REDUCED BASIS METHODS WITH ADAPTIVE SNAPSHOT
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ABSTRACT. We use asymptotically optimal adaptive numerical methods (here
specifically a wavelet scheme) for snapshot computations within the offline
phase of the Reduced Basis Method (RBM). The resulting discretizations for
each snapshot (i.e., parameter-dependent) do not permit the standard RB
‘truth space’, but allow for error estimation of the RB approximation with
respect to the exact solution of the considered parameterized partial differential
equation.

The residual-based a posteriori error estimators are computed by an adap-
tive dual wavelet expansion, which allows us to compute a surrogate of the
dual norm of the residual. The resulting adaptive RBM is analyzed. We show
the convergence of the resulting adaptive greedy method. Numerical experi-
ments for stationary and instationary problems underline the potential of this
approach.

1. INTRODUCTION

Reduced Basis Methods (RBMs) have nowadays become a widely accepted and
used tool for realtime and/or multi-query simulations of parameterized partial dif-
ferential equations (PPDEs). By using an offline-online decomposition, the main
idea is to use a high fidelity, detailed, but costly, numerical solver offline to com-
pute approximations to the PPDEs for certain parameter values. The selection of
these parameters is done by an error estimator which is efficiently computable and
thus allows one to determine the ‘worst’ parameters out of a possibly rich so-called
training set. For those ‘bad’ parameters, the high fidelity model is used in order
to determine approximations, so-called snapshots. These few snapshots form the
reduced basis which is then capable to produce approximations for any new param-
eter value extremely rapidly (online). The error estimator can also be used online
in order to certify this RB approximation. Both the variety of applications and the
amount of recent results in RBMs go well beyond the scope of this introduction.
We refer e.g. to recent books [22, 34] and references therein.

The success of this ‘standard’ RBM also relies on the assumption that the high fi-
delity model in the offline phase is sufficiently accurate for all parameters. The same
discretization is used for all snapshots. This may have some possible drawbacks:
(1) If this high fidelity model is not accurate enough, also the RB-approximation
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cannot be good. (2) The other extreme is that a sufficiently accurate approxima-
tion for all possible parameters may require a high fidelity model whose dimension
is too large even for an offline phase. (3) The error estimate usually controls the
difference to the high fidelity solution, not w.r.t. the exact solution of the PPDE
(with few recent exceptions in [33, 44] to be discussed below).

On the other hand, there are adaptive numerical methods available that guar-
antee an optimally efficient approximation of the exact solution of a PDE within
a preselected tolerance. Nowadays, such optimal methods are known based upon
finite element or wavelet discretizations, [11, 12, 31, 41]. We use such an adap-
tive method (we choose wavelets) for computing snapshots in the offline phase.
This offers some features that we think are of interest, namely: (a) We use dif-
ferent discretizations for each parameter allowing for a (asymptotically) minimal
amount of work for any chosen snapshot parameter. (b) We can bound the RB er-
ror w.r.t. the exact solution of the PPDE. (c) We introduce a new surrogate for the
infinite-dimensional exact residual as well as its dual norm by using a dual wavelet
expansion. The resulting error estimator is shown to be online-efficient.

Using adaptivity (or different discretizations) in the offline phase implies some
additional sophistication of the method, at least from the conceptual point of view.
The question arises under which circumstances such adaptivity might pay off. It is
known, e.g., from [11] that adaptive methods show faster convergence rates if the
Besov regularity of the solution in a certain scale exceeds the Sobolev regularity, see
also [41]. For the offline RB setting, this means that the regularity of the solution
with respect to the parameter is of crucial importance. If one single discretization is
sufficient for approximating the solution u(u) well enough for all possible parameters
i, then adaptivity does not to make sense. On the other hand, if u(u) significantly
differs w.r.t. p, a joint discretization may be too fine. This is, e.g., the case if u(u)
has strong parameter-dependent local effects. Our numerical examples are guided
by these considerations.

The adaptive offline snapshot computation gives rise to some implications that
we discuss. Once having an adaptive method at hand, the question of convergence
and a posteriori error analysis arises. Even though the dual norm of the residual is a
rigorous error bound, its computation would require to solve an infinite-dimensional
problem. We introduce a surrogate by using the expansion of the residual in terms
of the dual wavelet basis which in turn admits a characterization of the dual norm.

We would like to mention that there is existing literature for RBM and vari-
ous flavors of adaptivity, e.g., sampling set randomization, adaptive refinement of
training sets, hp-RBM, time-partitioning, Petrov-Galerkin etc., see, e.g., [1, 7, 8, 9,
13, 14, 15, 18, 23, 29], just to mention a few.

The remainder of this paper is organized as follows. In Section 2, we review
the main facts of the ‘standard’” Reduced Basis Method. We set the framework for
PPDESs and collect those facts that are needed here. Section 3 is devoted to the use
of adaptive methods for the generation of the reduced basis in the offline phase. At
this point, we only require the availability of a certain adaptive solver SOLVE and
do not specify which specific method is used. We have used an Adaptive Wavelet
Galerkin Method (AWGM) which is briefly described in Section 4. Within the
adaptive RB framework in Section 3, however, it is not necessary to fix the precise
adaptive method. There, we just assume that a surrogate for the residual-based
error estimator is computable. Such a surrogate is described in Section 4 using
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the dual wavelet system. In Section 5, we describe numerical experiments for two
different examples, namely heat conduction in a thermal block with several local
heat sources and time-dependent convection-diffusion-reaction using a space-time
variational formulation. These experiments do not only confirm theoretical findings
quantitatively but also indicate the potential of the new approach. We provide our
software as additional material and also on our webpage.

2. ‘STANDARD’ REDUCED Basis METHODS (RBMs)

In order to highlight differences and challenges of using adaptively computed
basis functions within the Reduced Basis Method (RBM), it makes sense to briefly
review ‘standard” RBMs.

2.1. Parameterized Partial Differential Equations (PPDEs). Let Q C R”
be a bounded domain on which we consider function spaces X = X(Q0), ¥ = V()
arising from a variational formulation of a partial differential equation. Denoting by
D C RP the set of parameters, this means that we consider a differential operator
B:DxX — ) resp. a bounded bilinear form b : X x Y x D — R, where
b(w,v; ) :== (B(p)w,v)y xy forw € X, v € Y and p € D. In particular, we assume
the existence of constants (1) < yYB < oo such that

(2.1) b(w,vi i) < v() llwllx olly,  weX,ve.

For a given f(u) € ), the problem is then to find a u(u) € X such that B(u) u(u) =
f(p) in Y’, or, in variational form

(2.2) bu(p),vip) = f(ospu)  YVved,

where f(v; p) := (f (1), v)yrxy-

We assume that (2.2) is well-posed for all u € D, which is equivalent to the so-
called Necas condition on b(-,-; u), [30, 31], i.e., there exist inf-sup constants B(u)
and a lower bound Srg such that

(2.3) B(pu) = inf sup blw,vip) _ inf sup bw,vi )

ATITETIRTI > B >0
weX yey [lwllxfvlly  weyuex [wlxllvlly

for all 4 € D.

Remark 2.1. (a) It is worth mentioning that (2.2) includes elliptic problems, where,
eg, X =Y = H}Q) (or other boundary conditions), b(-,-;u) being coercive
with constant a(u) > 0, as well as parabolic initial value problems in space-time
formulation, i.e., with the Bochner spaces X = Wy(0,T;V) := {u € L2(0,T;V) :
up € Ly(0,T5V"),u(0) =0 € H}, Y = Ly(0,T;V), V = Hi(Q), so that X S Y,
and also time-periodic problems, see also Section 5 below.

(b) Instead of a space-time formulation for a parabolic initial value problem, one
could also use a standard time-stepping scheme. There are corresponding RBMs
available for such problems [20, 21]. In principle, our subsequent findings can be
extended also to those settings, but in order to keep notations simple, we restrict
ourselves to (2.2).

For later reference, we consider the residual, which is defined for any w € X by

(2.4) ro(w; p) == f(p) = Bp)w € V',
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ie, (rp(w;p), v)yrxy = f(v;p) —blw,v;u), v € Y. Tt is then straightforward and
well-known that

(2.5) Blu) Nlup) = wlla < Jlre(w; p)llyr < v(w) lu(p) — wllx-

2.2. Some Basics on ‘Standard’ RBMs. Any numerical scheme for the solution
of (2.2) involves a discretization of X, Y. In a standard RB setting these finite-
dimensional discrete spaces, the so-called truth spaces, are denoted by XN cx,
YN C Y.® Then, the following Petrov-Galerkin projection is considered:

(2.6) Find vV (p) € &V - b(uN (1), v; ) = f(v; p) Yoe N,

where inf-sup-stability is assumed, i.e.,

(2.7) BN (u):= inf  sup b, v 1)

A o 0 >3 >0
o SO TN T Ty =2 >

with B independent of N as ' — co. Often, XN, YV are spanned by local basis
functions such as finite elements or wavelets and their dimension N = dim(X*) =
dim(yN )b is usually large, so that solving (2.6) repeatedly for many different pa-
rameters would be too costly or realtime computations would be impossible.

Remark 2.2 (Fixed discretization). We stress that in the standard RB setting, the
spaces XN, YN are a-priorily fized and are the same for all parameters uw e D.
Moreover, it is assumed that the discretization error ||u(u) —u™ (1)| x is negligibly
small for all g € D. Thus, typical RBMs view v’ (i) as ‘truth’, which means,
e.g., that all error estimates are typically w.r.t. " (x) and do not take u(p) into
account. Just recently some papers appeared introducing error bounds w.r.t. w(u)
in a specific cases, [32, 33, 44]. To the best of our knowledge, the techniques
in [32, 33, 44] are at least not immediately applicable to general non-symmetric
Petrov-Galerkin-type problems (2.2) using adaptive discretizations.

