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ABSTRACT. We investigate an ultraweak variational formulation for (parameterized)
linear differential-algebraic equations (DAEs) w.r.t. the time variable which yields an
optimally stable system. This is used within a Petrov-Galerkin method to derive a
certified detailed discretization which provides an approximate solution in an ultra-
weak setting as well as for model reduction w.r.t. time in the spirit of the Reduced
Basis Method (RBM). A computable sharp error bound is derived. Numerical experi-
ments are presented that show that this method yields a significant reduction and can
be combined with well-known system theoretic methods such as Balanced Truncation
to reduce the size of the DAE.

1. INTRODUCTION

Differential-Algebraic Equations (DAEs) are widely used to model several processes
in science, engineering, medicine and other fields. Theory and numerical approxima-
tion methods have intensively been studied in the literature, see e.g. [5, 14, 18, 29], or
[13, 24], which are the first two books in a forum series on DAEs. Quite often, the di-
mension of DAEs modeling realistic problems is so large that an efficient numerical so-
lution (in particular in realtime environments or within optimal control) is impossible.
To address this issue, Model Order Reduction (MOR) techniques have been developed
and successfully applied. There is a huge amount of literature, we just mention [3, 4,
8, 20, 25, 26].

All methods described in those references address a reduction of the dimension of
the system, whereas the temporal discretization is untouched. This paper starts at this
point. We have been working on space-time variational formulations for (parameter-
ized) partial differential equations (PPDEs) over the last decade. One particular issue
has been the stability of the arising discretization which admits tight error-residual
relations and thus builds the backbone for model reduction. It turns out that an ultra-
weak formulation is the right tool to achieve this goal. In [10], we have used this frame-
work for deriving an optimally stable variational formulation of linear time-invariant
systems (LTIs). In this paper, we extend the ultraweak framework to (parameterized)
DAESs and show that this can be combined with system theoretic methods such as Bal-
anced Truncation (BT, [25]) to derive a reduction in the system dimension and time
discretization size.

1.1. Differential-algebraic equations (DAEs). Let E,A € R™", n € N, be two
matrices (E is typically singular), I = (0,T), T > 0, a time interval, x, € R" some
initial value and f : I — R" a given right-hand side. Then, we are interested in
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the solution x : I — R" (the state) of the following initial value problem of a linear
differential-algebraic equation (DAE) with constant coefficients

Ex(t) — Ax(t) = f(t), Vtel,  x(0)=x,.

In order to ensure well-posedness (in an appropriate manner), we shall always assume
that the initial value x is consistent with the right-hand side f, which means that there
exists some X, € R" such that Exy — Ax, = lim,_,, f(¢) holds. Finally, we assume
that the matrix pencil {E, —A} is regular (i.e. det(AE — A) # 0 for some 1 € R) with
index ind{E, —A} =: k e N, [12].}

1.2. Parameterized DAEs (PDAEs). We are particularly interested in the situation,
where one does not only have to solve the above DAE once, but several times and highly
efficient (e.g. in realtime, optimal control or cold computing devices) for different data.
In order to describe that situation, we are considering a parameterized DAE (PDAE) as
follows. For some parameter vector i € P, P C R” being a compact set, we are seeking
x, : I — R"such that

(1.1) Ex, (t)— Ay x,@t) = fu(t), Vtel, x,(0) = Xq s

where A, f, and x,, are a parameter-dependent matrix, a right-hand side and an
initial condition, respectively, whereas E is assumed to be independent of u, see below.
In order to be able to solve such a PDAE highly efficient for many parameters, it is quite
standard to assume that parameters and variables can be separated, see e.g. [17]. This
is done by assuming a so-called affine decomposition of the data, i.e., E is (for simplicity
of exposition) assumed to be parameter-independent and

Qa Qy Qx
(1.2) A/x = 2 19:?(#) A(p f,u(t) = Z ‘Sqf(,u) fq(t)7 Xou = Z ’93(#) ffo,q-
q=1 qg=1 q=1

If such a decomposition is not given, we may produce an affinely decomposed approx-
imation by means of the (Discrete) Empirical Interpolation Method ((D)EIM, [2, 7]; see
also [8] for a system theoretic MOR for such PDAESs). For well-posedness, we assume
that the matrix pencil {E, —A,} is regular with index ind{E, —A,} = k, for all u € P.

1.3. Reduction to homogeneous initial conditions. Using some standard argu-
ments, (1.1) can be reduced to homogeneous initial conditions x,(0) = 0. To this
end, construct some smooth extension of the initial data X, € cyn", %,(0) = xg4-
Then, let £, : I — R" solve (1.1) with f, replaced by fAM = fu— EX, + A X, and
homogeneous initial condition £,(0) = 0. Then, x, := %, + X, solves the original
problem (1.1). If the PDAE possess an affine decomposition (1.2), it is readily seen
that the modified right-hand side f , also admits an affine decomposition. Hence, we
can always restrict ourselves to the case of homogeneous initial conditions x,,(0) = 0,
keeping in mind that variable initial conditions can be realized by different right-hand
sides.

lgach regular matrix pencil can be transformed into Weierstrass-Kronecker canonical form P(AE —A)Q =
diag(Ald — W, AN — Id) with regular matrices P, Q € C™",[11]. The index of a regular matrix pencil {E, —A}
is then defined by ind{E, —A} := ind{N} := min{k € N : N¥ = 0}.
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1.4. Organization of the material. The remainder of this paper is organized as fol-
lows. In Section 2, we derive an ultraweak variational formulation of (1.1) and prove
its well-posedness. Section 3 is devoted to a corresponding Petrov-Galerkin discretiza-
tion and the numerical solution, which is then used in Section 4 to derive a certified
reduced model. In Section 5, we report results of our numerical experiments and end
with conclusions and an outlook in Section 6.

