small enough.

The condition [, [ f5(A,s)* dsm(dA) — 0 is closely linked to the behaviour of the func-
d
tion fs over small intervals. It restricts the amplitude of jumps and continuous oscillations
for arbitrarily small values of J.
We first show that provided we have fs € L® for some > 0 only pointwise convergence
needs to be shown.

Lemma 4.11. Let 7 be a probability measure and f: M; xR — M, 4 be a measurable kernel
function. Assume that the function f5(A,s) given by (4.6]) satisfies fs € LY for some 6 > 0.
Then (4.7) holds if and only if lims_o f5(A,s) — 0 for m x A almost every (A, s).

Proof. Let f5(A,s) — 0 for 7 x X almost every (A,s). Then [ [ f5(A,s)*dst(dA) — 0
MR
follows by dominated convergence and the assumption f5 € L“ foz some 9§ > 0.

On the other hand, suppose that the set B := {(A,s) € By(M; xR) : fs(A,s) > 0as d —
0} satisfies x A (BC) C' > 0. Then the monotonicity of f5 in § implies lims_,o f5(A,s) >0
for every (A, s) € B¢ and thus hm i ff5 (A, 5)*dsm(dA) > 0. O

Y
Remark 4.12. From the definition of f5 we see that the condition lims_o f5(A4,s) — 0
for m x A almost every (A,s) is equivalent to the kernel function f(A,s) being continuous
in s for all s € R\{0}. Now we also see the importance of the restriction 1, 4,jc (s) in the
definition of f5 because it allows for f(A,s) being discontinuous at s = 0. Without such a
restriction, condition would be violated by many examples of the class of causal MMA
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processes which have a kernel function of the type f(A,s)1jg)(s). Causal MMA processes
with f(A,0) # 0 include CARMA and supOU processes as well as other well-known examples
of MMA processes.

Thus we know that as soon as we have the integrability condition ensured for f5 then the
kernel function f needs to be continuous.

Lemma 4.13. Assume f: M; xR — M, q is a bounded measurable kernel function and that
there exists a function g : My x R — R™ which is monotonically decreasing on [T, 00) and
monotonically increasing on (—oo, =T for some T' > 0. If g € L*(w x X\) and [|f(4,s)| <
g(A,s) for all Ae My and s € (—oo, =T]U [T, 00), then fs € L*(m x A) for all 0 < § < 1.

This result can also be used in connection with Lemma to verify that (4.5 holds for fs
with § > 0 small enough.

Proof. From the definition it is easy to see that we have

2g(A,—s—1) for all s € (—oo, =T — 1], Ac M,
LA ) < { supucg [ fs(4 )| forall s e (<T —1,T+1], A € Ai;
2g(A,—s+1) forall s € [T+1,00)), Aec M,

and this concludes as f is bounded and g € L%(m x A). Moreover, note that f; € L¥(m x \)
implies fs € LY(m x A). O

From Lemmata and Remark we see that if (4.7)) is violated for a kernel

function f in LY(m x A), then f must either be discontinuous at some time different from zero

or of a rather irregular behaviour such that it is in L% (7 x A) but we cannot find an ultimately

monotone bound in L*(m x A). Thus it seems very hard to construct a continuous function

f for which we know that it satisfies all conditions of Theorem except , because the

available sufficient conditions for cadlag paths available seem to be much too demanding.
However, it s not hard to construct examples with discontinuities.

Example 4.14. For any regularly varying Lévy process L with index « consider
X = / (e_(t_s)1R+ (t—s)+e 1) (b —1— 8)) dLs.
R

We know from Remark that X has cadlag paths and all other conditions of Theorem
except are straightforwardly established. Since the conditions of Lemma are
satisfied we can conclude from Remark and Lemma that is violated due to the
discontinuity of the kernel function at one. Intuitively, X is the sum of two OU processes
which are regularly varying on D and thus should also be regulary varying on . Actually,
one can establish this by looking at the details of the proof of Theorem

Remark 4.15. By excluding also the other times of discontinuity in and dealing with
them as with the discontinuity at time zero in the proof of Theorem one can extend all
the previous results to kernel functions f which have discontinuities at finitely many points
in time.

