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Abstract

We introduce a general theory on stationary approximations for locally stationary contin-
uous-time processes. Based on the stationary approximation, we use f-weak dependence to
establish laws of large numbers and central limit type results under different observation
schemes. Hereditary properties for a large class of finite and infinite memory transforma-
tions show the flexibility of the developed theory. Sufficient conditions for the existence of
stationary approximations for time-varying Lévy-driven state space models are derived and
compared to existing results in [8]. We conclude with comprehensive results on the asymptotic
behavior of the first and second order localized sample moments of time-varying Lévy-driven
state space models.
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1 Introduction

In the last years, extensive research on continuous-time processes led to a variety of flexible
yet analytically tractable models [10, 12, 26, 29, 34]. Not least because irregularly spaced time
series and high frequency data can be handled, continuous-time processes have been success-
fully applied in areas as diverse as finance, physics, and engineering [6, 7, 11, 28]. Despite this
success, many of the established models as the well-known Lévy-driven state space model (or
equivalently CARMA model), are not capable of modeling non-stationary behavior in observed
data.

In the discrete-time setting, this problem has, for instance, been treated with a rich theory on
locally stationary processes. Starting in [15], a consistent framework for locally stationary time-
varying models (see [16] for a comprehensive overview) has been developed by Dahlhaus and
others. Recently, this approach has been generalized in [5] and [17], where the authors introduce
a remarkably versatile approach for local stationarity, including non-linear models of finite and
infinite memory, which are beyond the classical linear time series models.

However, in the continuous-time setting, things look different. Except for results on time-varying
Gaussian-driven diffusion models as in [27], the only definition on local stationarity in continuous-
time including non-Gaussian models was recently given in [8]. There, the authors proposed a
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parametric approach that can be considered as the continuous-time analog of the original ap-
proach from Dahlhaus [15]. Unfortunately, there are no statistical results available based on this
concept of local stationarity.

Overall it seems that, up to now, there is no general theory on non-stationary continuous-time
models available that encompasses non-Gaussianity and provides statistical results.

In the present work, we address this problem by investigating stationary approximations in the
spirit of [17] for sequences of non-parametric non-stationary continuous-time processes. Based on
such approximations, we show hereditary properties under transformations and establish asymp-
totic results for localized sample moments of such processes. These asymptotic results form the
foundation for many M-estimation procedures, to which powerful inference methodologies as
the maximum likelihood estimator belong. Such M-estimators are investigated in [35] building
on the results of the present paper.

All asymptotic results will be obtained by assuming that the stationary approximation is 6-
weakly dependent as introduced in [18]. -weak dependence is inherited under the same transfor-
mations as mentioned above such that our results also apply for a large class of transformations,
including the variance and covariance operator.

As an example, we embed the results from [8] into our theory. There the authors define a locally
stationary process as a sequence of moving average processes Yy (t) with a time-varying kernel
function gy (t,t — -) driven by a Lévy process, i.e.

Y (t) = /R g (tt — 5)L(ds), (1)

where the kernel function gy (Nt,-) converges in L? to a continuous square integrable limiting
kernel function ¢(¢,-) as N tends to infinity. Noticeable examples of (1) come from the class
of time-varying Lévy-driven state space models, for which the time-varying kernel function,
as well as the limiting kernel function, are of exponential type (see Section 5.3 for a detailed
discussion). In [8] it is shown that, under conditions on the limiting kernel gy and the Lévy
process L, time-varying Lévy-driven state space models are locally stationary with respect to
the given definition.

Exemplary, we consider sequences of time-varying Lévy-driven state space models Yy (t) in the
form of (1) and give sufficient conditions for the existence of a stationary approximation Y (t)
for a fixed approximation point w. This approximation can be expressed in terms of the limiting
kernel function ¢ from [8] as

Fult) = [ glut—9)L(ds) (2)

The paper is structured as follows. In Section 2 we start by introducing locally station-
ary approximations and discuss the different types of observations which will be considered in
this work. Section 2.2 is dedicated to different dependence measures, which will be needed to
establish asymptotic results. L'-mixingale type dependence measures, §-weak dependence, and
important results on their relationship will be reviewed. Then, hereditary properties of locally
stationary approximations and hereditary properties of #-weak dependence under both finite
and infinite transformations are discussed in Section 2.3 and 2.4. Based on the locally stationary
approximations from Section 2.1 we give several asymptotic results in Section 3. Global and
local laws of large numbers are proved in Section 3.1 under minimal moment assumptions for
different observation schemes. In Section 3.2 we establish central limit type results for similar
observation schemes. The proofs are mainly based on asymptotic theory for stationary triangular



arrays [19]. Sufficient conditions from [19] are connected to the §-weak dependence coefficients of
the stationary approximation. In Section 4.1 we review elementary properties of Lévy processes,
including stochastic integration with respect to them. A brief summary of the main results from
[8] form Section 4.2 where we additionally show that sequences of processes in the form (1) that
possess a locally stationary approximation are locally stationary in the sense of [8]. In Section 5
we give, starting from time-varying Lévy-driven Ornstein-Uhlenbeck processes, a comprehensive
introduction on general time-varying Lévy-driven state space models, time-varying Lévy-driven
CARMA models, and comment on their relationship. Sufficient conditions for the existence of
locally stationary approximations for these processes are given in Section 5.3. Finally, we apply
the developed asymptotic theory from Section 3 and provide asymptotic results for the first and
second order localized sample moments of time-varying Lévy-driven state space models under
different observations. Results from [14] are used that give sufficient conditions for processes in
the form (2) to be §-weakly dependent if the kernel is of exponential decay.

1.1 Notation

Throughout this paper, we denote the set of positive integers by N, non-negative integers by
No, positive real numbers by R™, non-negative real numbers by RaL , the set of m X n matrices
over a ring R by M,«n(R) and 1,, stands for the n x n identity matrix. For square matrices
A,B € Myuun(R), [A, B] = AB — BA denotes the commutator of A and B. Norms of matrices
and vectors are denoted by ||-||. If the norm is not further specified, we take the Euclidean norm
or its induced operator norm, respectively. For a bounded function h, ||h| ., denotes the uniform
norm of h. In the following Lipschitz continuous is understood to mean globally Lipschitz. For
u,n € N, let G be the class of bounded functions from (R™)" to R and G,, be the class of bounded,
Lipschitz continuous functions from (R™)" to R with respect to the distance Y& ; ||z; — v;||, where
z,y € (R™)". For G € G, we define

ety |21 =yl + o+ 7y — vl

We shortly write the transpose of a matrix A € M,,«n(R) as A’. For two sets U and V, |U|
stands for the cardinality of a set U and UAV for the symmetric difference of the two sets.
The Borel o-algebras are denoted by B(-) and A stands for the Lebesgue measure, at least in
the context of measures. For a normed vector space W we denote by ¢>°(WW) the space of all
bounded sequences in W. In the following, we will assume all stochastic processes and random
variables to be defined on a common complete probability space (€2, F, P) equipped with an
appropriate filtration if necessary. Finally, we simply write LP to denote the space LP(2, F, P)
and LP(R) to denote the space LP(R, B(R), A) with corresponding norms ||-||,.

2 Locally stationary approximations in continuous-time and
transformations

2.1 Locally stationary approximations in continuous-time

In this paper, we follow the intuitive idea of local stationarity and assume that a sequence of
non-stationary processes Yy (t) can be locally approximated by a stationary process Y, (Nt),
whenever t is close to u and IV increases. We consider this approximation to hold in an LP-sense,



i.e.

[viv(t) = Yu(ov)

r

is small for ¢ close to u. Considering a rescaled time domain Nt for the stationary process YU(N t),
enables us to establish asymptotic results (see the introduction of [16] for a comprehensive
discussion on the effects of rescaling).

Understanding this approximation in an LP-sense has several advantages. On the one hand, we
show that many interesting asymptotic results carry over from the stationary approximation
to the non-stationary process while, on the other hand, many continuous-time models are very
well understood in an LP-sense such that we present locally stationary approximations for a
wide range of non-stationary models. This idea is motivated by recent work in [17], where the
authors used similar locally stationary approximations in a discrete-time setting to obtain various
analytical and statistical results.

Mathematically, we express the idea of a locally stationary approximation as follows.

Definition 2.1. Let Yy = {Yn(t),t € R}nen be a sequence of real-valued stochastic processes
and Y = {Y,(t),t € R}uer+ @ family of real-valued stationary processes. We assume that the
process Yy, is ergodic for all u € RT and sup,ep+||Yu(0)||zr < 0o for some p > 1. If there exists
a constant C > 0, such that uniformly in t € R and u,v € R

1
Lr S CNJ (LS)

Yalt) = Yo(t)], < Clu—v] and [Yi(t) = Vi(ND)

L
then we call Yy, a locally stationary approximation of the sequence Yy for p.

Examples of sequences Yy with locally stationary approximation Y, are given in Section 5.
In particular, we derive sufficient conditions for the existence of locally stationary approxima-
tions of time-varying Lévy-driven state space models.

Throughout this paper, we assume that either continuous-time observations of the process
Yn are available or that the process has been sampled in the following way.

Assumption 2.2. For fired N € N and u € RT we assume Yy to be equidistantly observed
at times 7V = u + i6y with grid size 6 = |7 — 7V,| such that 6 | 0 for N — oo. For a
sequence by | 0 we consider the observation window [u—by,u+by| and set my = Lg—ﬁj. Thus,

the number of observations is given by 2my +1=|{i € Z: 7/ € [u — by, u + by]}|. We require

g—]f\v’ — 00 as N — oo and either

(O1) Noy =6 >0 for all N € N or
(02) Noy — o0 as N — o0.

Note that these conditions on IV, by and dy immediately imply Nby — oo as N — oo. The
two conditions (O1) and (02) describe how the locally stationary approximation Y, is observed,
when the non-stationary process Yy is sampled. In the case when (O1) holds, the stationary
process Yy, is observed equidistantly. Under (02) the distance of two observations of the process
ffu tends to co as N — oo.



2.2 L'-mixingale type dependence measures and #-weak dependence

Considering a set of observations Ty = {TZ-N ,i = —my,...,my} as described above we note
that this set contracts (with rate by) towards u as N — oc.

In fact, this contraction allows us to replace the observations {Yn(7)}re7y in LP by the corre-
sponding observations of the triangular array {Y,(NT)},c, at rate % + by (see e.g. the proof
of Theorem 3.6). As usual, to establish asymptotic results for triangular arrays, it is necessary
to impose additional conditions on the dependence structure as N increases.

