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Motivation

VOITH

Questions
» Time-periodic problem
» Parameter-dependent domain
» Time-dependent parameter function

» Nonlinearities

>
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Model Problem: Moving Boundary

Problem
7 = e =0 on Q(u(1)),
w0, T] = [0, tmaz) = S
: L(t) Q(u(1) 1{ %u(t,u(t)) = —p(t) vt e [0, ),

uw(0,z) =u(T,z) on Q(u(t)).
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Model Problem: Moving Boundary

Mapping onto reference domain

A

» Stationary reference domain: € := (0,1).
» Affine time-dependent mapping S(t) : Q@ — Q(u(t))

V < H < V' Gelfand triple.

Variational Formulation

(1)

L
/Qut(t, x)v(z)dz + e /Q(x — Dug (¢, z)v(x)

; U, T)v: (T :L(t)v v ae
+(1_u(t))2/Q o(t, 2)vz(2) (1= u(0)? (0) Vve V,a.e tel0,T]
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Model Problem: Moving Boundary

Mapping onto reference domain

A

» Stationary reference domain: € := (0,1).
» Affine time-dependent mapping S(t) : Q@ — Q(u(t))

V < H < V’ Gelfand triple.

Variational Formulation

fu(t)
/Qut(t,x)v(a:)d:c—l—1_—ﬂ(t)/ﬁ(x—1)uz(t,x)v(x)

=:b(t,u,v;p(t))

; U ). x:L(t),U % a.e
(1-,@))2/52 (6 2)0:(@) = T at® Ve Viae te[o Tl

=:a(t,u,v;u(t)) =:f(vsu(t))

_|_




ISl Time-periodic problems with time-dependent parameter functions | 08. December 2010 | Kristina Steih Model Problem: Moving Boundary

Model Problem: Moving Boundary

Variational Formulation

/Q u(t, 2)v(w)dr + Oq(u(t))a’ (u(t), v) + Op(u(t) b (u(t), v)
=Os(u(t)f'(v), weV,tel0,T]

» Periodicity

» solver?

> error bounds?

» basis: quality, computational effort?
» Parameter function:

> (parameterized) function classes?

> organization of training?

» quality of basis for unknown functions?
» Time-dependent system

> error bounds?

> coercivity?

> output: primal-dual approaches (in combination with periodicity)?
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Time-periodic problems



Let K: V= V, up — u(T), where u(T) solves the PDE for initial value
4(0) = up.
uw(0) = u(T) <= K(u(0)) = u(0), i.e. periodic solutions are fixed points of
K.
Picard Iterations: sequence of initial value problems

Begin with an (arbitrary) uéo).

Solve PDE to obtain u(®(T).

Set uél) = uO(T).

Repeat until ||uéi) = uéiﬂ)H < tol.

Problems
Computationally intensive, especially for non-linear PDEs.
Good choice of u(go) 7

Alternatives / Improvements: Multi-Grid, adaptive space-time solver.
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Error Bounds

Backward Euler, time steps k =1,..., K.

m(u®, v) + At(a(uk, v; ) + b(uF, v; uk)) = m(u"1, v) + At f(v, u*).
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Error Bounds
Backward Euler, time steps k =1,..., K.

m(u®, v) + At(a(u®, v; p*) + b(u*, v; ")) = m(u"1 o) + AL f(v, 1),

Error: The error e* = e¥(p) = uf (n) — uk; satisfies
S B
m(ek, e*) — m(e, ") +Atz el els ul) 4+ b(el, el ) <At2—
~ =1 = o)

not computable
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Error Bounds
Backward Euler, time steps k =1,..., K.
k k k k k
m(u¥, v) + At(a(u®, v; pu*) + b(u®, v; ")) = m(u " v) + At f(v, 1b).

Error: The error e* = e¥(p) = uf (n) — uk; satisfies

K K o, )3
m(e™,e")— +Atz k M)+ b(e” ,p))SAtZ—k
—  ouk)
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Error Bounds
Backward Euler, time steps k =1,..., K.
k k k k k
m(u¥, v) + At(a(u®, v; pu*) + b(u®, v; ")) = m(u " v) + At f(v, 1b).