The idea behind (standard) RBMs is the construction of low-dimensional spaces
Xﬁ c N, Y]G[ C YV (which may also be parameter-dependent, i.e., YJ<,V(,u)7 see
[4, 36] and also our construction below), N <« N ° from so-called snapshots, i.e.,
solutions of (2.6) for selected parameters u', ..., ", ie.,

(2.8) X]J\\[[ = span{uN(ui),i =1,...,N} = span{(:ZN,i =1,...,N},
and YJG/ = span{nZN, i=1,..., N} issuch that the N-dimensional reduced problem
(2.9) Find uwy (n) € XN © by (u),v;p) = flv;p)  Vve YR

is stable as N — oo. Stability in the discrete setting is ensured by the fulfillment
of a discrete inf-sup condition [3], i.e.,

(2.10) BY(w) = inf  sup b(wn, v i)

N NP
wnex yyeyd lwnllxllovlly —

I

>0,

with 3 independent of N as N — co. We abbreviate
(2.11) Sy = {p,...,puN}

#We always use calligraphic symbols for high-(even oco)-dimensional spaces.

bFor simplicity, we assume that trial and test spaces are of the same dimension. Otherwise,
one would need to use a least squares approach.

“Low-dimensional spaces are denoted by usual (non calligraphic) symbols.
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as the set of (sample) parameter values corresponding to the snapshots. The system
{QN ,i=1,..., N} may arise by orthonormalization of the snapshots.

The inf-sup condition (2.3) gives rise to rigorous a posteriori error bounds, i.e.,
quantities AN (p) with

" (v (12); 1) |y
(2.12) len (1)l := Nl () = ue () < AR () = = BN () )
where Y (un (11); 1) : YV — R is the “4ruth’ residual with respect to the reduced
solution, i.e.,

(Y (un (1); 1), 0)yrsey o= flvs ) = blun (u),v3p),  Yve YV

Note, that Af\vf (1) can be computed online efficient, i.e., with cost independent of V.
In (2.12), BV (1) denotes the inf-sup constant of b(-, -; ) w.r.t. the truth spaces, i.e.,
(2.10) with Xﬁ , YIG/ replaced by XN, YNV respectively. We call this RB-standard
estimator residual-based. The involved dual norms || (uy (@); 11)||y are computed
in an offline-online method with the help of the Riesz representations. Using inf-
sup-stability and continuity yields — similar to (2.5) — that the error estimator and
the error are in fact equivalent:

V(1)
(2.13) leN (1)l < AN (1) <z lleN (1)l

AN (k)
Remark 2.3. (a) We point out (for later reference in §3.4 below) that wy (u) =
uN(,u) for all 4 € Sy, i.e., snapshots are reproduced by the standard RBM. In
fact, we have Petrov-Galerkin orthogonality, i.e., b(u™ (1) — uN (1), vn; p) = 0 for

all vy € Y. Since v’ (n) € X& for p € Sy, we have that e () = w? (1) —

up (1) € XA and then (2.10) yields Bﬁ(u)“e%(u)”;(:supweyﬁr W =0,
ie., wN(p) = uN (u) for all 4 € Sy. (b) The latter argument gives also rise to a
straightforward estimate for the error w.r.t. the exact snapshot u(u). In fact, for
1€ Sy, we get [|u(u) —uN (1) || x=||u(p) —u™ ()| x, i-e., reproduction of the exact
snapshot up to the tolerance of the truth approximation. Of course, this upper

bound cannot be evaluated a posteriori in an efficient way. O

2.3. Basis Construction via the Greedy Algorithm. The choice of the RB

basis functions QN, 1=1,...,N, i.e., the selection of the corresponding parameter
values pt, ..., u!, is often done using a greedy algorithm: given u', ..., u", n < N,
the next parameter value u"*! is chosen as

= arg max AN (),

NEDtx'ait)

where Dy C D is a finite training set. The key point for the efficiency of this ap-
proach is the fact that the greedy selection is done w.r.t. the error estimator (which
can be computed with cost independent of A'). Only for the chosen parameter
values p',..., Y the (expensive) truth has to be computed. The corresponding
algorithm is displayed in Algorithm 1. Note, that this procedure is also called weak
greedy training, in contrast to an (inefficient) strong greedy, where the true error
leN ()| is used in line 3. More precisely, if ||eN (u)||x < yAN for some v > 0,
then Algorithm 1 is called y-weak greedy.

dOne can improve this estimate by using the continuity AN (1) of b(-, 5 ) on XN YN
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Algorithm 1 [XJJ\\,[] = Greedy|[tol, Nmax, Dtrain]
1: Sp:= 1]
2: for N=1,..., Nypax do
3: Choose p := argmax,,.p AN ().
4 if AN (pV) < tol then return
5 SN = SN71U{MN}.
6:  Compute snapshot vV (1), update basis: X% = X& @ span{uN (M)}
7
8

N+ N+ 1.
: end for

If Algorithm 1 stops with N < Nyax, then — by (2.13) — we have

max [ei ()]l < Dax AN () < tol,

HEDtrain train

which means that the worst case error w.r.t. the parameter can be well-controlled
provided that Dy,.in represents the full D “sufficiently well”.

Remark 2.4. As an alternative to the greedy algorithm one could determine V' by
nonlinear optimization, [7, 42].

2.4. Offline-Online Decomposition. A crucial assumption for the efficiency of
the RBM (in particular the efficient computation of u\ () and of AN (1)) is that
the bilinear form and the right-hand side are affine in the parameter, i.e.,

Qb Qyf
(2.14) b(u,vip) = 0P 0D (u,v), o) =Y 0%(u) FO ().

Techniques like the Empirical Interpolation Method (EIM) [5] can construct an
approximation of such an affine decomposition if assumption (2.14) is not met.
Affine forms as in (2.14) enable an efficient offfine-online decomposition of the
calculations in the following sense: the parameter-independent components of the
linear system, namely Bg\?) = [b(q)(gv,&év)}i’j:Lm’N, qg=1,...,Qp, and f](\?) =

[f(‘I) (%\/)]jzly---,N’ g=1,...,Qy, can be precomputed (offline) so that the assembly

and solution of the reduced system By (u)uyn (@) = £ (1) with

Qv Qy
(2.15) By(u) =Y 6(wB@,  fy(u) = 69 £,
g=1 g=1

for a new parameter p ¢ Sy then only involves IN-dimensional matrix-vector
products and can be done online (with complexity independent of N'). Since
By (1) € RYXYN s usually densely populated, the linear system for the reduced
system to determine

N
N () =D w0 G ) = [ ()=,

can be solved with O(N3) operations — independent of A" > N. Also the error
estimate can be computed online-efficient (independent of N).
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3. ADAPTIVE REDUCED BASIS GENERATION

In this section, we describe those issues that arise when avoiding fixed truth
spaces XN and YV and using adaptive methods based upon the infinite-dimensional
spaces X and ) instead. We assume that we have the following routine SOLVE
for the solution of a general operator equation Ax =bin V', A: X — )’ being a
linear operator, at our disposal (not only for the specific operator B(u) introduced
above). The approximation produced by SOLVE will be measured in terms of an
error quantity E(z,Z) : X x X — R™, z,Z € X, to be detailed later.

SOLVE: [A,b,¢] — z°: Approximation of x := A~ with E(z,2°) < ¢ and in
optimal complexity in the sense of nonlinear approximation (see Theorem 4.1).

In Section 4, we detail one possibility to realize SOLVE by an Adaptive Wavelet
Galerkin Method (AWGM), but one could also use other schemes with the above
properties such as adaptive finite element methods, see, e.g., [31] for an overview.

3.1. Adaptive Snapshot Computation. With such an (adaptive) numerical
solver SOLVE at our disposal, we compute so-called e-exact residual approxima-
tions u®(p) of u(u) € X, such that

(3.1) E(u(p), v () < e(p),

where the approximation tolerance e(u) depends on p and will be specified later.
This means in particular that there is no common ‘truth’ space that all snapshots
belong to — but each approximation u¢(u) belongs to a space X that is determined
adaptively (and whose dimension N (u, €) is ‘large’ from an RB point of view, but
minimal in an adaptive approximation theory sense). The lack of common truth
spaces for all parameters necessitates a re-interpretation of some RB ingredients
which we will describe now. The reduced space is now spanned by approximate
snapshots computed during the offline training phase, i.e.,

(3.2) X5 :=span{({,i=1,...,N}, ¢ == (') (or by orthogonalization)®

and the reduced solution uj; (1) € X5 is the Petrov-Galerkin projection onto this
space and the corresponding reduced inf-sup-stable, possibly parameter-dependent
test space Y5 (u) in the sense that

b .
inf sup (wn,vN; 1)

. = > By (u)f > B >0, Ve D.
wNEXY vNEYE (1) ||wN||X HUNHy

Note, however, that the value of Sy(u) has to be expected to vary significantly
with p € D. The adaptive setting now also allows us to estimate the error with
respect to the exact solution in X, i.e.,

(3.3) e (p) = ulp) —uy(p),
and not (only) the error w.r.t. a fixed and a priori given truth discretization. In
fact, using standard arguments yields a residual-based estimate analogous to (2.12)

(3-4) Blw) llex (wllx < B n (1) < v(w)llel ()l x,

®Note, that within an adaptive framework, orthogonalization of snapshots is not useful, since
a Gram-Schmidt procedure will automatically produce a commonly fine grid.

fi Y5 (1) is chosen by supremizers [36], the constant Sy () will be independent of . Using
normal equations (see below) will allow us to avoid an explicit determination of Y ().
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where Ry y (1) = [[ro(ufy (1); #)|lyr defined by (2.4). This means that

R5
(35) AM@r;@@

is an upper bound for the true error |e% (1)||x. Note, however, that the com-
putation of the residual and its dual norm Rj y(u) requires the solution of an
infinite-dimensional problem on ).

Remark 3.1. The above formulated adaptive framework can also be interpreted as
using different finite element meshes for different p € D in the snapshot generation.

3.2. Approximate Error Estimates. In order to obtain a computationally fea-
sible numerical method, we need a computable error estimator, recalling that in the
infinite-dimensional setting neither the error 5, (1) nor the (dual norm of the) resid-
ual Rj () (and hence also the error estimator A% (u) in (3.5)) are computable.

We shall assume that a surrogate Ay (1) is available (and computable) such that
(3.6) ca A (p) < Ay (p) < Ca A ().
Of course, we have to expect that the complexity for the computation of Al (x)
will grow as ca,Ca — 1. By (3.4), this readily implies

OA 7(”) 5
XW llefv (i) x-

(37) lesv ()l < —B () <
cA

3.3. Adaptive Greedy Algorithm. Now we have all ingredients at hand to for-

mulate a fully adaptive version of the greedy algorithm in Algorithm 2. The adap-

tive computations take place in line 3 concerning the error estimator and in line 6

for the snapshot.