2. AN ULTRAWEAK VARIATIONAL FORMULATION

It is well-known that, for any fixed parameter u € 2, the problem (1.1) admits a
unique classical solution x,, € Ck«(I)" for consistent initial conditions provided that
fu € Ck=Y(I)", e.g. [18, Lemma 2.8.]. This is a severe regularity assumption, which
is one of the reasons why we are interested in a variational formulation. As we shall
see, an ultraweak setting is appropriate in order to prove well-posedness, in particular
stability. It turns out that this setting is also particularly useful for model reduction of
(1.1) w.r.t. the time variable in the spirit of the reduced basis method, see §4 below.

2.1. Ultraweak formulation of PPDEs. In order to describe an ultraweak varia-
tional formulation for the above PDAE, we will review such formulations for para-
metric partial differential equations (PPDEs). In particular, we are going to follow [9]
in which well-posed (ultraweak) variational forms for transport problems have been
introduced, see also [6, 16, 30]. We will then transfer this framework to PDAEs in §2.2.

Let Q C R" be some open and bounded domain. We consider a classical® linear
operator B, on Q with classical domain

D(By.) = {x € C(Q) : X5 = 0,B,,0x € C(Q}
and aim at solving

(2.1) By.ox, = [ (pointwise) on Q, 0.

Xu9 =
Note that the definition of B,,., also incorporates essential homogeneous boundary con-
ditions (in case of a PDAE described below this is the initial condition, which is inde-
pendent of the parameter). Let {B}.,, D(B}.,)} denote the operator, which is adjoint
t0 {By;0, D(By;0)}, €., B, is defined as the formal adjoint of By, by (By0X,Y)1,q) =
(%, B:o¥)Ly(q for all x,y € C°(Q) and its domain D(B,,,,) which includes the corre-
sponding adjoint essential boundary conditions (so that the above equation still holds
true for all x € D(By,,), y € D(B;i;o)). Denoting the range of an operator B by R(B),
we have B, : D(By,) — R(B,,) and B, : D(B;;O) — R(Bj,.,). The following
assumptions® turned out to be crucial for ensuring the well-posedness:

(B1) D(By;.), D(By:0), R(Bj.5) C Ly (Q) with all embeddings being dense;

(B2) By, is injective on D(Bj},.,).
Due to (B2), the injectivity of the adjoint operator, the following quantity

M == 1B llz, 0
is anorm on D(BZ;O), where BZ is to be understood as the continuous extension of B;;o
onto Yy, i.e., B; Y, — L,(Q), where

Yy =closy, (D(Bj.0)),  (v,w)y, = (B,v, B w)r,q), ||U||§/” =)y, = ol

2By classical we mean defined in a pointwise manner.
3The framework in [9] is slightly more general.
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is a Hilbert space. Defining the bilinear form
b;x : LZ(Q) X Y,u - R by b#(x, y) = (x’B;y)Lz(Q)’
yields an ultraweak form of (2.1): For f € Y;[‘, determine x,, € L,(Q) such that
(2.2) by(x;n yy) = f,u(y/,L) vy,u € YM-
Well-posedness including optimal stability is now ensured:
Lemma 2.1. Problem (2.2) has a unique solution x,, € L,(Q) and is optimally stable,
Le, Yy = By = B = 1, where the continuity constant is defined as
b (x, )
Yu i= Ssup sup A
xeLy (@) yueY, Xl Vully,

and primal resp. dual inf-sup constants read

. b, (x,y,) . b, (x,y,)
By = inf sup ———————, p t= inf  sup ———————.
x€ly Q) y,ev, [1Xll,@1Vully, W€ xeLy(@ ¥ @IVully,
Proof. See [9, Proposition 3.1 and Corollary 3.2]. O

2.2. An ultraweak formulation of PDAEs. We are now going to apply the frame-
work of §2.1 to the classical form (1.1) of the PDAE. Again, w.l.o.g. we restrict ourselves
to homogeneous initial conditions x,(0) = 0, as stated in §1.3.

It is immediate that we can generalize ultraweak formulations for scalar-valued
functions in L,(Q) as above to systems, i.e., L,(Q)" = L,(Q;R"). For PDAEs, we
choose L,(I)" with the inner product (-,-);, = (-, ), Whereas (-, -) denotes the
Euclidean inner product of vectors. The linear operator {B,,, D(B,;,)} corresponding
to (1.1) reads

d -
Byo i=E——Ay  D(By,) 1={x € C“D"nCU)" : x(0) = 0}.

The formal adjoint operator B;;;o is easily derived by integration by parts, i.e.,
(BuoX, )1, = (EX — Aux,y)p, = (%, ETy)p, — (x, Apy)L,
= (x(T), ETy(T)) — (x(0), ETy(0)) — (x, ETy)1, — (x, AL y)1,
= (x,—ETy — Aly), =: (x,B}.y), Vx,y € CPU),
which shows that
.__pTd T
B, =-E o — Ay,
(2.3) D(B;,) = CL(D" :={y e C*()* nC(I)" : y(T) € ker(ET)}.

In fact, (B0 X, y)r, = (x,B;;;oy)L2 forall x € D(B,,,) and y € D(B,,,) since the bound-
ary terms above still vanish thanks to x(0) = 0 and y(T) € ker(ET). Moreover

R(By,) = Ch ' ncd)",  R(Bi,)=CD"
Lemma 2.2. We have D(B,,,), D(B},.,), R(B},.,) C L,(I)" with dense embeddings.

4Y,’t denotes the dual space of Y, w.r.t. the pivot space L,(€Q).
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Proof. By the definition of Hy(I)" and [1, Cor. 7.24] (for H'(I)" instead of H'(I) there,
which is a trivial extension), we have
Cy" c Hé(I)” c (", hence CrM =Ccr"n cn.
With that, C°(I)" C D(By,), D(Bj;,), R(Bs) C Ly(I)" is easy to see. Since C;°(I)" is
dense in Ly(I)", its supersets D(B,;, ), D(By.,), R(B;;;O) are also dense in L,(I)". O
The above lemma ensures assumption (B1). Next, we consider (B2).

