ON NON-COERCIVE VARIATIONAL INEQUALITIES

SILKE GLAS AND KARSTEN URBAN

ABSTRACT. We consider variational inequalities with different trial and test
spaces and a possibly non-coercive bilinear form. Well-posedness is shown
under general conditions that are e.g. valid for the space-time variational for-
mulation of parabolic variational inequalities. Moreover, we prove an estimate
for the error of a Petrov-Galerkin approximation in terms of the residual. For
parabolic variational inequalities the arising estimate is independent of the
final time.

1. INTRODUCTION

Let X,Y be two separable Hilbert spaces, X — Y dense, w.lo.g. [|w|y < |w]x,
w € X. Foragiven f € Y’ (the dual space of Y'), we consider variational inequalities

(1.1) ve KNX: alu,v—u)> flv—u) YVveK,

where a : X XY — R is a bounded bilinear form (i.e., 37, < oo such that
a(v,w) < ygllv||x [Jw]ly) and K C Y is a closed convex set with K N X # (.* In
order that (1.1) makes sense, one has to require that X C Y since the test function
v —uneeds tobein Y foru € X and v € K C Y. A lot of research has been done
in the case that Y = X and a(-,-) being coercive or at least satisfying a Garding
inequality, see e.g. [6, 10, 11], just to mention a few. This includes well-posedness
(existence, uniqueness, stability) as well as numerical methods. Much less is known
for the above mentioned general case.

One source of motivation for the present paper are time-dependent parabolic
problems which fit into the described framework. The above references do contain
interesting and important results also for the parabolic case. However, to the best of
our knowledge, the following three issues have not been addressed so far: (1) Even
though existence and uniqueness results for parabolic variational inequalities are
known, we are not aware of corresponding results for general non-coercive bilinear
forms a(-,-). For variational equalities with a bounded bilinear form, it is well-
known that Necas condition (see Definition 2.2 below) is necessary and sufficient for
the well-posedness of the considered problem. For (1.1) however, it is often assumed
that @ : X x X — R (i.e,, Y = X) is coercive, which is significantly stronger
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than Necas condition. We want to relax the coercivity condition. (2) Stability
results that allow to bound an unknown Petrov-Galerkin approximation error by
a computable residual are also not known in the above described general case. (3)
Space-time variational formulations of parabolic problems. The motivation for this
comes from recent results in Reduced Basis Methods (RBM), where it has been
shown that a space-time analysis can significantly improve error estimates for a
RBM, [17, 18]. We are interested in the extension to variational inequalities.

Let us briefly describe for a simple example why we are interested in obtaining
error/residual relations. Let a : X x Y — R be a bounded bilinear form and
consider the variational problem of finding v € X such that a(u,v) = (f,v) for all
veY. Let Xy C X, Yy CY be (finite-dimensional) subspaces and denote by
uy € Xy the Petrov-Galerkin approximation, i.e., a(uy,vn) = (f,vn) for all vy €
Yn (where we assume that Yy is appropriately chosen in order to guarantee a stable
solution). If a(-,-) is inf-sup stable with constant 8, > 0, we get Bol|u — un||x <
SUP,cy W = SUp,cy W = |lrn||lys with the residual defined as
ry(v) == (f,v) —a(un,v), v € Y. If (like in the case of Reduced Basis Methods,
RBM) the dual norm of the residual, i.e., ||rn ||y, is efficiently computable (at least
approximately), one obtains an estimate for the error ey := u — up, as long as f,,
or a lower bound for it, is computable. Without going into the details, we remark
that this is true for RBM, see e.g. [14]. However, we think that the investigation
of (1.1) is interesting on its own. We like to understand which kind of additional
properties are required in the more general framework to derive well-posedness and
error /residual estimates as known in the coercive case.

The remainder of this paper is organized as follows. In Section 2, we consider
well-posedness of variational inequalities. After collecting some preliminaries in
§2.1, we consider a well-known technique for non-coercive problems [11], namely
to regularize a(-,-) by a coercive form a®(-,-). This already leads to some required
properties in terms of the relation of the spaces X and Y that are analyzed in
§2.2. It turns out that in order to prove well-posedness in the general framework in
§2.4, we need to pose some additional requirements on a(-,-) which are collected in
§2.3. Section 3 is devoted to the derivation of error/residual estimates for which we
consider a well-known saddle-point formulation of (1.1). We generalize estimates
from [6]. Next, we detail our general findings for the particular case of space-time
variational formulations of parabolic variational inequalities in Section 4. The paper
ends with conclusions in Section 5 and a summary of all results in Table 5.1.

We briefly summarize the —at least up to the best of our knowledge— new con-
tributions of this paper:

o We show existence and uniqueness for a variational inequality (1.1) under milder

conditions than what is known from the literature, see Theorems 2.15 and 2.16.

o Error vs. residual estimates are derived that are new and also cover a setting
with less restrictive assumptions, see Theorem 3.12.

e« A new error estimate for the space-time variational formulation of parabolic
variational inequalities is derived. This improves on corresponding results e.g.
in [8, §5] that involve the true error.

2. WELL-POSEDNESS

We consider well-posedness of (1.1), i.e., existence, uniqueness and stability.
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2.1. Preliminaries. The following result is well-known in the coercive case and
sets the benchmark for our analysis.

Theorem 2.1 (Coercive case, e.g. [5, Satz 7.1], [10]). Let a : X x X — R be
bounded and coercive, i.e., a(v,v) > aglv|%, v € X. Then, (1.1) (for Y = X)
admits a unique solution u € K N X for all f € X' and

1 Ya :
(2.1) lullx < =7+ (3% + 1) disty g (0.K),
where dist).| (v, K) := infrex |[v — k[ x, v € X. O

Since we aim at relaxing the assumptions on the bilinear form a(-,-) (mainly
coercivity and allowing Y # X), it pays off to consider variational equalities in
order to understand what kind of result might be achievable for inequalities.

Definition 2.2. We say that the bilinear form a : X X Y — R satisfies a Necas
condition on U C Y, if there exists a 3, > 0 such that

a(v,w)

sup > Ballv]x Vv e X NU, sup a(v,w)>0V0#weU.

wet |[wlly vEXNU
Theorem 2.3 (Variational equality, see e.g. [12, Thm. 3.3], [13, Thm. 2]). Let
a: X xY — R be bounded. Then, the variational equality v € X: a(u,v) = f(v)
Vo €Y is well-posed (i.e., admits a unique solution uw € X for all f € Y', which
depends continuously on f) if and only if a(-, ) satisfies a Necas condition onY. O

The above result sets the benchmark in the sense that we cannot hope to derive
well-posedness of (1.1) under milder assumptions than a Necas condition. We have
not been able to derive results using only Necas condition, but need additional
conditions concerning the relation between the two Hilbert spaces X and Y.

2.2. Regularization. It is a standard technique in the analysis of non-coercive
problems to define a regularized bilinear form a®(-,-) that is coercive and then to
consider the limit as ¢ — 0. In order to do so, let |-|x be a seminorm on X induced
by some inner product ((-,-)x on X, ie., (v,v)x = |[v|%, (v,w)x < |v|x |w|x for
v,w € X.° Then, we assume that the norms on X and Y are related as
(2.2) lvll% = [vlx + oI}, veX.
Moreover, for € > 0, we define a (well-known, [11]) “coercive (or elliptic) regular-
ization” af(v,w) = e((v,w)) x + a(v,w), v,w € X, as well as the norm
(2.3) lvllZ = elolx + [0l veX.
In particular we have that || - || equals || - || x for e = 1 and ||v|l. = |||y as e = 0,
v € X. The idea is to consider a coercive regularized problem (see Lemma 2.6
below) and then to derive well-posedness of (1.1) by considering the limit £ — 0+.
The following properties are easily shown.
Lemma 2.4. Leta: X XY — R be bounded and 0 < & < 1. Then, for allv,w € X:
() a(0.w) < 3 lollx ol with 7 = VEmax{L, 7).
(i) With v} as in (i) it holds that a®(v,w) < L\/'LEHUHE lwl|e.

