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Introduction
Two curious facts

Consider the following spiral configuration of the natural numbers n > 41:

105—104—163—102—101-166—99—98—97
106 77—76—75—74—F3—7F2—+#1 96
107 78 57—56—55—54—53 70 95
108 79 58 45—44—43 52 69 9%

109 80 59 46 4142 51 68 93

110 81 60 47 48 495 67 92
111 82 1626364656 91
112 83 84 85 86 87 88 899

115114115 116117 116 119 120121
Figure 1: The Ulam spiral, starting at n = 41

The numbers printed in red are the prime numbers occuring in this list.
Rather surprisingly, all numbers on the minor diagonal are prime numbers (at
least in the range which is visible in Figure . Is this simply an accident? Is
there an easy explanation for this phenomenon?

Visual patterns like the one above were discovered by Stanislav Ulam in 1963
(and are therefore called Ulam spirals), but the phenomenon itself was already
known to Euler. More specifically, Euler noticed that the polynomial

f(n) =n?—n+41

takes surprisingly often prime values. In particular, f(n) is prime for all n =
1,...,40. An easy computation shows that the numbers f(n) are precisely the
numbers on the minor diagonal of the spiral in Figure [I| This connects Euler’s
to Ulam’s observation.

Here is another curios fact. Compute a decimal approximation of €™V for
n=1,2,... and look at the digits after the decimal point. One notices that for
a few n’s, the real number e™V" is very close to an integer. For instance, for
n = 163 we have

e™V163 — 262537412640768743.999999999997726263 . . .

Again one can speculate whether this is a coincidence or not.
Amazingly, both phenomena are explained by the same fact: the subring
Zla] C C, with a := (1 4+ 1/—163)/2, is a unique factorization domain!



To see that the first phenomenon has something to to with the ring Z[a], it
suffices to look at the factorization of the polynomial f(n) over C:

14 +v—-163 1—+/—163
B 2 ) (n - 2 )
Using this identity we will be able to explain, later during this course, why f(n)
is prime for n = 1,...,40 (see Example . But before we can do this we
have to learn a lot about the arithmetic of rings like Z|[a].

The explanation for the second phenomenon is much deeper and requires the
full force of class field theory and complex multiplication. We will not be able
to cover these subjects in this course. However, at the end we will have learned

enough theory to be able to read and understand books that do (e.g. [3]). For
a small glimpse, see and in particular Example [[.3.12]

fn)=n*>—-n+41=(n

Algebraic numbers and algebraic integers

The two examples we just discussed are meant to illustrate the following
point. Although number theory is traditionally understood as the study of the
ring of integers Z (or the field of rational numbers Q), there are many mysteries
which become more transparent if we pass to a bigger ring (such as Z[«], with
a = (14 +1/—163)/2, for instance). However, we should not make the ring
extension too big, otherwise we will loose too many of the nice properties of the
ring Z. The following definition is fundamental.

Definition 0.0.1 A complex number « € C is called an algebraic number if it
is the root of a nonconstant polynomial f = ag+aixz+...+ a,x™ with rational
ag, . ..,a, € Q (and a, # 0).

An algebraic number « is called an algebraic integer if it is the root of a monic
polynomal f = ag+ a1z + ...+ z™, with integral coefficients ay, ..., a,_1 € Z.

We let Q C C denote the set of all algebraic numbers, and Z C Q the subset
of algebraic integers. One easily proves that Q is a field and that Z is a ring.
Moreover, Q is the fraction field of Z. See §?77?.

In some sense, algebraic number theory is the study of the field Q and its
subring Z. However, Q and Z are not very nice objects from an algebraic point
of view because they are ‘too big’.

Definition 0.0.2 A number field is a a subfield KX C Q which is a finite field
extension of Q. In other words, we have

[K : Q] :=dimg K < o0.
We call [K : Q] the degree of the number field K. The subring
O =KNZ
of all algebraic integers contained in K is called the ring of integers of K.

To be continued..



1 Roots of algebraic number theory

Before we introduce and study the main concepts of algebraic number theory
in general, we discuss a few classical problems from elementary number theory.
These problems were historically important for the development of the modern
theory, and are still very valuable to illustrate a point we have already em-
phasized in the introduction: by studying the arithmetic of number fields, one
discovers patterns and laws between ‘ordinary’ numbers which would otherwise
remain mysterious. In writing this chapter, I was mainly inspired by the highly
recommended books [5] and [3].

1.1 Unique factorization

Here is the most fundamental result of elementary number theory (sometimes
called the Fundamental Theorem of Arithmetic):

Theorem 1.1.1 (Unique factorization in Z) Every nonzero integer m € 7Z,
m # 0, can be written as
m==£p{ ... Py, (1)

(s

where p1, ..., p, are pairwise distinct prime numbers and e; > 1. Moreover, the
primes p; and their exponents e; are uniquely determined by m.

For a proof, see e.g. [5], §1.1. We call the prime factorization of m and

we call
€y b = Pi,
ord,(m) :=
o) {0, p#pi Vi

the order of p in m (for any prime number p). This is well defined because of
the uniqueness statement in Theorem [I.I.1] The following three results follow
easily from Theorem [I.1.1] However, a typical proof of Theorem proceeds
by proving at least one of these results first, and then deducing Theorem [1.1.1

For instance, the first known proof of Theorem [I.1.1]in Euclid’s Elements (Book
VII, Proposition 30 and 32) proves the following statement first:

Corollary 1.1.2 (Euclid’s Lemma) Let p be a prime number and a,b € Z.
Then
p|ab = pla or plb. (2)

Corollary 1.1.3 For a,b € Z, a,b # 0, we denote by ged(a,b) the greatest
common divisor of a,b, i.e. the largest d € N with d | a and d | b.

(i) If d is a common divisor of a,b then d | ged(a, b).
(ii) For a,b,c € Z\{0} we have

ged(ab, ac) = a - ged(b, ¢).



Corollary 1.1.4 For p € B and a,b € Z\{0} we have
ord,(ab) = ord,(a) + ord,(b)

and
ordy(a + b) > min (ordy(a), ord, (b))

(To include the case a + b = 0 we set ord,(0) := 00).
In the proof of everyE| nontrivial theorem in elementary number theory, The-

orem m (or one of its corollaries) is used at least once. Here is a typical
example.

Theorem 1.1.5 Let (z,y,z) € N3 be a Pythagorean tripel, i.e. a tripel of
natural numbers which are coprime and satisfy the equation

JI2 4 y2 — Z2. (3)
Then the following holds.

(i) One of the two numbers x,y is odd and the other even. The number z is
odd.

(ii) Assume that x is odd. Then there exists coprime natural numbers a,b €
N? such that a > b, a # b (mod 2) and

z=a’-b% y=2ab, z=a%+0b.

Proof: We first remark that our assumption shows that z,y, z are pairwise
coprime. To see this, suppose that p is a common prime factor of x and y.
Then p divides 22 by , and Corollary shows that p divides z. But this
contradicts our assumption that the tripel x, y, z is coprime and shows that x,y
are coprime. The argument for z, z and y, z is the same.

Since x,y are coprime, they cannot be both even. Suppose x,y are both
odd. Then a short calculation shows that

22 y* =1 (mod 4).

Likewise, we either have 22 = 1 (mod 4) (if 2 is odd) or 22 =0 (mod 4) (if z is
even). We get a contradiction with (3). This proves (i).
For the proof of (ii) we rewrite (3)) as

y2:227x2:(zfx)(z+a:). (4)

Using
2e=(z+z)—(z—2), 2z2=(z+42)+ (2 —x),

lwith Theorem as the only exception



Corollary and the fact that z, z are coprime we see that
ged(z + x, 2 — x) = ged(2x,22) = 2 - ged(z, 2) = 2.

We write z + ¢ = 2u, z — x = 2v, y = 2w, with w,v,w € N. Then u,v are
coprime and ([{d)) can be written as

w? = uv. (5)
If p is a prime factor of u, then it does not not divide v. Hence Corollary
shows that
ord,(u) = ord,(uwv) = 2ord, (w).

We see that ord,(u) is even for all prime numbers p. Since, moreover, u > 0,
it follows that u is a square, i.e. v = a® (here we use again Theorem M)
Similarly, v = b? and hence w = ab. We conclude that

:z;x_Z;$:a2—b2, y = 2ab, z:z—gx+%:a2+b2,
finishing the proof. O

Remark 1.1.6 There is an easy converse to Theorem [1.1.5} given two coprime
numbers a,b € N, such that a > b and a Z b (mod 2), then

z:=a®>—0b% y:=2ab, z:=2%+y>

is a Pythagorean triple. By Theorem we get all Pythagorean tripel (for
which y is even) in this way. Here is a table for the first 4 cases:

a blz y =z
2 113 4 5
3 2|5 12 13
4 1|15 8 17
4 3|7 24 25

Euclidean domains

Theorem [1.1.1]is a fundamental but not a trivial result. It requires a careful
proof because it does not hold for arbitrary rings.

Example 1.1.7 Let R := Z[/5] C R denote the smallest subring of R contain-
ing v/5. It is easy to see that every element o € Z[\/g] can be written uniquely
as

a=a+b/5,



with a,b € Z. Consider the identities
22 =4 = (14+V5)(~1+V5). (6)

We have written the ring element 4 as a product of two factors, in two essentially
different ways. By this we mean the following. It is easy to see that the element
2 € R cannot be written as the product of two nonunits. We say that 2 € R
is irreducible. If a naive generalization of Theorem to the ring R would
hold, then 2 would behave like a prime element of R, i.e. satisfy the implication
(2) of Corollary But it doesn’t: @ shows that 2 divides the product of
the right hand side but none of its factors.

The example above shows that, in order to prove Theorem we need to
use certain special properties of the ring Z. Looking carefully at any proof of
Theorem [[LT.1] one sees that the heart of the matter is division with remainder
or, what amounts to the same, the euclidean algorithm. So let us define a class
of rings in which the euclidean algorithm works.

Definition 1.1.8 Let R be an integral domain (i.e. a commutative ring without
zero divisors). We say that R is a euclidian domain if there exists a function
N : R\{0} — Ny with the following property. Given two ring elements a,b € R
with b #£ 0, there exists ¢, € R such that

a=gb+r, andeither r=0 or N(r)<N(b).

A function N : R\{0} — Ny with this property is called a euclidean norm on R.

Example 1.1.9 For R = Z the absolute value N(a) := |a| is a euclidean norm.
For the polynomial ring k[x] over a field k the degree function deg : k[z]\{0} —
Np is a euclidean norm function as well.

Definition 1.1.10 Let R be an integral domain. Recall that an ideal of R is
a subgroup I C (R,+) of the additive group underlying R such that a - I C I
for all @ € R. The ring R is called a principle ideal domain if every ideal I is
principal, i.e. I = (a) for some a € R.

Proposition 1.1.11 Any euclidean domain is a principal ideal domain.

Proof: Let N : R\{0} — Ny be a euclidean norm on R and let I < R be
an ideal. We have to show that I is principal. If I = (0) then there is nothing
to show so we may assume that I # (0). Clearly, the restriction of N to I'\{0}
takes a minimum. Let d € I, d # 0, be an element such that N(d) is minimal.
We claim that I = (d).

Since d € I we have (d) C I. To prove the other inclusion, we let a € I be an
arbitrary element. By Definition there exist ¢,r € R such that a = qd +r
and either r = 0 or N(r) < N(d). However, r = a—qd € I, so r # 0 and
N(r) < N(d) is impossible by the choice of d. We conclude that » = 0 and
hence a = gd € (d). The proposition is proved. o



Corollary 1.1.12 (Existence of the gcd) Let R be a euclidean domain and
a,b € R. Then there exists an element d € R with the following properties.

(i) The element d is a common divisor of a,b, i.e. d | a and d | b.
(ii) Ifd’ € R is a common divisor of a,b then d' | d.

An element d satisfying (i) and (ii) is called a greatest common divisor of
a,b.

Proof: Since R is a principal ideal domain we have (a,b) = (d) for some
element d € R. The inclusion (a,b) C (d) implies (i). Since d € (a,d) there
exists x,y € R such that d = za + yb. It follows that for any common divisor d’
of a,b we have d’ | d, proving (ii). ad

Remark 1.1.13 The proofs of Proposition and Corollary can be
easily made constructive, leading to the extended euclidean algorithm. More
precisely, given two elements a,b of a euclidean domain R, with b # 0, we can
compute a greatest common divisor of a, b by successive division with remainder:

a = q1b+ 1,
b= gar1 + 12,

1 =q3r2 + 13,

As long as 1 # 0 we have N(r1) > N(rq2) > ... > N(r). But this process
must terminate at some point, i.e. there exists k such that r; # 0 and rp41 =0
(if 71 = 0 then we set ro := b). One easily shows that r}, is a greatest common
divisor of a,b and can be written in the form

re = xa + yb, z,y € R.
Definition 1.1.14 Let R be an integral domain. We write R* for the group
of units of R.

(i) Two elements a,b € R are called associated (written a ~ b) if a = bc for a
unit ¢ € R*. (Equivalently, we have a | b and b | a.)

(ii) An element a € R is called irreducible if
(a) a0,
(b) a is not a unit, and

(c) for any factorization a = bc, we have either b € R*, a ~ ¢, or ¢ € R*,
an~b.

(ii) Let a € R satisfy (a) and (b) from (ii). We call a a prime element if the
following implication holds for all b, c € R:

albc = al|boralc



It is easy to see that prime elements are irreducible. Example shows
that the converse does not hold. Indeed, 2 and +1+ /5 are irreducible elements
of R = Z[v/5], but none of them is a prime element (see Exercise [1.3.1]).

Definition 1.1.15 Let R be an integral domain. The ring R is called factorial
(or a unique factorization domain) if every element a # 0 has a factorization of
the form

a=U-"P1-... Pr, (7)
where v € R* is a unit and pq, ..., p, are irreducible, and moreover, the factor-
ization is essentially unique, in the following sense. If

a="v-q1"...4s

is another factorization with a unit v and irreducible elements ¢;, then r = s,
and there exists a permutation o € S, such that ¢; ~ py(; for all 4.

By the following proposition, every principal ideal domain is factorial.

Proposition 1.1.16 Let R be a principal ideal domain. Then the following
holds.

(i) Every irreducible element of R is prime.

(ii) Let Iy C Iy C Is C ... be an ascending chain of ideals of R. Then there
exists n € N such that I, = I,,, for all m > n.

(iii) R is factorial.

Proof: Let a € R be irreducible, and let b,¢ € R be elements such that
a | be. We have to show that a | b or a | c. Let

I=(a,b):={xa+yb|z,yec R}

be the ideal generated by a,b. By assumption I = (d) for some element d € R.
In particular, we have d | @ and d | b. Since a is irreducible, we can distinguish
two cases. In the first case, a ~ d which implies a | d | b, so we are done. In the
second case, d is a unit and hence I = R. This means that there exist x,y € R
such that

1 =xa+ yb.

Multiplying with ¢ we obtain the identity

c = zca + ybe.
Using the assumption a | bc we conclude that a | ¢. This completes the proof of
0 Let I} C Iy C I3 C ... be an ascending chain of ideals of R. Then I := U,1,
is also an ideal, and hence I = (a) for some a. Choose n € N such that a € I,,.

10



Then I = (a) C I,, which immediately implies I,, = I,,41 = ... = I and proves
(ii).

For the proof of (iii) we first show, by contradiction, the existence of a
factorization . So we assume that there exists an element a € R, a # 0, which
has no factorization into irreducibles elements. Then a is not irreducible and
not a unit. This means that a admits a factorization a = bycy, where by, c; are
nonunits. Moreover, one of the elements b1, ¢; cannot be factored into irreducible
elements (otherwise we could factor a as well). Say that by cannot be factored.
Repeating the same argument as before we obtain a factorization b; = baca,
where by, co are nonunits and b, cannot be factored into irreducibles. Continuing
this way we obtain a sequence of elements by, b, ... such that b,11 | b, and
by, 1 bpt1. In other words, the chain of ideals

(b1) S (b2) S (b3) ...

is strictly increasing. But this contradicts (ii). We conclude that every element
a # 0 has a factorization into irreducible elements, as in .
It remains to prove uniqueness. Suppose we have two factorizations of a,

U-Pr...Ppr=a=v-q1-..."¢qs, (8)

with units u,v and irreducible elements p;, ¢;. We may assume that 1 <r < s.
In particular,
prlai-... g

By (i) pr is a prime element, and hence p, | g; for some j. After reordering we
may assume that p, | ¢s. Since p, and ¢s are irreducible, we even have p, ~ ¢;.
Dividing both sides of (8) by p, we obtain

u'p1'~-~'pr—1:U/'q1'~--'qs—1a

with a new unit v’. The proof is now finished by an obvious induction argument.
O

We remark that the converse to (iii) does not hold, i.e. there are factorial
domains which are not principal ideal domains. A typical example is the poly-
nomial ring k[z1,...,z,] over a field with n > 2 generators.

Combining Proposition [L.1.11] and Proposition [1.1.16| we obtain:

Corollary 1.1.17 Every euclidean domain is factorial.

In particular, this proves Theorem [I.I.1] We can summarize our general dis-
cussion of unique factorization by saying that we have established the following
hierarchy of rings:

euclidian domains
n
principal ideal domains
N

11



unique factorization domains
N
integral domains

The ring of integers Ok of a number field K, which is the main object of
study in algebraic number theory, is an integral domain but typically not a
unique factorization domain. The two examples Z[i] and Z[w] considered below
are rather special. However, Ok does belong to a very important class of rings
in between integral and factorial, called Dedekind domains.

The rings Z[i] and Z[w]

We discuss two examples of euclidean domains which are very useful in
number theory.

Definition 1.1.18 (i) Let Z[i] C C denote the smallest subring of C con-
taining the imaginary unit ¢. This ring is called the ring of Gaussian
integers.

(ii) Setw := 2™ /3 = (—1+i-1/3)/2 € C. We denote by Z[w] C C the smallest
subring of C containing Z and w. It is called the ring of Ejsenstehﬂ
integers.

It is clear that every element o € Z[i] can be uniquely written as
a=r+y-1, with z,y € Z.

Similarly, every element of Z|w] is of the form z = z 4+ yw, with x,y € Z. Here
we have used that w satisfies the quadratic equation w? +w + 1 = 0. Hence
addition and multiplication in Z[w] is given by the rules

(1 +y1w) + (22 + yow) = (21 + 22) + (Y1 + Y2)w,
(1 + 1y1w) - (T2 + Yow) = (T1y1 — Y1y2) + (T1y2 + T2Y1 — T2y2)w.

The nice properties of the rings Z[i] and Z[w] can all be derived from the
geometry of the embeddings Z[i], Z[w] C C. In the second case this embedding
is visualized by Figure

An important feature of this embedding is that the square of the euclidean
norm takes integral values: for a = = + iy € Z[i] we have

la|? = 2% + y? € Ny.
Similarly, for « = z + yw € Z[w] we have

la? = 2% — 2y +y* € No.

2Ferdinand Gotthold Max Eisenstein, 1823-1852, german mathematician

12
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Figure 2: The ring of Eisenstein integers as a lattice in the complex plane

Proposition 1.1.19 For both rings R = Z[i] and R = Z[w] the function
N:R\{0} =N,  N(a):=|af
is a euclidean norm function.

Applying Corollary [1.1.17] we obtain:

Corollary 1.1.20 The rings Z[i] and Z|w] are factorial.

Proof: (of Proposition [1.1.19) We prove this only for Z[w]. The proof for
Z[i] is similar. Let o, € Z[w] be given, with 5 # 0. Within the complex
numbers, we can form the quotient /8. It is of the form

gzéi:x—l—yw,

with z,y € Q. Choose a,b € Z such that
la =zl |b—y|l <1/2

and set
vi=a+bw, p:=a—7p.
By definition we have
a=y6+p.
It remains to show that N(p) < N(8). By the choice of v we have

|% AP =z —a)+ (y — bl

= (@ =0+ (@—a)y—b) +(y—b)*< ~2

AN
] =
]
i

13



We conclude that
N(p) = I8P -1 =2l < 181> = N (5).

This proves the proposition. O

Remark 1.1.21 The main argument of the proof of Proposition [[.1.19 may be
phrased more geometrically as follows: if D C C is a disk with radius r > 1/2
inside the complex plane, then D contains at least one element of Z[w]. This is
related to the fact that the lattice of points Z[w] C C corresponds to a so-called
dense sphere packing of the plane.

As we will see in later chapters, the method of viewing algebraic integers as
lattice points in a euclidean vector space is fundamental for algebraic number
theory.

To understand the algebraic structure of Z[i] and Z[w] it is also important
to know the unit groups.

Lemma 1.1.22 (i) An element a € Z[i] (resp. an element o € Z[w]) is a unit
if and only if N(a) = 1.

(ii) The group of units Z[i]* is a cyclic group of order 4 and consists precisely
of the 4th roots of unity,

Z[i)* = {£1, +i}.

(iii) The group of units Z[w]* is a cyclic group of order 6 and consists precisely
of the 6th roots of unity,

Zw)* = {£1, +w, +w?}.
Proof: Let R = Z[i] or R = Z[w]. Suppose a € R is a unit. Then
N(a)N(a™t) = N(aa™t!) = 1. Since N(a),N(a~!) are positive integers,
it follows that N(a) = 1. Conversely, if N(o) = a@ = 1 then obviously

a”! = & € Zw], and hence « is a unit. This proves (i). For the proof of
(ii) one has to check that the Diophantine equation

N() =2 +y* =1

has exactly 4 solutions, namely (x,y) = (+1,0), (0,£1). This is clear. Similarly,
one proves (iii) by showing that

N(a)=z*+y* —ay=1

has precisely six solutions, namely (z,y) = (£1,0), (0,£1),(1,1),(-1,—-1). O
Lemma 1.1.23 Let R = Z[i] or R = Z[w].

14



(i) If the norm of an element o € R is a prime number, i.e. N(a) = p € ‘B,
then « is a prime element of R. Moreover,

p=a-a
is the prime factorization of p as an element of R.

(ii) Let p € B be a prime number. Then either p is a prime element of R, or
there is a prime element o € R such that p = N(a) = aa.

Proof: If N(a) =p € ‘P then it is clear that o # 0 and that « is not a unit
(Lemma [1.1.22] (i)). Suppose that o = v with 8,7 € R. Then

p=N(a)=N() N(v)

is a factorization of p in N. It follows that N(5) =1 or N(v) = 1. Using Lemma
(i) we conclude that either 8 or «y is a unit. We have shown that « is an
irreducible element of R. Now Proposition (i) shows that « is a prime
element. Since

p=N(@)=N@)=a-a,

@ is a prime element, too, proving the second statement of (i).

For the proof of (ii) we assume that p is not a prime element of R, and we let
a € R be a prime divisor of p. Then N(a) = aalp®. But N(a) > 1 (otherwise
a would be a unit) and N(a) # p? (otherwise p ~ a would be a prime element,
contrary to our assumption). It follows that N(«) = p. a

Example 1.1.24 Set

A=1l—w=

3—/3i
5 € Z[w].

We have N(A) = 3. Hence Lemma [1.1.23| (i) implies that X is a prime element
of Z[w]. Moreover, the identity 3 = A\ is the decomposition of 3 in Z[w] into
prime facors. But note that

A=1-w?=—-w?XA~ A\
Another way to write the prime factorization of 3 is therefore
3= —w?\ (9)
with A\ as the only prime factor.

For later use we note the following lemma.

Lemma 1.1.25 (i) Theset {0,1,—1} is a set of representatives for the residue
classes modulo A:

Z[w]/(A) ={(A), 1+ (A), =1+ ()}

15



(i) The groups of units Z[w]* = {£1, +w, +w?} is a set of representatives for
the group of invertible residue classes modulo 2.

(iii) Suppose a = 8 (mod \¥) for «, B € Z[w], k > 1. Then

o® =B (mod A2,

1.2 Fermat’s Last Theorem

One of the highlights of modern number theory is without any doubt the proof
by Andrew Wiles of the following theorem.

Theorem 1.2.1 (Wiles, 1995, [9]) Let n > 3. Then there does not exist a
tripel of positive integers x,y, z € N with

oy =" (10)

Before Wiles’ proof, the truth of this statement had been a famous open
question for more than 300 years. Around 1640, Fermat had claimed (in a note
written on the margin of a book) that he had found a remarkable proof of this
theorem, but unfortunately the margin he was writing on was too small to write
it down. For this reason Theorem [[.2.1]is often called Fermat’s Last Theorem.
For an account of the fascinating and amusing story of this problem and its final
solution, see e.g. [7]

In this section we will use the special cases n = 3,4 of Theorem[I.2.1]as a first
motivating example. We will also briefly describe how the attempts to prove
Fermat’s Last Theorem have influenced the development of algebraic number
theory.

Infinite descent

The case n = 4 of Fermat’s Last Theorem is a corollary of the following
proposition.

Proposition 1.2.2 There is no tripel of positive integers x,y, z > 0 such that
at oyt =22 (11)

Proof: We argue by contradiction. Suppose that (z,y, z) € N is a solution
for . It is then easy to see that we may assume the following:

(i) z,y, 2z are relatively prime,
(ii) «,z are odd and y is even,

(iii) z is minimal. More precisely, z is the smallest positive integer such that
a solution (,y, z) € N3 for exists.
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The idea of the proof is to construct another solution (1,1, 21) € N3 of
with z; < z. This would be a contradiction to (iii), proving the proposition.
By assumption we have

(@%)* + (y°)* = 2%, (12)

i.e. (22,9% 2) is a pythagorean tripel. So by Theorem (ii) there exist
a,b € N, relatively prime, such that

2 =a®> -0, y?=2ab, z=a’+0b (13)

Moreover, a Z b (mod 2). If a was even and b odd, then we would have 1 =
2?2 = —b?> = —1 (mod 4), contradiction. Hence a is odd and b even. Applying
Theorem once more to the pythagorean tripel (z,b,a) we find ¢,d € N,
relatively prime, such that

r=c—d* b=2cd, a=c*+d-. (14)
Let us focus a while on the equation
y* = 2ab, (15)

which is part of . We claim that a is a square and b is of the form b = 2w?.
To see this, let p be a prime factor of a and let e be the exponent of p in the
prime factorization of a (i.e. a = p®a’, p 1 a’). To show that a is a square it
suffices to show that e is even. Since a is odd we have p > 2, and since a,b
are relatively prime, p does not divide b. It follows that p¢ is the p-part of the
prime factorization of 2ab. But 2ab is a square by , and hence e is even. It

follows that a = 27 is a square. The same argument shows that b is of the form

b = 2w?2.
From we obtain
w? = cd. (16)

Since c¢, d are relatively prime, we can use the same argument as in the previous
paragraph again to show that ¢, d are squares, i.e.

c=a2 d=qy>
Plugging this into we get
iyl = +d* =a=z3,
i.e. (1,41, 21) is another solution for . However,

2

zlngza :z—62<z,

contradicting (iii). This completes the proof of the proposition. O

The proof of Proposition we have just given goes back to Fermat.
The method of proof — which consists in constructing a smaller solution to a
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Diophantine problem from a given solution and thus arriving at a contradiction
—is called infinite descent. Although the logical structure of the argument seems
clear to us today, it was not easily accepted by Fermat contemporaries.