Error: The error e* = e¥(p) = uf (n) — uk; satisfies

K K ok N E]
m(e™,e”) — +Atz k FY4b(ek, e*; ))SAtZ :
—  oa(uk)
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Error Bounds
Backward Euler, time steps k =1,..., K.
k k k k k k—1 k
m(u®, v) + At(a(u®, v; p*) + b(u¥, v; p1*)) = m(uF1 v) + At f(v, 1b).

Error: The error e* = e¥(p) = uf (n) — uk; satisfies

At

K | A
k k. k k k. k ||5(Mk)||2v
(a(eb, e¥; i) + ek, e b)) SAtZ—a(m)
k=1

Za(pb)lle*|IF,

b
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Error Bounds
Backward Euler, time steps k =1,..., K.
k k k k k k—1 k
m(u®, v) + At(a(ub, v; 1) + b(ub, v ) = m(ut=1, ) + AL f(u, 5.

Error: The error e* = e¥(p) = uf (n) — uk; satisfies

At

K | A

k k. k k k. k ||5(Mk)||2v

(a(eb, e¥; i) + ek, e b)) SAtZ—a(m)
k=1

Za(pb)lle*|IF,

b

Error bound: Ly(0, T'; V') - Norm

= : ST
Al ||e’“||2> SN’”()::( v
( ; Y v 0 2= a(h)
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Error Bounds

= /Tﬁ(t, u(p(t)); u(t))de, £:V — R linear.

T % T 3
IS(U(M))IS</O IIK(M(t))IIQV/dt> (/0 IIu(u(t))II%/dt>

Error bound: Output

Nl=

|s(unr (1) = un (e |<<Zwkllﬂ ||2> AN (1)




Seite 12 Time-periodic problems with time-dependent parameter functions | 08. December 2010 | Kristina Steih A posteriori error bounds

Error Bounds

Difficulties for periodic problems
> Initial error unknown
» Error bounds only for complete time period
» Error bounds for single time points?
» Lo-error bounds?

» Approaches for non-coercive problems?

> stability constant: |[e"||7, needed
> better: space-time inf-sup constant?
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Offline Cost

POD-Greedy
Given Ny, basis @y, .
for N = Ny+1to Ny, do
Compute new parameter pj = argmax,,c=, A" (1).
if AR (i) < e exit.
Compute snapshot ups(ehy)-

Compute basis function o = POD(ex_; (1) k=1,...

by =dy_1 U ©N.
end for

Offline Cost
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Offline Cost

POD-Greedy

Given Ny, basis @y, .
for N = Ny+1to Ny, do
Compute new parameter u} = argmax,, .=, A" (1)
if AR () < e exit.
Compute snapshot ups(ehy)-
Compute basis function o = POD(ex_; (ki) k=1,..., K).
Sy =Py Uopn.
end for

> Nyain RB fixed point solutions
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Offline Cost

POD-Greedy
Given Ny, basis @y, .
for N = Ny+1to Ny, do
Compute new parameter pj = argmax,,c=, A" (1).
if AR (i) < e exit.
Compute snapshot un (¢ )-

Compute basis function o = POD(ex_; (1), k=1,...

Oy =dy_1 Uopn.
end for

Offline Cost

> Nyain RB fixed point solutions

» 1 truth fixed point solution
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Offline Cost

POD-Greedy

Given Ny, basis @y, .
for N = Ny+1to Ny, do
Compute new parameter pj = argmax,,c=, A" (1).
if AR (i) < e exit.
Compute snapshot ups(ehy)-
Compute basis function oy = POD(ef\,_l’pmj(u*N), k=1,..., K).
Oy =dy_1 Uopn.
end for

> Nyain RB fixed point solutions

» 1 truth fixed point solution

> Initial values uj(\(;) (0, ), ug\?)(o,x) for fixed point solver?