If, in addition a(v,v) > ag v ||[v]|3 holds for all v € X, we have

“Note that it is not required that |v|x = 0 implies v =0 in X.
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(it}) a*(v,0) > min{L,aqy } o2, (V) a*(v,v) > min{agy. e}l

Proof. Let v,w € X, then the boundedness of a(-, -) implies the estimate a°(v, w) <
elvlx fwlx +7allvllxllwlly < llvllx(elwlx +vallwlly) < 7 [[vllxllwlle by Remark
2.5 below with a = |w|x, b = ||w|ly, ¥ = 7Ya, which proves (i). As for (ii), we
note that by ¢ < 1 we have [|[v]|% < L(e|v|% + [[v]|#) = L||v]|2, so that (ii) follows
from (i). The statement (iii) follows immediately by a®(v,v) = e|v|% + a(v,v) >
el + aay |||} > min{l, g,y }|v||? for v € X. Finally, (iv) follows from (iii)

and (2.3). - 0
Remark 2.5. Let a,b,e,v > 0. Then, we have for all 0 < e < 1 that ea + vb <
Avea? + b2 with 7 := /2max{1,v}. In fact, by ¢ <1 we get (ca + yb)? = e2a® +
2evab + 72b? < 2(e2a® + v2b?) < 2max{1,v?}(ca® + b?).

Note that the condition a(v,v) > aqy|[v||%, v € X, is milder than coercivity due

to the weaker Y-norm on the right-hand side. The relationship to Necas condition
is at least not obvious. Now, the following statement is readily seen.

Lemma 2.6. Let a(-,-) be bounded and assume that a(v,v) > o,y |v||3 holds for
allv e X. Then, the reqularized variational inequality

(2.4) e KNX: a®(u®,v—uf) > flo—u®) Yoe KNX

has a unique solution for all fized € > 0.

Proof. By Lemma 2.4 (ii), a®(-,-) is bounded on (X, | - ||c) and Lemma 2.4 (iii)
guarantees that a°(-,-) is also coercive on (X,| - ||.) for all € > 0, which implies
well-posedness by Theorem 2.1. |

Theorem 2.1 also yields a stability estimate (2.1) for ||u®||s with ay, v, replaced by

Q, = min{l, aa,Y}u Ye = 5_1/2’72_7 ’V;zi_ = \/i maX{lﬁa}

However, since v. * 0o as € — 0 the stability estimate (2.1) is meaningless in the
limit € — 0. Fortunately, a refined analysis leads to a useful estimate as follows.
Proposition 2.7. Leta: X x Y — R be bounded and a(v,v) > aqy ||[v]|3- for all
veX. With || f|le :=sup,cx %, the unique solution u¢ € X of (2.4) satisfies

1 Va .
(2:5) lulle < = £ller + (af + 1)d15t”‘|\x(07K)'

Proof. By Lemma 2.4 (iii), we get for any v € K N X that

12 < af(v—u,v—uf) =a(v,v —u¥) — a(u®,v — u)

< CLE(”U7U - ue) - f(’l) - ug)v

where the last step follows from (2.4). Then, by Lemma 2.4 (i) we get a®(v,v —
uf) — f(v—u®) <yt flv —wf|l(JJvllx + ||f]le). Since v was chosen arbitrarily, the
triangle inequality proves the claim. O

ag |lv—u

Corollary 2.8. Under the assumptions of Proposition 2.7 we have that

1 v+ .
(2.6) e < —Ifllx + (2 + 1) disty g (0, K):
ag ag
Proof. Since f € Y' C X', we easily get || f|l = sup,ex % < sup,ex va(ﬁ’)), <

SUD,cy % = ||f]ly+, and the rest follows from Proposition 2.7. O
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Note that the right-hand side of (2.6) does not depend on e, which will be
relevant later. We cannot immediately take the limit as e — 0 in (2.6) since both
the norm || - || and u® depend on e. It will turn out later that we need to replace
the inf-sup condition in Definition 2.2 by exchanging || - ||y by || - ||c. As we shall
see now, the latter one can already be ensured by Necas condition.

Lemma 2.9. Let X,Y be Hilbert spaces with X being densely and continuously
embedded into Y and a : X XY — R be a bounded bilinear form that satis-

fies an inf-sup condition B, = inf,cx Sup,cy % > 0. Then, for Bq. :=

: a(v,x) . -
lnfUEV SUP,ex m we have that hmsﬁo ﬁa,s = 5[1_

Proof. For v € X we define J.(v) := sup,cy %, ie., Bae = infyey Je(v).
It is readily seen that 0 < J.(v) < 7,. Hence, there exists a minimizing sequence
(vk)keny C X, ie., limg_ o0 Je(vg) = infex JE(v) = B4, > 0. Since Y is closed, the
inf-sup condition implies for any such vy € X the existence of a supremizer y, € Y
with a(vk, yx) > Ballvklx llyxlly- Now choose

0<5<&

Ya

fixed. Since X — Y dense, there exists a x5 € X such that ||zrs—yklly < dllyklly,
which implies that ||z s]ly < (14 0)||yx|ly. Then, we obtain

a(vk, Tk,5) = a(Vk, Yx) — a(Vk, Yk — Tk,6) > Ballvellx [yelly —va llvellx [y — zr.slly
> (Ba = 0va) llvrllx llylly

and B, — 67, > 0 due to the choice of §. Next, we estimate |z s|? = |z s|% +
lzkslly < elwrslX + (14 0)%ykll¥, so that we get

a(vg, Tk.s) (Ba — 6va)lyrlly
J-(vg) > d > =:b. 1.
() 2 o Teaalle = Glonsl + (L + 02 w02 - ok

Since lime_0 b = 5‘1 57“ (which is independent of k) and 0 < b < Je(vg) <
Yo < 00, the sequence (be’k)keN is bounded and thus contains a convergent sub-
sequence (be g, )men. Since a subsequence of a minimizing sequence is also a
minimizing sequence, we denote the subsequence again by (be r)ren, whose limit
limy_, o0 be 1 thus exists. Hence, we may exchange the two limits and obtain

Ba — 674
= > = —_
2l e = Jip iy, Jelow) = Jigy g e = o oo = 0

Since this holds for all 0 < 6 < 5—:, we may consider the limit § — 04, which proves
the claim. 0

Remark 2.10. We can also interpret the statement in Lemma 2.9 as follows:
There exists a € > 0 such that B, > 0 for all 0 < ¢ < £. Note, that Lemma 2.9
in general does not imply the validity of an inf-sup condition for a(-,-) with || - ||
replaced by || - || x. In fact, this would only hold if € > 1, which is definitely not true
in general.
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2.3. Additional Assumptions. As already mentioned above, we have not been
able to prove well-posedness of (1.1) only under the conditions formulated so far.
However, this does not seem to be astonishing since it was shown in [11] that
assuming just a(v,v) > 0 for v € Y = X yields a possibly empty closed convex set
of solutions. Existing well-posedness results are available for quite specific cases
only. We will now introduce properties mainly on a(-,-) which are valid e.g. for
parabolic variational inequalities. The first piece is an additional seminorm on X
denoted by [|x induced by a scalar product [, ]x such that

(2.7) [v,v]x = [v]%, [v,w]x < [v]x[w]x, v,weX,4

as well as

(2.8) I3C>0: [x <C|v|x,veX.