Lemma 2.3. The adjoint operator {B;;O,D(B*;o)} is injective, Le., for y,,z, € D(B,.,)
with Bz;oy'u = BZ;OZM we havey, = z,,.

Proof. Settingd,, :=y, —z,, we get B;..d, = 0 and
—-ETd,(t) - ALd, (1) =0, Vtel,  dy(T)=yu(T)—z,T) € ker(E").

Due to regularity of {E, —A,} (and thus also of {—E T —Az}), there are regular matrices
P,Q, € C™"_ which allow us to transform the problem into Weierstrass-Kronecker
normal form, [14, 18], i.e.,

i, O R 0 _ u, (1)
PLETQ, = ( 0 NM)’ PuiQu = ( 0 Id,,_m)’ Qu'du(t) = (vz(t))’

where Id, € R™" is the identity and N, is a nilpotent matrix with nilpotency index
k,. This yields the equivalent representation

(2.42) (0 + Ry () =0, Vi€l

(2.4b) N O, () +v,() =0, Vel
u,(T)

(2.4¢) Qu (vﬁ(T)) € ker(ET).

The ODE (2.4a) has the general solution u,(f) = u,(T) e Ru(T-0), By (2.4c) we get

T w,(T)\ _ . _ T w,(T)\ _ (Idy, 0\ [u D)\ _ [ uT)
B Qu (v”(T) =0=PEQl, )=\ o N o) = (Nam)

so that u,(T) = 0 and hence u,(¢) = u,(T) e Ru(T=0 = o forallt €.

The initial value problem N, U, (¢) + v, (t) = q,(0), t € I, v,(T) = v, 7 with some

- k., — . :

qu € C*«~1(Iy™™ has the unique solution vt = 2.5, 1(—1)’qug), if the initial
value v, 7 is consistent, see e.g. [5]. We apply this forg, =0 € Ck«=1(I)»~™_ Then,
by the solution formula, we get v, = 0, since the initial value in (2.4c) is by definition
trivially consistent. This yields d# =0,i.e., Vi = Zy- O
Hence, we set |[|-[l|, := ||B;j—|| 1, and choose trial and test spaces as

(2.5) X :=LD", Y,:= clos|||,|||#(Cé(I)”), b,(x,y) 1= (X, Byy)1,»
see (2.3) and obtain the following result.
Lemma 2.4. Under the above assumptions, we have for all u € P that Y, = Y, where

Y :=H (D" :={v e H'(D)" : v(T) € ker(E")}.
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Proof. Clearly CL(I)" C Hp(I)*,sothatY, C Y forallu € P. Now, lety €

Y = H(D", then, by density, there is a sequence (y¢)¢eny C Cp(I)" such that
lve = Yl = 0as € — 0. Since P is compact, we have that

e =yl = IET e = 9) + Aye = Wiz, < max{El] 1AL} 1ye = Ylmay — 0

as ¢ — oo. Hence,y € clos|||,|||”(Ci,(I)") =Y, ileYCY, O

The latter result must be properly interpreted. It says that Y, and Y coincide as sets.
However, the norm |||-|||, (and thus the topology) still depends on the parameter. The
same holds true for the dual space Y’ of Y induced by the L,-inner product and normed

by

(f’ y)LZ
vl

AN, == sup
yeY

In particular, we have a generalized Cauchy-Schwarz inequality (f, )z, < [lIf |||;l vl

Lemma 2.5. Let f, € Y'. Then, there exists a unique weak solution x,, € X of

(2-6) bﬂ(xu’ y) = f/x(y)’ Vy €Y.

If (1.1) admits a classical solution, then it coincides with x,,. Moreover,y, = B, = B, =1
for the constants defined in Lemma 2.1.

Proof. The existence of a unique solution x, € X (aswellasy, = §, = §;, = 1) is
an immediate consequence of Lemma 2.1. It only remains to show that x,, satisfying
(2.6) is a weak solution of (1.1). To this end, let f,, € C(I)" be given such that there
exists a classical solution X, € cY(* with B %, (t) = fﬂ(t),Vt € I and %,(0) =
0. Then, define f, € Y’ by f,(y) := ( f 1Y), We need to show that the classical
solution X, of (1.1) is also the unique solution of (2.6). First, fory € C}f,(I )", integration
by parts yields b,u(x,w y) - f,u(y) = (X/,L’B;iy)Lz - f,u(y) = (B/x;ox,u - f/,l’y)Lz = 0.
Second, let y € Y \ Cz(I)", then there is (J)¢eny C Cx(I)" converging to y in Y, i.e.,
limy_, . [lly — J¢lll. = 0. Then, by the generalized Cauchy-Schwarz inequality

|bl,c(x/,c:y) - f/x(y)l = |b/4(5€/py) - f;,t(y) - bu(xu7yt’) + f,u(j}t’)l
= (%, By = e, — fuy = Fe)l
< %I, 1BEGY = F)ll, + IFll My = el
= (II%ell, + L) My = Felly = 0 as € — oo,
so that (2.6) holds for . O
For the ultraweak PDAE (2.6), we need a right-hand side f, € Y’. However, typ-

ically, the right-hand side is given within context of (1.1) as a function of time, i.e.,
gy - I — R". Then, we simply define f, € Y’ by

@.7) ) 1= gy, = f (D) dt, yeY.
I
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3. PETROV-GALERKIN DISCRETIZATION

The next step towards a numerical method for solving an ultraweak operator equa-
tion is to introduce finite-dimensional trial and test spaces yielding a Petrov-Galerkin
discretization. In this section, we shall first review Petrov-Galerkin methods in general
terms and then detail the specification for PDAEs.