By imposing conditions on the dependence structure of only the locally stationary approxima-
tion and avoiding assumptions on Yy, we additionally allow for some model misspecification in
Yn like an additional noise component which is decreasing in N and not captured in Yjy.

All upcoming asymptotic results will be based on the following L'-mixingale type measure of
dependence.

Definition 2.3. For a o-algebra 4 and a real-valued integrable random variable X we define
(a) v(A,X) = |E[X|.#] — E[X]||, and
(b) 0(A, X) = supye o, || Elg(X)|.2#] = E[g(X)]|];,

where £ = {g : R = R, bounded and Lipschitz with Lip(g) < 1}. For a stationary and integrable
stochastic process (Xy)rez we define the following dependence coefficients

Y = (Mo, X1) and
Hh = 0(%07Xh)7

where h € N and #y = o({ Xk, k < 0}).

In particular, these measures will be readily accessible for many models through their
connection to the following notion of weak dependence, called #-weak dependence.

Definition 2.4. Let X = {X(t)}ier be a real-valued stochastic process. Then, X is called 6-
weakly dependent if

6(h) =supb,(h) — 0,

veN h—o00

where

[Cov(F (X (i), ..., X(in)), G(X(H)))|
1Fl o Lip(G)

ev(h)=sup{ ,Feg:j,Gegl,z'lg...givgz‘ﬁhgj}.

We call (9(h))h€R§ the 0-coefficients.

The following lemma gives a collection of auxiliary statements that help to connect the
L'-mixingale-type measure of dependence of a process with respect to its natural filtration to
its f-weak dependence coefficient.

Lemma 2.5. For a o-algebra 4, a real-valued integrable random variable Y and a real-valued
stochastic process X = {X (t)}ier it holds

(a) Y(A,Y) < O(AM,Y) such that v, < 0y, h €N,



(b) 0, = 0(h), heN,

where O(h) is the O-coefficient of X.
Now, additionally assume that X is centered and 0-weakly dependent with 0-coefficient 0(h),
My = o({ Xy, k € Z, k <0}) and E[|Xo|**¢] < 0o for some ¢ > 0. Then,

(¢) Y521 | XoE[Xk| 0] 0 < D (Zﬁ“;l(h + 1)%6?(h))m for some constant D > 0.
Proof. The first part of this Lemma is clear. The second part follows from [14, Lemma 5.1] for

m = 1. The third part follows from the proof of [18, Lemma 2 and Corollary 1]. ]

Later, Lemma 2.5 will pave the way to show asymptotic results for sequences of processes
that possess a locally stationary approximation that is 8-weakly dependent.

2.3 Hereditary properties under finite memory transformations

In this and the next subsection we investigate hereditary properties of locally stationary approx-
imations and #-weak dependence under transformations.
Consider a sequence of stochastic processes Yy with locally stationary approximation Y, for
some p > 1. For k € Ny define the finite memory vectors

ZE () = <YN(t), Y <t - ]@)) and Z5(8) = (Va(t), ..., Vult — k).
Definition 2.6 ([17, Definition 2.4]). A measurable function g : RET1 — R is said to be in the
class Li1(M,C) for M,C >0, if

lg(z) — g(y)|
sup i TS
sy |2 —ylly (L4 (=)l + llylly)

Proposition 2.7. Let Yy be a sequence of stochastic processes with locally stationary approxi-
mation Y, for some p=p(M + 1), where p > 1, M > 0. Then, for g € Li11(M,C), it holds:

(a) g(ZF) is a locally stationary approzimation of the sequence g(Z%) for p.

(b) If Y, is 0-weakly dependent with 0-coefficients Oy. (h), then Z% is -weakly dependent with
0-coefficients 0, (h) < (k+1)0y. (h — (k +1)) for h > (k+1).

(c) If Yy is O-weakly dependent with 6-coefficients Oy, (h), E[|Y,(t)|0tM+9)] < oo for some
e > 0 and additionally |g(z)| < C~’||:L'||ierl for a constant C' > 0, then g(ZF) is 0-weakly
dependent with 0-coefficients

02 (h) = O (05, ()77 ).

u

Proof. Part (a) follows immediately from Hoelder’s inequality. For part (b) we refer to [20,
Lemma 1]. Finally, part (c) follows from [4, Lemma 6]. O

Remark 2.8. Proposition 2.7 implies that all results on Yy, that we give in the next sections, are
also valid for transformations g(Y%) with g € Ly11(M,C) under additional moment conditions.
Important examples of functions in Lyy1(M,C) are polynomials h : RFY — R with degree at
most (M + 1), satisfying h(0) = 0. Note that this also includes the covariance operator at lag k,
i.e. g(xo, 1, ..., TK) = ToTk, such that g € Li11(1,1).

Remark 2.9. In fact, the condition |g(x)| < C Hx||11\4+1 from Proposition 2.7 (c) can be replaced
by the equivalent condition g(0) =0 (see [13, Proposition 3.4]).



2.4 Hereditary properties under infinite memory transformations

Although the class L1 from above includes important transformations as the covariance op-
erator, it does not cover transformations of vectors that are of infinite memory, i.e.

Zn(t) = (YN(t),YN <t - zir) ) and Zu(t) = (Vo (t), Val(t — 1),...).

Controlling such transformations is for instance important to prove asymptotic properties of
certain estimators that are defined in terms of the full history of a process. The following class
of functions will preserve locally stationary approximations of such infinite memory vectors and
is a modification of equation (9) in [5].

Definition 2.10. A measurable function g : R® — R belongs to the class L2 (a) for p,q > 1,
if there exists a sequence o = (ai(g))ken, C RY satisfying 3320 ax(g) < 0o and a function
f Ry — RY such that for all sequences X = (Xi)ken, € £°°(L9) and Y = (Yi)ken, € £*°(L9)
it holds

oo
lg(X) = g(V)lle < f (Sup {1 Xkl o v HYkHLq}> > awl(9) | Xk — Yl -
The following result follows immediately from the Definition of the class ££4.

Proposition 2.11. Let Yy be a sequence of stochastic processes with locally stationary approx-
imation Y, for some ¢ > 1 and g € L2(«v) for some p > 1 such that > ;- kag(g) < oo. Then,
9(Zu(t)) is a locally stationary approximation of g(Zn(t)) for p.

As we will see in the next remark, the class £;11 can be embedded in the class E&(MH).

Remark 2.12. Asumme that g € Lx1(M,C). Then, g = (g,0,...) € Eéé;(MH)(oz), where

an(g) = and f(z) = C(1 +2(k + 1)aM).

- 1,n<k+1,
O,n>k+1

3 Asymptotic results

In this section, we discuss various asymptotic results including law of large numbers and cen-
tral limit type results for sequences of stochastic processes that possess a locally stationary
approximation. These asymptotic results provide the foundation for many statistical inference
methodologies.

3.1 Laws of large numbers

We give a series of laws of large numbers for different observation schemes.

3.1.1 Law of large numbers under continuous observations

In the following, we give a global and a local law of large numbers. In order to obtain localized
estimators, we introduce localizing kernels.

Definition 3.1. Let K : R — R be a bounded function. If K is of bounded variation, has compact
support [—1,1] and satisfies [g K(x)dx =1, then we call K a localizing kernel.

7



From now on, if not otherwise stated, K always denotes a localizing kernel.

Theorem 3.2. Consider a sequence of stochastic processes Yy with locally stationary approxi-
mation Y, for some p > 1. Then:

(a) For allt >0,

% /O Yy 2 /0 " BV, (0)]du.

N—oo

(b) Let K be a localizing kernel that is additionally differentiable and by | 0 with Nby — oo.
Then,

1 u+by _ N
7/ K(T “) Y(r)dr 2 E[V,(0)].
bn Ju—by by N—o0

The following lemma is an ergodic type result for weighted integrals of ergodic processes.

Lemma 3.3. Let X = {X(t)}+er be a stationary ergodic process, || X(0)||;, < oo for somep > 1
and K a differentiable localizing kernel. Then, for all u € R

1 u+b _
7/ K (T “) X(Nrydr 2 E[x(0)),
by Ju—by bn N—oo

where by — 0 and Nby — oo for N — oo.

Proof. First, note that

1 u+by _ 1
—/ K(T u>d7‘=/ K(x)dx = 1.
bN Ju—by by -1
Therefore, without loss of generality, we can assume that Y is centered, i.e. E[Y(0)] = 0. Let us
first assume that v = 0. Now, using the integration by parts formula

in(0) = /bN K( T )X(NT)dT

T Sy \by
1 bN —bN 1 bN T T
=Y k) [ x(Nrydr— K (-1) X(Nf)df—ff K’() X (Nu)du dr) .
by —by —by by J-by  \ON/ J-by
Since K is of bounded variation, we get
N 1 /7 1 T
lan(0)||, <Ci1  sup — X(Nu)dul| =Ci sup 7/ X (u)du
re[=bn by 1ON J—by Lp ref0,2Nby] | NON Jo 7]
for a constant C; > 0. To lighten notation, we introduce F(r) = 1 [7 X (u)du. From the

continuous-time version of the Birkhoff-Khinchin theorem [25, Theorem 9.8] we get F(7) %
T—00
E[X(0)] = 0, such that

a) ||[F(r < (4 for a constant Cy > 0 for all 7 € RT and
@) [[F()] 1o

(b) for all € > 0 there exists ¢ > 0 such that |[|F(7)|;, < e for all 7 > c.