Next, we consider a stronger (but equivalent) norm on X, namely

(2.9) lollk = ol + []% + oI} = ol + [o]%,

ie., [v]% = [v]% + |[v]|?. Later, we will also use dual (semi-)norms defined as
f(v) f(v)

[f1x := sup and || f|lxs = sup :
vex [v]x vex [lvllx

Note, that (2.8) has the following consequence which we will use later, namely

(2.10) lollx < vV1i+C?ollx, weX.
In fact, we have 0[5 = [o[%+[v]5 +[[vl5 < IX +C[lv% +v]§ = A+C?)|vl%,
recalling (2.2). Similarly, we get

(2.11) lollx <e 2V1+C?v]l., weX,0<e<1.
Since trivially ||v]|x < |lvllx = (Jv]|% + [v]%)"/?, the norms || - ||x and ||-|x are

equivalent on X. One might think that we could simply replace || - ||x by the
equivalent norm ||| x. This, however, would lead to error/residual estimates which
may be far from being sharp. The precise interplay between || - ||x and ||| x turns
out to be crucial. As we shall see below, [-]x will play a significant role in our
analysis, keeping footnote d in mind.

Definition 2.11. We call a bilinear forma: X xY - R, X C Y,

(a) weakly coercive, if there exists a constant ay, > 0 such that a(v,v) > ay[v]%
for all v € X;

(b) symmetrically bounded, if there exists a constant v < oo such that a(v, w) <
Ys[v]x lw] x for all v,w € X.

At a first glance (b) might be astonishing. However, as we shall see below in
the case of parabolic variatiational inequalities, it is not realistic to hope that an
estimate of the form a(v, w) < v||v||y ||w|]|x holds true, not even for v,w € X. In
fact, (b) will be verified by integration by parts so that the final time contribution
will be [v]x leading to [v]x instead of ||v||y. This is also the reason for introducing
the above stronger norms. We also remark that weak coercivity in general does not
imply Necas condition. In fact, if a(-, ) is weakly coercive, we obtain for v € X C Y

ap 20w) o) ol
o Telly = Tolly = “lolly

> aw[v]x,

dAgain7 we have to keep in mind that [v]x = 0 does not imply that v =0 in X.
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but [-]x is not a norm on X and cannot be bounded from below by || - ||x (only
from above by (2.10)). The next step is to modify | - ||c as given in (2.3) by
(2.12) Ivl2 == elolk + [l + I0ll} = elofi + [o]% = [[vlI2 + [v]%-
Then, the analogue of Lemma 2.4 reads as follows:
Corollary 2.12. Let a : X XY — R be bounded, symmetrically bounded and
0<e<1. Then, we have for all v,w € X:

(i) a*(v,w) <AF Jollx flwlle with v == v2max{1, 5}

(i) With v& as in (i) it holds that o (v, w) < :7/; [olle lwlle-

If in addition a(-,-) is weakly coercive, we have
(iii) a*(v,v) > min{1, an }o[2.  (iv) a*(v,v) > min{on, e}fofI%- O

Proposition 2.13. Let a(-,-) be symmetrically bounded, then we have the estimate
af(v,w) < v |lvlle lwllx for all v,w e X.

Proof. Let v,w € X, then a®(v,w) =¢((v, w) x+a(v,w) < e|v|x |w|x+s[v]x |wllx
< lwllx (elvlx +slvlx) < vV2max{1, v} [Jv]l- Jwllx, by Remark 2.5. 0

We now consider the regularized variational inequality (2.4) on (X, |-||c). Using
the same arguments as in Proposition 2.7 and Corollary 2.8 yields the following:

Corollary 2.14. Let a(-,-) be bounded, symmetrically bounded and weakly coercive.
Then, the unique solution u® € X of (2.4) satisfies

1 oA )
(2.13) ol < =l + (22 4 1)disty 0. K),

w

where o, = min{1, a } and vF as in Corollary 2.12 (i).

2.4. Well-posedness in the Non-Coercive Case. Now, we are ready to consider
well-posedness also in the non-coercive case.

2.4.1. Existence. We start by proving existence of a solution.

Theorem 2.15 (Existence). Leta : X XY — R be bounded, symmetrically bounded,
weakly coercive and satisfy a Necas condition on'Y for X — Y dense. Then, for
given f €Y', the unique solution u® of (2.4) converges to u € X as € — 0 which
solves (1.1).

Proof. The proof follows partly some ideas and lines from [11, §7.4] (there for the
specific case of parabolic variational inequalities). By Corollary 2.14 we have that
luflle < k1 with k; independent of €. Next, we use Lemma 2.9 with e replaced by
§ and fix some 0 < § < 4. Since X is closed, there exists a supremizer w € X with

Ba,é

[wllsllulx < a(u®,w) <3 [u]x wllx <ol wllx <Asmllwlx

< Yer1 67214 O ||wlls =: ka(8)[[w]ls,©
where we have used the symmetric boundedness, (2.12), (2.13) and (2.11). Thus, we
get ||ufllx < 'E—@ and this bound is independent of €. Hence, (u)c~¢ is bounded
in X and we can extract a subsequence (u"),~o that is weakly convergent, i.e.,
It is precisely this part of the proof that requires the symmetric boundedness in order to

obtain an estimate versus ||u®||s which was previously shown to be bounded independently of e.
In [10, 11] this step was done by different techniques for certain special cases.
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um = uin X as n — 0. Since K N X is closed convex, it is weakly closed, hence
u € KN X. We finally need to show that u solves (1.1). From (2.4), we get
af(uf,v) — f(v—uf) > a®(uf,u) = e|u®|% + a(u®,u®) > a(u®,uf). Since —possibly
again by considering subsequences— it holds that u* — u in X as ¢ — 0, thus we
have a®(u®,v) — a(u,v) for all v € X as e — 0 and hence a(u,v) — f(v —u) >
liminf. ¢ a(u®,u®) > a(u,u), which is equivalent to (1.1). O

2.4.2. Uniqueness. Concerning uniqueness: Let uj,us € X be two solutions of
(1.1), then vy Jur — uz]% < aluy —ug,ug —u2) = a(uy, ur —uz) + alug, uz —uy) <
f(ur —uz) + f(uz —u1) = 0, where we have used the properties of a(-,-) and (1.1).
This implies that u; and wus coincide with respect to [-]x — which does not imply
uniqueness in X which is equipped with a stronger norm.

2.4.3. Stability. In order to derive a stability estimate, one could now use (2.13)
and perform the limit € — 0. This leads to

1 oA .
ulx < —IIfllx + (2= + 1) disty. g (0, K),

a
The main drawback is the control only in [-]x which is weaker than || - || x or even
IIllx. This deficiency can be overcome using the inf-sup stability of a(,-).

Theorem 2.16 (Stability). Let u € K solve (1.1). Ifa: X xY — R is bounded
and satisfies a Necas condition on'Y , we have

(2.14) Jullx < 5l + (3

Proof. Let ¢ € K be arbitrary. Then, we use Necas condition, (1.1) and the
boundedness of a(-,-) to obtain

+ 1)diStH<Hx(0’ K)

Ballu—olx < sup ap—wv) _ p Ut
vEY ||UHY vEY HU 7u||Y
o dOv ) el —w) a(g v —w) — fo—w)
vEY HUﬁUHY veEY HUﬁUHY
(Yallollx + N flly)llv — ully

= Yallollx + ([ flly-

veY HU - UHY
Using triangle inequality and taking the infimum over ¢ € K proves the result. [

The equivalence of || - || x and ||-]|x yields a stability result also for ||-||x.