> Periodicity / Number of fixed point iterations?
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Reducing Offline Cost I: Choice of initial values

Zero Initialization

N Truth RB (avg) Truth | RB (avg)
1 29 2.87
2 30 11.87
3 30 24.60
4 30 24.67
5 30 24.67
6 25 24.67
7 30 24.67
8 30 24.67

Total | 234 [ 159.35 - ngrain ||

Figure: Number of iterations needed to reach given fixed point tolerance

lu(0) — w(T)|l2 < 1073

Offline Cost



Truth initialization: uj(\(;)(O,x;u}‘v) =ul" (T, z py).
Zero Initialization Truth Init
N Truth RB (avg) Truth | RB (avg)
1 29 2.87 29
2 30 11.87 30
3 30 24.60 27
4 30 24.67 11
5 30 24.67 4
6 25 24.67 2
7 30 24.67 2
8 30 24.67 2

Total || 234 | 159.35 - nyain || 107 |

Number of iterations needed to reach given fixed point tolerance

[u(0) — w(T)[]2 <10°°



Truth initialization: uj(\(;)(O,x;u}‘v) =uy (T, z; p1y).
RB initialization: u}?(o, zypt) = ul (T p®), i =1, ..., Nypain.
Zero Initialization Truth + RB Init.

N Truth RB (avg) Truth RB (avg)
1 29 2.87 29 2.86
2 30 11.87 30 11.53
3 30 24.60 27 19.47
4 30 24.67 11 5.00
5 30 24.67 3 2.67
6 25 24.67 2 1.93
7 30 24.67 2 1.93
8 30 24.67 1 1.93

Total || 234 | 159.35 - nyain || 105 | 46.65- Nyrain

Number of iterations needed to reach given fixed point tolerance
[u(0) — u(T)[l2 < 107"
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Reducing Offline Cost Il: Periodicity of snapshots

Comparison:

» Periodic snapshots: |Jupn(0) — upr(T)|]2 < 1078

Offline Cost

» Non-periodic snapshots: allow only 1 fixed point iteration in truth solve

max. error over test set

0.001

0.0001

1e-05

1e-06

1e-07

1e-08

1e-09

True Error: Ly(0,T; H')-Norm

T
Periodic Snapshot —+—
Non-periodic Snapshot —s<—

4 5
Nb of RB basis functions
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Reducing Offline Cost Il: Periodicity of snapshots

Comparison:

» Periodic snapshots: [|upn(0) — upn(T)|]2 <1078
» Non-periodic snapshots: allow only 1 fixed point iteration in truth solve

max. error over test set

0.1

0.001

0.0001

1e-05

1e-06

1e-07

1e-08

1e-09

True Error: Ly(0,T; HW)-Norm

T

Periodic Snapshot —+—
Non-periodic Snapshot —<—
Non-periodic Snapshot (with Init.) —x— |

4 5
Nb of RB basis functions



LTV model problem:
error bounds
Periodic problems:
fixed point solver
(time-dependent) error bounds for coercive case
identification of problems / differences to initial value problems
POD-Greedy: reduction of offline cost
Parameter Function
parameterized function class

Modified POD-Greedy for more realistic problems
Training over different parameter function classes
Space-time inf-sup constant

Nonlinear problems




A posteriori error bounds for reduced-basis approximations of parameterized
parabolic partial differential equations.

Reduced basis method for finite volume approximations of parameterized
linear evolution equations.

The existence, computation, and number of solutions of periodic parabolic
problems.



Contact information

Kristina Steih
kristina.steih@uni-ulm.de

Research Training Group 1100
Ulm University

Thank you for your attention
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Model Problem: Moving Boundary

Coercivity Constraints

» Consider the parameter-independent constant

Jo vo(z) () dz

Pi= B o u(@v(@) e + o)
> Then
O < Ty = alt v u(6) + bt v, v (8) 2 @)l
with

(1) = 5z min{L ko = A(1)(1 = p(1)} >0
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Time-dependent coercivity constants

LQ(O,T; H1) Norm
10 T T

T
True Error ——
Bound alpha(t) —<—
Bound alpha;, —x— |

min

0.1

0.01

0.001

0.0001

1e-05

max. error over test set

1e-06

1e-07

1e-08

1e-09 I I I I I I
1 2 3 4 5 6 7 8

Nb of RB basis functions
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Periodic Problems: Non-Coercive Case

Difficulties for periodic problems
» Error bounds for single time points (initial error unknown)?
» Lq-error bounds?