Algorithm 2 [X§/] = AdaptGreedy[gvol, Nmax, € Dirain]

1: Sp:= 1]
2: for N =1,..., Nypax do -
3. Choose pV := Argmax,ep, ., Ay (1)

4 if Ay_;(uN) < ca tol then return
5 SN = SN71U{MN}.

6:  Compute snapshot u®(u™) with (3.1), i.e., E(u(p),u(n)) < e(p).
7. Update reduced basis: X§ = X&_;®span{u®(uV)}.

8& N+ N+1.

9: end for

It seems natural that the tolerances (i) > 0 bound the reduction error e%, (1) =
u(p) — uSy (@) from below in the sense that the error cannot be smaller than the
accuracy of the snapshot approximations. A result from [6] shows that this can
lead to a stalling of the greedy training at a certain level. As usual, the benchmark
for the greedy algorithm is the Kolmogorov n-width for some ¥ C X, i.e.,

dp(X) := inf i - .
(2) dim(lﬂn):nfféggr?fﬁuf gllx

8Note, that here in fact, we have 3(u) and not some reduced system analogue Bn (u).
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Theorem 3.2 ([6]). Let M(u) := {u(p) : p € D} be compact and suppose that
do(M(p)) £ M, d,(M(p)) < Mn=? for some M, 8 > 0. Then, the approzimation

X5 = AdaptGreedy|tol, Nyax, €, D] satisfies

sup  min [lo— glx < C(6, ) max{Mn~? 25}, o= <2 D2
oeM(n) 9EXN Ca vus
with € yp := sup,ep (1), Brp from (2.3) and yyp from (2.1). O

This result tells us that the RB greedy training converges quasi-optimally com-
pared to the Kolmogorov n-width until an e-dependent error level is reached. How-
ever, a closer look also shows why this result is not completely satisfying in the
framework considered here:

e We face problems, where the dependency of all parameter-dependent quantities
from the parameter is potentially strong (otherwise adaptivity is not justified).
Thus, S(p) and y(u) will strongly vary w.r.t. the choice of . This, however, will
cause the problem that the constant g is overly pessimistic.

e The appearance of eyp seems to indicate that it does not pay off to compute
snapshots with different accuracies, since at the end the poorest accuracy de-
termines the overall quality. Again, for strong parameter influences, this is not
appropriate, as we have also seen in various numerical experiments, e.g., [39].

We conclude that a more refined error analysis is required.

3.4. (Non-)Reproduction of Snapshots. As we have pointed out in Remark
2.3, on a fixed truth discretization we have that AN (u) = 0 (up to numerical
influences) for all u € Sy, i.e., the error bound wanishes on the set of snapshot
parameters, as all snapshots u/V (u) € XN, i € Sy, can be reconstructed exactly
from the basis functions and the Riesz representation for the error estimator is
only based upon XV, YN. As we will explain now this is not the case in the
adaptive framework. The reason is that the approximate snapshot u®(u) is in X
but for the RB-approximation u5, (1) for the same parameter u € Sy, we have that
ufy (1) € X5 In fact, we only have

(3.8) ui(p) € @ X5 =: x5,
RESN

the common fine space. Hence, the argument using Petrov-Galerkin orthogonality
as in Remark 2.3 fails. In fact, note that e5 (1) = u(pn) — us (1) is the error
w.r.t. the unknown solution u(u), whereas eN (1) = w’ (1) — wi (1) involves the
‘truth’ solution, which is in principle computable (up to numerical precision). This
is important since in the ‘standard’ case u (1) is used as a snapshot, whereas
in the adaptive setting u(p) cannot be computed and has to be replaced by an
approximation u®(p). Hence, b(u®(u) — uSy (1), v5; 1) will in general not vanish!
This means that — as opposed to the ‘standard’ RBM — snapshots are not reproduced
in the adaptive setting. Reproduction of RB basis functions is not a consequence
of the fact that the RB spaces are spanned by snapshots as RB basis functions, but
a consequence of the Petrov-Galerkin orthogonality.

Of course, one could use X%V defined in (3.8) as a joint common truth space
as done, e.g., in [45]. However, if the discretizations for various yu are significantly
different, this would be by far too costly, in particular because already computed
snapshots would have to be updated to the new truth space in each iteration.
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Hence, we face a reproduction error, which will be investigated below in more
detail depending on the choice of the error measure E(-, -).

Finally, from our point of view, the reproducibility is only important to validate
an RB code. It is not important from an approximation point of view as long
as the method ensures that the prescribed tolerance is reached also for the RB-
approximation of the snapshots.

3.5. Greedy Convergence. In [39], it was observed that snapshots might be mul-
tiply selected within the greedy process. By suitably choosing the error measure
E(-,-) and the snapshot tolerance e(p) in (3.1), we are now able to prove that the
greedy scheme with adaptive snapshot computation and an appropriate surrogate
for the residual-based error estimator in Algorithm 2 in fact converges.

Proposition 3.3. Let tol > 0 be a giwen greedy tolerance. Moreover, we assume
the following relation

(3.9) AL(u) € O E(u(w), ), p' € Sny G o= (1)
for some C(u*) > 0. Then, by setting in (3.1)

—~ ca
(310) E(/j,) = L‘Ol77
()
we have: if Algorithm 2 terminates for some N < Nyax, we get
A1 ) -
o jE D e (1)l < to

In particular, if multiple selection of snapshots occurs, i.e., if untl e S, then
A, (u"tY) < ea tol and Algorithm 2 terminates in line 4 ensuring (3.11).

Remark 3.4. (a) Obviously, (3.9) means that the error measure E(-,-) must be a
rigorous upper bound for the surrogate of the residual-based error estimator ZZ -
at least for the snapshot samples. Hence, (3.9) relates the RB-error for u® € Sy
with the snapshot accuracy. Since adaptivity is particularly useful for strongly
parameter-dependent problems, we will investigate how to choose E(-,-) in order to
make C'(u) potentially small, in particular as weakly parameter-sensitive as possible.
(b) We emphasize that the algorithm only requires the knowledge of C(u) for all
selected snapshot parameters, i.e., u',...,u" € Sy — and not for all u € D. This
makes a significant difference.

Proof. If ™! € S,,, then by line 3 in Algorithm 2, we have that A, (1) < A (u"*1)
for all {4 € Dirain and that there exists some 1 < i < n such that p"*! = py?. Then,
by (3.7)

1 - 1
— 1max An(ﬂ’) = 7An(/1’ +1)

£
<
Men%?aﬁm lea () llx < CA HEDirain CA
L oxe i Cu' i i C(w i
= LR ) < ) ey, ey < S —tol
CA CA CA
where we used (3.1) and the choice of e(u) in (3.10). O

3.6. Choice of Error Measure. We will now investigate various choices of E(, ).
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3.6.1. The True Error. We start by considering the case E(z, %) := ||z — Z||». In
this case, we can investigate the reproduction error further.

Proposition 3.5. Let b(-,;p) : X x Y — R be inf-sup stable on X5 x Y with

inf-sup constant By (p). Moreover, consider the case E(x,Z) := ||lx — Z||x for the
error measure in (3.1). Then for all u* € Sy, we have
i € () — i e (i (1) i
(3.12a) E(u(p'),uiy (")) = l[u(p) — uj (u')llx < B0 e(u),
£ 5 7 o £ £ 7 7(/”‘2) 7 e __ € 7
(3.12D) B(¢T u (1)) = 1167 — ui ()l < nelw), G =u(w),
B (')

where e(u') denotes the accuracy of snapshot u®(u') in (3.1) and Bn(u) denotes
the inf-sup-constant of b(-,-; ) on the reduced spaces X5 C X, Y5 C V.

Proof. Let u* € Sy. As X§ C X, Y5 C Y, we have Petrov-Galerkin orthog-
onality w.r.t. the exact solution, i.e., b(u(pn) — usy (1), vn;p) = 0 for all vy €
Y5. This implies the quasi-best approximation property ||u(u) — ui,(u)”;( <
%mfwevanu(u) — wy ||, [43, Thm. 2).* As snapshots (¢ = u®(uf), ' € Sy,
are in X§;, the first inequality (3.12a) follows with inf, yexz [|u(p) — wn|x <
lu(p) = Gl = E(u(p), us(p')) < e(p') from (3.1).

Moreover, we have by choosing uny = ¢§ — u5 (1) € X5 and using Petrov-
Galerkin orthogonality

b(un,vn; 1) b(¢F — uv (1), vwi i)

By(p') < inf  sup T < sup :
un€Xg oyevg lunllxllonlly ~ ovevg IG5 — ui (W)l xllonly

b(¢F — u(p') +u(p') — usy (1), v; 1)

" uvev 65 = ux lxllonTly
— s b(G — u(p'), v ') s (1) () 7
vvevg 16 —uf ()l xllonlly = 165 — ufy (w?)llx
using continuity in the last step. O

Corollary 3.6. In the case E(x, Z) := ||x — Z||x assumption (3.9) holds with

o (p)?
(3.13) Clp) = CAB(M)Q.

Proof. From (3.7) and (3.12a) we get

Aoy < Ca ;EZ; e (i)l = Ca 73% Jea(py — iy ()
v(u')?
B(t)

which proves the claim. O

< Ca E(Mi)v

[N~}

The elliptic case. One might already guess that the factor ggz%z in (3.13)

is both overly pessimistic in many cases and computationally demanding since
this factor controls the accuracy of the snapshots (in the X-norm). As we shall

hThe original result due to Babugka and Aziz (1972) contains the factor 1 -+ () (B(p) L. Tt
was shown in [43, Thm. 2] that the ‘14’ can be removed.