Before going on we wish to point out that unique factorization in Z (Theorem
played a crucial role in the proof of Proposition Our main tool to
prove the case n = 3 of Fermat’s Last Theorem will be Corollary which
says that the ring of Eisenstein integers Z[w] is factorial, too.

The case n = 3 of Fermat’s Last Theorem

We shall prove Theorem in the case n = 3 (compare with [5], §17.8).
Suppose that (z,y,2) € N? is a solution to the equation x3 + y* = 23. We may,
without loss of generality, assume that xz,y, z are relatively prime. Note that
this implies, via the equation 23 + 3 = 23, that z,y, 2z are pairwise relatively
prime.

Claim 1: 3| zyz.

To prove this claim, we assume the contrary. Then
x,y,z==+1 (mod 3).
By an easy calculation we deduce that
233,22 =41 (mod 9).

But then
2 =2 4+9y*=0,42 (mod 9),

which gives a contradiction. This proves the claim.

The claim implies that exactly one of the three numbers x,y, z is divisible
by 3 and the other two are not. Rewriting the equation as 2% + 3 + (=2)? =0
we see that all three numbers play symmetric roles. We may therefore assume
that 3 | z and 3 { zy. Write z = 3*w with 3 { w.

Recall from Example that the element A := 1 — w is a prime element
of Z|w] such that 3 = —w?)\?. We can therefore rewrite the Fermat equation as
an equation in Z[w]:

23 4 o = 33k = Ok \Ohq3 (17)

By construction, x,y,w are pairwise relatively prime, and At zyw. The follow-
ing lemma shows that such a tripel (z, y, w) cannot exists, thus proving Theorem

[[21] for n = 3.

Lemma 1.2.3 There do not exist nonzero, relatively prime elements «, 3,7y €
Z|w] such that
a® + 3% = X’y At apy, (18)

for some unit € € Z[w]* and with m > 1.
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Proof: The proof is by infinite descent. We assume that a relatively prime
solution («, 8,7) to exists, and we choose one in which the exponent m
is minimal. Under this assumption, we are going to construct another solu-
tion (a1, S1,71) to for which the exponent m is strictly smaller then m.
This gives a contradiction and proves the lemma. Throughout the proof, we
repeatedly use that Z[w] is a euclidean domain and hence factorial (Corollary

T120)

Claim 2: We have m > 2.
By Lemma [1.1.25| (ii) we have
a,B = =+1,+w, +w? (mod \?).
Using Lemma |1.1.25| (iii) we deduce that
o3 =41 (mod \?})
and hence
o+ 4% =0,+£1,42 (mod \?).

But A | o® + 3% by (17)), and we conclude that A* | o® + 33. This means that
3m >4 in (17), proving the claim.

Equation (|17) can be rewritten as

X"y = (a+ B)(a+wph)(a + wp). (19)

Claim 3: Given two out of the three factors on the right hand side of ,
their ged is A.

Replacing 3 by w? we see that the three factors are cyclicly permuted. It
therefore suffices to look at the two factors a + 8 and a 4+ wp. Using

(@+f)—(a+wf)=(1-w)f=A8

wla+8) - (a+wpf)=(w—1a=-I (20)

we see that any common prime factor of a + § and a + w/f not associated to
A is also a common prime factor of @ and 8. But «, 8 are relatively prime by
assumption. It follows that A is the only common prime factor of a 4+ 8 and
a+ wpB. We also see from that A? is not a common factor. This proves the
claim.

We can deduce from Claim 3 that all three factors on the right hand side
of are divisible by A, and exactly one of them is divisible by A3”~2. By
symmetry, we may assume that this distinguished factor is o + 8. Then
shows that there exists a tripel v1,7v2,7v3 € Z[w], relatively prime, such that

At v1y2y3 and

a+B=ea N2,
a+wl = 62)\’73, (21)
o+ w25 = 63)\’)/3?,
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for certain units €;, €2, €3 € Z|w]*. Note that we have used again unique factor-
ization in an essential way here.
A suitable liear combination of the three equations in (21)) yields

0= (a+p) +wla+w)+w(a+wp)

(22)
= e X293 L weaMyS + w?es ;.
After dividing by wes A, we can rewrite as
Vs + esvs = esA3 M3, (23)

for certain units e4, €5 € Z[w]*. By the proof of Claim 2, we have
7,7 =£1 (mod \%).

Combining Claim 2 with we obtain
+1+e,=0 (mod \?).

By Lemma [1.1.25| (ii) this implies ¢4 = +1. Hence we may rewrite further
as
Vs + (F73)° = X3 HAR

We see that the tripel (72, +73,71) is a new solution to with smaller expo-
nent of A. This gives the desired contradiction und proves the lemma. ]

Historical remarks

The idea of the proof of Fermat’s Last Theorem for n = 3 we have given
is due to Euler. However, it is disputed whether Euler’s original proof was
complete (see [2]): To prove a crucial Lemma (see Exercise [[.3.4)), Euler worked
with the subring Z[v/—3] C Z[w] and seems to have made implicite use of the
claim that this ring is factorial. But this is false (see Exercise . Later
Gauss gave a proof in which unique factorization in the ring Z[w] plays the
central role and is rigorously proved.

During the first half of the 19th century, many leading mathematicians of
that time worked hard to prove more cases of Fermat’s Last Theorem: Dirichlet,
Legendre, Lamé, Cauchy ... . They succeded in settling the cases n = 5,7 and
established the following strategy for the general case. It is clear that it suffices
to consider prime exponents n = p. So let p > 3 be a prime number and
x,1y,z € N be a hypothetical solution to the Fermat equation

aP +y?P = 2P, (24)

It is useful to consider two distinct cases, depending on whether p { xyz (the
first case) or p | xyz (the second case).

20



Here we only consider the first case. Let ¢, := e?™/? ¢ C be a pth root of
unity. Then we can write as

P=(@+y)(@+Gy) ... (@+E ). (25)

This is an identity in the ring Z[(,] C C. Assume for the moment that the
ring Z[(p] is factorial. Using the assumption p t xyz it is easy to see that the
factors x + C;y on the right hand side of are all relatively prime. Unique
factorization in Z[(,] then shows that all these factors are pth powers up to a
unit. For instance,

x+Cpy =€-al,

for a unit € € Z[(p]* and an element o € Z[(,]. A careful analysis of units and
congruences in the ring Z[(,] then leads to a contradiction. See e.g. [§], Chapter
1. This proves the first case of Fermat’s Last Theorem for all primes p > 3,
under the assumption that the ring Z[(,] is factorial. Actually, a similar but
more complicated argument (which also uses infinite descent) achieves the same
in the second case.

For some time people tried to show that Z[(,| is factorial in order to prove
Fermat’s Last Theorem. Later Kummer discovered that this is false in general
(the first case is p = 23). He also discovered a way to fix the argument, under
some condition. His main tool was a variant of unique factorization for the
rings Z[(,], formulated in terms of so-called ideal numbers. A bit later, Dedekind
reformulated and generalized this result. He replaced the somewhat elusive ideal
numbers of Kummer by ideals and proved the first main theorem of algebraic
number theory: in the ring of integers of a number field, every nonzero ideal has
a unique decomposition into prime ideals. Algebraic number theory was born!

Kummer’s result on Fermats Last Theorem can be stated in modern termi-
nology as follows.

Theorem 1.2.4 (Kummer) Let p be an odd prime. Assume that p is regular,
i.e. p does not divide the class number h,, of the number field Q(¢,). Then the
Fermat equation

2P 4 yP = 2P

has no solution x,y,z € N.

We will define the term class number later on. At the moment it suffices to
know that h, > 1 is a positive integer that measures the deviation of the ring
Z[(p] from being factorial. In particular, Z[(,] is factorial if and only if h, = 1.
Kummer also gave a criterion when a prime p is regular. Unfortunately, this
criterion shows that there are infinitely many irregular primes (the first are
p = 37,59,67,101,...). It is conjectured that about 60% of all primes are
regular, but as of today it has not been proved that there are infinitely many.
So Kummer’s Theorem is still a rather weak result compared to Fermats Last
Theorem. Nevertheless, all serious results on Fermats Last Theorem before
Wiles’ proof in 1995 were essentially extensions of Kummer’s work.
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1.3 Quadratic reciprocity

Another important discovery of Fermat was the following theorem. Here we
write p = 22 4+ y? as a shorthand for ‘There exist integers z,y such that p =
2 4+ 92
Theorem 1.3.1 Let p be a prime number.
(i) p=a®+y? ifand only if p=2 or p=1 (mod 4).
(i) p=a2+2y? ifand only if p=2 or p = 1,3 (mod 8).
(iii) p = 2% + 3y? ifand only if p=3 or p=1 (mod 3).

Somewhat similar to Theorem it is unclear whether Fermat had actually
proved these results (see [3], Chapter 1, §1). It was Euler who first gave complete
proofs, and that took him about 40 years!

Proof: We will only discuss Claim (i) in detail and defer (ii) and (iii) to the
exercises. The ‘only if’ direction of (i) is very easy. Suppose that p # 2 and

p = 22 + y? for integers x,y € Z. Then x # y (mod 2), hence we may assume
that z is odd and y is even. We conclude that

p=2’+3>=14+0=1 (mod 4).

The ‘if’ direction is much less obvious. The proof we shall give goes back to
Gauss and is rather concise. The main tools are

e unique factorization in the ring Z[i], and

e the existence of primitive roots, i.e. the fact that the group (Z/Zp)* is
cyclic if p is a prime number.

To see what is going on we look more closely at primes p # 2 of the form
p =22 +y2. It is clear that ,y are prime to p and hence invertible modulo p.
Therefore, the congruence

22 4+9>=0 (mod p)

@)2 =1 (mod p).

We have shown that if p is an odd prime of the form p = 2% 4 %2 then —1 is a
quadratic residue modulo p!
Recall the following definition.

can be rewritten as

Definition 1.3.2 (The Legendre symbol) Let p be an odd prime number
and a € Z.

(i) Suppose that pta. We say that a is a quadratic residue modulo p if there
exists z € Z with a = 22 (mod p). Otherwise we say that a is a quadratic
nonresidue modulo p.
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(ii) We set

1 if pfa and a is a quadratic residue,
a
<) :=<¢—1 if pfa and a is a quadratic nonresidue,

b 0 ifp]la.

Lemma 1.3.3 Let p be an odd prime number and a € Z. Then

(a) =aP~ Y2 (mod p).
p

Proof: We may assume that p { a. We shall use the well known fact that
the group (Z/Zp)* is a cyclic group of order p — 1, see e.g. [5], Chapter 4, §1.
In particular, we have a?~* =1 (mod p). Set b := a(P~1)/2, Then

V=a""'=1 (mod p).

Since Z/Zp is a field, this means that b = +1 (mod p). It remains to be seen
that b =1 (mod p) if and only if a is a quadratic residue.

Let ¢ € Z be a primitive root modulo p. Then every element of (Z/Zp)* can
be written as the residue class of ¢*, for some k € Z (unique modulo p — 1). It
follows that ¢ = 1iff (p—1) | k, and that c* is a quadratic residue iff k is even.
In particular, if we write a = ¢* (mod p), then a is a quadratic residue iff & is
eveniff (p—1) | k(p —1)/2 iff

b=d"PV/2=1 (mod p).
The lemma is proved. O

In the special case a = —1 we obtain:

Corollary 1.3.4 Let p be an odd prime. Then

(1)(1)(101)/2 1 ifp=1 (mod 4),
p ~1 ifp=3 (mod 4).

We can now give a prove of Theorem (i). Using Corollary we see
that we have to prove the implication

-1
() =1 = p=2+y~ (26)
p
Assume that —1 is a quadratic residue modulo p, and let a € Z be such that
a? = —1 (mod p). Then (inside the ring Z[i]) we have
pla*+1=(a+i)a—1), but ptasi. (27)

Since Z[7] is factorial (Corollary|1.1.20), shows that p is not a prime element.
By Lemma [1.1.23] (ii) it follows that

p=N(a)=2"+y
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for a prime element a = x + yi € Z[i]. This proves and finishes the proof
of Theorem m (i). ]

Remark 1.3.5 The proof of Theorem [I.3.1] (i) consists of two rather distinct
steps and suggests a reformulation of Theorem [I.3.1]as follows. Assume p # 2, 3.
Then:

—1

p=a%+y? & <p>: & p=1 (mod 4)
—2

p =z + 2° & <p>1 & p=1,3 (mod 8)
-3

p =% + 3y & <p>:1 & p=1 (mod 3)

To prove the three equivalences on the left one can use unique factorization in
the rings Z[i], Z[v/—2] and Z[w] (see the argument above and Exercise [1.3.7).
The three equivalences on the right follow from quadratic reciprocity, arguably
one of the deepest and most beautiful theorems of elementary number theory.

Theorem 1.3.6 (Quadratic reciprocity) Let p,q € B be two distinct, odd
prime numbers. Then

(i)

-\ _ ey ) 1 ifp=1 (mod4),
(p) = {—1 ifp=3 (mod4).
(ii)

(2) — (1) -1/8 = 1 ifp=1,7 (mod38),

P -1 ifp=3,5 (mod 8).
(iii)

(p) (q) _ (_1)(p_1)(q_1)/4 _ { 1 ifp=lorg=1 (mod4),

p) \p 1 ifp,g=3 (mod 4).

Claim (i) (resp. Claim (ii)) of the theorem is often called the first (resp.
the second) supplementary law . Note that (i) is identical to Corollary
which is, as we have seen, a rather straightforward consequence of the existence
of primitive roots. Claims (ii) and (iii) are much more difficult (see e.g. [0,
Chapter 5, §3). We will give a very conceptual proof of Theorem later,
using the decomposition of prime ideals in cyclotomic fields.

Primes of the form 22 + ny? and class field theory
Theorem gives a nice answer to three special cases of the following

question.
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Question 1.3.7 Given a positive integer n € N, which prime numbers p are of
the form p = 22 + ny??

The main ingredients for the proof of Theorem [I.3.1] were quadratic reci-
procity and unique factorization in the rings Z[i], Z[v/—2] and Z|w]. For general
n € N, quadratic reciprocity still yields the following partial answer to Question
there exist integers aq,...,a, such that for all primes p, except a finite
number of exceptions, we have

p:fE2+ny2 = (pn> < p=ai,...,ar (mOd N)a (28)

where

N o n, n=0,3 (mod4),
o dn, n=1,2 (mod 4).

However, the converse of the first implication in fails for general n. We
give two examples.

Example 1.3.8 Consider the case n = 5. Quadratic reciprocity shows that for
all primes p # 2,5 we have
-5
(p) =1 < (7;) =(-)?P V2 o p=1,3,79 (mod20). (29)
However, p = 3 cannot be written as p = z? + 5y%. The complete answer to
Question for n =5 is given by
p=2+57 < p=1,9 (mod 20), (30)
2p=a>+5y° < p=3,7 (mod 20).

This was conjectured by Euler and proved by Lagrange and Gauss, using the so-
called genus theory of binary quadratic forms. From a modern point of view, the
case distinction comes from the fact that Z[\/=5] is not a unique factorization
domain. For instance, we have

6=2-3=(1+vV-5)(1—-+v-5),

compare with Example [[.1.7] The number of cases to consider is equal to the
class number of Z[v/—5].

Example 1.3.9 Consider the case n = 27. Quadratic reciprocity gives

(-1 o s

for all primes p > 5. The prime p = 7 satifies these conditions, but it is clearly
not of the form z2 4+ 27y?. The complete answer to Question for n = 27 is:

=1 (mod 3) and 2 is
p=2"+27Ty° & P ( ) (31)
a cubic residue modulo p
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This had been conjectured by Euler and proved by Gauss. See [3], Chapter 1,
Theorem 4.15. For instance, the cubic residues of p = 7 are 1,6 and 2 is not
among them. But for p = 31, we have 43 = 64 = 2 (mod 31), so 2 is a cubic
residue. And indeed we can write 31 = 22 + 27 - 12,

We have seen that for n = 27 the answer to Question [1.3.7] is not simply
given by a finite list of congruence classes modulo some fixed integer N. In
general, the answer looks as follows (see [3], Theorem 9.2).

Theorem 1.3.10 For every n € N there exists a monic irreducible polyno-
mial f,(xz) € Z[x] such that for every prime p not dividing neither n nor the
discriminant of f,(x) we have

=) =1 and f,(r) =0 (mod
p=$2—|—ny2 = (p) f() ( p)
has in integer solution.

For instance, we have for(z) = 2® — 2 by . Theorem [1.3.10| is a very
deep result, and is in fact a consequence of class field theory. Class field theory

is one of the highlights of algebraic number theory. In some sense, it is an
extremely far reaching generalization of quadratic reciprocity. We refer to [3]
for a first introduction to this subject which starts from the classical observations
of Fermat explained above. A systematic account of class field theory is given
e.g. in [6], Chapters IV-VI. The present course should enable you to read and
understand these sources.

Complex multiplication

The statement of Theorem above is still somewhat unsatisfactory
because the polynomial f,(x) is not given explicitly. In order to compute f,(z)
for a given integer n we need some interesting complex analysis. The theory
behind this is called complex multiplication. A readable account is given in [3],
Chapter 3. Here we only give a glimpse.

For a complex number 7 € C with J(7) > 0 we define

g2(7) = 602 m7 93(7) = 1402 m.

m,n

Here Z;m means that we sum over all pairs of integers (m,n) € Z? with

(m,n) # (0,0). The series g2(7) and g3(7) are called the Eisenstein series of
weight 4 and 6. We also define

g2(7)?
92(7)3 — 27g3(7)?’

It is easy to see that gs, g3, j are complex analytic functions on the upper half
plane H.

j(r):=1728
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The function j : H — C has some remarkable properties. In particular, it is
a modular function, which means that

at +b a b
=3 fi Lo(Z).
T =i, for & SLa(2)

3

In particular, we have

Jr+ 1) =j(r), §(=1/7) =j(r). (32)

The first equation in (32 implies that j has a Fourier expansion, i.e. it can be
written as a Laurent series in ¢ := e?™*". And indeed, one can show that

jlr) = Z ang” = ¢~ + 744 + 196884q + 21493760¢% + . . ., (33)

n=-—1

for certain positive integers a,, € N. Note that this series converges very quickly
if (1) > 0 is large, because
|q| — 6—271'%‘(7).
As a complex analytic function, the j-function is already pretty remarkable.
But even more astounding are its arithmetic properties.

Theorem 1.3.11 (i) Let 7 € H be a quadratic integer, i.e. 7 € O for an
imaginary quadratic number field K = Q(v/—=m). Then o := j(1) € Q
is an algebraic integer. Moreover, the field extension L := K(«)/K is an
abelian Galois extension, and the Galois group Gal(L/K) is isomorphic
to the class group of the ring Z[r] C K. In particular, if Z[7] is a unique
factorization domain, then j(7) € Z is an integer.

(ii) More specifically, let T := \/—n for a positive integer n € N. Then the
minimal polynomial f,, = ag 4+ ay + ...+ 2" of a = j() has the property
stated in Theorem [[.3.10

Example 1.3.12 Let 7 := (1 + +/—163)/2. We will show show later that Z[7]
is a unique factorization domain (see Example [2.6.27). Therefore, j(7) € Z is

an integer by Theorem [1.3.11] (i). By we have
j(1) = —e™1%% L 744 + R, with R := 196884¢q + 21493760¢> + . ..

Since |g| = e727V103 ~ 1.45.1073% is very small, R ~ 2.27-10712 is rather small
as well. It follows that

eI — —j(1) 4+ 744+ R
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is very close to an integer. This explains the second ‘miracle’ mentioned in the
introduction. Note that we can use this to compute the exact value of j(7) from

a numerical approximation of e™V13, The result is

1+/—163
J(r) = j(#) = —640320° = —(2°-3-5-23-29)3.

It is not an accident that this integer is smooth i.e. composed of many relatively
small primes with high exponent. However, the beautiful explanation for this
fact goes even beyond complex multiplication.

Exercises

Exercise 1.3.1 Prove that 2,41 + /5 are irreducible elements of Z[v/5], but
not prime elements.

Exercise 1.3.2 Let a,n € N be given and assume that a is not an nth power,
i.e. a # b for all b € N. Show that {/a € R is irrational. (Use Theorem [L.1.1])

Exercise 1.3.3 (Euler was wrong) Show that the subring Z[v/—3] C Z[w] is
not factorial. Explain what goes wrong with the proof of Proposition [1.1.19

Exercise 1.3.4 (Euler was right) Suppose that a,b, s € Z are integers such
that s is odd, ged(a,b) = 1 and

s3 = a® + 3b°.
Show that s is of the form s = u? + 3v?%, with u,v € Z.

Exercise 1.3.5 Let S:={a=2+yw |0 <y <z} C Z[w]\{0}. Show that for
every element « € Z[w], a # 0, there exists a unique associate element o’ € S,
a ~ . Deduce that a has a factorization

a=¢€-m ... Ty,

with prime elements 7; € S and a unit €, and that this factorization is unique
up to a permutation of the ;.

Exercise 1.3.6 (a) Compute the prime factorization of 14, 34 4w und 122 +
61w in Z[w].

(b) Compute the prime factorization of 14, 3 + 4¢ und 122 + 617 in Z[i].

Exercise 1.3.7 (a) Show that Z[y/—2] is a unique factorization domain.

28



(b) Let p > 5 be a prime number. Prove the equivalences

-2
p=2>+2> & <> =1
p

and 3
p=2>+3y> <& <p> =1

from Remark [[.3.5]

Exercise 1.3.8 (a) Use quadratic reciprocity to show that

<—p2>:1 < p=1,3 (mod 8)
and 3

<_):1 < p=1 (mod 3).

p

(Note that, together with Exercise this proves (ii) and (iii) of The-

orem [[.3.1])

(b) For which prime numbers p is 35 a quadratic residue modulo p?

(¢) For how many of all primes p < 100 is 35 a quadratic residue? Speculate
about the asymptotic rule for all p < N, N — oo.
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2 Arithmetic in an algebraic number field

2.1 Finitely generated abelian groups

We start by recalling some easy but fundamental algebraic facts. We consider
abelian groups (M, +). Note that M has the structure of a Z-module via

ZxM— M, a-m:==x(m+...+m).

In fact, any Z-module is completely determined by its underlying abelian group.
Thus, the two notions abelian group and Z-module are equivalent. We have a
slight preference for the second.

The Z-module M is called finitely generated if there are elements my, ..., m,
such that

n
M =(my,...,mn)z ={)_ ami|a; € Z}.
i=1
If this is the case then mq,...,m, is called a system of generators of M. A
system of generators (myq, ..., my,) of M is called a Z-basis of M if every element

m € M has a unique representation of the form m = aymy+...+a, m,. Another
way to state this is to say that (mq,...,m,) induces an isomorphism

T
7" S M, (ag,...,a.) — Zaimi.
i=1

A Z-module M is called free of rank r if it has a basis of length r. It is not hard
to see that the rank of a free Z-module M is well defined.
Here is the first fundamental result about finitely generated Z-modules.

Theorem 2.1.1 Let M be a free group of rank r and M’ C M a subgroup.

Then there exists a basis (m1,...,m,) of M and a sequence of positive integers
di,...,ds € N, s <r, such that
dy|da|...|ds

and such that (dymq,...,dsms) is a basis of M’. In particular, M’ is free of
rank s <r.

Proof: See e.g. [I], Chapter 12, Theorem 4.11. |

Let M’ C M be as in the theorem, and assume that r = s. Let m =
(mq,...,m;) be a basis of M and m’ = (m),...,m.) a basis of M'. Then for
j=1,...,r we can write

m; =aj1mi+ ...+ a;, my, (34)

with uniquely determined integers a; ; € Z. The system of equations can
be written more compactly as

m =m- A, A= (a;;) € M, (Z), (35)

where m and m’ are considered as row vectors.
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Proposition 2.1.2 We have
[M : M'] := |M/M'| = |det(A)].

Proof: We use the main ideas from the proof of Theorem see [,
§14.4. Replacing A by S - A, for S € GL,(Z), has the effect of replacing the
basis m of M by the new basis n := m - S~!. Similarly, replacing A by A - T,
for T € GL,(Z), has the effect of replacing the basis m’ of M’ by the new basis

n' :=m’-T. Now assume that n = (n1,...,n,) and n’ = (nf,...,nl.) are bases

» U

of M and M’ which satisfy the conclusion of Theorem [2.1.1} i.e.
ny =diny,...,n. =dn,, (36)

with positive integers dy,...,d,. Then

dy

dr
Using we can construct an isomorphism
Z)Zdy % ... x Z)Zd,. = M/M', (c; +Zd;) — cini + ... + cyn,.
Counting the elements, we obtain
IM/M'|=dy ... d,. (38)
On the other hand, shows that

det(A) = +d; - ... d,. (39)
The proposition follows by combining and . O

2.2 The splitting field and the discriminant
Let n € N, K be a field and
f=ap+az+...+apz” € K[x]
be a polynomial of degree n (i.e. a, # 0). Then there exists a field extension

L/K such that f splits over L into linear factors,

n

f:anH(z*ai), «a; € L.

i=1

We may assume that L/K is generated by the roots a, i.e. L = K(ay,...,an).
With this assumption, the field extension L/K is unique up to isomorphism
and called the splitting field of f (relative to K). The polynomial f is called
separable if a; # «a; for all 7 # j.
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Definition 2.2.1 The discriminant of f is defined as
2n 2 H _ a]
1<j
Note that the definition of A(f) is independent of the chosen order of the
roots «;. By definition we have A(f) # 0 if and only if f is separable.