3.1. Petrov-Galerkin method. Inorder todetermine a numerical approximation, we
are going to construct an appropriate finite-dimensional trial space X ff CcX =L,(D"

and a parameter-independent test space Y C Y of finite (but possibly large) dimen-
sion V' € N. Then, we are seeking xff S Xff such that

(3.1) b V) = £,0M), WV ey,
which leads to solving a linear system of equations Bljf xﬁf = fff in RV,

Remark 3.1. (a) If one would choose a discretization with dim(Y?) > dirn(Xff ), one
would need to solve a least squares problem ||B}x} — f3||> — min.

(b) If one defines the trial space according to X ff 1= B;YN , then it is easily seen that
the discrete problem (3.1) is well-posed and optimally conditioned, [6], i.e.,

b, (x,y)
N . s
Y, = sup sup —————— =1,
H ey ver Xl VIl
b (X,y) b (x,y)
ﬁlyf = inf sup T -, ﬁ;N ;= inf sup kT g

xex yeyn Xl vl yer ™ exx [IXlIz, Yl -

(c) The Xu-Zikatanov lemma ([31]) ensures that the Petrov-Galerkin error is compa-
rable with the error of the best approximation, namely

Y
(3.2) Iy —x) NIz, < —=

i L
u

s

so that the Petrov-Galerkin approximation is the best approximation (i.e., an iden-
tity) fory,, = ﬁi}f =1

The Petrov-Galerkin framework induces a residual-based error estimation in a
straightforward manner. To describe it, let us recall that the residual is defined for
some X € L,(I)" as

rx)ey’,  r@®y]:=f.()-b,(X,y), yeY.

Then, it is a standard estimate that

N
1 by(xy - x,u sy) 1
(3.3) [l — X2 Iz, < =

< —sup—— " = —|IrGIIL, =: AY
Bu yey Il Bu #ATH #

and A/Jf is a residual-based error estimator. Note that for 8, = 1 we have a error-
residual identity ||x, — x|z, = lrGeOIl, = A



8 BEURER, FEUERLE, REICH, AND URBAN

Ok Ok+1

FIGURE 1. Piecewise linear temporal discretization (hat functions).

3.2. PDAE Petrov-Galerkin Discretization. We are now going to specify the above
general framework to PDAEs. This means that we need to introduce a suitable dis-
cretization in time. We fix a constant time step size At := T/K (i.e., K € N is the
number of time intervals) and choose for simplicity equidistant nodes ¢, := kAt, k =
0,...,K in I. Denote by oy, k = 0,...,K piecewise linear splines corresponding to the
nodes t;_q, t; and t,,1, see Figure 1. For k € {0, K}, the hat functions are restricted
to the interval I. For realizing a discretization of higher order, one could simply use
splines of higher degree.

Asin [6], we start by defining the test space and then construct inf-sup optimal trial
spaces. To this end, let d := dim(ker ET) and assume that we have a basis {v;, ..., U4}
of ker ET at hand® and form a matrix V := (vy, ..., vg) € R™ by arranging the vectors
as columns of V. Then, we construct Y C Y = Hé(I )" independent of the parameter
and choose the trial space as Xff i= B;YN , which will then guarantee that Bljf =1.
We suggest a piecewise linear discretization by

YV :=spanfeo 1 k=0,...,K—1,i=1,..,n} @ spanjvjog : i=1,..,d} CY,
where e¢; € R” denotes i-th canonical vector. Then, we set
X} :=ByYN =span{-E"e;6 — Aleio : k=0,..,K—1,i=1,..,n}
@ span{—ETv;6x — Ajviog 1 i=1,..,d} C X = L,I)",

with dimensions N := dim(X”") = dim(Y") = nK + d. Then, Lemma 2.5 and
Remark 3.1 ensure Bljf = B, =¥, = 1 and thus

Ny s N — NI = AN
(34) 16 = 0 Mz, = U]}rel)f(lyllxy — 0 I, = MlrGeOMly, = Ay -

3.2.1. The linear system. To construct the discrete linear system Bff x;v = fff we
need bases {&; (W), ..., En- (W)} ofXZf and {¢;, ..., -} of YV, The stiffness matrix Bﬁf S
RNV can be computed by [B)];; := b,(&i(w),%;) = (§;(1), Bj¥;)r,. We recall that
Xl]f = BZYN, which implies that §;(1) = B,i;, so that [Bflv]j’,- = (B,¥%i, B, ¥))r, and
Bi}r is in fact symmetric positive definite.

The right-hand side fff e RY reads [ fﬁf 1j 1= fu(;). The discrete solution then

reads x 1= L1 [ 1 §i(1).

SThis is in fact the reason why we restricted ourselves to parameter-independent matrices E instead of
E,,. We would then need to have a parameter-dependent basis for ker EL, which is of course possible, but

causes a quite heavy notation.
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Recalling the finite element functions o in Figure 1, we define the inner product
matrices for k,¢ = 0,...,,K by

[Katlke := Gk 0, [Lalke = (Oks0)1,a) [Oatlke = Gk, 00)1,0)
and subdivide the matrices ITy, € RE+DXEK+D) for IT,, € {Ka;, Ly;, O} according to

1—11,1 H1,2 Hktl c RKXK’ Hktz c RKXl’

At At
Iy =
2,1 221’ 2,1 1xXK 2,2
I'IN IIN l'IAt eR R I'IA[ € R.