12 MAZEN ALI, KRISTINA STEIH, AND KARSTEN URBAN

see now, this situation can be improved for the elliptic case, i.e., X = ) and
b(-, ;) = a(-,+; 1) being symmetric and coercive with coercivity constant a(u). In
this case, we may consider the energy norm

lwll, == Va(w,wip),  weX, peD,

which is equivalent to || - ||, i.e., a(u)?|w|x < |lwl, < Y()?|w|x. The
induced dual norm reads

g'U
ol = sup £12 9) e,

x ol

so that v(1) "V2||gllx < [lglluy < a(p)~?|lgllx. Then, for A(u) : X — X’ de-
fined as (A(u)w, v)x xx = a(w,v; u), v,w € X, it is easy to see that ||A(,u)vH%ﬂ), =
a(v,v; ), so that

(3.14) Ju(p) = uy (Wllp < lulp) —onll, for all vy € X5

The reason is that the RB solution u5;(p) is the Galerkin projection of u(u) onto
X% and a reasoning as in the standard proof of Céa’s lemma shows (3.14).

Proposition 3.7. Let a(-,-;u) be symmetric and coercive on X with coercivity

constant a(p). In the case E(x, ) = || — Z||x, assumption (3.9) holds with
()

3.15 C(p) = .

(3.15) ()= 0 0

Proof. By (3.7) and denoting the residual as r,(v; ) = f(u) — A(p)v € X' for any
veE X, we get

Ba(0') < Ca A5(1) = Ca i)l = Co YD )y
= YU ol = o)) = (7
= 02 V2 ) = 3 )
310) < Ca YIUdfutu) — () = o YT I sl
B317) < O 22U I e
< € (29" futu) = e = € (21 Blatuur ),

a(p)
where (3.16) follows from (3.14) by choosing vy = u®(u?) € Xy, i.e., the approxi-
mate snapshot. O

Remark 3.8. Obviously, (3.15) improves upon (3.13) by a multiplicative factor of

o(p)

) (and () may also be larger than 8(u)).
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3.6.2. The Residual. We can further improve the above estimates if we choose a
different error measure E(-,-) in (3.1) for approximating the snapshots, namely the
residual, i.e., in the elliptic case A(p) : X — X/,

E(u(p), u*(p)) = [lra(u® () )| 2er = [l AG) (u(p) — u® (1)) 2+

Since ||rq(u®(w); pu)llxr < v(p) [Ju(pn) — u ()] x, the snapshot accuracy can imme-
diately be relaxed by another factor of v(u), which might be significant in some
applications.

Corollary 3.9. Leta(:,-; u) be symmetric and coercive on X. In the case E(x, T) :=
lA(w)(x — Z)||xr assumption (3.9) holds with

1/2
(3.18) C(u) == Ca 1%3/2.

Proof. Until (3.17), we follow the proof of Proposition 3.7, i.e,

e iy1/2 ) ) iy1/2 _
K u) < € T Il sl = Ca i Bl €0,

which proves the claim. O

Note, that the improvement of (3.18) over (3.15) or (3.13) is stronger than at a
first glance. In fact, the use of the norm of the residual instead of the norm of the
error incorporates another factor of a(u).

3.6.3. Normal Equations. However, we can significantly improve the above esti-
mates in the general case when we follow the lines of Appendix A. We con-
sider the normal equation operator operator A(u) := BT (u) B(1) as in Proposi-
tion A.3. Then, ¢ := u®(u’) is computed as an approximation of A(u?)u(u’) =
Bt (1) f(pt) =: g(p') in X’. The RB-space is again defined as X§ := span{u®(u’) :
u' € Sy}. The RB-approximation u% (u) € X% is then computed as the Galerkin
approximation w.r.t. the infinite-dimensional normal equation operator A(u), i.e.,

(3.19) wuiy(p) € X3 (Awuy(p),vn)arxx = (9(1), vn)xrxx, Yon € X§.

As shown in Proposition A.6, this is equivalent to the discrete Petrov-Galerkin
problem on X5 and Y () := R, B(u)(X5 ), where R, is the adjoint of the Riesz
operator Ry : )’ — Y defined in Definition A.1, i.e., u5(p) can efficiently be
computed as

(3.20)  uy(p) € X5 o bluy (), wnip) = (f(L), wn)yxy, Ywn € Yy(w).

This means that we have a parameter-dependent test space, which — however — could
be computed online-efficient thanks to the affine decomposition of the bilinear form
b(-, ;) w.r.t. the parameter p in (2.14). In fact, in the offline stage, we compute
niq € Y such that

(3.21) (05 g 2)y =bD((F,2) Vzed,  1<q<Qy1<i<N,

independent of the parameter, where (7 again denote the RB-basis functions of

X§. Since the test functions z € Y are chosen in the infinite-dimensional space
Y, (3.21) amounts to N @, adaptive solves using SOLVE w.r.t. to the Gramian
operator G : ¥ — V' defined as (Gv,w)y xy = (v, w)y of the Hilbert space ).
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In the online stage, for a given parameter y € D (which is not a snapshot), we
set 15 (1) = 3%y 04" (1) 5 g, define
(3.22) Yy (p) :=span{n; (u) : 1 <i< N}

and determine uS; (p) € X5 by solving b(us; (1), vn; ) = f(un; p) for vy € Y (u).
This shows that we have an efficient online-offline separation as in the ‘standard’
RB-case. Note, that the Petrov-Galerkin form (3.20) is only used here for theoretical
purposes in order to prove stability. We avoid the determination of Y5 (u) by
considering the normal equation (3.19). Otherwise, we would also need to address
the issue of a necessary approximation tolerance of (3.21). It is readily seen that
this choice, which is an co-dimensional adaptive analogue of the use of supremizers
in the truth spaces, see [36], is inf-sup-stable independent of N:

Proposition 3.10. For Y5 (u) :=R), B(u)(X5), we have
b € g .
inf sup M > B(pu) >0
UK EXT o (wevg () luivllx vy lly
independent of N.

Proof. Let ugy, € X§ be arbitrary. Since Y3 (u) := R), B(u)(X% ), there exists a
unique y5 (1) € Y5 (1) such that (y5 (1), 2)y = b(uS, z; 1) for all z € Y. Using the
inf-sup-stability of b(-, -; u) yields

b(uy, z; 1) (Y& (1), 2)y
Blw)|lufy || x < sup = = sup & = llyn (Wlly-
ey 2y ey zlly
Hence,
blugy, vivik) o blugy, yi ()i p)
sup Mo > N = lyy (Wlly = B(p)lluy
v eve Ny lyi () lly

which proves our claim. ([

This setting has also an important consequence for the error estimation. Since
the RB-solution u$, () is an approximate solution of the normal equations (3.19)
in X5 (even though computed as Petrov-Galerkin projection (3.20)), Proposition
A .4 implies

IB(u") (u(p) = use (u))llyr = inf B (u(n’) = vn)llyr,

uNEXY
in particular — since (§ € X5, — for E(x, %) := || B(p)(x — &)y
E(u(u'), ugv (1)) = 1B (u(p') — ufy (1))l
< B (u(n) = ¢ llyr = Eu(p'), ¢)-

Proposition 3.11. Let E(z,Z) := ||B(p)(x — T)||y- and assume that the RB-
solutions are computed via the normal equations (3.20). Then, (3.9) holds with
. Cha
3.23 C(p') == .
(3.23) (1) E)

Proof. By (3.6), we have

Bl < 0a a3 () = Ca D — o B0 ik ()l
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For 1 = p* € Sy, we get

which proves the claim. O

Remark 3.12. Obviously, the above estimate significantly improves the previous

ones. It also holds in the elliptic case with 8 (") replaced by the coercivity constant
a(p’).
We summarize our findings.

Theorem 3.13. Let tol > 0 be a given greedy tolerance, set E(z,z) .= ||B(p)(z —
Z)||ly as the error measure in (3.1) for the error estimator and assume that the
RB-approzimations are computed as Petrov-Galerkin solution in (3.20). Then, by
setting

(3.24) () = tol oo (1),

we have: if Algorithm 2 terminates for some N < Npax, we get the estimate

max,ep,... e (1)]lx < tol. In particular, if multiple selection of snapshots occurs,
Algorithm 2 terminates in line /. O

3.6.4. The Normal Equation Residual. If the adaptive algorithm for computing
approximate snapshots uses the residual of the normal equation

ralws 1) = glu) — AQuyw = B (1)(F(n) — B(p)w) =: B* () rolw; 1) € X',

e, E(u(p),u(n)) := ||ra(u®(p); 1)||x as stopping criterium, we can easily refor-
mulate the above results. In fact, since

e ()l < ﬁnm(um;mnm = A% (),

which is an easy consequence of the fact that A(u) is coercive with coercivity
constant B(u)%. In a similar way, we define a surrogate Zi" ~ (). Finally, for u’ €
Sn, we have by Proposition A.4 the relation ||r.a(us (1°); )|l < |7 a(C p)|| 2,
so that
e(u) = tol éi Bw)?
A

is the appropriate choice for the snapshot tolerance in this case, i.e., one gets another
multiplicative factor of S(u).

3.6.5. How to Obtain the Involved Constants? Obviously, we need the above in-
troduced constants for the realization of the adaptive algorithm. First of all, ca,
Ca are the surrogate constants introduced in (3.6). For these constants, at least
estimates must in fact be available. As already mentioned earlier, we propose to
use wavelets. Then, ca, Ca can be chosen as the Riesz constants cy, C'y to be
introduced in (4.12) below. These constants, in turn, can be computed/estimated
by the smallest and largest eigenvalue of the Gramian of the wavelet basis W.

As for B(u), we recall Remark 3.4 (b), that (1) (and hence B(u)) is only needed
for the chosen snapshot parameters i € Sy. The corresponding constants can be
computed offline. As in the ‘standard’ RBM, a lower bound for 8(1) is needed in the
online phase. This can be done as in the ‘standard’ case by a Successive Constraint
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Method (SCM) [24], where the starting bounding box is computed adaptively, see
also [46].

4. ADAPTIVE WAVELET GALERKIN METHODS (AWGMS)

To obtain an adaptive approximation for the snapshots u? (1) as well as the
error estimators A% (1) we employ adaptive wavelet Galerkin methods (AWGMs)
that have first been introduced in [11, 12] for stationary problems and extended to
space-time variational parabolic problems in [38]. We will also use wavelet methods
to construct a computable approximate error estimator Ay (u) as in §3.2, (3.6).

