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Abstract

Threefast �������
	 algorithmsfor solvingCauchy linear systemsof equationsareproposed.A roundingerror
analysisindicatesthatthebackwardstabilityof thesenew Cauchysolversissimilarto thatof Gaussianelimination,
thussuggestingto employ variouspivotingtechniquesto achieve a favorablebackwardstability. It is shown that
Cauchystructureallowsoneto achieve in ��������	 operationspartialpivotingorderingof therowsandseveralother
judiciousorderingsin advance, without actuallyperformingtheelimination.Theanalysisalsoshows thatfor the
importantclassof totally positiveCauchymatricesit is advantageousto avoid pivoting,whichyieldsaremarkable
backwardstabilityof thesuggestedalgorithms.

It is shown that Vandermondeand Chebyshev-Vandermondematricescan be efficiently transformedinto
Cauchymatrices,usingDiscreteFourier, Cosineor Sine transforms.This allows us to usethe proposedalgo-
rithmsfor Cauchymatricesfor rapidandaccuratesolutionof VandermondeandChebyshev-Vandermondelinear
systems.

Theanalyticalresultsareillustratedby computedexamples.
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1 Intr oduction

1.1 Relatedfacts

Vandermondeand relatedmatrices. Linearsystemswith CauchyandVandermondecoefficientmatrices,
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areclassical. They areencounteredin many appliedproblemsrelatedto polynomialandrational function com-
putations.VandermondeandCauchymatriceshave many similar properties,amongthemonecould mentionthe
existenceof explicit formulasfor theirdeterminantsandinverses,see,e.g.,[BKO99] andreferencestherein.Along
with many interestingalgebraicproperties,thesematriceshave several remarkablenumericalproperties,oftenal-
lowing usmuchmoreaccuratecomputationsthanthosebasedontheuseof general(structure-ignoring)algorithms,
sayGaussianeliminationwith pivoting. At the sametime, suchfavorablenumericalpropertiesaremuchbetter
understoodfor Vandermondeandrelatedmatrices(see,for example[BP70], [TG81], [CF88], [Hig87], [Hig88],
[Hig90], [RO91], [CR92], [CR93], [V93], [Ty94]), as comparedto the analysisof numericalissuesrelatedto
Cauchymatrices(see[GK90], [GK93]).

The Bj örck-Pereyraalgorithm for Vandermondesystems.In particular, mostof theabovementionedpapers
weredevotedto theanalysisof numericalpropertiesandextensionsof thenow well-known Björck-Pereyra algo-
rithm for solvingVandermondelinearsystems[BP70], [GVL89]. This algorithmis basedon thedecompositionof
theinverseof a Vandermondematrix into a productof bidiagonalfactors,4 ( � �5� �6� � �; =< ( �� >.>-> < ( �� ( �@? ( �� ( �A>->.>B? ( �� �

(1.2)
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This descriptionallows oneto solve theassociatedlinearsystemsin only L ��MN:O� operations,which is by anorder
of magnitudelessthan the complexity L �5MNP'� of general(structure-ignoring)methods.Moreover, the algorithm
requiresonly L ��MQ� locationsof memory.

Remarkable accuracy for monotonically ordered nodes. It turns out that along with dramaticspeed-up
and savings in storage,the BP algorithm often producesa surprisinglyhigh relative accuracy in the computed
solution.N.J.Highamanalyzedin [Hig87] thenumericalperformanceof theBP algorithmandidentifieda classof
Vandermondematrices,viz., thosefor which thenodescanbestrictly orderded,RTS � � S � : S >U>V> S � � � (1.4)

with a favorableforwarderrorbound,W XAY[ZX�W]\_^ M�`�4���� ��� � � ( � W a�W.b L ��` : �
� (1.5)

for thesolution

ZX
computedby theBPalgorithm.Here

`
denotestheunit roundoff in thestandardmodelof floating

pointarithmetic,andtheoperationsof comparison,andof takingtheabsolutevalueof amatrix,areunderstoodin a
componentwisesense.It wasfurthershown in [BKO99] thatunderthecondition(1.4) theBP algorithmis not only
forward,but alsobackwardstable,

W c 4 W]\ 9Od M : `�4e�5� �6� � � b L �5` : � > (1.6)

Herethecomputedsolution

ZX
is theexactsolutionof anearbysystem

�f4g��� ��� � � bhc 4i� ZX  a
.

The Bj örck-Pereyra-type algorithm for Cauchy matrices. The above analytic error boundsindicatethat
the accuracy of the BP algorithmcanbe muchhigher thancould be expectedfrom the conditionnumberof the
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coefficient matrix. Sucha high accuracy motivatedseveral authorsto extend the BP algorithm to several other
classesof matrices,see,e.g.,[TG81], [Hig88], [RO91]. All thesegeneralizationsweredevelopedfor Vandermonde
relatedstructures.In a recentpaper[BKO99] a similardecomposition�i( � ������� �N�j����� �7�; k< ( �� >->-> < ( �� ( � ? ( �� ( � >.>->B? ( �� �

(1.7)

waswritten down for Cauchymatrices,thusleadingto a Björck-Pereyra-typealgorithmwhich will be referredto
astheBP-typealgorithm.This algorithmrequiresL ��MN:O� operationsand L �5MQ� locationsof memory. It wasfurther
shown in [BKO99] thatthefollowing configurationof thenodes,�l� S >V>V> S �]� S ��� S >V>U> S �+�m�

(1.8)

is anappropriateanalogof (1.4) for Cauchymatrices,allowing to prove that theerrorboundsassociatedwith the
BP-typealgorithmareentirelysimilar to (1.5)and(1.6),viz.,W XiY[ZX�W�\n^ � d M b 9 �o`����5� �6� � �j� �6� � � ( � W a�W.b L �5` : � > (1.9)W c � W7\ dlR M;� d M Y 9 �p`���������� ���j����� �7� b L ��` : �
� (1.10)

It is an interestingfact that theconditions(1.4)and(1.8) imply the total positivity1 of
4g�5���6� �B�

and
���5���6� ���6����� �7�

,
resp. Totally positive matricesareusuallyextremelyill-conditioned,so that the Gaussianeliminationprocedure
oftenfails to computeevenonecorrectdigit in thecomputedsolution.Thebound(1.9) indicatesthatalsoin such
“dif ficult” casestheBP-typealgorithmcanproduce,for specialright handsides,all possiblerelativeprecision,see,
e.g.,[BKO99] for adiscussionandnumericalillustrations.

Limitations for non-totally-positivematrices. Of course,reorderingof thenodesq � C�r and q � Csr is equivalent
to row andcolumnpermutationof

���5� �6� � �6� ��� � �
, respectively. Thereforeif thetwo setsof nodesareseparatedfrom

eachother, � C S ��tl� 9 \nu �fv \ M��
(1.11)

the remarkableerror bounds(1.9) (1.10)suggestto reorderthe nodesmonotonicallyasin (1.8), andto apply the
BP-typealgorithmof [BKO99].

However, numericalexperimentsshow that in the genericcase,i.e., when(1.11)do not hold, the monotonic
orderingdoesnot guaranteea satisfactory accuracy, and the correspondingbackward error of the fast BP-type
algorithm of [BKO99] (and of the useof the explicit inversionformula aswell) may be worsethan that of the
slowGaussianeliminationwith pivoting. Employing otherorderingsof thenodes(for example,thepartialpivoting
orderingof the rows of

���5� �6� � �6� ��� � �
) doesnot seemto essentiallyimprove the backward stability. A heuristic

explanationfor this factcanbedrawn from theobservationthattheusualaimof pivoting is to reducethesizeof the
factorsin theLU factorizationof amatrix. Thereforeit improvesthestabilitypropertiesof theGaussianelimination
procedure,for which the backwarderrorboundinvolvestheproduct

W Z? W , W Z< W (computedfactors). In contrast,an
examinationof theerroranalysisof theBP-typealgorithmin [BKO99] indicatesthat thecorrespondingbackward
boundinvolvesthequantity

W ? � W , >->.> , W ? � ( � W , W <;� ( � W , >.>-> , W <w� W � (1.12)

whichbecauseof anon-cancellationproperty(i.e.,

W xyW , W z{W]|}W x}zhW ) canbemuchhigherthanthemoreattractive
quantity

W ? W , W < W . In the totally positive case(1.8), the entriesof
? C and

< C in (1.12)areall nonnegative, thus
allowing oneto removethemoduli andto replace(1.12)by just

��������� �N�j����� �7�
, cf. with thefavorablebound(1.10).

Unfortunately, in thegeneralcase,thebidiagonalstructureof the
? C and

< C in (1.3)doesnot allow oneto remove
themoduli,andto easilydeducefrom it asatisfactorybackwarderrorbound.Theselimitationssuggestthatin one’s
attemptsto designa backwardstableCauchysolver it canbebetterto developnew algorithmsratherthanto look
for stabilizingtechniquesfor theBjörck-Pereyra-typealgorithm.

1.2 Main results

Newalgorithms. In thispaperwedevelopseveralalternativesto theBP-typealgorithm,all basedon factorizations��������� �N�j����� �7�; ? � , >->.> , ? � ( � , <�� ( � , >->.> , <w�'�
1Totally positive matricesarethosefor which thedeterminantof every submatrixis positive, seethemonographs[GK50] and[K72].

3



wherethefactors
? C , < C areof theform (diagonalswith onenonzerorow or column)

? C  
"#######$
~ E C
F���

. . . ~ E C
FC-C
...