Then, the stiffness matrix also has block structure

1,1 1,2
BY = BM BM e RV
T 21 2,2

B, B,

in form of Kronecker products of matrices, i.e. (with V = (vy, ..., v5) € R asabove),
1,1 _ 11 T 1,1 T 1,INT T 1,1 T KxnkK
B, =K,, ® EE' +0,, ® EA, +(0,,) ® A,E" +L,, ® A, A, € R" xnk

A
12 _ 12 T 1,2 T Kxd
B’ =0 ®EALV + L’ ® A,ALV € R4,

2.1 _ (oL2\T T T 2,1 T T dxnkK
B, =(0,) ®V AE" +L,, V' AA, € RPN,
22 _ 722 T T dxd
B, =L,, V' A,A,V € R
For the right-hand side, given some function f,, : I — R", we obtain a discretiza-

. . K ;
tion fl])f € R" in the sense of (2.7) by [f{f]j = Yo w0, j = 1,0, N
This means that we discretize f, in time by means of piecewise linears. Collecting the

T
sample values of f, in one vector, i.e., fyar := (fu(to), ., fu(tx)) € RMEFD we get
that

1,1 1,2
d,®Ly, V®L,

= Rn(KH)xN
2,1 2,2
d, Ly, VL,

N T .
Ju =FyJun where Fp 1=

and Id,, € R™" again denoting the n-dimensional identity matrix.

As already noted above, of course, one could use different discretizations (e.g. higher
order or different discretizations for f, and the test functions) and we choose the de-
scribed one just for simplicity.

The efficient numerical solution of this linear system requires a solver that takes
the specific structure into account. For similar systems arising from space-time (ul-
traweak) variational formulations of heat, transport and wave equations, such specific
efficient solvers have been introduced in [15, 16]. The structure of the system above is
different and we will consider the development of efficient solvers in future research,
see Section 6.

3.2.2. Special case: Linear DAEs. We are going to specify the above general setting to
the special case of fully linear DAEs, namely
(3.5) Ex(t) — Ax(t) = Bu(t) + g,,(t), tel, x(0) =0,

in which the right-hand side is given in terms of a matrix B € R a controlu : [ —»
R™, m denoting some input dimension and a function g,, : I — R", which arises
from the reduction to homogeneous initial conditions, see §1.3. The initial condition
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is assumed to be parameterized through g, by u, € P, C R2, P, € N. In view of
(1.2) and §1.3, we get

QX Qx
8 (1) = D 93 () (Axg(1) — Exg(D) =: Y 95(1p) z4(1),
q=1 q=1

where X, € CY(I)" are smooth extensions of Xo,gs 1.6, Xq(0) = X4, = 1,..., Qy.

We view the control and the initial condition (via g, ) as parameters, i.e., f,(t) =
Buy(t) + g,,,(8), 1 = (i1, 42), which means that the parameter set would be infinite-
dimensional and needs to be discretized. Using the same kind of discretization as
above, we can use the samples of the control as parameter, i.e.,

T
= (uty), . ulty)) € P =R, P =m(K +1),

and similar for the initial condition z, := (z4(to), ..., z4(tx)) € R"€*D g =1,..,Q,.
Then, we get

Qx
SY =FL(B®Hyg.1)m + D S5 (u) F,2g,

g=1
so that the parameter dimension is P = P; + P, = m(K + 1)+ P,, which might be large.
The right-hand side f ff thus also admits an affine decomposition with Qs = Py +Qy =
m(K + 1) + Q,, terms. However, this number might be an issue concerning efficiency
if K is large. Nevertheless, if m <« n, we still have Q <N

Moreover, in the linear case, the matrix A=A is independent of the parameter,

which means (among other facts) that trial and test spaces are parameter-independent,
as sets and also w.r.t. their topology. Note that this is the most common case for system
theoretic MOR methods (like BT), which are often even restricted to this case, [20, 25],
with the exception [8]. Our setting seems more flexible in this regard and fully linear
DAEs are just a special case.

4. MODEL ORDER REDUCTION: THE REDUCED BASIS METHOD

The Reduced Basis Method (RBM) is a model order reduction technique which has
originally been constructed for parameterized partial differential equations (PPDEs),
see e.g. [3, 17, 22]. In an offline training phase, a reduced basis of size N <« N is
constructed (typically in a greedy manner, see Algorithm 1 below) from sufficiently
detailed approximations for certain parameter samples (also called “truth” approxima-
tions or snapshots), which are computed e.g. by a Petrov-Galerkin method as described
above. In particular, V' is assumed to be sufficiently large in order to ensure that xljf
is (at least numerically) indistinguishable from the exact state x,,, which explains the
name “truth”. As long as an efficient solver for the detailed problem is available, we
may assume that the snapshots can be computed in O(N') complexity.

Given some parameter value u, the reduced approximation xx(x)® is then computed
by solving a reduced system of dimension N. Thanks to the affine decomposition (1.2),
several quantities for the reduced system can be precomputed and stored so that a re-
duced approximation is determined in O(N3) operations, independent of ' (which is
called online efficient). Moreover, an a posteriori error estimator Ay(u) guarantees a

bFor all quantities of the reduced system, we write the parameter u as an argument in order to clearly
distinguish the detailed approximation xf)/ from the reduced approximation xy(u) for the same parameter.
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certification in terms of an online efficiently computable upper bound for the error,
Le. [lx) — xy(llr, < An(w).

We are going to use this framework for PDAEs of the form (1.1). Model reduction

of (1.1) may be concerned (at least) with the following quantities

» size n of the system,

« dimension K of the temporal discretization,
where we have in mind to solve (1.1) extremely fast for several values of the parameter
. As mentioned earlier, the first issue has extensively been studied in the literature
e.g. by system theoretic methods, in particular for fully linear DAEs (3.5). This can
be done independently from the subsequent reduction w.r.t. K (both for parameterized
and non-parameterized versions), so that we even might assume that such Model Order
Reduction (MOR) techniques have already been applied in a preprocessing step. We
mention [8] for a system theoretic MOR for parameter-dependent DAEs. Here, we are
going to consider the reduction w.r.t. time using the RBM based upon a variational
formulation w.r.t. the time variable.