3. ERROR VERSUS RESIDUAL ESTIMATES

Now we come to the derivation of estimates of the Petrov-Galerkin error versus
the residual. It turns out that the key for this derivation lies in the consideration
of the well-known saddle-point formulation of (1.1).

3.1. Saddle-point Formulation. It is well-known that under certain conditions
the problem (1.1) is equivalent to a saddle-point inequality. This amounts a (natu-
ral) condition, namely that the convex set K has a certain representation.

Definition 3.1. We say that a convex set K C Y is of dual cone form if there
exists a Hilbert space W (with norm || - || induced by an inner product (-, -)w),
a continuous bilinear form b : Y x W — R, a convex cone M C W (the so-called
dual cone) and some g € W’ such that K = {v €Y : b(v,q) < g(q), ¢ € M}. O
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We now consider the saddle-point inequality: Find (u,p) € X x M such that
(3.1a) a(u,v) +b(v,p) = f(v) Vv ey,
(3.1b) b(u,p — q) < glp—q) Vge M.
The proof of the following well-known result can e.g. be found in [7, Lemma A4].

Lemma 3.2. Let K be of dual cone form and assume that a : X XY — R is bounded
and satisfies a Necas condition on Ker(B) := {v € Y : b(v,q) = 0Vq € W} for
X <Y dense. If the bilinear form b(-,-) is inf-sup stable, i.e., there exists a B, > 0
such that sup,cy boa) > Byllgllw Vg € W, then, the variational inequality (1.1)

v]y
and the saddle-poiglt”inequality (3.1) are equivalent in the following sense:
(i) If u is a solution of (1.1), then there exists a unique p € M such that (u,p)
is a solution of (3.1).
(ii) If (u,p) is a solution of (3.1), then u solves (1.1).

One advantage of (3.1) for the numerical treatment is that one does not need
to construct a conforming discretization of the convex set K, i.e., some finite-
dimensional Ky C K. Often, it is easier to construct My C M or to solve (3.1)
by a primal-dual active set strategy (i.e., no need for a conforming discretization
of the space M), [6]. Moreover, as we shall see below, the saddle-point form allows
us to derive a-posteriori error estimates.

3.2. (Petrov-)Galerkin Methods. Now, we consider approximations to the so-
lution wu (resp. u and p) in finite-dimensional spaces Xy C X and My C M, the
dimension of both somehow related to NV € N. Moreover, we will consider a finite-
dimensional Ky C K. The discrete problem corresponding to (1.1) then reads
(32) uy € KnNXy: a(uN,’UN—uN)Zf('UN—uN) Yoy € Kn.

We denote the error by ey := u — uyn and the residual Ry € Y’ by

(3.3) Ry(v) := f(v —un) —aluy,v —uy), veEY.

With Ky = {uxy € Xy : b(vn,qn) < g(gn), gv € My}, the discrete saddle-point
problem corresponding to (3.1) reads: Find (uyn,pn) € Xn X My such that

(3.4a) a(un,vn) +b(vn,pn) = fon) Von € X,
(3.4b) b(un,pN — qn) < g(pn —aqn) Yagn € My.

For v € X, the residual ry € X' of the equation (3.4a) is denoted by

(3.5) ry(v) = f(v) — alun,v) — b(v,pn) = alen,v) + b(v,dn),

with the dual error dx := p — pn. The inequality residual of (3.4b) is sy € W’
(3.6) sn(q) :=blun,q) —g(q), qeW.

For the following, we basically follow [6]. We define the Riesz representators
7N € X,5y € W,0 € W of residuals and the inequality functional, respectively, by
(v.7n)x =7n(v), v € X, (¢:58)w = sn(q), g € W,

Additionally, we need a projection m : W — M which is assumed to be orthogonal
with respect to some scalar product (-, -) on W. Furthermore, we define an induced
norm ||n||x := /{1, n)x, which is assumed to be equivalent to the norm || - ||, i.e.,
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there exist constants ¢,, Cy, such that 0 < ¢; < Cy and ¢ ||qllw < ||gll= < Cxllallw
for all ¢ € W. We assume that 7 has the following properties:

(3.7a) (¢g—7(q),mw <0, qgeW,neM,
(3.7b) m(0) =0,
(3.7¢) (q,0)= <0, g€ M.

3.3. The Coercive Case. We recall some known estimates for the case Y = X and
the bilinear form af(-,-) being coercive. One can prove an error/residual estimate.

Inequality formulation. Define the residual of the equality as
on(v) := f(v) —a(un,v), veY.

Note, that Ry(v) = on(v) — on(un) with Ry as in (3.3). Moreover, in general
on(un) # 0 and oy (v) 4 0 as N — oo.

Proposition 3.3. Assume that a : X x X — R is coercive with constant ag > 0.
Let Ky C K and denote by un € Kn the unique solution of (3.2). Then we have
lenllx < di+ (d? + d2)'/?, where dy := i”RN”X’ and ds == |on (un)|.

Proof. Using v = uy in (1.1) yields a(u,u —uy) < f(u —uy). Hence, we get
aallenllk < alu —uy,u —uy) = alu,u —uy) — a(uy,u — uy)
< flu—un) —a(un,u—uy) = Ry(u) = on(u) — on(un)
= Ry(u—un)+on(un) < [[Bylxllenllx + lon (un)l-

Hence, we get the estimate ||en||% — 2d1|len||x — da < 0 with dy,ds > 0. Thus, we
can estimate |ley|/x by the largest root of the quadratic equation. O

Proposition 3.3 and (2.14) show that the variational inequality is stable and
yields an error/residual relation in the conforming case, i.e., if Ky C K. This
estimate, however, might not be optimal since dy might not be small or not tend to
zero as N — 0o. One can also derive an estimate of the form |len| x < C||RN||§(/,2,
which is also not sufficient.

Saddle-point formulation. Now, we consider on the saddle-point formulation (3.1),
(3.4). We recall from [6] the primal/dual error relation which we will need later on.

Lemma 3.4 (Primal/Dual Error Relation, coercive case). In addition to the as-
sumptions of Lemma 3.2 assume that b(-,-) is inf-sup stable for Y = X. Then, we
obtain the following primal/dual error relation for dy :=p—py and en := u—uy

1
(3.8) 1o llw < E(HTNHX' + Yallen|lx)-
Proof. Due to the inf-sup stability on Y = X and the closedness of X, there exists
av € X, v#0 such that we get By[|v| x||on|lw < b(v,0n) = rv(v) —alen,v) <
O

vl xlIrnllx: + Yallvl| x |len ]| x- The estimate follows directly.

The following estimate has been derived in [6, Proposition 4.2]. We report the
proof since we will need to modify it later in the case where a(-,-) is not coercive.