Example 2.2.2 For n = 2 we can write f = az? + bx + ¢, with a,b,c € K and
a # 0. By the famous Mitternachtsformel we have

—b+ Vb% — dac

f=alz—a1)(x — aq), 1,2 = 2a

It follows that
A(f) = a*(a1 — a2)? = b* — 4ac.

We see that A(f) is a polynomial in the coefficients of f and therefore A(f) € K.
This is a completely general phenomenon:

Theorem 2.2.3 For every n € N there exists a polynomial A,, € Z[zg, ..., Ty]
in n + 1 variables and integral coefficients, such that for all fields K and all
polynomials f = ag + a1z + ... + a,z™ € K|x] of degree n we have

A(f) = Ap(ag, ..., an).
In particular, A(f) € K.
Proof: See e.g. [1], Chapter 14, §3. O
Corollary 2.2.4 Let f € Z[x] be a monic polynomial of degree n, with integral

coefficients. Let p € B be a prime number and let f € F,[x] denote the reduction
of f modulo p. Then

A(f)=A(f) e
Therefore, f is separable if and only if A(f) is prime to p.

2.3 Number fields

Definition 2.3.1 A number field] is a finite field extension K of the field of
rational numbers Q. The degree of K is the dimension

[K : Q] :=dimg K.

3The terminology is unfortunately not standardized. E.g. Artin ([I], Chapter 13, §1) defines
a number field as any subfield of C.

32



Let us fix a number field K of degree n. Then for any oo € K there must be
a Q-linear relation between the first n + 1 powers of «, i.e. there exists rational
numbers ag, ai,...,a, € Q, not all of them zero, such that

ag+ara+..., a,a" =0.

In other words, « is a root in K of the nonzero polynomial ag+a;x+...+a,x™ €
Ql[z]. We say that « is algebraic over Q.
Consider the ring homomorphism

$a: Qz] = K, g g(a),

given by substituting = := a. The kernel of ¢,

I:={f € Qlz]| f(a) = 0} 2 Qlz]

is an ideal. Since Q[x] is a euclidian domain, it is also a principal ideal domain,
see Proposition [1.1.11] It follows that I = (m,) for a nonzero polynomial m,,.
We may assume that m,, is monic,

ma:co—i—clx—i—...—i—xd,

and this condition determines m, uniquely.

Definition 2.3.2 The monic polynomial m, € Q[z] defined above is called the
minimal polynomial of a. Tts degree d = deg(m,,) is called the degree of o over

Q.

By definition of m, we have
fla)=0 & mallf, (40)

for all f € Q[z]. In particular, m, is the monic polynomial with the smallest
possible degree which has «a as a root.

Proposition 2.3.3 Let K be a number field of degree n = [K : Q], and o € K
an element. Let Q[a] denote the smallest subring of K containing .. Then Q[a]
is a subfield of K with [Q[a] : Q] = degg(a). Moreover, degg(a) | n.

Theorem 2.3.4 (Primitive Element) Let K be a number field. Then there
exists an element o € K such that K = Q|a].

An element o € K as in the theorem is called a primitive element or a
generator of the number field K. By Proposition [2.3.3] « is a primitive element
if and only if [K : Q] = degg(a). For a proof of Theorem see e.g. [1],
Chapter 14, §4.
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Definition 2.3.5 Let f = ag4+a1z+...+z™ € Q[z] be a monic and irreducible
polynomial over Q. Then the quotient ring

Ky = Qlz]/(f)
is a number field, called the Stammkdrpef] of f.

It follows from Theorem [2:3.4] that every number field is isomorphic to a
suitable Stammkérper. Indeed, if « is a generator of a number field K and
f := myg is its minimal polynomial, then

Ky =Qlz]/(f) = K, g+(f)— g(a),

is an isomorphism. This isomorphism tells us how to do explicit computations
in the number field K = Q[a]. The point is that every element § € K can be
written as 8 = g(«), for a unique polynomial g € Q[z] with deg(g) < n :=[K :
Q). If we want to express, say, 32, in the same way, we compute the remainder
of the polynomial g2 after division by f,

¢> =qf +r, with ¢,7 € Q[z] and deg(r) < n = deg(f).

Then 32 = r(«a) is the standard way to write 32 € K = Qla].

Embeddings into the complex numbers

Another way to think about number fields is to consider them as subfields
of the complex numbers.

Corollary 2.3.6 Let K be a number field of degree n. Then there are exactly
n distinct field homomorphisms

01y.-ey0p: K —=C

embedding K into the field of complex numbers.

Proof: Let a € K be a primitive element for X (Theorem [2.3.4)). By the
Fundamental Theorem of Algebra, the minimal polynomial m, decomposes over
C into a product of n linear factors,

n

Me = H(m — ),

i=1

with a; € C. Since m,, is irreducible over Q, the roots «; are pairwise distinct.
For i =1,...,n we define pairwise distinct homomorphisms as follows:

o : K —=C, fla)— fla).

4If you know of a good english translation, please tell me!
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This is well defined by and the fact that mq(o;) = 0. Conversely, let
o0 : K — C be a field homomorphism. Then

ma(o(a)) = o(ma(a)) = 0.

It follows that o(a;) = «; for some i and hence o = o;. a
Remark 2.3.7 Let K be a number field of degree n, and let o : K < C be an
embedding into C. Composing ¢ with complex conjugation, z — Z, we obtain
another embedding ¢ : K < C. It is clear that ¢ = ¢ if and only if o(K) C R.
If this is the case we call o a real embedding. Otherwise, we call {0,5} a pair
of complex conjugate embeddings.

After reordering the n embeddings o; from Corollary we may assume

that
01y...,0p : K >R

are precisely the real embeddings and that

{Or42i—1,0042i}, 1=1,...,s,

are exactly all pairs of complex conjugate embeddings. Clearly, we have r,s > 0
and n = r 4+ 2s.

Definition 2.3.8 The pair (r, s) is called the type of the number field. If r =n
and s = 0 then K is called totally real.

Remark 2.3.9 By Corollary every number field K may be embedded
into the complex numbers. Choosing one embedding, we may always consider
K as a subfield of the complex numbers. This is often very useful, but one has
to keep in mind that this choice may cause some loss of information.

The norm and the trace
Let K be a number field of degree n and o € K. The multiplication map
0o K = K, B af,
is a QQ-linear endomorphisms.
Definition 2.3.10 We call

Ngjg(a) :=det(¢a) € Q

the norm and
the trace of o € K.
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It follows from the definition that the map
Nk : K = QX, a — Ngg(a),
is a group homomorphism (w.r.t. multiplication) and that
Tkp: K —Q, a = T o),

is a linear form on the Q-vector space K. There are two useful ways to compute
the norm and the trace of an element.

Proposition 2.3.11 (i) Let f = ag + a1z + ... + 2™ be the minimal poly-
nomial of o € K. Then

n/m n
Nicjgla) = (=1)"ag"™, Txjgla) = = am-1.

(ii) Let o1,...,0, : K < C denote the n distinct embeddings of K into C.

Then N B
Nijgle)=][]oi(@),  Txjgla) = ai(a).
i=1 i=1
Proof: We first assume that « is a primitive element of K. Then 1, ¢, ...,a" !

is a Q-basis of K. Since f(«) =0 we have

1

i+1 .
i )atT 1<n—1,
Q" =—aqp+ —aa—...—ap1"" ", i=n-—1,

In other words, the matrix representing the endomorphism ¢, with respect to
the basis 1, a,...,a" ! is

0 0 0 —ap
1 0 0 —aq
A=10 1
0 —ap—o9
0 0 1 —ap—

Let
f:ao—&-alx—&—...—&-x”:H(m—ozi)

i=1

be the factorization of f into linear factors over C. Note that o; # «; for 7 # j
and that o; = 0(@) are the images of @ under the embeddings o1, ...,0, (see
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the proof of Corollary [2.3.6)). The identity f(«;) = 0 shows that

1
Qg
At v =q; - v, vi= ) e C".
ap!
We see that o, ..., q, are the pairwise distinct eingenvalues of At. It follows
that A is diagonalizable over C,
aq
A~ , (41)
an

and that f is, up to sign, the characteristic polynomial of A,

det(A -z - Ey) = [[(ei —2) = (=1)" . (42)
i=1
In particular,
Nk g(a) = det(A Hal = "ayg,
Tk () Zaz = —an_1.

Both (i) and (ii) follow immediately.
If o is not a primitive element, we consider the intermediate field M := Q[a].
We set m := [M : Q] = deg(«). Then

n=[K:Q=[K:M] [M:q]

see e.g. [I], Chapter 13, Theorem 3.4. It follows that k := [K : M| =n/m. Let
B1,..., Bk be an M-basis of K. The proof of Theorem 3.4 in [I], Chapter 13,
shows that we have the following direct sum decomposition of Q-vektor spaces:

K=8 -M&...®B M

It is clear that this direct sum is invariant under the endomorphism ¢,. It
follows that

det(¢a) = Hdet (balpsnr)- (43)

i=1
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For a fixed i, B;,af;,...,a™ 18; is a Q-basis of B; - M, and the representing
matrix for ¢q|s,.m with respect to this basis is again the matrix A from above.
We conclude that

det(pqn

and so by we get

5i-M) = det(¢a|M) = NM/Q(a)

Nk g = det(da) = Narjg(a)”.

Similarly, one proves

Trg(a) = tr(da) = k- Tarjg(c).

Now (i) and (ii) follow from the case we have already proved. |

Quadratic number fields

A number field of degree 2 is called a quadratic number field. Let « be a
generator for K. Then « satifies a quadratic equation,

a? +aa+b=0, (44)

such that the polynomial 22 +ax+b € Q] is irreducible. If we set 3 := a+a/2

then

2 a2

52:a2+aa+%:sz::A.

We see that 3 is a generator for K which satisfies a relation 52 = A, where
A € Q is not a square. An arbitrary element v € K is of the form

y=c+dp, withec,deQ.

Sometimes we write symbolically 8 = VA and K = Q[V/A], but this notation
can be misleading. It should be understood as the statement that the minimal
polynomial of 3 is mg = 2% — A.

Now suppose that A > 0. Then VA € R is a well defined positive real
number, and the minimal polynomial of 3 factors over R as

mg =22 — A= (z - VA)(z+VA).
It follows that K has two real embeddings 01,02 : K < R, given by
oi(c+dB) == c+ dVA, oa(c+dp) == c— dVA.

We say that K is a real quadratic number field.

Note that o1 (K) = 09(K) as subfields of R. The notation K = Q[vA] C R
is therefore totally unambiguous. Still, from an algebraic point of view there is
no good reason to prefer one of the two embeddings o1, 05 over the other.
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Now suppose that A < 0. Then mg factors over C as
mp = 2% — A = (x —i/|A])(x +i/]A]).
Hence we have two complex conjugate embeddings,

o1(c+dp) = c+ di/|A|, o2(c+dB) := ¢ — diy/|Al.

We say that K is an imaginary quadratic number field. As in the real case, the
two subfield o1 (K) = 02(K) C C are identical.

Lemma 2.3.12 Let K be a quadratic number field. Then there exists a unique
nontrivial field automorphism

T KSK.

Moreover, for every element o € K\Q, the minimal polynomial of « factors over
K as follows:
ma = (z — a)(z — 7(a)).

Proof: This lemma is a very special case of a more general statement from
Galois theory (see e.g. [1], Chapter 14, §1). For readers who are still unfamiliar
with Galois theory, it is a useful exercise to give a direct proof. o

If K is an imaginary quadratic field, then the automorphism 7 from Lemma
is simply the restriction of complex conjugation to K, i.e. 7(a) = & for
a € K C C (it does not matter which embedding of K into C we choose). If K
is a real quadratic number field, then it is customary to write

T(a) = o,

and to call o/ the conjugate of «.

Exercises

Exercise 2.3.1 Let o be a primitive element for the number field K and let
f € Q[z] be the minimal polynomial of «. Then

Nio(f'(@) = A(f).

2.4 The ring of integers
Let us fix a number field K of degree n = [K : Q).

Definition 2.4.1 An element « € K is called integral (or an algebraic integer)
if the minimal polynomial of o has integral coefficients,

me € Z[z).

We let O C K denote the subset of all integral elements of K. (Theorem [2.4.4]
below shows that O is a subring, but this is not obvious.)
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A Z-submodule M C K is a subgroup of the additive group (K,+). It is
called finitely generated if there exists field elements 1, ..., 8 € K such that

k
M= (B1,...,5k)z iz{zaiﬁﬂai €L}

i=1
Lemma 2.4.2 For o € K the following three statements are equivalent.
(a) o € Ok.

(b) There exists a monic, integral polynomial f = ag + ayz + ... + 2* € Z[x]
such that f(a) = 0.

(c) There exists a finitely generated Z-submodule M C K such that oo- M C
M.

Proof: The implication (a)=-(b) is trivial. Conversely, let f = ag + a1z +
...+ 2% € Z[z] be monic and integral such that f(a) = 0. Then m,, is a divisor
of f inside the ring Q[z] by . The Lemma of Gauss (see [I], Chapter 11,
§3) shows that m, € Z[z] has integral coefficients as well. This proves the
implication (b)=-(a).

Assume that (b) holds and set

M:=(1,a,....,a" Y, C K.
Then

. JatteM, i<k—1,
af =—ag+ —aa—...—ap_1aF e M, i=k—1,

fori=0,...,k—1. Therefore, - M C M. Conversely, let M = (81,...,Bk)z C
K be a finitely generated submodule with oo+ M C M. Fori=1,...,k we can
write

K
a-Bi=Yai;B
=1

with integers a; ; € Z. Then the vector 8 := (B1,...,Bx)" € K™ is an eigenvector
of the matrix A := (a; ;). It follows that f(a) =0, where f = det(A—x-E,) €
Z[z] is the characteristic polynomial. Since f is monic and integral, (b) holds
and the proof of the lemma is complete. O

Remark 2.4.3 Let o € K we let Z[a] denote the smallest subring of K con-
taining a. Then as a Z-submodule of K, Z[a] is generated by the powers of
a?

Z[a] = (1,a,0?,.. )z,
It follows immediately from the proof of Lemma that a € Ok if and only
if Zla] C K is a finitely generated submodule.
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Theorem 2.4.4 The subset Og C K is a subring.

Proof: Let a,8 € Og. We have to show that a + 8 € Ok and af € Ok.
Let Z[a, f] € K be the smallest subring of K containing o and . As a Z-
submodule of K, Z[a, ] is generated by the monomials ‘37, i,5 > 0. As in
the proof of Lemma [2.4.2] one shows that

Zlo, Bl = Z[a] + B - Z[a] + ... + 8" Z[al, (45)
with k := degg(8). But Z[a] is a finitely generated Z-module, and so shows
that Z[a, ] is a finitely generated Z-module as well. Clearly,

(aiB)Z[aaﬁ] CZ[O&,ﬂ], OZ/B'Z[Oé,ﬂ] CZ[Q,ﬁ].
Therefore, Lemma shows that o+ 8 € O and aff € Ok. O

Remark 2.4.5 For any o € K there exists a nonzero integer m € Z such that
ma € Ok (see Exercise [2.4.1]). Since Z C Ok, it follows that K is the field of
fraction of Ok.

Example 2.4.6 Let K := Q[v/2,v/3] C R denote the smallest subfield of R
containing V2 and v/3. The elements /2 and /3 are clearly integral. So
according to Theorem the element

a:=v2+V3eK

should be integral, too. This means that the minimal poylnomial m, of « has
integral coefficients. To find an explicit monic integral polynomial with root «
we use ideas from the proofs of Lemma, and Theorem [2.4.4]

It is clear that the ring Z[v/2, /3] is a finitely generated Z-submodule of K,
generated by the 4 elements 1,v/2,v/3, /6,

ZIV2,V3] = (1,V2,V3,V6)z.

It is also easy to see that (1,v/2,v/3,v/6) is a Z-basis of Z[\/i, \/g], but we don’t
need this. The crucial fact is that o - Z[v/2,v3] C Z[v2,V3]. Explicitly, we
have

a-1=vV2+3,
a-V2=2+6,
(46)
a-V3=3+6,
a-\/623\/§+2\/§.
We can rewrite as
1 1 0 1 1 0
V2 V2 2 0 0 1
Q- =A- , A= (47)
V3 V3 300 1
V6 V6 0320
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A short computation shows that the characteristic polynomial of A is
fi=det(A—z Ey) =a* — 1022 +1 € Z[z].

Since f(a) =0, a € Ok is integral. In fact, f = m,, is the minimal polynomial

of a (Exercise [2.4.3)).

We have shown that Z[a] C Ok . However, this is not an equality. Consider,

for instance, the element
2 6
V2

A similar computation as for a shows that 5 is a root of the monic integral
polynomial
g=2—42>+ 1€ Z[]

We see that 8 € Ok \Z[a]. We will show later that

Ok = (1,vV2,V3,8)z.

In particular, Ok is a finitely generated Z-submodule of K.

Theorem 2.4.7 Let K be a number field of degree n. Then the ring of in-
tegers O is a free Z-module of rank n. In other words, there exist elements
ay, . ..,an, € Ok such that every element o € Ok can be uniquely written as

n
o= Zaiai, with a; € 7Z.

=1

Definition 2.4.8 A tupel (aq,...,a,) as in Theorem is called an integral
basis of K.

We postpone the proof a bit, and give another example.

Example 2.4.9 Let D € Z be a nonzero, squarefree integer. Then K := Q[\/ﬁ]
is a quadratic number field. We shall determine its ring of integers Ox. An
arbitrary element a € K is of the form o = a + byv/D. We have a € Q if and
only if b = 0. Since O N Q = Z, we may assume that b # 0.

Let 7 : K 5 K denote the unique nontrivial automorphisms of K. The
minimal polynomial of « is

Mo = (z — a)(z —7(a)) = 2% — Txg(a) + Ngjgla) = z? — 2az + (a® — Db?).

Therefore,
acOg & 2a€Z,a>— Db cZ. (48)

Elementary arguments (see Exercise [2.4.2)) now show the following.

(i) Assume that D = 2,3 (mod 4). Then a = a + bv/'D € Ok if and only if
a,b € Z. Tt follows that Ox = Z[v/D], with integral basis (1,v/D).
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(i) Assume that D = 1 (mod 4). Then o = a + bv/D € Ok if and only if
a,b € 1Z and a+b € Z. It follows that Ok = Z[f)], with  := (1+ /D) /2.
Again (1,6) is an integral basis.

The discriminant

As before we fix a number field K of degree n. Our main goal is to define
the discriminant of K. This is a nonzero integer dx € 7Z which measures, in
some sense, the complexity of the number field K. If the ring of integers of
K is of the form Ok = Z[a] for a primitive element «, then dx = A(m,) is
equal to the discriminant of the minimal polynomial of « (Remark . As
a byproduct of the definition of dx, we prove the existence of an integral basis

for K (Theorem [2.4.7)).

Definition 2.4.10 An (additive) subgroup M C K is called a lattice if there
exists a Q-basis (81, ..., 0,) of K such that

M = <51a"'7ﬂn>Z~

The tupel 8 = (B1,...,Bx) is then called an integral basis of M.

Remark 2.4.11 A subgroup M C K is a lattice if and only it is a free Z-
module of rank n. Therefore, Theorem [2.4.7] is equivalent to the assertion that
the ring of integers Ox C K is a lattice.

Definition 2.4.12 Let M C K be a lattice with integral basis 8 = (81, ..., Bn).
We define a rational number

By Proposition [2.4.13] (ii) below, this number depends only on the lattice M
but not on the chosen basis. We therefore write d(M) := d(8) and call it the
discriminant of M.

Proposition 2.4.13 (i) Let M’ C K be another lattice with integral basis
B8 =(Bi,-..,08.), and let T € GL,(Q) be the base change matrix from
to 8 (this means that 8-T = '). Then

d(B') = det(T)* - d(B).
(ii) If M = M’ in (ii) then d(8) = d(8').
(i) We have d(B) # 0. If M C Ok then d(8) € Z is an integer.
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Proof: Let 0q,...,0, : K < C denote the distinct embeddings of K into
C, and set

o1(B1) -+ o1(Bn)
Si=1| - | e M ().

on(B1) - on(Bn)
Then by Proposition [2.3.11] (ii) we have

St.S = (Zak(ﬂi)ak(,@j))i = (TK/@(ﬁiﬁj)) - (49)
k=1 7 m
It follows that
d(B) = det(S)%. (50)

Now if 8" = (B],...,],) is another Q-basis of K and T = (a; ;) is the base

change matrix, then

J

S = (Uz'(ﬂ,-))m» =5-T. (51)

Combining and we obtain a proof of (i). Now assume that M = (3;)z =
(B")z. Then the coefficients a; ; of T' are integers. Moreover, the coefficients of
T~ are integers as well. Therefore, det(T) = 1, so (ii) follows from (i).

It remains to show that d(8) # 0. But by (i) it suffices to show this for
one particular Q-basis of K. Let « be a primitive element of K. Then g :=
(1,a,...,a" 1) is a Q-basis of K. Moreover, o; := o;(a), for i = 1,...,n, are
precisely the n complex roots of the minimal polynomial of a (see the proof of

Corollary [2.3.6). In particular, o; # «; for i # j. Using we get

2
1 oy o2 - a?_l
1 az o3 - af?
d(B) = = [J(ei — a;)* #0 (52)
i<j
1 a, a2 - an!
This completes the proof of Proposition [2.4.13] O

Remark 2.4.14 If o € Ok is a primitive element for K, then the subring Z[«]
is a lattice, with Z-basis (1,q,...,a" ). Let f € Q[x] denote the minimal
polynomial of o and «; € C the complex roots of f. Then and Definition
.27l show that

i<j

is equal to the discriminant of f. In practise, this is the easiest and most useful
way to compute the discriminant of a number field.
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Proof of Theorem Let 5 = (B1,...,0n) be a Q-basis of K. After
replacing 5; by mf;, for a suitable integer m, we may assume that 3; € Ok (see
Exercise [2.4.1]). Therefore,

M :={61,...,5n)z C Ok.
Lemma 2.4.15 We have
O Cd(M)™ - M.
Proof: Let o € Ok be given and write it as a linear combination of S:
a=a1f1+ ...+ anfhn, a; € Q.

We have to show that d(M)a; € Z, for i =1,...,n. Set

c; 1= TK/Q(OZBZ') = ZajTK/Q(ﬁiBj)v (53)
j=1
for i =1,...,n. In matrix form, this definition becomes
C1 aq
Cn Qp

By definition we have d(M) = det(S), so Cramer’s rule yields
STt =d(Mm)~t. 5%,

where S* is the adjunct of S. Applied to we obtain
=dM)™t-s | 1] (55)

Since the trace of an integral element is integral, the coefficents c¢; as well as all
entries of the matrix S* are integers. We conclude from that a; € d(M)~1Z,
and this proves the lemma. O

The lemma shows that O is contained in the lattice d(M)~1M. In particu-
lar, Ok is a Z-submodule of a free Z-module of rank n. By Theorem [2.1.1] this
implies that O is a free Z-module of rank m < n. But we also have M C Ok,
so applying Theorem [2.1.1| again shows that m = n. Now Theorem [2.4.7] is
proved. O

Since Ok C K is a lattice, it is natural to define:
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Definition 2.4.16 Let K be a number field. The discriminant of K is the
nonzero integer

di = d(Ox).

Example 2.4.17 Let D € Z be a squarefree integer and K := Q[\/E] Then

the subring Z[v/D] = (1,v/D)z C Ok is a lattice contained in O. Its discrim-
inant is

Tro(l)  Tro(VD 2 0

azivp)) = | et - TreelVP) = 4D.

Txo(VD)  Txo(D) o 2

If D =2,3 (mod 4) then O = Z[v/D], and hence dr = 4D, see Example
However, if D =1 (mod 4) then Og = Z[0] = (1,0)z, where 6 := (1 4+ v D)/2
One computes

dzZ[0)) = Tkro() Tkp®)| |2 1 _ D

To(0) Trp0?)] |1 2

To summarize: the discriminant of the quadratic number field K = Q[v/D] is

equal to
4D, D=2 d4
{ , ;3 (mod 4), (56)

D, D=1 (mod4).
Proposition 2.4.18 Let K be a number field and M' ¢ M C K lattices. Then

d(M’)

MM =[G

Proof: Let 5 = (f1,...,0n) be a Z-basis of M and 8 = (84,...,5],) be
a Z-basis of M’. Since M’ C M, the base change matrix T' € GL,(Q) with
B’ = B - T has integral coefficients. By Proposition we have

\M/M'| = det(T).

We can conclude that proof by applying Proposition [2.4.13)| (i). |

Corollary 2.4.19 Let o € Ok be a primitive elements for K, with minimal
polynomial f € Z[z]. Then
A(f) =mPd,

with m := (Ok : Z|a]) € N. In particular, if A(f) is square free, then dx =
A(f) and Ok = Z[a].
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Proof: By assumption the subring Z[a] C Ok is a lattice in K. Therefore,
the claim follows from Remark and Proposition [2.4.18 O

Corollary 2.4.19] gives a useful criterion to determine the ring of integers Ok
and the discriminant dx of a number field K.

Example 2.4.20 Let K = Q[f] be the number field with generator § and
defining polynomial
f=a%42% -2z +8.

A computer calculation shows that the discriminant of f is
A(f) = —2012 = —22 - 503.

Corollary leaves us two possibilities. Either Ox = Z[f] and dx = —2012
or (Ok : Z[0]) = 2 and dx = —503.

It is easier to prove the second possibility by disproving the first, than it is
to prove the first. Consider the element

0+ 62
o =

€ K\Z[6)].
A computer calculation shows that the minimal polynomial of « is
g:=mq = 2% —22% + 3z — 10.

It follows that o € O is integral and hence Z[f] # Og. We conclude that
Ok = Z[f, ] and that dx = —503.

Minkowski space

The Minkowski space of a number field K is a euclidean vector space Kg
which contains K as a Q-vector space, and is spanned by K. Moreover, the
absolute value of the discriminant of a lattice M C K C Ky is related to the
covolume of M as a lattice in Kg. This gives a nice geometric interpretation of
the discriminant and clarifies the proof of Proposition [2.4.13] above.

