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Numerical differentiation

Finite Differences (‘[0 ye—ole fokien v

S‘«J«-s{:xk fﬂa%—( e &

MasAede
Approximate s Jq?}
OF (x) F(xxAx)—F(x)
ox AX e
o oF F A F A
(X) _ Fx+80 = Fx=2%) o 12

X 2/\X

Choice of increment Ax essential.
» /A Xx too small: cancellation error

» /X too big: truncation error, higher order terms become
significant



Numerical differentiation

Error analysis, f'(x) evaluated at x = 0, machine precision eps=1e-16.

one sided divided differences
1D " || " || " || " || " | " |

T SR

1p -
0.1 -I.
0.01 |-
0.001 |

1e-04 =

log emor

1e-05 -

1e-06 -

1e-07

1e-08 -

1e-09 . ] . ] . ] . i . L . L . L .
1e-16 1e-14 1e-12 1e-10 1e-08 1e-08 1e-04 0.01 1

log delta x

Even with optimal choice of Ax half of significant digits lost.
But: Effort just 2 function evaluations = cheap.



Symbolic Differentiation
e.g. using Maple, Mathematica

Calculate derivatives symbolically with computer-algebra tools.

» Advantages:

» high precision (only round-off errors)
» often easy to use

» Disadvantages:

» resulting formulae for derivatives often very complex
= high computational costs
» need analytical formulation of function to derive



Basic |ldeas of Automatic Differentiation

F(X) = (i (.- - (¥1(x))))

» Function F(x) sequence of elementary operations like
+,—, X, ., €Xp, sin, cos, . ..

» Derivatives of elementary functions known:

y

f

(u+v) =u'+v', (w) =Uv+uv'. exp(u) =exp(u)l,...

» Apply chain-rule to calculate derivative of F

» Differentiation of computer code

» Derivatives evaluated with working precision

» Forward/Reverse mode: effort small multiple of evaluation



Basic ldeas of Automatic Differentiation
Notation

» y € R" dependent variables®,
x € R ,independent variables®.

» |[ntroduce variables for intermediate values and rename
linearly:

Vi,p =  Xj 1 45 0
L — rﬂ;((l!j)j_{_f)_. 1 “:_: .l'{ E J’
Yi = Vi—m+i, 1<i<m

J < I indicates that 1; depends directly on 1.



Basic ldeas of Automatic Differentiation
Computational graph

( V1 ) AT ( X1 (X2 + X3) + sin(xz) )

Yo siN(X2) — /X2 + X3

i ) e* (X2 + X3) ée*erxg + sin(x
- TR R T AEHk

X2 @
- sin(Xgh_ "
' e

. @ NN, e 2 ;

sin(xz) — /X2 + X3

; ' : - A dependent
independent intermediate variables roed g
variables )




Basic Ideas of Automatic Differentiation

Computational graph

( Q ) = F(X1,X2.X3) = (

e’ (Xo + X3) + sin(Xx2)

sin(Xz) — /X2 + X3

)

X1m

variables

[ s |

Tw ()

AL

independent

1A Lo

g2 ~

vy + g

RO —C
4y

I\"\_’;f,}ﬁ

intermediate variables

1.

Siﬂ[:;_ﬁ@' : S

s — 1

dependent
variables




Basic |ldeas of Automatic Differentiation

Evaluation trace

silee

independent
variables

g'-a

11 E A

. ;
['Ilq : e
T : = 4 i

. - - )-.If:- Vg — I3
"-?,/'_“'\I sinfv_1) Y e J-.-C\
2 | - e
ﬂ__r"r Y o ————— ')jJ"E
v_y+1p va b 5
vz ;
inte rmediate variables ﬂ?jﬂdﬁ?l

V_o = X1
iy = X2

g = X3

1/1 — E{F—E]
2 = V_4+1
Vg = V2
177 — /{2
vs = sin(r_q)
Vg = V4-+Us
7 = V5 —13
n = /g

Y2 = L7



Forward Mode

Generate directional derivative

W : / o T
y:ﬁx:F(x.x]

with direction x € R and F(x. x) : R2" — R™.

Algorithm:

|
X

1—n

Vi_n

250
_ di'.!j

J=i

Yi = Viemyi



Forward Mode
Evaluation and Forward Trace

V_o = Xi 5 = X

V4 = Xo v_1 = Xo

g = X3 g = X3

y = o = 110

/o = UV_{1+ 1o Vo = V_1 + 1
2 — \/E vy = 2%,,31’-"2
— /1 1/ V4 = V2 + 1112
vs = sin(v_q) s = COS(v_q)r_1
'g = U4+ s g = V4 + Us
V7 = Vs — U3 Py — V5 — I3
i = ve yi = e
yg = U7 yg — 1’.;‘?




Automatic Differentiation

Summary

» Differentiation of computer code.

» Derivatives evaluated with working precision (no truncation
errors).

» Computational effort (p Number of directions x/y):

» Forward Mode: < c-times function evaluation,
cel|l+p,1+1.5p.

» Reverse Mode: < d-times function evaluation,

de[1+2p,1.5+25p].
Needs to store intermediate values during function

evaluation.



Automatic Differentiation
Implementations

Two main concepts:

» Operator overloading:

» Redefine the basic operators +, —, x, ... to calculate
derivatives in parallel with functional evaluation or tape

function evaluation at runtime.
» Tools: ADOL-C, FADBAD++, ...

» Sourcecode transformation:

» (Generate from sourcecode for function evaluation new
sourcecode for evaluating the derivatives.

» Tools: ADIFOR, ADIC, TAPENADE, TAF, ...



Literature

» Andreas Griewank & Andrea Walther. Evaluating
Derivatives. SIAM, 2008.

» AutoDiff Homepage www.autodiff.org.
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Approcimin
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