. . .~ E C
F� C ~ E C
F�l�
0 11111113 � < C  

"#######$
` E C
F�6�

. . . ` E C
FC�C ,-,., ` E C
FC �
. . . ` E C
F�l�

0 11111113 > (1.13)

Backward error bounds.Weproduceanerroranalysisfor thesenew methods,obtainingbackwardandresidual
boundsalsoinvolving the quantity(1.12),but now with factorsof the form (1.13). In contrastto the bidiagonal
factors(1.3) of the BP-typealgorithmof [BKO99], the sparsitypatternof the factors(1.13) immediatelyimplies
theequality

W ? WUW < W  W ? � W , >U>V> , W ? � ( � WUW <�� ( � W , >U>V> , W <w� W �
resultingin pleasingbackwardboundsof theformW c � W7\n� �]` W ? WVW < W-b L �5` : �
� (1.14)

for the new algorithms. Herethe computedsolution

ZX
is the exact solutionof a nearbysystem

�f���5����� �N�6���6� ��� bc ��� ZX  a
. Theseboundsaresimilar to thewell-known boundsfor Gaussianelimination,W cT��W�\ d H � W Z? WVW Z< W � ���7�-��� H �  M�`9 Y M�` � (1.15)

see,e.g.,p. 175in [Hig96]. Here

Z?
and

Z<
denotethecomputedtriangularfactors.

Differ ent pivoting techniques. This resemblancebetweenthe backwarderror bounds(1.14)and(1.15)sug-
geststo employ differentrow andcolumnpivoting techniquesto reducethesizeof

W ? W
and

W < W
andto stabilizethe

new algorithmsfor Cauchysystems.
Thereis a variety of possiblepivoting techniquesthat can be incorporatedinto the new algorithmswithout

increasingtheir L ��MN:O� complexity, includingpartialrow andpartialcolumnpivoting,Gu’s pivoting (a variationof
completepivoting for Cauchy-likematrices[Gu95]), andothers.

Total positivity. Thereare classesof matricesfor which it is advantageousnot to pivot. For example,for
totally positive matrices,the exact triangularfactorshave only positive entries.C.DeBoor andA.Pinkuspointed
out in [DBP77] thatif theentriesof thecomputedfactors,

Z?
and

Z<
remainnonnegative,thanthebackwarderrorof

Gaussianeliminationwithoutpivoting is pleasantlysmall,W cT�eW]\n� H � � � (1.16)

seealsop.176in [Hig96]. It turnsout that the samerecommendationto avoid pivoting canbe madefor the fast
Cauchysolversproposedhere,andmoreoverbecausethecorrespondingerrorbounds(1.14)involvetheexacttrian-
gularfactors,in thecaseof totalpositivity wehave

W ? W , W < W  k���5� �6� � �6� �6� � � , implying thata remarkablebackward
stability of thesameform (1.16) is guaranteedfor thenew fastalgorithmswithout any additionalassumptionson
thecomputedtriangularfactors.

1.3 Outline of the paper

It is well-known that for structuredmatricesthe Gaussianeliminationprocedurecanbe speeded-up.In the next
sectionwe exploit the displacementstructure of Cauchymatricesto specify two suchalgorithms. Then in the
section3 we exploit the quasi-Cauchystructureof the Schurcomplementsof

���5� ��� � �j� �6� � �
to derive onemore

algorithmfor solving Cauchylinear equations.Thenin section4 we performa roundingerror analysisfor these
algorithms,obtainingbackwardandresidualboundssimilar to thosefor Gaussianelimination.Thisanalogyallows
usin Section5 to carryover thestabilizingtechniquesknown for Gaussianeliminationto thenew Cauchysolvers.
Thenumericalpropertiesof new algorithmsareillustratedin section6 by a varietyof examples.Thenin section
7 we show how VandermondeandChebyshev-Vandermondematricescanbeefficiently transformedinto Cauchy
matricesby usingDiscreteFourier, Cosineor Sinetransforms,thusallowing usto usetheproposedCauchysolvers
for therapidsolutionof VandermondeandChebyshev-Vandermondelinearsystems.

4



2 Schur-type algorithms for Cauchy matrices.

2.1. Displacementstructur e. By now, the displacementstructure approachis well-known to be useful in the
developmentof varioustypesof fastalgorithmsfor structuredmatrices,includingToeplitz,Hankel, Toeplitz-plus-
Hankel, Vandermonde,Chebyshev-Vandermonde,andseveralothers.This approachis basedon a convenientway
to captureeachof the above particularstructuresby specifyingsuitabledisplacementoperators � � , �i�Q� �������� ���7�

. In this paperwe shalluseoperatorsof theform�e�j��� �Q� � � �8 �� ��Y���� � (2.1)

for variouschoicesof (sparse)matricesq ��� � r . Let D �� [���l�7� ���6��� �Q� � � � , thenonecanfactor�e�6��� �Q� � � �; �� �[Y����  ����i 8� (2.2)

whereboth matriceson the right-handside of (2.2) have only D columnseach:
���6�¢¡£� ���7¤

. The numberD  ¥�)�¦�7� �e�j��� �Q� � � � is called q ��� � r -displacementrank of

�
, andthe pair q ����� r is called q ��� � r -generator

of

�
. Thedisplacementrankmeasuresthe complexity of

�
, becauseall its

MN:
entriesaredescribedby a smaller

number
d D M entriesof its generatorq ���6� r . Wereferto surveys[KS95], [HR84], [O97], [D01] for morecomplete

informationon displacement,differentapproachesand further references.Herewe restrict ourselvesonly with
Cauchymatrices.Thenext lemmarecallstheir displacementstructure.

Lemma 2.1 Let �e�j��� �Q� � , ����� �+���e� � ���7�
bedefinedby (2.1)with�§ �¨ %  [©�ª«�¦¬ q ���­� >V>U> �j�+� r � �  [¨ *  �©�ª«�¦¬ q �]�O� >V>U> �j�s� r > (2.3)

ThentheCauchymatrix hasdisplacement,�e�6��� �Q� �f���5����� ���j�]�6� �7�j�w ¯® 9°9 >.>-> 9�±   ® 9²9 >->.> 9³± >
(2.4)

2.2. Structur eof Schur complements.Let

�  � �
in (2.2)bepartitioned:

� �´ ¶µ � � ` �~ � � E � F:�:¸· , anddenote

by

� :  � E � F:6: Y �¹ & ~ � ` � its Schurcomplement.Then if the matrices
� �

and

� �
in (2.2) are lower andupper

triangular, resp.,say, �º�» ¼µ a � R½ � : · � � �� ¾µ X � ½R � : · � (2.5)

thenthe q � : � � : r -displacementrankof theSchurcomplementis lessthanor equalto D , sothatwecanwrite� : , � : Y�� : , � :  [� : , �  : ��ªU¿6� À6ÁlÂ�� � : ��� : ¡�� E � ( � F �7¤ > (2.6)

Thelatter factwasfirst observedby L.A.Sakhnovich in [S76] (seealso[S86]) andby M.Morf in [M80]. See,e.g.,
[KS95] andthereferencesthereinfor variousformulasshowing how to run thegenerator recursion q �A�¦�6��� r �q � : �6� : r . Thenext lemma(cf. with [GO94a], [GKO95], [KO95b]) providesoneparticularform for thegenerator
recursion.

Lemma 2.2 Let

� �� Ãµ � � `��~ � � E � F:6:Ä· satisfythedisplacementequation(2.2)with triangular
�º�­� � �

partitioned

as in (2.5). If the (1,1) entry

� �
of

� �
is nonzero, thenthe Schur complement

� :  � E � F:6: Y �¹ & ~ � ` � satisfiesthe
displacementequation(2.6)withµ R� : ·  [�A� Y µ 9�¹ & ~ � · ,
Å �'� ® R � : ±  [��� Y ® 9 �¹ & `   � ± ,.Æ �'� (2.7)

where Å � and Æ � denotethetop rowsof
�A�

and
���

, resp.
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The standardGaussianelimination procedurecomputesthe LU factorizationusing L ��MNPO� flop. The above
lemmaallowsusto exploit thestructureof

� �
to computethis factorizationin only L �5MN:'� flops,asdescribednext.

2.3. Speed-upof the Gaussianelimination procedure. The first stepof Gaussianelimination procedure
appliedto amatrix

� �
is describedby� �´ Ãµ � � ` �~ � � E � F:�:¸·  Ãµ 9 R�¹ & ~ �ÈÇ · , µ

� � `��R � : · � (2.8)

where

� :  � E � F:�: Y �¹ & ~«É `N� is Schurcomplementof (1,1) entry

� �
in the matrix

� �
. This stepprovidesthe first

column
µ 9�¹ & ~ � · of

?
andthefirst row

® � � ` � ±
in theLU factorizationof

� �
. Proceedingwith

� : similarly,

after
M Y 9

stepsoneobtainsthewholeLU factorization.
Algorithmsthatexploit thedisplacementstructureof a matrix to speed-uptheGaussianeliminationprocedure

are called Schur-type algorithms, becausethe classicalSchuralgorithm [S17] was shown (see,e.g., [LAK86],
[KS95]) to belongto theclass.Insteadof computingthe

��M YÊu´b 9 �p:
entriesof theSchurcomplement

� C , onehas
to computeonly D �5M YËu�b 9 � entriesof its q � C � � C r -generatorq � C �6� C r , whichrequiresmuchlesscomputations.
To run thegeneratorrecursion(2.7)aswell asto write down thecorrespondingentriesof the

?
and

<
factors,one

needsonly to specifyhow to recover the first row andcolumnof

� C from its generatorq � C ��� C r . For a Schur

complement

� C  ÍÌ�Î E C�FÏ tÑÐ COÒ Ï � t Ò � of a Cauchymatrix this is easyto do :Î E C
FÏ � t  Å E C�FÏ ,'Æ E C
F�� Ï Y � t � (2.9)

where q Ì Å E C
FC ,-,.,ÓÅ E C
F� Ð   �+Ì Æ E C
FC ,-,.,ÔÆ E C�F� Ð r designatesthecorrespondinggenerator.

2.4. Triangular factorization for Cauchy matrices. In the restof this sectionwe formulatetwo Schur-type
algorithmsfor

���5� �6� � �6� ��� � �
. Thefirst versionis animmediateimplementationof (2.7)and(2.9),andits MATLAB

codeis givennext.