Now, let 56 > 0. Consider ¢ > 0 such that [[F'(7)[[,, < 55 for all 7 > ¢. Then, for N sufficiently
large

1N ()] L» <2C1 sup

1 T
2NbN/0 X(u)du

7€[0,2Nby] Ly
T T
<2C7 sup F(r +2C7  sup F(r 3
refo,d I12NbN ™) Lr rele,2Nby] 1| 2NbN Lr (3)
cCy < CiCs
< sup [|[F(7)]|» +2C1  sup  [[F(7)||» < te — g
Nby T€[0,c] L TE€[¢,2Nby] = Nby N—oo
which concludes the proof for u = 0. Since Y is stationary, we obtain for u € R
u+bN — 1 b~ —
iin ()|l o = H K <T “) X(Nr)dr| = ‘ / K (T “) X (N7 + Nu)dr
by IO Joby by v
<T> — 0
by Ip N—o0

by (3). O
Proof of Theorem 3.2.
(a) For JJN € Nand j = 1,...,27 we define the intervals

J

s Hi—1 ti 2

Iyjne = {S ‘N € ( (jQJ )’2”}’ such that U Iyjn¢ = (0,tN].
j=1

Notice that A(I;n¢) = % By (LS) we have

— 0.
LP N—oo

Hi /ot(YN(”) — Y, (Nv))dv

< sup HYN(S)—K(NS)'
Lr  s€[0,t]

Let us fix J € N. Then,
27

Y, (Nv)d / Y e (u)du
/ Z IJ]Nt) IBER 2%()

L 27 1

1 N
=||— Yy (v)dy — — _— / Y d
Nt Jo N (V) Y 27 ; A(IJJ}NJ) Iy Nt 2]7 (U) !

|27 4 Z IJJ Nit) /IJ,j,N_¢ <~1VV(V) B ~’7( )> dv

Yu(s) = Yo(s)

Lp
< sup sup

sERS’ \ufv\gg%

0

_>
Lr J—oo

by (LS). For fixed J € N we use the continuous-time version of the Birkhoff-Khinchin
theorem [25, Theorem 9.8] to obtain

1 2’ . w1 27 3
= 57 2 T g V2O 2, 57 S E [P 0] = B)



Furthermore, by the continuity of u — E[Y,(0)] (follows again from (LS)) we have

T 27 ¢ ZE {Y;f, } Favd /OtE[fVum)]du — E.

Finally,

H /YN du—/ BV (O)du|

<[5 [ove v

t

27

Y (Nv)d / Y (u)du
/ Z IJ,J,Nt) Iy5,N,t 2%( )

=1

Lr
+IE(N) - E(J )\\Lp+\E( )~

< sup HYN }7 Ns) H sup sup
s€[0,t] s€[0,Nt] |u_v|§2%

Yuls) = Yals)|

L TIEWN) =B

+|E(J) — E|.
Then, for all J € N

1 t t - ~
lim sup ‘/ YN<I/)dI/—/ E[Y,(0)]du|| < sup sup ‘Yu(s)—YU(s) +|E(J)—E]
N—oo It Jo 0 L7 seRE fu—ol< L»
< sup Clu—v|+|E(J)— E|
lu—v|<55
by (LS), which converges to 0 for J — oc.
(b) It holds
1 u+by _ ~
e (T “) Yy (r)dr — E[V,(0)]
bN u—by bN P
1 u+bn _ -
< / K (T “) (Yiv(r) = Yo(N7)) dr
by Ju—by bn v
1 u+bn — - -
+ —/ K (T “) (V2(N7) = Yu(NT)) dr
bN u—bpn bN P
1 [utby T—u\ ~ ~
+ —/ K ( ) Yu(N7)dr — E[Va(0)]|| = P+ Py + Py,
bN u—bpn bN Lp

Since P53 converges to zero for N — oo by Lemma 3.3 it remains to analyze P; and Ps.
Considering P; we get

P <2|K|,  swp|[Yw(r) - Ve(NT)| 0
TE[u—bn,ut+by] LP N—oo
by (LS). For the second summand it holds
P, <2| K|, sup sup H)}U(NT) — Y,(NT) — 0,
LP N—oo

TE[u—bn,utbn] [u—v|<2bxn

again by (LS), since by — 0.
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3.1.2 Laws of large numbers under discrete observations

In this section we give a series of local law of large numbers under discrete observations as
considered in Assumption 2.2. Depending on whether (O1) or (O2) holds, we obtain different
results.

We start by assuming that (O1) holds and give a discrete-time version of Lemma 3.3.

Lemma 3.4. Let X = {X(t)}+cr be a stationary ergodic process and || X (0)||;, < oo for some
p > 1. Additionally, assume that (O1) holds. Then, for all u € RT

O X N _u Ny LP
— K2 X(NT; FE|X .
by i:;nN ( b ) (N7") o BIX(0)]

Proof. We first note that, since (O1) holds, we have N TZ-N = Nu+1i6 for some § > 0. In principle
the proof is a discrete time version of the proof of Lemma 3.3. We give the most important steps.
Since

my N_ 1
im S K(TZ “) :/ K(z)dz =1,
P —1

N—oo bN ™ bN
we can assume without loss of generality that X is centered. For w = 0 and Sy = Zf:_mN X (i9)
we obtain from the summation by parts formula
oy X N
an(0) = — K| X
in0) = 23 K () XG)
1=—MmpyN
5 N my—1 N N
SO (g k(T ) S s (K (T ) -k (Tt ) )
by by e bn bn
=—mpn
Since K is of bounded variation, we obtain
N ON
1N (O)llze < Cry sup 1Skl
N ke{me,...,mN
2 1)6 1 g
— QM > X(i5)| — 0
by ke{0,..2my} || 2mN + 1 =5 o V7

for a constant C; > 0 by similar arguments as in (3). For general u € R™, the result follows from
the stationarity of X. O

Theorem 3.5. Consider a sequence of stochastic processes Yy with locally stationary approxi-
mation Y, for some p > 1. For observations as given in Assumption 2.2 such that (O1) holds,
i.e. Nony = & for some § > 0, we obtain for all u € RT

S T'N_u P ~
> K<le )YN(”‘N) L, B¥,0)].

it=—mpy

Proof. Consider the decomposition

Y K (Nb‘ ) Y(r) = BIYa(0)]

N

Lr

11



(LN‘ 3 K(Tib;“> YN(TZN)—(S*N. ) K(%‘“) Yo (N7Y)

Lpr

N
(5N N TN_U =~ N 6]\[ oy TN_u >, N
K| Y N(NTY) — — K| = Y, (N7
i 3w (Tt e - 3 (V)

it=—m N ’ bN i=—mpn bN P
ON oy TiN —u\ ~ N -
+ Y K Y (NT¥) = E[Y,(0)]|| =: P+ P+ Ps.
by . by
i=—m Lp
For P; and P, we obtain
CllK|lyon(@2my+1) (1
P+ P < &0 — +5b —
1+ Py < b (N+ N>N_>OOU
for some constant C' > 0. Finally, due to Lemma 3.4, we also have P; — 0, as N — oo. ]

If (O2) holds, we have to impose conditions on the dependence structure of the locally
stationary approximation Y; to obtain similar results as in Theorem 3.5 for p = 1. Under
additional moment conditions a rough inequality extends the result to p = 2.

Theorem 3.6. Consider a sequence of stochastic processes Yy with locally stationary approz-
imation Y, for some p > 1. For u € RT fized, assume that Y, is 0-weakly dependent. Then,

for observations as considered in Assumption 2.2 such that (O2) holds, we obtain the following
convergences:

(a) It holds

N—oo

5N X TiN—u N 1 ~
Y K Yn () == E[Y,(0)].

(b) Assyme that Yy, is a locally stationary approzimation of Yy for some p > 2 and that
E[Y4(0)[**] < oo, for some € > 0, then for all u € RT

Proof. (a) Consider the same decomposition as in the proof of Theorem 3.5 for p = 1. In the
same way we have P — 0 and P, — 0 as N — oo. To show that Ps N—> 0, we apply [1,
—00

Theorem 2]. Since

oy X ™ —u 1
;Z K< ) o /_1K(az)dx =1,

by

we can assume without loss of generality that Yy, is centered. Consider the centered tri-

angular array X;omy+1 and the corresponding filtration M; 2., 41, respectively, defined
as

Wiomy+1 = Yu (N(u+ (i —my — 1)dn))

12



(2mpy + 1)onN
by

Mismys1 =0 ({TulN(u+ (j —mx +1)0x)),j <i,j€2}), i€Z

7—i]iml\r—l —u
Xiomy+1 = K Wi 2my+1 and

by

where the family {M; 2y +1}i=1,.. 2my+1 is non-decreasing.

Let us note that the family {Xj 2y y+1}i=1,.. 2my+1,NeN is uniformly integrable due to the
stationarity of ;. Moreover, since Y;, is f-weakly dependent with 8-coefficients 0(h), also
the sampled process {W; oy +1}icz is f-weakly dependent with 6-coefficients 0™~ +1) (h) =
O(Nonh). Now, because Noy — oo as N — oo and #(h) is non-increasing, we have

max ¢ (h) = 0(C1h) (4)

for the constant C; = minyen Noy > 0. In view of Definition 2.3 and Lemma 2.5 we
obtain from the stationarity of Y, for all m € Ng

HE[Xz',szH|M(z’—m),2mN+1]‘ o = YMmm) 2my 1, Xigmy+1)

< Coy(Mo2my+1, Winzmp+1) < C20(Mo 2my+1, Win2my+1) = C202™V 1 (m)
< 020(N5Nm) < CQG(Clm) m:))O 0

for some constant Cy > 0, where we used (4). Overall, we have that the triangular array
Xiomy+1 is an Ll-mixingale with respect to the filtration M 2,11 in the sense of [1,
Definition 2]. An application of [1, Theorem 2] gives P; e 0.

—00

(b) Consider the same decomposition as in the proof of Theorem 3.5 for p = 2. In the same

way we have P — 0 and P, — 0 as N — oco. Again, without loss of generality we assume
that Y, is centered. For P3 we obtain

) 2 TiN —UuU\ g 2 &3 & TiN LA R
H% 3 K( = )YU(NTZ.N)H - b%( Y Var (K( ; )YU(NTZ.N)>

1=—MmpyN 1=—Mmy N
N _ .\ N _ N
+ ZCOU(K(Ti u)Yu(NTZ-N),K<T] u)Yu(NT]N)»
i#j bN by
1K |12, 6% (2my +1)? (E[Yu(O)Q] -~ - . )
< SSi _
< 7 T 1 TP Cov(¥u(0), Yu(Nowlj—i]))|
LI e 1 (ETOFY oy, v e %)
< 0 € e

which converges to zero as N — oo, since 6(h) | 0 as h — oo and @ # j. The last inequality
follows from [13, Remark 3.3]. For the convergence we use the results on the #-coefficients
of part (a).

O

3.2 Central limit type results

The following theorem gives a central limit type result for sequences of non-stationary processes
that possess a locally stationary approximation in the sense of Definition 2.1. We again consider

13



the previous observation schemes and restrict ourselves to the rectangular kernel

1
Kirect(7) = 51{16[71,1]} (5)

as localization kernel. It is easy to see that K. is a localizing kernel as defined in Definition
3.1. Depending on whether (O1) or (O2) holds, we obtain different asymptotic variances.

