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Abstract

ThreefastO(n?) algorithmsfor solving Caudvy linear system®f equationsare proposed.A roundingerror
analysisndicateghatthebackwardstability of thesenew Cauchysolversis similarto thatof Gaussiarelimination,
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Cauchystructureallows oneto achieve in O(n?) operationgartial pivoting orderingof therows andseveral other
judiciousorderingsin advancewithout actuallyperformingthe elimination. The analysisalsoshaws thatfor the
importantclassof totally positiveCauchymatricest is advantageou$o avoid pivoting, which yieldsaremarkable
backwvard stability of the suggestedlgorithms.

It is shavn that Vandermondeand Chebyshe-Vandermondematricescan be efficiently transformedinto
Cauchymatrices,using DiscreteFourier, Cosineor Sine transforms. This allows us to usethe proposedalgo-
rithmsfor Cauchymatricesfor rapid andaccuratesolutionof Vandermondand Chebyshe-Vandermonddinear
systems.
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1 Intr oduction

1.1 Relatedfacts

Vandermondeand related matrices. Linearsystemswith CauchyandVandermondeoeficient matrices,

T1-Y1 T1—Yn 1 xo x3 --- P

C(:El:na yl:n) = 5 V(mlzn) = . . . . . 5 (11)
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areclassical. They are encounteredn mary appliedproblemsrelatedto polynomialand rational function com-
putations. Vandermondend Cauchymatriceshave mary similar propertiesamongthemone could mentionthe
existenceof explicit formulasfor their determinantgndinversesseee.g.,[BKO99 andreferencesherein.Along

with mary interestingalgebraicpropertiesthesematriceshave several remarkablenumericalproperties pftenal-
lowing usmuchmoreaccurateomputationshanthosebasedntheuseof generalstructure-ignoringalgorithms,
say Gaussiareliminationwith pivoting. At the sametime, suchfavorablenumericalpropertiesare much better
understoodor Vandermondeandrelatedmatrices(see,for example[BP7(, [TG81], [CF8g, [Hig87], [Hig8§],

[Hig9Q], [RO9]], [CRI2], [CR9], [V93], [Ty94]), as comparecto the analysisof numericalissuesrelatedto
Cauchymatriceg(see[GK90], [GK93)).

The Bjorck-Pereyraalgorithm for Vandermondesystems.In particular mostof theabore mentionedpapers
were devotedto the analysisof numericalpropertiesand extensionsof the now well-known Bjorck-Pergra algo-
rithm for solving Vandermonddinear systemgBP7(, [GVL89]. This algorithmis basedon the decompositiorof
theinverseof a Vandermondenatrix into a productof bidiagonalfactors,

Vi @) =U7t . U LY LT (1.2)
where . . .
o Y 7
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This descriptionallows oneto solve the associatedinear systemsn only O(n?) operationswhich is by anorder
of magnitudelessthanthe compleity O(n®) of general(structure-ignoringynethods. Moreover, the algorithm
requiresonly O(n) locationsof memory

Remarkable accuracy for monotonically ordered nodes. It turns out that along with dramaticspeed-up
and savings in storage,the BP algorithm often producesa surprisingly high relative accuray in the computed
solution. N.J.Highamanalyzedn [Hig87] the numericalperformanceof the BP algorithmandidentifieda classof
Vandermondenatricesyiz., thosefor which the nodescanbesstrictly orderded,

0<zi <22 < ... < Ty (1.4)
with afavorableforwarderrorbound,
la —a| < 5nuV (z1.,) " | f] + O(u?), (1.5)

for thesolutiona computecdby the BP algorithm.Hereu denotegheunit roundof in thestandardnodelof floating
pointarithmetic,andthe operationf comparisonandof takingthe absolutevalueof a matrix, areunderstoodn a
componentwiseenselt wasfurthershavn in [BKO99 thatunderthe condition(1.4) the BP algorithmis notonly
forward,but alsobackwardstable,

|AV] < 12020V (21:0) + O(u?). (1.6)

Herethe computedsolutiona is the exactsolutionof anearbysystem(V (z1.,) + AV)a = f.
The Bjorck-Pereyra-type algorithm for Cauchy matrices. The above analytic error boundsindicate that
the accurag of the BP algorithm canbe muchhigherthan could be expectedfrom the condition numberof the



coeficient matrix. Sucha high accuray motivatedseveral authorsto extendthe BP algorithmto several other
classe®f matricesseee.g.,[TG81], [Hig88], [RO91]. All thesegeneralizationsveredevelopedfor Vandermonde
relatedstructuresin arecentpape{BK 099 asimilar decomposition

C™ @1m,y1n) =U .U LY L LT (1.7)

waswritten down for Cauchymatricesthusleadingto a Bjorck-Pergra-typealgorithmwhich will be referredto
asthe BP-typealgorithm. This algorithmrequiresO (n?) operationsandO(n) locationsof memory It wasfurther
shavn in [BKO99 thatthefollowing configurationof the nodes,

Yn < ... <Y1 <21 < ... < Zp , (1.8)

is anappropriateanalogof (1.4) for Cauchymatrices,allowing to prove thatthe error boundsassociateavith the
BP-typealgorithmareentirely similarto (1.5)and(1.6),viz.,

la —a| <5(2n + uC(z1:n,y1:0) " | f| + O(u?). (1.9

|AC| < 20n(2n — 1)uC (Z1:n,Y1:n) + O(u?), (1.10)

It is aninterestingfactthatthe conditions(1.4) and(1.8) imply the total positivity* of V (z1.,,) andC(21.n, ¥1:n),
resp. Totally positive matricesare usually extremely ill-conditioned, so that the Gaussiarelimination procedure
oftenfails to computeevenonecorrectdigit in the computedsolution. The bound(1.9)indicatesthatalsoin such
“difficult” caseghe BP-typealgorithmcanproducefor specialright handsides all possiblerelative precision see,
e.g.,[BKO99 for adiscussiorandnumericalillustrations.

Limitations for non-totally-positive matrices. Of coursereorderingof thenodes{xz;, } and{yy } is equialent
to row andcolumnpermutatiorof C(x1.,, y1.), respectiely. Thereforef thetwo setsof nodesareseparatedrom
eachother,

Yr < Zj, 1< kJJ <n, (111)

the remarkableerror bounds(1.9) (1.10) suggesto reorderthe nodesmonotonicallyasin (1.8), andto apply the
BP-typealgorithmof [BKO99.

However, numericalexperimentsshowv thatin the genericcase,i.e., when(1.11) do not hold, the monotonic
orderingdoesnot guaranteea satishctory accurag, and the correspondingbackward error of the fast BP-type
algorithmof [BKO99 (and of the useof the explicit inversionformula aswell) may be worsethanthat of the
slowGaussiareliminationwith pivoting. Employing otherorderingsof the nodes(for examplethe partial pivoting
orderingof the rows of C(z1.,,¥1.,)) doesnot seemto essentiallyimprove the backward stability. A heuristic
explanationfor thisfactcanbe dravn from the obsenationthatthe usualaim of pivotingis to reducethe sizeof the
factorsin theLU factorizationof amatrix. Thereforet improvesthestability propertieof the Gaussiarelimination
procedurefor which the backward error boundinvolvesthe product|ﬁ| . |U| (computedfactors).In contrast,an
examinationof the error analysisof the BP-typealgorithmin [BKO99 indicatesthatthe correspondindpackward
boundinvolvesthe quantity

|Ly| oo |Lp—1| - |Up—1] - - .. - |U1], (1.12)

whichbecausef anon-cancellatioproperty(i.e., |M|-|N| > |M N|) canbemuchhigherthanthemoreattracte
quantity|L| - |U]|. In the totally positive case(1.8), the entriesof L;, andUy, in (1.12)areall nonneative, thus
allowing oneto remove the moduliandto replace(1.12)by just C(z1.n, y1:n ), Cf. with thefavorablebound(1.10).
Unfortunatelyin the generakcase the bidiagonalstructureof the L;, andUy, in (1.3) doesnotallow oneto remove
themoduli,andto easilydeducedrom it asatishctorybackwarderrorbound.Thesdimitationssuggesthatin one's
attemptso designa backward stableCauchysolver it canbe betterto develop new algorithmsratherthanto look
for stabilizingtechniquedor the Bjorck-Pergra-typealgorithm.