Stabilization approach

2a(v, v, u(t)) + 2b(v, v; p(t
Stability constant 7(u(t)) := inf ze(v, v, () +2 (v, v p(8))
vELr ||v||1:2

L [m(ek, €¥) — m(eF, €51)] + a(ek, s k) + 2b(e¥, e, i) < IOy
At ) ) ) ) 9 5 >~ aa(’uk)
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Periodic Problems: Non-Coercive Case

Difficulties for periodic problems
» Error bounds for single time points (initial error unknown)?
» Lq-error bounds?

Stabilization approach

30(v, v, u(t)) + 2b(v, v; p(t
Stability constant 7(u(t)) := inf 29(v v #(?)) +2 (v, vi p(?))
vEL> [vll7,

e At Atfle(w)]
_ k E _ky k=1 _k—1 20 ek ok <« 2SR v,
(L= Atr(uf))m(e", ) — (et 71 + Zra(eh, ) < = =t
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Periodic Problems: Non-Coercive Case

Difficulties for periodic problems
» Error bounds for single time points (initial error unknown)?
» Lq-error bounds?

Stabilization approach

2a(v, v, u(t)) + 2b(v, v; p(t
Stability constant 7(u(t)) := inf ze(v, v, () +2 (v, v p(8))
vELr ||U||L2

k
Atllehl3
* ; aa(ﬂl)
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Periodic Problems: Non-Coercive Case

Difficulties for periodic problems
» Error bounds for single time points (initial error unknown)?
» Lq-error bounds?

Stabilization approach

2a(v, v, u(t)) + 2b(v, v; p(t
Stability constant 7(u(t)) := inf ze(v, v, () +2 (v, v p(8))
vELs oz,

ALK K
Z a(e, e¥ ) < m(e, %) — m(ef, ) — ZAtT(uk)m(ek, e®)
k=1

L3 AU

el (k)
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Periodic Problems: Non-Coercive Case

Difficulties for periodic problems
» Error bounds for single time points (initial error unknown)?
» Lq-error bounds?

Stabilization approach

2a(v, v, u(t)) + 2b(v, v; p(t
Stability constant 7(u(t)) := inf ze(v, v, () +2 (v, v p(8))
vELr ||U||L2

At K K K Atl|é kY12
S aleh e <— Y7 AtT(Mk)+Z—£6((Zk))||V.

k=1 k=1,7(ukF)<0 k=1
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Periodic Problems: Non-Coercive Case

Difficulties for periodic problems

» Error bounds for single time points (initial error unknown)?

» Lq-error bounds?

Stabilization approach

1 t 2b st
Stability constant 7(u(t)) := inf 50(v, v, (1)) + 2b(v, v; u(t))

veLs l0l%,
K K K
At Atllé ﬂk 2
DI EEID DR SE o7
k=1 k=1,7(u*)<0 k=1 alK

—>  Better approach: space-time inf-sup constant?
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Periodic Problems: Non-Coercive Case

Difficulties for periodic problems
» Error bounds for single time points (initial error unknown)?
» Lq-error bounds?

Stabilization approach

30(v, v, u(t)) + 2b(v, v; p(t
Stability constant 7(u(t)) := inf 29(v v #(?)) +2 (v, vi p(?))
vEL> [vll7,

K K

At 3 3 ) Atlle(uM)|3

7 a,(ek, ek:yljl) S - AtT(lu’k)Hek”%Q + o ( k}) V.
k=1 k=1,7(p*)<0 k=1 ol
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Periodic Problems: Non-Coercive Case

Difficulties for periodic problems
» Error bounds for single time points (initial error unknown)?
» Lq-error bounds?

Stabilization approach

2a(v, v, u(t)) + 2b(v, v; p(t
Stability constant 7(u(t)) := inf ze(v, v, () +2 (v, v p(8))
vELr ||U||L2

K K
5 Satef ey <— >0 Atr(uF)|eFF, + )0 i (( k))”V'
k=1 k=1,7(pu*)<0 k=1 alft
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