For the AWGM, we used multitree-based versions developed in [25, 26, 27, 28],
which we briefly review. Let A : X — )’ be a linear differential (or integral)
operator which may or may not depend on p € D. Given some b € ), we look for
x € X such that

(4.1) Az=b in Y.

4.1. Equivalent Bi-infinite Matrix-Vector Problem. Variational equations of
the form (4.1) can be reformulated as equivalent ¢2-problems by considering Riesz
bases of the Hilbert spaces X, Y. We call T := {~; : i € N} C Z a Riesz basis for a
separable Hilbert space Z if its linear span is dense in Z and if there exist ¢,C > 0
such that

42)  clviE,m < IIE < Clvig,m ¥V = (iien € (N), v=2 v
i=1

For X', V), we denote these Riesz wavelet bases by
(4.3) Y= {g¥aeJlcx, W={:AaecT}c,

for countable index sets J , J. Such bases can be constructed by first building
univariate wavelet bases ¥ = {1y : A € J} for L5(0, 1) that are sufficiently smooth
to constitute (after a proper normalization) also Riesz bases for a whole range of
Sobolev spaces H*(0,1), s € (—4,7), where v,5 > 0 depend on the choice of the
wavelets, cf. [41]. Typically the index takes the form A = (j, k), where |A| := j
denotes the level (e.g., |supp 1| ~ 271*) and k the location in (0,1), e.g., the
center of its support. We consider piecewise polynomial wavelets of order d (degree
plus one). Wavelets are oscillating (“small waves” ) which is reflected by their degree
m of vanishing moments, i.e., fol 2" P(z)dx = 0forall |[A\| >0andall0 <r < m-—1,
where |A| = 0 denotes the coarsest level, 0 = minyc 7 |A|. Those functions are no
‘true’ wavelets but, e.g., splines (scaling functions). The above mentioned constants
~ and 7 are determined by d, m and J, m, which are the corresponding parameters
of the dual wavelet basis ¢ = {1y : A € J} with fol Ux(x) ha(x) do = d, 5 for all
A A € J with |, [A] > 0.

Tensorization of the univariate functions then allows for appropriate bases in
higher dimensions as well as for a vast range of Bochner spaces arising in the
formulation of parabolic PDEs, see, e.g., [38]. Constructions for more complicated
domains € are also available.

Then, we equivalently formulate (4.1) as the discrete, but infinite-dimensional
equation

~

(4.4) Findx € 6(J): Ax=b, bel(J),
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where A = (BY A[FY]), b = [b(ii’)he:f and x are the coefficients of the
(unique) expansion z = x| WY

4.2. Adaptive Methods and Nonlinear Approximation. In order to approx-
imately solve the infinite-dimensional equatlon (4. 4) AWGMs iteratively construct
a sequence of nested finite index sets (Ag)y C J, (Ax)x C J, to which (4.4) is
restricted. Cons1der1ng (just for ease of presentation) a linear self-adjoint operator
A:X = X and U = ¥ = $Y , in each iteration the finite-dimensional problem

(45) Find XA, S ZQ(Ak) : AAAk: XA, bﬂk’ bﬁk S EQ(A]C),

is solved, where for A C J, va := v|a denotes the restriction of v € £o(J) to 2(A)
and pAAp := (AEp)|a with trivial embedding E : ¢5(A) — £5(J) the restriction of
A in both rows and columns.

The extension of A, to Ay is then based on the residual r¥ := b — Ax,, and
its norm ||r*||4, () which forms an equivalent error estimator, since

(4.6) A= x < - < [[A7H[]x

k k
||/2(.7 Xf\k”@(.f) Hez(.f)'

Note that r” is supported on the infinite-dimensional set J even if XA, is finitely
supported. Hence we have to use appropriate approximation methods for the resid-
ual evaluation in order to arrive at an implementable AGWM, see §4.3 below.

The next index set is obtained by a so-called bulk-chasing: choose Agy1 D Ay as
the smallest index set such that ||r]f\kJrl lea(Asr) = cllt¥|ley() for some 0 < ¢ < 1.
This implies that the indices of the largest residual coefficients are added to Ay and
the adaptive index set is steered into the direction of the largest error.

Under appropriate assumptions on the exactness and computational cost of the
solution of (4.5), the approximation of r* and the implementation of the bulk
chasing process, a quasi-optimality result is known. In order to formulate it, we
introduce the nonlinear approximation class (recall that U is a Riesz basis)

4.7) ° == {v € £o(T):|v|

2 ::suge.[min{/\/ s N0:||V—VN||£2(‘7A) < E}]S<oo}
e>

with v being the best N-term approximation on v, consisting of the N largest
coefficients in modulus of v.

Theorem 4.1 (cf. [19, 40]). There exist implementable routines and parameters
such that the (approzimate) computations of XA, r* and Ag,1 can be performed
with controllable tolerances and computational cost: if the AWGM is terminated
when ||r%kHe2(]\k) < e/I|ATY], the output x. = x5, satisﬁes Ix=x%cll, 5y S € 1If,
moreover, x € 2A* for some s > 0, it holds for Ny, := #Ay, that

(48)  x—xcl5 <C EF s #suppx. < CeV/%||x| o

If s is small enough, the computation ofxg can be realized with a computational cost
that is bounded by an absolute multiple of €~ 1/S||x||ms , i.e., linear complexity.! O

Theorem 4.1 states that AWGMSs are quasi-optimal in the sense that the optimal
convergence rate for best A/-term approximations of x can be realized up to some
constant within linear computational complexity. These techniques can be extended

IThis notion means that the solution can be computed with cost which is in the order of the
number of unknowns, recall the second estimate in (4.8).
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to problems that are neither symmetric nor positive-definite by considering the
normal equations ATAx = A'b. This includes Petrov-Galerkin problems as they
arise, e.g., in space-time formulations of parabolic PDEs, even if the wavelet bases
N , UV for X and Y differ not only in scaling but are even obtained from different
sets of wavelets [10, 26].

4.3. Multitree-based Implementations. Several different implementations of
quasi-optimal AWGMs have been proposed. The algorithms in [11, 12] use a thresh-
olding step in order to retrieve the optimal computational complexity in Theorem
4.1, which in the case of [12] is combined with an inexact Richardson iteration on
the infinite-dimensional equation (4.4). In [19] a residual approximation method is
employed that does not require thresholding and can thus be proven to be more effi-
cient. However, like the afore-mentioned algorithms it relies on the application of a
so-called APPLY routine in order to approximate the arising infinite-dimensional
matrix-vector products Av € /y (j ). Such routines are based on wavelet compres-
sion schemes, require certain characteristics of the wavelet bases as well as com-
pressibility results for the operator A and are in general quantitatively demanding.
For these reasons, we employ multitree-based matrix-vector product evaluations
in the solution of (4.5) and the approximation of the residual r*, as proposed in
[27, 28]. That is, we restrict the index sets Ay, to multitrees in the sense of the
following definition.

Definition 4.2. (i) For a univariate uniformly local, piecewise polynomial wavelet
basis ¥ = {¢y : A € T}, aset A C J is called a tree if for any A € A with [A| > 0
it holds that supp ¥y C UMGA;\M:)\fl supp ¥,. (ii) An index set A € J belonging
to a tensor product wavelet basis W = {1y : A € J} is called a multitree if for all
i € {0,...,n} and all indices p; € JU) for j # i, the index set

(49) A(Z) = {)\1 c j(z) : (,U,O7 ey Mi—1, )\i; Hit1y- - ,,un) S A} C j(z)
is either the empty set or a tree. ([

The restriction to such index sets preserves the quasi-optimality of the AWGM

[27] in the constrained approximation class A% .. defined w.r.t. |v|

Q’(futree T
sup.sg ¢ - [min{fN € Ny : [|[v — VNHZ?(JA) <e A suppvy is a multitree}]” and al-
lows a computationally very efficient evaluation of finite-dimensional matrix-vector
products:

Theorem 4.3 ([28, Theorem 3.1]). Let A be a linear differential operator with
polynomial coefficients and let A C J, A € J be multitrees. Then, for any vy €
l2(A), the product Az vi can be computed in O(#A + #7&) operations.

Moreover, we obtain the following approximation result for the residual:

Theorem 4.4 ([27]). Let 0 < w < 1, let A be a differential operator with polynomial

coefficients and let x € AL, ... for some s > 0. Then, for all finite multitrees

~

AC J and all Wi € l2(A), there exists a multitree == é(A7w) C J such that

—bhbe — < Axwa I = N —1/s
forr:=bg — xA{ wj it holds that #E2 < C#A + Hr||£2(j) and

(4.10) I(b— AwR) =, 7 < wlrlly, 7
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Thus, the computational cost for the residual approximation is of the order

(’)(#K-i— ||r|\;21(§)) if the right hand side coefficients bz can be computed efficiently.

Explicit constructions of 2 are discussed in [27] and [26], where the multitree-based
AWGM is extended to the normal equations. In particular, such AWGM satisfies
the conditions posed for the routine SOLVE in Section 3. We used AWGM for all
adaptive computations (snapshots, supremizers, error estimates).

4.4. Wavelet-based adaptive residual RB-error estimate. Recall from (3.5)
the definition of the error estimator,

Bin () g llyr  [1f () = Blw) uge ()l

B(n) Bk Bw) ’
where f(p) := f(;p) € Y and B(p) : X — )’ is defined as in §2.1. If we assume
that an efficiently computable lower bound 0 < SBrp(p) < B(p) for the inf-sup-
constant is available (e.g., by the Successive Constraint Method — SCM —, see
[24]), we are left with the problem of approximating Rj n (), the dual norm of the
residual.