Since this does not really add additional insight and seems not to be relevant in applications,
but becomes notationally very cumbersome, we have decided not to state the theorem and
the proof for this setting.
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As soon as we try to extend Example to countably many discontinuities we run into
severe problems. For example, it is easy to show that f(A,s) = > po, %e*k(sfk)l[kjoo)(s) is
in L(7 x A), but f5 € L'(7 x A\) for any 6 > 0. Yet, the problem is that we do not know
whether we can take X to have cadlag sample paths in the first place, since we have no sharp
enough conditions for this.

4.1. Proof of Theorem [4.5l

In this subsection we now gradually prove Theorem

Let (X¢) be an MMA process as given in Theorem i.e. (X) exists for t € [0,1] (in the
sense of Theorem , the kernel function f is bounded by C' € RT and the regular variation
conditions of Theorem[2.4/hold. Then there exists a positive sequence a,, ,/* oo and a collection
{pt; .1, : ti € T,k € N} of Radon measures on B(de\{O}) with g, 4, (@dk\de) = 0 and
¢ is nonzero for some t € T such that

_ v —dk
nP(anl(Xtu cee 7th) € ) — :U’th---,tk(') on B(R \{0})
Applying Theorem , it is left to show that the conditions (4.2)), (4.3 and (4.4) hold.

Using the Lévy-Ité decomposition we have two independent Lévy bases A1) and A®) such
that A() has generating quadruple (7, X, v, 7) and A®) has generating quadruple (0,0, vz, 7),
where v1 = v|p, (o) and vo = v|p, (g)c. This yields

X, =x"+xP, (4.9)
where
xM = / / F(A,t — s)AD(dA, ds) (4.10)
M; R
and
x® = / / F(At — s)A@(dA, ds). (4.11)
M- R

d

Note that Xt(z) can be written in the form Xt(2) = fo”>1 Jor- Jg f(A t — s)x N(dx,dA, ds),
where N is a Poisson random measure with mean measure r;/ x m x A. Before we proceed,
we need to ensure the existence of Xt(l) and Xt(Z). Therefore, we give conditions for w-wise
existence of Xt(2) as a Lebesgue integral. Then the existence of Xt(l) =X — Xt(2) follows from

the existence of X; and Xt(2).

Proposition 4.16. Let Xt(2) be the process given by (4.11)), where A® s a Lévy basis with
generating quadruple (0,0,vq,m). If fMd* Jr Jga(I A (A, s)x|) vo(de) dsm(dA) < oo, then

Xt(z) exists as a Lebesgue integral for all w € Q).

Proof. By definition, Xt(2) has no Gaussian component and flll‘H<1 ||z||v2(dz) = 0 and thus we

have an underlying Lévy process of finite variation. Now the result follows as a special case
of Proposition where the condition f € ! is obsolete due to the absence of a drift. [
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Like for X;, we also assumed that Xt(2) has cadlag sample paths. Then also Xt(l) =Xy —Xt(2)
has cadlag sample paths. Appropriate conditions for MMA processes to have cadlag sample
paths have been given in Section

Now we continue the proof of Theorem [£.5 by verifying the relative compactness conditions
, and . The essential point is to relate the conditions back to the analogous
conditions on the underlying Lévy process.

For the first condition (4.2]) we obtain

1 1 2 2
sup | Xe — Xl < sup XD X+ swp X - X2

t1,t2€[0,9) t1,t2€[0,9) t1,t2€[0,9)
and hence
nP(a;l sup || Xy, — Xp| = 6) <
t17t2€[0,5)

< nP(a;1 sup ||Xt(11) - Xt(21)|| > 6/2) + nP(a;1 sup ||Xt(12) - Xt(f)H > 5/2).
t1,t2€[0,6) t1,t2€[0,8)

The analogue result for the second condition (4.3) can be obtained likewise. For the third
condition (4.4]) we estimate