In addition, we assume the 6-coefficients 6(h) of the locally stationary approximation to satisfy
for a fixed € > 0 the condition

DD(e): 3 0(h)ht < oo
=1
Sufficient conditions for DD(g) to hold are for instance 8(h) € O(h=%) or 8(h) € O(hln(h)~%)

for some a > (1+ 2).

Theorem 3.7. Consider a sequence of stochastic processes Y with centered locally stationary
approzimation Yy, for some p > 2 such that 17“(0) € L?*¢ for some ¢ > 0. Additionally, assume
that Yy is O-weakly dependent with 0-coefficients 0(h) satisfying DD(c ). Assume that we observe
YN as described in Assumption 2.2, such that additionally \/mybn — 0. Now, if either

(a) (01) holds, i.e. N6y =& > 0 and o(u)? = SE[Y,(0)%] + 252, E[Y,(0)Y,(kd)] > 0 or
(b) (02) holds and o(u)? = SE[Y,(0)%] > 0,

then o(u)? < 0o and

N —Uu
Z Kt< = >YN(T;V) 4 5(u)Z, (6)

1—me

where Z is a standard normally distributed random variable and K,eet the rectangular kernel as

defined in (5).

It is natural to ask for conditions on stronger concepts of convergence as the stated con-
vergence in distribution in (6). The following corollary provides additional assumptions that
strengthen this convergence to stable convergence. Recall that a sequence of integrable random
variables (Y},)nen converges stably with limit Y, where Y is defined on an extension (@', F', P’),
if E[g(Y,)Z] — E'[g(Y)Z] as n — oo for all bounded, continuous functions g and any bounded

F-measurable random variable Z. Then, we write Y, ? Y. Note that stable convergence
n—oo

immediately implies convergence in distribution.

Corollary 3.8. Consider a sequence of stochastic processes Yy with centered locally stationary
approzimation Y, for some p > 2 satisfying the assumptions of Theorem 3.7. If the family

{Miz2my+1fNen =0 ({Y/u(N(U +(—mny+1)dn)),j<i,j € Z}) , 1€Z

s non-decreasing in N for all i € Z, then

™N —u st
Z Krect ( bN > YN(TiN) — O'(U)Z

N—oo
z*—mN

14



Proof. 1t is sufficient to follow the proof of Theorem 3.7 and use [22, Theorem 3.7 (i)] as well as
[19, Corollary 1]. O

In the following lemma we give sufficient conditions for {M; 2, +1}nen to be non-decreasing.

Lemma 3.9. Consider a sequence of stochastic processes Yy with centered locally stationary
approzimation Y, for some p > 2 satisfying the assumptions of Theorem 3.7 such that (01)
holds with N6y = A > 0. Additionally assume that u is a multiple of A and that the increments
of Nby are bounded by u, i.e. (N + 1)byy1 — Nby < u. Then, the family {M;2my+1}NeN S
non-decreasing for all i € Z.

Proof. We need to show that for any N € N, i € Z and j < i there exists j1 € Z, j1 < i such
that Nu+6(j — |22 | 4 1) = (N + Du+ 60 — DN 1) We set jy = j — [0 ] +

L%J — 5 € Z. Then, j; <1, since

“N-i_lngHJ _ LN(I;NJ < L(N-i—l)bNg—l—NbNJ < L%J _

O]

A particulzar choice for by and dy satisfying the assumptions of Lemma 3.9 is for instance
by =bN "3 and 6y = AN~!, where 0 < b < u and ©v = mA for some m € N, A € RT.

Proof of Theorem 3.7. Since we obtain from (LS)

b z m( ) (e (7)o (N )+ Ve (N )~ Vo (V7))

C(QmN—i-l) ON
= 2 \/ bN( +bN> NZ;O’

it is enough to show that

Ll

Z Kt< = >YH(NTZ. )Nﬁo o(uw)Z,

z——mN

where Z is a standard normally distributed random variable. We define for i € Z and N € N

Wigmy+1 = Yu(NTN, 1) =Y, (N(u+ (i —my — 1)dn)),

i—mpy—1 U
X; 2my+1 = =V2my +1 \l Krect <N> Wi,QmN+17

by
[t(2my+1)]
Sn(t) :== Z Xiomy+1, SN :=Sn(1) and

Miomyr =0 ({Vua(N(u+ (j = mn +1)dn)),j <i,j €2}).

As a major first step we show that the conditional central limit theorem [19, Theorem 2] holds.
From this conditional central limit theorem we then derive the convergence in (6).
Note that {M; 2my+1}ien is non-decreasing and

7.0, f5
< 7 ey JON
>5> =T by N

15
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for all € > 0, since Y, is stationary. We proceed by considering the conditions (a) and (b)
separately.

(b) Let us assume that (O2) holds, i.e. Noy — oo as N — oo. Following [19, Corollary 3 and
Remark 9], it is enough to show that for all ¢ € (0, 1]

QmN—i-l
B3 Ko 1B Xkam 1l Mozmy ]l =0, ™)
k=1
li _t E |Sy(t) M =0 and 8
N3oo v/2my T 1 H { N )‘ O’ZmNH}HLl - ®
1 I_ (QmN+1 J
- X w)?

where o(u)? = %E[Y/U(O)Q] is non-negative.

With the help of Lemma 2.5 we will now connect the conditions (7) and (8) to the 6-
coefficients of Y,,. We start by proving (7). The sampled process {W; 2y y+1 }ieN is 6-weakly
dependent with f-coefficients §2"~+1) (h) =0(Nyh), where maxyen8 >V (h)=60(C1h)
for a constant Cy = minyeny Ndy > 0. Then, since limy_,o0(2my + 1)61\’ =2, (7) is
bounded from above by

A}gnoo 3 Z [Wo2mn+1E [Wk2my+11Mo2my+1]ll 11 -

For U,EQmNH) = [[Woemy+1E Wi 2my+1Mo2my+1]ll .1, we obtain due to part (c) of
Lemma 2.5 and (4)

Z UngmN+1) <D (Z(h + 1)i9(2m1\7+1)(h)> <D <Z(h + 1)i9(01h)> .
k=1 h=1 h=1

Note that (x + y)P < max(1,2P~1) (2P + yP) for all x,y,p € R{. Hence, for some a such
that 0 < a < min(1, C7) we obtain

o (S vtocn) o (S v
h=1

h=1

_E
1+4e

o
+
L)

1
€

=D |> 0k (h+1)
k=0 {heN <h< bty (10)

D<<1+ (/-e)(m )

£

>1+s
<D malee )(1—1-04)20 (Qi—i-ki))lis

which is finite, since DD(e) holds. By the dominated convergence theorem we obtain

o =

0 =
lim D (Z(h + l)iG(N(SNh)> =0, such that (7) holds.
N—o00 el
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To show (8), we first note that since Y, is centered, we have | E Wi 2my+1IMo2my+1]ll 1=
Y(Mo2mn+1, Wizmn+1) < 0(Mo2my+1, Wizmys1) = 0@V (i) where we used part (a)
and (b) of Lemma 2.5. Thus,

. 1 2mpy+1
]\;E;HOO WHE {SN(t)‘MOQmN—‘rl:H m Z HE 7 2mN+1’MO,2mN+1]HL1
2mN+1 2 1 5]\[ 2my+1 6]\[
gl2mn+1) — O(Noni) < Oy~ — 0
12; bN ; ( Nl) < O bN —

as N — oo for some constant Cy > 0, since DD(g) holds, using similar arguments as in (4)
and (10). .
To show (9) for o(u)? = $E[Y,(0)?], we define for ¢ € (0, 1]

2K?2
Gi(z) = Tetd()l{xe[—l,—l—I—Qt]}? r €R. (11)
It is easy to see that G is a localizing kernel for all ¢ € (0,1]. As the function z 2?2 €
L£1(1,1), Proposition 2.7 ensures that the stationary process Y2 is f-weakly dependent.
Then, following the same steps as in the proof of Theorem 3.6 part (a), using the localizing
kernel G¢(z), we obtain

vyt g <TZNU>YU(NTN)2_W
N

Therefore, to show (9) for o(u)? = %E[YU(O)Q], it is enough to observe

S

bn

[t(2mn +1)) N —u\ .
Z Z Krect (%) Yvu(‘]\]7-1‘]&711\7—1)2

- ¥ e
z—me
< E[Y,(0)2] 65 7!

< Ta ; 1{16[1 [tCmN+1)]]} — 1{ U my 1>6N€[ 1,2¢— 1}}

) Vu(N7Y)?

Ll

(12)

_ N _
- 4t by ; Liem remy+ny — 1 ic [1 2th—+mN+1”|
< M&V {’LEZ i€l [t2my +1)]]A {1 thN—b—i-mN-i-l}}
4t bN 5N 5N
< 7E[Yu( )T 0w <’Lt(2mN +1)| - 2tb—N + by —mpy — 1‘ + 1) N—> 0,
—00

- 4t by on on

since (’ [t2my +1)] — Qt% + % —my — 1’ + 1) is bounded by

by by
‘{(sz+1)J—2t—1‘ 'mN——|—1<2t—|—2<4
(5]\/ 5N

17



Using [19, Corollary 3 and Remark 9], the conditional central limit theorem [19, Theorem
2] holds and for ¢t =1 we have

Jim HE [go (g v) - [ stastugte)is

for all k€N and p € H={p:R — R, continuous such that z+ |(1+x2)"1p(z)| is bounded}.
In order to show the stated convergence in (6), it is sufficient to observe that for all
continuous and bounded functions h and a standard normally distributed random variable

Z it holds

Al (WSN)} Bk <o<u>Z>1\

h( ) /h (zo( x)dz
2mN+

since h € ‘H and (13) holds.

=0  (13)

Mk‘,Q’n’”v-ﬁ-l‘|

Ll

<

E

—00

‘ (14)

./Vll 2mN+1‘| —> 0
L1

(a) Let us assume that (O1) holds, i.e. Ny = ¢ > 0. In the following we use [19, Corollary
3], where we define

o(u)? = %E[qu(o)z] + g:lE[?u(O)?u(ké)] < 0.