Let us now show how this can be done in an online-efficient manner using the
online-offline decomposition combined with the wavelet expansion. Using (2.14)
yields

Ay (p) =

N (1) = fp) — Ze (n)fP — Ze uSy (1)

N Qp
(4.11) = Z 0 (1) F 9 = 35" uN ()0 () BOCE,
=1 gq=1
with ¢¢ defined in (3.2) and B@ : X — )’ defined by (B@w,v)y«y := b (w,v),
weX,ve). 5
Next, recall from (4.3) that ¥V = {'zby A € J} is a Riesz basis for Y. Then,
from the Riesz representation theorem, it is well-known that a dual wavelet system
lIly = {1/)3; A€ J} exists which is a Riesz basis for the dual space )'. Let g € ',
then this element has a unique expansion in the dual wavelet basis, i.e.,

9= 0, g8:=(0)xes Ir= (0 )yxy.
xeF
In particular, the wavelet coefficients g are computed by the dual pairing of g
with the primal wavelets, which are often piecewise polynomials, so that the arising
integrals can efficiently be computed at any desired accuracy.
The Riesz basis property implies the existence of constants 0 < cy < Cyg < o0
such that for all g € ) it holds

1/2
(4.12) collgly < (Y 19a2) " = I8l 5 < Co lglly,
AeT

where the equivalence constants cg and Cyg depend only on the choice of Uy,
Putting (4.11) and (4.12) together yields

s N30 < €t > ((F () — Blu) wiy (1), 9 )y wy)?

Aed



20 MAZEN ALI, KRISTINA STEIH, AND KARSTEN URBAN

N Qp g 9
=cg! Z (Ze(q) 1/)/\ Yy _Zzu 1) b9 ( 26,1/,17))
AE.’T q=1 i=1 gq=1
=cg' Z 0y ) DD, Py (£ 45y
4,q'=1 AeT
+ g’ Z Ze 0 () () () S 0O (CE, ) b (¢, )
q,q'=14,j=1 xeJ
Qf Qy N
=2e" SN ST () 65 () (1) D (FD )y 8OO (LY
q=1q'=1j=1 AeT
_ -1 0‘1) 9(‘1) C
=Cy Z ) q,q’
q,q’ 1
+eg! Z Z 07 (0" () wl () L o
q,q'=11,j=1
Qs Qv N

= 20" Y0 D Y0P (W 0w ) (CLE )

q=1q¢'=1j=1

where the terms

cld =3 (FO ) yrey (F9, )y,

AeT
b,b ~ , o
C( Q.Gha) T Z b(q)(<i67¢§\})b(q)( ;ﬂ/’g\])’
AeT
Ct{(byq) Z<f ¢>\>37’X1Vb ( ’l/’>\)
xeT

can be computed offline in principle exactly — or at least up to any desirable ac-
curacy, which can be seen as follows: in principle, the index set J has infinitely
many elements, so that all three sums have infinitely many terms. However,

e 9 1< ¢ < Qy, are given elements in ). Either they have a finite wavelet

expansion (and then both C’ff, and C’g’(] )

sequence of wavelet coefﬁments decay with respect to the level (the )’-norm

is finite and the sum has to converge). In this case, both Cff, and CC{’(J o)
be truncated and the desired accuracy triggers the number of terms in this offline
computation;

e b D((5,), 1< qg<Qy 1<i<N, are also given functionals in ), so that the

same reasoning as above applies for the sum in C(

are finite sums) or at least the

can

1,q),(4,4")
The number of terms in these expansions as well as their localization have a strong

influence on the decision if an adaptive snapshot computation is indeed required
or if, e.g., an adaptively generated common truth as in [45] might be sufficient.
Details concerning the decay of wavelet coeflicients can be found in [11, 40, 41].

In summary, the online complexity is (’)(ch +Qf Qy N + Q7 N?), i.e., the surro-
gate for the error estimator can be computed online-efficient.
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5. NUMERICAL EXPERIMENTS

In this section, we present numerical results showing quantitative effects of an
adaptive offline computation of the snapshots as well as of the adaptive wavelet
computation of the dual norm of the residual. We recall that meaningful test cases
have to be strongly parameter-dependent, so that the presented results need to
be properly interpreted. As numerical examples, we consider an elliptic thermal
block/seal problem as well as a parabolic (time-periodic) one in space-time formu-
lation.

Realization of the Error Estimator. As we have seen in Section 4.4, the terms
b(@) (S5, 'Ji’) and <f(q),’(zg‘}>yl><y of the affine decomposition need to be computed
in the offline stage. If the data do not allow for a finite wavelet expansion (which
is the case in our example), the corresponding wavelet expansions are computed
adaptively, [2] (without fixing a finest level a priorily). The corresponding error
can be controlled by the size of the wavelet coefficients, e.g., [25, 41]. Next, the (in
principle) infinite sums in C’qf_’({,, Cé’i’bq) G ‘
computed, which can be done at an7y desired accuracy offline due to the decay of
the wavelet coefficients w.r.t. the level. Of course, the terms b(4)( % @Zi’) have to
be computed after the adaptive computation of the corresponding snapshot. We
have observed that these terms are highly singular, which underlines the difficulty
of the considered problems, whose treatment would be unfeasible in the uniform
setting with a “common truth”, see Figure 4 below.

Finally, we need the constants cg and Cy in (4.12), namely the Riesz constants
of the wavelet basis. These numbers can either be taken from the literature or by

) in Section 4.4 have to be

determining smallest and largest eigenvalues of the dual mass operator (‘ily , \ily)y.
5.1. An Elliptic Equation: A Thermal Block with a Seal.

5.1.1. Data. We consider heat conduction in a 2D

thermal block Q = (0,1)? consisting of two subdo- Ty

mains g = [0.5,1] x [0, 1], Q1 = [0,0.5] x [0, 1], with T
different conductivities o = 1, p1 € [0.01,100], [35]. AR R
The heat influx is modeled as a constant local source ) R

on different parts €2;, i = 1,...,9, of the domain, 1| Q2 | U5 | Qs | T}
where the current location depends on a (discrete) S {‘ﬂ; YT
parameter us € {1,...,9}, see Figure 1. We im- QO
pose homogeneous Dirichlet boundary conditions on X X
I'p:=90QN{z=0Vz =1} and homogeneous Neu- LTy 2

mann conditions on I'y := 0QN{y = 0vVy = 1}. The

variational formulation then reads: find v € X := Fiqure 1. Thermal block
HL(Q)={ve H(Q):v=0o0nTIp} such that with 9 local sources.

9
A Vu- Vv + 1 A Vu-Vo = (f(p2),0)r,) Y0 EX, [flu2):= Z(S#Z’i]l{ﬁi}-
0 1 i=1

5.1.2. Wawvelet Discretization. We employ a multitree-based AWGM (see Section
4) with a tensor basis consisting of bi-orthogonal B-spline wavelets from [17] of

order d, = m, = 2 (for the meaning of the parameters d and m, see Section
4) and L»(0, 1)-orthonormal (multi-)wavelets as in [37] of order d, = m, = 2,
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with homogeneous boundary conditions. As we shall see below, this problem yields
strong local p-dependent adaptive discretizations, so that adaptivity obviously pays
off. Moreover, we will also indicate that this is in fact a tough test problem.

5.1.3. Greedy Performance. The training set Dy, ,in consists of 20 log-spaced values
in D; = [0.01,10] for puy and all 9 possible values for ps. We test different greedy
tolerances in Table 2a). We need 14 and 21 snapshots for the tolerances 10~* and
1072, respectively.

tol = 0.1 tol = 0.01
no. Snapshot ratio Snapshot ratio

1] (0.01,4) 1.28| (0.01,4) 1.93 B

2 (0.01,1)  1.65 (0.01,1) 2.27 e

3 (0.01,5) 1.36 (0.01,5) 1.95 N

4| (001,2) 1.99 | (0.01,2) 1.87 ~

5 (0.01,7) 1.19 (0.01,7) 1.28

6 (0.01,8) 1.24 (0.01,8) 1.19 wl : !

7 (0.01,6) 1.34 (0.01,6) 1.95 ¢ N ’

8 (0.01,3) 1.30 (0.01,3) 2.32 .

9 (0.01,9) 1.17 (0.01,9) 1.23 2b) Weak greedy training .for bot.h ‘Eoler-
10 | (0.0207,4) 1.32 | (0.0207,4) 1.26 ances. Until N = 14, the lines coincide.
11 | (0.0207,5) 1.19 | (0.0207,5) 1.25 @

12 | (0.0207,6) 1.22 | (0.0207,6) 1.23

13 | (0.0207,1) 2.11 | (0.0207,1) 1.89

14 | (0.0207,2) 2.32 | (0.0207,2) 2.14 —\\

15 (0.0207,3)  2.02 .

16 (10,4) 1.25 a

17 (10,5) 1.22 >

18 (10,6) 1.28

19 (10,9) 1.38

20 (10,7) 147 -

21 (10,8) 1.32 : <
2a) Selected snapshots and residual deterioration 2c¢) Average error estimator for 450 test
ratio Ir(ufy (1) lley for final N. parameters with N = 1,...,21 basis

e (= (1)) le, functions. The overall online CPU time

is about 1s for all 450 tests including the
adaptive error estimator.

FIGURE 2. Weak greedy training for the elliptic thermal block problem.

At a first glance, greedy tolerances of 0.1 and 0.01 seem to be very crude. How-
ever, such tolerances yield necessary snapshot accuracies of 0.33-1072 and 0.33-10~4
by Theorem 3.13. In Figure 3, we show two representative snapshots for 3 toler-
ances. Note, that if we would use a common grid for tol := 1073, these snapshots
would correspond to finite element solutions on a uniform mesh with about 10'°
cells, see Table 1 below.

In Table 2a), we see that due to the parameter-dependent locality of the source
f (and thus the highly localized solutions), adding a snapshot to the RB-basis for
a certain 1 does not necessarily add additional information for other parameters.
Hence, the greedy loop iterates through the 9 values for us first, i.e., all 9 possible
source locations. For p; = 1072, the coercivity constant a(p) is quite small and
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3a) tol := 1071, ! 3b) tol := 1072, p' 3¢) tol := 1073, u'

e | A
=

- Bl mawm s e m—
H A NS H

3d) tol := 1071, p2 3e) tol := 1072, p2 3f) tol := 1073,

FIGURE 3. Elliptic thermal block. Support centers of local wavelets for
snapshot u! = (0.01,4) (top) and u? = (0.01,2) (bottom). The color bars
denote the size of wavelet coefficients.

thus has a strong impact in the error estimator. As we see in Figure 2b), the

convergence rate slightly stalls for those samples with the same p;-value (i.e, same

conductivity but different location of the source), but this effect becomes less and

less pronounced for increasing N.

In Figure 2¢), we show the average error estimator over a test set, which is chosen
as 50 log-spaced values for p1 in [0.01, 20] and all 9 possible values for ps (#Dyest =
450). We observe algebraic convergence for the first 9 samples (corresponding to
the different sources) and exponential rate of convergence afterwards.