We restrict ourselves to the reduction of the fully linear case of (3.5) as it easily
shows how the RBM-inspired model reduction can be combined with existing system
theoretic approaches to reduce the size of the system (e.g. in a preprocessing step). In
the fully linear case, the matrix A, = A and hence all operators and bilinear forms
on the left-hand side are parameter-independent. This implies in addition that the
ansatz space lef = X* and the norm |||-||| « = |lI-lll inducing the topology on the test
space are parameter-independent as well, which of course simplifies the framework.
However, parameter-dependent matrices A, can be treated similar to the RBM for ul-
traweak formulations of PPDEs as described e.g. in [6, 16, 30]. However, we note that
the RB approach also allows the treatment of more general PDAEs and is not restricted
to fully linear systems (3.5), in particular w.r.t. the right-hand side.

The idea of the RBM can be described as follows: One determines sample values

Sy = {u®, .y c P

of the parameters in an offline training phase by a greedy procedure described in Algo-
rithm 1 below. Then, for each u € Sy, we determine a sufficiently detailed “snapshot”
xff € X by the ultraweak Petrov-Galerkin discretization as in §3.2 and obtain a re-
duced space of dimension N by setting

Xy :=span{x}’ : u € Sy}=: span{{;,....{n} C XV,

We also need a reduced test space for the Petrov-Galerkin method. Recalling that the
operator is parameter-independent here (B, = B) and also the trial space X N is inde-
pendent of u, we can easily identify the optimal test space. In fact, for each snapshot
there exists a unique yff € YV such that xicv = B*ylyf . Then, we define

Yy :=span{y) : u € Sy} =: span{n;,..,ny} C YV
Then, given a new parameter value i € P, one determines the reduced approximation
xn(u) € Xy by solving (recall that here b, = b)
b(xy(u), yn) = fuyn) forallyy € Yy.

If N < N = nK + d, we can compute a reduced approximation with significantly
less effort as compared to the Petrov-Galerkin (or a time-stepping) method. To deter-
mine the reduced approximation xp (), we have to solve a linear system of the form

TFor efficiency reasons, in fact, we first determine 7; and then simply set {; := B*;.
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Byxn(w) = fn(w), where the stiffness matrix is given by [By];; = b({;, 1)), i,j =
1,..., N, recalling that the bilinear form is parameter-independent. Hence, By € R¥*N
can be computed and stored in the offline phase. For the right-hand side, we use the

affine decomposition (1.2) and get [ fy(w)]; = Zqu 1 Sg (W) (f, ¢ j)L,- The quantities

(f ¢>Mj)r, can be precomputed and stored in the offline phase, so that fy(uw) is com-
puted online efficient in O(Q;N) operations. Obtaining the coefficient vector xy(u),

the reduced approximation results in x(u) = Zﬁl[xN(,u)]i ¢;. Note that the matrix
By is typically densely populated so that the numerical solution requires in general
O(N?) operations.

The announced greedy selection of the samples is based upon the residual error esti-
mate (here identity) Ai}r in (3.3) resp. (3.4) for the reduced system described as follows:
In a similar manner as deriving Aff in (3.3) we get a residual based error estimator for
the reduced approximation

1 bOxy —xy(W).y) 1 ,
‘B—Nys;;;v T = [D,Nlllr(xN(#))lll =: Ax(w),

since the bilinear form and the norm in Y are parameter-independent here. Hence,
the inf-sup constant is parameter-independent as well, i.e., ﬁljf = BV and it is unity by
Remark 3.1, so that

(4.1) 126)" = xn Wl = NrCen I = Ay ().

Its computation can be done in an online efficient manner in O(N) operations by de-
termining Riesz representations in the offline phase, see [3, 17, 22]. We use this error
identity in the greedy method in Algorithm 1 below.

||xff —xn(Wllz, <

Algorithm 1 (Weak) Greedy method

input: training sample Py, C P, tolerance € > 0, max. dimension N, € N

1: choose uM) € Pyin, compute snapshot ¢; := x;\(fl)

and optimal test function #; with {; = B*n;
2: Initialize S; < {uM}, X; :=span{¢;}, Y, :=span{n;}, N :=1
3: while N < Ny, do
if max Ap(u) < € then return

MEPtrain
50 uWNtD —arg max Ay(w)
MEPtrain
6: compute snapshot {n,q 1= xi\(fN 41 and optimal test function nn 41
Sn+1 < Sy UL Xy i= Xy @ span{Sy}, Y o= Yy @ span{yy}
N<N+1

9: end while
output: set of chosen parameters Sy, reduced spaces Xy, Yy

5. NUMERICAL EXPERIMENTS

In this section, we report on results of some of our numerical experiments. Our
main focus is on the numerical solution of the ultraweak form of the PDAE, the error
estimation and the quantitative reduction. We solve the arising linear systems for the
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Petrov-Galerkin and the reduced system by MATLAB’s backslash operator, see also our
remarks in Section 6 below. The codes for producing the subsequent results is available
viahttps://github.com/mfeuerle/Ultraweak_PDAE.

5.1. Serial RLC circuit. We start by a standard problem which (in some cases) admits
a closed formula for the analytical solution. This allows us to monitor the exact error
and a comparison with standard time-stepping methods. Our particular interest is the
approximation property of the ultraweak approach, which is an L,-approximation.

The serial RLC circuit consists of a resistor with resistance R, an inductor with in-
ductance L, a capacitor with capacity C and a voltage source fed by a voltage curve
fvy + I = R. Kirchhoff’s circuit and further laws from electrical engineering yield a
DAE with the data

1000 0 o0 Lt o Xy 0
o100 lccto 0o o _|xve | o
E=lo oo ol 27| & o o < *T|x. [ /7] o |

0 0 0 O 0 1 1 1 XVR _fVS

whose index is k = 1. The solution x consists of the electric current x; and the voltages
at the capacitor xy ., at the inductor xy, and at the resistor xy,.