Let us briefly mention that, due to the decay of #(h) (i.e. since DD(g) holds) and [13

Remark 3.3, o(u)? = M + 3222, E[Y,(0)Y,(kd)] is finite.
Overall, we obtain a snnllar convergence as given in (13), if for any ¢ € (0, 1] and k € Ny

=0, (15)

lim limsup sup

m
Xozmy+1 Y, ElXk2my+11Mozmy-+1]
K—=00 Nooo K<m<(2mpy+1)

k=K I
. 1
]\}E)noo \/W HE {SN(t)‘Mo,szH} HL1 =0and (16)
1 |_t(2mN+1)j L1
m Z Xiomy+1Xitk 2my+1 N:;)\k, (17)

where \; = E[Y,(0)Y, (kd)]. We first note that (16) follows analogously to the proof of (8).
To show (15), we follow similar steps as in the proof of (7) and obtain for K € N

m
Xogmy+1 >, ElXk2my+11Mo2my+1]

lim sup sup
N—oo K<m<(2mpy-+1) k=K 1
1. =
< 5 lim sup Z [Wo2mn+1E Wk 2my+11Mo2my+1]ll 11
1. ST > S ,
= S limsup Y |V BIVu(k8)|o({¥a(j6) : j < 0.5 € ZD)]| , =2 V(K),
N—oo k=K

18



since Yy, is stationary. Now, due to the third part of Lemma 2.5, we obtain

limsupz HY Yu(k8)|o({Yu(46) : § < 0,5 € Z}]’ I

N—oo

Tie
<Z (h+ 1 > < 00,
since DD(e) holds, using similar arguments as in (10). By the dominated convergence

theorem we obtain V(K) — 0 as K — oo. Finally, it is left to show (17). First, we note
that

77 Z Krect (sz> YU(NTiJXmN—l)YU(NTi]yl—k—mN—l)

tby = by
1 [t(2mn+1)]
7 Xz m Xz m
t(2m]\[—|—1) ; 2my+1Ai+k2my+1 B

10N & = N —u T‘Nk —u
< 77E Yu O Yu k5 Krec £ - Krec L
< i FITOTN 3 ( — (e
< LON pig (0)Vu(k6) kB — 0
— 2t by K N—oco

for some constant Bx > 0, since K is of bounded variation. Similar arguments as in (12)
give

1 5 I_ 2mN+]~)J TN 1 — U 2 _ N B N
—mpyN —
tbn by Z Kyect ( JZN> YU(NTi—mN—l)YU(NTi—i—k—mN—l)

On % Lo, (7—v Yo (NTYu(NTY )L — 0
bN 2 t bN Ti Tith N—oo
I=—mpy I1
where G(z) is defined as in (11). Thus, (17) holds, since
v X 1 ™ —u - N E[Y,(0)Y,(kd)]
by ‘ZN §Gt ( b Yu(NT)Yu (N7 — 9 1 o O
i=—m L

by Lemma 3.4. We conclude by similar steps as in (14).

Remark 3.10. We restrict ourselves to the rectangular kernel (5) as for general kernels it seems
only possible to establish the conditions (9) and (17) for t = 1, which is not sufficient to apply
[19, Theorem 2].

4 Locally stationary processes in continuous-time

In the sequel we first review the definition of locally stationary processes in continuous-time from
[8]. Then, we relate it to processes that possess a locally stationary approximation as introduced
in Definition 2.1.
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4.1 Preliminaries

We summarize elementary properties of Lévy processes and stochastic integration with respect
to them. For further insight we refer to [2] and [31].

Definition 4.1. A real-valued stochastic process L = {L(t),t € R{'} is called Lévy process if
(a) L(0) =0 almost surely,

(b) for any n € N and tg < t; < to < --- < tg, the random variables (L(to),L(t1) —
L(tg),...,L(ty) — L(tn—1)) are independent,

(c) for all s,t >0, the distribution of L(s+t) — L(s) does not depend on s and
(d) L is stochastically continuous.

Without loss of generality we additionally consider L to be cadlag, i.e. right continuous with
finite left limits.

Let L = {L(t),t € R{} be a real-valued Lévy process. Then, L(1) is an infinitely divisible
real-valued random variable with characteristic triplet (v, >, v), where v € R, ¥ > 0 and v is

a Lévy measure on R, i.e. ¥(0) = 0 and Jg (1 A \:L']2> v(dz) < oco. The characteristic function of
L(t) is given by

oL (2) = B[] = Mr(2),

22 } 18
Ur(z) = (ivz — ZT + - (em” -1- ilez(a:)) V(d;t)) , 18)

where z € R and Z = {z € R, |z| < 1}. If v has finite second moment, i.e.
/ 22 v(dz) < oo ( — / 22 v(dz) < oo) , (19)
|z[>1 R

then L(t) € L? for all t > 0 and we have E[L(t)] =t (7 + f‘x|>1 fL’l/(d.'L')) < oo and Var(L(t)) =
t (X + J[g2?v(dr)) < co. In the remainder we work with two-sided Lévy process, i.e. L(t) =
Li(t)1g>0y — L2(—t) 10y, where Ly and Lo are independent copies of a one-sided Lévy process.
Consider

X(t) = /R F(t, $)L(ds), (20)

where t € Rand f : RxR — Ris B(RxR)—B(R) measurable. Necessary and sufficient conditions
for the stochastic integral (20) to exist are given in [32, Theorem 3.3], namely if

E/Rf(t, s)?ds < oo,
/R/R ((f(t, s)z)? A 1) v(dzr)ds < oo and (21)

£t5) (14 [ @ (Lo (. 9)a]) = 1oy (1al) v(de))
Jlre (o

ds < oo
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are satisfied, then (20) is well-defined. If L satisfies (19) and f(¢,-) € L'(R) N L%(R), then the
conditions (21) are satisfied and the integral X (t) = [ f(t, s)L(ds) exists in L2 If X = {X(t),t €
R} with X (¢) as in (20) is well-defined, then X (¢) is infinitely divisible with characteristic triplet
('Yint, Yint, Vint)» where

i = [ ftnds+ [ [ 792 (Lot 9al) = Lo (fal(de)) ds
S = % /R f(t,5)%ds  and (22)
vt B) = [ [ 16(f(t,5)0)v(do)ds,

where B € B(R).

4.2 Locally stationary processes in continuous-time
The following definition was first given in [8, Definition 3.1].

Definition 4.2. Let Yy = {Yn(t),t € R}nen be a sequence of stochastic processes. Then, Y
1s called locally stationary if there exists a representation

Yi(t) = /R gn(Nt, Nt — s)L(ds), (23)

where

(a) L is a two sided real-valued Lévy process such that (19) holds,
(b) gn : R xR — R with gy(Nt,-) € L*(R) for allt € R and N € N,

(c) there exists a limiting local kernel function g : R x R — R such that g(t,-) € L*(R) for all
teR, t—g(t,-) is continuous for allt € R and
L2
gN(Nt,-) = g(t,)

N—oo

for allt € R.

Remark 4.3. (a) Definition 4.2 can also be reformulated in the frequency domain. To this end
one defines locally stationary processes via a time-varying spectral representation, which
can be locally approzimated by the spectral representation of a stationary process (see [8,
Definition 3.2]). In the continuous-time framework, the definition of local stationarity in
the time and frequency domain are equivalent (see [8, Proposition 3.3]).

(b) From [8, Proposition 3.5] it follows that the sequence (23) converges pointwise for each
t € R in distribution for N — oo to the stationary process

/ g(t, —s)L(ds).
R

Proposition 4.4. Consider a sequence of stochastic processes Y in the form of (23) such that
(~19) holds and E[L(1)] = 0. Let Y, = {Yu(t),t € R},cr+ be the family of stationary processes
Yu(t) = Jrg(u,t — s)L(ds), such that gn(Nt,-),g(t,") € L*R) for allt € R and N € N.

Assume that Y, is a locally stationary approzimation of Yy for some p > 1. Then, Yy is locally
stationary.
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Proof. It holds

lan (Nt,) = g(t g2 = lan (Nt Nt =) = g(t, Nt = )2 = 5 [¥a(t) — V(o)

1
f‘ L2

O]

Proposition 4.5. Let Yy = {Yn(t),t € RYnen be a locally stationary process. Define Yy (t) =
Jr9(u,t — s)L(ds), where g is the corresponding limiting local kernel function of Y. If it holds
that SUPyeRr HQ(U, ’)HL2 < 00,

1
lg(u,-) = g(v, M2 < Clu—v| and ||g(Nt,-) —g(t,- )2 < Oy

then Y, is a locally stationary approzimation of Yy for p = 2.
Proof. The ergodicity of Y, follows for instance from [21, Theorem 3.5]. Then it is sufficient to
observe that
| , = lg(u,) = g(v, )2 < CSJu — o] and
Ccx

|¥n() ~ V)|, = S llgn (Nt Nt =) = g(t, Nt =) 2 < ==

u(t) = o (1)

L

O

5 Time-varying Lévy-driven state space models and CARMA (p,q)
processes

In this section we first introduce time-varying Lévy-driven autoregressive moving average (tv-
CARMA) processes. Then we review conditions such that sequences of tvCARMA processes are
locally stationary and discuss conditions for the existence of a locally stationary approxima-
tion. Since the class of time-varying Lévy-driven CARMA processes is embedded in the class of
Lévy-driven linear state space models, we state our results in terms of this class of processes.
Throughout this section, L = {L(t),t € R} denotes a two-sided Lévy process with values in R,
where we assume that the characteristic triplet (v, X, v) satisfies (19).

5.1 Lévy-driven Ornstein-Uhlenbeck (CAR(1)) processes

The simplest Lévy-driven CARMA (p,q) process is obtained for p = 1 and ¢ = 0, i.e. the Lévy-
driven CAR(1) or Lévy-driven Ornstein-Uhlenbeck process. It is given as the stationary solution
to the differential equation dY (t) = —aY (t)dt + L(dt) for a constant a > 0. The solution can be
expressed as

Y(t) = / t e~ =) L(ds).