1.2 Main results

New algorithms. In this papemwe developseveralalternatiesto the BP-typealgorithm,all basedn factorizations

C($1:n,y1:n) =Li-...-Lp1-Upq-...- Uy,

1Totally positive matricesarethosefor which the determinanbf every submatrixis positive, seethe monograph$GK50] and[K72].



wherethefactorsLy, Uy, areof theform (diagonalsvith onenonzerorow or column)

o ] - ]
l§1) Ugl)

Ly = ey ; Uy = ulh (1.13)
I ] I uf) |

Backward error bounds. We produceanerroranalysidor thesenew methodspbtainingbackwardandresidual
boundsalsoinvolving the quantity (1.12), but now with factorsof the form (1.13). In contrastto the bidiagonal
factors(1.3) of the BP-typealgorithmof [BK099, the sparsitypatternof the factors(1.13)immediatelyimplies
theequality

LU = L] v (Lot |Una | oo O,

resultingin pleasingbackwardboundsof theform
|AC| < dyulL||U] + O(u?), (1.14)

for the new algorithms. Here the computedsolutiona is the exact solutionof a nearbysystem(C(z1.n, y1:n) +
AC)a = f. Theseboundsaresimilar to thewell-known boundsfor Gaussiarelimination,

nu

|AR| < 2y, |L||T], where Yn (1.15)

T 1-nu’
seee.g.,p. 175in [Hig96]. HereL andU denotethe computedriangularfactors.

Differ ent pivoting techniques. This resemblancéetweenthe backward error bounds(1.14)and (1.15) sug-
geststo employ differentrow andcolumnpivoting techniquedo reducethesizeof | L| and|U| andto stabilizethe
new algorithmsfor Cauchysystems.

Thereis a variety of possiblepivoting techniqueghat can be incorporatednto the new algorithmswithout
increasingheir O(n?) compleity, including partial row andpartial columnpivoting, Gu’s pivoting (a variationof
completepivoting for Cauchy-like matriceGu95), andothers.

Total positivity. Thereare classesof matricesfor which it is advantageousot to pivot. For example,for
totally positive matrices the exacttriangularfactorshave only positive entries. C.De Boor and A.Pinkuspointed
outin [DBP77 thatif theentriesof thecomputedactors, andl/ remainnonneative, thanthe backwarderrorof
Gaussiareliminationwithoutpivotingis pleasantlysmall,

|AR| < 37.R, (1.16)

seealsop.176in [Hig96]. It turnsout thatthe samerecommendatiomo avoid pivoting canbe madefor the fast
Cauchysolversproposedere,andmoreo/erbecausehe correspondingrrorbound1.14)involve theexacttrian-
gularfactors,in the caseof total positvity we have |L| - |U| = C(%1:n,Y1:n), implying thataremarkabléackward
stability of the sameform (1.16)is guaranteedor the new fastalgorithmswithout ary additionalassumption®n
thecomputedriangularfactors.

1.3 Outline of the paper

It is well-known that for structuredmatricesthe Gaussiarelimination procedurecanbe speeded-upln the next

sectionwe exploit the displacemenstructue of Cauchymatricesto specify two suchalgorithms. Thenin the
section3 we exploit the quasi-Cauchystructureof the Schurcomplementof C(z1.,,¥1.,) to derive one more
algorithmfor solving Cauchylinear equations.Thenin sectiond4 we performa roundingerror analysisfor these
algorithms obtainingbackwardandresiduaboundssimilar to thosefor Gaussiarelimination. This analogyallows

usin Sectionb5 to carry over the stabilizingtechniquesknown for Gaussiareliminationto the new Cauchysolvers.
The numericalpropertiesof new algorithmsareillustratedin section6 by a variety of examples.Thenin section
7 we shav how Vandermondand Chebyshe-Vandermondenatricescanbe efficiently transformednto Cauchy
matricesby usingDiscreteFourier, Cosineor Sinetransformsthusallowing usto usethe proposedCauchysolvers
for therapidsolutionof VandermondendChebyshe-Vandermondénearsystems.



2 Schurtype algorithms for Cauchy matrices.

2.1. Displacementstructure. By now, the displacemenstructure approachis well-known to be usefulin the
developmentof varioustypesof fastalgorithmsfor structuredmatrices,ncluding Toeplitz, Hankel, Toeplitz-plus-
Hanlkel, VandermondeChebyshe-Vandermond,andsereral others. This approachis basedon a corvenientway
to captureeachof the above particularstructuresby specifyingsuitabledisplacemenbperators V(-) : c" 5

C™ ™. In this paperwe shalluseoperatorof the form

Vir,a}(R) = FR — RA, (2.1)
for variouschoicesof (sparsenatrices{ F, A}. Leta := rankV 4} (R), thenonecanfactor

Vra}(R) = FR— RA=GB", (2.2)

whereboth matriceson the right-handside of (2.2) have only « columnseach: G,B € C"*“. The number
a = rankVr 43(R) is called {F, A}-displacementank of R, andthe pair {G, B} is called {F, A}-geneator

of R. Thedisplacementank measureshe complexity of R, becausall its n? entriesaredescribedoy a smaller
number2an entriesof its generato{ G, B}. We referto surveys [KS95], [HR84], [097], [D01] for morecomplete
information on displacementdifferentapproachesnd further references.Here we restrict oursehes only with

Cauchymatrices.The next lemmarecallstheir displacemenstructure.

Lemma2.1 LetV g 4;(-) : C**" — C""" bedefinedby (2.1) with
F =D, = diag{zy, ...,z }, A =D, = diag{y1, .., Yn}- (2.3)

Thenthe Caudty matrix hasdisplacement,

T
V{EA}(C(xlm,ylm)) = [ 11 ... 1 ] [ 11 ... 1 ] (2.4)
. . d
2.2. Structur e of Schur complements.Let R = R; in (2.2) bepartitioned: R; = [ ll ;(11) ],anddenote
1 22

by R, = Rg.lz) - dilllul its Schurcomplement. Thenif the matricesF; and A4, in (2.2) are lower and upper

triangular resp.,say
_ f1 0 _ ai %
Fl - |: * F2 ) Al - 0 A2 ) (25)

thenthe { F», A, }-displacementankof the Schurcomplements lessthanor equalto «, sothatwe canwrite
Fy-Ry—Ry-Ay=Go-BY with some Go, By € C1x, (2.6)

Thelatterfactwasfirst obsenedby L.A.Sakhnwich in [S7§ (seealso[S86]) andby M.Morf in [M80]. Seee.g.,
[KS95] andthereferenceshereinfor variousformulasshaving how to run the geneator recursion{G,, B1} —

{G>, B2}. Thenext lemma(cf. with [GO944, [GKO95, [KO95H) providesoneparticularform for the generator
recursion.

d1 U1
ho RS

asin (2.5). If the (1,1) entryd; of R; is nonzeo, thenthe Scur complemen®; = Rgz) — dilllul satisfiesthe
displacemenéquation(2.6) with

Lemma2.2 LetR; = [ ] satisfythedisplacemengquation(2.2)with triangular F;, A; partitioned

0 1
AR N N R SR TSN R @7

wheee g; andb; denotethetop rowsof Gy and By, resp.



The standardGaussiarelimination procedurecomputesthe LU factorizationusing O(n?) flop. The above
lemmaallows usto exploit the structureof R; to computethis factorizationin only O(n?) flops,asdescribechext.

2.3. Speed-upof the Gaussianelimination procedure. The first stepof Gaussiarelimination procedure
appliedto a matrix R; is describedy

dl (751 1 0 dl uy
— — . 2.
f [ Lo R ] [ al I] [ 0 Ry |’ 28
whereR, = R%) - dill,ul is Schurcomplemenof (1,1) entryd; in the matrix R;. This stepprovidesthe first

column[ ] of L andthefirst row [ di w ] in the LU factorizationof R;. Proceedingvith R, similarly,

Lll
aftern — 1d§tepsoneobtainsthewhole LU factorization.

Algorithmsthatexploit the displacemenstructureof a matrix to speed-upghe Gaussiareliminationprocedure
are called Scur-type algorithms becauseahe classicalSchuralgorithm [S17] was shavn (see,e.g., [LAK86],
[KS95]) to belongto theclass.Insteadof computingthe (n — k + 1)? entriesof the Schurcomplementz;, onehas
to computeonly a(n — k + 1) entriesof its { F},, A }-generato{ Gy, By }, which requiresnuchlesscomputations.
To runthe generatorecursion(2.7) aswell asto write down the correspondingntriesof the I andU factors,one
needsonly to specifyhow to recover the first row andcolumnof Ry, from its generato{ Gy, By }. For a Schur

complement®;, = [ r(F) ] of aCauchymatrixthisis easyto do:
7 Ik<ij<n

(k) _3(K)
MO (2.9)
Y mi—y;j
T
where{[ g® . g } ,[ b bR ]}designateshecorrespondingmenerator

2.4. Triangular factorization for Cauchy matrices. In therestof this sectionwe formulatetwo Schurtype
algorithmsfor C(z1.n,, y1.n ). Thefirst versionis animmediatemplementatiorof (2.7)and(2.9),andits MATLAB
codeis givennext.