Convergence of the Petrov-Galerkin scheme. In Figure 2, we compare the exact solution
with approximations generated by a standard time-stepping scheme (using MATLAB’s
fully implicit variable order solver with adaptive step size control odel5i, [19]) and by
our ultraweak formulation from §3.2. We choose two specific examples for fy, namely
a smooth and a discontinuous one,

4 i - 4
fyoothe) = sin (), () <= sign (cos (1)),

For the smooth right-hand side (left graph in Figure 2), both odel5i and the ultraweak
method give good results. Concerning the deviations for the ultraweak approach at the
start and end time, we recall that the ultraweak form yields an approximation in L,, so
that pointwise comparisons are not necessarily meaningful.

In the discontinuous case, existence of a classical solution cannot be guaranteed by
the above arguments. In particular, there is no closed solution formula. As we see in
the right graph in Figure 2, odel5i stops at the first jump. This is to be expected, since

‘CPSSC ¢ CO(I), so that the solution lacks sufficient regularity to guarantee convergence
of a time-stepping scheme like odel5i (even though it is an adaptive variable order
method). We could resolve the jumps even better by choosing more time steps K, while
odel5i still fails. We conclude that the ultraweak method also converges for problems
lacking regularity.

Convergence rate. Next, we investigate the rate of convergence for the ultraweak form.
To that end, we use f ‘S}?O‘)th, since the analytical solution x* is known and we can thus

compute the relative error ||x* — x*|| 1,/11x*]|1,- Using the lowest order discretization
as mentioned above (namely piecewise linear test functions 1, which yield discontin-
uous trial functions B*1;), we can only hope for first order (w.r.t. the number of time
steps K), which we see in Figure 3 and was observed in all cases we considered. We
obtain higher order convergence by choosing test functions of higher order, provided
the solution has sufficient smoothness.
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T T T T
5| | === analytical solution
= ultraweak

== odel5i

voltage Vi, [V]

voltage Vi, [V]

| | I
0 1 2 3 4 5 6 7 8 9 100 11 12 0 0.02 0.04 0.06 0.08 0.1
time [s] time [s]

FIGURE 2. Serial RLC circuit, exact voltage at the inductor; compari-
son of time-stepping (odel5i — blue) and ultraweak (red) approxima-
tion for smooth f f};‘o"th (left, including analytical solution) and dis-

continuous f’ “E:C (right) right-hand side.

Moreover, we compare the exact relative error with our error estimator (see §3.1).
Figure 3 shows a perfect matching confirming the error-residual identity (3.4) also for
the numerically computed error estimator.

10° » —m— relative error E
§ F - +- relative error estimator |
= L 1
£ i 1
3wty
— = .|
o 5 -1 .
E 1072 | £
= k |
g F 1 1

1073 & e i ! =
10! 102 103 104

number of time steps K

FIGURE 3. Relative error ||x* — x*|| ,/11x* ||z, and relative error es-
timator AN /||x*|| 1, W.I.t. to the analytical solution x* for increasing
numbers of time steps K.

5.2. Time dependent Stokes problem. In order to investigate the quantitative per-
formance of the model reduction, we consider a problem, which has often been used
as a benchmark, [21, 23, 27, 28], namely the time-dependent Stokes problem on the
unit square (0, 1)?, discretized by a finite volume method on a uniform, staggered grid
for the spatial variables with n unknowns, [28], where we choose n = 644. The arising
homogeneous fully linear DAE with output function y : I — R takes the form (3.5),

(5.1a) Ex(t) — Ax(t) = Bu(t) + g(t), tel, x(0) =0,
(5.1b) y() = Cx(1),
where C € R™" is an output matrix, B € R"¥! is the control matrix, and u : [ - R

is a control, which serves as a parameter i = u as described in §3.2.2 above.® We use a
parameter-independent initial condition, so that g, = g and Q, = 1.

8We could also choose larger input/output-dimensions.



AN ULTRAWEAK VARIATIONAL METHOD FOR LINEAR PDAES 15

In order to combine system theoretic model reduction with the Reduced Basis
Method from §4, we use the system theoretic model order reduction package [21]. In
particular, we use Balanced Truncation (BT) from [27] during a preprocessing step to
reduce the above system of dimension » to a system

(5.2a) E%(t) — A%(t) = Bu(t) + (1), tel, £(0) =0,
(5.2b) y(t) = Cx(p),

with £,A € R B e R™, ¢ € R™ aswellas %,8 : I - R?and i < n. We
note that the resulting reduced system typically provides regular matrices £, A. Then,
the reduced system is a linear time-invariant system (LTI), which is an easier problem
than a DAE and in fact a special case. Hence, our presented approach is still valid, even
though designed for PDAEs. For an ultraweak formulation of LTI systems, we refer to
[10].

Remark 5.1. We use the RBM here for deriving a certified reduced approximation of
the state x. If we would want to control the output y along with a corresponding error
estimator AyN, it is fairly standard in the theory of RBM to use a primal-dual approach
with a second (dual) reduced basis, e.g. [17, 22]. For simplicity of exposition, we leave
this to future work and compute the output from the state by C£(t), resp. Cx(t). o

Discretization of the control within the RBM. Since we use a variational approach, we
are in principle free to choose any discretization for the control (we only need to com-
pute inner products with the test basis functions). We tested piecewise linear dis-
cretizations as described in §3.2 for different step sizes K,, /T, where K,, might be differ-
ent from K, which we choose for discretizing the state. Doing so, the parameter reads
p = (u(ty), ..., u(ty))’ € P = REul ie., the parameter dimension is P = K, + 1,
which might be large. Large parameter dimensions are potentially an issue for the
RBM since the curse of dimension occurs. Hence, we investigate if we can reduce K,
within the RBM.