—00

If one allows a to be time-varying, we arrive at the so called time-varying Lévy-driven CAR(1)
process, which is given by

Y(t) = /too efsta(T)dTL(ds).
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To investigate processes of the above form in the context of local stationarity, we consider
Yn = {Yn(t),t € R}nen to be a sequence of rescaled time-varying CAR(1) processes defined by

Yn(t) = / gn(Nt, Nt — s)L(ds), with kernel function

. (24)

Nt /. _ (9 a
gN(NE, Nt —s) = Lini—s>0y€ Joe(F)dr — 1int-s>0y€ Fvesy o5 ;

4. . —fo a(T+Nt)dT 1
where a : R — Rj is continuous such that s — e J-s"\ ¥ € L'(R") for all t € R and

N € N, which ensures the existence of (24), since additionally (19) holds. In the next proposition
we revise sufficient conditions such that the sequence Yy is locally stationary in the sense
of Definition 4.2. Then we give additional conditions for the existence of a locally stationary
approximation for p = 2 and p = 4, where the locally stationary approximation Y, is given by

Y. (t) = /Rg(u,t — s)L(ds), with kernel function

g(uvt - S) = 1{t_820}€—a(u)(t—s)’

(25)

where we assume that s — 1501e7%W* € LY(RY) for all u € R* and N € N.

Proposition 5.1 ([8, Proposition 4.1]). Let Yy be a sequence of time-varying Lévy-driven
CAR(1) processes as given in (24). Then, Yy is locally stationary if

(a) the coefficient function a is continuous and
(b) for every T € RT there exists ey > 0 such that a(s) > ep for all s <T.
The corresponding limiting local kernel function is given by g(u,t) as defined in (25).

Lemma 5.2. For fited u € R let f : R xR — R be a B(R x R) — B(R) measurable function such
that f(u,-) € LY(R) N L*(R) and let L be a two sided Lévy-process such that [gxiv(dx) < oo.
Then, [*_ f(u,t —s)L(ds) € L* and

E [(/_too f(u,t — s)L(ds))j :/Rf(u, s)4ds/Rx41/(dx) +3%2 (/R f(u, s)zds>2

+ 1t (/R f(u,s)ds>4 +6u2% (/R f(u, s)ds)Q/Rf(u, s)2ds
+4,uL(/R f(u, s)3ds/Rx3u(dac)/Rf(u,s)ds>,

where f, = ¥ + [g 2*v(dz) and pr, =y + Jij>1 2v(de).

Proof. The finiteness of the fourth moments follows e.g. from [31]. The characteristic function of
It f(u,t — s)L(ds) is known from (18). Usual calculations then give the above representation.

Note that (22) connects the characteristic triplet of [*__ f(u,t — s)L(ds) with the characteristic
triplet of L. O

Proposition 5.3. Let Yy be a sequence of time-varying Lévy-driven CAR(1) processes as given
in (24). Then, Y, as given in (25) is a locally stationary approzimation of Yy for p =2, if

(a) the coefficient function a is Lipschitz with constant L and
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(b) infsera(s) > 0.
If additionally
(c) [qatv(dz) < oo,
then Yy, is also a locally stationary approzimation of Y for p = 4.

Proof. 1t is clear that Y, is stationary for all u € R*. From [21, Theorem 3.5] it also follows that
Y, is ergodic. Let 1, = X+ [y 2%v(dz) and puf, = Y+ Jjzj>1 2v(dz). Now, for € = infser a(s) > 0
it holds

2

2 ) 2 » 2
2:EL/g(u,t—s)2ds+,u% (/g(u,t—g)d5> _ L + %53 <7L+'U’7L<OO'
R R

Hi/“(t)‘ 2a(u)  a(u)® — 2 &2

L

For u,v € R we obtain

Yo (t) — ffv(t)\

2
o= Sulg(ut =)~ gt =i+ ([ glut =)= glo,t-ds)

L
S 2
= ZL/ (@*a(u)s — e*a(v)8> ds + /L% </
0 0

2
eww%aw@>:a+g.

Then,
P =Y /OO eS¢ (6—(a(u)s—%s) _ 6—(a(v)s—%s))2ds
0

<¥p /OOO e 5% (a(u) — a(v))?ds < C¥(u —v)?

x

for a constant C; > 0, since a(-) is Lipschitz and @ — e~ is Lipschitz on R with constant 1.

For P, it holds analogously

00 2
Py <12 </ emaws _ e_“(”)sds> < C3(u—v)?
0
for a constant Co > 0. Therefore,

|7u®) = Vo 0)

P \C? + C3(u —v).

Second,

~ 2
Yn(t) = Vi(Nt)| = Srllgn (Nt, Nt —-) — g (t, Nt — )|
L2

2
+u3 (/gN(Nt,Nt—u)—g(t,Nt—u)du>
R

> T NE 2 T+ Nt 2
= EL/ (e— ffsa(?\ﬁv)dr_ea(t)s> ds-t 112 (/ - ffsa(t\ﬁv)df_ea(t)sd(s)
0 R
=: P3+ Py.

Then,
oo - e 2
Py :EL/ e (e [° (a(F+t)-5)dr e—(a(t)_g)s> ds
0
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oo—se 0 T 2 o —seT2 0 ’T‘ 2 C?%
SEL/Oe —/ﬂa N+t dr + a(t)s dngL/O e %L LsNdT ds:m

for a constant C3 > 0, since a(-) is Lipschitz with constant L and z — e~7 is Lipschitz continuous
on RE]F with Lipschitz constant 1. Analogously,

f_ 7‘+N7‘ B efa(t)s

2 2
ds) Sg

P4§M%<R N2

for a constant Cy > 0. Overall,

|yu(®) = Five)|

1
2 2
S VOO

Since [g af~41/(da:) < 00, Lemma 5.2 gives a closed form expression for ||[Yy(t) — YE(Nt)H4L4 and
|Yu(t) = Yy (t)]|74. Then, calculations analogous to the steps for p = 2 show that Y, is a locally

stationary approximation of Yy for p = 4. O

In the following theorem we apply the results from Section 3 to time-varying Lévy-driven
CAR(1) processes and provide asymptotic results for different sample moments and observations.
In particular, these results provide a first step towards a method of moments based estimation
procedure including consistency, as well as results on the asymptotic distribution.

Theorem 5.4. Let Yn be a sequence of time-varying Lévy-driven CAR(1) processes as given in
(24) and assume that

(A) the conditions (a) and (b) from Proposition 5.3 hold.
Then, for observations sampled according to (O1) or (02), we obtain for allu € R and k € Ny

57N % K <TiN )YN( ) L—1> E[YU(O)] and for (01) also (26)

bN =y bN N—oo
(5]\/' N TN—'LL N N k‘ 1 ~ ~
— K- Yn(7")Y; ; — | — E|Y,(0)Y, 2
R e A GRS e A A (21)

with Y, as given in (25). If we additionally assume that
(B) Jiui>1 |z v (dr) < oo for some e > 0,

then, the convergence in (27) also holds for (02). Now, if in addition
(©) BIL()] =0,
(D) /ymnbn — 0, as N — oo and

3EYu(0)%] + 252, E[Yu(0)Yu(h)],  if (01) holds,

(E) o(u)? >0, where o(u)? = {E[?U(O)Q], if (02) holds,

then o(u)? < 0o and

N
Z Kt< = )YN( )Nﬁo o(u)2Z, (28)

z——m

where Z is a standard normally distributed random variable and K,eq as defined in (5). Finally,
if we additionally assume that
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(F) Jiz151 |z|* v (dx) < 0o for some e >0 and

(G) &(u)? > 0, where
5(w)? = {éE[Yu(O)2 Vo (F)2] + 33521 B[Yu(0)Yy (k) Yu(h)Yu(h + K)],  if (O1) holds,

E[Y,(0)2Y,(k)?], if (02) holds,

then &(u)? < 0o and

3 (ri);u) (1m0 (72 ) — Cont0) 7))

t=—mpy

(29)

4 5(u)?Z.

Proof. From Proposition 5.3 it follows that Yy, is a locally stationary approximation of Yy for
p = 2. If (O1) holds, Theorem 3.5 implies the convergence in (26). Analogous to [13, Corollary
3.4] and since g(u,-) € L?(R) for all u € R, it follows that Y, is f-weakly dependent with 6-
coefficients 6(h). Therefore, if (O2) holds, we obtain the convergence in (26) from part (a) of
Theorem 3.6.

Define g : RFF! — R as g(21,...,241) = 212511, ZF(t) and ZK(t) as in Section 2.3. As
described in Remark 2.8 we have g € Lj11(1,1). From Proposition 2.7 part (a) it follows that
g(ZE(t)) = Yu(t)Yu(t — k) is a locally stationary approximation of g(Z% (t)) = Y (t)Yn (t — %)
for p = 1. If (O1) holds, the convergence in (27) then follows again from Theorem 3.5. In order
to prove (27) for (02), we first note that E[|Y,(0)|?>T¢] < oo, since Jiap>1 |z|?>Tev(dr) < 0o and
g(u,-) € L**¢(R) for all u € R*. Proposition 2.7 part (c) implies that g(Z¥(t)) = Y, (t)Yu(t — k)
is f-weakly dependent. Hence, part (a) of Theorem 3.6 gives the stated convergence in (27) for
(02).

Analogous to the proof of [14, Theorem 3.36], one can show that Y, has exponentially decaying
O-coefficients, such that DD(e) holds for any ¢ > 0. Theorem 3.7 then implies the convergence
as stated in (28) for both (O1) and (02).