sup min { | Xg, — X, |1 X - X[ } <
t1 <t<to; to—t1<6

1 1 . 2 2 2 2
< s X -xP+ s min{xE - xP)x - x P
t1<to; to—t1<d t1<t<ta; t2—t1<6

and

nP(at s min Xy, - Xl X - X} 2€) <
t1 <t<to; to—t1<6

<nP(a' s X0 Xz 2p2)
t1<t2; to—t1<6

top(at s min{IxD - xPUXE - X)) = ¢/2).
t1<t<ta; ta—t1<6
For every ¢, > 0 we have to show that there exists nyp € N and § > 0 such that for n > nyg
these quantities can be bounded by 7. Regarding the quantities based on Xt(l) we observe
nP(art s X0 - XV ze2) <op(at s XD - x| 2 ¢/2)
t1,t2€[0,6) t1<ta; ta—t1<d
and for (4.3)
nP(a;1 sup ||Xt(11) - Xt(,j)H > E/2> < nP(a;l sup HXt(ll) — Xt(Ql)H > 5/2)
t1,t2€[1-6,1) t1<to; ta—11<4
and thus it is sufficient to prove the bound only for the right hand side of the inequality.
Proposition 4.17. Let AV be the R¥*-valued Lévy basis on M, x R determined by the
generating quadruple (v, 3, vy, m), where vy = V\Bl(o). Assume that the kernel function f is
bounded, that the MMA process Xt(l) given by (4.10) exists for t € [0,1] and that Xt(l) has
cadlag sample paths. Moreover, suppose that v € RV («, (ay), pw). Then Xt(l) satisfies

lim nP(a; " sup xW® - xM >e)=0
n—00 ( n t<to: ty—11<6 ’ t1 to H )
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for all § € (0,1) and € > 0.

Proof. We start by observing that X M i cadlag and thus also separable and hence we can

estimate sup ||Xt(11) t2 H < 2 sup ||X || = 2 sup ||X H Due to the
t1<to; ta—11 <8 te[0,1] t€[0,1]NQ
equivalence of norms, we can now choose the matrix norm |[[A] := max{]a;;| : 1 < i <

nand 1 < j < d} for A € M,, 4 and denote by Xt(i) € R, 1 <1 < n, the i-th com-
T
ponent of Xt(l), ie. Xt(l) = (Xt(}l),Xt(;),...,X(l)) . Furthermore, define the (countable)

t,n
set T = {(t,i):te]0, 1] NQand i€ {1,...,n}}. Then we obtain sup,c( 1jng ||X ||
SUPefo,1ng MaXi<i<n HXm | = sup, 7 HX( )H where sup__z is a subadditive functional on

RT. Furthermore, by Theorem the processes Xt( ) are mﬁnitely divisible with specified
characteristic triplet (v, X¢.i, V4) and Lévy measure

vi(B ///]IB fi(A,t — s)x)vy(dx)dsm(dA)

M; R Rd
for all B € B(R), where f; denotes the i-th row of f, i.e.

fl(A,t — 8)
f(A7t_3):
fd(Avt - S)

It follows that X(1) = {X 5(1) ‘T € f} is infinitely divisible with characteristic triplet (7, Y, v),
where 7, Y and ¥ are given as projective limits of the corresponding finite dimensional char-
acteristics described by (¢4, ¢4, v4,:) (cf. [33]). Moreover, the boundedness || f|| < C implies
I fil| < C and this, together with the definition of 11 = v|p, (g), yields that the support of the
Lévy measures v;; and U can be bounded by C. Now we are able to apply Lemma 2.1 of
[11] to obtain E (exp (e Sup, .7 HX ||)) < oo for all € > 0. Finally, the finite exponential

moments in combination with Lemma 1.32 of [29] yield

lim nP( sup ||Xt(11) —Xt(;)H > 5) < lim nP(a;l sup || XM > 5/2) =0
n—reo t1<t2; t2—11<6 oo seT
for all € > 0. 0

Next we check the process Xt(Q) with respect to the relative compactness conditions (4.2]),
[3) and (L),

Proposition 4.18. Let A be an R%-valued Lévy basis on M, x R with generating quadru-
ple (v, 2,v,m) and let v € RV(a, (an), ). Assume that the kernel function f is bounded,

the MMA process X fM fR f(A,t — s)ANP(dA,ds) satisfies the existence conditions of

Proposition [{.16 and that the regular variation conditions of Theorem [2.]) - hold. If the func-
tion f5 given by . satisfies the existence condition of Proposition and, as 6 — 0,

fM Jg f5(A, ) dsm(dA) — 0, then Xt(Q) given by (4.11) satisfies the relative compactness

condztwns ., . and .
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Proof. We define the difference function g, 1, (A4, s) := f(A,t1 —s) — f(A,t2 — s) and mention
that for every ¢1,ts € [0,1] the random vector

th / //gt1 1,(A,8) x N(dz,dA,ds)

lz=1 ar;

is again an integral similar to an MMA and by Theorem [2.3] and Theorem [2.4] it exists and is
regularly Varying with index a.
Condition : We verify the condition by showing that, as § — 0,

lim nP(a,” sup ||Xt(12) — Xt(f)H > ¢) — 0 for every € > 0. We use the decomposition
oo t1,t2€[0,6)
X(2) (2)
/ / / Gt 2 (A, s) x N(dz,dA, ds) + / / / Gt t2(A, s) x N(dz,dA,ds)
| =1 My (1,t2] =21 My (B1,t2]¢
1 2
=5 i+ Zi, (4.12)

which yields

nP(a! s IXD - XDz ¢) <
t1,t2€[0,9)