The method of viewing algebraic integers as lattice points in Minkowski
space is called Minkowski theory or the geometry of numbers. In later chapters,
it will be a fundamental tool to study the arithmetic of K.

Definition 2.4.21 Let V be a real vector space of dimension n. A lattice in V'
is a subgroup I' C V of the form

I'= <1}1,...,Um>z7

with m linearly independent vectors vy, ..., vy,. The tupel (vy,...,v,,) is called
a basis of the lattice I', and the set

P={ziv1+...42pom |2 €R, 0<z; <1} CV
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is called the fundamental domain of the lattice (with respect to the basis (v;)).
If n = m then the lattice I is called complete[]

Proposition 2.4.22 Let I' C V be a subgroup of a real vector space of dimen-
sion n.

(i) T is a lattice if and only if it is a discrete subset of V.

(ii) Assume T is a lattice, with basis (v1,...,v,,). Let P denote the funda-
mental domain of ' with respect to the basis (v;). Then I' is a complete
lattice if and only if V is the disjoint union of the translates P + v, i.e.

v=][ P+~
el
Proof: See e.g. [0], Satz 1.4.2 und Lemma 1.4.3. O
Now let (V (-, -)) be a euclidean vector space of dimension n. Let vy, ..., v, €

V be n vectors and T := (vq,...,v,)z C V. Let
A= (<vi’vj>)i,j S Mnn(R)

denote the Gram matrix of vy,...,v,. Now I is a full lattice if and only if
v1,...,0, are linearly independent. By [4], §5.4.10, this is the case if and only
if det(A) > 0. Moreover, if det(A) > 0 then

vol(P) = y/det(A)

is the volume of the fundamental domain given by the v;. Note that vol(P)
depends only on the lattice I' but not on the basis v1, ..., v,. Indeed, if (v}) is
another basis of I', then the base change matrix T' lies in GL,(Z). It follows
that
. o _ 7t | .
A= ((v] v-))i’j =T"-A-T

i Vg

and hence

Vdet(A") = det(T) - Vdet A = Vdet A.

Definition 2.4.23 Let (V, (-,-)) be a euclidean vector space and I' C V' a full
lattice. Choose a Z-basis vy, ...,v, for I' and let P be the corresponding fun-

damental domain. Then
vol(T") := vol(P) > 0

is called the covolume of the lattice I' C V.

The name covolume can be explained as follows. By Proposition [2.4.22| (ii),
the fundamental domain P is a set of representatives for the quotient group
V/T'. Therefore, vol(P) may be regarded as the volume of the space V/T.

5Tt is also common to include this assumption into the definition of a lattice.
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Let K be a number field of degree n. Let o1,...,0, : K < C denote the n
distinct embeddings of K into C. Let (r,s) be the type of K (Definition [2.3.8).
As in Remark 23377 we may assume that the first r embeddings o1,...,0, :
K — R are real and the remaining 2s embeddings are pairs if complex conjugate
embeddings, i.e. Gpy9;_1 = Opq9;, fori=1,... s.

Definition 2.4.24 The real vector space
Krp:={(z) €C" | z1,...,2 €R, ;Zry2,-1 = Zpg2i, 1 =1,...,5}
is called the Minkowski space of K.

Note that Kg is a real vector space of dimension r 4+ 2s = n; it is not a complex
vector space. We have a natural Q-linear embedding

Jj: K= Kg, a (o01(a),...,on(a)).

The skalar product (-, -) on Kx is defined as the restriction of the usual hermitian
product on C”, i.e.

n T S
(z,w) := Z Ziw; = Z Ziw; + Z 2R (2121 Wp127)-
i=1 i=1 i=1

The second sum shows that (-,-) : Kg x Kg — R is indeed a symmetric and
positive definit R-bilinear form. Thus (K, (-, -)) is a euclidean vector space.

Proposition 2.4.25 Let 8 = (f1,...,05,) be a Q-basis of K and

M = <517'~'a5n>

the lattice spanned by 8. Then (j(81),...,7(Bn)) is an R-basis of Kg. Therefore,
J(M) C Kg is a complete lattice in the sense of Definition |2.4.21, Moreover, we
have

vol(j(M)) = v/[d(M)].

Proof: Let
A= (<j(6i)aj(ﬁj)>)i,j

denote the Gram matrix of the vectors j(51),...,5(8,) € Kgr, with respect to
the scalar product (-,-). By the discussion preceeding Definition [2.4.24] we have
to show that det(A4) > 0 and that

det(A) = |d(M)]. (57)
In fact, we have d(M) # 0 by Proposition [2.4.13| (iii), so it suffices to prove .

By definition we have

(G(B:), 3 (87) =Y ow(Bi)ow(B;),
k=1
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for all 7, j. In matrix form this means that
A=S8".5, with S := (Ji(ﬂj))m..
Using we conclude that
det(A) = |det(S)]* = |d(M)|.

This completes the proof. O

Corollary 2.4.26 The subgroup j(Ok) C Kg is a complete lattice with co-

volume
vol(j(Ok)) = V/Idk|.

Example 2.4.27 Let D > 0 be a squarefree positive integer, and let K :=
Q[v/—D] denote the corresponding imaginary quadratic number field. We have
two complex conjugate embeddings 1,02 : K — K given by

01(vV=D)=1iVD,  o3(vV=D) = —iVD.
So the Minkowski space of K is the real vector space
Kr = {(21,22) € C? | 71 = 2},
equipped with the skalar product
(z,w) = Z1wy + Zowg = Zywy + 21w = 2R(Z1w1).
In particular, the Minkowski norm is given by
(1, 22)[| = V2 - |21

We may identify Kg with C (considered as a real vector space!) via the projec-
tion to the first coordinate:

KRg(C, (21,2’2)'—>21.

With this identification, the Minkowski norm is equal to the usual euclidean
norm on C = R?, multiplied with /2. Also, the embedding j : K — K is
identified with the embedding o : K < C.

Consider, for instance, the case D = 3. The ring of integers is Ox = Z[w],
with w = (1 ++/=3)/2. If we consider O as a lattice in Minkowski space
Kr = C, we obtain the lattice depicted in Figure 2] Note that the volume
(meaning area) of the fundamental domain, with respect to the Minkowski norm,
is equal to /|dx| = /3, which is twice the area computed with the usual
euclidean norm.
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Figure 3: The ring of integers of Q[v/2] as a lattice in Minkowski space

Example 2.4.28 Let D > 0 be a positive square free integer and K := Q[\/ﬁ]
the corresponding real quadratic number field. We may consider K as a subfield
of R and VD € R in the usual way as the unique positive square root of D.
Let K & K,a + o denote the unique nontrivial automorphism of K, given
by \/5/ = —+/D. The Minkowski space of K is simply Kr = R?, and the
embedding of K into Ky is the map

j: K= Kg=R%* a— (a,ad).

The Minkowski norm on Ky = R? is simply the euclidean norm.
Consider the example D = 2, K = Q[v/2]. The ring of integers is O =
Z[V2] = (1,4/2)7. The lattice j(Ox) C R? is spanned by the two vectors

See Figure [3

Note that the projection of j(Ok) to the first (resp. the second) coordinate
gives rise to the canonical embedding Ox C K C R (resp. the embedding
Ok C K < R, a — «). In contrast to Example the image of this
embedding, i.e. the subgroup Ok C R, is not a lattice. In fact, it is a dense
subset of R. Here we see that, to see the ‘full picture’, it is essential to consider
both embeddings of K into R at the same time.

Exercises
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Exercise 2.4.1 Let K be a number field and a € K an arbitrary element.
Show that there exists a positive integer m € N such that ma € Og.

Exercise 2.4.2 Prove the Claims (i) and (ii) from Example [2.4.9]

Exercise 2.4.3 Show that the polynomial f = x* — 1022 + 1 € Q[z] is irre-
ducible. Deduce that a := /2 ++/3 is a primitive element for K := Q[v/2,v/3].

2.5 Ideals

We start with discussing the general concept of an ideal. Let R be a commutative
ring with unit. Recall that an ideal of R is a subgroup I C R of the additive
group of R such that a-I C I holds for all @ € R. An ideal I < R is called
finitely generated if there are elements aq,...,a, € I such that

I'=(ay,...,an):={>_ bia; | b; € R}.
=1

We call I a principal ideal if it is generated by one element, i.e. I = (a) for some
acl.

Ideals are an abstraction of the set of all multiples of a ring element. Indeed,
for principal ideals we have

(a)={beR| al|b}.

For a general ideal I <« R and a ring element a € I this suggests the following
notation:

Ilb &= bel
The axioms imposed on ideals are then equivalent to the rule
Ila, I'lb = 1Ilazxb, I]ac,

for all a,b,c € R. In this sense, ideals behave just like ordinary ring elements.
More generally, we may define a divisibility relation between ideals of a given
ring R by

IlJ &= Jcl.

This is compatibel with the previous notation because
I'la & I|(a).
Let I,J <0 R be ideals. Then it is easy to check that INJ C R,
I+J:={a+blacl,beJ}CR
and

I-J:={) ab;i|a;el, bjeJ}CR
i=1
are again ideals of R. We also have many rather obvious rules for addition and
multiplication of ideals:
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e Addition and multiplication of ideals is associative and commutative.

e We have a distributive law
I - (J+K)=1-J+1-K.
e The zero ideal (0) <R is neutral with respect to addition; moreover I-(0) =
(0) for all I<R. Theideal (1) = R is neutral with respect to multiplication.

However, neither addition nor multiplication have an inverse. Thus, the set of
all ideals of R, together with the operations + and -, has a similar structure as
the set of nonnegative integers (Ng, +, ). But this analogy is at least partially
misleading, as the following example shows.

Example 2.5.1 Let R = Z. Since Z is a euclidean ring, every ideal I < Z is
principal and has a unique nonnegative generator,

I=(a), a € Np.

In other words, we have a canonical bijection between Ny and the set of all
ideals of Z. This bijection is multiplicative,

(@) - (b) = (ab),
but not additive. Actually, by Corollary we have
(@) + (b) = (a,0) = (ged(a, b)),
It is also easy to check that
(@) N (b) = (lem(a, b)),
where lem(a, b) stand for the least common multiple of a,b € Z.

As this example indicates, we should consider addition of ideals as a gen-
eralization of the greatest common divisor and intersection as a generalization
of the least common multiple. This analogy goes quite far. For instance, we
have the following generalization of the classical Chinese Remainder Theorem
to general rings.

Proposition 2.5.2 (Chinese Remainder Theorem) Let I1,...,1, < R be
ideals in a ring R which are pairwise relatively prime, i.e.

I¢+Ij:R fOl"Z;lé]
Set I :=N;I;. Then the natural ring homomorphism
R/I - @®;R/I;, a modIw~— (a mod Ii)i

is an isomorphism.
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Ideals in Ok

Let us fix a number field K of degree n. From now on and for the rest of
this chapter all ideals will be ideals of the ring of integers Ok . We will denote
them by a,b,c,....

Proposition 2.5.3 Let a <« Ox be a nonzero ideal. Then a is a lattice, i.e. a
free Z-submodule of Ok of rank n.

Proof: Let us first assume that a = («) is principal. Since « # 0, the map
Ok = a=(a), B+ ap

is an isomorphism of Z-modules. Let f1,...,5, be an integral basis of Ok.
It follows that af1,...,aB, is a Z-basis of a. So the proposition is true for
principal ideals.

For the general case we choose an element o € a\{0}. Then

(o) CaC Ok.

These are inclusions of Z-modules, and both («) and Ok are free of rank n. In
this situation, Theorem [2.1.1}implies that a is a free Z-module of rank n as well.
0O

As a trivial consequence of the proposition we obtain:

Corollary 2.5.4 Every ideal a < Ok is finitely generated, i.e. there exists
Qai,...,0, € asuch that
a= ((11,...,an).

Remark 2.5.5 In the language of commutative algebra Corollary says
that Ok is a noetherian ring.

Corollary 2.5.6 For any ideal a <t Ok, the quotient ring O /a is finite.

Proof: Since a is a lattice by Proposition [2.5.3] Proposition [2.4.18| shows

that
|Ok /a| = v/d(a)/dk < oc. (58)

O

Definition 2.5.7 The norm of an ideal a <t O is defined as the cardinality of
its quotient ring,

N(a) :=|0k/a| € Np.
Proposition 2.5.8 Let a € Ok, a # 0. Then

N((@)) = |Ng/g(a)l-
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Proof: Let 31,..., 8, be an integral basis of Og. Then af1,...,af, is an
integral basis of («) (see the proof of Proposition [2.5.3)). Since af; € Ok, we
can write

n
aBi =Y ai;B;,
=1

with a; ; € Z. This means that A := (a; ;) is the matrix of the base change

from (5;) to (aB;). By Proposition (i) and Corollary we have
N((a)) = Vd((@))/dr = |det(A)].

But we may also consider A as the matrix representing the endomorphism ¢, :

K — K, ¢o(B) := af, see Deﬁnition Therefore,
N((@)) = |det(A)| = [Nk q(a)l.

O

Definition 2.5.9 A nonzero ideal p <« Ok is called a prime ideaﬁ if p# Ok
and if for all a, 8 € Ok the following implication holds:

afeEp = «a€por fep. (59)

If we use the suggestive notation p | « for the relation « € p, then
becomes

plag = plaorplp. (60)

This looks very similar to the definition of a prime element of a ring (Definition
1.1.14] (iii)). We immediately obtain:

Remark 2.5.10 (i) A principal ideal (o) <t Ok is a prime ideal if and only
if a is a prime element of Of.

(ii) Let a,b < Ok be ideals and p < Ok a prime ideal. Then
pla-b = plaorplb

(recall that p | a:< a C p).
See Exercise 2.5.2

Theorem 2.5.11 (i) Let p <Ok be a prime ideal. Then pNZ =Z-p, for a
unique prime number p.

(ii) An ideal a < Ok is a prime ideal if and only if the residue ring O /a is a
field.

6In abstract algebra, the zero ideal of an integral domain is also considered as a prime
ideal, since it satisfies (59). In number theory this is a bit unnatural, since 0 € Z is not a
prime number. We will therefore use the term prime ideal only for nonzero ideals.
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Proof: Let p <« Ok be a prime ideal. To prove (i) we have to show that
p:=pNZis aprime ideal of Z. It is clear that p is an ideal and that it satisfies
the Condition [59| of Definition It remains to show that p # {0}. Choose
a € p\{0} and let

Mo (@) =a™ + apm_12™ ... +ag =0

be its minimal equation. We have a; € Z C Ok and ay # 0. Therefore, the
equation shows that ag € p = p N Z, proving (i).

Let a << Ok be an ideal such that the ring O := Og/a is a field. It is
immediately clear that a # (0),Ok. Now let a, 8 € Ok with a8 € a. Write 0
for the zero element of O and @, § for the residue classes of a, 3. Then

O=af=a-j

in O. Since O is a field it follows that @ = 0 or 8 = 0, which is equivalent to
a € aor B € a. We have shown that a satisfies Condition of Definition
and hence is a prime ideal.

To prove the converse we let p <O be a prime ideal and denote the residue
ring by F,, := Ok /p. Reversing the previous argument one shows that F, is an
integral domain. Let p be the prime number with p NZ = Z - p. The inclusion
7Z — Ok induces an embedding

F, :=7/7.-p = F,

of the field F, with p elements into F,. Moreover, F, is an algebraic ring
extension of the field F,,. But F, is also an integral domain. By Exercise [2.5.3] -
this implies that IF, is a field.

Corollary 2.5.12 If p < O is a prime ideal, then N(p) is a prime power, i.e.

Np) =p/, feN
Here p is the prime number such that pNZ =7 - p.

Recall that an ideal I < R of a ring R is called maximal if I # R, and if the
strict inclusion I C J implies J = R, for every ideal J < R. It is an easy but
fundamental fact that an ideal I <t R is maximal if and only if R/ is a field (see
[1], Chapter 10, Corollary 7.3 (a)). Moreover, a maximal ideal is a prime ideal
([, Chapter 11, Proposition 6.8). The converse is false, in general. However,
Theorem 2.5.11] shows:

Corollary 2.5.13 In the ring Ok an ideal is prime if and only if it is maximal.

Prime factorization
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The ring of integers O of a number field is typically not a unique factor-
ization domain. As a compensation, we have the following fundamental result.

Theorem 2.5.14 Every nonzero ideal a << Ok has a factorization into prime
ideals,

a=pr-...-pr

and this factorization is unique up to permutation of the factors.

We need three lemmas before we can give a proof.

Lemma 2.5.15 Let 9 be a nonempty set of ideals of Og. Then 9 has a
maximal element.

Proof: Assume the contrary. Then there exists an infinite ascending chain
a; C ax € ... of ideals a; € M. It follows that the norms of a; form an infinite
descending sequence of nonnegative integers,

N(01)>N(02>..., N(OZ)ZO

But this is impossible, and the lemma follows. O

Lemma 2.5.16 Let a be a nonzero ideal.
(i) There exist a prime ideal p with a C p.

(ii) There exist prime ideals p1,...,p, such that
pr-... pr Ca.

Proof: Let My be the set of all ideals b such that a C b C Ok. Let p be
a maximal element of 9M; (Lemma [2.5.15). Clearly, p is a maximal ideal and
hence a prime ideal by Corollary We have a C p by construction, so (i)
is proved.

Let 95 be the set of all ideals a € O which violate the conclusion of Claim
(ii) of the lemma. We have to show that 9, is empty. We argue by contradiction
and assume that 9, is nonempty. By Lemma [2.5.16] we may choose a maximal
element a € M,. Since prime ideals trivially satisfy the conclusion of Claim
(ii), a is not a prime ideal. Hence there exist ring elements o, as such that
arae € aand ag, s € a. Let a; ;= a+ (aq) and as := a + (az). Then

aCa, aCa ap-ay Ca

It follows that a;,as € Mo, and hence ay, ay contain a product of prime ideals.
But since a7 - az C a, the same is true for a, contradicting the choice of the a.
Now the lemma is proved. m|
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Lemma 2.5.17 Let p be a prime ideal and
p i ={BcK|B-pC Ok}

Then for every nonzero ideal a we have

a-pt ::{Zaiﬂi|ai€a, Bicp '} #a

i=1
Moreover,
p-p =0k,
Proof: It is clear that O C p~!. We first prove p~! # Og. Choose
a € p\{0}. By Lemma [2.5.16] (ii) there exist prime ideals py,...,p, such that
pi-...-pr C(a) Cp. (61)

We may assume that r is minimal with this property. It follows from and
Remark [2.5.10| (ii) that p; C p for at least one index i. But p; is a maximal
ideal (Corollary[2.5.13)) and hence p; = p. After reordering, we may assume that

p = p1. By the minimality of » we have py - ... p,. C (). Choose an element
B €pa-...-pr\(c). Then on the one hand we have
a™'f ¢ Ok, (62)
but on the other hand shows that
B-pC (@) (63)
Combining and we get
a1gep™\Ok.

Hence p~! # Ok.
Now let a be a nonzero ideal and assume that a-p~' = a. Let 3 € p~! be
an arbitrary element. Then
B-acCa.

But a C K is a lattice by Proposition [2.5.3|and hence f € Ok by Lemma [2.4.2
It follows that p~! = Ok, but this contradicts what we have shown above. We
conclude that a-p~! # a.

Finally, the strict inclusion p C p-p~! and the fact that p is a maximal ideal
(Corollary shows that p - p~! = O. Now the lemma is proved. o

Proof of Theorem We first show that every nonzero ideal has a
factorization into prime ideals. Let 2t be the set of all ideals which are different
from (0) and Ok and which do not have such a factorization. Assume that 2t
is nonempty. Then 9 has a maximal element a by Lemma Let p be a
prime ideal containing a (Lemma [2.5.16] (i)). Then

aCa-ptcp-ptcOk. (64)
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It follows from Lemma [2.5.17| that the first inclusion in is strict, whereas
the third inclusion is an equality. Thus, becomes

aCa-p~!cCOk. (65)

By the maximality of a € 21 there exists a prime factorization

a-pt=pr-...p
It follows that
a=a-p lop=pr-...oprep,

which contradicts the choice of a. The existence statement of Theorem 2.5.14]
is proved.
To prove uniqueness, we assume that an ideal a has two factorizations,

a=pr-...-Ppr=4q1...(s- (66)

If a prime ideal p divides the product of two ideals, then it must divide one of
them (Remark (ii)). It follows that p; divides one of the factors q;, say
q1, and then p; = q; because q; is maximal. We multiply with pl_l = ql_1
and, using the equality p; - pl_l =0k (Lemma, get

Paroo Pr=0q2-...-(s.

Iterating this argument we obtain r = s and, after some reordering, p; = q; for
all 7. O

It is instructive to compare the proof of Theorem [2.5.14] with the proof of
unique factorization in Z (see Theoremand Proposition. The struc-
ture of both proofs is essentially identical, but the substance is rather different.
To prove Theorem the main step was to show that irreducible elements of
Z (i.e. prime numbers) are prime elements: this is Euclid’s Lemma, see Corol-
lary But in the context of prime ideals the corresponding statement is
true almost by definition (Remark . In contrast, two statements that
were obvious when dealing with prime numbers and the ring Z are in fact the
crucial ingredients for the proof of Theorem On the one hand, this is
the fact that prime ideals of Of are maximal (Corollary 2.5.13)), on the other
hand it is the method of ‘dividing by p’, which is possible by Lemma

Analyzing the proof of Theorem [2.5.14] in more detail one can see that only
the following three properties of the ring Ok are needed:

(a) The ring O is noetherian, i.e. every ideal is finitely generated (see Corol-

lary [2.5.4).

(b) The ring Ok is integrally closed, i.e. every element of K satisfying a monic
polynomial equation with coefficients in O lies in O . This property was
used implicitly in the proof of Lemma when we applied Lemma
2.4.2
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(c) Every prime ideal of O is maximal.

An integral domain R satisfying properties (a)-(c) is called a Dedekind domain.
Theorem holds more generally for Dedekind rings, and the proof we
gave essentially carries over. This is important in other branches of algebra, in
particular algebraic geometry.

We can now draw several useful conclusions from Theorem 2.5.74l The first
corollary shows that addition (resp. intersection) of ideals corresponds to taking
the greatest common divisor (resp. the least common multiple).

Corollary 2.5.18 Let a,b be nonzero ideals of O with prime factorization

T T
a:Hp?i, b:pri.
i=1 i=1

Here pq, ...,p, are distinct prime ideals and a;,b; > 0. Then
c"_’_b_]‘_[pmmalb) (67)
and
amb__IIpm“‘%¢> (68)

Proof: Fix an indix 7 and set
a = p;‘zi—min(ai,bi) . Hp?j> b — b —min(a;,b; Hp]
J#i J#i

Then either p; 1 o’ or p; 1 b’. It follows that p; ¥ a’ + b’, and hence the prime
factorization of a’ + b’ is of the form

a +b' = Hp;j,
j#i
with ¢; > 0. We conclude that
a+b= p;{nln(a“b i) (Cl + b ) mln(a“b ) Hp
J#i

The uniqueness part of Theorem [2.5.14] shows that min(a;,b;) is the exponent
of ¢ in the unique prime factorization of a + b. This proves . The proof of
is similar and left as an exercise. a

Corollary 2.5.19 (i) Let a = p}* - ... - p%" be the prime factorization of a
nonzero ideal a. Then

N(a) = N(p)® ... N(p,)"



(ii) The ideal norm is multiplicative, i.e. we have
N(a-b) = N(a)-N(b),
for two ideals a, b.

Proof: For i # j the ideals p* and p?j are relatively prime, i.e. we have

Pyt +py = Ok

Therefore, the Chinese Remainder Theorem (Proposition [2.5.2)) gives us a ring
isomorphism

Or/a= O /p]* ®... 0 Ok/py.

We conclude that
N(@) = N(p§) - ..o N(poo).

T

Thus, for the proof of (i) we may assume that a = p® for a prime ideal p. We
consider the chain of ideals

Ogk DpOp?D...0p"=a. (69)

We claim that for i = 0,...,a— 1, the quotient group p’/p™! may be considered
as a one dimensional vector space over the field F, := O/%B. Once we have
proved this claim, it follows immediately from the multiplicativity of the index
of a subgroup that

N(a) =(Ok :0) = (Ox :p)- (p:p°)-...- (0" " :p%) = N(p)*,

finishing the proof of (i).
To prove the claim we first have to endow the abelian group p*/p**! with a
scalar multiplication by the field F,. But this is the obvious map

Fp x p'/p = p' /o™ (a+p. B+p"h) = af +p
It is a routine exercise to check that this map is well defined and makes p?/p*+!
an [Fp-vector space. By the uniqueness of prime factorization we have p’ # p*1.
Choose any element o € p*\p**! and set b := p'*! + (a). Then p? D b D pitl.
Using again the uniqueness of prime factorization, we see that b = p’. It follows
immediately that the residue class a+p**! spans p?/p**! as an F,-vector space.
Thus we have dimg, p/p"** =1, and (i) is proved.
Finally, the multiplicativity of the norm follows directly from (i). |

Decomposition of prime numbers

Let us now fix a prime number p. We are interested in the prime decompo-
sition of the ideal (p) < Ok,

(P) =pT -yt (70)

Here p; are pairwise distinct prime ideals, and e; > 1. We call the decom-
position or prime factorization of p in K.
We will first fix some terminology related to (70)).
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Definition 2.5.20 Let p be a prime ideal of K and p the unique prime number
such that p | p. Then p = p; for a unique index ¢ in (70).

(i) The exponent
e(p) :==e;
in is called the ramification index of p. The prime ideal p is called
ramified if e(p) > 1. If e(p) = 1 then p is called unramified.
(ii) By Corollary we have N(p) = p/, for some f > 1. In fact,
f=1[Fy : Fpl.
The number f = f(p) is called the inertia degree of the prime ideal p.

Sometimes we also write f; = f(p;) and e; = e(p;) for i =1,...,r.

By Proposition and Corollary [2.5.12] we have
b= N() = [ NG =[]
i=1 i=1

The resulting identity
n= Z eifi (71)
i=1
is called the fundamental equality. If we do not want to order the factors of p
we can write it in the form

n=> e)f(p) (72)

plp

Definition 2.5.21 (i) The prime number p is called ramified in K if there
exists a prime ideal p < Ok with p | p and e(p) > 1. Otherwise p it is
called unramified in K.