Algorithm 2.3 (Schur-type-Cauchy) Compleity: 6n2 + O(n) flops.

function [L,U = Cauchy GS (x,y)
% triangular factorization of the Cauchy matrix C(zi:n,y1:n).
n=nex(size(x)); L=eye(n,n); U=zeros(n,n);
% Generators %
g=ones(n, 1); b=ones(n, 1);
for k=1:n-1
% Conputing the k-th rowof L and U %
Uk, k) = ( g(k) * b(k) ) / ( x(k) - y(k) );

for j=k+1:n
L(j. k) *b(k)y ) 7 ( x(j) - y(k) ) [ Uk k);
U(k,j) FCx(k)y - y(@) ));
end
% Conputing the new generators %
for j=k+1:n
a(j)
b(j)
end
end

Utn,n) = ( g(n) * b(n) ) / ( x(n)-y(n) );

a(i)
g(k) * b(j) )

g(i) - 9(k) * L(j,k);
b(j) - b(k) * UKk,j) /I UKk, K);

return

2.5. Direct generator recursion. In factthe algorithm 2.3 is valid for the more generalclassof Cauchy-
like matrices,see,e.g.,[GKO95 [KO95H for detailsandapplications.However for the specialcaseof ordinary
Cauchymatriceswe canexploit the factthatthe correspondinglisplacementankis equalto one,to formulatea
morespecificSchurtypealgorithm,basedn the next Lemma.

Lemma2.4 LetRy in

T
diag(mk,...,mn)Rk —deiag(yk,...,yn) =GBy = [ gl(ck) g%k) ] [ bsﬂk) %k) ]

6



bethe successiv&hur complementsf the Caudy matrix C(z1.,,¥1.n). Thenthegeneator recursion (2.7) can
bespecializedo

(k+1) Tp1—2x (k)
Ikt Tryi—ur Jkt1 ® ®
. — . (k+1) (k+1) | — | wesa=wep(k) | ym—we (R
: = : ; [ bypr o bn ] = [ e e on |-
gt Za=2i ()
(2.10)
Thenonzeo entriesof thefactorsin C(x1.n,¥1.,) = LDU aregivenbydy, = z — yx and
k
Lk g
= : , Lunge - wen 1= [ 55 o ] 1)
1 (k)
ln,k —-’/Dn—yk dn
Thefollowing MATLAB codeimplementghealgorithmbasedon Lemma2.4.
Algorithm 2.5 (Schur-type-direct-Cauchy) Compleity: 6n2 + O(n) flops.

function [L, D, U= Cauchy GS.d( X, V)
% triangular factorization of the Cauchy matrix C(zi:n,¥Y1:n)-
n=max(size(x)); L=eye(n,n); D=zeros(n,n); U=eye(n,n);
% Generators %
g=ones(n, 1); b=ones(n, 1);
for k=1:n-1
% Conputing the k-th rowof L and U %
D(k, k) = (x(k)-y(k));

for j=k:n
L(j, k) = 9(j)/(x(]) - y(k));
b(j)/(x(k) - y(i)):

Uk, j)
end

% Conmputing the new generators %

for j=k+1:n

g(j) =9(i) *(x(J)-x(k))/(x(j)-y(Kk));
b(j) = b(j) *(y(i)-y(K))/(y(i)-x(K));
end
end
D(n,n) = 1/(x(n)-y(n));
L(n,n) = g(n);
U(n,n) = b(n);

return;

Thefastalgorithms2.3and2.5requireQ(n?) locationsof memoryto storethetriangularfactors.An algorithm
with O(n) storages describedhext.

3 Exploiting quasi-Caucly structure

The conceptof displacemenstructure was initiated by the paper[KKM79], whereit wasfirst appliedto study
Toeplitzmatricesusinga displacemenbperatorof theform V5 ;1 (R)=R-Z-R - ZT,whereZ is thelower
shift matrix. In this sectiorwe make a connectiorwith [LAK86 ], wherethefactthatToeplitzmatriceshelongto the
moregeneralklassof matriceswith V z zr,-displacementank2, wasusedto introducethe namequasi-beplitz
for suchmatrices.It is shavn thatary quasi-Deplitz matrix R canbe represente@sa productof threeToeplitz
matrices,

R=LTU, (3.1)

whereL is lowerandU is uppertriangularToeplitz matrices.Patterningoursehesuponthe above definition,and
takingLemma2.1asastartingpoint,we shallreferto matriceswith { D, D, }-displacementank1 asquasi-Cautyy
matrices.The next simplelemmais ananalogof (3.1).



Lemma3.1 LetD, and D, bedefinedby (2.4). Thentheuniquesolutionof the equation

D,-R-R-Dy=[g1 - gn] -[b1 ... bn] (3.2)

is givenby
R = diag(g1,92,---,9n) - C(T1:n, Y1) - diag(by, ba, ..., by). (3.3)

Lemma3.1allows usto obtainbelow anexplicit factorizatiorformulafor Cauchymatrices.Indeed by Lemma
2.2its Schurcomplementy = Ras — g-l1uy in

_ d1 (751 _ d1 0 dLl 0 d1 Ul
Cl@tn, yl’")_[ll Rm]_[ll IH 0 Ry || 0 I
alsohasdisplacementank1, soby Lemma3.1its Cauchystructurecanberecoveredby droppingdiagonalfactors
asshown next.

Lemma 3.2 TheCaudy matrix andits inversecanbefactoredas
C('Tl:n; yl:n) =Ly...L, 1DU, ... Ui, (34)

where D = diag((z1 — v1), ---, (n — ¥n)), and

T | Tp-1 | Ip—1
T 1 1
Ly = Tk~ Yk 1 1 Tp41 — Tg ,
1
Tn—Tp 1 1 Tn — Tk
1
Tu_ k—1
k-1 | T T 1 1 T 1 ;
U = Yk — Yk+1 1 T —Yh+1
1
Ye — Yn 1 Zp—Yn

Therepresentatiofor theinversematrix C(z1.,,,y1.,) " obtainedfrom the above leadsto the following algo-
rithm for solvingC(z1.n, y1.n)a = f.

Algorithm 3.3 (quasi-Cauchy) 2 Compleity: 6n2 + O(n) flops.
function a = Cauchy_quasi (x,y,f)

% Sol ving a Cauchy |inear system C(z1:,y1:n)a = f.
n=nex(size(x)); a=f;

fork=1:n-1
for j=k:n
a(j) =a(j) *  x(j) - y(k) );
end

for j=k+1l:n

a(j) = a(j) - a(k);
end
for j=k+1l:n

a(j) =a(j) /7 ( x(j) - x(k));

end
end
for k=1:n-1

a(k) =a(k) / ( x(k) - y(k) );
end

a(n) =a(n) * ( x(n) - y(n) );
for k =n-1:-1:1
for j=k+1l:n

2Algorithm 3.3 haslower compleity andbettererrorboundsthanits earliervariantcalledCauchy-2in [BK094].



a(j) = a(j) /(y(k)-y(i));
end
tmp = 0;
for j=n:-1:k+1

tmp = tnp + a(j);

end
a(k) = a(k) -tnp;
for j=k:n
a(j) =a(j) * ( x(k) - y@i) );
end
end

return

Thereadershouldnotethatthe multiplicationof the centralfactorof U, * by avectoris performedoy accumu-
lation of the inner productfrom the lastto thefirst entry; this orderis influencedby the error analysisin the next
section.

4 Rounding error analyses

4.1 Stability of the algorithm 2.3.

Thealgorithm?2.3is a specialcaseof the moregeneralGKO algorithm[GK 095, which is applicableto the wider
classof Cauchy-like matrices. A normwiseroundingerror analysisfor the GKO algorithmappearedn [SB95].
Along with theusualfactor|| L||||U]| ( cf. with (1.15))thebackwarderrorboundof [SB95 involvesalsoaso-called

genemtor growthfactorof theform
21 157

. |gk
|| diag(——) |l
g](gk) bik)

4.1)
In the context of [GKO95, [SB95] thequantitieSg,(ck) andb,(ck) werevectorsof sizeequalto the displacementank
of R; soif thequantityin (4.1)is large,thenthe backwardstability of of the GKO algorithmcouldbelessfavorable
thanthatof Gaussiarelimination. However, the ordinaryCauchymatricesconsideredn thepresenpaperall have
displacementank 1, sothatthe constantin (4.1) is unity, suggestinghatthe backward stability of the algorithm
2.3is relatedto thatof Gaussiareliminationwithout pivoting.