Since [,1 lz|**tev(dz) < oo and g(u,-) € L**(R) for all u € R*, we have E[|Y,(0)|*t¢] < oo
for all v € R™. From Proposition 5.3 it follows that Y,, is a locally stationary approximation of
Yy for p = 4, such that part (c) of Proposition 2.7 implies that g(Z¥(t)) is a locally stationary
approximation of g(Zk (t)) for p = 2, where g(Z¥(t)) = Y, (t)Yu(t — k) is 6-weakly dependent
with 6-coefficients 6 ;. (h) € O (G(h)l%e> Since Y,, has exponentially decaying f-coefficients 6(h),
071 (h) satisfies DD(e) for any € > 0. Theorem 3.7 then implies (29) for (O1) and (O2). O

5.2 Lévy-driven state space and CARMA (p,q) models

Before we give the definition of general time-varying Lévy-driven state space models, we in-
troduce time-varying Lévy-driven CARMA processes (see e.g. [10] for an introduction to time-
invariant Lévy-driven CARMA processes). For positive integers p > ¢, let a;(t), i =1,...,p and
bi(t), j =0,...,q be continuous real functions. Then, the polynomials

p(t,2) = 2P +ay(t)zP~ 4+ ...+ ap_1(t)z + ap(t) and
qt,2) = bo(t) + b1 (t)z + ...+ by_1(£) 2971 4+ by(t)27,
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are respectively called autoregressive (AR) and moving average (MA) polynomials. A time-
varying Lévy-driven CARMA process is then defined as the solution to the formal differential
equation

p(t, D)Y (t) = q(t, D)DL(t), (30)

where D denotes the differential operator with respect to time. Since Lévy processes are in
general not differentiable, we interpret (30) as usual to be equivalent to the state space repre-
sentation

Y (t) = B(t)' X (t) and a1
dX(t) = A(t)X (t)dt + CL(dt), (8
where A(t) is in companion form, i.e.
0 1 0
A(t) = o 1 € Myy,(R) and
—ap(t) —ap-1(t) —ay(t)
bo (1) 0
bi(t) :
B(t) = : € Mpy«1(R), C = 0 € Mpx1(R), teR.
by (2) 1

For a discussion on state space representations of the form of (31) with a Brownian motion as
driving noise we refer to [36, Section 2.1.1]. As explained in [8], there exists a solution to the
above state space representation which is given by

X(t) = /too U(t,s)CL(ds) and Y (t) = B(t)'/too U(t,s)C'L(ds) (32)

for t € R, provided that the integrals exist in L2. The matrix W(¢,tq) for t > tq is the unique
solution to the homogeneous initial value problem (IVP)

%\P(t,to):A(t)\If(t,to) with initial condition W(tg,to) = 1,. (33)

In particular, it holds W(¢,t9) = W(¢,s)¥(s,tp) for tp < s < t. For an extensive collection of
results on the IVP (33) we refer to [9, Section 3 and 4].

Definition 5.5. Let Y = {Y(t),t € R} be a solution to the state space representation (31) in
the form of (32). Then, Y is referred to as a time-varying Lévy-driven CARMA (p,q) process.

The IVP (33) is solved by the Peano-Baker series

¢ t 1 ©
U(t,tg) =1, + | A(r)dn +/ A(T) A(my)drodry + ... =Y T,
to n=0

to to

where 7y = 1, and Z,, = jfo A(my) [ A(7a) .. fi" ™ A(Ty)dTy, . . . dradry. Considering [3, Remark
2], the condition

[A(t), tA(s)ds] ~0 (34)

to
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for all t > to, i.e. if A(t) and fti) A(s)ds commute, ensures that the Peano-Baker Series can be
expressed as

Wit =3 L ( tA(T)dT>n _ iy A

|
L to

If (34) holds, for ¢ > ty the solution (32) of the state space representation (31) simplifies to

t t t t t
X(t) = el MV x (1) + / el- A0 e (as) = / e: AN CL(ds)  and
to —o0

t

Y(t) = B(t) el DT

t t t t

X(to) + [ B(t)els A0 L (ds) = / B(t) el A0 o (ds).
to —0o0

Remark 5.6. If [A(t), A(s)] = O for all s,t € R, d.e. if A(s) and A(t) commute, the commu-

tativity assumption (34) clearly holds. As a matter of fact, the statements are even equivalent

(see [30, Exercise 4.8]). Further discussions on the commutativity condition (34) can be found

for instance in [37].

In the following we consider matrix functions A(¢), which are not necessarily in companion
form and additionally allow C' to be time-varying, i.e. C(t) € Mp,x1(R), t € R. This leads to the
observation and state equation

Y(t) = B(t)X(t) and

dX(t) = A(t)X (t)dt + C(t)L(dt), (35)

where A(t) € Mpxp(R) and B(t),C(t) € Mpyx1(R), t € R are arbitrary continuous coefficient
functions. A solution of (35) is given by (see [8, Section 4])

X(t) = /_too U(t,s)C(s)L(ds) and Y (t) = B(t) /_too U(t,s)C(s)L(ds), (36)

provided that the integrals exist in L2. Again, ¥(t,to) is the unique matrix solution of the IVP
(33).

Definition 5.7. Let Y = {Y (t),t € R} be a solution to the state space representation (35) in
the form of (36). Then, Y is referred to as a time-varying Lévy-driven state space process.

For an initial time ¢y € R a time-varying Lévy-driven state space process can be expressed
as

¢
X(0) = Wlt.10) (X + [ Wis,t) C)L9))

0
Remark 5.8. In [33, Corollary 3.4], the authors showed equivalence of the class of time-
invariant Lévy-driven CARMA processes and time-invariant Lévy-driven state space processes.
The relation of the above classes in the time-varying setting has recently been investigated in [8].
While the classes of time-varying Lévy-driven CARMA processes and time-varying Lévy-driven
state space process are not necessarily equivalent for non-continuous coefficient functions (see
[8, Proposition 4.6]), the authors showed that a state space process of the form of (35), whose
coefficient functions A and C' are sufficiently often differentiable, is equivalent to a time-varying
Lévy-driven CARMA process of the form (32) if and only if it is instantaneously controllable [8,
Proposition 4.8]. For more information on instantaneous controllability we refer to [30, Chapter
9 and 10].
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The following definition from [30, Chapter 6] directly ensures the existence of the stochastic
integrals in (32) and (36).

Definition 5.9. A linear state space model of the form of (35) is called uniformly exponentially
stable if there exists v > 0 and X\ > 0 such that

W (2, to) || < e A1)
for allt > ty.

Remark 5.10. If a linear state space model of the form (31) or (35) is uniformly exponential
stable, then the integrals in (32) or (36) (if C is additionally uniformly bounded) are well-defined,
since we assumed that additionally (19) holds.

5.3 Time-varying Lévy-driven state space models

First, we review conditions from [8] that are sufficient for a sequence of time-varying Lévy-driven
state space models to be locally stationary in the sense of Definition 4.2. Then we investigate
suitable conditions for these models to possess a locally stationary approximation. In fact, it will
turn out that both conditions show high similarity, as we have already seen it in Section 5.1
To be able to establish local stationarity, we consider a sequence Yy of time-varying Lévy-driven
state space models, i.e.

Yn(t) = / gn(Nt, Nt — s)L(ds), with kernel function
R
, — (Nt —s) (37)
gN(Ntv Nt — 5) = 1{Nt—sZO}B(t) \I]N,t(oa _(Nt - 5))0 N +t),
where A(t) € Mpyxp(R) and B(t),C(t) € Mpx1(R), t € R, are arbitrary continuous coefficient
functions and ¥y (0, —(Nt — u)) is the solution to the IVP

d

S
Uy (S0, 50) = 1p, %‘I’N,t(& s0) = A (N + t) U (s, 80)-

We assume that A(u), u € RT has eigenvalues with strictly negative real part and consider as
corresponding locally stationary approximation Y, the process

Y, (t) = / g(u,t — s)L(ds), with kernel function
R (38)

g(u7 t— S) = 1{t7820}B(u),eA(U)(tis)C ('LL) )
where eA®(=5) is the solution to the IVP

i\Ifu(s, s0) = A (u) Uy(s, so)-

‘Pu(SOvSU) = 1pa ds

Proposition 5.11 ([8, Proposition 4.11]). Let Yx be a sequence of time-varying Lévy-driven
state space models as given in (37). Then, Yn is locally stationary, if

(a) the coefficient functions A, B and C are continuous,

(b) | B(s)|| < oo for all s € R, supyer ||C(s)]| < o0 and

29



(¢) 1Un(0,5)|| < Fi(s) for some function Fy € L*(R™) and all N € N, t € R.

In particular, (c¢) holds if Yy is uniformly exponential stable with the same vy and X\ for all
N € N, since then

1@ n4(0,5)]| < Fi(s) = ve* € L*(R).
The corresponding limiting local kernel function is given by g(u,s) as defined in (38).

Proposition 5.12. Let Yy be a sequence of time-varying Lévy-driven state space models as
given in (37). Then, Y, as given in (38) is a locally stationary approzimation of Yy for p =2,
if

(a) the coefficient functions A, B and C are Lipschitz with constants L, Lp and L¢, respec-
tively,

(b) supser [|B(s)| < 0o and supyer [[C(s)]| < o0,
(c) ||¥n(0,8)|| < F(s) such that s — |s|F(s) € LY(R7) N L?(R™) for all N € N and t € R,

(@) | Un4(0,5) — Ty(0,8)]| < 2 such that F(s) € L'(R™) N L2(R™) for all t €R,
(e) |W.(0,5)| < G(s) such that G(s) € L*(R™) N L*(R™) for all u € RT,
(f) |9.(0,5) — W,(0,)|| < |u—v|G(s) such that G(s) € LY(R~) N L*(R™).

If we additionally assume that [g zv(dr) < oo and |s|F(s), F(s), G(s),G(s) € LY(R™)NL*(R™),
then Y, is also a locally stationary approximation of Yn for p = 4.

Proof. Tt is clear that Y, is stationary for all u € Rt. From [21, Theorem 3.5] it follows, that Y,
is ergodic. Let Sp = supyeg [|B(s)[| < 00, Sc = supyer [|C(s)[| < 00, pp =¥ + [j;=1 2v(dz) and
Y =%+ [gz?v(dz). First, we note that

- 2 0 0 2
[7u0)|[7, < Sr8usc [ Glods + prshst ( / G(s)ds) < 0.

Now, for u,v € R
ACESAG]
2

= ZL/R (1{t—520}B<u),qju(07 _(t - 5))0 (U) - 1{t—sZO}B(v),\IIU(O7 _(t - 5))0 (U)) ds

2

L2

For P; we obtain

P =X /t | B(u) ¥, (0, —(t — 5))C(u) — B(v)'¥,(0,—(t — 8))C(U)|2 ds

—0o0

=37 /t (B(u)’\llu(o, —(t —8))C(u)—B() ¥, (0, —(t — 8))C(u)+B(v) ¥, (0, —(t — 5))C(u)

—0o0
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2
— B(0)' W, (0, —(t — 5))C(u) + B(v)' ¥, (0, —(t — 5))C(u) — B(v)' ¥, (0, —(t — 5))C(v)> ds

<3%; /_ OOO<B(u)’\I/u(O, $)C(u)—B(v) ¥y(0, s)C(U>> 2

2 2
+ <B(v)’\I/u(0,s)C(u)—B(v)’\I/U(O, s)C(u)) + (B(v)’\I/U(O, $)C/(w) — B(v) T, (0, 3)0(v)> ds.