< nP(a;l sup HZt(ll)tQH > 8/2) + nP(a;1 sup HZt1 t2H > 5/2) (4.13)
t1,t2€1[0,6) t1,t2€[0,9)

With ve = v|p, (g)c and using the transformation T : R? — R given by T'(x) = ||| together
with the boundedness f(A,s) < C for all (A,s) € M; x R we can now calculate

125, 1 < / / / | 9tea (A, 9)]| 2] N(de, dA, ds)

l=ll>1 g (tat2]

<2C ACTD(My x (t1,t]) =2 C (LT — L), (4.14)

t1

where A®T) is a Lévy basis with generating quadruple (0,0,57, w) and the transformed
Lévy measure vo” is given by 157 (-) = vo(T71(-)). By (LgQ’T)) we denote the underlying Lévy
process given by LgZ’T) = A@T)(M; x (0,t]) for t > 0. Using a continuous mapping argument
similar to [24, Theorem 6], we see that v € RV (a, (ay), i) implies 17 € RV (a, (ay), p,r)
with p,r defined respectively. Thus by Proposition 3.1 in [25] L?’T) € RV(a,(ap), p,r)
and then by Example [4.2] also (L(2’T)) € RVg, (o (an) ) for some measure . Now another
application of Theorem |4 . 3| yields that condition (4.2]) holds for the process (L( )) and hence,

as 6 — 0, lim nP( sup ||Zt
n—oo t1,t2€[0,6)

5/(40)) =0

1,t2 =
tl,tze[o,a)
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Similarly, the supremum of the second term Zt(i)tz can be bounded by

sup (122, ] < / / / sup e ta (A, )| Lty ey () || N (dr, dA, ds)
t1,t2€[0,6) ”x”>1M7 t1,62€[0,8)

/ //f[; (A,5) || N(dz,dA, ds) //f[; (A, 5)ACTD (A, ds) =

lell>1 a7 My

Then assumption (4.7) implies f5 € L% for some ¢ > 0 sufficiently small and another applica-
2.

tion of Theorem [2.4] yields Y € RV (a, (an), py) with
///]IB (fs(A, s)|lz||) po(dz)dsm(dA).
M; R Rd

Finally, as n — oo, we obtain

nP(a sw 120,02 ¢/2) < nP(a;'Y 2 £/2)
t1,62€[0,6)

"2 [l g5(A ) ol 2 e/2) ds(da)
My

= (||l > £/2) / /f5(A,s)o‘ds7r(dA) =0 )

M; R

and since pu, is a Radon measure the result follows by the assumption.

Condition ([4.3): The condition follows likewise to condition (note also that the MMA
process (X;) is stationary).

Condition : For the third condition we use again and obtain

. 2 2 2 2
sup min {| X7 - xP) 1% - x|} <
t1<t<to; ta—11<6

. 1 1 2
< sup min{|ZR1Z00+  sw 120,
t1<t<tg; ta—t1<6 t1<tg; ta—t1<6

and

nP(at s min (X7 - X P XD - xP)) =€) <

t1<t<t2; ta—t1<6
€ -1
b= o) enpP(at swo (128,02 5).