4.2 Stability of the algorithm 2.5

Theorem4.1 Assumethat the algorithm 2.5 (Schur-type-direct-Caudy algorithm) is carried out in floating
pointarithmeticwith a unit roundof «, andthat no overflowswere encounteed during the computation.Thenthe
computedactors L, D, U of C(x1.n, y1.n) = LDU satisfyL = L+ AL, D =D + AD,U = U + AU, whee
). (4.2)

nu

AL <yunalZl IAD| <UD, AU] < U] (n = T

Furthermog, if thiscomputedriangular factorizationis usedo solvetheassociatedinear systenC (z1.,,, ¥1.n)a =
f thenthecomputedsolutiona solvesa nearbysysten{C(x1.n,¥1:n) + AC)a = f with
|AC| < ((10n - 2)u + O(u*))|L|| DU, (4.3)

and
|C(@1m,y1:0)a — f| < (100 = 2)u + O(u?))|L| |DU] |al, (4.4)

Proof.
Error in triangular factorization. A straightforvard error analysisfor the direct generatorecursion(2.10)
andfor (2.11)impliesthatthe computedandthe exactcolumnsof L arerelatedby

N k

lkr zkiyk gl(c ) lkk(s/(ck)
= fi{ : }= :

7 1 (k) (k)

Ink, zn—yrIN Lk On
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sothatthe componentwiserroris nicely bounded

(1 _ u)3k—2 (k) (1 + u)Sk—2
A A ) W G ey
(14+u)k — o= (1—u)

Thisandsimilarargumentdor U leadto thefavorableboundg(4.2).
Error in the computed solution. Standarcerror analysis,see,e.g.,p. 154in [Hig96], for solving a linear
systemLDUa = f by forwardandbacksubstitutiotyieldsthatthe computedsolutiona satisfies

(L + AL)(D + AD)(U + AU)a = f,

where . . . . . .
|AL| < 7l |AD| < ulD), |AU| < 3l0]. (4.5)

Thepleasanboundin (4.3)is now deducedrom (4.5)and(4.2).

4.3 Stability of the algorithm 3.3

Theorem4.2 Assumehat the algorithm 3.3 (quasi-Cauby algorithm) is carried out in floating point arith-
meticwith unit roundof », andthat no overflowswere encounteed during the computation. Thenthe computed
solutiona solvesa nearbysystem

with
|AC| < ((n® 4 11n — 10)u + O(u?))|L||DU|, 4.7
and
nu
|AL| < '77(n—1)|L|7 |AD| < ’72|D|7 |AU| < ’Yn2+4n—5|U|7 (’Yn = 1— nu)- (48)

Proof. Let usrecallthatalgorithm3.3 solvesa Cauchylinear systemby computing
a=C@1myy1n) f=U - U DL LT (4.9)
wherethe {L;, U;} aregivenby (3.4). Theprooffor (4.7)will beobtainedn thefollowing steps.

(i) Firstwe applythestandarderroranalysisfor eachelementarymatrix-vectormultiplicationin (4.9)to shaw that
the computedsolutiondg satisfies

a= (U %0Uy) - .- (UL, %6UL) - (D71 % 6D) - (L % 0L, 1) oo - (L F % 8Ly f, (4.10)

wherethe asterisk« denoteshe Hadamard or componentwis¢ product.

(i) Next, theobtainedoboundsfor § Ly, d D, 6Uj, will beusedto deducedurtherboundsor ALy, AD, AUy, defined
by

(L' #6Lg)~" = Ly + ALy, (D~'%6D)"' =D + AD, (U % 6U,) " = Uy + AUy

(iii) Finally, inverting(4.10)we shallobtain
= (L1 +ALy)-...- (Lp—1 +AL) - (D+ AD) - (Up—1 + 0Up—1) - ... - (Uy + AUL) f, (4.11)

whichwill leadto thedesirecboundsin (4.8)andin (4.7).

10



We startwith (i) and(ii).
Lower triangular factors. We startwith obtainingboundsfor § L, and AL in (4.10)and(4.11). The sparse
natureof thesematricessee.e.g.,Lemma3.2,impliesthefollowing pleasingooundfor the(i,j) entryof § L, :

(1 —wu)t (14 u)*
< (0Lg)i; < . 4.12
(1 + u) < (0Lu)i < (1—u) (4.12)
Moreover, evensmallerboundshold for the (k,k) entry:
(1—u)? < (OL)re < (1 +u). (4.13)
Sincethe L, all have exactly the samesparsitypatternastheirinverses(4.12)and(4.13)imply that
(14 u)?
<(——5 — . .
Diagonalfactor. Thesimplestructureof D immediatelyimpliesthat
1+w)
AD| < —1)|D|. 4.15
AD < (7~ DIP) (4.15)

Upper triangular factors. The analysisshawvs thatfor i # k, (i.e. excludingthe entriesof the k-th row) we

e (1 - )’ (1 + )t
—-u u
m < (5Uk)i,j < m

If theinner productcorrespondingo the k-th row of Uy, is evaluatedfrom thelastto the k-th entry, thenthe error
in the (k,j) entryis boundedby

(4.16)

(1 —u)i=F3 < (6UR) g < (1 +u)i=FF3, (4.17)
In particulartheerrorin the (k,k) entryis boundecby
(1—u)® < (OUp)kp < 1 +u)’. (4.18)
Again, sincelU}, have exactly the samesparsitypatternastheirinverses(4.16),(4.17)and(4.18)imply that
(1 + u)"t?
< (0t — . .

We arenow readyto turnto (iii). To prove (4.8)we shallusethefollowing easilyverifiedfact(seee.g.,[Hig96],
p.80): let |AXy| < §| Xy for k = 1,2,...,m, then
| Tk + AaXe) = T Xel < (@ +6)™ = 1) I 1Xxl. (4.20)
k=1 k=1 k=1
Thisand(4.14)imply that

(1 4 u)4n—1)

|AL| = |(L1 + ALl) .t (Ln_l + ALn_l) - L1 LT Ln_1| S (m -

|Ly| ... - |Lp-1]- (4.21)
Thesparsitypatternof L, (k = 1,2, ...,n — 1) allows usto remove themoduliin the producton theright-handside
of (4.21),implying thefirst boundin (4.8). Thethird boundin (4.8)is deducedrom (4.19)and(4.20)analogously
Thesecondoundin (4.8)followsfrom (4.15)easily Finally, theboundin (4.7)is deducedrom (4.8) (cf. (4.5)).

5 Pivoting

In the previous sectionwe establishedhat the backward stability of all the fast Cauchysolverssuggestedn the
presentpaperis relatedto that of Gaussiarelimination. This analogywill allow usto carry over the stabilizing
technigue®f Gaussiareliminationto thenew Cauchysolvers.Firsthowever, we identify thecasewhenno pivoting
is necessary

11



5.1 Totally positive matrices

If we assumehat
Yn < oo <Y1 <21 < .. < Ty, (5.1)

i.e. thematrixC(z1.n, y1.) iStotally positive,sothatall theentriesof theexactfactorsL andU arepositive [GK50].
In this casetheoremst.1and4.2imply thatthealgorithms2.5and3.3 producea favorablesmallbackwarderror.

Corollary 5.1 Assumehat condition (5.1) holds,i.e. that C'(z1.,¥1.,) is totally positive and assumethat
the algorithms2.5 (Scur-type-direct-Caudy algorithm) and 3.3 (quasi-Cauby algorithm) are performedin the
floating point arithmeticwith unit roundof », andthat no overflowswere encounteed during the computation.

If thetriangular factorizationof the Scur-type-direct-Caudiy algorithmis usedto solvethe associatedinear
systemthenthe computedsolutiona solvesa nearbysystem

(C(:El:na yl:n) + AC)& = f:

with

Theanalogousbadkward boundfor the quasi-Cauby algorithmis
|AC| < ((n® 4+ 11n — 10)u + O(u?))C(T1:n, Y1:n)- (5.3)

The above resultsshaw that the backward stability of the fastalgorithms2.5, 3.3 for totally positive Cauchy
matricesis even more favorable than that of the slow Gaussiarelimination procedure see(1.16). Indeedthe
differenceis that the bound(1.16)is valid only for the casewhenthe entriesof the computedfactors L and U
remainpositive (which is usually not the casewith ill-conditionedmatrices) whereaghe favorableboundsin the
two above corollarieshold while thereareno overflows. For example,for the Hilbert matrix H = | m;—l ] the
conditionnumberk, (H) grows exponentiallywith the size,soalreadyfor smalln we have k; (H) > ¢(n)+. Here
g(n) is apolynomialof smalldegreein n. Thenin accordancavith [W68] the matrix H will likely loseduringthe
eliminationnot only its total positivity, but alsothe wealer propertyof beingpositive definite. Correspondingly
thesingleprecisionLAPACK routineSPOSVfor Cholesly factorizationwhenappliedto the Hilbert matrix, exits
with anerrorflag alreadyfor n = 9, warningthatthe entriesof L, U becamenegative, so the pleasingbackward
bound(1.16)is nolongervalid for Gaussiarelimination. In contrastthefavorablebounds(5.2), (5.3) arevalid for
highersizes,aslong asthereareno overflows.