Algorithm 2.3(Schur-type-Cauchy) Complexity: Õ)Ö �Q×eØ@Ù Ö�Ú flops.

function [L,U] = Cauchy GS (x,y)
% triangular factorization of the Cauchy matrix Û ÙUÜ]ÝoÞ ß�àâá'ÝoÞ ß Ú .

n=max(size(x)); L=eye(n,n); U=zeros(n,n);
% Generators %
g=ones(n,1); b=ones(n,1);
for k=1:n-1
% Computing the ã -th row of L and U %

U(k,k) = ( g(k) * b(k) ) / ( x(k) - y(k) );
for j=k+1:n

L(j,k) = (( g(j) * b(k) ) / ( x(j) - y(k) )) / U(k,k);
U(k,j) = (( g(k) * b(j) ) / ( x(k) - y(j) ));

end
% Computing the new generators %

for j=k+1:n
g(j) = g(j) - g(k) * L(j,k);
b(j) = b(j) - b(k) * U(k,j) / U(k,k);

end
end
U(n,n) = ( g(n) * b(n) ) / ( x(n)-y(n) );

return

2.5. Dir ect generator recursion. In fact the algorithm 2.3 is valid for the more generalclassof Cauchy-
like matrices,see,e.g.,[GKO95] [KO95b] for detailsandapplications.However for the specialcaseof ordinary
Cauchymatriceswe canexploit the fact that the correspondingdisplacementrank is equalto one,to formulatea
morespecificSchur-typealgorithm,basedon thenext Lemma.

Lemma 2.4 Let

� C in©�ª«�¦¬���� C � >U>V> �j� � � � C Y�� C ©�ª«�¦¬+�5� C � >U>V> �j� � �; �� C � C  ÍÌ Å E C
FC ,-,-,ÍÅ E C�F� Ð   Ì Æ E C
FC ,-,-,äÆ E C
F� Ð
6



bethesuccessiveSchur complementsof theCauchy matrix
����� ��� � �j� ��� � �

. Thenthegenerator recursion(2.7) can
bespecializedto"##$ Å E C
å

� FC
å �
...Å E C
å � F�

0 113  "##$ %Oæ6ç & (+%'æ%'æjç & (+*
æ7Å E C
FC
å �
...% / (+%'æ%./](�*
æ Å E C
F�

0 113 � Ì Æ E C
å � FC
å � ,-,.,ÔÆ E C
å � F� Ð  ÓÌ *
æjç & (�*)æ*)æ6ç & (+%'æ7Æ E C�F� ,.,-, *�/�(�*
æ*)/�(+%'æ7Æ E C
F� Ð >
(2.10)

Thenonzero entriesof thefactors in
���5� �6� � �6� ��� � �; ? ¨è<

aregivenby

� C  �� C Y � C and"#$ ~ C � C...~ � � C
0213  "##$

�%'æO(�*)æ Å E C�FC
...�%O/�(+*
æ�Å E C
F�

02113 � ®é` C � C ,-,-, ` C � � ±  ÍÌ �% æ (+* æ Æ E C
FC ,.,-, �% æ (�*)/ Æ E C
F� Ð (2.11)

Thefollowing MATLAB codeimplementsthealgorithmbasedon Lemma2.4.

Algorithm 2.5(Schur-type-direct-Cauchy) Complexity: Õ)Ö � ×eØ@Ù Ö�Ú flops.

function [L,D,U]= Cauchy GS d( x, y)
% triangular factorization of the Cauchy matrix Û ÙUÜ ÝoÞ ß àâá ÝoÞ ß Ú .

n=max(size(x)); L=eye(n,n); D=zeros(n,n); U=eye(n,n);
% Generators %
g=ones(n,1); b=ones(n,1);
for k=1:n-1

% Computing the ã -th row of L and U %
D(k,k) = (x(k)-y(k));
for j=k:n

L(j,k) = g(j)/(x(j) - y(k));
U(k,j) = b(j)/(x(k) - y(j));

end
% Computing the new generators %

for j=k+1:n
g(j) = g(j) *(x(j)-x(k))/(x(j)-y(k));
b(j) = b(j) *(y(j)-y(k))/(y(j)-x(k));

end
end
D(n,n) = 1/(x(n)-y(n));
L(n,n) = g(n);
U(n,n) = b(n);

return;

Thefastalgorithms2.3and2.5requireL ��MN:O� locationsof memoryto storethetriangularfactors.An algorithm
with L �5MQ� storageis describednext.

3 Exploiting quasi-Cauchy structur e

The conceptof displacementstructure was initiated by the paper[KKM79], whereit wasfirst appliedto study
Toeplitzmatrices,usingadisplacementoperatorof theform � �6ê�� ê�ë+� � � �; ��Y�ì , � , ì   , where

ì
is thelower

shift matrix. In thissectionwemakeaconnectionwith [LAK86], wherethefactthatToeplitzmatricesbelongto the
moregeneralclassof matriceswith � �6ê�� ê ë � -displacementrank2, wasusedto introducethenamequasi-Toeplitz
for suchmatrices.It is shown thatany quasi-Toeplitzmatrix

�
canbe representedasa productof threeToeplitz

matrices,
�  ?;í <��

(3.1)

where
?

is lower and
<

is uppertriangularToeplitzmatrices.Patterningourselvesupontheabove definition,and
takingLemma2.1asastartingpoint,weshallreferto matriceswith q ¨ % �6¨ * r -displacementrank1asquasi-Cauchy
matrices.Thenext simplelemmais ananalogof (3.1).
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Lemma 3.1 Let
¨ % and

¨ * bedefinedby (2.4). Thentheuniquesolutionof theequation¨ % , ��Y�� , ¨ *  ® Å � >.>-> Å � ±   , ® Æ � >.>-> Æ � ± (3.2)

is givenby
�  [©�ª«�¦¬+� Å �­� Å : � >U>V> � Å �7� , ��������� ���j����� �7� , ©�ª«�¦¬+� Æ �¦� Æ : � >V>U> � Æ �7� > (3.3)

Lemma3.1allowsusto obtainbelow anexplicit factorizationformulafor Cauchymatrices.Indeed,by Lemma
2.2 its Schurcomplement

� :  � :6: Y �¹ & ~ �
`�� in����� ��� � ��� ��� � �; µ � � ` �~ � � :�: ·  µ � � R~ � Ç · µ �¹ & RR � : · µ
� � ` �R Ç ·

alsohasdisplacementrank1, soby Lemma3.1its Cauchystructurecanberecoveredby droppingdiagonalfactors
asshown next.

Lemma 3.2 TheCauchymatrix andits inversecanbefactoredas���5���6� �����]�6� �7�; ? � >->.>B? � ( �+¨�<�� ( � >->.> <8�'� (3.4)

where
¨¸ �©7ªV�l¬+�6�5� � Y � � �
� >U>V> �O�5� � Y � � �6�

, and

î�ïwð "##$ ñ ï-ò Ý Ýó æ ò]ô æ
. . . Ýó / ò ó æ

0 113
"###$
ñ ï-ò Ý õõöõ

...
. . .õ õ

0 1113
"###$
ñ ï�ò Ý õ Ü ï)÷ Ý�ø Ü ï

. . . Ü¦ß ø Ü ï
0 1113 à

ù�ï8ð "###$
ñjï-ò Ý õ á ï ø á ï)÷ Ý

. . . á ï ø á�ß
0 1113
"####$
ñjï-ò Ý õúõúûpûjûüõõ

. . . õ
0211113
"##$ ñ ï-ò Ý Ýó æ ò]ô æjç &

. . . Ýó æ ò]ô /
02113 û

Therepresentationfor theinversematrix
���5���6� ���6���6� �7� ( �

obtainedfrom theabove leadsto thefollowing algo-
rithm for solving

���5����� �N�6���6� ��� X  a
.

Algorithm 3.3(quasi-Cauchy) 2 Complexity: Õ)Ö � ×eØ@Ù Ö�Ú flops.

function a = Cauchy quasi (x,y,f)
% Solving a Cauchy linear system Û ÙUÜ ÝoÞ ß à�á ÝoÞ ß Ú5ý ðËþ .

n=max(size(x)); a=f;
fork=1:n-1

for j=k:n
a(j) = a(j) * ( x(j) - y(k) );

end
for j=k+1:n

a(j) = a(j) - a(k);
end
for j=k+1:n

a(j) = a(j) / ( x(j) - x(k));
end

end
for k=1:n-1

a(k) = a(k) / ( x(k) - y(k) );
end
a(n) = a(n) * ( x(n) - y(n) );
for k = n-1:-1:1

for j=k+1:n

2Algorithm 3.3haslower complexity andbettererrorboundsthanits earliervariantcalledCauchy-2in [BKO94].
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a(j) = a(j) /(y(k)-y(j));
end
tmp = 0;
for j=n:-1:k+1

tmp = tmp + a(j);
end
a(k) = a(k) -tmp;
for j=k:n

a(j) = a(j) * ( x(k) - y(j) );
end

end
return

Thereadershouldnotethatthemultiplicationof thecentralfactorof
< ( �C by avectoris performedby accumu-

lation of the innerproductfrom the last to thefirst entry; this orderis influencedby theerroranalysisin thenext
section.

4 Rounding error analyses

4.1 Stability of the algorithm 2.3.

Thealgorithm2.3 is a specialcaseof themoregeneralGKO algorithm[GKO95], which is applicableto thewider
classof Cauchy-like matrices. A normwiseroundingerror analysisfor the GKO algorithmappearedin [SB95].
Along with theusualfactor ÿ ? ÿsÿ < ÿ ( cf. with (1.15))thebackwarderrorboundof [SB95] involvesalsoaso-called
generator growthfactorof theform ÿ ©�ª«�¦¬�� W Å E C�FC WNW Æ E C
FC WÅ E C
FC Æ E C
FC � ÿ (4.1)

In thecontext of [GKO95], [SB95] thequantitiesÅ E C�FC and Æ E C
FC werevectorsof sizeequalto thedisplacementrank
of

�
; soif thequantityin (4.1)is large,thenthebackwardstabilityof of theGKO algorithmcouldbelessfavorable

thanthatof Gaussianelimination.However, theordinaryCauchymatrices,consideredin thepresentpaper, all have
displacementrank1, so that theconstantin (4.1) is unity, suggestingthat the backwardstability of the algorithm
2.3 is relatedto thatof Gaussianeliminationwithoutpivoting.