— . 1 1
<nP(a;'  swp min{|IZ) 11255 s
15025t2—t1>

t1 <t<ta;to—t1<6
Applying (4.14)) this implies, as § — 0,

. 1
lim nP( sup min {”Zt(tlH HZtl tH} z 5/2)

n—00 1 <t<tg; ta—t1 <8

< lim np( sup  min {| L7 — LD IS — LETN > e /(4 0)) 0,

n—oo t1<t<tg; to—t1<6
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since this is exactly condition (4.4]) for the Lévy process LEQ’T) which is regularly varying in
D and thus by Theorem satisfies (4.4). Furthermore,

sw (22,12 [ [ 4980 @A) — Y
t1<ta; to—t1<0 2

My

and consequently, as § — 0, lim,,_,oo nP (a;l SUDy, <to: ty—t1 <5 HZt(f)tQH > 5/4) <nP (a;l Y >

e/ 4) — 0 as shown for condition (4.2). O

Finally, the results on which cadlag functions p is concentrated and (4.8) follows from
Theorem [2.4] and the fact that its “finite dimensional distributions” uniquely determine a
measure on Dy, since p as defined in (4.8]) gives the finite dimensional i, . 4, of Theorem

[2.4] This concludes the proof of Theorem

k

5. APPLICATION TO SUPOU PROCESSES

Superpositions of Ornstein-Uhlenbeck processes (supOU processes) have useful properties
and a wide range of applications. A supOU process (X;) can be defined as an MMA process
with kernel function

F(A,5) = ey o) (5). (5.1)
We will shortly recall the main results of [3] and [34]. Sufficient conditions for the existence
of supOU processes are given in the following theorem which takes the special properties of
supOU processes into account.

Theorem 5.1 ([3], Theorem 3.1). Let X; be an R¥-valued supOU process as defined by
G1). I f”x”>11n(||$||)y(d$) < oo and there exist measurable functions p : M; — R1T\{0}
and k: My — [1,00) such that

K(A)?
p(A)

HeASH < k(A)e PN vs € RY m-almost surely and / m(dA) < o0,
My
then the supOU process X; = fM; fioo eA(t_S)A(dA,ds) is well defined for all t € R and

stationary. Furthermore, the stationary distribution of Xy is infinitely divisible with charac-
teristic triplet (vx,Yx,vx) given by Theorem[2.4

Conditions for regular variation of X; and of the finite-dimensional distributions of (X;)
are given by the following result.

Corollary 5.2 ([34], Cor. 4.3 and Cor. 4.6). Let A € R? be a Lévy basis on M; x R with
generating quadruple (v,3,v,m) and let v € RV (v, (ay), ). If the conditions of Theorem
hold and additionally fM;(Ii(A)a/p(A)) m(dA) < oo, then Xo = fM; Jar €*°A(dA, ds) €

RV (a, (an), px) with Radon measure
px () == / //]1(,) (eAsx) wy (dz)dsm(dA).
My Rt R4

Furthermore, the finite dimensional distributions (X¢,,..., X ), ti € R and k € N, are also
reqularly varying with index o and given limiting measure fis, .., -
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In order to apply Theorem to obtain conditions for regular variation of supOU processes
in D, we state some useful sufficient conditions for the function

folds)= _sup _[[f(Ate=s) = F(A 11 = o)l Loy e (5)

t1<tg; to—t1<

to be an element of L* for o > 0.

Proposition 5.3. Let f(A,s) = e4°1 0,00)(8) be the kernel function of a supOU process
satisfying the conditions of Theorem and let fs be given by (4.6). If f is bounded on
supp(m) x RT and for some a > 0

/ AA) | d4) < oo,
iy

then fs € LY for every 0 < 4§ < 1.

It should be noted that we require f to be bounded, but not x. However, in contrast
to Corollary we demand (A, s) — e4*1gy(s) to be bounded at least for all A that may
possibly occur. The reason is that if 7 has mass on the non-unitarily diagonalizable or even
non-diagonalisable elements of M this is not clear, although eA0=T,forall Ac M q-

Proof. This follows from Lemma since the assumptions imply that (s, A) — r(A)e P43
is in L. Furthermore, f; € L* implies fs € L* for every 0 < § < 1. O

Now we can use Proposition to obtain conditions for functional regular variation of
supOU processes with sample paths in D). Therefore, we restrict the time interval to ¢ € [0, 1]
and assume the supOU process to have cadlag sample paths, see Section 3| and [3], Theorem
3.12, for details on the sample path behavior of supOU processes.