5.2 Generalcase.Predictive pivoting techniques

Herewe assumehatthe two setsof nodes{z} and{y, } arenotseparatedrom eachother The similarity of the
backwardbounds(1.15)for Gaussiareliminationandof (4.2),(4.7) for thenew Cauchysolverssuggest$o usethe
samepivoting techniquedor preventinginstability. More precisely ary row or columnreorderingthatreduceghe
sizeof |L||U| appearingn the bounds(4.2), (4.7) will stabilizethe numericalperformanceof the algorithms2.5,
3.3. Moreover, the normwiseerroranalysisof [SB9Y for thealgorithm2.3, reviewedat the beginning of section4,
alsoindicateghatthe pivoting will enhancehe accuray of thealgorithm?2.3.

Herewe shouldnotethatthe partial pivoting techniquecanbe directly incorporatednto the Schurtype algo-
rithms 2.3 and 2.5, see,e.g.,[GKO95. However, the correspondingrderingof {z;} canalsobe computedin
advancein O(n?) flops. Indeed the partial pivoting techniquedetermines permutatiormatrix P, suchthatateach
eliminationstepthe pivot elementsiy, in

dq
PR=L U
dn

areaslarge aspossible.Clearly, the determinanof the k x k leadingsubmatrixof R is equalto d; - ... - dg, SO
the objectie of partial pivoting is the successie maximizationof the determinantof leadingsubmatrices.This
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obsenation,andthewell-known formula[C41] for the determinanbf a Cauchymatrix, imply thatpartial pivoting
on C(z1.n,Y1:) IS €quivalentto the successie maximizationof the quantities

i = | [T (?i - ;) [ (Z{i - Y;)
' (T — y4) H;;ll (2 — y5) H;;ll (xj — i)

We shall call this procedurepredictive partial pivoting, becausét can be rapidly computedin advanceby the
following algorithm.

,  i=1,...,n. (5.4)

Algorithm 5.2 PredictivePartial Pivoting Compleity: 2n2 — 4 flops.

function x = partial (x,y)
n = max(size(x));
dist = 0; m=1; aux = zeros(1,n);
for i = 1:n
aux(i) = abs(1 / (x(i) - y(1)));
if dist<aux(i) m=1i; dist = aux(i); end
end
X = swap(x,1,m; aux(m = aux(1);
if n<=2 return; end

for i = 2:(n-1)
dist =0, m=i,;
for j =i:n
aux(j) = aux(j) * abs((x(j) - x(i-1)) / (x(j) - y(i)));
if dist<aux(j) m=j; dist = aux(j); end
end
X = swap(x,i,n); aux(m = aux(i);
end

return

A similarrow reorderingechniquefor VandermondenatricegandafastO(n?) algorithmfor achieving it) was
proposedn [Hig90], andin [R9Q] it wascalledLeja ordering Therefore,PPPmay alsobe calledrational Leja
ordering, by analogywith (polynomial)Leja orderingof [Hig90], [R9Q].

In a recentpaper[Gu95 a variation of completepivoting was suggestedor the more generalCauchy-like
matrices. In the context of [Gu9Y the correspondinglisplacementankis 2 or higher For the ordinary Cauchy
matricesC(z1.., ¥1.n) (displacementank = 1), Gu’s pivoting canbe describedasfollows. At eachelimination
stepone chooseghe columnof Ry, with the maximalmagnitudeentry bﬁ,’i) in its generatorB;, (herewe usethe
notationsof Lemma2.4). Thenoneinterchangeshis columnwith the 1-stone,andperformsthe partial pivoting
step. Theexplicit expression(2.10)for the entriesof the successie generatordB;, readily suggesta modification
of thealgorithm5.2to performthe Gu’s variantof pivotingin advance leadingto whatcanbe calledpredictiveGu
pivoting.

6 Numerical illustrations

We performednumerousiumericaltestsfor thethreealgorithmssuggesteéndanalyzedn this paper Theresults
confirmtheoreticalresults(as perhapsshouldbe expected).In this sectionwe illustratewith just a few examples
theinfluenceof differentorderingson the numericalperformancef the following algorithms:

(@) Schur-type-Cauchy. (FastO(n) algorithm2.3requiringO(n?) storage.)

(b) Schur-type-direct-Caucty. (FastO(n) algorithm2.5requiringO(n?) storage.)
(c) quasi-Caucty. (FastO(n) algorithm3.3requiringO(n) storage.)

(d) BKO. (FastO(n?) algorithmof ([BK099) requiringO(n) storage.)

3Thesubrouting' swap(x, i , ) ” in Algorithm 5.2 swapsthei-th andm-th elementsof thevectorz.
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(e) INV. Theuseof theexplicit inversionformula

| I 1 11, (5—w)

-1 _ k=1 . . k=1

C(ml:n7 ylzn) = H:=1(y,ﬂfyi) zj—yi H:=1(Ej*ivk) , (6.1)
e k7 1<ij<n

(FastO(n) algorithmrequiringO(n) storage.)
(f) GEPP. Gaussiareliminationwith partial pivoting. (Slov O(n?) algorithm,requiringO(n?) storage.)

Wereferto [BKO99 for thediscussiorandcomputedexamplesrelatedto theimportantcaseof totally positive
Cauchymatrices,andrestrictourseheshereto the genericcasein which the two sets{xz;} and{y;} cannotbe
separatedrom eachother, so thatthey cannotbe reorderedto achieve (1.8). We solved various Cauchylinear
systems

Ca=f (6.2)

(including interlacedz; < y1 < 2 < y2 < ... < z, < Yy, equidistant,clusteredor randomly distributed
nodesandwith mary othersconfigurationswith differentright-handsides(RHS) f. We alsosolvedthe so-called
Cauchy-Deplitzlinearsystemswith coeficientmatricesof theform

C= [ a+(i1—j)b ] ©3)

with differentchoicesfor the parameters andb. All the experimentsvere performedon a DEC 5000/133RISC
workstationin single precision(unit roundof ~ 1.19 - 10~7). For GEPPwe usedthe LAPACK routine SGESV,

andall the otheralgorithmswereimplementedn C. In orderto checkthe accurag we implementedall the above
algorithmsin doubleprecision(unit roundof ~ 2.22 - 10~'6), andin eachexamplewe determinedwo particular
algorithmsproviding solutionsthatwerethe closestto eachother In all caseshesetwo solutionsagreedn more
thanthe 8 significantdigits neededo checktheaccurag for asolutionobtainedn singleprecision sowe regarded
oneof thesedoubleprecisionsolutionsa,; asbeingexact,andusedit to computethe 2-normrelative error

_ llai — aqll2
T PN
llaall2

for the solutionsa; computedoy eachof the above algorithms.In additionwe computedheresidualerrors

o If = C iz
[ £1]2
andthebackwarderrorsb; = min{””AA/l‘l'z|2 : (A4 AA)a; = f} ) usingtheformula
b = I =C-aills
ICll2 - llaall> °

aresultprobablyfirst shovn by Wilkinson, see e.g.,[Hig96]. Thetablesbelov displayalsothe conditionnumber
k2(C) of the coeficient matrix, normsfor the solution||a,||2 andthe right-handside || f||2 aswell assomeother
usefulinformation.

6.1 Example 1. Well-conditioned Cauchy-Toeplitz matrices

In this examplewe solved the linear system(6.2) with Cauchy-Deplitz coeficient matrix in (6.3), with a = 1,
b = 2, andwith theright-handsidef = [ 1 1 --- 1 ]T. We usedtwo orderings

e Thenodeswereorderedusingthe predictive partialpivoting (PPP)techniqug(1.8).

e Thenodes{z;} sortedin anincreasingorder, andthenodes{y;} sortedin adecreasingrder;thedifference
with (1.8)is in thatnow two setsof nodes{xy }, {yx } arenotseparatedrom eachother.

Forward error.
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Tablel. Forwarderror. Partial pivoting ordering.