4.2 Stability of the algorithm 2.5

Theorem4.1 Assumethat the algorithm 2.5 (Schur-type-direct-Cauchy algorithm) is carried out in floating
point arithmeticwith a unit roundoff

`
, andthat no overflowswere encounteredduring thecomputation.Thenthe

computedfactors

Z? � Z¨Ê� Z<
of
����� ��� � �j� ��� � �; ? ¨m<

satisfy

Z?  ? b{c ?
,

Z¨¸ �¨ bhc ¨
,

Z<} =< bhc <
, whereW c ? W�\ H�� � ( : W ? W � W c ¨ W�\ ` W ¨ W � W c < W]\ H�� � ( : W < W � � H �  M�`9 Y M�` � > (4.2)

Furthermore, if thiscomputedtriangular factorizationisusedtosolvetheassociatedlinearsystem
��������� �N�j����� �7� X  a

thenthecomputedsolution

ZX
solvesa nearbysystem

�f���5� �6� � �6� �6� � � b{c ��� ZX  a
withW c � W]\ �6� 9OR M Y d �o` b L �5` : �6� W ? WVW ¨m< W � (4.3)

and
W ���5� �6� � �6� ��� � � ZX Y a�W]\ �j� 9OR M Y d �o` b L �5` : �6� W ? W.W ¨m< W-W«ZX�W � (4.4)

Proof.
Err or in triangular factorization. A straightforwarderror analysisfor the direct generatorrecursion(2.10)

andfor (2.11)impliesthatthecomputedandtheexactcolumnsof
?

arerelatedby"#$
Z~ C-C
...
Z~ � C

0213  a ~ q "##$
�%'æO(+*
æ Å E C
FC

...�% / (�*
æ Å E C
F�
02113 r  "##$ ~ C-C J E C
FC...~ � C J E C
F�

02113
9



sothatthecomponentwiseerroris nicely bounded:� 9 Y `��jP C ( :� 9 b `�� C \ J E C
Ft \ � 9 b `��pP C ( :� 9 Y `�� C
Thisandsimilarargumentsfor

<
leadto thefavorablebounds(4.2).

Err or in the computed solution. Standarderror analysis,see,e.g.,p. 154 in [Hig96], for solving a linear
system

Z? Z¨ Z< X  a
by forwardandbacksubstitutionyieldsthatthecomputedsolution

ZX
satisfies� Z? b Zc ? ��� Z¨ b Zc ¨g�-� Z< b Zc < � ZX  a �

where
W Zc ? W]\ H � W Z? W � W Zc ¨ W�\ ` W Z¨ W � W Zc < W]\ H � W Z< W > (4.5)

Thepleasantboundin (4.3) is now deducedfrom (4.5)and(4.2).

4.3 Stability of the algorithm 3.3

Theorem4.2 Assumethat the algorithm 3.3 (quasi-Cauchy algorithm) is carried out in floating point arith-
meticwith unit roundoff

`
, and that no overflowswere encounteredduring the computation.Thenthe computed

solution

ZX
solvesa nearbysystem�â��������� ���j����� �7� b{c ��� ZX  � ? b{c ? ���â¨ bhc ¨g�-�f< b{c <�� ZX  a

with
W ���5� �6� � �6� ��� � � ZX Y a�W]\ �j�5M : b 9s9 M Y 9.R �o` b L �5` : �6� W ? W.W ¨m< W-W«ZX�W � (4.6)W c � W]\ �6�5M : b 9l9 M Y 9.R �o` b L �5` : �6� W ? WVW ¨m< W � (4.7)

andW c ? W�\ H�� E � ( � F W ? W � W c ¨ W]\ H : W ¨ W � W c < W]\ H ��� å � � (�� W < W � � H �  M�`9 Y M�` � > (4.8)

Proof. Let usrecallthatalgorithm3.3solvesa Cauchylinearsystemby computingX  k���5� ��� � �j� �6� � � ( � a  �< ( �� , >V>U> , < ( �� ( � , ¨ ( � , ? ( �� ( � , >U>V> , ? ( �� a � (4.9)

wherethe q ? Ï �
< Ï r aregivenby (3.4).Theproof for (4.7)will beobtainedin thefollowing steps.

(i) Firstwe applythestandarderroranalysisfor eachelementarymatrix-vectormultiplicationin (4.9)to show that
thecomputedsolution

ZX
satisfiesZX  ü�f< ( �� ½ J <8�-� , >V>U> , �f< ( �� ( � ½ J <w��� , ��¨ ( � ½ J ¨g� , � ? ( �� ( � ½ J ? � ( �
� , >U>V> , � ? ( �� ½ J ? �-� a � (4.10)

wheretheasterisk½ denotestheHadamard( or componentwise) product.

(ii) Next, theobtainedboundsfor
J ? C � J ¨ � J < C will beusedto deducefurtherboundsfor

c ? C � c ¨ � c < C , defined
by� ? ( �C ½ J ? C � ( �  ? C b{c ? C � ��¨ ( � ½ J ¨g� ( �  �¨ bhc ¨Ê� �f< ( �C ½ J < C � ( �  =< C b{c < C >

(iii) Finally, inverting(4.10)weshallobtainZX  ü� ? � bhc ? � � , >V>U> , � ? � ( � bhc ? � � , �â¨ bhc ¨g� , �f< � ( � b J < � ( � � , >U>V> , � < � b{c < � � a � (4.11)

whichwill leadto thedesiredboundsin (4.8)andin (4.7).
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We startwith (i) and(ii).
Lower triangular factors. We startwith obtainingboundsfor

J ? C and

c ?
in (4.10)and(4.11). The sparse

natureof thesematrices,see,e.g.,Lemma3.2,impliesthefollowing pleasingboundfor the(i,j) entryof
J ? C :� 9 Y `�� �� 9 b `�� \ � J ? C � Ï � t \ � 9 b `�� �� 9 Y `�� > (4.12)

Moreover, evensmallerboundshold for the(k,k) entry:� 9 Y `�� : \ � J ? C � C � C \ � 9 b `�� : > (4.13)

Sincethe
? C all haveexactly thesamesparsitypatternastheir inverses,(4.12)and(4.13)imply thatW c ? C W]\ � � 9 b `�� �� 9 Y `�� P Y 9 � W ? C W > (4.14)

Diagonal factor. Thesimplestructureof
¨

immediatelyimpliesthatW c ¨ W]\ � � 9 b `��� 9 Y `�� Y 9 � W ¨ W > (4.15)

Upper triangular factors. Theanalysisshows that for
	�
 u

, (i.e. excluding theentriesof the

u
-th row) we

have � 9 Y `�� P� 9 b `�� \ � J < C � Ï � t \ � 9 b `�� �� 9 Y `�� > (4.16)

If theinnerproductcorrespondingto the

u
-th row of

< C is evaluatedfrom thelast to the

u
-th entry, thentheerror

in the(k,j) entryis boundedby � 9 Y `�� t ( C
å P \ � J < C � C � t \ � 9 b `�� t ( C
å P > (4.17)

In particulartheerrorin the(k,k) entryis boundedby� 9 Y `�� P \ � J < C � C � C \ � 9 b `�� P > (4.18)

Again,since
< C haveexactly thesamesparsitypatternastheir inverses,(4.16),(4.17)and(4.18)imply thatW c < C W]\ � � 9 b `�� � å :� 9 Y `�� P Y 9 � W < C W > (4.19)

Wearenow readyto turnto (iii). To prove(4.8)weshallusethefollowingeasilyverifiedfact(see,e.g.,[Hig96],
p.80): let

W c � C W]\ J W � C W for

u  9 � d � >V>U> ��

, thenW���C�� � � � C bnc � C � Y���C�� � � C W]\ �j� 9 b J � � Y 9 � ��C�� � W � C W > (4.20)

Thisand(4.14)imply thatW c ? W  W � ? � bhc ? � � , >V>U> , � ? � ( � bhc ? � ( � � Y ? � , >U>V> , ? � ( � W]\ � � 9 b `�� � E � ( � F� 9 Y `�� P E � ( � F Y 9 � W ? � W , >V>U> , W ? � ( � W > (4.21)

Thesparsitypatternof
? C (

u  9 � d � >U>V> �6M Y 9
) allowsusto removethemoduli in theproductontheright-handside

of (4.21),implying thefirst boundin (4.8).Thethird boundin (4.8) is deducedfrom (4.19)and(4.20)analogously.
Thesecondboundin (4.8) followsfrom (4.15)easily. Finally, theboundin (4.7) is deducedfrom (4.8) (cf. (4.5)).

5 Pivoting

In the previoussectionwe establishedthat the backward stability of all the fastCauchysolverssuggestedin the
presentpaperis relatedto that of Gaussianelimination. This analogywill allow us to carry over the stabilizing
techniquesof Gaussianeliminationto thenew Cauchysolvers.Firsthowever, weidentify thecasewhennopivoting
is necessary.
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5.1 Totally positivematrices

If we assumethat � � S >V>V> S � � S � � S >V>U> S � � �
(5.1)

i.e. thematrix
����� ��� � �j� ��� � �

is totally positive,sothatall theentriesof theexactfactorsL andU arepositive[GK50].
In this casetheorems4.1and4.2imply thatthealgorithms2.5and3.3producea favorablesmallbackwarderror.

Corollary 5.1 Assumethat condition(5.1) holds, i.e. that
���5����� �N�6���6� ���

is totally positive, and assumethat
the algorithms2.5 (Schur-type-direct-Cauchy algorithm) and 3.3 (quasi-Cauchy algorithm) are performedin the
floatingpoint arithmeticwith unit roundoff

`
, andthatnooverflowswere encounteredduring thecomputation.