Let us now comment on the values in the third and fifth column of Table 2a),
where we indicate the ratio of the residual of the RB-approximation u5,(u) and
the snapshot ¢ = u®(u’) for the chosen samples u’ € Sy. Both residuals are the
discrete ones, i.e., the vectors of the wavelet coefficients. These ratios are interesting
for different reasons:

(1) They indicate the size of the reproduction error. Recall, that we cannot expect
exact reproduction of snapshots. As the very moderate numbers indicate, RB
and snapshot errors are of the same size which is a quite positive result.

(2) We have discussed in Section 3.6 necessary snapshot accuracies to ensure greedy
convergence, in particular the p-dependence of these accuracies. For this first
example, A(u) is elliptic and we determined u%; (1) as the usual Galerkin solution
in X5, (without computing an approximation of the infinite-dimensional normal
equation operator). Hence, from Proposition A.4, we could expect a factor of

~v(p)/a(p), which can be computed to be 10 for p; = 0.01. As we see, we
obtain numbers in the order of 1, which means that the standard Galerkin RB-
solution is very close to the optimal solution using the infinite-dimensional normal
equations. A possible explanation is that the wavelet preconditioning of A(u)
yields a very small spectrum and quantitatively good condition numbers.



24 MAZEN ALI, KRISTINA STEIH, AND KARSTEN URBAN

(3) The adaptively computed snapshot u®(u’) can also be interpreted as the full
approximation of the RB-approximation u% (u') for the same sample value ‘.
The snapshot, in turn, is guaranteed to be within the prescribed tolerance of the
exact solution u(y). This means that the numbers in the third column of Table
2a) are the effectivities of the adaptive wavelet-RB error estimator for the sample
values p'.

5.1.4. CPU Times and Degrees of Freedom (d.o.f.) Finally, we comment on the
CPU timings and problem sizes, which we collect in Table 1. We compare different
snapshot (and greedy) accuracies for the snapshot computation, a sample left-hand
side (LHS, i.e., the differential operator), a sample right-hand side (RHS) and the
full training.

Time d.o.f. adaptive d.o.f. uniform

Snapshot || f — A¢S |y < 3.33-1073 04m:50s 6.513 ~9.5-106
Snapshot || f — ACf[lyr < 3.33-107%  01h:57m:58s 89.832 ~2.5-10°
Snapshot ||f — ACS[lyr < 3.33-1076  09h:00m:21s 518.331 ~ 3.9.1010
Sample LHS < 10~* 12m:35s 89.257 ~4.1-10'6
Sample LHS < 10~° 02h:45m:47s 919.054 ~1.7-1020
Sample LHS < 10—6 23h:00m:08s 17.196.102 ~ 2.7-10%*
Total sample RHS < 10~4 02s 2.455 ~3.7-10%
Total sample RHS < 10~° 08s 6.336 ~2.4-108
Total sample RHS < 10~6 20s 12.266 ~9.7-100
Total training < 107! (N = 14) 02h:08m:32s - -
Total training < 1072 (N = 21) 38h:45m:00s - -

TABLE 1. Timings and problem sizes for the elliptic thermal seal
block: snapshots with different residual accuracies, sample differ-
ential operator application (LHS), total sample of the right-hand
side (RHS) and total training.

As we can clearly see, the main CPU time is needed for the evaluation of the
differential operator (required in the computation of the residual). In fact, the LHS
timings in Table 1 are for one Riesz representation only (“Sample”), whereas the
RHS times are for the full affine decomposition of the right-hand side (“Total”).
This also shows how efficient the wavelet sampling of the right-hand side data is.

In order to better understand the LHS-timings, we show in Figure 4 one Riesz
representation for different tolerances. We also indicate the support sizes. The
obtained values clearly show that this problem is not tractable with a common grid
and full error control w.r.t. the exact solution.

5.2. Parabolic Periodic Space-Time Equation.
5.2.1. Data. As a second example for our numerical experiments, we consider the
time-periodic convection-diffusion-reaction (CDR) equation
Ut — Uy + p18(2)uy + pou = cos(2rt) on Q= (0,1),
u(t,0) =u(t,1) =0 for all ¢t € [0, T7,
w(0,7) = u(T,x) forall x € Q,
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e

4a) tol := 10" 4b) tol := 1072 4c) sample accuracy < 1075,

FIGURE 4. Elliptic thermal block. Riesz representation of affine term
b(‘I)(CJE.,'tZ%f) corresponding to ¢ = 1, 5 = 1 of the bilinear form for differ-
ent accuracies. The support areas of smallest wavelets are 2.98 - 108 and
4.66 - 10~10. The shape shows the singularities.

with coefficient function S(z) = 0.5 — z. Setting V := Hj(Q), H}.(0,T) :=

{v € HY(0,T) : v(0) = v(T)}, we define the spaces Y := L2(0,7;V) and X :
Ly(0,T;V)N H: (0, T; V'), ie.,

per
(5.1) X ={ve L0, T;V):v; € La(0, T; V'), v(0) =v(T) in H},
where X is equipped with the norm |[v|% = ||v||i2(07T;V) + ”th%z(O,T;V’)’ v €

X. Note that v(0), v(T) are well-defined due to H*(0,7) C C([0,T]) and {v €
Ly(0,T;V) : vy € L2(0,T;V")} C C(0,T; H), e.g., [16]. We obtain the variational
problem:

(5.2) Find u € X : b(u,v; p) = f(v) VoeY, p= (1, p2),

with forms b(-,;p) : X x Y x D =R, f(-) : Y — R given by
T
(5.3) b, s ) = / (), e (8)) v+ ault), v(e); w)de,

where f(v) = fOT cos(27t)(v(t), 1)y xy-dt and the bilinear form as a(¢,n;u) =
(2s M) La() T 11 (Bbz, M) o) + H2(D, 1) Lo(0)-

5.2.2. Discretization. As bases we use space-time tensor functions: in time, we
use a collection of bi-orthogonal B-spline wavelets on R of order d; = m; = 2,
periodized onto [0,T7], [41]. The spatial basis is chosen as bi-orthogonal B-spline
wavelets of order d, = m, = 2 with homogeneous boundary conditions from [17].
The test basis is a tensor product of the above mentioned linear B-spline wavelets
with 2 vanishing moments from [17] with homogenous boundary conditions in the
univariate spatial basis.

In this example, the snapshots have different temporal evolutions. Since time is
a ‘normal’ variable in a space-time variational formulation, we can easily resolve
the different temporal evolutions of snapshots as can be seen in Figure 5. Even
though this particular example could very well be treated by means of a uniform
discretization, this problem is in fact relevant since (1) we have an exact error
control for a parabolic problem and (2) the online phase is highly efficient.
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FIGURE 5. Snapshots for the CDR problem for u =
(0,-9), (30,—9) in the first row and p = (0,15), (17.3684, —9) in
the second.

5.2.3. Greedy Performance. We perform the same experiments as in the elliptic
thermal block problem for the CDR equation. The training set was chosen as 20
uniformly spaced values in [0, 30] for p; and in [—9, 15] for uo. The greedy tolerance
was set to tol := 104,

The decay of the error estimator is shown in Figure 6b), where we also see that

8 basis functions suffice to reach the desired tolerance. The chosen snapshots are

listed in Table 6a). The different temporal evolution of snapshots is reflected by the

convergence history in Figures 6b) and 6¢). In the latter figure, we test the error
estimator again on a larger test set, which is here chosen within the same range
as the training set, but with a finer uniform discretization Qf 50 values for u; and

2. The maximal error stays below the greedy tolerance tol = 10~%. We obtain

a maximal error of 6.1410 x 107° on the training set and of 6.2397 x 10~° on the

larger test set, i.e., just a very mild increase. However, this is not surprising at all,

since the training set covers the same range as the test set.
As in the elliptic case of the thermal seal-block, the numbers in the third column
of Table 6a) are quite positive. In this case, there are also additional features:

(1) Here, we face a Petrov-Galerkin problem. We have proven above that Y5 (u) :=
RY, B(p) (X% ) is an optimal test space. In our numerical experiments, however,
we used Y5 (n) = X§ for simplicity. This is possible in this case since X C ).
The values in Table 6a) show that this simple choice gives quite good results.

(2) At a first glance, the numbers less than 1 seem surprising. However, recall
that the right-hand side is parameter-independent. These means that the RB-
space X7 may contain components that improve the RB-approximation over the
snapshot, yielding ratios smaller than 1.

(3) Finally, we obtain an RB-system with only 8 basis functions. In the online
stage, we thus only have to solve one 8 x 8 linear system for the full evolution —
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no temporal iteration (time-stepping) is required. This gives rise to an enormous
speedup which allows us to perform 2500 tests on a PC in about 2 seconds!

tol = 101 e
] lle(u (1*)lle T,
no.  Smapshot  JCr ' ~_
- » N,
1 (0,-9) 1.2141 : N
2 (1.5789,—9) 1.2537
ol = 10-2 6b) Weak greedy tralnlpg star‘tlng‘at N =0.
lle(uge (1) lle T —
no Snapshot [[r(us (;L‘))Hz; T R,
1 (0,-9) 2.6338 i,
2 (1.5789,—9) 1.3489 ~—
3 (0, —6.47) 1.0792 ;
4 (30, —9) 1.3439

6a) Selected snapshots and residual dete-
rioration rate for tol € {10™,1072}.

6¢) Average error estimator for 2500 test pa-
rameters with N = 1,...,8 basis functions.

FIGURE 6. Greedy performance for the CDR problem.

APPENDIX A. A SHARP RESIDUAL ESTIMATE USING NORMAL EQUATIONS

As described above, we use the normal equations for the analysis of the RB
approximation. Using a minimal residual approach within the RBM, is not new,
see e.g. [9, 13, 14, 15]. We use it within the co-dimensional context of the respective
function spaces and adaptive computations based upon these. This aspect seems
to us to be new.

