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Abstract We consider a variational formulation of Linear Time-Invariant (LTI)-
systems and derive a model reduction in dimension and time inspired by space-time
variational reduced basis (RB) methods for parabolic problems. A residual-type RB
error estimator is derived whose effectivity is investigated numerically.

1 Introduction

Model order reduction (MOR) of (linear) systems is a huge field of research with an
enormous amount of literature. On the other hand, the reduced basis (RB) method
has become a widely spread technique for reducing parameterized partial differential
equations. We refer e.g. to [2], where both model reduction techniques are reviewed.
In this paper, we consider a variational formulation of Linear Time-Invariant (LTT)
systems that allows us to introduce an RB-type residual error estimator inspired
by space-time RB methods for parabolic problems, [6, 7]. This, in turn, yields a
reduction not only of the dimension of the LTI system but also w.r.t. the temporal
discretization, i.e., the number of time steps.

The paper is organized as follows: In §2, we introduce a variational formulation
of LTI systems and show its well-posedness, §3 is devoted to Petrov-Galerkin dis-
cretizations which are used as a detailed solution for the Reduced Basis Method
(RBM) in §4. We present some numerical results in §5 and end by conclusions as
well as an outlook in §6.
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2 Variational formulation for LTI-systems

We consider LTI systems on some time interval I := (0,7), T > 0. Given integers
m,n,p € N, matrices A € R™" (which is assumed to be s.p.d. for simplicity),
B e R"™P C e R™" D e R™ P acontrol u : I — RP and an initial state xo € R",
determine the state x : / — R" and output y : I — R™ s.t.

X(t) + Ax(t) = Bu(t), y(t) =Cx(t)+ Du(t), tel, x(0) =x9. (1)

W.lLo.g. we restrict ourselves to the homogeneous case, i.e., xo = 0, but note, that
the inhomogeneous case can easily be incorporated.

A Variational formulation. We multiply the first equation in (1) with a test function
z : I — R" and integrate over I, i.e.,

T T T
f (5(0), 2(1)) dt + f (Ax(1), 2(1)) dt = f (Bu(t), 2(1)) d, )
0 0 0

where (-, -) denotes the Euclidean scalar product with induced norm || - || in R4,
d € {m,n,p}. Obviously, (2) makes sense for z € Z = Ly(I,LR") = L,(I)",
llzllz := llzllz,cry». The desired state function x : I — R" is then sought in the

Sobolev-Bochner Hilbert space X := H(IO)(I)” ={x e H'(D" : x(0) = 0}. As in
[6, 7] we consider a slightly stronger norm than the usual graph norm, namely

2 2112 2 2
M s 2= 112, g + 12, 1y + XD 3)

with the corresponding inner product (x,v)x s = (& V),yr + (X, V)L, +
(x(T),v(T)) for x,v € X, which is well-defined recalling that X — C([0,T],R").
Then, setting U := L, (I)P as parameter space, we obtain the following variational
formulation of (1):

forueUfindx =x(u) € X: b(x,2)=f(zsu) :=Bu, ),y Yz€Z (4)

where the parameter-independent bilinear form reads b(x, z) := (& + Ax, 2)r,1)»-
We stress the fact that f(-;u) is linear in u (for xo # O affine-linear).

Well-posedness. In order to prove well-posedness of (4), we need to satisfy Necas’
conditions, namely boundedness, injectivity and inf-sup condition of b(:,-). Since
the verification is very similar to space-time variational formulation of parabolic
initial value problems, we refer to it, [5, 6, 7]. In particular, the inf-sup constant can
be detailed in similar way, see [6, Prop. 1] and [5, Thm. 5.1].

Proposition 2.1 Let A € R™" be s.p.d. with constants a s > 0 and ys < oo, such
that a |||l < |AQll < yall$ll for all ¢ € R". Then,

i 19 i 1, -2
inf sup __ bz g5 = min{1, @4 min{1, y,*}}

> > 0. ®))]
xeX zez xllx st llzllz \/fmax{l, (as)™}
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In order to (quantitatively) improve the inf-sup-bound in (5), we consider an

energy norm, namely (¢, ¥)a = (¢, Ay), ||¢||3QI = (¢, ) for an s.p.d. ma-
trix A € R™", ¢,y € R" and (with a slight double use of notation) (z, w)# :=

fOT(z(t), w(t)) 4 dt as well as ||z||§_,( :=(z,2)4 forw, z € Lo(I)". Then, we set

2 ) 2 2
Mxllx = 11Xl + lxlly + M@ lzlllz = lizllas
and following the reasoning in [7], we can easily show that

b N b ’
inf sup _bxz) = sup sup _bxz) =1= &, (6)
xeX zez zlllz lxllx  xex zez llzlllz lllxlllx