If thetriangular factorizationof theSchur-type-direct-Cauchyalgorithmis usedto solvetheassociatedlinear
system,thenthecomputedsolution

ZX
solvesa nearbysystem�â����� ��� � �j� ��� � � bhc ��� ZX  a �

with
W c � W]\ �j� 9.R M Y�� �p` b L ��` : �j�6���5����� �N�6���6� �7� > (5.2)

Theanalogousbackward boundfor thequasi-CauchyalgorithmisW c � W]\ �j��M : b 9l9 M Y 9.R �p` b L ��` : �j�6���5� �6� � �6� �6� � � > (5.3)

The above resultsshow that the backward stability of the fastalgorithms2.5, 3.3 for totally positive Cauchy
matricesis even more favorablethan that of the slow Gaussianelimination procedure,see(1.16). Indeedthe
differenceis that the bound(1.16) is valid only for the casewhenthe entriesof the computedfactors

Z?
and

Z<
remainpositive (which is usuallynot thecasewith ill-conditionedmatrices),whereasthe favorableboundsin the
two above corollarieshold while thereareno overflows. For example,for theHilbert matrix �  ® �Ï å t ( � ± the
conditionnumber

u : � � � growsexponentiallywith thesize,soalreadyfor small
M

we have

u : � � ��������MQ� �� . Here���5MQ�
is apolynomialof smalldegreein

M
. Thenin accordancewith [W68] thematrix � will likely loseduringthe

eliminationnot only its total positivity, but alsothe weaker propertyof beingpositive definite. Correspondingly,
thesingleprecisionLAPACK routineSPOSVfor Cholesky factorization,whenappliedto theHilbert matrix,exits
with anerrorflag alreadyfor

M{ ��
, warningthat theentriesof

Z?
,

Z<
becamenegative,so thepleasingbackward

bound(1.16)is no longervalid for Gaussianelimination.In contrast,thefavorablebounds(5.2),(5.3)arevalid for
highersizes,aslongasthereareno overflows.

5.2 General case.Predictive pivoting techniques

Herewe assumethat thetwo setsof nodesq � C�r and q � Csr arenot separatedfrom eachother. Thesimilarity of the
backwardbounds(1.15)for Gaussianeliminationandof (4.2),(4.7)for thenew Cauchysolverssuggeststo usethe
samepivoting techniquesfor preventinginstability. More precisely, any row or columnreorderingthatreducesthe
sizeof

W ? WVW < W
appearingin thebounds(4.2), (4.7) will stabilizethenumericalperformanceof thealgorithms2.5,

3.3.Moreover, thenormwiseerroranalysisof [SB95] for thealgorithm2.3,reviewedat thebeginningof section4,
alsoindicatesthatthepivotingwill enhancetheaccuracy of thealgorithm2.3.

Herewe shouldnotethat thepartialpivoting techniquecanbedirectly incorporatedinto theSchur-typealgo-
rithms 2.3 and2.5, see,e.g., [GKO95]. However, the correspondingorderingof q � C�r canalsobe computedin
advancein L ��MN:O� flops. Indeed,thepartialpivotingtechniquedeterminesapermutationmatrix � , suchthatateach
eliminationstepthepivot elements

� C in

� �  ? "#$
� �

. . .
� �
0 13 <

areaslarge aspossible.Clearly, the determinantof the

u���u
leadingsubmatrixof

�
is equalto

� � , >V>V> , � C , so
the objective of partial pivoting is the successive maximizationof the determinantsof leadingsubmatrices.This
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observation,andthewell-known formula[C41] for thedeterminantof a Cauchymatrix, imply thatpartialpivoting
on
���5� �6� � �6� �6� � �

is equivalentto thesuccessivemaximizationof thequantitiesW � Ï W  W  Ï ( �t � � �5� Ï Y � t �  Ï ( �t � � ��� Ï Y � t ��5� Ï Y � Ï �  Ï ( �t � � ��� Ï Y � t �  Ï ( �t � � �5� t Y � Ï � W � 	  9 � >->-> �jM >
(5.4)

We shall call this procedurepredictivepartial pivoting, becauseit can be rapidly computedin advanceby the
following algorithm.

Algorithm 5.2 PredictivePartial Pivoting3 Complexity: !)Ö � ø#" flops.

function x = partial(x,y)
n = max(size(x));
dist = 0; m = 1; aux = zeros(1,n);
for i = 1:n

aux(i) = abs(1 / (x(i) - y(1)));
if dist<aux(i) m = i; dist = aux(i); end

end
x = swap(x,1,m); aux(m) = aux(1);
if n<=2 return; end
for i = 2:(n-1)

dist = 0; m = i;
for j = i:n

aux(j) = aux(j) * abs((x(j) - x(i-1)) / (x(j) - y(i)));
if dist<aux(j) m = j; dist = aux(j); end

end
x = swap(x,i,m); aux(m) = aux(i);

end
return

A similar row reorderingtechniquefor Vandermondematrices(andafast L ��MN:O� algorithmfor achieving it) was
proposedin [Hig90], andin [R90] it wascalledLeja ordering. Therefore,PPPmay alsobe calledrational Leja
ordering, by analogywith (polynomial)Lejaorderingof [Hig90], [R90].

In a recentpaper[Gu95] a variation of completepivoting was suggestedfor the more generalCauchy-like
matrices.In the context of [Gu95] the correspondingdisplacementrank is 2 or higher. For the ordinaryCauchy
matrices

���5� �6� � �6� �6� � �
(displacementrank = 1), Gu’s pivoting canbe describedasfollows. At eachelimination

steponechoosesthe columnof

� C with the maximalmagnitudeentry Æ E C�F� in its generator
� C (herewe usethe

notationsof Lemma2.4). Thenoneinterchangesthis columnwith the1-stone,andperformsthepartialpivoting
step.Theexplicit expression(2.10)for theentriesof thesuccessive generators

� C readilysuggestsa modification
of thealgorithm5.2to performtheGu’svariantof pivoting in advance,leadingto whatcanbecalledpredictiveGu
pivoting.

6 Numerical illustrations

We performednumerousnumericaltestsfor thethreealgorithmssuggestedandanalyzedin this paper. Theresults
confirmtheoreticalresults(asperhapsshouldbe expected).In this sectionwe illustratewith just a few examples
theinfluenceof differentorderingson thenumericalperformanceof thefollowing algorithms:

(a) Schur-type-Cauchy. (Fast L ��MQ� algorithm2.3requiring L ��MN:O� storage.)

(b) Schur-type-direct-Cauchy. (Fast L �5MQ� algorithm2.5requiring L �5MN:'� storage.)

(c) quasi-Cauchy. (Fast L �5MQ� algorithm3.3requiring L ��MQ� storage.)

(d) BKO. (Fast L ��MN:O� algorithmof ([BKO99]) requiring L ��MQ� storage.)

3Thesubroutine“ swap(x,i,m)” in Algorithm 5.2swapsthe $ -th and % -th elementsof thevector Ü .
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(e) INV. Theuseof theexplicit inversionformula���5� �6� � ��� ��� � � ( �  '&  / æ�( & E % æ (�**) F / æ+( &æ-,( ) E *
æO(+* ) F , �%-.)(�*/)�,  / æ�( & E %-.)(�* æ F / æ+( &æ-,( . E % . (+%'æ F10 � Ò Ï � t Ò � � (6.1)

(Fast L �5MQ� algorithmrequiring L �5MQ� storage.)

(f) GEPP. Gaussianeliminationwith partialpivoting. (Slow L �5MNP'� algorithm,requiring L �5MN:'� storage.)

Wereferto [BKO99] for thediscussionandcomputedexamplesrelatedto theimportantcaseof totally positive
Cauchymatrices,andrestrictourselveshereto the genericcasein which the two sets q � C r and q � C r cannotbe
separatedfrom eachother, so that they cannotbe reorderedto achieve (1.8). We solved variousCauchylinear
systems � X  a

(6.2)

(including interlaced
� � S � � S � : S � : S >U>V> S � � S � �

equidistant,clusteredor randomlydistributed
nodes,andwith many othersconfigurations)with differentright-handsides(RHS)

a
. We alsosolvedtheso-called

Cauchy-Toeplitzlinearsystemswith coefficientmatricesof theform�§ ÓÌ �2 å E Ï ( t F43 Ð (6.3)

with differentchoicesfor theparameters

X
and Æ . All theexperimentswereperformedon a DEC 5000/133RISC

workstationin singleprecision(unit roundoff 5 9 > 9 � , 9OR�( � ). For GEPPwe usedtheLAPACK routineSGESV,
andall theotheralgorithmswereimplementedin C. In orderto checktheaccuracy we implementedall theabove
algorithmsin doubleprecision(unit roundoff 5 d > dld , 9.R7( ��6 ), andin eachexamplewe determinedtwo particular
algorithmsproviding solutionsthatweretheclosestto eachother. In all casesthesetwo solutionsagreedin more
thanthe8 significantdigitsneededto checktheaccuracy for asolutionobtainedin singleprecision,soweregarded
oneof thesedoubleprecisionsolutions

ZX ¹ asbeingexact,andusedit to computethe2-normrelativeerror7 Ï  ÿ ZX Ï Y[ZX ¹ ÿ :ÿ ZX ¹ ÿ :
for thesolutions

ZX Ï computedby eachof theabovealgorithms.In additionwecomputedtheresidualerrorsÎ Ï  ÿ a!Y � , ZX Ï ÿ :ÿ a ÿ :
andthebackwarderrors Æ Ï  [Â�ªU�98;:=< � : �: � : � �£� �{b{cT� � ZX Ï  a?> � usingtheformulaÆ Ï  ÿ a!Y � , ZX Ï ÿ :ÿ � ÿ : , ÿ ZX Ï ÿ : �
a resultprobablyfirst shown by Wilkinson,see,e.g.,[Hig96]. Thetablesbelow displayalsotheconditionnumber@ : �â��� of thecoefficient matrix, normsfor thesolution ÿ ZX ¹ ÿ : andtheright-handside ÿ a ÿ : aswell assomeother
usefulinformation.