ON NON-COERCIVE VARIATIONAL INEQUALITIES 11

Proposition 3.5 (A-posteriori Error Bound, coercive case). Let K be of dual cone
form and assume that a : X x X — R (Y = X) is bounded and coercive. If b(-,-)
is inf-sup stable on X x Wand (3.7) holds. Then we get the error bounds

1
(39) llewllx < A% =+ (¢ +e)' % Powlhw < A% = - (lrwlv +24%)
1 ) 1/]|=(5 T / .
cvim ga{Irllx + ln(on ) exim o (PN msiy).
2a, 51; a Bb

Proof. First, we want to prove (3.9). Using coercivity, (3.1b) and (3.7a) and the
definition of the residual yields
agllen|x < alen,en) =rn(en) —blen,én)
< rnllx llenllx = b(u, 6n) + bun, on)
<lrwvlixllenllx —g(0n) +g(dn) + sn(dn)
= [Irnvllxllenllx +sn(n) = [lrnllx llenllx + (p, Sn)w
= [Irnvllxllenllx + (p, 7(8n))w + (p, $n — 7(Sn))w
< rnllxllenllx + (o, m(3n))w
= [lrnvllxllenllx + (p —pn, 7(38))w + (PN, T(5N))w
(3.10) = [Irnvllxllenllx + (On, 7(3n))w + (pn, T(5N))w -
Next, we continue by the Cauchy-Schwarz inequality
(3.11) agllenlx < llrvlx-llenllx + 16nlwlxGz)lIw + (on, 7(3n))w-

Inserting (3.8) yields: |len||% —2c1|len||x —c2 < 0. Note that ¢; and cq are positive
and we can bound ||ey || x again by the largest root of the quadratic equation, which
yields the upper a-posteriori error bound A%, for the primal solution. Inserting (3.9)
into (3.8) proves also the second inequality of the claim. O

Remark 3.6. It should be noted that the error bounds A%, and ALY, both tend to
zero as N — oo. In fact, we have for any q € W that (¢,8n)w = sn(q) =
blun,q) —g(q) — b(u,q) —g(q) = (0,9)w <0 as N — oo since u € K. Since 7
is continuous, we get (¢, 7(8n))w — (7(0),q)w = 0 as N — oo since w(c) = 0.
Hence, m(§ny) — 0 as N — oo and ry and Sy trivially tend to zero.

3.4. Beyond Coercivity. Now, we derive error estimates for the case where a(-, -)
is not required to be coercive. One might hope to derive an error/residual relation
without weak coercivity and symmetric boundedness (see Definition 2.11) following
the proof of Proposition 3.5 with || - || x replaced by || - ||y. In fact, if a(-,-) would
be coercive on the larger space Y, i.e., a(v,v) > o,y |[v]|3, v € Y, we get

(3.12) aayllenls < Irnlx llenlly + (On, 7(38))w + (pn, 7(38))w,

where the residuals ry € Y/ and sy € W’ are defined by (3.5) and (3.6), respec-
tively. However, the subsequent argument involving the primal-dual error relation
fails since following the lines of the proof of Lemma 3.4 leads

Bollvlly [on]lw < rn(v) —alen,v) < |lrnlly llvlly +7allenllx [vlly,

i.e., the error ey appears in the stronger || - ||x-norm on the right-hand side as
opposed to the left-hand side of (3.12). Even if we would pose an inf-sup condition
for b(-,-) with || - ||y replaced by the stronger norm [-]x, we would get [v]x on the
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left-hand side. In both cases we are stuck here. A way out is to use the symmetric
boundedness, which we have already needed for the well-posedness.

Proposition 3.7. Let a: X XY — R be bounded, symmetrically bounded, weakly
coercive and satisfying a Necas condition on'Y for X — Y dense. Then we have
for Kn C K the estimate [en]x < di + (d? + d2)1/2, where di := i[[RN]]X/ and
dy := |on(un)| for the error ey := u — uy and the residual Ry defined in (3.3).

Proof. Note that (1.1) and (3.2) are well-posed. Using the weak coercivity, the
proof follows the lines of the proof of Proposition 3.3, i.e.,
awlen]k < alu —un,u—uy) = a(u,u —uy) — a(uy,u — uy)
< flu—un) —aluy,u —un) = Rn(u) = on(u) — on(un)
= RBy(u—un) +on(un) < [Rn]x[en]x + [on(un)|

and then the usual arguments prove the claim. O

Now, we turn to the saddle-point inequality. The first step is to derive an
error/residual-relation for (3.1). We start by fixing some notation. The equality
and inequality residuals are defined as in (3.5) and primal respectively dual errors
are again abbreviated by ey :=u —uy, dn :=p — pn. A first attempt could be to
try to generalize the primal/dual error relation in Lemma 3.4.

Remark 3.8. Let a : X xY — R be bounded, symmetrically bounded, weakly

coercive and satisfy a Necas condition. Let b:Y x W — R be bounded and

: b(v,q)
(3.13) 3By >0 inf sup — 2
I-llx a€W yex [[vllx llallw

Then, [[6nllw < By (I llx +vslenlx).

Proof. As in the proof of Lemma 3.4, we have for 0 # v € X the estimate
Bo - Il x 10 [lw < b(v,dn) = rn(v) — alen,v). Now, use the symmetric bound-
edness of a(-,-) and get By .y [vllx0nllw < llrvllx ol x +slen]xlollx. O

2 Bo, I x -

Remark 3.9. As already noted in Remark 2.10, the inf-sup condition (3.13) is
generally not satisfied by our previous assumptions even if we would use || - || x
instead of ||| x. Moreover, it is by no means clear if such a condition holds at all.
If it would hold, however, we would get an estimate analogous to Proposition 3.5.

As already said, an inf-sup condition as (3.13) might not be realistic. Thus, we
now aim at replacing the primal/dual error relation. In order to do so, we need
some relationship between b(-, ) describing the convex set (in terms of the Hilbert
space W —or the convex cone M C W-— the bilinear form is defined on) and the
space X. We will show later how to verify this at least in the space-time framework.

Definition 3.10. The convex set K is called X -compatible if there exists a linear
mapping D : M — X such that (1) b(Dp,q) = (p,q)w for p,q € M; (2) There
exists a Cp < oof such that || Dp|lx < Cp ||p||lw for all p € M.

Lemma 3.11. Let K be X-compatible and let a : X XY — R be symmetrically
bounded. Then, ||on|lw < Co(llrnllx + Yslen]x)-

fIn fact, Cpp can be chosen as the operator norm with respect to I-llx s ie., Cp = IDllz(ar,x)-
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Proof. Since K is X-compatible, we have for w € M that (w,dn)w = b(Dw,dn) =
ry(Dw) —alen, Dw) < ||lrn|lx’ |Dwllx + sl PDw| x [en]x, which proves the claim
by choosing w =0y =p—py € M. (]

Theorem 3.12. Leta: X XY — R be bounded, symmetrically bounded, weakly co-
ercive and satisfy a Necas condition on Ker(B) for X — Y dense. Letb: Y xW —
R be bounded and inf-sup stable. If K is X -compatible, the following error/residual
estimates hold [en]x < A% = c1 + (¢ + c2)'/2, where ¢; = ﬁ([[mvﬂx/ +
wCplw(3n)llw) and ca = -(Collrnllx |7(3n5)|w + (pn, 7(35))w). Moreover,
we get [|on[lw < AL == Cp(llrnllx + AR ).

Proof. First, note that the continuous problems (1.1), (3.1) and the discrete ones
(3.2), (3.4) are well-posed and equivalent in the sense of Lemma 3.2. In order
to prove the claimed estimate, we follow until (3.10) the lines of the proof of
Proposition 3.5. Hence, we arrive at ay[en]% < [rv]xlen]x + (6n,7(8n))w
+(pn, m(8n))w. We use Lemma 3.11 and get (0n, 7(8n))w < [1dn]lw 7 (8n)lw <
Copllr(m)lw (Irvllx +3slen]x), e awlen]k <([Irn]x+3Collm(dn)lw)len]x
+Co|lm(Sm)llw lrnllx: + (pn, 7(8n))w. Again, we get an estimate of the form
22 —2c1z—cp <0. As c1,co,z > 0, it follows that z < ¢; + \/¢3 + ¢a, which proves
the claim. The estimate for ||dx||w follows from Lemma 3.11. O

Remark 3.13. (a) As in Remark 3.6 we obtain that A%, AR, — 0 as N — co.
(b) If a stronger inf-sup condition (3.13) holds, we can derive an error/residual
estimate similar to Theorem 3.12 (just replacing Mp by ﬂ;lmlx) without the re-
quirement of X -compatibility of the conver set K.