3 Petrov-Galerkin (detailed) discretizations

In order to compute an approximation to the solution of (4), we use a standard
Petrov-Galerkin approach. To this end, one constructs finite-dimensional trial and
test spaces XV c X ,ZN < Z with dim(X") = dim(Z") = N. For stability, these
spaces need to satisfy a discrete inf-sup (LBB) condition, i.e.,

b( N ZN)

N . X, En

B = inf sup ——— L > 0, (7
AN eXN N ezn |||XN|||X |||ZN|||Z

where the lower-bound ,BE]'; for the inf-sup-constant is independent of N as N' — oo.
Then, the discrete version of (4) is a Petrov-Galerkin scheme of the form

foru € U find x™ (u) € XN : b(xN (), 2V) = Bu, V), a0 V2N € ZV, (8)

where u € U is possibly suitably discretized (see below). As usual, we define the
primal residual rP (-;u) € Z’ as

P (zu) = (W), — b (), 2) = b(x(w) — xN (w),2), z€Z, (9

and its norm by RP"(u) := |||rP"(-;u)|l| z-. Since Z = L, (I)" is a Hilbert (pivot) space,
we can identify Z = Z’, which significantly reduces the complexity in computing this
dual norm (we do not need to determine Riesz representations). Then, the following
error-residual relation is straightforward and well-known (recall BEr=1)

() — xN @)lllx < R () = 11Bu — iV () — AxN @)l 41 = A" (). (10)

A Time-Marching Discretization. We start by introducing a Petrov-Galerkin dis-
cretization arising from a (finite element) discretization in time, which leads to
a Crank-Nicolson (CN) time-marching scheme. To this end, we choose some in-
teger K > 1 and set Ar := T/K resulting in a temporal triangulation ‘72;"‘6 =
(tk=1 = (k= DAt <t < kAt = 1 < k < K} in time. Denote by
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Sar = span{o-l, LY piecewise linear finite elements on I, where ok is the
(interpolatory) hat-function with the nodes !, X and t**! (resp. truncated for
k € {0,K}) and Qp; = span{‘rl, L TK piecewise constant finite elements, where
7% := y«, the characteristic function on the temporal element I* := (*~1,*). Then,
we set Xé\l/\I = Sar @R, Z(’:\{\I = Oa; ® R, i.e., the detailed dimension is N := Kn.
Within that framework, the detailed approximation amounts computing x’CVN € Xé\{\I
represented as! x’CVN(t;u) = x’CVN(t;u)(t) = ZszlxéNa'k(t), x(t%) ~ xéN € R,
k=1...,K,t € I, and x(’j\l/\I = (xéN)k:Lm,K e REKxn ~ RKn — RN Set-
ting Mar = ((Mardk.oke=o.....k» Tar = (MacdeOk=o....k-1e=1....k» Har =
(Marlk, k=1,.... K, e=0,...,k and Ha; := ([Tarlk, o)k, e=1,.. x for Il € {K, L, M, N, O},

(Kaclkoo := (05,09 0,a),  [Lacdke = (05,0, [Maddke == (0%, 79,0

[Naclee := (05, 00,0y [Oaddke == (5, )y (11)

and recalling [Ma;]x,¢ = %(&,f + 6k+1.0) and [Naslk.e = Ok.¢ — Ok+1.¢, We obtain
b(X)CVN» Tl’eﬂ)Lz(I)n = [[[d + %A]xéN — M- %A]xé&l]ﬂ.

Discretization of the Control. Without any discretization, we can in general not
evaluate the term (Bu, zV)r,(r)n exactly. As a first attempt, it seems reasonable
(as done in the literature of LTIs) to use the same temporal discretization, i.e.,
UN := Sp, ® RP and interpolate the control onto the temporal nodes 7?;'“6, ie.,
uN (1) = Y8 ub ok @t), upnr = (W)=, .k € RED*P where we note that the
initial value u#(0) does not need to vanish, which is the reason, why the above sum
starts from k = 0.

Crank-Nicolson Scheme. We finally obtain the following iteration: x := x( and

[Id — & Alxliy = [ld+ & Alx&d + Bl +uh), €=12... K. (12)

In particular, the reduction to homogeneous initial conditions has no effect to the
temporal iteration. These considerations also show the well-posedness of the discrete
problem (8). Note, that (12) yields an iteration so that one does not need to solve
the potentially large linear system as for the second discretization in (15) below. Of
course, (12) can also be written as a linear system (B&)Tx M @wN) = f M),
where [BA 1), ) = [Naelk,e Udly, ;o +[Mar k¢ [Aly, i, which means that By =
Nj: ® Id + My, ® A, which is non-symmetric.