(ii) The prime number p is called totally split in K if e(p) = f(p) = 1 for all
p | p. It is called totally ramified if e(p) = n and f(p) = 1 for the (unique)
prime divisor p of p. It is called totally inert if e(p) = 1 and f(p) = n, for
the (unique) prime divisor p of p.

The next theorem gives a concrete way to compute the decomposition of a
prime number p in K; unfortunately it only works under an extra assumption

which is not always satisfied (but see Remark [2.5.25)).

Theorem 2.5.22 Assume that Ok = Z[a] for a primitive element «. Let
f € Z[x] denote the minimal polynomial of a. Let p be a prime number and let
f € Fp[z] denote the reduction of f modulo p. Let

f=frfe
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be the decomposition of f into pairwise distinct, monic and irreducible factors
in Fy,[z]. Finally, let f; € Z[z] be a monic integral polynomial which reduces to

fi- Then
() =]]»
i=1

where
pi = (p, fila)) <Ok

are pairwise distinct prime ideals, with inertia degree f(p;) = deg(f).

Proof: Let g € F,[z] be one of the irreducible factors of f and g € Z[z]
a monic integral polynomial lifting g. Let e € N be the exponent of g in the
decomposition of f in irreducible factors (recall that F,[x] is a euclidean domain
and hence factorial). In view of Theorem and the fundamental equality
, the following claim is all we need to show.

Claim: The ideal

p = (p,9(a))
is prime with N(p) = pd°8(9), Furthermore, e is the exponent of p in the prime
factorization of (p), i.e.

e=max{keN| p*|p}.

We are now going to prove the claim. It is immediately clear that p does
not depend on the choice of the lift g but only on g. Using the isomorphism

Ok = Zla] = Z[z]/(f)
and the third isomorphism theorem (see Exercise [2.5.4]) we obtain isomorphisms

Ok /p = Zla)/(p, . 9) = Fplal/(f,7) = Fplz]/ ().

Since g is irreducible, the quotient ring F,[x]/(7) is a finite field with ¢ = pdes(®)
elements (see [1], Chapter 13, Lemma 5.2). It follows that p is a prime ideal
with norm N(p) = pd°8(@ proving the first half of the claim.

Now we use the quotient ring O := Og/(p). Reasoning as above we get
isomorphisms

O = Z[z]/(p, f) = Fylal/(f).

For convenience, we will consider this isomorphism as an equality. Then the
canonical homomorphism

m: Ok :Z[Oé] —>@=Fp[$]/(f)

sends an element 3 = h(a), with h € Z[z], to the residue class of the polynomial
h € Fylz]. Let p:= (§)/(f) < O be the ideal generated by the residue class of
g. For any k € N we have

Pt = (g" /(). (73)
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It follows that
p"+(p) = (p,g(@)*) =771 (p"). (74)

By the definition of § and e we can write f = g°h, for a polynomial i which is
relatively prime to g. It follows that

- - g k<
@D =@ a={7) k= (75)
(%), k=e
Together with this shows that
PP 2. 2P =pT =
and, using we obtain
pH@ 20"+ @2 2+ () =pF + ()= ... (76)

Let .
(p) = ] ¥
i=1

be the factorization of (p) into distinct prime factors. Since p | p we have p = p;
for a unique index i. By Corollary [2.5.18 we have

min(e;,k e,
o+ (p) = e T vs
J#i

Together with this shows that e = e;. This finishes the proof of the claim
and hence of Theorem 2.5.22 O

Corollary 2.5.23 Assume Ok = Z[f]. Then a prime number p is ramified in
K if and only if p | di. In particular, all except finitely many prime numbers p
are unramified in K.

Proof: Let f denote the minimal polynomial of § and f € Fplz] the re-
duction of f modulo p. By Theorem p is ramified in K if and only if
f is inseparable (i.e. one of its prime factors occurs with mutiplicity > 1). By
Corollary[2.2.4] this happens if and only if d | A(f). But A(f) = dk by Remark

2414 O

Example 2.5.24 Let K := Q[i] be the field of Gaussian numbers. The ring of
integers of K is the ring of Gaussian integers Z[i]. According to Theorem
the decomposition of a prime number p in K depends on the factorization of
the polynomial 2% + 1 € F,[z]. There are three distinct cases.

e For p =2 we have 22 + 1 = (z + 1)? in Fy[z]. This shows that

(2) =p?, withp:=(2,i+1)=(i+1).
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e Assume p =1 (mod 4). Then —1 is a quadratic residue modulo p. This
means that
2 +1=(z+a)(r—a) € Fyla,

for some integer a prime to p. It follows that
(p) = p1p2,  where py := (p,a+1), p2 := (p,a —9).

e Assume p =3 (mod 4). Then —1 is a quadratic nonresidue modulo p and
the polynomial 22 + 1 € F,[z] is irreducible. It follows that (p) is a prime
ideal of O = Z[i].

Remark 2.5.25 In order to apply Theorem [2.5.22] the ring of integers of K has
to be of the form Ok = Z[a] for a primitive element . Unfortunately, this is

not always the case, see Example [2.5.26] and Remark [2.5.27]

There always exists an element o € Ok which is a primitive element for the
number field K. Then Z[a] is a subring of Ok with fraction field K. Such a
subring is called an order of K. The conductor of Z[a] is the ideal

S::{ﬁEOKlﬂOKCZ[a]}.

One can prove that the statement of Theorem remains true for all prime
number p such that (p) is relatively prime to §. Note that this condition holds
for almost all p. See [6], Satz 1.8.3 and Exercise [2.5.5

Furthermore, one can show that the statement of Corollary is true
without any assumption. See [6], Korollar I11.2.12.

Example 2.5.26 Let K = Q[f] be the number field considered in Example
2.4.20] with generator # and defining polynomial

f=a*+2%>-22+8.
We have seen that dx = —503 and that O = Z[0, o], where

0%+ 0
5
It follows that Z[f] C Ok and that the conductor § of the order Z[f] is a divisor
of 2,

512

Therefore, by Remark|2.5.25|the conclusion of Theorem|2.5.22|holds for all prime
numbers p # 2. Consider, for instance, the prime p = 503. A computation in
the finite field F5g3 shows that

f=a%+a% 22 +8 = (x+299)(x +354)% (mod 503).
‘We conclude that
(503) = q1493,
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where
q1 := (503,60 + 299), (503, 6 + 354)

are the two distinct prime divisors of 503 in K. In particular, p = 503 is ramified
in the number field K.

What about p = 2? Since 2 t dg = —503, p = 2 should be unramified by
Remark In order to verify this directly, we are going to show that

(2) =p1-p2 - p3,
where
p1i= (2,9,0&), P2 = (2,9,@—1), ps = (2,9—1,&—1)

are pairwise distinct prime ideals. Note that we cannot use Theorem [2.5.22]
directly, and that
f=a2%(x+1) (mod?2).

Let p1,p2,ps < Ok be the ideals defined above. Clearly, p; | 2. It is also
easy to see that the ideals p; are relatively prime and hence pairwise distinct.
For instance,

p1+p2=(2,0,0,a—1)=(1) = Ok.

Next we show that p; # Og. Clearly, it suffices to find elements 8; € K\Og
such that 3; - p; C Ok, for i = 1,2,3. We leave it for the reader to check that

a+1

B = 5 521:%, B3 = =

do the job.
Since the ideals p; are relatively prime and p; | 2, Theorem [2.5.14] implies
that

pipaps | 2.
Using the multiplicativity of the norm we obtain
N(p1)N(p2)N(ps) | N((2)) = 8.

But N(p;) > 1 because p; # Ok. We conclude that N(p;) =2 for ¢ = 1,2,3. Tt
follows that p; is a prime ideal with N(p;) = 2 and that (2) = p1paps.

Remark 2.5.27 The previous calculation shows that the ring of integers Ok
of the number field K = Q[f)] is not of the form Z[y], for any v € Og. To
see this, assume that Ok = Z[y] and let g € Z[x] be the minimal polynomial
of v and g € Fax] its reduction modulo 2. As the prime number 2 splits into
three distinct prime ideals, Theorem [2.5.22] shows that § would split into three
distinct linear factors, i.e.

g=(z—a1)(z —a2)(z — a3),

with a; € Fo and a; # a;. But [F; has only two elements, so this is impossible.
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Exercises

Exercise 2.5.1 Let R be a commutative ring and I,J < R relatively prime
ideals. Show that
InJ=1-J.

Exercise 2.5.2 Prove the claims made in Remark 2.5.101

Exercise 2.5.3 Let K be a field and L an integral domain which contains K
as a subfield. Assume that L/K is algebraic, i.e. that every element « € L is
algebraic over K. Prove that L is a field.

Exercise 2.5.4 Prove the third isomorphism theorem: let A be an abelian
group, with subgroups B,C C A such that C C B. Then there is a canonical
isomorphism

(A/C)/(B/C) = AJC.

Exercise 2.5.5 Let K be a number field of degree n, a € Ok an integral
primitive element, f € Z[r] the minimal polynomial of «, p a prime number and
f € Fplz] the reduction of f modulo p.

(i) Show that § := {8 | BOk C Z[a]} is a nonzero ideal of O.
(ii) Assume that (p) + § = Ok. Construct a ring isomorph
O = Ox/(p) = Fplzl/(f)

and extend the proof of Theorem [2.5.22| to the situation considered in this

exercise.

Exercise 2.5.6 Let K = Q[v/—7] and 0 := (1 ++/-7)/2.
(i) Show that p := (11,0 — 5) < Ok is a prime ideal.
(i) Determine a Z-basis of p~1.

(iii) Is p a principal ideal?
)

(iv) Determine the decomposition of (22) < Ok into prime ideals.

Exercise 2.5.7 Let K be a number field and C > 0 a constant. Show that
there are only finitely many ideals a << O with N(a) < C.
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2.6 The class group

As before, we fix a number field K/Q. Our next goal is to define the class group
Clg of K. Together with the type (r,s) and the discrimant dg, this is another
fundamental invariant of a number field.

The fastes way to define Clg goes as follows. T'wo nonzero ideals a,b < Og
are called equivalent if there is an element o« € K> such that b = « - a. Then
Clk is defined as the set of equivalence classes of nonzero ideals a << Og. In
particular, an ideal a is equivalent to the ideal (1) = Ok if and only if a is a
principal ideal. This means that the class group Clk is trivial (i.e. consists of
just one element) if and only if Ok is a principal ideal domain.

It is easy to see that multiplication of ideals is compatible with the equiva-
lence relation and hence gives rise to a multiplication operation - on Clg. The
main problem is then to show that (Clg,-) forms a group. The proof of this
crucial fact becomes easier and more transparent if we generalize the notion of
an ideal and include this notion in the definition of Clg.

Definition 2.6.1 A fractional ideal of K is a finitely generated O g-submodule
a C K, with a # {0}. In other words,

a= (alv"'aa’r) :{Zalﬂl | /B’L GOK}a
i=1

with elements a,...,a, € K*. We write a<t K to indicate that a is a fractional
ideal of K. A fractional ideal is said to be principal if it is generated by one
element, i.e. a = (a).

Example 2.6.2 Assume K = Q. Then every fractional ideal is principal. In-
deed, let

U.:(Oél,...70[r)<]@, aie@x7
be a fractional ideal. We can write o; = a;/b, with a;,b € Z\{0}, where b

is the common denominator. Since Z is a principal ideal domain, we have
(a1,...,a,) = (a) <Z, where a is the ged of the a;. It follows that

a= ~(a1,...,ar):(%)

S| =

is principal.

Remark 2.6.3 The following facts are either immediate consequences of Defi-
nition [2.6.1] or are easy to show. Note, however, that the condition of being
finitely generated is crucial for the proof of (ii) and (iii).

(i) A nonzero ideal of Of is the same thing as a fractional ideal of K contained
in Og. To stress this, we will sometimes call a fractional ideal contained
in Ok an integral ideal.
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(ii) Given a fractional ideal a < K there exists an integer m # 0 such that
m-a <Ok is an integral ideal. This follows from (i) and Remark

(ii) Every fractional ideal a < K is a lattice, i.e. a free Z-submodule of K of
rank n = [K : Q]. This follows from (ii) and Proposition [2.5.3]

(iv) If a,b < K are fractional ideals then so are a + b,aNb and

u'b::{zaiﬁi|ai€aa Bi €b }.

The next lemma shows that fractional ideals are ‘invertible’.

Lemma 2.6.4 Let a << K be a fractional ideal. Then
al:={BeK|B-aCc Ok}

is a fractional ideal as well, and we have a-a~! = Og.

1

Proof: It follows from its definition that a=" is an Og-submodule of K. To
1

see that it is finitely generated, choose an element « € a\{0}. Then - a™"' is
again an Og-submodule of K and moreover, - a~! C Og. This means that
a-a~!is an integral ideal and hence finitely generated (Corollary . We
conclude that a~! is finitely generated and hence a fractional ideal.
To show that a-a~! = Ok we first assume that a <t O is integral. Let
a=py-...-Pr

be the prime decomposition of a (Theorem [2.5.14]). We set

b=prt.op

That’s a fractional ideal by what we have already shown. Using Lemma [2.5.17]
we see that

a-b=(pi-pr') .o (prop ) = Ok. (77)
This shows that b C a='. On the other hand, for every 3 € a~! we have
B-aC Ok. Using we get

Be(B) =B a-bcChb.

We conclude that b = a~! and now shows that a-a~! = Ok.
If a < K is a general fractional ideal, we choose m € Z\{0} such that b :=
m-a <10k (Remark (ii)). Using what we have already shown we see that

a-al=(m-a)-(m*t-a)=b-b""=0Ok.

This completes the proof of the lemma. ]
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Definition 2.6.5 We let Jx denote the set of all fractional ideals of K. Lemma
shows that Jx is an abelian group with respect to multiplication. We call
(Jk, ) the ideal group of K.

The subset Px C Jg consisting of all principal fractional ideals is obviously
a subgroup. The ideal class group of K is the quotient group

OlK = JK/PK.

Elements of Clk are called ideal classes and written as [a], where a € Jk is a
representing element.

Remark 2.6.6 It follows from Remark (ii) that every ideal class in Clg
is represented by an integral ideal. Moreover, two integral ideals a,b <1 Ok
represent the same class if and only if there exists an element o € K* such that
b = o -a. We see a posteriori that Definition [2.6.5] gives the same result as the
informal and preliminary definition of the class group given at the beginning of
this section.

Remark 2.6.7 For a number field K, the following three conditions are equi-
valent:

(a) The class group Clk is trivial.

(b) The ring Ok is a principal ideal domain.

(¢) The ring Ok is factorial.

Indeed, the equivalence (a)<(b) follows from the previous remark. The impli-
cation (b)=(c) is Proposition |1.1.16] For the implication (c¢)=-(b), see Exercise

Example 2.6.8 We consider the number field K = Q[v/—5]. Let a 9 O =
Z[v/—5] be an integral ideal.

Proposition 2.6.9 The ideal a is either principal, i.e. a = («), or of the form

14++v-5

a= (a0 =),
for some a € a, a # 0. In the second case, a is not a principal ideal.

Proof: We consider O = Z[v/—5] as a subring of C (by setting /-5 :=
iv/5). Then a C C is a lattice, in the sense of Definition [2.4.21, Let o € a\{0}
be an element with r := || minimal. If (o)) = a then we are done. So we assume

that (a) # a.

Lemma 2.6.10 Let n € N, v € a and
D:={zeC||z—~/n| <r/n}.
Then D Na = {y/n}.
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Proof: Let 5 € DNa. Then nff—~ € a and |nS—~| < r. Now the definition
of r implies nB =+, proving the lemma. O

The principal ideal () C C is a lattice with Z-basis («, ay/—5). Let
P:={ta+sav-5|0<t,s<1}cC

be the corresponding fundamental domain for the lattice («) (Definition [2.4.21)).
The assumption (a) # a means that there exist § € anN P, § # 0. Let
Dy,...,D4 C C be the circles with radius r and centers 0, a, av/—5, a 4+ a/—5
(the vertices of P!). Also, let Ds, Dg, D7 be the circles with radius r/2 and
centers /2, (1 + v/=5)/2,a + /=5/2. The following picture shows that the
disks Dy, ..., D7 cover the fundamental domain P (where o = 2):

[ 3
[}

Therefore, by Lemma [2.6.10} the element 3 € a N P must be a center of one
of the disks. Since § # 0 and since «, ayv/—5, (1 + v/—5) and o + /—5/2 do
not lie on P, this leaves us with only two possibilities, namely

B=avV=5/2,a(1+/=5)/2.

Suppose 3 = ay/—5/2. Then 8v/—5+2a = —a/4 € a. But this contradicts the
choice of a. We conclude that 8 = a(1 + 4/=5)/2 is the only element in a\(«)
which lies in P. It is now easy to see that a = (a, ).

It remains to be seen that a = (a, ) is not a principal ideal. So assume
that a = (). Then « | @ which implies |y| < |a| = r and then also |y| = |a],
by the choice of a. It follows that v = £« and hence a = (v) = («). However,
B € a\(«), contradiction! This completes the proof of Proposition m o
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Corollary 2.6.11 The class group of K = Q[v/=5] is a cyclic group of order
2. Its unique nontrivial element is represented by the fractional ideal

14++v-5

ag = (1 B)

).

Finiteness of the class group

Theorem 2.6.12 Let K be a number field of type (r,s). Set

2 S
CK = (7‘(‘) \/ ‘dKl
Then every ideal class in Cly is represented by an integral ideal a << Ok with
Together with Exercise this implies the finiteness of Clx.

Corollary 2.6.13 The class group Clg is finite.
Definition 2.6.14 The order hk := |Clk| is called the class number of K.

Remark 2.6.15 With a bit more work one can show that the constant Cx in
Theorem [2.6.12f can be replaced by

P [4\°
MK :Zn(ﬂ_) \/|dK|.

nn

This stronger version of Theorem [2.6.12] is called Minkowski’s bound. See e.g.
[6], I, §5, Aufgabe 3.

The proof of Theorem [2.6.12| uses the following general result on lattices in
euclidean vector spaces.

Theorem 2.6.16 (Minkowski) Let (V,(-,-)) be a euclidean vector space of
dimension n, I' C V' a complete lattice and X C V a nonempty subset. Assume
the following:

(a) X is symmetric around the origin, i.e. —X = X.
(b) X is convex.
(c) vol(X) > 2™ - covol(T").

Then X NI contains a nonzero vector.
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Proof: Let (y1,...,7,) be a Z-basis of T and
P={z=o1m1+... 42y |02, <1}

the corresponding fundamental domain. Recall that V' is the disjoint union of

the sets P+, v € I (Proposition [2.4.22| (ii)).
Claim: There exist 71,y € I' with ;7 # 5 such that

(3 +90) 0 (X +72) £0.

To prove the claim we assume the contrary, i.e. that the sets %X + v are
pairwise disjoint. Then the sets P N (21X + ) are also pairwise disjoint. It
follows that

vol(P) > > " vol (PN (%X +7))

= ZVO]((P —y)N %X) (78)
yel

= Vol(%X) = 27"vol(X).

But this contradicts Assumption (¢) and proves the claim.
We have shown that there exist 71,72 € I' and x1, 22 € X such that v # 7o
and

1 )
L _ T , 79
5 tn=5 47 (79)

Then —z5 € X by Assumption (a) and hence (z1 — x2)/2 € X by Assumption
(b). Using we conclude that

T1 — T2
2

Y=y —m= € (X nI)\{o}.

This proves Minkowski’s theorem. O

We return to the situation of Theorem 2.6.12

Lemma 2.6.17 Let a << Ok be a nonzero ideal. Then there exists an element
a € a\{0} with
|IN(a)| < N(a) - Ck.

Proof: Let 01,...,0, : K — C be the n distinct embedding of K into C.
We may assume that o; is real for ¢ = 1,...,r and that 6,49, = 0,42;—1 for
t=1,...,s. Recall that the Minkoski space for K is the real vector space

Kg:={(z) €C" | z1,...,2r €R, 2p19; = Zrj2i-1 }.

The map
j: K < Kg, a— (o1(a,...,on(a)),
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is a Q-linear embedding which maps any Q-basis of K to an R-basis of Kg. This
implies that the subgroup j(a) C V is a complete lattice. Furthermore, we have

covol(j =+/|d(a)| = N(a) - v/|dk]|- (80)

Let us choose positive constants ¢y, ...,¢, > 0 such that ¢,19; = ¢,40;—1 for
t=1,...,s and

H ¢i = N(a)Ck +e. (81)
We set

X::{(zi)EKR||zi|<ci,i=1,...7n}CKR.

Clearly, X is symmetrical around the origin and convex (Conditions (a) and
(b)) from Theorem [2.6.16]). An easy calculation also shows that

vol(X) =27 7 [T s (82)

Together with and and the definition of Cx we obtain

vol(X) > 2"N(a)/]dx| = 2"vol(j(a)).

We see that Condition (c) of Theorem [2.6.16| is also verified. Applying the
theorem we conclude that there exists o € a\{0} such that j(a) € X. The
latter condition, combined with , means that

Oé)|=H|CT, |<HC’L_ CK+€
=1

Since N («) € Z, this shows that |[N(a)| < N(a)Ck, provided that ¢ was choosen

sufficiently small. The lemma is proved. O
Proof: (of Theorem[2.6.12) Let a <Ok be a nonzero ideal. By Lemma
we can choose m € N such that b := m - a~! is an integral ideal. Applying

Lemma [2.6.17 to b we obtain an element 8 € b\{0} with
IN(B)| < N(b)Ck.

Set a’ := fb~' = m~'Ba. This is an integral ideal in the same ideal class as a
such that
N(a) = [N(B)|-N(b)"" < Ck.

(Here we have used Exercise ) Now Theorem [2.6.12]is proved. 0

The class group of imaginary quadratic fields
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We fix a squarefree integer d < 0 and set K := Q[v/d]. Then Ok = Z[f],
where
0. Vd, d=2,3 (mod 4),
o 1+T\/3’ d=1 (mod 4).

The discriminant of K is dg = 4d in the first and dxg = d in the second case.
We let f := mg € Z[z] denote the minimal polynomial of 6, so f = 2% — d in
the first and f = 22 — o + ¢, with ¢ := (—d + 1)/4, in the second case. Given
a=x+yl € Ok, with x,y € Z, we have

% — dy?, d=2,3 (mod 4),
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2> +ay+cy?, d=1 (mod 4). (83)

Nijola) = Q(z,y) := {

Note that Q(z,y) is a positive definite quadratic form in z,y. This is in fact
the only way in which we use the assumption d < 0.

Our goal is to determine the class group Cgk explicitly. This is possible
by a finite amount of calculation for two reasons. Firstly, every ideal class is
represented by an ideal a with N(a) < Cx = 24/|dk|/m (Theorem , and
it is relatively easy to list the finitely many ideals with this property. Secondly,
in order to identify or distinguish the ideals in this list up to equivalence, it is
necessary to solve, for certain m € N, the norm equation

NK/Q(CY) =m, a € Ok. (84)
Writing a = z + y0, becomes

Qz,y) =m, z,y € L. (85)

Since the left hand side is a positive definite quadratic form, we can decide in
finite time whether or not has a solution.
For a systematic approach the following notion is very useful.

Definition 2.6.18 A nonzero ideal a <1 O is called primitive if there exists an
integer a € Z such that
f=a (mod a).

Proposition 2.6.19 (i) A nonzero ideal a <« Ok is primitive if and only if
there is a ring isomorphism Ok /a = Z/mZ, where m := N(a).

(ii) Let m € N and a € Z be given, with
f(@)=0 (mod m).

Then
a:=(m,0—a) <Ok

is primitive, and N(a) = m.
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(i) Every primitive ideal a is of the form a = (m, 0 — a), with m,a as in (ii).
Moreover, m and the image of a in Z/mZ are uniquely determined by a.

Proof: For any nonzero ideal a << Ok we can write aNZ = mZ for a unique
positive integer m € N. We obtain an injective ring homomorphism

Z/mZ — Ok /a, a+mZ— a—+a. (86)

If a is primitive, and a € 7Z is such that § = a (mod a), then is surjective.
Indeed, for any element & = = + yf € Ok we have @ = x + ya (mod a).
Conversely, if is surjective, then there exists a € Z with § = ¢ (mod a) and
hence a is primitive. This proves (i).

In (ii) the only nontrivial thing to prove is the equality N(a) = m. The
Taylor expansion of f € Z[z] at * = a and the assumption f(a) = ¢ (mod m)
show that

f(@) = fla) + (z — a)g(z) = f(a) =0 (mod (z —a,m)).
Therefore, we have natural ring isomorphisms
Ok /a2 Zlx])/(f,m,z —a) = Zlz]/(m,z — a) = Z/mZ.

Now (ii) follows. The proof of (iii) is similar and left to the reader. |

The representation a = (m, 0 — a) from Proposition [2.6.19| (ii) is called the
standard form of a. Note that, if we assume 0 < a < m then the pair (m,a) is
uniquely determined by a.

Corollary 2.6.20 Let a = (m,0 — a) be a primitive ideal in standard form.
Then a is principal if and only if there exists z,y € Z, such that

Q(z,y)=m and z+ay=0 (modm). (87)
Here Q(z,y) is defined as in (83).

Proof: Assume first that a = («) is principal, with « = z + yf. Then
N(a) = Ngjg(a) = Q(z,y) by Proposition So Proposition shows
that Q(z,y) = N(a) = m. Morever, the congruences § = a (mod a) and o =0
(mod a) imply

xr4+ya=a=0 (mod a).

This means that © + ya € aNZ = mZ, i.e. x +ay =0 (mod m).

Conversely, assume that holds. Then o := x +yfd = . +ya = 0
(mod a), which means that («) C a. Therefore, the equality of norms N((«)) =
Nk g(a) = N(a) implies the equality of ideals (c) = a. a

Remark 2.6.21 Let p < Ok be a prime ideal. Then p is either primitive or
principal. Indeed, let p be the unique prime number such that p | p, and let
f € F, denote the reduction of f modulo p. If f is irreducible, then (p) is a
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prime ideal by Theorem [2.5.22] and hence p = (p). We say that the prime p is
inert.
Otherwise, f = (z — a)(x — b) (mod p), with a,b € Z, and then

(p) = (p,0 —a)-(p,0 —0)

is the prime decomposition of the ideal (p) (Theorem . We say that p
splits. It follows that p is one of the two factors, say p = (p,6 — a). But then
f(a) = 0 (mod p), and hence p is primitive, by Proposition (ii). Note
that p (resp. p) is ramified if and only if the two factors are equal. By Theorem
this is the case if and only if a = b (mod p).