2-norms INV BKO quasi-Cauchy | Schurtype-Cauchy | Schurtype-direct-Cauchy | GEPP
n ra(c) ICll2 llagll2 I Fll2 e1 ) e3 eq €5 €6
10 2e+00 1.6e+00 6.1e+00 4.5e+00 7e-08 1e-07 1e-07 6e-08 6e-08 8e-08
50 3e+00 1.6e+00 1.6e+01 1.0e+01 le-07 2e-01 9e-08 2e-07 4e-07 le-07
100 3e+00 1.6e+00 2.4e+01 1.4e+01 4e-07 le+10 1le-07 1le-07 5e-07 le-07
Table2. Forwarderror. Monotonicordering.
2-norms INV BKO quasi-Cauchy | Schurtype-Cauchy Schurtype-direct-Cauchy
n ra(c) ICll2 llaglla I fll2 e1 e e3 eq e5
5 1e+00 1.6e+00 4.0e+00 3.2e+00 8e-08 2e-07 3e-06 1le-06 2e-06
10 2e+00 1.6e+00 6.1e+00 4.5e+00 le-07 2e-05 1e-03 7e-03 6e-03
20 3e+00 1.6e+00 9.3e+00 6.3e+00 le-07 6e-02 9e+04 3e+04 5e+04
30 3e+00 1.6e+00 1.2e+01 7.7e+00 le-07 7e+03 3e+16 6e+17 2e+16
50 3e+00 1.6e+00 1.6e+01 1.0e+01 2e-07 1le+20 NaN NaN NaN
60 3e+00 1.6e+00 1.8e+01 1.1e+01 NaN 4e+26 NaN NaN NaN

Backward error.

Table3. Backwarderror. Partial pivoting ordering.

INV BKO quasi-Cauchy Schurtype-Cauchy Schurtype-direct-Cauchy | GEPP

n max;; (|JL||DUJ) max;; (C) by bg b3 by bg bg
10 2e+00 1.0e+00 6e-08 1le-07 6e-08 6e-08 4e-08 5e-08
50 2e+00 1.0e+00 1le-07 2e-01 8e-08 le-07 2e-07 1le-07
100 2e+00 1.0e+00 3e-07 1e+00 le-07 le-07 2e-07 1le-07

Table4. Backwarderror. Monotonicordering.

INV BKO quasi-Cauchy Schurtype-Cauchy Schurtype-direct-Cauchy

n max;; (IL||DUJ) max;;(C) By by b3 by by

5 6e+02 1.0e+00 6e-08 2e-07 3e-06 1le-06 2e-06

10 3e+06 1.0e+00 7e-08 2e-05 1le-03 7e-03 6e-03

20 le+14 1.0e+00 1le-07 6e-02 1e+00 1e+00 1e+00

30 4e+21 1.0e+00 1le-07 1e+00 1e+00 1e+00 1e+00

50 6e+36 1.0e+00 2e-07 1e+00 NaN NaN NaN

60 2e+44 1.0e+00 NaN 1e+00 NaN NaN NaN

Residualerror.

Table5. Residualerror. Partial pivoting ordering.

INV BKO quasi-Cauchy | Schurtype-Cauchy Schurtype-direct-Cauchy | GEPP
n max; (|L| |DU| |ag]) max; ; (C) 1 79 r3 74 5 6
10 9e+00 1e+00 1le-07 3e-07 1e-07 1e-07 9e-08 1le-07
50 2e+01 1e+00 4e-07 5e-01 2e-07 3e-07 4e-07 3e-07
100 3e+01 1e+00 8e-07 3e+10 3e-07 3e-07 5e-07 3e-07
Table6. Residuakrror Monotonicordering.
INV BKO quasi-Cauchy | Schurtype-Cauchy Schurtype-direct-Cauchy

n max; (|L| |DU| |agl) maxij(C) 1 79 r3 T4 5

5 9e+02 1e+00 le-07 3e-07 6e-06 3e-06 4e-06

10 le+07 1le+00 2e-07 4e-05 3e-03 2e-02 1le-02

20 7e+l4 1le+00 3e-07 le-01 2e+05 8e+04 le+05

30 3e+22 1e+00 3e-07 2e+04 7e+16 le+18 4e+16

50 7e+37 1le+00 4e-07 3e+20 NaN NaN NaN

60 3e+45 1e+00 NaN 9e+26 NaN NaN NaN

Comparingthedatain Tablesl-6 indicatesthatthe orderingof thenodeshasa profoundinfluenceon the accu-
ragy of all algorithmsdesignedn the presenpaper Specifically let usrecallthatthe quantity|L| | DU | appeatin
the backward errorbounds(4.3) and(4.7) for the algorithmsSchurtype-direct-Cauchyandquasi-Cauchyrespec-
tively. The secondcolumnsof Tables3 and4 shov that the latter quantityis hugewith monotonicorderingand
moderatewnith PPPordering. Correspondinglythe backward errorsshavn in the tablesarelarge with monotonic
ordering,andpleasantlysmallwith PPPordering.

Analogously a comparisonof the datain the secondcolumnsof Tables5 and 6, shawvs that PPPtechnique
reducesthe quantity (|L| |[DU||a| appearingn the residualboundsfor the algorithmsSchurtype-direct-Cauchy
andquasi-Cauchyresultingin afavorablesmallresidualerrorfor thesealgorithms.

Further it is well-known that

lla — all lAC]]
llall  — el -

Sincethe coeficientmatrix C' in this exampleis quitewell-conditioned(see e.g.,thedatain the secondcolumnof
Tablel), the PPPtechniqueyields a pleasanforward accurag for all algorithmsSchurtype-CauchySchurtype-
direct-Cauchyandquasi-Cauchy

The PPPtechniquealsoimprovesthe numericalperformancenf the BKOBP-typealgorithm, however for this
algorithmthe resultsare not as favorable as for other algorithms(see,e.g., introductionfor the explanationof
this phenomenaand[BK 099 for the discussioron extremelyhigh accurag of this algorithmfor totally positive
Cauchymatrices).

Theuseof explicit inversionformulaalsoyieldshigh accurag, predictedby theanalysisof [GK93], andappar
ently, thisis theonly algorithmwhoseaccurag doesnotdependuponthe orderingof thenodes At the sametime,

K/Q(C)
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comparisorof the datain Tables1 and2 aswell asin otherexamplesindicatesthat the useof the PPPtechnique
preventsthe INV algorithmfrom overflows, allowing to solve largerlinearsystems.

Sincein this examplethe coeficient matrix is well-conditioned the O(n?®) GEPPalgorithm, while slow, also
providesgoodforwardandbackwardaccurag.

Theresultsof mary othercomputedexamplesarequitesimilarto thosein Tablesl-6, andthealgorithmsSchur
type-CauchySchurtype-direct-Cauchwnd quasi-Cauchyalwaysyield a favorable small backward andresidual
errors,which areoften betterthanthoseof GEPPandof the useof inversionformula. As for the forward stability,
thereseemto be no clearwinner, however the useof of inversionformulaoften providesprovidessmallerforward
error, especiallywhenusingthe unit vectorsfor the right-handside (which meanghatonehasto find a columnof
C(x1.n,v1.m) " 1). At thesametime, new algorithmscanprovide smallerforwarderrorin othercasesasillustrated
by thenext examples.

6.2 Example 2. lll-conditioned Cauchy-Toeplitz matrices.

The conditionnumberof Cauchy-beplitzmatricesdependsiponthe choiceof parameterg andb in (6.3). In this
examplewe choser = 1, b = —0.3 to obtaina Cauchy-beplitzmatrix, whoseconditionnumberis severalorderif
magnitudebiggerthanthereciprocalo themachineprecisionu ~ 1.19-10~". Thenext tables7-12presenthedata
on the forward and backward errorsfor the correspondindinear systemwith the RHS f = [ 11 --- 1 ]T.
Along with the PPPorderingwe alsoconsiderthe original ordering(no ordering),andthe Gu’s pivoting ordering

of {zr}, {yr}

Forward error.

Table7. Forwarderror. Partial pivoting ordering.

2-norms INV BKO quasi-Cauchy | Schurtype-Cauchy Schurtype-direct-Cauchy | GEPP

n Ka(e) ICll2 llaglli2 I £ll2 e1 es e3 €4 e5 €6
60 5e+10 1.2e+01 2.7e+05 7.7e+00 5e-03 4e+23 3e-03 2e-06 2e-04 1e+00
80 3e+1l 1.2e+01 7.1e+05 8.9e+00 2e-02 NaN 5e-03 le-05 3e-04 1le+00
100 9e+11 1.2e+01 1.5e+06 1.0e+01 2e-02 NaN 8e-03 3e-06 6e-04 1e+00

Table8. Forwarderror. Gu’s pivoting.

INV BKO quasi-Cauchy | Schurtype-Cauchy Schurtype-direct-Cauchy
n eq eo eg eq es
60 2e-03 7e+01 8e-04 1e-04 3e-04
80 6e-03 4e+05 4e-03 3e-04 2e-03
100 le-02 2e+09 5e-03 5e-04 4e-03

Table9. Forwarderror. No pivoting.