6.1 Example1. Well-conditionedCauchy-Toeplitz matrices

In this examplewe solved the linear system(6.2) with Cauchy-Toeplitz coefficient matrix in (6.3), with

X  9
,Æ  d , andwith theright-handside

a  ® 9²9 ,.,-, 9 ±  
. We usedtwo orderingsA Thenodeswereorderedusingthepredictivepartialpivoting (PPP)technique(1.8).A Thenodesq � C r sortedin anincreasingorder, andthenodesq � C r sortedin adecreasingorder;thedifference

with (1.8) is in thatnow two setsof nodesq � C r , q � C r arenotseparatedfrom eachother.

Forward error.
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Table1. Forwarderror. Partial pivotingordering.
2-norms INV BKO quasi-Cauchy Schur-type-Cauchy Schur-type-direct-Cauchy GEPP

n B �/CED4F G4H�GI� G�JK�L GI� GNMOGI� P & P4� P4Q PIR P4S P4T
10 2e+00 1.6e+00 6.1e+00 4.5e+00 7e-08 1e-07 1e-07 6e-08 6e-08 8e-08
50 3e+00 1.6e+00 1.6e+01 1.0e+01 1e-07 2e-01 9e-08 2e-07 4e-07 1e-07
100 3e+00 1.6e+00 2.4e+01 1.4e+01 4e-07 1e+10 1e-07 1e-07 5e-07 1e-07

Table2. Forwarderror. Monotonicordering.
2-norms INV BKO quasi-Cauchy Schur-type-Cauchy Schur-type-direct-Cauchy

n B � CED4F G4H�G � G�JK�L G � GNMOG � P & P � P Q P R P S
5 1e+00 1.6e+00 4.0e+00 3.2e+00 8e-08 2e-07 3e-06 1e-06 2e-06
10 2e+00 1.6e+00 6.1e+00 4.5e+00 1e-07 2e-05 1e-03 7e-03 6e-03
20 3e+00 1.6e+00 9.3e+00 6.3e+00 1e-07 6e-02 9e+04 3e+04 5e+04
30 3e+00 1.6e+00 1.2e+01 7.7e+00 1e-07 7e+03 3e+16 6e+17 2e+16
50 3e+00 1.6e+00 1.6e+01 1.0e+01 2e-07 1e+20 NaN NaN NaN
60 3e+00 1.6e+00 1.8e+01 1.1e+01 NaN 4e+26 NaN NaN NaN

Backward error.

Table3. Backwarderror. Partial pivotingordering.
INV BKO quasi-Cauchy Schur-type-Cauchy Schur-type-direct-Cauchy GEPP

n UWVYX )E. C[Z \�ZNZ ]�^_ZIF UWVYX )`. CEH�F Ja & Ja � Ja Q Ja R Ja S Ja T
10 2e+00 1.0e+00 6e-08 1e-07 6e-08 6e-08 4e-08 5e-08
50 2e+00 1.0e+00 1e-07 2e-01 8e-08 1e-07 2e-07 1e-07
100 2e+00 1.0e+00 3e-07 1e+00 1e-07 1e-07 2e-07 1e-07

Table4. Backwarderror. Monotonicordering.
INV BKO quasi-Cauchy Schur-type-Cauchy Schur-type-direct-Cauchy

n UWVYX )E. C[Z \�ZNZ ]�^_Z4F UWVYX )`. CEH�F Ja & Ja � Ja Q Ja R Ja S
5 6e+02 1.0e+00 6e-08 2e-07 3e-06 1e-06 2e-06
10 3e+06 1.0e+00 7e-08 2e-05 1e-03 7e-03 6e-03
20 1e+14 1.0e+00 1e-07 6e-02 1e+00 1e+00 1e+00
30 4e+21 1.0e+00 1e-07 1e+00 1e+00 1e+00 1e+00
50 6e+36 1.0e+00 2e-07 1e+00 NaN NaN NaN
60 2e+44 1.0e+00 NaN 1e+00 NaN NaN NaN

Residualerror.

Table5. Residualerror. Partial pivotingordering.
INV BKO quasi-Cauchy Schur-type-Cauchy Schur-type-direct-Cauchy GEPP

n UbV4X ) C[Z \�Z=Z ]b^WZ=ZcJK�L Z F UWVYX )`. CEH�F d & dY� dNQ d4R dNS dNT
10 9e+00 1e+00 1e-07 3e-07 1e-07 1e-07 9e-08 1e-07
50 2e+01 1e+00 4e-07 5e-01 2e-07 3e-07 4e-07 3e-07
100 3e+01 1e+00 8e-07 3e+10 3e-07 3e-07 5e-07 3e-07

Table6. Residualerror. Monotonicordering.
INV BKO quasi-Cauchy Schur-type-Cauchy Schur-type-direct-Cauchy

n UbV4X ) C[Z \�Z=Z ]b^WZeZcJK�L Z F UWVYX )`. CEH�F d & dY� dNQ dYR dNS
5 9e+02 1e+00 1e-07 3e-07 6e-06 3e-06 4e-06
10 1e+07 1e+00 2e-07 4e-05 3e-03 2e-02 1e-02
20 7e+14 1e+00 3e-07 1e-01 2e+05 8e+04 1e+05
30 3e+22 1e+00 3e-07 2e+04 7e+16 1e+18 4e+16
50 7e+37 1e+00 4e-07 3e+20 NaN NaN NaN
60 3e+45 1e+00 NaN 9e+26 NaN NaN NaN

Comparingthedatain Tables1-6 indicatesthattheorderingof thenodeshasa profoundinfluenceon theaccu-
racy of all algorithmsdesignedin thepresentpaper. Specifically, let usrecall that thequantity

W ? W-W ¨m< W
appearin

thebackwarderrorbounds(4.3) and(4.7) for thealgorithmsSchur-type-direct-Cauchyandquasi-Cauchy, respec-
tively. The secondcolumnsof Tables3 and4 show that the latter quantityis hugewith monotonicorderingand
moderatewith PPPordering.Correspondingly, thebackwarderrorsshown in the tablesarelargewith monotonic
ordering,andpleasantlysmallwith PPPordering.

Analogously, a comparisonof the datain the secondcolumnsof Tables5 and6, shows that PPPtechnique
reducesthe quantity

� W ? W.W ¨è< WUW«ZX�W
appearingin the residualboundsfor the algorithmsSchur-type-direct-Cauchy

andquasi-Cauchy, resultingin a favorablesmallresidualerrorfor thesealgorithms.
Further, it is well-known that ÿ X Y[ZX ÿÿ X ÿ \ @ : �â��� ÿ c � ÿÿ � ÿ >

Sincethecoefficientmatrix
�

in this exampleis quitewell-conditioned(see,e.g.,thedatain thesecondcolumnof
Table1), thePPPtechniqueyieldsa pleasantforwardaccuracy for all algorithmsSchur-type-Cauchy, Schur-type-
direct-Cauchyandquasi-Cauchy.

ThePPPtechniquealsoimprovesthenumericalperformanceof theBKOBP-typealgorithm,however for this
algorithm the resultsare not as favorableas for other algorithms(see,e.g., introductionfor the explanationof
this phenomena,and[BKO99] for thediscussionon extremelyhigh accuracy of this algorithmfor totally positive
Cauchymatrices).

Theuseof explicit inversionformulaalsoyieldshighaccuracy, predictedby theanalysisof [GK93], andappar-
ently, this is theonly algorithmwhoseaccuracy doesnotdependupontheorderingof thenodes.At thesametime,
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comparisonof thedatain Tables1 and2 aswell asin otherexamplesindicatesthat theuseof thePPPtechnique
preventstheINV algorithmfrom overflows,allowing to solve largerlinearsystems.

Sincein this examplethe coefficient matrix is well-conditioned,the L ��MNPO� GEPPalgorithm,while slow, also
providesgoodforwardandbackwardaccuracy.

Theresultsof many othercomputedexamplesarequitesimilar to thosein Tables1-6,andthealgorithmsSchur-
type-Cauchy, Schur-type-direct-Cauchyandquasi-Cauchyalwaysyield a favorablesmall backward andresidual
errors,which areoftenbetterthanthoseof GEPPandof theuseof inversionformula. As for theforwardstability,
thereseemto beno clearwinner, however theuseof of inversionformulaoftenprovidesprovidessmallerforward
error, especiallywhenusingtheunit vectorsfor theright-handside(which meansthatonehasto find a columnof���5���6� ���6����� �7� ( �

). At thesametime,new algorithmscanprovidesmallerforwarderrorin othercases,asillustrated
by thenext examples.

6.2 Example2. Ill-conditioned Cauchy-Toeplitz matrices.

Theconditionnumberof Cauchy-Toeplitzmatricesdependsuponthechoiceof parameters

X
and Æ in (6.3). In this

examplewechose

X  9
, Æ  Y R > � to obtainaCauchy-Toeplitzmatrix,whoseconditionnumberis severalorderif

magnitudebiggerthanthereciprocalto themachineprecisioǹ 5 9 > 9 � , 9.R�( � . Thenext tables7-12presentthedata

on the forwardandbackwarderrorsfor thecorrespondinglinearsystemwith the RHS

a  ® 9²9 ,-,., 9 ±  
.

Along with thePPPorderingwe alsoconsidertheoriginal ordering(no ordering),andtheGu’s pivoting ordering
of q � C�r , q � Csr .
Forward error.

Table7. Forwarderror. Partial pivotingordering.
2-norms INV BKO quasi-Cauchy Schur-type-Cauchy Schur-type-direct-Cauchy GEPP

n B �/C`D4F G4H�GI� G�JK+L GI� GYM-GI� P & PY� P4Q P4R P4S P4T
60 5e+10 1.2e+01 2.7e+05 7.7e+00 5e-03 4e+23 3e-03 2e-06 2e-04 1e+00
80 3e+11 1.2e+01 7.1e+05 8.9e+00 2e-02 NaN 5e-03 1e-05 3e-04 1e+00
100 9e+11 1.2e+01 1.5e+06 1.0e+01 2e-02 NaN 8e-03 3e-06 6e-04 1e+00

Table8. Forwarderror. Gu’spivoting.
INV BKO quasi-Cauchy Schur-type-Cauchy Schur-type-direct-Cauchy

n
P & P � P Q P R P S

60 2e-03 7e+01 8e-04 1e-04 3e-04
80 6e-03 4e+05 4e-03 3e-04 2e-03
100 1e-02 2e+09 5e-03 5e-04 4e-03

Table9. Forwarderror. No pivoting.
INV BKO quasi-Cauchy Schur-type-Cauchy Schur-type-direct-Cauchy

n
P & P � P Q P R P S

60 5e-03 1e+02 9e-04 2e-04 7e-05
80 3e-02 2e+05 1e-03 5e-04 1e-04
100 2e-02 1e+09 7e-04 6e-04 2e-04

Backward error.