Lemma 2.6.22 Let a = (m,0 —a) <Ok be a primitive ideal in standard form.
Let m =[], p;" be the prime factorization of m. Then the prime factorization
of a is

where p; := (p;, 0 — a).

Proof: Since p; | m we have f(a) =0 (mod p;), for all i. Hence it follows
from Proposition (ii) that p; := (p,0 — a) < Ok is a primitive prime ideal

Let p | a be an arbitrary prime divisor of a. Then # = a (mod p), so p
is primitive. By Remark p = (p,0 — b) for some prime number p, and
N(p) = p. Since p = N(p) | N(a) = m it follows that p = p; for some i.
Moreover, b = 0 = a (mod p). We may therefore assume that b = a and hence
p=p:

We have shown that the prime decomposition of a has the form a =[], p{*,
with ¢; > 0. But then the multiplicativity of the norm implies

[1s =m=nN =]
We conclude that ¢; = e; for all 4, and the lemma is proved. O

Lemma 2.6.23 (i) Let p < Ok be a primitive and unramified prime ideal.
Then p€ is primitive, for all e > 1.

(ii) Let aq,...,a, <Ok be primitive ideals, and assume that the norms m; :=
N(a;) are pairwise relatively prime. Then a :=a; - ... - a, is primitive.

Proof: By Remark we can write p = (p,0 — a), where p is a prime
number and a € Z is such that f(a) =0 (mod p). Furthermore, f = (z—a)(z —
b) (mod p), with a # b (mod p). We claim that there exists a; € Z such that
a; =a (mod p) and f(a;) =0 (mod p'*1), for all i > 0.

We prove the claim by induction on ¢. For i = 0 we set ag := a. For i > 0 we
set a; := a;_1 + p'd, for some d € Z. Then a; = a;_1 = a (mod p), no matter
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how we choose d. We will show that f(a;) = 0 (mod p't!) for some d. Our
induction hypothesis says that f(a;—1) =0 (mod p*). This shows that

f=(z—ai1)(@-V)+p'y, (88)

for certain ¥’ € Z and g € Z[z]. Using f(b) =0 (mod p) and a Z b (mod p) one
easily shows that " = b (mod p). Furthermore,

flai) = p'd(ai—y — b +p'd) + p'g(a;)
=p'(d(ai1 — V) +g(a;)) (mod p'*t) (89)
=p'(d(a—1b) + g(a;)) (mod p"*).

Using a # b (mod p) and the fact that I, is a field one shows that there exist
d € Z such that
d(a—0b)+g(a;) =0 (mod p). (90)

Combining and yields the desired congruence f(a;) = 0 (mod p**?!)
and proves the claim.

Set q; := (p™!,0 — a;). Then q; is a primitive ideal with N(q;) = p**!, by
Proposition (ii) and the claim. In particular, every prime deal dividing ¢;
also divides p and is therefore equal to p = (p,0 — a) or p = (p, 6 — b). However,

With a; € Z as in the claim we have

pi—‘,—l _ <pi+179 _ ai)-
Indeed, the right hand side is a primitive ideal

Theorem 2.6.24 Every nonzero ideal a <\ Ok has a unique presentation of the
form
a==Fk-ag,

with ag < O primitive.

Proof: Let a<iO be an arbitrary ideal, with prime factorization a = [, p5*.
We will show the existence of a presentation a = k - ap, with k& € N and ag
primitive, and leave the proof of its uniqueness as an exercise.

Assume that there exists an index ¢ such that the prime ideal p; is not
primitive. Then p; = (p;) for a prime number p;, by Remark This
means that

a=p-d, with o := Hp;j.
J#i
Now it suffices to prove the theorem for the ideal a’. Therefore, we may assume
that all prime factors p; of a are primitive. Similarly, if p; is ramified and e; > 1,
then p? = (p;) for a prime number p;, and we can write

. =2 i
a=p;-a, with o’ :=p§ -Hpjj.
A

8



Hence we may also assume that e; = 1 if p; is ramified. But now Lemma [2.6.23]
shows that a is primitive. m]

Combining Theorem [2.6.12 with Theorem [2.6.24] we obtain:

Corollary 2.6.25 Every class in Cl is represented by a primitive ideal a<tQO
with N(a) < Ck.

This means that, in order to compute the class group we may restrict our
attention to primitive ideals. Using Lemmal[2.6.22)and Lemma it is actual-
ly rather easy to list all primitive ideals a with N(a) < Ck, by writing them as
products of primitive prime ideals p << Ok with N(p) < Ck. The structure of
the class group can then be determined by solving a finite list of norm equations

Q(x,y) = m, using Corollary [2.6.20

Example 2.6.26 We set d := —47. Then O = Z[6)], with 0 := (1 ++/—47)/2.
The minimal polynomial of 8 is f = 22 — 2 + 12, and the norm of an element
a=1x+ybis

Nk jola) = Q(x,y) = 2 — zy + 1292

The constant C' is equal to

Cx =

/AT
~ 4 364 < 5.
™

The first step is to find all primitive ideals with norm less than 5. For p = 2 we
have
f=a(x—1) (mod 2).

It follows that

(2) = p2 - po, with  py :=(2,0), p2:=(2,0—1).
Similarly, f = 2(z — 1) (mod 3) and hence

(3) = p3 - ps, with  p3:=(3,0), ps:= (3,0 —1).

By Lemma every primitive ideal a with N(a) < 5 is a product of the
four primitive prime ideals po, po, p3,Pp3. For norm reasons, there are exactly
eight possibilities. Only one of them, (2) = ps - pa, is not primitive, by Lemma
We see that there are exactly 7 distinct primitive ideals a with N(a) < 5,
namely

(1)ap23ﬁ27p37ﬁ37p§aﬁ§~ (91)

The second step consists in finding all relations between the ideal classes
of the 7 ideals listed in . Using Corollary this can be done very
systematically, but the procedure would be rather tedious. It is easier to first
simplify the situation a bit. Note that the equality N(6) = 12 together with
Lemma [2.6.22] shows that

(0) = P§P3-
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This implies the relation p3 ~ pgl ~ p3. Applying this relation to the ideals in
we see that every ideal is equivalent to one of the following 5 ideals

(1)71327!32»]337133« (92)

We claim that these 5 ideals are pairwise not equivalent. To prove this claim we
assume that a; ~ as, where a, as are distinct ideals listed in . Using the
relations py L'~ py and Py L'~ ps one easily shows that there exists an integral
ideal b ~ a; - a; ' ~ (1) such that

be {p2p3,pg,p§} (93)

The ideals in this list have norm 4, 6,9. However, for a = x + yf we have

2z + 47
N(@) = (559)" + T,

which is either > 9 or equal to 2. It follows easily that none of the three ideals
listed in is principal, contradiction. This proves the claim.

We have shown that the class group Clx has exactly 5 elements. Since 5
is a prime number, this implies that Clg is cyclic of order 5, and generated by
any of its 4 nontrivial elements. For instance,

Clg = ([p2]) = Z/5L.

One consequence of this result is that the ideals p5 and p3 should be principal.

Indeed, using Lemma and Corollary one shows that
ps =(32,0 —5) = (0 —5),  pj = (243,60 — 115) = (20 + 13).

Example 2.6.27 We set d := —163. Then Ox = Z[f], with § = (1 +
v/—163)/2. The minimal polynomial of @ is f = 2% — 2 + 41, and the norm
of an element a = x + y6 is

Nijgla) = Q(z,y) := 2° — zy + 41y°.

The constant Ck is equal to

Ck =

2V163 >~ 8,128 < 9.

™
One checks that for all primes p < 9 (i.e. for p = 2,3,5,7) the reduction of f
modulo p is an irreducible element of Fp[z]. It follows that there are no primitive
prime ideals with norm < 9. We conclude that the class group of K is trivial,
and hence Ok = Z|[6] is a principal ideal domain.

With this result available, we can now solve the mystery observed at the
beginning of the introduction and give a conceptual explanation of the following
observation made by Euler in 1772.
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Claim 2.6.28 For a = 0,...,40, the integer f(a) = a®> — a + 41 is a prime
number.

Proof: Set m := f(a) = a? —a+41, for 0 < a < 41. Then 0 < m < 412,
Assume that m was not a prime number, and let p | m be the smallest prime
factor. Then p < 40. Moreover, the congruence f(a) =0 (mod p) shows that

pi= (p7 0 — (l)
is a primitive prime ideal of O with N(p) = p. On the other hand, Ok is a
principal ideal domain, so there exists o = = + yf € Ok such that
p=(a).
It follows that
2z + 163
y)2 + 7y2.

p:N(p):N(a):x2+xy+12y2:( 5 2

If ¥ = 0 then p = 22 which is impossible because p is prime. On the other hand,
if y # 0 then we see that p > 163/4 > 40, which is also impossible. We conclude
that m is prime. O

The number field K from Example is the imaginary quadratic number
field with the largest discriminant and class number one. More general, we
have the following famous theorem, which was already conjectured by Gauss
(although his formulation was quite different).

Theorem 2.6.29 (Heegner, Stark) Let d < 0 be a negative, square free in-
teger and K = Q[\/&] the corresponding imaginary quadratic number field.

(i) We have hx — oo as d — oo. In other words, for every constant C' > 0,
there are only finitely many imaginary quadratic number field with class
number hg < C.

(ii) There are precisely 9 imaginary quadratic number fields with class number
one. They occur for

d=-1,-2,-3,-7,—-11,-19, —43, —67, —163.
The class number problem is the problem to determine, for a given number

m € N, all number fields of a certain type (e.g. imaginary quadratic) with class
number hx = m.

Exercises
Exercise 2.6.1 Let K be a number field, and assume that Ok is factorial.

Show that the class group Clk is trivial. (Hint: use factorization into prime
ideals and the fact that all nonzero prime ideals in Ok are maximal.)
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Exercise 2.6.2 Let K be a number field of degree n.

(i) We define the norm of a fractional ideal a < K by the formula
N(a):=m™-N(m-a),

where m € N is chosen such that m - a <1 Og. Show that the norm defines
a group homomorphism
N :Jxg — QX .

(ii) Show that for any nonzero ideal a < Ok there exists a unique nonzero
ideal a* < O such that
a-a" = (N(a)).

In particular, [a] - [a*] = [(1)] in Clk.

Exercise 2.6.3 Let K = Q[v/—30]. Determine the class number hyx and the
structure of the class group Clg.

2.7 The unit group

We end this chapter with a study of the unit group of a number field K. Recall
that the unit group O is the multiplicative group of elements a € Ok such
that o # 0 and a~ e Ok.

Proposition 2.7.1 We have
Ox ={a € Ok | Ngjg(a) = £1}.

Proof: Let 01,...,0, : K — C be the distinct embeddings of K into C.
Without loss of generality we may assume that K C C and that o is the identity

on K. By Proposition [2.3.11] (ii) we have
Nk jg(a) = [[oi(e) € Z, (94)
i=1

for all & € Og. Now suppose that o € O is a unit. Then the multiplicativity
of the norm shows that

1= Ngg(1) = Ngjg(a) - Ngjgla™),

and both factors on the right hand side are integers. It follows that Ny g(a) =
+1. Conversely, assume that Ng /g(a) = £1. Then shows that

al=0oi(ah) ==402(a) ... onla)

is a product of algebraic integers. More precisely, the o;(a) € Oy, are integers
of the number field L := Q[o(a),...,0,(a)] and therefore a=1 € O as well.
We conclude that

ale O NK =0k,
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and hence that o € O is a unit. |

We let
wWK):={CeK|IkeN:¢F=1)

be the set of roots of unity contained in K. It is clear that pu(K) is a subgroup
of K*. Moreover, u(K) C Ok because every root of unity ¢ € p(K) satisfies an
integral relation of the form ¢* —1 = 0. It follows immediately that u(K) C O
is a subgroup of the unit group. In fact,

M(K) = (O;{)tor

is the torsion subgroup of Oy, i.e. the subgroup consisting of all elements of
O} which have finite order. Therefore, the quotient group

Ex = Ok /u(K)
is torsion free, i.e. it has no element of finite order except the unit.

Example 2.7.2 Let K be an imaginary quadratic number field. We have seen
in 77 that the norm equation Nk g(a) = %1 for a € Ok is equivalent to a
quadratic Diophantine equation of the form

Q(-T,y) :17 x,yGZ,

where Q(z,y) is a positive definite quadratic form. Such an equation has at
most finitely many solutions. It follows that the unit group O is finite. This
means that @(K) = Ok and hence Ex = {1} is trivial.

We have also seen that p(K) = {£1} is as small as possible except in two
cases, namely for K = Q[i] (where u(K) is a cyclic group of order 4) and for
K = Q[v/-3] (where u(K) is a cyclic group of order 6).

Theorem 2.7.3 (Dirichlet’s Unit Theorem) Let K be a number field of
type (r, s).

(i) The group u(K) is finite and cyclic.

(i) Ex = Of/u(K) is a free abelian group of rank r + s — 1.

The statement of the theorem may be rephrased as follows. Let ¢t := r4+s—1.
Then there exist units €1, ..., € € O such that every unit o € Oj; has a unique
representation of the form

a:CfIfl'.‘.-ef‘,

with ¢ € u(K) and k; € Z. The tupel (¢;) is called a fundamental system of
units.
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Remark 2.7.4 Note that the fundamental system of units (¢;) is not unique.
On the one hand, we may replace ¢; with (;¢;, where ¢; € p(K) is an arbitrary
root of unity. On the other hand, if A = (a; ;) € GL(Z) is a unimodular matrix
of dimension ¢ then the system (€}), where

t
/. i, j
=],

j=1
is again a fundamental system of units.

Before we give the proof of Theorem we have a closer look at the special
case of real quadratic fields.

The unit group of real quadratic fields and the Pell equation

Let d > 0 be a positive and square free integer and let K := @[\/&] For
simplicity we assume that d = 2,3 (mod 4). Then Ox = Z[/d], and for o =
z +yvd € Ok we have

Nk jola) = z? — dy?.

Therefore, the units of the ring Ox = Z[v/d] correspond bijectively to the
solitions of the Diophantine equation

22 —dy? +£1, x,y € Z. (95)

This equation is traditionally called Pell’s equatimﬂ

Equation has two trivial solutions, (£1,0), corresponding to the roots
of unity £1 € Og. In fact, u(K) = {£1} is a cyclic group of order 2 simply
because the field K can be embedded into the real numbers.

By Theorem m there exists a fundamental unit e; € O such that every
other unit € € O} can be written uniquely in the form

6::|:6’f,

for a uniquely determined integer £ € Z. It follows in particular that Pell’s
equation has infintely many solutions.

By Remark the fundamental unit €; is not unique: there are exactly
four distinct choices, namely +eq, iefl. Replacing €; by one of these, we may
assume that €; > 1, and then €; is uniquely determined. In fact, we will see in
a moment that

€1 = min{e € OF | e > 1}. (96)

The unit determined by is called the fundamental unit of K = Q[v/d]. If
we write €1 = x1 + 11 V/d, then (21,y1) is a solution to Pell’s equation called the
fundamental solution.

"Named after the english mathematician John Pell (1611-1685). However, the attribution
of Pell’s name with Equation is due to a confusion of Pell with Lord Brouncker (1620-
1684). Historically more accurate would be the name Brahmagupta’s equation (after the
indian mathematician and astronomer Brahmagupta (597-668). See the Wikipedia entry for
Pell’s equation
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Example 2.7.5 Let d = 2. It is easy to find several small nontrivial solutions
to the Pell equation 22 — 2y? = +1. For instance (x,y) = (1, 1) is the nontrivial
solution with smallest positive entries. Let ¢; := 14 /2 € Z[v/2]* be the
corresponding unit. It is easy to see that holds, so €; is the fundamental
solution. It follows that we can enumerate all solutions by computing powers
of €;. In particular, if we take positive powers of ¢; then we obtain exactly all
solutions (z,y) with z,y > 0. For instance,

a=14+V2, &=3+2V2, & =7+5V2, el =17+12V2
gives the first 4 solutions

(x,y) =(1,1),(3,2),(7,5), (17,12).

Example 2.7.6 Even for relatively small values of d the fundamental solution
€1 = x1 +y1V/d can be surprisingly large. Here is a small (and rather randomly
chosen) list of such cases:

d x1 Y1

19 170 39
31 1520 273
46 || 24335 | 3588
103 || 227528 | 22419

It can be shown that there is an increasing sequence of values for d such that
the absolute values of z; and y; grow exponentially with d.

Remark 2.7.7 Before trying to work through the proof of Theorem in
the general case given below, it is instructive to study a proof in the special case
of real quadratic number fields. This can be done for instance by reading [5],
Chapter 17, §5 and solving Exercise [2.7.2]

The proof of Dirichlet’s Unit Theorem

Advice: The following proof is rather long and heavy with notation. At first
reading it may be helpful to mentally translate everything into the special case
of a real quadratic number field which we already looked at in the previous
section (i.e. to set n := 2, r := 2 and s := 0). Examples [97] and |98 and the
pictures therein are meant to support this point of view. See also [I], Chapter
11, §11.

Let K/Q be a number field of degree n and type (r,s). Let o1,...,0, :
K < C be the distinct embeddings of K into C. As usual, we assume that
01,.-.,0,: K = R are real and that 6,19;_1 = 049, for i =1,...,s. Let

Kg = {(Zl) ecn | 21y, 2r € R, Zr42i—1 = Zr42i for i = 1,...,8}
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be the Minkowski space of K and j : K — Kg, j(a) = (0;(a)), the canonical
embedding (Definition [2.4.24]). Recall that j(Og) C Kg is a complete lattice

with covolume
vol(j(Ok)) = V|dxk]|

(Corollary [2.4.26]). In particular, j(Ok) is a discrete subset of Kg. This fact
will be used several times in the proof of Theorem [2.7.3
We define

K ={(z) € Kr |z #0Vi},  S:={(z)e K| H|zi\ =1}

Clearly, Ky is an abelian group with respect to componentwise multiplication
and S C Ky is a subgroup. Furthermore, the restriction of j to K™ is an
injective group homomorphism j : K* < K. It follows from Proposition
2.7.1 (i) that

JHOR) = j(0K) NS (97)

In fact, for @ € K we have j(a) € S if and only if [Ny g(a)| =1, by (94).

Example 2.7.8 Let us try to visualize the subgroup S C K and the lattice
j(Ok) in the special case r = 2, s = 0, i.e. in the case of a real quadratic number
field (compare with Example . We can write K = Q[v/d] C R, where
d > 0 is a positive, square free integer. Then K = R? and for a = z + yv/d we
have

i) = (a,) = (x +yVd,x — yVd).

The group Kj; is the complement of the two coordinate axis, and the subgroup
S C Ky is the union of two hyperbolas,

S ={(21,22) ER? | 2120 = £1}.

By , the unit group, considered as subgroup of Ky, is the intersection of
the lattice Ok with S. See Figure |4 for the case K = Q[v/2]. In this picture we
can see 6 units of O = Z[/2], namely

e=%1,+(1+Vv2),£(1 - v2).

These are the points of intersection of the lattice (j(1),7(v/2))z C R? with
the double hyperbola S, which occur in the range of the coordinates visible
in the picture. Theorem [2.7.3| says that there are in fact infinitely many such
intersection points, corresponding to the units

e=+(1+V2)*,  keZ

See Example 2.7.5]

86



Figure 4: Looking for units in Z[v/2]

The main new ingredient needed for the proof of Theorem [2.7.3]is the loga-
rithmic space

L:={(z;) €eR" | p19; 1 = xpqgifori=1,..., s}
and the logarithmic map
l:Kg — L, (z;) — (log(|z:]))-

Note that L is a real vector space of dimension r + s, and that [ is a group
homomorphism (turning multiplication into addition). Note also that the image
of S C Ky under the logarithmic map [ lies in the linear subspace

H:={(z;) e L| in:O}.

We can summarize the notation introduced so far by the following commutative
diagram of abelian groups:

o} S H

I Lo (%)

i
K> KX L

(the vertical maps are simply the natural inclusions). The most important map
here is the composition of the two top horizontal maps,

)\:ZZOj\O;(:O;(%H.
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This is a homomorphism of abelian groups. Note also that the second horizontal
map l|s : S — H is surjective because the logarithm log : R~¢ — R is surjective.
The following lemma proves Part (i) of Theorem

Lemma 2.7.9 We have ker(\) = p(K), and this group is finite and cyclic.

Proof: Let ¢ € p(K) be a root of unity. Then ¢; := 0;(¢) € C is also a
root of unity, and therefore |(;| = 1, for ¢ = 1,...,n. It follows that A\({) =
(log(|¢;])) = 0, ie. ¢ € ker(A\). Conversely, let o € ker(\). This means that
|o;(a)] =1 for all i. We see that j(ker()\)) is a subset of the compact subgroup

(S = {(21) € KZ | || = 1 Vi),

But j(ker())) is also a subset of the discrete subset j(Ok) C Kg. It follows that
ker(A) is a finite group. But every element of a finite group has finite order,
and therefore ker(A) C p(K). We have shown that ker(A) = p(K) and that this
group is finite. By [I], Chapter 13, Proposition 6.18, every finite subgroup of
K™ is cyclic. This completes the proof of the lemma. a

Set
A= X\Of) C H.

this is a subgroup of H which, by Lemma and the first isomorphism the-
orem, is isomorphic to the group Ex = O /u(K). So in order to prove Part
(ii) of Theorem we have to show that A is a free abelian group of rank
r 4+ s — 1. In fact we will show more, namely that A is a full lattice inside the
real vector space H (Definition . Since dimg H = r + s — 1, this implies
that A (and hence Ex as well) is a free abelian group of rank r + s — 1.

Example 2.7.10 We return to the special case of a real quadratic number field
considered in Example m Then L = R? and the logarithmic map is

1:R? = R?, (21, 22) — (log(|z1]),log(|22]))-
The linear subspace H C L is the plane given by the equation z; + zo = 0.
In Figure |5 we see the position of H C L and, for Ox = Z[v/2], the lattice
A = XNO%) = (7)z, with generator

v1:= A1+ V2) ~ (0.881, —0.881).

By Proposition [2.4.22] (i) the following lemma proves that A C H is a lattice
(but not yet that it is complete).

Lemma 2.7.11 The subgroup A C H is a discrete subgroup.
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Figure 5: Looking for the units of Z[v/2] in logarithmic space

Proof: For the proof we may also consider A as a subgroup of the vector
space L containing H. The subset

U={(zi))eLl||z;|<1Vi}CL
is a neighborhood of 0 € L. Its inverse image via the logarithmic map is
W:=1"U)={(z) € Kp | e ' < |z| < e}

This is a compact subset of Kr. Since j(Ok) C Kg is a lattice and hence a
discrete subset, it follows that WNj(Ok) is a finite set. We conclude that UNA
is a finite set as well. This shows that A C L is a discrete subgroup. |

To finish the proof of Theorem[2.7.3|we have to show that the lattice A C H is
complete. This is the hardest part of the proof; it consists in showing that there
exists as many units as possible. Indeed, the fact that A C H is a lattice shows
that Fx = Ok /u(K) is a free abelian group of rank < r + s — 1. Completeness
of the lattice A means that the previous inequality is in fact an equality.

The general idea of the proof is the following. Our goal is produce a large
supply of units € € Ok. Let C' > 0 be some positive constant. Suppose we have
a method to produce an infinite set of elements @ € O with [N g(a)| < C.
Then the corresponding principal ideals (o) < O satisfy N((a)) < C. By
Exercise there are only finite many ideals with this property. It follows
that there exist infinitely many pairs of distinct nonzero elements a1, as € Ok
which generate the same principal ideal, i.e. (@1) = (z). This means that
€:=ai/as € O is a unit.

To make this idea work we use Minkowski’s theorem (Theorem ina
similar way as we did in the proof of the finiteness of the class number (see
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in particular Lemma [2.6.17]). We choose positive constants cy,...,c, > 0 such

that
0=TJe> O = (2) Vil (99)

™

Recall that the subgroup S C K contains the elements y = (y;) such that

[Livil =1.
Lemma 2.7.12 For all y = (y;) € S there exists an element o € Ok such that
a # 0 and
|oi()| < lyiles,
fori=1,...,n. In particular, we have

Nk /o) = [[loi(e)] < C.

7

Proof: Let
X = {(z1) € Kr | |2i| < ci Vi}. (100)

This is a convex and centrally symmetric subset of K with
vol(X) = 2"t m5C > 2" \/|dK| = 2"vol(j(Ok)),

see (82). So Minkowski’s theorem applies to X. More generally, for any y =
(y;) € S we consider the set

y- X ={(z) € Kr | 2] < |yilci Vi}.

It is of the same shape as X, and since [[,|y;|c; = C we have vol(y-X) = vol(X).
As in the proof of Lemma one shows that there exists a € Ok, a # 0,
such that j(«) € y - X. This means that |o; ()| < |y;|c; for all i. O

By Exercise there are at most finitely many ideals a <O with N(a) <
C. Let (a1),...,(an) < Ok be a complete list of all nonzero principal ideals
with this property. Then o; # 0 and

INk/glay)| < C, (101)

for j = 1,..., N, by Proposition Moreover, for any a € Ox\{0} with
|Nk/g(a)| < C there exists an index j such that (a) = («a;).

Lemma 2.7.13 Set N
T:=5n ( U -X).

j=1
Then T is a bounded subset of S such that

S=J i1 (102)

56(9;2
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Proof: By definition, T is a finite union of bounded subsets of S and there-
fore itself bounded. Also, for every unit e € Oy we have j(e) € S and hence
jle)-T C S. To prove the inclusion C in we fix an element y = (y;) € S.
By Lemma there exists a € Ok, o # 0, such that |o;(a)| < y;¢; for all 4.
This is equivalent to

jl@) €y X, (103)

and it implies
[Nk jgla)| < C. (104)

Therefore, (a) = (o) for some index j € {1,..., N}. It follows that
a; = eq, ee O. (105)
By we can write j(a) =y -z, with z € X. Using we conclude that
y=jla™ ) -z =jlea;)-x=j(e)-jlaj') -z €je) - T.
This proves and completes the proof of the lemma. O

We can now finish the proof of Theorem We have already shown that
A C H is a lattice. We assume that A is not a complete lattice. This means
that A is contained in a proper linear subspace H' C H.