4. SPACE-TIME FORMULATION OF PARABOLIC VARIATIONAL INEQUALITIES

Now we apply the general theory to the space-time variational formulation of
parabolic variational inequalities (PVIs). Let us first describe the framework.

4.1. Space-Time Variational Formulation. We recall space-time formulations
of parabolic initial value problems and then generalize to variational inequalities.

Spaces. Let V< H < V' be a Gelfand triple of Hilbert spaces and I := (0,7,
T > 0. The spaces V, H and V' arise from the spatial variational formulation of a
parabolic problem (e.g. H = Ly(2), V = H}(Q), @ € RY). We denote by

61l
4.1 =
(4.1) A AT

the embedding constant of V' in H. For the space-time variational formulation, we
require the notion of Bochner spaces (see [4, §5.9.2]) for any normed space U, i.e.,
Ly(I;U) == {v : I — U strongly measurable: Hv||%2(l;U) = [; lv@®)]|} < oo}, and
choose from here on

X:={veLy(I;V): e Ly(I;V'),v(0) =0}, Y :=Lo([;V),ie., X — Y dense.
Note that X — C(I; H) so that v(0) and v(T) are well-defined in H. Then, set
[vlly = lollearvy,  [ol% = I0lF +lv@IF, ol = % + 105, veX,
and we keep these norms.® The norm in X, even though equivalent to the standard
graph norm, allows for a control of the state at the final time, [18].

8Note that ||©]|y+ plays the role of |v|x in the previous section.
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Forms. Now, we detail the variational formulation. To this end, let ¢c: V x V — R
be the bilinear form corresponding to the weak form in space. We start by a
parabolic initial value problem (PIVP) that reads for given f(t) € V', t € I a.e.,

(4.2a)  (u(t),v(t)v:xv + c(u(t),v(t) =
(4.2b) u(0)

(f@),v(t))vixv Yo(t) eV teT ae.,
=0inH.

Next, we define space-time bilinear forms

[u,v] := L(u(t),v(t))v/xvdt, Clu,v] := /c(u(t),v(t)) dt

I

and we finally obtain the variational formulation
(4.3) ueX: a(u,v)=f(v) Vv ey,
where a(u, v) := [4,v] + Clu,v] as well as f(v) := [f,v].

Theorem 4.1 (Well-posedness of space-time equation, e.g. [16, Theorem 5.1,
Appendix A], [3, Ch. XVIII, §3]). Let ¢ : V x V — R be a bounded bilinear form
satisfying a Garding inequality, i.e. there exist a. > 0 and X\, > 0 such that ¢(¢, )+
A @)% > aclldl|} for all ¢ € V.. Then, problem (4.3) is well-posed. O

4.2. Parabolic Variational Inequalities. Given a closed convex subset K C
Y(= La(I;V)), ie. K(t)CV for t € I a.e., consider the parabolic variational in-
equality, which reads: Find v € H'(I; H) N C(I;V) such that u(t) € K(t) and

(4.4a) (a(t),v(t) —u(®))u + c(u(t),v(t) —u(t)) = (f{t),v(t))vxv Vo(t) € K(b),
(4.4b) u(0) =0inH,

for all t € I. According to [9], such a function w is called a strong solution (also
due to the stronger regularity assumption as compared to (4.3), which also allows
to use (-, )y in the first term in (4.4a) instead of (-, )y xv ). It is also investigated
there when a strong solution exists. The space-time variational formulation now
reads: Find v € X N K with u(t) € K(t) for all t € I a.e. and

(4.5) a(u,v —u) > f(v—u)Vv € K,

with a(-,-) and f(-) given as in the previous section. It should be noted that (4.5)
does not correspond to the weak formulation in [9], since there integration by parts
with respect to time is performed. As a byproduct of our analysis we obtain also
new well-posedness results for (4.5). To this end, we verify that the space-time
non-coercive form af(+,-) is bounded, symmetrically bounded and weakly coercive.

Proposition 4.2. If the bilinear form c(-,-) is bounded and satisfies a Garding
inequality, such that a, — A\.0* > 0, then the bilinear form a(-,-) is bounded, sym-
metrically bounded and weakly coercive.

Proof. First we show that a(-,-) is bounded. Let v € X, w € Y, then

a(v,w) = [, w] + Clv, w] < [[o]ly[[wlly + vellolly lwlly < max{1, v} [[v]lx [[w]ly,
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by Cauchy-Schwarz inequality, which proves the boundedness. For the weak coer-
civity, we apply the Garding inequality for some v € X (recall v(0) = 0)

T
a0,0) = 0]+ Clove] = S oDy + [ clolt), o) dt

1 T
> I + [ el = Mool d
1 .1
> () + (e = Aed?) el = min{, a0 = Aeo®} ol

i.e., weak coercivity with constant o, := min{%, a. — Ac0?}/2. Finally, integration
by parts and recalling that v(0) = 0 in H for v € X yields for v,w € X that

a(v,w) = ((T),w(T))r — (v(0), w(0))r — [v, @] + Clo, w]
<o llwT)a + lolly ldlly +vellolly wlly < vs[vlxwllx,

with g := max{1,.}. O
As a direct consequence of Theorem 2.15, we get:

Corollary 4.3. If the assumptions of Proposition (4.2) hold, the space-time vari-
ational inequality (4.5) has a solution which is unique with respect to [|x.

Saddle-point Inequality. We can also formulate a space-time saddle-point inequality,
which we will use for deriving an error bound. Let us assume that K(t), t € I a.e.,
can be represented as K(t) = {v(t) € V : b(v(t),q(t)) < g(t;q(t))Vq(t) € M},
where M C W is the dual cone, b: V x W — R is the bilinear form in space only
and g(t) € W is given.” Based upon these, we need to define W and b : Y xW — R.
The precise definition of W and b(-, ) is influenced by the question how the convex
space-time set K arises from K (t), i.e., its temporal evolution or how the dual cone
M C W arises from M. Then, given g € W', the saddle-point inequality reads as
in (3.1) with a(-,-) and f(-) defined as before.

4.3. Modeling of the Cone. We will now discuss different possibilities for the

choice of M, W and b(-,-). For each choice, we need to

« prove that b(+, -) is inf-sup stable, so that Lemma 3.2 ensures that the saddle-point
inequality is equivalent to the variational inequality. This ensures well-posedness;

« specify an operator D : M — X from Definition 3.10 in order to ensure that K
is X-compatible and to obtain an error estimate by Theorem 3.12;

« detail the projector 7 in order to derive the precise form of an error estimate.
Let us start by thinking of an obstacle or a barrier. In this setting, it makes

sense to require that a solution u € X of a PVT satisfies the cone condition for (at

least for almost) all times, i.e.,

(4.6) b(v(t),q) < g(t;§) Yge MVtel ae.

In some applications, a condition for ‘almost’ all ¢ € I might not be sufficient.

4.3.1. Straightforward approaches. We start by some straightforward approaches.

hEyom here on, we use tildes to indicate quantities in space (only).
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Stationary Cones. In case of a stationary cone, i.e. g(t) = g € W', one might try

to set M := M, W := W and now b (v, q) : fo q)dtforveY, geW.
This, however, does not yield that the cone-condition holds for (almost) all times

since b2 (v, q) = b(v,q) with the temporal average v := fo t)dt. Thus, this
would only ensure that the temporal average is in K which mlght not be what we
want (depending on the problem at hand, of course).