INV BKO quasi-Cauchy | Schurtype-Cauchy Schurtype-direct-Cauchy
n eq eo eg eq es
60 5e-03 le+02 9e-04 2e-04 7e-05
80 3e-02 2e+05 le-03 5e-04 le-04
100 2e-02 1le+09 7e-04 6e-04 2e-04

Backward error.

Table10. Backwarderror. Partial pivoting ordering.

INV BKO quasi-Cauchy | Schurtype-Cauchy | Schurtype-direct-Cauchy | GEPP
n max;; (|L||DU|)  max;;(C) by b b3 by b5 be
60 1e+03 1.0e+01 4e-04 1e+00 2e-07 3e-07 3e-07 4e-07
80 1le+03 1.0e+01 1e-03 NaN 4e-07 4e-07 4e-07 7e-07
100 2e+03 1.0e+01 6e-03 NaN 6e-07 6e-07 7e-07 1e-06

Table11. Backwarderror. Gu's pivoting.

INV BKO quasi-Cauchy Schurtype-Cauchy Schurtype-direct-Cauchy
n max;; (|[L]| |DU|) b1 ba b3 bq b5
60 le+04 2e-04 1e+00 9e-05 le-04 5e-05
80 3e+04 2e-03 1e+00 2e-04 3e-04 le-04
100 4e+04 2e-03 1e+00 5e-04 5e-04 2e-04

Table12. Backwarderror. No pivoting.

INV BKO quasi-Cauchy Schurtype-Cauchy Schurtype-direct-Cauchy
n | max;; (LI |1DU]) | by ba b3 by b5
60 le+04 1e-03 1e+00 le-04 2e-04 7e-05
80 3e+04 4e-03 1e+00 4e-04 5e-04 le-04
100 5e+04 2e-03 1e+00 4e-04 6e-04 2e-04

Again, comparisorof the datain Tables10-12 confirmsthe analyticalresultsof sections4,5, indicatingthat
an appropriatepivoting techniquecanreducethe size of backward errorsfor the new algorithms,makingthemas
favorableasthoseof GEPP The coeficient matrix in examples3 and4 is quite ill-conditioned, so the forward
accuray of GEPPis lessfavorable. However, the algorithmsSchurtype-CauchySchurtype-direct-Cauchynd
guasi-Cauchgombinedwith partial pivoting provide smallerforward errorsthan GEPP(andthe useof inversion
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formula), showving that the useof the structureoften allows us not only to speed-uphe computationbut to also
achieve moreaccurag, ascomparedo generaktructure-ignoringnethods.

It may seemto be quite unexpectedthatfor Cauchy-beplitzmatricesthe Gu’s pivoting techniqueg/combining
row andcolumnpermutationstanleadto lessaccuratesolutionsascomparedo the PPPtechniqugbasedon row
permutation®nly). To understandhis occurrencst is usefulto obserethatthe entriesof thediagonalsof Cauchy-

Toeplitzmatrices[ m ] depenchyperbolicallyonthedifference(i — j), thusgiving a pick for thediagonal

with (i — j) ~ —a/b. We next displaythe MATLAB graphsfor the several permutedversionsof the matrix in
Example2 for n = 10.

No pivoting Partial pivoting

Figurel: Permutedrersionsof a Cauchy-beplitzmatrix, correspondingdo differentpivoting techniques

Oneseesghatin the original matrix C(z1.10,%1:10) the maximalmagnitudeentries(all = 10) occupy the 4-th
subdiagonali.e., in the lower triangularpart of the matrix). Applying partial pivoting techniquemeansmoving
eachof the rows 4-10 threepostionsup, so that the maximalmagnitudeentriesare now all locatedon the main
diagonal. In the next tablewe list the conditionnumbersfor the &k x k leadingsubmatricezorrespondingdo the
threepivoting techniques.

Table13. Conditioningof leadingsubmatrices.

k | Nopivoting Gu’spivoting Partial pivoting
1 1.0 1.0 1.0

2 4.6-10! 9.8 1.2

3 7.2-102 2.0-10! 1.3

4 1.0-10* 3.2-10! 1.3

5 3.8-10* 2.6-10! 1.3

6 1.0-10° 2.3-10! 1.3

7 2.5-10° 2.3-10! 1.4

8 5.5-10% 1.0-102 1.3-102
9 | 1.0-10° 6.8 - 103 1.2-10*
10| 1.9-10° 1.9-10° 1.9-10°

We note,however, thatthe motivation for introducingthe Gu’s pivoting techniquewasgivenin [Gu95, where
anapplicationof [GKO95 with displacementank2 or higherwasdiscussed.

6.3 Example 3. A transposedsystem

However, animmediatequestionis what will happenfor a transposedo the matrix in Example2 (clearly the
transposedCauchymatrix is a Cauchymatrix itself). Thereforewe considerherea Cauchy-beplitzmatrix with
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theparameters = 1 andb = 0.3. For sucha matrix the maximalmagnitudesntrieswill now belocatedabove the
main diagonal. Thereforeit is reasonabléo apply a partial columnpivoting technique.As in the abore example,
we next displaythe permutedversionsof a matrix, correspondindo differentpivoting techniques.

No pivoting Partial pivoting

Figure2: Permutedrersionsof a Cauchy-beplitzmatrix, correspondingo differentpivoting techniques

In Table14 we list the correspondingonditionnumberdor all successie leadingsubmatrices.

Table14. Conditioningof leadingsubmatrices.

k | Nopivoting Gu’'spivoting Partial columnpivoting
1 1.0 1.0 1.0
2 4.6 - 10" 2.0-10! 1.2

3 7.2-10? 3.6-10! 1.3

4 1.0 - 10* 2.9-10* 13

5| 38-10* 6.3- 10! 1.3

6 1.0-10° 5.4-10 13

7 2.5-10° 9.2-10! 14

8 5.5-10° 1.1-10? 1.3-10?
9 1.0- 108 1.2-10* 1.2-10*
10| 1.9-10° 1.9- 108 1.9-10°

We now turn to the numericalresultscomparingthe performanceof the algorithmsdesignedn the present

paper We againusedthevectorf =1 1 .- 1 ]Tfor theright-handside.
Forward error.

Tablel15. Forwarderror. Partial pivoting ordering.

2-norms INV BKO quasi-Cauchy | Schurtype-Cauchy Schurtype-direct-Cauchy | GEPP

n ra(c) ICll2 llaglio I Fll2 el ] e3 eq €5 €6
40 5e+09 1.2e+01 7.1e+04 6.3e+00 2e-03 3e-05 3e-05 5e-06 5e-05 2e+00
60 5e+10 1.2e+01 2.7e+05 7.7e+00 4e-03 le-04 4e-04 7e-06 6e-04 1e+00
80 3e+1l 1.2e+01 7.1e+05 8.9e+00 9e-03 6e+02 3e-03 6e-06 3e-04 1le+00
100 9e+11 1.2e+01 1.5e+06 1.0e+01 3e-02 3e+04 2e-03 6e-06 2e-03 1e+00

Table16. Forwarderror. Partial columnpivoting.

2-norms INV BKO quasi-Cauchy | Schurtype-Cauchy | Schurtype-direct-Cauchy
n ra(c) ICli2 llagll2 I fll2 el €2 e3 eq e5
40 5e+09 1.2e+01 7.1e+04 6.3e+00 2e-03 3e+l4 2e-03 2e-06 2e-04
60 5e+10 1.2e+01 2.7e+05 7.7e+00 5e-03 le+28 3e-03 2e-06 2e-04
80 3e+11 1.2e+01 7.1e+05 8.9e+00 6e-03 NaN 9e-03 8e-06 2e-03
100 9e+11 1.2e+01 1.5e+06 1.0e+01 1le-02 NaN 3e-03 8e-06 6e-04

Tablel17. Forwarderror. Gu’s pivoting.