In order to answer this question, we apply Algorithm 1 to the time-dependent Stokes
problem (5.1a) (without BT) setting ¢ = 0, Nypax = Qf from (1.2) (i.e., Qf = P + 1 for
the fully linear system with parameter-independent initial value) and Py,;, consisting
of 500 random vectors for K, = K € {75,150,300}, i.e., N' = 48 524,96 824,193 424,
where d = 224. For these three cases, we investigate the max greedy training error,
ie., max,ep . An(u). The results in Figure 4 show an exponential decay w.r.t. the
dimension N of the reduced system with slower decay as K grows. This is to be expected
as the discretized control space is much richer for growing K,, and the reduced model
has to be able to represent this variety. However, in relative terms (i.e., reduced size
N compared with full size K), we see that the compression rates are almost the same.
This shows that the RBM can effectively reduce the system no matter how strong the
influence of the control on the state is. It is expected that this potential is even more
pronounced if a primal-dual RBM is used for the output.

Next, we note that for A = A, as (5.1a), the reduced model is always exact for N >
Qy, which explains the drop off of the curves in Figure 4. For fully linear DAEs, a
reduced model with N > Qy = K,, + 2 is always exact. Hence, if m < n (here m =
1 < 644 = n), we obtain an exact reduced model of dimension N = Qy = P + Q, =
m(K, +1)+1 < nK +d =: N. Even though this seems to be attractive for low-
dimensional outputs, we stress the fact that the reduced dimension still depends on
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the temporal dimension K,,, which might be large. Hence, a combination of a possibly
small discretization of the control and a RBM seems necessary.

: : :
10! \ —_K=K,=75 |-

) g — K =K, =150 | ]
g i K =K, =300 |
31) 100 £ E|
g r 1
£ I ]
g L |
pa 1071 | E
B ]

10—2 | | | |
0 50 100 150 200 250 300

RB dimension N

FIGURE 4. Maximal greedy training error max, ¢y, Ay(u) for dif-
ferent time resolutions K,, = K € {75,150, 300} over the reduced
dimension N.

Let us comment on the error decay of the RBM produced by the greedy method
using the error estimator derived from the ultraweak formulation of the PDAE. We
obtain exponential decay of the error, which in fact shows the potential of the RBM.
The question if a given PDAE permits a fast decay of the greedy RBM error is well-
known to be linked to the decay of the Kolmogorov N-width, [3, 17, 30], which is a
property only of the problem at hand. In other words, if a PDAE can be reduced w.r.t.
time, the greedy method will detect this.

The results in Figure 4 use K,, = K. The next question is how the error behaves
for K,, < K. To this end, we determine the error in the state w.r.t. the full resolution,
i.e., we compare the state derived from the control with K,, degrees of freedom with
the state of the fully resolved control. In Figure 5, we display errors for different values
for K. We obtain fast convergence, which again shows the significant potential for a
reduced temporal discretization of the control.

10°m E
3 B ]
2107 E
(&} = .
s i i
2o )
£ 1072¢ -4
® i 1
?§ 1 -3 b =
g 107 :
1074 E
E I | | | | | | |

10 15 25 40 65 100 160 250 400

reduced control dimension K,

FIGURE 5. Max error for control dimensions of size K, < K.
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Combination with BT / RBM error decay. Next, we wish to investigate if a combination
of a system theoretic MOR (here BT) and an RBM-like reduction w.r.t. time can be
combined. To this end, we fix the temporal resolution (i.e., the number of time steps,
here K = K,, = 100) and determine the RBM error using Algorithm 1 for the full and
the BT-reduced system. We use [21] to compute the BT from [27] and obtain a LTI
system of dimension 7 = 5.

The results are shown in Figure 6, where we again show the maximal training error.
As we see, the error for the BT-reduced system is smaller than the original one, which
in fact indicates that we can combine both methods. We got similar results for other
choices of K. This shows that there is as much “reduction potential” in the reduced
system (5.2a) as in the original system (5.1a). In other words, a combination of BT and
RBM shows significant compression potential.

T I T I T I
—m— max rel. err.
—m— max rel. err. with BT

100

max. relative training error

107! E = » E
- & 4
- u 4
B - . \.\‘\m 1
| -y u g |

= "1,,: g
|

1072 | l}
L | | | | | | | | [
0 10 20 30 40 50 60 70 80 90 100

RB dimension N

FIGURE 6. Maximal RBM relative error decay over the reduced di-
mension N for the full system (5.1a) (blue) and for the reduced system
(5.2a) with K = 100 (red).

6. CONCLUSIONS AND OUTLOOK

In this paper, we introduced a well-posed ultraweak formulation for DAEs and an
optimally stable Petrov-Galerkin discretization, which admits a sharp error bound. The
scheme shows the expected order of convergence depending on the regularity of the
solution and the smoothness of the trial functions. The scheme also converges in low-
regularity cases, where classical standard time-stepping schemes fail. Moreover, the
stability of the Petrov-Galerkin scheme allows us to choose any temporal discretization
without satisfying other stability criteria like a CFL condition.

Based upon the ultraweak framework, we introduced a model order reduction in
terms of the Reduced Basis Method with an error/residual identity. We have obtained
fast convergence and the possibility to combine the RBM for a reduction w.r.t. time
with system theoretic methods such as Balanced Truncation to reduce the size of the
system.

There are several open issues for future research. We already mentioned a primal-
dual RBM for an efficient reduction of the output, the generalization to parameter-
dependent matrices A, and more general DAEs (not only fully linear). We also men-
tioned that the system matrix is a sum of Kronecker products of high dimension, which
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calls for specific solvers as in [16] for the (parameterized) wave equation. Another is-
sue in that direction is the need for a basis of ker(ET), which might be an issue for
high-dimensional problems.
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