Now,

2
(B)W.(0.5)0(w) ~ BE),0.9C)) < [[Ba) - Be)|* [2.(0.5)C(w)*
< SELE (u —v)2G(s)%
Analogously we obtain,
(B(u)/ Wo(0,5)C () — B(v) T, (0,5)C(v))* < ShLE(u— v)2G(s)?
and
(B(v)',(0,5)C(u) — B(v) ¥, (0,5)C ()" < SESZ (1 — v)? [|W,(0,5) — (0, 5)]
< SBSE(u—v)°G(s)?,
such that

0 ~
P < 3% (u—v)? / ((S2L3 + SHLE) G(s)” + S}S2G(s)?) ds.

For P, it holds
0
Po< ([ IB@W.0,9C() ~ B@W.(0,5C ()
2
+|B(v)" ¥, (0, s)C(u) — B(v)' U, (0, s)C(u) |4 |B(v) ¥, (0, 5)C(u) — B(v) ¥, (0, 5)C(v)] ds)
0 B 2
< 2 (u—v)? ( /_ (SeLp + SpLo) G(s) + SBSCG(s)ds> .

Overall, we obtain

for a constant D7 > 0. Second,

Jye) — Tuave) |, = | (1{Nt_s>0}B(t)’\PN,t(0, ~(Nt—s))C (_(N]if_ i t)

2
~ ez BT, ~(NE = 9)C () ) ds

+ “%</R Lint—s>0y B(t) U n (0, —(Nt — s5))C (_(N]’if— s) | t)
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2
— Lvimsz0y B W0, (Nt — $))C (1) ds)
=:P3+ Py,.

For P3 we obtain

2

Py =3y / ’ (B(t)’(\llMt(O,s)C’ (;4—15) —\IIN¢(O,s)C(t)—l-\IfMt(O,S)C(t)—\llt(o,s)C’(t)>> ds

— 00

gzst?g ’ (H\IJN,t(o,s)c (;H)—w,t(o, $C(t) 2+H\IJN7,5(0,s)C’(t)—\Ilt(O,s)C(t)H2>ds

2

<22LSB/ 1340, 5)]2 Hc( )-coe) ds

+22LSB/ ICO1? 1@ x40, 5) — W4 (0, 5)|* ds
0 2
<22LS%/ (F(5)2 C’(;th) C(t) )ds+22LSBSC/ [0 n.¢(0,5) — W,(0,5)| ds
2 2 2

since C(+) is Lipschitz with constant L¢. For Py it holds

Py <252 ( /_ OOOH‘I’N’t(O’ 5)C (; +t> W (0, S)C(t)HmeN,t(o, $)C (1) =Ty (0,5)C (1) ds>2

M%S?B 0 5 [0 = ?
<o (Lc/_ooF(s)\s\ds+SC/_OOF(s)ds) .
All together

<
Lz —

[y - v, < 22

for a constant Dy > 0. )
Since fo V(da: < 00, Lemma 5.2 gives closed form expressions for ||Yy(t) — Y;(Nt)||7. and

HY“ H . Then, calculations analogous to the steps for p = 2 show that Y, is a locally

stationary approxnnation of Yy for p =4.
O

Corollary 5.13. Let Yy be a sequence of time-varying Lévy-driven state space models as given
in (37). Then, Y, as given in (38) is a locally stationary approximation of Yy for p =2, if

(al) the coefficient functions A, B and C' are Lipschitz with constants La,Lp and L¢, respec-
tively,

(b1) supser [ B(s)|| < 00 and sup,eg [[C(s)]| < oo,
(c1) {A(t)}ier commutes, i.e. [A(t), A(s)] =0 for all s,t € R,
o [P AR +t)d

(d1) < ye’ A, with v, A > 0 for allv € [0,1], s <0,t € R and N € N, and
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(el) ”e‘”Aa) ”85‘, with 7,\ > 0 for all v € [0,1], s <0 and t € R,

or if

(a2) the coefficient functions A, B and C' are Lipschitz with constants La, Lp and L¢, respec-
tively,

(b2) supyer || B(s)|| < 0o and supcg ||C(s)|| < oo,

(c2) {A(t)}ier commutes, i.e. [A(t), A(s)] =0 for all s,t € R,

(d2) the eigenvalues \j(t) of A(t) for j =1,...,p satisfy sup;cg max =1, pRe(A;(t)) <0 and
(e2) A(t) is diagonalizable for all t € R.

If additionally [ 2*v(dx) < oo, the conditions (al)-(el) and (a2)-(e2) are also sufficient for Y,
to be a locally stationary approximation of Yy for p =4.

Proof. Tt is enough to show show the conditions (c)-(f) of Proposition 5.12. Since [A(t), A(s)] =0

for all s,t € R, it holds Wy ((t1,t0) = f Al tidr and Wy(t1,t9) = eAMt—~to) - Agsume now
that (al)-(el) hold. We obtain

W0, s)]| = |le

17,(0,5)|| = HG*A(u)s

< ~ve*, where |s|ye* € LY(R™) N LY(R™) and

<Fe* € LHRT) N LAR).

In order to show (d) and (f), we first note that (see [23, page 238])
—6 —/ A B (1 V)AdV
Then,
O A(Z+t)d
|Wn(0,5) — W (0, 9)|| = @fs (FHt)dr _ —A(t)s
1 0
= / erSOA(%‘Ft)dT </ A (]7\—[ +t> d7—+ A(t)s) e*(l*V)A(t)st
0 S
0
/ A (;, + t) dr + A(t)s ‘e*(lfu)A(t)s

0
/ A (T + t) - A(t)’ dT/ ’ye"AS’ye(l_”))‘sdu
s N 0

0 |7-’ 1 « « LA,Y:Y «
< L < vAs (1—v)As _ 2 _As
_/S A d777/0 e’Ve dv N s°e™?,

I/fA +td7'

IN

IN

where A = min(), X) > 0 and F(s) = 2477526 € LY(R™) N L4(R). Finally,

<Jsl 140 - AW [ [}

<Ly4|s| |u—v]/ 76’”“‘“ (L=)s gy, — |u—v|LA'~yQ\s\e #

H\Iju(oa S) _\I/'u(oa 3)” = HeiA( A(v)s —v)A(v)s

dv
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where G(s) = La¥?|s|e* € L'(R™) N L*(R™).

For the second part we assume (a2)-(e2) to hold. It suffices to show that (d1) and (el) hold.
Since {A(t)} is mutually commutative and (e2) holds, {A(¢)} is simultaneously diagonalizable
(see [24, Theorem 1.3.12]). Therefore, there exists a regular matrix S such that SA (% +t) S~ =
diagAi (F +1),-- -, Ap (& +1)) = D (% +1t). In the following, we set —f = sup;cg max;—;
Re(Ai(t)) <0 and [|-[|g,,. denotes the operator norm induced by the euclidean norm. Then,

el/ffA(%th)dT ’

o [P D(F+t)dr

-----

_ ez/fso SilD(%+t)SdT Sfleu f:D(%«#t)d‘rS

<[5 s e I G+

Spec
S (R ()
=C max {\f L, 1 € J(eyfsoD t)+D(% +t)d7>}:0'max \/eQ”stme()‘j(%*t))dT

J=L,...p
_C max e’ f 9%()\](%—5—75)) < (Ce vsp3
1 7p

for a constant C' > 0. Analogously we obtain

Hefz/A(t)s e*l/D(t)s

< Ce*h.
Spec —

O]

The next theorem establishes a number of asymptotic results for different sample moments
and observations from a sequence of time-varying Lévy-driven state space models based on our
results from Section 3.

Theorem 5.14. Let Yy be a sequence of time-varying Lévy-driven state space models as given
in (37) and assume that one of the following sets of conditions holds:

(A1) conditions (a)-(f) from Proposition 5.12.
(A2) conditions (al)-(el) from Corollary 5.13.
(A3) conditions (a2)-(d2) from Corollary 5.15.
Then, we obtain the following results:

(a) For observations sampled according to (O1) or (02), we obtain for all u € R* and k € Ng

67]\7' Wf K (TzN )YN( M) L E[Y,(0)] and for (O1) also  (39)

6N mn TN —Uu N N k 2 ~ ~
by i:;n < by ) N(T YN (TZ + N) N:zo [V, (0)Y, (k)] (40)

with Y, as given in (38).
(b) If we additionally assume that either (A2) or (A3) hold and
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(B) Jiz=1 |z|?Tv(dr) < oo for some e > 0,
then the convergence in (40) also holds for (02).
(c¢) If in addition to (b) it holds that

(C) E[L(1)] =0,
(D) /mnbn — 0, as N — oo and

LE[VL(0)?] + Y52, E[Yu(0)Yu(h)],  if (01) holds,

(E) 0(u)2 > 0, where U(U)Q - {E[?U(O)QL if (02) holds,

then o(u)? < oo and

Z Krect (

z*—mN

)YN( ) -4 o(w)?Z, (41)

by N—o00

where Z is a standard normally distributed random variable and Kyeer as defined in (5).
(d) If in addition to (c) it holds that

(F) f|$|>1 |z|** v (dz) < 0o for some e >0 and
(G) G(u)? > 0, where
5 (u)? = {5Ej?u(0)f Vo (K)2] + 3352 E[Vu(0)Yu(k)Yu(h)Yu(h + k)], if (O1) holds,
B[Y,(0)*Yu(k)?], if (02) holds,

then &(u)? < oo and

my N —u ~ ~
Ny K( — )(Ym MW + 1) — ConlTu (0T (k)

z—me

(42)
N 5(u)?2Z.
N—oo
Proof. We first note that [13, Corollary 3.4] implies that Y, is f-weakly dependent. The con-
vergences in (39) and (40) then follow analogous to the proof of Theorem 5.4. The proof of [14,

Theorem 3.36] together with (A2) or (A3) imply that the f-coefficients of Y, are exponentially
decaying. Therefore, we also obtain the convergences in (41) and (42). O

Remark 5.15. In ongoing research, the developed asymptotic results from Section 3 are applied
to establish a comprehensive asymptotic theory for M-estimators of contrast functions that are
based on observations from a sequence of time-varying Lévy-driven state space processes. The
contrast functions under investigation are of finite and infinite memory and satisfy suitable
reqularity conditions that are in the spirit of the function classes L23 and Ly1 from Section 2.3
and 2.4.

In particular, this includes consistency and asymptotic normality results for a localized least
square estimator for time-varying CAR(1) processes as well as consistency results for a localized
quasi mazimum-likelihood and a localized Whittle estimator for time-varying Lévy-driven state
space models.
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