Average Condition. Another possibility is, that we define the space W := Lo(I; W)
and the bilinear form as b(v, q fo )dt Given g € W' = Ly(I; W),
the cone condition reads fo ) q(t)) dt < fo . q(t)) i vy dt, which can be
seen as a cone condition ‘on average’. From an apphcation point of view, this might
again be insufficient (e.g. a company should not be bankrupt just in average). On
the other hand, we can show that b(-, ) is inf-sup stable:

Proposition 4.4. Let b:V x W — R be bounded and inf-sup stable, i.e.,

i ;
@n b <ylnlvlale.  nfsup 2BE s

> ﬁg > 0.
nEW nev ||77HV||/J'||W

Then, b:Y x W — R defined for W := Lo(I; W) by b(y, q) := fOT b(y(t), q(t)) dt is
inf-sup stable on Y x W with constant B, > .

Proof. Define the operator B : V — W’ by (Bn,u}W/XW = b(n,p) for n € V,
p € W. By (4.7), the operator B is boundedly invertible with ||B77HW, < 7 Inllv
and |B~'allv < B '||ally.. Let ¢ € W be given, ie., g(t) € W for almost
all t € I. For such a t € I, define §(t) € W' as the Riesz representation, i.e.,
(@), )i s = (q(t),n) s, for n € W (where (-, )y, is the inner product in W) in
particular [|G()||y = ||q(t)|lyi-- Then, set y,(t) := B~'¢(t) € V. This implies that

)
blyq (1), a(t)) = (a(t ) a(t))yirr i = la(@)|[3;,- Since

T T T
HM@=AH%@%£S%QAIWM?ﬁ=%JAIMW%ﬁZ%”M%

we get ||lyqlly < 551||q||w and in particular that y, € Y. Finally,

T T
M%@=Ab%m g(t))dt = A\mm@ﬁﬂm%zwmmww,
which proves the claim. O

So far, we have not specified the dual cone M based upon the dual cone M in
space only. This also relates to the X-compatibility of K. We have not been able
to construct an operator D : M — X as in Definition 3.10. The reason is that X
requires regularity in time which is not provided by the norm in W with the above
choice. Hence, the next try is to equip W (and M) with some temporal regularity.

More Regularity. In this regard, another possibility is to set

(4.8) W .= HEO}(I;W) ={qe H'(I;W) : q(0) = 0}.
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Note that W C C(I;W).! At a first glance, the left boundary condition might
be surprising. However, keeping in mind that a parabolic variational inequality
is equipped with an initial condition which lies in the convex set K, there is no
need to ensure this by the variational formulation. Thus, the homogeneous initial
condition is a natural choice. In order to prove inf-sup stability, we define: ||q||%, :=
||Q||2LQ(I;W) + HQHQLQ(I;VV) + [[¢(T)||%, . Similar to the proof of Proposition 4.4, we can
show the following result, whose proof we skip.

Proposition 4.5. Letb: V x W — R be bounded and inf—sup stable as in (4.7).
Then, b: Y x W — R defined by b(y, q) fo +q(t)) dt is inf-sup stable
with constant B, > 2~ 1/25,).

As above, we obtain well-posedness, but we have not been able to show X-
compatibility. A straightforward candidate would be M := H} (I; M) (i.e., M C
C(I; M)) and (Dp)(t) := D(p(t)) + p(t)) with D : M — V accordingly, which
—however— is not bounded in X.

4.3.2. Pointwise Conditions. Given K (t) as above, we now describe a possible
choice of W, M and b(-,-) that ensures v(t) € K(t) for all t € I provided that
v € X N K. Moreover, this approach also allows to construct appropriate op-
erators D and 7. To this end, we assume that W’ < H < W is another
Gelfand triple with a (pivot) Hilbert space H. Moreover, we require that M c H.

Then, g(t;q(t)) = (9(t),q(t))yi.qi for q(t) € W. Defining H{O}(I W) = {w €
HY (W) s w(0) = 0 in H}, we set W= (H{y, (I; W)/, M := H'(I; M) and

(4.9) by, q) = / By(t), a(t))dt, e Yig e W.

First, note that M C W in the sense of a continuous embedding. In fact, let
g€ M, ie, |l ) = fo {lla(z) H2 + IICJ( )14, }dt < o0 and g(t) € M C H C W
for all t € I. Then, 4,(v) = fo () vir v + (@), v(8) i 4y FdE, v €
H{O}(I7 W’) =W, deﬁnes a linear mapping Eq : W’ — R, which is bounded, i.e.,
[6;(v)] < Cyllv|lw, hence ¢, € (H{lo}(l; W'))" = W, which proves the embedding
M c W. Next, we note for later reference that for g € W’ and ¢ € M we have

(4.10) (9, wxw = / £))virs i dt-

In fact, note that W’ < Lo(I; {{) s W = H-YI;W) so that the duality of
W’ and W is induced by ~LQ(I;H) in the sense that~ <g7h>W/Xw~: (9, 7)1y (1.1
if g € W and h € Lo(I; H). For g € M = H'(I; M) C Ly(I; H), we thus get
(9, 0w xw = (g, Q)L2(1 1) and the duality of W’ and W is induced by H, which
shows (4.10). This setting in fact realizes a pointwise condition for K:

Proposition 4.6. Assume that W' < H < W is a Gelfand triple with a Hilbert
space H such that M C H. Let W := ( {0}(1 W)Y, M := H(I; M) and b(-,-) be
asin (4.9). Ifw e X N K, then w(t) € K(t) for allt € 1.

IThe following fact is well-known, see e.g. [1, Satz 8.24]: For any Hilbert space U and any

v € HY(I;U) there exists a unique w € C(I;U) with v(t) = w(t) for t € I a.e. In the sequel, we
will always identify v € H!(I;U) with its continuous representative.
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Proof. Let t € I and pick an arbitrary € M. Denoting by d; the Dirac distribution
in time at t, we consider a sequence (gs)s>o C M with gs — 0;®n as 6 — 0+. Then,

b(w, gs) fo 5(s))ds — b(w(t),n) as § — 0+. On the other hand, since
qs € M, we get by (4.10) that b(w, q5) > (9, 9s)w'xw = fOT<g(s),q5(s)>W/Xst —

(G vy s 0 — O, de., b(w(t),n) > (g(t), M)y oy for all n € M, ie.,
w(t) € K(t). O

Next, we need to prove inf-sup stability in order to show well-posedness.

Pr0p0s1t10n 4.7. Let the assumptions of Proposition 4.6 hold and assume (4.7),
e, b: V xW = R is inf-sup stable with constant By > 0. Then, b:Y x W — R
i mf sup stable with constant By > ;.

Proof. Let ¢ € W be given and denote by ¢ € W’ its Riesz representation, i.e.,
(G, wywr = (g, w)wxw for all w € W', in particular (g, §)wxw' = a1z = llall3 -
Since W' = H{lo} (I; W), we have §(t) € W' for all ¢ € I and similar to the proof

of Proposition 4.4 we define y, : I — V by y,(t) := B~'(4(t)) € V, t € I. Since

T
lyall2 = / lya ()12 dt = / 1B ) |2 dt < B / (D2, dt

T
= g2 / (@0 40wt = B2 dwrxw = 87 Nl

we get y, € Y. Finally,

by 0) = / B(ya(t), a(t))dt = / (Bya(t), a(6)) i oyt

T
=/O (@), at))irr i dt = (@, )wrxw = llalldy = Byllallwllyqlly

which proves the claim. O

4.3.3. X -compatibilty. With R: W — W’ we denote the Riesz operator in space
(Rq, W)y o = (@, W)y for all w e W', and with R : W — W’ the space-time
Riesz operator defined by (Rw, ¢)w'xw = (w,q)w for all ¢ € W. In particular, we
have || Ry, = |0y and ||[Rw||ws = |lw|w. For later reference, we note that
(w,q)w = (Rw, Rq)w and similarly (g,w); = (Rq. Rﬁ))w,. Then, we get the
following result.