Table10. Backwarderror. Partial pivotingordering.
INV BKO quasi-Cauchy Schur-type-Cauchy Schur-type-direct-Cauchy GEPP

n UWVYX )E. C[Z \�ZNZ ]�^_ZIF UWVYX )`. CEH�F Ja & Ja � Ja Q Ja R Ja S Ja T
60 1e+03 1.0e+01 4e-04 1e+00 2e-07 3e-07 3e-07 4e-07
80 1e+03 1.0e+01 1e-03 NaN 4e-07 4e-07 4e-07 7e-07
100 2e+03 1.0e+01 6e-03 NaN 6e-07 6e-07 7e-07 1e-06

Table11. Backwarderror. Gu’spivoting.
INV BKO quasi-Cauchy Schur-type-Cauchy Schur-type-direct-Cauchy

n UbV4X )E. CfZ \�ZeZ ]b^WZIF Ja & Ja � Ja Q Ja R Ja S
60 1e+04 2e-04 1e+00 9e-05 1e-04 5e-05
80 3e+04 2e-03 1e+00 2e-04 3e-04 1e-04
100 4e+04 2e-03 1e+00 5e-04 5e-04 2e-04

Table12. Backwarderror. No pivoting.
INV BKO quasi-Cauchy Schur-type-Cauchy Schur-type-direct-Cauchy

n UbV4X )E. CfZ \�ZeZ ]b^WZIF Ja & Ja � Ja Q Ja R Ja S
60 1e+04 1e-03 1e+00 1e-04 2e-04 7e-05
80 3e+04 4e-03 1e+00 4e-04 5e-04 1e-04
100 5e+04 2e-03 1e+00 4e-04 6e-04 2e-04

Again, comparisonof the datain Tables10-12confirmsthe analyticalresultsof sections4,5, indicatingthat
anappropriatepivoting techniquecanreducethesizeof backwarderrorsfor thenew algorithms,makingthemas
favorableas thoseof GEPP. The coefficient matrix in examples3 and4 is quite ill-conditioned,so the forward
accuracy of GEPPis lessfavorable. However, the algorithmsSchur-type-Cauchy, Schur-type-direct-Cauchyand
quasi-Cauchycombinedwith partialpivoting provide smallerforwarderrorsthanGEPP(andtheuseof inversion
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formula), showing that the useof the structureoften allows us not only to speed-upthe computation,but to also
achievemoreaccuracy, ascomparedto generalstructure-ignoringmethods.

It mayseemto bequiteunexpectedthat for Cauchy-ToeplitzmatricestheGu’s pivoting technique(combining
row andcolumnpermutations)canleadto lessaccuratesolutionsascomparedto thePPPtechnique(basedon row
permutationsonly). To understandthisoccurrenceit is usefulto observethattheentriesof thediagonalsof Cauchy-

Toeplitzmatrices
Ì �2 åg3 E Ï ( t F Ð dependhyperbolicallyon thedifference

� 	 Y v]�
, thusgiving apick for thediagonal

with
� 	 Y v]� 5 Y´X�h Æ . We next displaythe MATLAB graphsfor the several permutedversionsof the matrix in

Example2 for
M  9OR
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Figure1: Permutedversionsof a Cauchy-Toeplitzmatrix,correspondingto differentpivoting techniques

Oneseesthat in the original matrix
��������� �ei��j����� �ei'�

the maximalmagnitudeentries(all = 10) occupy the 4-th
subdiagonal(i.e., in the lower triangularpart of the matrix). Applying partial pivoting techniquemeansmoving
eachof the rows 4-10 threepostionsup, so that the maximalmagnitudeentriesarenow all locatedon the main
diagonal. In the next tablewe list the conditionnumbersfor the

u���u
leadingsubmatricescorrespondingto the

threepivoting techniques.

Table13.Conditioningof leadingsubmatrices.
k No pivoting Gu’spivoting Partial pivoting
1 1.0 1.0 1.0
2 j > k , 9.R � 9.8 1.2
3 l > d , 9.R : d > R , 9OR � 1.3
4

9 > R , 9.R � � > d , 9OR � 1.3
5

� > m , 9.R � d > k , 9OR � 1.3
6

9 > R , 9.Rn� d > � , 9OR � 1.3
7

d > ^ , 9.Rn� d > � , 9OR � 1.4
8

^ > ^ , 9.Rn� 9 > R , 9OR : 9 > � , 9OR :
9

9 > R , 9.R 6 kB> m , 9OR P 9 > d , 9OR �
10

9 > � , 9.R 6 9 > � , 9OR 6 9 > � , 9OR 6
We note,however, that themotivationfor introducingtheGu’s pivoting techniquewasgivenin [Gu95], where

anapplicationof [GKO95] with displacementrank2 or higherwasdiscussed.

6.3 Example3. A transposedsystem

However, an immediatequestionis what will happenfor a transposedto the matrix in Example2 (clearly the
transposedCauchymatrix is a Cauchymatrix itself). Thereforewe considerherea Cauchy-Toeplitzmatrix with
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theparameters

X  9
and Æ  R > � . For sucha matrix themaximalmagnitudeentrieswill now belocatedabovethe

maindiagonal.Thereforeit is reasonableto applya partialcolumnpivoting technique.As in theabove example,
we next displaythepermutedversionsof a matrix,correspondingto differentpivoting techniques.
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Figure2: Permutedversionsof a Cauchy-Toeplitzmatrix,correspondingto differentpivoting techniques

In Table14we list thecorrespondingconditionnumbersfor all successive leadingsubmatrices.

Table14.Conditioningof leadingsubmatrices.
k No pivoting Gu’spivoting Partial columnpivoting
1 1.0 1.0 1.0
2 j > k , 9.R � d > R , 9OR � 1.2
3 l > d , 9.R : � > k , 9OR � 1.3
4

9 > R , 9.R � d > � , 9OR � 1.3
5

� > m , 9.R � kB> � , 9OR � 1.3
6

9 > R , 9.Rn� ^ > j , 9OR � 1.3
7

d > ^ , 9.Rn� � > d , 9OR � 1.4
8

^ > ^ , 9.Rn� 9 > 9 , 9OR : 9 > � , 9OR :
9

9 > R , 9.R 6 9 > d , 9OR � 9 > d , 9OR �
10

9 > � , 9.R 6 9 > � , 9OR 6 9 > � , 9OR 6
We now turn to the numericalresultscomparingthe performanceof the algorithmsdesignedin the present

paper. We againusedthevector

a  ® 9²9 ,-,-, 9 ±  
for theright-handside.

Forward error.

Table15. Forwarderror. Partial pivotingordering.
2-norms INV BKO quasi-Cauchy Schur-type-Cauchy Schur-type-direct-Cauchy GEPP

n B �/C`D4F G4H�GI� G�JK+L GI� GYM-GI� P & PY� P4Q P4R P4S P4T
40 5e+09 1.2e+01 7.1e+04 6.3e+00 2e-03 3e-05 3e-05 5e-06 5e-05 2e+00
60 5e+10 1.2e+01 2.7e+05 7.7e+00 4e-03 1e-04 4e-04 7e-06 6e-04 1e+00
80 3e+11 1.2e+01 7.1e+05 8.9e+00 9e-03 6e+02 3e-03 6e-06 3e-04 1e+00
100 9e+11 1.2e+01 1.5e+06 1.0e+01 3e-02 3e+04 2e-03 6e-06 2e-03 1e+00

Table16. Forwarderror. Partial columnpivoting.
2-norms INV BKO quasi-Cauchy Schur-type-Cauchy Schur-type-direct-Cauchy

n B �/C`D4F G4H�GI� G�JK+L GI� GYM-GI� P & PY� P4Q P4R P4S
40 5e+09 1.2e+01 7.1e+04 6.3e+00 2e-03 3e+14 2e-03 2e-06 2e-04
60 5e+10 1.2e+01 2.7e+05 7.7e+00 5e-03 1e+28 3e-03 2e-06 2e-04
80 3e+11 1.2e+01 7.1e+05 8.9e+00 6e-03 NaN 9e-03 8e-06 2e-03
100 9e+11 1.2e+01 1.5e+06 1.0e+01 1e-02 NaN 3e-03 8e-06 6e-04

Table17. Forwarderror. Gu’spivoting.
2-norms INV BKO quasi-Cauchy Schur-type-Cauchy Schur-type-direct-Cauchy

n B �/C`D4F G4H�GI� G�JK+L GI� GYM-GI� P & PY� P4Q P4R P4S
40 3e+08 2.0e+01 3.3e+03 6.3e+00 1e-03 9e-07 3e-04 9e-06 5e-04
60 3e+08 1.2e+01 1.1e+03 7.7e+00 8e-03 3e-04 1e-03 1e-04 2e-04
80 2e+09 1.2e+01 9.9e+02 8.9e+00 4e-02 7e+02 8e-03 2e-05 8e-03
100 4e+11 1.2e+01 6.6e+05 1.0e+01 3e-02 8e+03 2e-03 6e-05 5e-03
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Table18. Forwarderror. No pivoting.
2-norms INV BKO quasi-Cauchy Schur-type-Cauchy Schur-type-direct-Cauchy

n B �/C`D4F G4H�GI� G�JK+L GI� GYM-GI� P & PY� P4Q P4R P4S
40 5e+09 1.2e+01 7.1e+04 6.3e+00 4e-04 1e-07 7e-04 2e-05 3e-04
60 5e+10 1.2e+01 2.7e+05 7.7e+00 9e-03 1e-04 6e-04 8e-05 1e-03
80 3e+11 1.2e+01 7.1e+05 8.9e+00 1e-02 2e+01 4e-03 1e-04 6e-05
100 9e+11 1.2e+01 1.5e+06 1.0e+01 2e-02 3e+03 1e-02 4e-04 2e-03

In this examplethe forward accuracy of the Schur-type-Cauchyalgorithm is better than that of the Schur-
type-direct-Cauchyandquasi-Cauchyalgorithms.Notethat therearemany otherexamples,however, wherethese
algorithmshaveroughlythesameaccuracy.