Theorem 5.4. Let A and Ay be R%-valued Lévy bases on M, xR with generating quadruples
(v, %, v, ) and (0,0,v|p, o), T) respectively such that v € RV (a, (an), ). Assume that the
supOU process (X) given by X; = fM(; fioo eA=5)N(dA,ds) exists for t € [0,1] (in the
sense of Theorem H) and that the processes X; and Xt(z) = fM; Jz f(At — s)Ay(dA, ds)
have cadlag sample paths. Furthermore, suppose that f(A,s) = 6A81R+(S) s bounded on

supp(m) x RT and that
r(A)"
m(dA) < o0.
| iy
My
If f(A,s) = eAs]l[Om)(s) and the function fs given by (4.6) satisfy condition (4.5)), then
(Xt)te[o,l} S Rvﬁo (Oé, (an)vﬂ)

The measure i is uniquely determined by the measures fig, ... ¢, N Corollary concentrated
on the cadlag functions of the form [0;1] — R", s +— eA(S_t)x]l[t’l](s) where A € supp(m),t €
(—00,1] and x € supp(u,) and we have that

" {eA('_t)x]l[m](s) LA A teT, a e X} — A\(T)m(A)un (X) (5.2)

for measurable sets A C M, , T C (—o00,1] and X C R4,
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The condition that f(A,s) = eA*1g+ (s) is bounded on supp(7) x R* is, of course, satisfied
if kK can be taken bounded.

Proof. Combine Theorem Lemmata and Remark O
Conditions for f and fs to satisfy the existence condition (4.5, i.e.

/ / / (LA f(A, s)z||) v(dz)dsT(dA) < oo
M; Rz|>1
can be obtained by combining Proposition with Lemma and [3, Proposition 3.5].

Corollary 5.5. Let f(A,s) = e?*1 0,00)(8) be the kernel function of a supOU process sat-
isfying the conditions of Theorem and let fs be given by (4.6). Then f and fs5 satisfy
condition (4.5)) if one of the following two conditions are satisfied:

(i) @ >1 as well as
r(A)
/ (A) m(dA) < oo.

My

(ii) a <1 and there exists € € (0, ) such that

KI(A)OC—E
/ oA m(dA) < oo.

My

6. POINT PROCESS CONVERGENCE

In this section we discuss the use of the results of the previous two sections in combination
with point process results for stochastic processes with sample paths in . Therefore, let
M,(Dp) denote the space of all point measures on Dy equipped with the w@-topology and let
£, be the Dirac measure at the point x. Furthermore, let X;, i € N, be a sequence of iid
copies of a regularly varying stochastic process X € RV, (a, (an), u) with values in D.

We start by stating the main result that links regular variation of X to weak convergence
of the point processes

n
Ny, = ZsaﬁlXﬂ n € N.
i=1

The following theorem is the extension of the classical result of Proposition 3.21 in [38] to
a state space which is not locally compact. Similar results have also been proved by [18],

Theorem 2.4, in the case of real-valued processes which are regularly varying with index 1
and by [16] for D-valued random fields.

Theorem 6.1. Let (X;);en be an iid sequence of stochastic processes with values in D. Then

X1 € RVg, (a, (an), p) if and only if Ny 4 N in M, (Dy), where N is a Poisson random
measure with mean measure p (short PRM(p)).

Proof. The proof can be obtained by changing from vague-topology to the w-topology in the
proof of Proposition 3.21 in [38]. This change of topology does not affect the proof which is
based on the Laplace functionals of the point processes involved (cf. [16], Proof of Lemma
2.2). O
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This result can now be combined with the results of Sections [ and [l to obtain functional
point process convergence for MMA and supOU processes. Point processes of that kind
include full information of the complete paths of the process X. In combination with the
continuous mapping theorem (cf. [I5], Proposition A2.3.V) this is an extremely powerful tool
to analyze the extremal behavior of MMA and supOU processes. Using such methods, one
gets a better understanding of the structure of the extreme values and their properties, e.g.
the extremal clustering behavior or long memory effects.

In contrast to finite-dimensional point process results, functional point process convergence
does not only allow to analyze, for example, the behavior of maxima at fixed time points, but
also of functionals acting on the paths of the process in compact time intervals. Examples of
such functionals are the subadditive functionals (e.g. suprema) studied by [42] for a subex-
ponential, by [11] for an exponential, and by [10] for a univariate regularly varying setting.
Moreover, since point processes of suprema do not incorporate the directions of the extremes,
it is also possible to include the directions into the analyzed point processes. Regarding the
above issues introductions to the use of point processes in extreme value theory can be found
in [19], [38], [39], [28] and [17] and for the exemplary use of functional point processes, see
[18] and [16].

A thorough investigation of all these issues for mixed moving average processes is beyond
the scope of the present paper and the topic of future research.
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