Standard Error Estimate. An error estimate is derived by using well-known tech-
niques from studying iterations. Denoting by x(¢; u™V) the solution of (1), we have

(-1 k
Y _
(e u™) = x5 uM)l < 280 ) —ak'il P (5 x & w1l =2 A% M), (13)
k=0 "1

! We often omit the dependency on the control for simplicity.
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where a; =1+ %Q’A, yE =1+ %yA with a4, Y4 given in Proposition 2.1 and
the residual P (¢; xN, uN) 1= BuN () — iV (1) — AxN ().
Supremizers and a Linear System. Alternatively, given some choice for X N we

choose the test space in such a way that the inf-sup-constant 8V in (7) is maximized.
This is typically done by using so called supremizers, [4], which reads here

v = ATN £ N, (14)

Let 2N .= {f{v, .. .,f%}, XN = span(EN), then we set @V := {va, .. .,9%},
G{V = z¢ and Zsﬁ/p = span(@N ). We obtain a linear system for (8)

BN XL w) = £ ), (15)
where the (symmetric) stiffness matrix has the entries [ng]i’ i = b(fl.N , HJ’.V ) =
EN + AN, ATVEN + M), = (A0Y, 0,y i j = ..., N, and the right-
hand side reads (fs{};(u)),- = (Bu, AVEN + M)y, ij = 1,...,N. For the
specific choice of the CN-trial functions le =ok®e,,i= (k,v),k=1,...,K,
v=1,....,n,N = Kn,weobtain BY, = (Ka;®A™")+(La @A) +((Op+0%,)®1Id).
RB-type Residual Error Estimate. This Pertov-Galerkin formualtion allows us to
use a result in [7, Prop. 2.9] to derive an ‘RB-type residual’ error estimator to be
described now. For the trial space X N we will consider as in [7] a discrete norm
lI-llx,a¢ - To define it, we set £, := 1z [,, xN(s)ds and ¥V (1) := R & 75 (1),
t € I Then, we set [[lxV]I% 5, = IANI3, + IEV]3 + [1xV (D112, With these

Al
settings, it was proven in [7, Prop. 2.9] that

b(xN, V)
N _ ’
Bap = NmfN sup ~ ~
NexN v ezn Mz llz Mx ™ llx, ar
Z sup

Let us stress that Bﬁfp is independent of the control (parameter) u and of T, At. Thus,
for any approximation x () € XV (e.g., the RB approximation below), we get

el () = xn @) lllx.ar < AR () = |1 Bu = i () = Axy ()| 5-1. (16)

We may use a discretized control ¥ or any u allowing to compute fs{}g(u), e.g.
SNy = [(Onr ® (A'B)) + (Lar ® B)Juy, for €Y = o ® e, as above.

4 Reduced Basis Method (RBM)

Now, we employ the RBM to the above introduced variational formulation of an LTT.
As mentioned already earlier, we view the control u as a parameter, i.e., (1) is seen
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as a parametric linear system. Doing so, we can reduce both the dimension n of the
LTI system and the number K of time steps by reducing NV := Kn to some N < N.

RBM for Petrov-Galerkin Problems. The starting point is the detailed discretiza-
tion (8) of (4). Within a multi-query context, one would need to solve (8) for many
different controls « € U and in a realtime scenario, a good approximation to x™ ()
would be needed extremely fast. This is precisely the situation one is facing within
parameterized partial differential equations, where the RBM has proven to be a very
useful tool for model reduction (at least in the elliptic and parabolic case).

We thus interpret (4) as a semi-discretized parabolic problem and follow [6, 7]
to construct a RBM for the arising non-symmetric space-time-like problem. In
order to do so, one looks for subspaces Xy C X N and Zy c ZN of dimension
dim(Xy) = dim(Zy) = N < N = Kn and some By € RV*P such that

find xy =xny(u) € Xn: b(xn,zn) = fn(zwvsu) i= (BNu, 2n)L,ayr Vin € Zn

(17)
and in such a way that x,y can be computed online efficient, i.e., with a complexity
independent of V. Let us assume that we have (possibly orthonormal) bases {&® :
i=1...,N}and {z¥) : j = 1,...,N} for Xy and Zy, respectively, at hand.
Then, (17) amounts solving a linear system ‘ng;v (u) = fn(u) of dimension N,
where fn (1) (and hence the coefficient vector x (1)) depend on the control u and
we obtain a parameter-dependent solution x (). Moreover, [By1; ; = b(£D, 7))
and [fy @)]; = (Byu,z9),1yn. OFf course, the reduced system depends on the
choice of the detailed Petrov-Galerkin detailed discretization. Let Py : XV — Xy
and Qn : ZN — Zy denote projections onto the reduced spaces and let Py,
Oy : RN — RY denote the matrix representations w.r.t. the above bases, we get
BN dise = O (BT PL and f aisc (1) = Qn f{l (u) for disc € {sup, CN}. Given
some RB basis functions &V, ..., &N in X(’:\{\I determined as £ := x’CVN D) by
(12) (the selection of the ‘snapshots’ ') will be detailed below) and the supremizers
ZD Lz by (14), the system matrix of the reduced problem reads By sup =

ENTBNEN (recall (1), where BV := (£{);-1,...n. Note, that By qp is
symmetric and independent of the parameter, i.e., the control. We can thus pre-
compute and store a LU- or QR-decomposition, which reduces the online amount of
work to solve the linear system to O(N?). The right-hand side is parameter-dependent

and reads f sup(™) = EM)T f2 WN) for some u™ € UN.