Backward error. It turnsout thatfor many differentorderingsall thealgorithmsdesignedin this paperexhibit
a favorablebackward stability. Moreover, for n varying from 5 to 100, for partial row pivoting, partial column
pivoting, theGu’s pivoting, andfor no-pivoting thealgorithmsSchur-type-Cauchy, Schur-type-Cauchy-directand
quasi-Cauchyproducedbackwarderrorsof theorderof

9OR (po
which is comparableto thatof GEPP. We however,

foundthatmonotonicordering,definedin Sec.6.1,andrandomizedorderingproducepoorresults.
This indicatesthatanalyticalerror boundsobtainedfor the fastalgorithmsof this paperin fact may leadto a

widevarietyof differentpivoting techniques,eachaimedat thereductionof thequantity

W ? W , W < W .
7 Transformation of a Polynomial-Vandermonde Matrix into a Cauchy

Matrix

In this sectionwe shall show thatall the fastCauchysolverssuggestedin the presentpapercanbe usedto solve
linearsystemswith polynomialVandermondematrices,

4Wq»�5� �6� � �srut=v "###$ �
is�����.� � �¦�5���.� >->.> � � ( �¦�����.�� is��� : � � �¦�5� : � >->.> � � ( �¦��� : �

...
...

. . .
...� i �5� � � � � �5� � � >->.> � � ( � �5� � �

0 1113 >
(7.1)

where w  qx� i ���+��� >->.> � � � ( � ���+� r denotesa basisin the linearspaceC
� ( �zy �W{ of all complex polynomialswhose

degreedoesnot exceed
M Y 9

. When w is the power basis,then
4Wq»�5� �6� � �

is the ordinaryVandermondematrix.
If � standsfor the basisof Chebyshev polynomials(of the first or of the secondkind), then

4Wqé��� ��� � �
is called

a Chebyshev-Vandermondematrix. Fast L ��MN:O� algorithmsfor solving Chebyshev-Vandermonde systemswere
suggestedin [Hig88], [HHR89], [CR93], [GO94d]. Herewesuggestanalternative,basedon thenext result.

Proposition7.1 Let q ���¦� >V>V> �6���p|'���'� >U>V> �j�l� r be
d M

pairwisedistinctcomplex numbers,andlet
`º�5���l  �Ï � � �5� Y� Ï � > Thenthefollowing formulais valid.4 q ������� �7�8 

diag q `º�5���-�
� >->-> �j`º�5�+�7� r ���5���6� �����]�6� �7� diag q Ý}-~I� ô &�� � >.>-> � Ý}-~I� ô / � r 4 q �5����� �7� > (7.2)

We shallprovetheabovepropositionat theendof this section.
Observe that formula(7.2) relates

4Wq»��� ��� � �
and

4Wqé��� �6� � �
, or, in otherwords,it allows usto changethenodes

from q � Csr to q � Csr , while keepingthepolynomialbasisw  qx� i � >.>-> � � � ( � r . Suitablechoicesof thenew pointsq � �6� � r canensurethat
4_q �5� ��� � �

haslow complexity. In suchcasesProposition7.1allowsusto reducetheproblem
of solving a linear systemwith

4_q �5� ��� � �
to the analogousproblemof solving a linear systemwith the Cauchy

matrix
���5� ��� � ��� ��� � �

.
In thenext propositionwe specifyseveralsetsof points q � ��� � r for which ordinaryVandermondematricesand

Chebyshev-Vandermondematriceshave low complexities.

Proposition7.2

1 ). Let
�'té ��-ÁsÀ�� t+���� , ve¡ q R � >->.> �jM r betheextremaof

í � ���+� >
Then4   �5� i�� � �; ® ��ÁsÀ t C �� ± �t � C�� i (7.3)

is the(scaled)DiscreteCosineTransformI matrix.
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2 ). Let
�'té ��-ÁsÀ�� : t ( �� � : � , v!¡ q 9 � >->-> �6M r bethezerosof the

í � ���+� >
Then4   �5� ��� � �8 ÓÌ ��ÁsÀ E : t ( � FâC� � : Ð �t � C�� � (7.4)

is theDiscreteCosineTransformII matrix.

3 ). Let
� t  ��-ÁsÀ�� t��� � , ve¡ q 9 � >.>-> �jM Y 9 r bethezerosof

<;� ( �¦�5�+� . Then4����5� ��� � ( � �; ® À6ªV� t C �� ± � ( �t � C�� � (7.5)

is the(scaled)DiscreteSineTransformI matrix.

4 ). Let
�'té ��-ÁsÀ � : t ( �� � : � , v!¡ q 9 � >->-> �6M r bethezerosof

í � �5���
. Then4p����� �6� � �; Ì ÀjªV� E : t ( � F�C� � : Ð �t � C�� � (7.6)

is the(scaledandtransposed)DiscreteSineTransformII matrix.

5 ). Let
�'té ��-������� : �Ot��� , �  �� Y 9 , ve¡ q R � 9 � >V>U> �jM Y 9 r denotetherootsof unity. Then4!�5�]�6� �7�; äÌ��O����� � : �Ot E C ( � F� � Ð � ( �t � C�� i (7.7)

is theDiscreteFourier Transformmatrix.

Thelatterpropositionis easilydeducedfrom thedefinitionsof Chebyshev polynomials.Beforeproving Propo-
sition 7.1, let usintroducethenecessarynotations.Let

M
denotethemaximaldegreeof two polynomials̀

I���+�
and� �5�+� . Thebivariatefunction � � � � �5�Q�6�7�8 `º�5��� , � �5�7� Y `I���7� , � �5�+�� Y �

is calledtheBezoutianof
`I���+�

and � �5�+� > Now, let �  q�� il���+��� >->.> � � � ( �'�5��� r beanotherbasisin thelinearspace
C
� ( � y �_{ . Thematrix � � q �`�K� � � �-�  ® Æ Ï t ± � ( �Ï � t � i �

whoseentriesaredeterminedby� � � � �5�K�j�7�  � ( ��Ï � t � i Æ Ï t , � Ï �5��� , � t ����� ® � i �5��� � � �5��� ,-,., � � ( � �5�+� ± � � q �`�K� � � �-� "###$ � is������ �­�����
...� � ( �­���7�

0 1113 > (7.8)

is calledtheBezoutmatrix of
`º�5���

and � �5��� with respectto thetwo setsof polynomialsw and � >
Proof of Proposition7.1.Theproof is basedon thefollowing usefulpropertyof theBezoutmatrix4Wqé�5� �6� � ��� � q �`�K� � � �-� 4 � ��� ��� � �j � ¯® � � � � ��� Ï �j�'t.� ± �Ï � t � � >

(7.9)

which follows immediatelyfrom (7.8). It is easyto seethat the matrix on the right-handsideof Eq. (7.9) is a
quasi-Cauchymatrix : 4Wqé�5� �6� � �º� � q �`�K� � � �-� 4 � ��� ��� � �j � äÌ � E % ) F � E * . F%x) (�*+. Ð �Ï � t � � 

diagq `I�����-�
� >.>-> �j`º�5���7� r ���5���6� ���6���6� �7� diagq � �5���-�
� >->-> � � �5�l�7� r > (7.10)

On theotherhand,by using(7.9)andtheobviousrelation� � � � �5���6���; [`p���5�7� � �5�7� Y `º�5�7� � �f���7�
�
it is easyto checkthat4Wqé�5� �6� � �º� � q �`�K� � � �-� 4 � �5� �6� � �p � diagq ` � ��� � � � �5� � ��� >.>-> ��` � ��� � � � �5� � � r >
Now, substitutingthe

� � q �`�K� � � �-� 4 � ������� ���   obtainedfrom thelastequationbackinto (7.10)yields(7.2).
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8 Conclusion

In [BKO99] wedevelopeda fast L �5MN:'� Björck-Pereyra-typeCauchysolver, andprovedthatfor theimportantclass
of totally positive coefficient matricesit yieldspleasantlysmall forward,backwardandresidualerrors. However,
experienceshowsthatin thegenericcasethenumericalperformanceof theBP-typealgorithmcanbelessfavorable.
Sincetheuseof explicit inversionformulafor Cauchymatricesalsocanproducea largebackwarderror, nofastand
accuratemethodsmethodswereavailablefor solving Cauchylinearequations.In this paperwe designedseveral
alternative fast L �5MN:'� Cauchysolvers, and the roundingerror analysissuggeststhat their backward stability is
similarto thatof Gaussianelimination(GE),sothatvariouspivotingtechniques(sosuccessfulfor GE)will stabilize
thenumericalbehavior alsofor thesenew algorithms.It is furthershown thattherow orderingof partialpivotingand
of theGu’s pivoting [Gu95] canbeachievedin advance,without actuallyperformingelimination,andfast L �5MN:'�
algorithmsfor thesepurposesaresuggested.We also identified a classof totally positive Cauchymatrices,for
which it is advantageousnot to pivot whenusingthenew algorithms,whichyieldsaremarkablebackwardstability.
This matchesthe conclusionof de Boor andPinkus,who suggestedto avoid pivoting whenperformingstandard
Gaussianeliminationon totally positive matrices. Analytical error boundsandresultsof numericalexperiments
indicatethatthemethodssuggestedin thepresentpaperenjoy favorablebackwardstability.
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