Proposition 4.8. Assume that W' — H < W isa Gelfand triple such that
M C W'. Moreover, assume the existence of a linear mapping D : W — V with
(i) b(Dp, §) = (p, Q)yiy for all p,q € M and (it) ||Dp||v < Cp 1Pl for all p € M.
Then, K is X -compatible with (Dp)(t) := D(R™[(Rp)(t)]) fort € I and p € M.

Remark 4.9. Note that the condition M C W' is stronger than M cC H.

Proof. For p € M, we have Rp € W', thus (Rp)(t) € W’ and R™[(Rp)(t)] € W for
all t € I, so that D is well-defined on M. In order to verify (1) in Definition 3.10,
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we get for p,q € M by (4.10), (i) and the definitions of R and R

T
b(Dp.g) = / B(Dp) (1), q(t)) dt = / b(D(R[(Rp) (). q(t)) dt

/ (B0 a(0) g de = [ (B, a(O)yir e
o 0

= (Rp,Qwxw = (P, Q)w

which proves (1). In order to show (2), we first note that for v € X, we have

oDl = [ Gl =2 [ G000

IN

T
2/ [o@)llv le®llv dt < 2[jolly [lvlly < 1015 + [v]3
0

so that we get for p € M

T T
IDpll% < 211 Dpll- + 2] Dpll5 :2/0 I(Dp) BT dt+2/0 I(Dp) (DT dt.

Since [|¢]lv: < 02||¢|lv, ¢ € V, with the embedding constant ¢ from (4.1), we

obtain [ Dpll% < 20" J7 (D)3 dt +2 [T (D)3 dt. For any g € Lo(I; W)
it holds by (ii) that

T T T
/ (D))} dt = / \ID(Rfl[(RQ)(t)])II%/dtSCf:,/ IR [(Rq) (1)1, dt
0 0 0

T
Ch [ IR @)t = ol Rl 10
Using this, we get
IDpl% < 20" CEIRBI 1y 1) + 203 I1RP 1y o1y
< 202 max{1, ¢ }||RPHH1 L) _26% max{1, o*}|| Rp||3

= 2C% max{1, o"}|pl%,
i.e., (2) in Definition 3.10 with Cp = v2Cp max{1, ¢*}. -

4.3.4. Projection onto the cone. Now, we comment on the definition of the projector
m: W — M. With the above notation at hand, for any fixed ¢ € I, we assume the
existence of some 7(t) : W — M (i.e., a projector in space only) satisfying

(4.11) (G-7(6)(@), My <0, € W7 € M, 7(t)(5(t)) =0, (3,5(t))7 <0,G € M,
where 6(t) € W is ‘Ehe Riesz representation of the 1nequality residual, which means
that (5(¢), @)y, = b(u(t),q) — (9(t), @)yirrwyir for § € W We will now show that
there exists a m : W — M, such that it defines a projection and that the necessary
conditions for the error estimation (3.7) are fulfilled.

Lemma 4.10. Let #(t) : W — M satisfy (4.11) for all t € I such that 7(t) is
uniformly bounded, Fréchet differentiable with uniformly bounded 7'(t) := %fr(t).
Then [7(¢)](t) := 7#(t)[R'4(t)], ¢ € W, ¢ := Rq, is a projector m: W — M.

jNote, that here we have a slight abuse of notation using the tilde for space-only quantities.
Even though 7(t) is a projection with respect to space only, the dependence on ¢ describes its
temporal evolution, i.e., 7 defined by (7)(t) := 7(t) is a space-time object.
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Proof. We need to show that 7(¢q) € M for all ¢ € W. To this end,
I sy = [ (en @O + @O Ja
. / {10 R A, + 1RO R a0 Yt
T
< /O |
<272 / Va2, + 20172 / |12

< O 212, gy + 112 (20 q\|L2(1;W,)+|\q||L21W,))
< IR + 207 BN 1y < 0

#OFEa0) + 70 (7 (Faw) |, @+ 171 [ a1,

d

SOt + 1712 al2,

W)

for ¢ € W. Thus, 7(q) € H'(I; w)n C(I; M) and therefore m(q) € M. O

Of course, the assumptions of Lemma 4.10 are valid in the case that the cone
is stationary. This also holds for the assumptions of the next statement. For this,
we recall that the Riesz representation R : W — W’ can also be described as
(Rw,&)w = (w,§)wxw. Then, we get:

Lemma 4.11. Under the assumptions of Lemma 4.10, the above defined projector
m: W — M also fulfills (3.7).

Proof. We start by proving (3.7a), i.e., (¢ — m(q),n)w < 0 for all ¢ € W, n € M.
We have, recalling that ¢ := Rq,

T
(¢ = 7(a) mw = / (a(t) — (@) (£), Rn(t)) i i

- / (a(t) — R G(E)), Ri(6)) i

- / (B4(t) — #(0) (R 4(1)). (D) dt < 0,

by the first condition in (4.11) for the projector in space 7 (t). To prove the second
condition (3.7b), we start by using the inequality residual

T
(0.q)w = b1, q) — (g hwrew = / (B(u(t), a()) — (9(0), a(t)sprs i Yt
=A<am«mWﬁ

By definition of the space-time projector, we have [r(0)](t) = 7(¢ YR™R(a(t)))
and therefore 6 = Ro ¢ W = H%o} (I; W'). By applying the Riesz operator, we get

T T
(0, Q)w = (6, oy = / (G (1), (1)) vy it = / (R6(1), q(t)) 5 dt
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Thus we have R™'6(t) = &(t) for t € I a.e., hence ¢ € W which means that o(t)
and &(t) can be identified with each other for almost every ¢ € I. This proves the
claim as [7(0)](t) = 7(t)(R™'6(t)) = 7(t)(5(t)) = 0. We finish by proving (3.7c)
for the space-time projector, i.e., (¢,0)r <0 for all ¢ € M. Setting

(@,p)n = / (@), p(O)sdt, pge W,

we get for ¢ € M that (g,0), == [ (q(t),0(t))zdt = [} (q(t),5(t))sdt < 0, as
q(t) € M and the third condition of (4.11) holds. O

4.4. Obstacle Problems. Finally, we show a concrete example for obstacle prob-
lems for which we can apply the previous results. For obstacle problems, we have
K(t) = {v eY :u(t) > g(t)}, where g(t) € HY(Q) =W =V and W = V' =
H='(Q). In this case, we have b(¢,1) = (¢, ))yxy, M =Vt :={p eV :¢p<
Oon Q},H = H = Ly(Q), so that M ¢ W c H. Then, M = H'(I;V*t),W =
(HEO}(I; HY Q) 2 H Y LHY(Q):={¢ : g € La(I; H1(Q))}, recall (4.8). Since
W' € X we we can define D and 7 as above which yields a corresponding error
estimator.

5. CONCLUSIONS

We have considered variational inequalities under milder conditions than coer-
civity on the involved bilinear form a(-,-). This framework in particular includes
space-time variational formulations of parabolic variational inequalities. We derive
a new well-posedness results and prove an estimate for the error in terms of the
(computable) residual. This error estimate is particularly useful for Reduced Ba-
sis Methods (RBMs). We have summarized our results in Table 5.1. It is worth
mentioning that some results are with respect to the seminorm [-]x which is not
a norm on X. Considering parabolic problems, this is natural as we cannot hope
to control the norm of the derivative, i.e., [|%||z,(r;v7). On the other hand, [-x is
significantly stronger than || - ||y, in the parabolic case, e.g., it allows one to control
the state at the final time. Finally, we have detailed our general construction for
space-time parabolic variational inequalities.
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