Consider the bounded subset 7' C S from Lemma Its image [(T)
under the logarithmic map is a bounded subset of H. Since l|g : S — H is

surjective, (102]) shows that
H=18)=J (v+u1). (106)

YEA

Let v € (H')* be a vector in H which is orthogonal to H’ and such that
[|v]| > |Jw]|| for all w € I(T"). Then we also have

llv+ 11 = [[ol] > [|wl]] (107)

for all v € A and w € I(T) (we have used v L «). This shows that v+~ & I(T),
for all v € A, contradicting (107). We conclude that A C H is a complete
lattice, and Theorem [2.7.3|is proved. O

Exercises

Exercise 2.7.1 Compute the fundamental unit €; = x +y1Vd of K = Q[\/E],
for d = 3,6,7,10,11.

Exercise 2.7.2 Let d > 0 be a squarefree integer, d = 2,3 (mod 4), and let
K := Q[V/d] C R. Assume that the Pell equation

22 —dy? = +1
has at least one nontrivial solution. Under this assumption, reprove Theorem

273 for K, via the following steps.
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(i) Show that the Pell equation has infinitely many solutions.
(ii) Show that the minimum
€1 :=min{e € O | e > 1}
exists.

(iii) Show that every unit € € O} with € > 1 is of the form € = €%, for a unique
positive integer k£ € N.
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3 Cyclotomic fields

3.1 Roots of unity

For n € N we let , C C denote the group of nth roots of unity,

n=1{CeC[{" =1}

Clearly, , is a cyclic group of order n, generated by ¢, := >/ = cos(2r/n) +
i-sin(27/n). Note that every element ( € ,, is an algebraic integer, because it
satifies the integral equation " — 1 = 0.

Definition 3.1.1 The number field K,, := Q[(,] is called the nth cyclotomic
field.

Our first goal is to find the minimal polynomial of (,, and thereby compute
the degree [K,, : Q]. An element ¢ € ,, is called a primitive nth root of unity
if the order of ¢ in the group ,, is equal to n. This means that ¢¢ # 1 for

all proper divisors d | n. The corresponding subset of ,, is written as *. An

elementary argument shows that for a € Z the element (2 € ,, is a primitive
root of unity if and only if ggT(a,n) = 1. Hence we obtain a bijection

(Z/nZ)* = X a s (2. (108)

no

In particular, we have
| nl=o(n),

where ¢(n) denotes the nth value of Euler’s ¢-function.
The nth cycloctomic polynomial is defined as

D, = H (z — () € Clz].

X

¢e n

Note that @, is a monic polynomial of degree ¢(n).

Lemma 3.1.2 (i) We have

" —1= Hq)d.
d|n

(ii) The polynomial ®,, has integral coefficients, i.e. ®,, € Z|x].
(iii) The polynomial ®,, is irreducible over Q.

Proof: The first statement follows from the decomposition

" =1= [ -0

CE n
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and the fact that every element ( € ,, lies in [, for a unique divisor d | n.
The second statement follows from the first by induction, as follows. Clearly,
®; = z — 1, so the claim is true for n = 1. For n > 1, we may assume that
O, € Zx] for all proper divisors d | n. Then (i) shows that

" —1
Hd\n,d<n Dq

The denominator on the right hand side of is a monic integral polynomial
by the induction hypothesis. Since the left hand side is a poylnomial (a
priori with complex coefficients), the polynomial division algorithm shows that
®,, € Z[x]. This proves (ii).

We now prove (iii). Let f € Z[z] be the minimal polynomial of (,,. Then
f | ®, in Z[z], i.e. ®, = f - g for some monic polynomial g € Z[z]. To prove
f = ®, it suffices to show that f(¢?) = 0 for all @ € Z which is prime to n.
More generally, for a prime to p we let P, denote the statement

vee 3 (f0=0= s =0).

Then P, and P, together imply P,.,. Therefore, it suffices to prove P, for all
prime numbers p which are prime to n.

Let us fix p as above, and let ®,,, f, § € F,[z] denote the reduction of ®,,, f, g.
We assume that there exists ( € * such that f({) = 0 and f(¢(P) # 0. Then

g(¢P?) = 0. Since f is the minimal polynomial of ¢ we conclude that f | g(a?).
This implies

o, (109)

flg(a?)=g" (110)
Let h be an irreducible factor of f. Then (T10) shows that h% | f - g = ®,, i.e.
®,, is not separable. On the other hand, using p { n we see that

ggT(®,,, @) = ggT(z" — 1,na" ") =1,

i.e. ®,, is separable. The contradiction finishes the proof of the lemma. O

Remark 3.1.3 The proof of Part (iii) of the lemma is a bit mysterious. We
will give a more conceptual proof later. For both proofs (and for significant
parts of algebraic number theory), the heart of the matter is the existence of
the Frobenius endomorphism: if R is a commutative ring of characteristic p > 0
(e.g. R =TF,[z]) then the map

vp: R— R, aw a?,
is a ring homomorphism. In particular, (a + b)? = aP + bP E|

Corollary 3.1.4 The cyclotomic polynomial ®,, is the minimal polynomial of
¢ (in fact, of every element of ). We have

(K - Q] = ¢(n).

8This formula is also called freshman’s dream .
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Example 3.1.5 (i) Using (109) we can compute ®,, for small values of n:

<I>1:m—1, (I)Q:I+1,
Py =2’ +a+1, Oy =22 +1,
<I>5:x4+x3—|—x2+x2+x+1, =22 —x+1.

(ii) If p is a prime number, then

P —1
¢ = = p—l o 1
=10 +...+2+

(iii) More generally, if p is prime and k > 1 then

¢pk=ﬁ:x(p_l)p7 ++$p +1:(I)p($p )

See Exercise B.1.11

The Galois group of Q[(,]/Q

We briefly recall the definition of a Galois extension and its most useful

characterization. See [I] for more details.

Definition 3.1.6 Let L/K be a finite field extension. An automorphism of

L/K is a field automorphism o : L — L which fixes every element of K. The

group of all automorphisms of L/K is written as Aut(L/K). The extension

L/K is called a Galois extension if

|Aut(L/K)| = [L: K].

If this is the case, then Gal(L/K) := Aut(L/K) is called the Galois group of

L/K.

Theorem 3.1.7 A finite field extension L/K is a Galois extension if and only

if L/K is the splitting field of a separable polynomial | € K|z].

Theorem 3.1.8 (i) The extension K,,/Q is a Galois extension.

(ii) For o € Gal(K,,/Q) we have
a(Cn) = s
where a € 7 is prime to n. The resulting map
Gal(K,/Q) — (Z/nZ)*, o a+n-Z,

is an isomorphism of groups.
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Proof: We have already observed that K, /Q is the splitting field of the
separable polynomial ™ — 1. By Theorem K, /Q is a Galois extension,
proving (i).

Let o € Gal(K,,/Q). Since o is a field automorphism, it acts on the subgroup

n C K¢ as a group automorphism. But , = (¢,) is a cyclic group of order
n, and hence any automorphism is of the form ¢ — (%, for a unique a €
(Z/nZ)*. Tt follows that the map ¢ — a is an injective group homomorphism
from Gal(L/K) to (Z/nZ)*. Tt is also surjective, because by Corollary
and the fact that L/K is Galois we have

Gal(L/K)| = [Lk] = ¢(n) = |(Z/nZ)™|.

This completes the proof of the theorem. o

Example 3.1.9 Let n = 5. The minimal polynomial of (5 is ®5 = z* + 23 +
2?2 + 2 + 1 (Example [3.1.5). In particular, we have the identity

I+G+E+E+E =0,

whose truth can also be seen geometrically in Figure 77. It follows from Theorem
that Q[¢5]/Q is a Galois extension whose Galois group is cyclic of order 4:

Gal(Q[¢5]/Q) = (2/52)* = L/AL.

Let H C Gal(Q[{5]/Q) be the unique subgroup of order 2. Clearly, H is gener-
ated by the element o_;. Since 0_1({) = ("' =(forall( € 5, 0_; is equal to
complex conjugation, restricted to the subfield Q[¢5] C C.

By the Main Theorem of Galois Theory, the fixed field K := Q[(5]" is a
quadratic number field. To describe K explicitly, we set

a=CG+EG, o =E+E.

Almost by definition,

It follows that a, @’ € K. Note that
a = 2cos(27/5), o' = 2cos(4m/5).
Note also that
05 = (z—Gs)(e — )&~ )z~ ) = (@° —ar +1)(a® — 'z +1). (111)

If we expand the product on the right end of (111)) and compare coefficients, we
find the identities
a+a =-1, ad = —1. (112)
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This means that a, o’ are the two roots of the polynomial
P rr—1=(z—a)(z—do).
Since a > 0 and o’ < 0 (see Figure ?7) we conclude that

-1+v5 , —-1-+5
a:T, a:T.

It follows that K = Q[v/5].

Exercises

Exercise 3.1.1 (i) Let p be a prime number and £ > 1. Compute ® .
(ii) Compute @12 and Poy.
Exercise 3.1.2 (i) Let a := (;+(¢. Show that K; := Q|a] is a cubic number
field and that K7 = Q[¢7] N R.

(ii) Find an imaginary quadratic number field Ky C Q[¢7]. (Hint: by Galois
theory, there should be an element 5 = 22:1 arC¥ such that

_JB, a=1,2,4 (mod7),
Ua(ﬂ)_{—ﬁ, a=3,56 (mod7).

Find coefficents aj such that this holds, and then compute 32.)

3.2 The decomposition law for primes in Q|(,]

Let n € N and p be a prime number. In this section we study the decomposition
of p into prime ideals of K,, = Q[(,]. Our main result is that the decomposition
behaviour of p in the extension K,,/Q only depends on the residue class of p in
Z/nZ. This is our first reciprocity law. In the next section we will see that it
implies, for instance, the quadratic reciprocity law of Gauss.

We start with a brief remainder on the structure of finite fields.

Theorem 3.2.1 Let p be a prime number and n € N. Set q := p™. Then
there exists, up to isomorphism, a unique field F, with q elements. It has the
following properties.

(a) F,/F, is the splitting field of the polynomial 7 — x, and we have

2l —x = H(w—a).

a€l,
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(b) F,/F, is a Galois extension. The Galois group is cyclic of order n, gener-
ated by the Frobenius automorphism

op: Fy — Fy, o= al.

(c) The multiplicative group F is cyclic of order q — 1.
Proof: See [I], Chapter 13, Theorem 6.4. m]

Corollary 3.2.2 Let p be a prime number and n,m € N. Then Fpm C Fpn if
and only if m | n. If this is the case then

Fym = {a € Fpn | P = a}.

To illustrate the power of finite fields, we prove the following special case of
quadratic reciprocity. The argument can be easily extended to prove the general
case.

Proposition 3.2.3 Let p # 5 be a prime number. Then
5

() =1 & p=41 (mod?H).
p

Let &5 = 2% + 23 + 22 + 2 + 1 € F,[z] denote the reduction of ®5 modulo
5. Let n € N denote the order of p+Z -5 in (Z/5Z)*. In other words, n is
minimal with the property

g:=p"=1 (mod5).

Let F, be the field with g elements, given by Theorem Since 5 | ¢ —1 and
Fy is a cyclic group of order ¢ — 1, there exists an element ¢ € F; of order 5,
i.e. a primitive 5th root of unity. It follows that ®5 splits over F,, as follows:

®5 = (z— ()& — )z~ )@~ ).

In fact, F, is the splitting field of ®5 because it is the smallest extension of F,
which contains (. ~
The trick is now to write ®5 as a product of two quadratic polynomials, as

in Example 3.1.9}
o=f9  f=@-Q@-), g=>0-C)z-) (113)
Then
f=z>—azr+1, with  «:= ¢+ ¢4,

114
g=x>—dz+1, with o := (% 4¢3, (114)

Combining (113]) with (114) we find the relations
a+a =-1, ad' = —1. (115)
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These relations are equivalent to an explicit quadratic equation satisfied by «
and o'
P +r—1=(z—a)(z—dao). (116)

Note that these calculations are the same as in Example with the only
difference that we have replaced the complex numbers by the finite field F,.
Proposition follows from Claim 1 and Claim 2 below.

Claim 1: a € F, if and only if p = £1 (mod 5).
We use Corollary for m = 1 and the calculation

(+¢t=a, p=+1 (mod5),
C+¢3=d, p=2,3 (modb)

ap_cp+gp_{

Since o # o by (115), we see that

aclF, & o =a <& p==£1 (mod?H),
proving Claim 1.
Claim 2: a € F, if and only if (%) =1.

To prove Claim 2, we set 8 := 2a + 1. Clearly, a € F, if and only if 3 € IF,.
Moreover, the quadratic equation (116]) satisfied by a shows that

% =40*+4a+1=75.

This shows that (g) = 1if g € F,. Conversely, if (g) = 1 then there exists
v € F, with 42 =5 and then 8 = £+ € F,. This completes the proof of Claim
2 and of Proposition [3.2.3 a

The ring of integers of Q[(,]
Theorem 3.2.4 Let n € N and K,, := Q[(,]. Then Ok, = Z[(,].

Lemma 3.2.5 Assume that n = p* is a prime power. We write ¢ := (, and
set \:=1—-( €Ok,

(i) The principal ideal (\) < Ok, Is a prime ideal with N((\)) = p, and we
have
(b) = (W)@
(ii) The discriminant of the lattice Z[¢] C Ok, is

d(Z[(]) = £p°*,  s:=p" M (kp—k—1).
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Proof: By Example (iii) we have

®, =" p e 1= - ¢,

a

where a runs over (Z/nZ)*. Substituting x := 1 we obtain the identity
p=[J0-¢. (117)

The quotient
1-¢°
€q =
a 1 _ C
is clearly integral. But so is its inverse,
R e e (SO

= = =14 +...+¢tVeo
€, 1=ca 1= ¢ +¢*+ +¢ € Uk,

=14+C¢+...+¢" e ok

n

(here b € N is chosen with ab =1 (mod n)). It follows that ¢, € Of is a unit
and hence (|117) shows that

(p) = ()@=

But (p — 1)pF~! = [K,, : Q] by Corollary Now the fundamental equality
implies that (\) is a prime ideal with N((\)) = p. This proves (i).
The cyclotomic polynomial ®,, is the minimal polynomial of (. Therefore,

by Remark and Exercise we have
d(Z[¢]) = A(®n) = N, /o(2,(C))- (118)
To compute the right hand side of we start with the identity
x* —1=a, (x*" -1, (119)

see Example (iii). Computing the derivative of both sides of (119) and
substituting z := 1 we obtain

PR =@L(0) - (€ 1), (120)

where & := (pk_l. Note that £ € [ is a primitive pth root of unity. This means
that

p—1
b, =21+ . tat+l= H(m—{a)
a=1
Again substituting x := 1 we see that
p—1
p=T]01—=¢) = Noget -9 (121)
a=1
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Using (120)), (121)) and the multiplicativity of the norm we get

R A I

Ni. 0(®(¢) = - =4y 122

Kn/@( ( )) NK7L/Q(£ — 1) :I:ppk 1 ( )

with s := k(p — 1)p*¥~1 — p*~1. Combining (118)) and (122)) yields the desired
formula. This completes the proof of the lemma. o

We start with the proof of Theorem First we assume that n = p” is a
prime power. Then by Lemma [3.2.5] we have

d(lﬂ Cn?""c’ff(n)_l) = :l:ps’
for some s > 1. Using Lemma [2.4.15| we conclude that
p°Ok, CZ[¢] C Ok, (123)

Lemma also shows that the element A := 1 — ¢, € Z[(,] generates a prime
ideal of Ok, of norm p, i.e. Ok, /(\) = Z/pZ. 1t follows that

Ok, = Z[N + (V). (124)

Multiplying both sides of (124]) with A and substituting the result into the right
hand side of (124]) we obtain

Ok, = ZIN + X - Z[¢u] + (A) = Z[N] + (A\?). (125)
Iterating this argument we see that

Ok, = Z[N + (\Y), (126)

n

for all ¢ > 1. In particular, for ¢ = s(p—1)p*~! we obtain, by combining Lemma

with (123) and (128,
Ok, = Z[Cn] +pSOKn = Z[Cn]

This proves Theorem in case where n = p* is a prime power. The gen-
eral case follows from this special cases, applying iteratively Lemma and
Lemma [3.2.7 below. O

Lemma 3.2.6 Let n,m € N be relatively prime. Then

and
Q[Cn} N Q[C’m] = Q)
as subfields of C.
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Lemma 3.2.7 Let K,K' C C be number fields with integral basis («;) and
(o), respectively. We assume that K N K' = Q and that the discriminants dx
and dg are relatively prime. Then (a;a;) is an integral basis for L := K - K,
and dL = dK . dK/.

Proof: See [0], Kapitel I, Satz 2.11. ]

Here is the main result of this section. It describes the decomposition of a
prime number p in the cyclotomic extension K,, = Q[¢,]/Q.

Theorem 3.2.8 Let n € N and p be a prime number. Write n = p*m with
ptm, and let f € N be the smallest positive integer such that p/ =1 (mod m).
Set r:= ¢(m)/f. Then

(p) = (p1 - .. pr)?@,

where py,...,p, < Ok, are pairwise distinct prime ideals with N(p;) = p/, for
all 1.

Corollary 3.2.9 (i) A prime p is ramified in K,,/Q if and only if p | n (with
the exception of p = 2, which is ramified if and only if 4 | n).

(ii) Assume p # 2. Then p is totally split in the extension K, /Q if and only
ifp=1 (mod n).

Example 3.2.10 Let n = 3. Then K3 = Q[(3] = Z[/—3]. Corollary (ii)
says that a prime p splits in K3, i.e.

if and only if p =1 (mod 3). But we have see before that this happens if and
only if (’73) =1, and then

p:=(p,vV/—-3—a), with a®> = =3 (mod p).
We conclude that
<_3) _ {1, ifp=1 (mod 3),
P -1, ifp=-1 (mod 3).
This is a special case of the Quadratic Reciprocity Law (Theorem .

Proof: By Theorem we have Ok, = Z[(,], and by Corollary we
know that ®,, is the minimal polynomial of (,,. Therefore, the prime factoriza-
tion of p in O, corresponds to the decomposition of ®,, € F,[z] into irreducible
factors, see Theorem More precisely, we have to show that

— k

102



where g; € F,[x] are irreducible polynomials of degree f. To prove we
first assume that n = m is prime to p. Let ¢ := pf. The field F, is the smallest
extension of I, which contains a primitive nth root of unity ¢, by the choice of
f. It follows that F, is the splitting field of ®,, and that

3, = H (z = ¢%).

a€(Z/nk)*

Let ¢, : F, —» F, denote the Frobenius automorphism, ¢,(a) = a?. By The-
orem ¢p generates the Galois group Gal(F,/F,). It follows that ¢, per-
mutes the roots of ®,, and that the irreducible factors of ®,, over IF,, correspond
to the orbits of this permutation. More explicitly, let aq,...,a, € (Z/nZ)* be
a set of representatives for the cosets of the subgroup () C (Z/nZ)*. Then

(Z/nZ)* ={ap' +nZ|i=1,...,r,1=0,...,f -1}
and
-1
1
gi = [[(x = ("7 € Fpla]
1=0

is an irreducible factor of ®,,. This proves (127) if n = m is prime to p.
Now assume that n = pkm with & > 1. We have to show that

3, = L"), (128)

We use induction over m and k. For k = 0 the claim is already proved. For
m = 1 we have

k k
= A | ({,E — 1);0 _ k—1
By = 1 (x —1)P*! =(z- 1)(p e

— k
_ @‘f(p )7

so (128) holds as well. We may therefore assume m > 1 and k£ > 1. By ([109)

we have . .
P —1 (z™ —1)P

Hd\pk,d<p"’m g Hd\pk,d<pkm Pq

We write the divisor d | p*m as d = p'd’, with 0 <1 < k and d' | m. Then
d < pFm if and only if [ < k or d’ < d. Therefore, the denominator in (129) can
be rewritten, using the induction hypothesis, as

I . (:ﬁ.rl[@pld,).( I %)

(in

(129)

dlpk,d<pkm =0 d'|m d'|m,d'<m
kol . o (")
= H(zm —1)#@) . ( H @d,) (130)
=0 d'|m,d'<m
-1 NI
= (I’m _ 1)p’f . ( H (bd,) .

d'|m,d’'<m
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In the last step we have used the equality

which we leave as an exercise. Combining ([129) and ([130]) we obtain

m k
‘I)n:< x —1_ )w(p):(i)ﬁ(pk).
Hd’\m,d’<m (I)d/
proving ([128]). This completes the proof of Theorem O

3.3 Dirichlet characters, Gauss sums and Jacobi sums

We start with the abstract theory of characters of finite abelian groups. This
theory should be seen as a finite version of Fourier theory.

Definition 3.3.1 Let (4,-) be a finite abelian group. A character on A is a
group homomorphism
x:A— C*.

The set of all characters on A is called the dual group and is denoted by A. The
principal character is the element € € A with e(a) = 1 for all a € A.

Remark 3.3.2 (i) The set Ais again an abelian group with respect to mul-
tiplication of characters, defined as follows:

(X1 x2)(a) = x1(a) - x2(a),
for x1,x2 € A. The principal character is the neutral element of A.

(ii) Let n := |A] be the order of A. Then a" =1 for all @ € A. Therefore,
X"(a) = x(a") =1 for all a € A and x € A. It follows that a character
X € A can actually be seen as a group homomorphism

X:A—= .
Moreover, every character has exponent n, i.e. ™ = e.

(ili) For x € A and a € A we have

x(a™) = x(a)™" = x(a).

Proposition 3.3.3 Let A be a finite abelian group. Then [A| = |A|. Moreover,
for every a € A, a # 1, there exists a character x € A, x # €, with x(a) # 1.
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Proof: We assume first that A is cyclic of order n, and we fix a generator
ag € A. Then
Xo:A— o, a§|—>df,

is a character on A of order n. It has the property that yo(a) = 1 if and only
if @ = 1. Moreover, for any character Y € A we have x(ap) = ¢*, for some
k € Z/nZ, and then x = Xlg . It follows that A is cyclic of order n, generated
by Xo. In particular, [A| = |A|. This proves the proposition in case that A is
cyclic.

The proof in the general case uses essentially the same argument as before.
We leave the details to the reader, noting only that one has to use the structure
theorem of finite abelian groups (see [1], Chapter 12, Theorem 6.12). It says

that there exists elements aq,...,a, € A, of order nq,...,n,, such that
Z)iZ x ... x Lin,Z 5 A, (ki,... k) = aft ok
is an isomorphism. O

Remark 3.3.4 The proof of Propositionshows that A = A are isomorphic
as abelian groups. However, the isomorphism that comes up depends on the
choice of the generators ay,...,a, of A (resp. ag in the cyclic case). Since there
is no canonical choice of such generators, there is also no canonical choice of the
isomorphism A4 = A.

Theorem 3.3.5 Let A be a finite abelian group.
(i) For every x € A we have

_ |A‘> X =6
E:X@){Q e

acA

(ii) For every a € A we have

_ |A|7 a=1,
ZX(G)i {O, a# 1.

XEA

Proof: If x = e then the statement (i) is obvious. Suppose that x # € and
choose b € A such that x(b) # 1. Since the map A — A, a — ab, is bijective,

we have
X(0)- > xla)=>_ x(ab) = > x(a).

acA acA a€A
It follows that ) 4 x(a) = 0, proving (i). The proof of (ii) is very similar and
left to the reader (hint: use Proposition [3.3.3). O

Corollary 3.3.6 (Orthogonality relations)
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(i) For x1,x2 € A we have

|117\ Z xi(a) - xz(a) = {(1): e

a€A X1 7& X2

(ii) For aj,as € A we have

1 1, a1 =as,
a7 22 xlan) x(ea) = {0’

" a as.
veA 17&2

Remark 3.3.7 The name orthogonality relation is easily explained. If we order
the elements of A as ay,...,a, and the elements of A as x1,...,Xxn, then the
matrix M := (x;(a;));,; is orthogonal in the sense that

M!' M =n-E,.

Another way to formulate (i) is that the set of characters A is an orthogonal
basis of the vector space of all functions f : A — C, endowed with the hermitian
scalar product

1 -
(hova =1 > flag(a).

acA

Example 3.3.8 Let’s consider the group A := (Z/5Z)*. It is a cyclic group
of order 4, generated for instance by the residue class of 2. Using the proof of
Proposition we see that A is cyclic of order 4, generated by the character x
which is determined by x(2) := i. So the character table of the group (Z/5Z)* =
{1,2,3,4} looks as follows.

The reader should check by hand that the orthogonality relations of Corollary
3.3.6] hold.

Dirichlet characters

Definition 3.3.9 A function x : Z — C is called a Dirichlet character if there
exists a positive integer n € N such that the following holds.
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(a) x(ab) = x(a)x(b) for all a,b € Z.
(b) x(a) depends only on the residue class of a in Z/nZ.
(¢) x(a) =0 if and only if ggT(a,n) # 1.

For a given Dirichlet character y any positive integer n which satisfies (b) and
(c) is called a modulus of x. Clearly, there exists a smallest modulus for .

It is clear from the definition that x(1) = 1, for all Dirichlet characters Y.
There is a unique Dirichlet character € of modulus 1 which is called the trivial
character. Note that e(a) = 1 for all a € Z. Note also that for all Dirichlet
characters y # e we have x(0) = 0.

A Dirichlet character modulo n is called principal if it assumes only the
values 0 and 1. We usually write € for the unique principal character modulo n.
Note that € is not the trivial character unless n = 1.

Let n € N and d | n. If x is a Dirichlet character modulo d then

x*:Z—C PN x(a), ggT(a,n) =1,
. 7 0, geT(a,n) =0,

is a Dirichlet character modulo n, called the induced character. A Dirichlet
character modulo n is called primitive if it is not induced from a Dirichlet
character modulo d for a proper divisor d | n.

A Dirichlet character x modululo n gives rise to a character

x:(Z/nZ)* — C*.