We consider Hilbert spaces X, Y with their duals X', Y’ induced by some pivot
spaces. Let B : X — Y be a linear operator that satisfies the Ne€as conditions, in
particular B is assumed to be continuous with constant v < co and to satisfy an
inf-sup-condition with constant S > 0. Thus, in particular, the operator equation
Bu = f has a unique solution u € X for any f € Y’ i.e., b(u,v) = (f,v)y xy for
all v € Y, where (Bu,v)y xy =: b(u,v) foru € X and v €Y.

Next, we consider the Petrov-Galerkin method with finite-dimensional spaces
XhCX, Y, C Y and

(Al) up € Xp, : b(uh,vh) = <f, vh>y/><y Yop € Yy,.

We assume well-posedness also of the discrete problem independent of the dis-
cretization parameter h. The following Céa-type lemma is well-known

v
A2 uU—u < - inf |lu—w ,
(A2) [ nllx < 5wtk | nllx
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see, e.g., [43, Thm. 2]. If A : X — X’ is selfadjoint and positive definite with
coercivity constant « > 0 (i.e., the elliptic case), this can be improved as follows

(A.3) lu —upl|x < Nl inf ||u—wnlx.

o wpE€Xp
We associate a bilinear form to the operator A as usual by a(u,w) := (Au, w)x/xx
for u,w € X.

Both estimates (A.2) and (A.3) relate the (Petrov-)Galerkin error to the error of
the best approximation in X}, — both measured in an appropriate norm, here || - || x.
Since the error is usually not available (the exact solution is unknown), but the
residual is in some cases (e.g., both in RB ‘truth’ discretizations and in adaptive
wavelet methods), we want to relate the (Petrov-)Galerkin residual

ro(up) = f —Bup,  or |lre(un)lly
to the best approximation residual inﬁ( llrs(wp)||y,. The following estimate is
WhEXR

straightforward by (A.2)

2
Iro(un)llys = IIf = Bunllys = | B(u—un)lys <4llu—unllx <L inf [lu—wplx
5 wpEXp
v? 7\ 2
A4 <= inf [|Bu—w /:(7) inf ||ry(w ’
(A4) <3 thXhH ( n)lly 5 wheth b(wn)|ly

2
but the factor (%)2 is not satisfactory since it may be large.
In the elliptic case, we can use the fact the Galerkin projection is the orthogonal
projection of u with respect to the energy scalar product a(-,-) that induces the
energy norm, i.e.,

w ’
lol? = a(w,w), w e X, |flla = sup LXK
wex  Jwla

, feX',
(Le, Vallwllx < llwlla < 7 wlx and = [Ifllx < [Ifll < J= [fllx), so that
1 1
[ra(un)lx < ﬁ\\m(w)lla/ = ﬁwjggh 7 (wn) o

(A.5) Sﬂ inf  ||ra(wp)|x-

\/a wrEXp

If we compare (A.3) and (A.5) — both in the elliptic case — we see that the factor

% is the same, both in the error relation in (A.3) and in the residual relation

(
(

Q

A.5). In the general case, however, we have a factor of % for the error relation in
A2

), but the square (%)2 in the residual relation (A.5).
The aim of this appendix is to improve and harmonize these estimates for the

residual relations. To this end, we introduce some operators.

Definition A.1. (a) The operator BT : Y’ — X' is defined as (B™v',u) x/xx :=
(Bu,v')y: for v/ € Y and all u € X.

(b) The Riesz operator Ry : Y’ — Y is defined as (Ryy/, 2" )y xy’ := (¢, 2")y for
ally', 2/ € Y.

(¢) The dual operator (Banach adjoint) C': Y' — X’ of a linear operator C' : X —
Y is defined as (C'y/,x)x xx = (Cx,y)yxy, z € X,y €Y.
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We note in particular, that the operator Ry is invertible and coincides with the
Riesz representation operator. Moreover, R} ; Y’ — Y is given by (R, v/, 2/ )y xy' =
(Ry 2,y Yyxy = (¢, 2 )y fory, 2’ e Y aswellas B": Y — X' as (B'y, ) x'xx =
(y, Bx)yxy forz e X,yeY.

Lemma A.2. It holds that BT = B'Ry-.

Proof. Let v' € Y/ and u € X. Then, the following is easily seen, (BTv', u) x/« x =
(Bu,v")y: = (Bu, Ryv')y/«y = (B'Ryv’,u) x'x x, which proves the claim. O

As an immediate consequence, we get || B ||z(y/ x) = [|Bllz(x,v7), i-e., the esti-
mate B|[v'[|ys < ||BTV |y < ljv’|ly for all o' € Y.
Proposition A.3. Let B: X — Y’ be linear and invertible. Then,
(a) A:= B*B: X — X’ is elliptic w.r.t. the norm ||B - ||y witha =~ =1.
(b) Bu= f inY' if and only if Au= BT f=:gin X'.
Proof. Let us first show that A is selfadjoint. In fact, for u,w € X, we have
(AG) <Au,w>X/XX = <B+Bu,’w>x/><X = (B’U,7B'LU)Y/,
which allows to exchange u and w. This implies that
(A.7) (Au,u)xrxx = |Bullyr,  (Au,w)xicx < || Bullys || Bwlly,
which proves (a). In order to prove (b), let w € X arbitrary. Then,
(g, w)xxx = (BT fiw)x'xx = (B'Ry f,w)x'xx = (Ry f, Bu)y xy
= (f, Ry Bw)y 'y
and on the other hand,
(Au, w)x/xx = (BT Bu,w)x'xx = (B'Ry Bu,w)x/xx = (Ry Bu, Bw)y xy"
= <BU,RS/Bw>ylxy.
Since both Ry and B are invertible, also the operator Ry, B = (B") : X — Y is

invertible, so that the assertion is proven. O

Let us now consider the Galerkin problem with respect to the elliptic operator
A and a finite-dimensional space X, C X, i.e.,

(A.8) p € Xp o a(n,wp) = (Alp, wh) x'xx = (¢, Wh)x'xx Ywp € Xp.

This is equivalent to the normal equations (Buyp, Bwp)y: = (f, Bwy)y for all
wp, € Xp. It should be noted that (A.8) is not the normal equation of the discrete
Petrov-Galerkin problem (A.1). In fact, (A.1) is equivalent to Byuy, = fr,inY) =Y,
(finite dimensional), where By, := Bjy, xx,,, fn := fjy,- Thus, the (discrete) normal
equation reads Apup = B,?fh with Ay, := BZBh. On the other hand, (A.8) reads
Apty, = gp in Xj, where Ay, := (BTB)|x,xx, and g := (BT f)|x,. This means
that BT B is first multiplied exactly (on the operator level) and then discretized,
whereas Ay, is first discretized and then multiplied on the discrete level. This is in
contrast to previous work in [9, 13, 14, 15].

Proposition A.4. Under the above assumptions, we have

(A9) lro(an)lly: = [1Blu=an)lly: = inf [[Blu—wn)ly: = int [ro(wn)]ly
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as well as

(A.10) Iram)llxr < 5 intfira(wn)x:

If B: X — X is elliptic, we get ||ry(an)||x < %infmhexh lro(wp )|l x: as well
as |[ra(tin)||x < L infu, ex, [Ira(wn)|x- for A= B*B.
Proof. The result in (A.9) follows from Galerkin orthogonality in (A.11) for any
wy, € X,
IB(u—an)llyr = (B(u—an), B(u— @)y = (Alu — @n),u — an)xrxx
= a(u — Gp,u — Up)
(A.11) =a(u — Up,u —wp) = (B(u —ap), B(u —wp))y
< IB(u —an)ly [|B(u — wn)l[y,
which proves (A.9). Then, we use (A.9) to obtain
7o (@n)llx = (1B o (@n)llxr <y llro(@n)lly: = v ko (wn)ly

oo, + Yoo,
x f |IB <L f
o w0 BT r(wn)llxe < = inf - lre(wn)llx,

IN

so that (A.10) is proven. The estimate in the elliptic case is proven as (A.5). O

Remark A.5. Let us comment on the previous result. Obviously, (A.9) significantly
improves (A.4) so that the ‘ellipticity gap’ (i.e., the quotient of the factor in the
respective relation for the elliptic and the general inf-sup case) between (A.10) and
(A.5) is the same as the gap between (A.3) and (A.2) for the error, namely the
factor %

We point out again that i, € X}, is the solution of Ay, = g, which is a dis-
cretization of the infinite-dimensional version of the normal equations. As described
in Section 4, this is exactly what is done in adaptive wavelet methods (since there
an optimal preconditioning of large classes of operators B is available which means
that one avoids the usual drawback of squaring a possibly bad condition number
of B when using normal equations).

In general, the discrete approximation @; of the infinite-dimensional normal
equation differs from the Petrov-Galerkin solution uj in (A.1) (which, in turn,
coincides with the solution of the discrete normal equations). Ounly in a very specific
situation (which we will indicate now), both approximations coincide.

Proposition A.6. Let X; € X and Yy, € Y be finite-dimensional spaces. Consider
(A.12) up € Xy, : a(ﬁh,wh) = <B+f, wh>X/><X Ywy, € Xp,
(A13) up € Xp - b(uh,vh) = <f7 Uh>y/><y Yoy, € Yy,.
If Xy, and Yy, are related by Yy, = (BT) (Xy), then ap = up,.
Proof. We follow the lines of the proof of Proposition A.3 (b), i.e., a(up,wy) =
b(up, RS Bwy,) = b(up, (BT)'wy,) on one hand and on the other (BT f,wp)x/xx =
(f, (BT wn)y <y = (f, Ry Bwp)y =y

Let @, solve (A.12). Since BT is invertible and due to Y}, = (B1)'(X},), for any

vy € Yy, there is a unique wy, € X}, such that v, = (BT) wy,. Hence, @y, also solves
(A.13). On the other hand, let uy, solve (A.13). For any w;, € X, there is a unique
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vy € Yy such that v, = (BT)w, which implies that uy, is a solution of (A.12) as
well. Since both (A.12) and (A.13) admit a unique solution, we get @p = up. O

Remark A.7. This latter result shows that the Petrov-Galerkin solution (which
coincides with the discrete normal equation solution) is the same as the approxi-
mation of the infinite-dimensional normal equation solution provided that trial and
test spaces are chosen appropriately. In that case, we obtain the optimal residual
relation (for r, even with constant 1) from Proposition A.4 — otherwise we cannot
hope for it.
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