2-norms INV BKO quasi-Cauchy Schurtype-Cauchy Schurtype-direct-Cauchy
n ra(c) ICll2 llaglia I Fll2 e1 e e3 €4 €5
40 3e+08 2.0e+01 3.3e+03 6.3e+00 1e-03 9e-07 3e-04 9e-06 5e-04
60 3e+08 1.2e+01 1.1e+03 7.7e+00 8e-03 3e-04 1le-03 le-04 2e-04
80 2e+09 1.2e+01 9.9e+02 8.9e+00 4e-02 7e+02 8e-03 2e-05 8e-03
100 4e+11 1.2e+01 6.6e+05 1.0e+01 3e-02 8e+03 2e-03 6e-05 5e-03
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Table18. Forwarderror. No pivoting.
2-norms INV BKO quasi-Cauchy | Schurtype-Cauchy | Schurtype-direct-Cauchy
n ra(c) ICli2 llaglle I f1l2 e1 €2 €3 €4 €5
40 5e+09 1.2e+01 7.1e+04 6.3e+00 | 4e-04 | 1e-07 7e-04 2e-05 3e-04
60 5e+10 1.2e+01 2.7e+05 7.7e+00 9e-03 le-04 6e-04 8e-05 1e-03
80 3e+11 1.2e+01 7.1e+05 8.9e+00 1le-02 2e+01 4e-03 le-04 6e-05
100 9e+11 1.2e+01 1.5e+06 1.0e+01 2e-02 3e+03 le-02 4e-04 2e-03

In this examplethe forward accuray of the Schurtype-Cauchyalgorithmis betterthan that of the Schur
type-direct-Cauchwandquasi-Cauchylgorithms.Note thattherearemary otherexamples however, wherethese
algorithmshave roughlythe sameaccurag.

Backward error. It turnsoutthatfor mary differentorderingsall the algorithmsdesignedn this paperexhibit
a favorablebackward stability. Moreover, for n varying from 5 to 100, for partial row pivoting, partial column
pivoting, the Gu’s pivoting, andfor no-pivoting the algorithmsSchurtype-CauchySchurtype-Cauchy-direcand
quasi-Cauchyroducedbackward errorsof the orderof 10~# which is comparabldo thatof GEPP We however,
foundthatmonotonicordering,definedin Sec.6.1,andrandomizedrderingproducepoorresults.

This indicatesthat analyticalerror boundsobtainedfor the fastalgorithmsof this paperin fact may leadto a
wide variety of differentpivoting techniqueseachaimedat the reductionof the quantity|L| - |U|.

7 Transformation of a Polynomial-Vandermonde Matrix into a Cauchy
Matrix

In this sectionwe shall shaw thatall the fastCauchysolverssuggestedn the presentpapercanbe usedto solve
linearsystemswith polynomialVandermondenatrices,

Py(xz1) Pi(z1) ... Pu_1(z1)
Vol 2 | 7202 Tilo) e o) (7.1)
Po(z) Po(wn) ... Pai(zn)
whereP = {Py(z), ..., P,—1(z)} denotesa basisin thelinear spaceC,,_; [z] of all complex polynomialswhose

degreedoesnot exceedn — 1. WhenP is the power basis,thenVp(z1.,,) is the ordinary Vandermondenatrix.
If P standsfor the basisof Chebyshe polynomials(of the first or of the secondkind), thenVp (z1.,,) is called
a Chebyshe-\Vandermondenatrix. FastO(n?) algorithmsfor solving Chebyshe-Vandermond systemswere
suggestedh [Hig88], [HHR89], [CR93, [GO94d. Herewe suggesanalternatve, basedn thenext result.

Proposition7.1 Let{z1, ..., Zn; Y1, ---, Yn } b€2n pairwisedistinctcomplecnumbes,andlet u(z) =[], (z—
yi)- Thenthefollowing formulais valid.

V’P ('Z'l:n) = dlag{u(ﬂfl); s 7u(xn)} C(xlzTu yl:n) dlag{ﬁa St m} V’P (yl:n)- (72)

We shallprove the abore propositionat the endof this section.

Obsenre thatformula(7.2) relatesVp (z1.,) andVp(y1.,), or, in otherwords, it allows usto changethe nodes
from {z} to {yx}, while keepingthe polynomialbasisP = {P,,..., P, 1}. Suitablechoicesof the new points
{y1.n} canensurehatVp (y:.,) haslow compleity. In suchcasesroposition7.1allows usto reducetheproblem
of solving a linear systemwith Vp(z1.,) to the analogougproblemof solving a linear systemwith the Cauchy
matriX C(z1:n, Y1:n)-

In the next propositionwe specifyseveral setsof points{y., } for which ordinaryVandermondenatricesand
Chebyshe-Vandermondenatriceshave low compleities.

Proposition7.2
1). Lety; =cos ( L& ),j € {0,...,n} betheextremaof T, (z). Then

Vr(yon) = [ cos ]an ]Zk:O

(7.3)

is the (scaled)Discrete CosineTransforml matrix.
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2). Lety; = cos( 2217 ), j € {1,...,n} bethezeosoftheT,(z). Then

n

n

VT(yl:n) = [ COs Qj_l)k% ] (74)

n jrk=1

is the DiscreteCosineTransformll matrix.

3). Lety; =cos( LT ),j € {1,...,n — 1} bethezewsof U,_1(z). Then

. ik 1n—1
Vo (y1in—1) = [ sin &7 ];‘,kzl (7.5)
is the (scaled)Discrete SineTransforml matrix.
4). Lety; =cos( 211 ) j e {1,...,n} bethezeosof T, (x). Then
— iy 20—k 7
Vo (y1:n) [ sin =22 ]j,kzl (7.6)
is the (scaledandtransposedpiscreteSineTransformll matrix.
5). Lety; = exp ( +2% ),1=+/—1,j € {0,1,...,n — 1} denotetherootsof unity. Then
n—1
_ 27j(k—1)
Vigin) = [ exp (122820 ) | (7.7)

is the Discrete Fourier Transformmatrix.

Thelatterpropositionis easilydeducedrom the definitionsof Chebyshe polynomials.Beforeproving Propo-
sition 7.1, let usintroducethe necessaryotations.Let n denotethe maximaldegreeof two polynomialsu(z) and
v(z). Thebivariatefunction

u(z) -v(y) — u(y) - v(z)

Bu,v(xay) = T—y

is calledthe Bezoutiarof u(z) andv(z). Now, let @ ={Qq(x),. .., Qn—1(x)} beanothembasisin thelinearspace
C,—1[z]. Thematrix

n—1

B{P’Q’uav} = [ b” ]i,j:o ’
whoseentriesaredeterminedy

2
= [ PO (.’I]) Pl ((L') e Pn—l(w) ] B{'p’g’uw} 1: Y . (78)
Qn—l(y)

is calledthe Bezoutmatrix of u(z) andwv(z) with respecto thetwo setsof polynomialsP and Q.
Proof of Proposition7.1. The proofis basedn thefollowing usefulpropertyof the Bezoutmatrix

Vp(xlzn) B{P,Q,u,v} VQ(yl:n)T = [ Bu,v(mi:yj) ]n

3,j=1

(7.9)

which follows immediatelyfrom (7.8). It is easyto seethat the matrix on the right-handside of Eq. (7.9) is a
guasi-Cauchynatrix:

i Vp(xl:n) B{P,Q,u,v} VQ(yl:n)T = L%Uy(]y]) o
= diag{u(z1), ..., u(zn)} C(@1:m,y1:n) diag{v(y1), .- “Ioty,)}- (7.10)

Ontheotherhand,by using(7.9) andthe obviousrelation

Buw(y,y) = u'(y) v(y) — u(y) v'(y),
it is easyto checkthat

Vp(W1:n) Byp,0,u0 Valyrn)" = diag{u(y1) v(y1) , -, v (yn) v(yn)}-
Now, substitutingthe B;p g ..} Vo(z1:n)" obtainedrom thelastequationbackinto (7.10)yields (7.2).
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8 Conclusion

In [BKO99 we developedafastO(n?) Bjorck-Pergra-typeCauchysolver, andprovedthatfor theimportantclass
of totally positive coeficient matricesit yields pleasantlysmallforward, backward andresidualerrors. However,
experienceshavsthatin thegenericcaseghenumericalperformancef the BP-typealgorithmcanbelessfavorable.
Sincethe useof explicit inversionformulafor Cauchymatricesalsocanproducealargebackwarderror, nofastand
accuratemethodsmethodswere availablefor solving Cauchylinear equations.In this paperwe designedseveral
alternatve fast O(n?) Cauchysolvers, and the roundingerror analysissuggestshat their backward stability is
similarto thatof Gaussiarelimination(GE), sothatvariouspivotingtechniquegsosuccessfulor GE)will stabilize
thenumericabehaior alsofor thesenew algorithms.It is furthershovn thattherow orderingof partialpivotingand
of the Gu’s pivoting [Gu95 canbe achievedin adwance without actually performingelimination,andfastO(n?)
algorithmsfor thesepurposesare suggested.We alsoidentified a classof totally positve Cauchymatrices,for
whichit is advantageousotto pivot whenusingthe new algorithmswhich yieldsaremarkabléackwardstability.
This matcheghe conclusionof de Boor and Pinkus,who suggestedo avoid pivoting when performingstandard
Gaussiarelimination on totally positive matrices. Analytical error boundsand resultsof numericalexperiments
indicatethatthe methodssuggestedh the presenpaperenjoy favorablebackwardstability.
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