Reduced Basis Generation. We use a greedy procedure to compute a Reduced
Basis, indicated in Algorithm 1 and which is based upon some error estimator
Af\;. After execution of this scheme, we obtain a reduced space Xy = X ])\\,’ =

span{ng(u(l)), .. .,x’CVN(u(N))} as well as a reduced test space Zy = Z]’\\]/Sup =
Span{zN(u(l)), 2N @™))} and also a reduced control space Upy. The general

procedure is indicated by Algorithm 1, which is based upon the choice of a training
parameter space Ugain € U™ . Note, that the state snapshots are computed by using
the CN-time marching scheme (12) and the reduced system is then generated by the
supremizers in (14), see line 2 in Algorithm 1.
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Algorithm 1 (Primal) Greedy algorithm with CN-snapshots and RB-supremizers

1: Choose Uygain € UV, tol, 77(') =u;set N =1

2: Compute £N) := x X (7™, z®N) := 2N (™)) > detailed solution (12) & supremizer (14)
3: set X = span{.f“), e, f(N) LZN = span{z“), ..., z"™N)}, orthonormalize bases

4: set Uy :=span{n, ..., nM)}, orthonormalize

5: for u € Uyain do

6: Compute xn (1) € Xn > RB approximation with N d.o.f.
7: Compute Al;\r, (u) > primal error estimator, e.g., (16)
8: end for

9: SetnN*D = arg max, e/, Al;\r, (u) > worst parameter
10: if AR 7V +D) > tol set N := N + 1, goto 2 else break end if

Computation of the RB Error Bound. We can further detail the residual-based
error estimate from (16) applied to the reduced problem, i.e.,

llxfup () = XN sup @)l x, a0 < AR ) 2= 1B = %y sup (1) = AxXn sup @)l 4-1. (18)

First, we have AP"(1)? = IIBuIIE‘_l = 2fNsup@) T xn () + x§ W) By supx v (u) for
XN = X sup- Obviously, the last two terms can easily and efficiently be evaluated.
Hence, we consider the first part, namely || Bu||4-1 = ||A_1/ZBM”L2(I)n . At this point,
it is now crucial how a reduced discretization of the control u is or can be chosen:
* If the control comes from temporal measurements, it will most likely be in form
of a detailed control, i.e., u™ . Then, ||Bu||fr1 =ul (La ® BT A™' B)un,, which
is not fully online efficient since the computational amount depends on K.
* If the control can be reduced a priori, e.g., in a multi-query context (think of
optimal control), then one would have some upy with N degrees of freedom so

that ||Bup || 4-1 can be computed in O(N?) operations independent of N = nK.

5 Numerical Experiments

We report on some results of our numerical experiments for a standard example,
where A arises from a Finite Element discretization of a 1d heat equation with
Neumann boundary conditions on the left end and homogeneous Dirichlet boundary
conditions on the right end as well as homogeneous initial conditions. The control
matrix is B := nk(-1,0,...,0)T e R™! ;=1 and k > 0 is the conductivity. On
the left-hand side of Figure 1, we see the Greedy error sequence, i.e., the decay of
AR over a training set of controls as N — co. We observe a rate of about 10701V,
On the right-hand side, we increase the number K of time steps and observe that we
can basically reach any desired accuracy. Moreover, we compare the exact error with
the error estimator Ag’\r, and obtain decreasing effectivities for increasing K. We stress
that we measure the error in a quite strong norm |||-|l| x,a,, Which is much stronger
than what is usually used in model order reduction, namely || - ||z, -
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Fig. 1: Greedy error sequence (left), test error and error estimator for increasing K (right): relative error vs. N.

6 Summary and Outlook

We have introduced a space-time-type RB model reduction for LTI systems which
allows to reduce both the state dimension » and the number of time steps K. We
obtain exponential decay w.r.t. the reduced dimension N and reasonable effectivities,
in a quite strong norm, however. The next step is to extend this framework to the
output using adjoint techniques. At that stage, quantitative comparisons with well-
established techniques like balanced truncation, will be performed. This should
result in a clear picture together with other comparisons of model order reduction
and POD-Greedy [1] as well as POD-Greedy versus space-time RBM, see [3].
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