Conversely, every character on the group (Z/nZ)* comes from a unique Dirichlet
character modulo n. Another possible convention is to associate to a character
x on (Z/nZ)* the unique primitive Dirichlet character which agrees with x on
all invertible residue classes modulo n. We will decide from case to case which
convention will be more convenient. Apart from this sublety we will use the
notions Dirichlet character modulon and character on (Z/nZ)* interchangeably.

Example 3.3.10 Let p be an odd prime. Then the Legendre symbol (see Def-

inition |1.3.2))

1, ptaand ais a quadratic residue mod p,
a
(p> =4 —1, ptaandaisaquadratic nonresidue mod p,
0, »pla

is a primitive Dirichlet character modulo p. It corresponds to the unique element
of order 2 in the character group of F .
More generally, for every odd squarefree integer n = p; - ... p, we have the

Jacobi symbo]
n iI Il P

It is a primitive quadratic Dirichlet character modulo n, see [5], §5.2.
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Gauss sums

Let us fix an odd prime number p. A Dirichlet character modulo p is now
regarded as a function x : F, — C. We use the convention that all Dirichlet
characters are supposed to be primitive. In the current setting this just means
that the Dirichlet character e corresponding to the unit element in the character
group of X is the trivial Dirichlet character, i.e. the function € : F, — C with

P
€(a) =1 for all a € F),. For all Dirichlet characters x # € we have x(0) = 0.

Definition 3.3.11 Let p be an odd prime and x be a Dirichlet character mod-
ulo p. For all a € F,, we define the Gauss sum for x with respect to a as the
complex number

ga(x) = ) x(a)¢p".

z€lF,

Example 3.3.12 Let p = 5 and x = (5) be the Legendre symbol modulo 5.
Then

a(x)=¢G-G -G+

Using Example [3.1.9| one sees that
91(x) = V5.

Proposition 3.3.13 Let x be a Dirichlet character modulo p and a € F),. We
have

D, a=0,x=¢,
0? a:())x?é€7

ga(x) = g (131)
O’ a’#O7X_67

x(@)gi(x), a#0,x #e.

Proof: Suppose that a # 0 and x # €. Then
X(@)ga(0) =D x(az)¢s™ = > x(x)¢F = ga(x),
as claimed. We leave the other three cases as easy exercises. o

Proposition 3.3.14 Let p be an odd prime number and x := (5) the Legendre
symbol, i.e. the unique Dirichlet character modulo p of order 2. Then

. D, p=1 (mod 4),
a0 =p" = _ ( )
—p, p=-—1 (mod4).
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Proof: Using the definition of g1(x) we obtain

g1(0° =D x(@y)GtY, (132)

where z,y run over F*. The trick is to substitute y := xz (which only permutes
the summands) and use the fact that x(z?) = 1. We get

91002 = D x(@)GEE = 3 w2 (Yo g, (133)
T,z 2#0 x#0

The inner sum is equal to p—1 if z = —1 and equal to (,,4—{3 +.. .—|—Cg’1 =-1
for z # 0, —1. Using Theorem m (i) we get

a1 ()>={@-Dx(-)— > x(2)
2#0,—1 (134)

= (p = Dx(=1) + x(=1) = x(=Dp.
Finally, by Lemma we have

(-1 _J1, p=1 (mod4),
x(=1) = <p> a {—17 p 139

—1 (mod 4).

Combining ([134)) and (135]) proves the proposition. m]
The proposition says that g;(x) = £4/p*. Since g1(x) is, by definition, an
element of Q[¢,] we obtain the following result.

Corollary 3.3.15 The quadratic number field Q[,/p] is contained in the cyclo-
tomic field Q[(p).

Remark 3.3.16 Proposition [3.3.14] determines the quadratic Gauss sum g (x)
only up to sign. The computation of the sign is more difficult, but the result is
very simple:

gl(X):{\/ﬁ, ifp=1 (mod 4),

iy/p, ifp=-1 (mod4).
See [5], §6.4, Theorem 1.

3.4 Abelian number fields

We start with a quite general setup. Let L/K be a Galois extension of number
fields, with Galois group G = Gal(L/K). We also fix a prime ideal p < O and
look at the set of prime ideals 3 <1 Oy, with B | p,

Sp  ={B 0L |B|p}

Note that a prime ideal 8 <1 Oy, lies in Sy, if and only if PN Ok = p. It follows
that for an element o € G of the Galois group we have o () € S,. This means
that the group G acts on the set S, (from the left).
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Lemma 3.4.1 The action of G on S, is transitive.

The stabilizer
Gy :={oc€G|a(P)="P}

is called the decomposition group of p. Lemma ?7 and the orbit-stabilizer-
formula imply that
G|

Sp| = .
| P‘ |G‘13|

(136)
It is clear that
O'Gspd_l = Gg(qg).

Therefore, the lemma implies that all decomposition groups G for B € S, are
conjugate subgroups of G. In particular, if G is an abelian group, then Gy is
actually independent of 5 € S,. We may then write G, := Gy and call it the
decomposition group of p in the extension L/K.

Let us fix P € Sp. Let Fp := O /P and F, := Ok /p denote the residue
fields of B and p. These are finite fields with N(3) resp. N(p) elements. Since
p = Og NP, we have a natural embedding F, — Fy. It follows that Fy /F, is
a finite field extension and that

N () = N(p)Ffl, (137)

The degree f, := [Fy : Fy] is called the inertia degree of p in L/K. It follows
from Lemma [3.4.1] that f, is independent of the choice of P € Sy.

As a finite extension of finite fields, Fo3 /F, is automatically a Galois exten-
sion (see Theorem ?7). Moreover, every element ¢ € Gy induces an element
& € Gal(Fq/F,) defined by

o(@) :=o(a)
where o« € O and @ denotes the image of v in Fgz). A routine verification
g Ry
shows that we obtain a group homomorphism

Gm — Gal(Fq}/]Fp), o o. (138)

Proposition 3.4.2 The homomorphism (138)) is surjective. It is an isomor-
phism if and only if p is unramified in the extension L/K.

Recall from Theorem ?? that the Galois group Gal(Fg /F,) is cyclic, gener-
ated by the element ¢ determined by
pla) = a ),

Therefore, Proposition [3.4.2) implies the following statement.

Corollary 3.4.3 Assume that p is unramified in the extension L/K. Then for
every ‘B € S, there exists a unique element Froby € Gy such that

Froby(a) = a¥®  (mod P) (139)

110



Definition 3.4.4 The element Froby € Gy is called the Frobenius element of
G for the prime ideal . Alternatively, it is also called a Frobenius element
above p.

Remark 3.4.5 It is easy to check that
Frobg gy = o Froby ot

for all 0 € G and P € S,. Therefore, all Frobenius elements above p are
conjugate, by Lemma |3.4.1

If, moreover, G is abelian then this shows that Frobg only depends on p
but not on the choice of ‘B € S,. If this is the case we write Frob, := Frobg
and call it the Frobenius element for p. The statement of Corollary [3.4.3]is now
considerably stronger: we have

Froby(a) = a¥®  (mod P)
for all ‘B € 5.

Definition 3.4.6 A number field K/Q is called abelian if K C K,, = QI[(,] for
some n € N.

Recall from §?7? that K,,/Q is a Galois extension, with abelian Galois group
Gal(K,/Q) = (Z/nZ)*. In the following we will identify the two groups
Gal(K,,/Q) and (Z/nZ)* via the isomorphism a (mod n) — o, from ?7. If
K is an abelian number field, contained in K,,, then the Main Theorem of Ga-
lois Theory says that K = K for a unique subgroup H C (Z/nZ)*. Moreover,
we have a canonical isomorphism

(Z/nZ)*/H — Gal(L/Q), pH — 04| k- (140)

In particular, we see that an abelian number field K is a Galois extension of
Q with abelian Galois group.

Remark 3.4.7 The famous Kronecker-Weber-Theorem asserts that every Ga-
lois extension of Q with abelian Galois group is in fact an abelian extension.

Theorem 3.4.8 Let K = K,Il{ be an abelian number field, and let p be a prime
number such that p ¥ n. Then p is unramified in K/Q. Furthermore, the
Frobenius element Frob, € Gal(K/Q) corresponds, via the isomorphism (140)),
to the image of pH, i.e. we have

Frob, = o, |k

Corollary 3.4.9 With K = K and p be as in the theorem. Then the prime
factorization of (p) < Ok is of the form

P)=p1- . Pp,
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where p1,...,p, < O are pairwise distinct prime ideals of norm N(p;) = p/,
and where f is the minimal positive integer such that

p/ +nZ e H.
In particular, a prime p splits completely in K/Q if and only if p+nZ € H.

We can also apply Theorem [3.4.8] to a relative extension of abelian number
fields. Let K = KM% and L = Kt be abelian number fields corresponding to
nested subgroups

Hp, C Hx C (Z/TZZ)X

Then K C L and L/K is a Galois extension with abelian Galois group

For a € Hg we let 0, € Gal(L/K) denote the element corresponding to the
class aHy,.

Let p be a prime number, p { n, and let p < Ok be a prime ideal above p.
Then we have a well defined Frobenius element Frob, € Gal(L/K).

Corollary 3.4.10 We have
Frob, = o,¢,

where p/ = N(p).

Quadratic reciprocity

We are now going to show that the law of quadratic reciprocity is an easy
and direct consequence of Theorem In the next section we will use similar
but more involved arguments to prove the law of cubic reciprocity.

Let p be an odd prime, and set

. (—1) ) p, ifp=1 (mod4),
b= P P= —p, ifp=3 (mod 4).

Then Q[/p*] C Q[¢,] by Corollary [3.3.15] This means that the quadratic
number field K := Q[y/p*] is an abelian number field. More precisely, K =

Q[¢p)*, where H C (Z/pZ)* is a subgroup of index 2. Since (Z/pZ)* is a
cyclic group of order p — 1, which is even, there exists in fact a unique subgroup
H of index 2, namely the kernel of the unique quadratic Dirichlet character

(5) : (Z/pZ)* — 4. Hence

H = {ac (Z/pL)" | (Z) =1}.
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Now let ¢ be another prime, different from 2 and p. By Corollary 14
splits completely in K = Q[(,]¥ if and only if £ + pZ € H, i.e. if and only if

9-

On the other hand, we know from 77?7 that ¢ splits completely in K = Q[/p*]
if and only if

We conclude that

9-6)

This identity is just a reformulation of the law of quadratic reciprocity.

Exercises

Exercise 3.4.1 Show (without using Quadratic Reciprocity!) that for primes

p # 3 we have

(3):1 & p=+1 (mod 12).
b

Hint: do something similar as in the proof of Proposition [3.2.3

3.5 The law of cubic reciprocity

Let d € Z be a squarefree integer. The law of quadratic reciprocity shows that
the set of primes p { 2d for which the congruence

r?=d (mod p)
has a solution in IF, is itself given by a congruence condition of the form

p=ai,...,a. (mod N).

Here N =d or N = 4d, and a,...,a, are certain integers which only depend
on d. In fact, by Exercise 77 the integers a1, ..., a, are representatives of the
subgroup

H={a€ (Z/NZ)" | (Z) =1}

It is a very obvious question whether there is a similar rule for higher powers
2™ with n > 2. For instance, for which primes p does the congruence

> =2 (mod p)
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have a solution in F,? As we will see, the law of cubic reciprocity does answer
this question, but the answer is more complicated than for squares. See Corol-
lary and Remark In fact, the set of primes for which 2 is a cubic

residue mod p is not given by a congruence condition on p.

We start by defining the nth power residue symbol, which generalize the
Legendre symbol. We fix an integer n > 2 and a number field K such that all
n-th roots of unity are contained in K. More precisely, K C C and , C K.

Let p be a prime number prime to n and let p << Ok be a prime ideal of Ok
dividing p. Then F, := Ok /p is a finite field with g := N(p) elements.

Proposition 3.5.1 For every o € Ok with o # 0 (mod p) there exists a
unique nth root of unity { € ,, such that

= D/m = ¢ (mod p).
Moreover, ¢ = 1 if and only if there exists € Ok such that
"=a (mod p).

Proof: We have seen in the proof of .. that the polynomial 2™ — 1 € F,[x]
is separable. This shows that the natural map

n— Fy (142)

is injective. Since Fy is a cyclic group of order ¢ — 1, the image of (142) is the
unique subgroup of ]F;< of order n. We conclude that n | ¢ — 1. Moreover, for
a € F; we have

(amfl)/n)?’ il =1,

This means that @(?=1/" lies in the image of , i.e. there exists a unique
element ¢ € ,, such that ¢ = al9~1/" (mod p). We have ¢ = 1 if and only if
@ lies in the unique subgroup H C Fy' of index n. But H consists precisely of
the nth powers (this sort of argument was already used in the proof of Lemma
1.3.3)). It follows that ¢ = 1 if and only if there exists 8 € Ok with " = «
(mod p). a

Definition 3.5.2 For a € Ok, a # 0 (mod p) we write (%)n := ( for the

nth root of unity ¢ € , from Proposition ??. For a = 0 (mod p) we set
(9) := 0 € C. The resulting map

P
(p)nOK—)(C

is called the nth power residue symbol with respect to the prime ideal p <1 Ok

Remark 3.5.3 By its definition, the nth power residue symbol has the follow-
ing properties.
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(i) If @ = o’ (mod p) then

().=(5).
(5).=G).G).

(ii) For «, 8 € Ok we have

(iii) Suppose o # 0 (mod p). Then (%)n =1 if and only if the congruence

2" =a (mod p)
has a solution z = § € Ok.

(iv) We have

(3) = a7 Y/2  (mod p).

By (i) and (ii) we may regard the nth power residue symbol as a group homo-

morphism
<) :pr - ,CC*,
P/

i.e. as a character on IFPX. This character has order n.

Example 3.5.4 For K = Q and p an odd prime number the 2nd power residue
symbol is equal to the Legendre symbol (E) (Definition |1.3.2]).

For the rest of this section we set n = 3 and K := K3 = Q[w], where
w:=(3=(—1++/-3)/2. Let p # 3 be a prime number. First we assume that
p=1 (mod 3). Then p is totally split in the extension K/Q, i.e. (p) = pp, with
p # p. Since O = Z[w] is a principal ideal domain, p = (7) and p = (7) for a
prime element 7 € Z[w] with N g(7) = 77 = p. If we write 7 = a + bw, then
p =7 =a®— ab+ b?. Since Z[w]/p = F,, the power residue symbols

Xr 1= (), Xz 1= () Fy = 3
)3 )3

are cubic Dirichlet characters modulo p.

Lemma 3.5.5 We have xz = X, . Hence x, = are precisely the two distinct
cubic Dirichlet characters modulo p.

Proof: The characters x, and xz are determined by their values on the
intergers. For a € Z, a Z 0 (mod p) we have

xx(a) = a®? V3 (mod 7),
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by definition. Applying complex conjugation we obtain
Yx(a) = a? Y3 (mod 7).

We conclude that xz = X = X, ', proving the lemma. O

Let us now assume that p = 2 (mod 3). Then (p) < Z[w] is a prime ideal
with N((p)) = p?. The residue field F,2 := Z[w]/(p) is a field with p* ele-
ments. Therefore, the power residue symbol gives us a canonical choice of a

cubic character
Xp 1= (p) :]F;2 — 3.

Remark 3.5.6 If p = 2 (mod 3), then the restriction of x, to the field F, is
the principal character, i.e. x,(a) =1 for all a € F,,. To see this, note that

a?*=D/3 = (@p=1)PtD/3 > 1 (mod p),
by Fermat’s little theorem.
Definition 3.5.7 An element o € Z[w] is called primary if & =2 (mod 3).

Lemma 3.5.8 Let o € Z[w] be a nonunit, relatively prime to 3. Then exactly
one of the six associates of « is primary. In other words: the principal ideal
(o) <9 Z]w] has a unique primary generator.

Proof: The six associates of « are
+a, twa, +w?a.
Let us write & = a + bw. Then « is relatively prime to 3 if and only if
Ngjg(a) =a®> —ab+b*>#0 (mod 3).

Since (a+b)? = a? —ab+b? (mod 3), it follows that a # —b (mod 3). Consider
the three associates

a=a+bw, wa=-b+(a—-bw, w?a=(b-a)—aw.
Since a # —b (mod 3), exactly one of the three numbers b,a — b, —a is = 0
(mod 3). Therefore, exactly one of the three associates a,wa,w?a is = ¢
(mod 3) for an integer ¢ € Z. Then ¢ = £1 (mod 3), and hence exactly one of
the six associates of « is primary. O

As an elementary consequence we have the following variant of Theorem
1.3.1] (iii).

Corollary 3.5.9 Let p be a prime number. Then p =1 (mod 3) if and only if
there exist integers A, B such that

4p = A? +27B>.

116



Proof: Let # = a + bw be a prime element of Z[w] with norm p. By the
lemma we may assume that 7 = 2 (mod 3), which means that a = —1 (mod 3)
and b =0 (mod 3). Therefore,

21 = (20 — b) + bv/—3 = A+ 3BvV—3,

with A := 2a — b, B := b/3. Taking the norm on both sides we obtain the
identity 4p = A% 4 27B2. This proves one direction of the corollary. The other
direction is obvious. m|

Theorem 3.5.10 (Law of cubic reciprocity) Let m,\ € Zlw| be two pri-
mary prime elements. Assume that N(mw) # N(X) and that N(w), N(\) # 3.

().,

Proof: The prime elements 7, A\ can be rational or complex primes. By
symmetry, there are three cases to consider.
In the first case # = p and A\ = ¢ are both rational primes. Then p,{ = 2

(mod 3). By Remark [3.5.6]
t) P/s

So the theorem is true in this case.

We may therefore assume that one of the two prime elements, say 7, is not
rational. Then p := 77 is a prime number, = 1 (mod 3). Write x, := (;)3 :
F) — 3; this is a cubic Dirchlet character modulo p.

Lemma 3.5.11 Let g(xx) = >_, Xx(2)(; be the cubic Gauss sum associated
to Xr-
(i) We have
9(xx)® = pr.

(ii) Let L := K[g(x~)] be a extension of K generated by g(x~). Then L is an
abelian number field. More precisely,

L= @[C3P}H7

where
Hc{a€(Z/3pZ)* |la=1 (mod 3), xx(a) =1}

(iii) Let a € (Z/3pZ)* be given, with a = 1 (mod 3). Let o, € Gal(L/Q)
denote the corresponding element. Then

1

Ua(g(XW)) = Xﬂ'(a)i ) g(XTI')'
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Remark 3.5.12 We note that the relative extension L/K is also a Galois ex-
tension with abelian Galois group. In fact,

Gal(L/K) = FX/H',

where

H' ={acF, | xx(a) =1}.

We may therefore apply Corollary [3.4.10 to the extension L/K. As usual, we
will write o, € Gal(L/K) for the element corresponding to aH’ € F)\/H.

Let us now assume that ¢ =2 (mod 3). Then I := (¢) < Ok is a prime ideal
with N(I) = [2. Therefore, by Corollary [3.4.10, we have

Frob[ = 0y2.

Combined with Lemma [3.5.11] (iii), this shows that

X (2) " g(xn) = Frobi(g(xx)) = 9(xx)"  (mod £). (143)

Dividing by ¢g(x~) and using Lemma [3.5.11] (i) yields

) =) = om0 = (B mod o). (14

Since x, = (;)3 is a cubic character, we deduce the identity

over-E) 00, o

It follows from Remark 77 that (%)3 = 1. Therefore, (145)) shows that

(5),~ (2,

proving the law of cubic reciprocity in this where 7 is a complex and A = £ is a
rational prime.

It remains to consider the case where both m and A are complex primes.
Then ¢ := A\ is a rational prime, £ = 1 (mod 3). Since (\) <t Ok is a prime
ideal with N((\)) = ¢, Corollary shows that

FI‘Ob)\ = 0y.

By the same argument as in the previous case (see (143)—(145)) we obtain the
identity
AN P T
b = (£ _ . 146
(71') 3 <)‘> 3 <)‘> 3 (146)
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Reversing the roles of A\ and 7 we obtain

(), - (2,6, wn

Combining (|146)) and (147) we get

(6,6, 6, -CL0.60, o

Rearranging and dividing by (f)3 we conclude that

AN (™
T/ ) 3'
The proof of the theorem is now complete. a

Corollary 3.5.13 A prime number p is of the form
p=x? + 27y, x,y € Z,

if and only if p =1 (mod 3) and 2 is a cubic residue modulo p (i.e. the congru-

ence 23 = 2 (mod p) is solvable in Z,).

Proof: We may assume that p # 3. By Theorem [1.3.1] (iii) we know that p
is of the form p = 2% + 32 if and only p = 1 (mod 3). Hence we may assume
that p =1 (mod 3), and then all we have to show is that y = 0 (mod 3) if and
only if 2 is a cubic residue modulo p.

Let m = a+ bw be a primary prime divisor of p. As in the proof of Corollary

B:5:9] we have

4p = A% +27B?,

where A := 2a —b and B := b/3. We see that p can be written as p = x? + 27y
if and only if A and B are even.

By Remark (iil), 2 is a cubic residue modulo p if and only if (%)3 =1.
Applying Theorem [3.5.10] we see that 2 is a cubic residue modulo p if and only

(0,-0),

By Remark [3.5.14] (iv) this holds if and only if
m=1 (mod 2),

ie.a=1,b=0 (mod 2). This equivalent to A = 2a — b and B = b/3 being
even. The proof is now complete. |
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Remark 3.5.14 For a prime p with p =2 (mod 3), every integer a prime to p
is a cubic residue modulo p. Therefore, Corollary may be reformulated
as follows. For p # 3, 2 is a cubic residue modulo p if and only if one of the
following conditions hold:

(a) p=2 (mod 3), or
(b) p=1 (mod 3), and p is of the form p = 22 + 27y2.

It can be shown that (b) is not a ‘congruence condition’. More precisely, there
does not exist an integer N such that (b) only depends on the residue class of
p modulo N.
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4 Zeta- and L-functions

4.1 Riemann’s (-function

For s € C with R(s) > 1 we set

()= n " (150)

n=1

If o =R(s) > 1+ 6, with 6 > 0, then

Z|n78| < Znilf‘s < 0.
n>1

n>1

Therefore, the series defining ((s) converges absolutely and locally uniformly on
the domain {s € C | R(s) > 1}. Hence ((s) is an analytic function, called the
Riemann (-function.

This function has first been studied by Euler because of its connection with
the distribution of prime numbers. The connection to prime numbers is made
via the following Euler product formula. This formula encodes the Fundamental
Theorem of Arithmetic by an analytic identity, enabling us to use analytic tools
to study prime numbers.

Lemma 4.1.1 We have the following product formula for ((s):

===

p

Here p runs over all prime numbers.

Proof: We first show that the infinite product

E(s):=]] - _1p_s

p

converges absolutely for $(s) > 1. To see this, we compute its logarithm:

ks

log E(s) = Z —log(1—p~7%) = Z Z p_k . (151)

P p k>1

For R(s) > 1+ 9, the series on the right hand side has

1 1
ZZP_H:ZW ﬁQZW

p k>1 P p

as a convergent majorant, proving our claim.
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Fix a positive integer N and let p1,po,...,p, be the prime numbers p < N.
Then the Fundamental Theorem of Arithmetic shows that

1 .
[ § (TRU
p<n TP p<N

D D R O S

where Z; is the sum over all positive integers n all of whose prime factors are
< N. It follows that

(152)

OEN | Eer=ED D (153)

p<N n>N

Since the series defining ((s) converges absolutely, the right hand side of (153])
tends to 0 for N — oco. We conclude that

1 1
= 1 == .
<(s) N 1—p—s H 1—p—s
p<N p

O

It is well known that the series ((1) = > n~! diverges. The following
lemma gives us some control over the divergence.

Lemma 4.1.2 Assume that s > 1. Then

lim (s — 1)¢(s) = 1.

s—1

Proof: Since t77 is strictly decreasing for ¢ > 0, we have
n+1
n+1)7° < / t7%dt <n” %,
for all n > 1. Summing over all n shows that
C(s)—1< / t=odt = (s — 1)1 < ¢(s).
1
Multipliplying with (s — 1) gives

(s—1)¢(s) —s+1<1<(s—1)(s),

and the lemma follows immediately. |
Theorem 4.1.3 (Euler) The series
>,
» p
diverges.
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Proof: If f and g are two continous functions on R then we shall write
f ~gif|f(s)—g(s)| remains bounded for s — 1. We first look at the logarithm
of the Euler product and obtain (as in the proof of Lemma [4.1.1])

p k>1
where
—ks
R(S)ZZP_%Z;;+2 Szp—zs p—k5<22p—25
p k>0 p k>0 P

Since the series Zp p~? converges, R(s) remains bounded for s — 1. Therefore,

log((s) ~ >_,p~°. On the other hand, Lemma implies that ((s) ~ (s —
1)~!. Therefore,

> p7" ~log((s) ~ —log(s — 1)

tends to infinity for s — 1. We conclude that the series Zp p~! diverges. O

For the rest of this section we give a few hints at why the Riemann (-
functions plays such an important role in analytic number theory. We will not
give any proofs, which may be found in any book on analytic number theory.

As a very special corollary of Theorem we get a new proof of the well
known fact that there exist infinitely many primes. But actually, we get a much
stronger, qualitative result about the density of the primes inside the natural
numbers. For instance, since the series n? converges, Theorem says
that ‘there are more primes numbers than squares’.

A much more precise result is the Prime Number Theorem.

Theorem 4.1.4 Let w(x) denote the number of primes p < x. Then

x

()

- logx’
meaning that the function 7(z)log(z)/x tends to 1 for x — oo.

A useful heuristic interpretation of the Prime Number Theorem is to say
that ‘the probability that a randomly chosen large integer n is prime is equal
to 1/log(n)’. Indeed, using this heuristic one may predict that the number of
primes p < z is roughly equal to

Todt
Li = —
i(@) /2 logt’

T

and it is easy to see that

Li(z) ~ gz’
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In fact, the function Li(z) gives an even better asymptotics for m(z) than
x/log(x).

The Prime Number Theorem was conjectured by Gauss on the basis of nu-
merical evidence. It took over 7?7 years until the first proof was given by
Hadamard in 77, but the main strategy of the proof was devised by Riemann.
In his famous paper [?] he studies the distribution of the prime numbers using
¢(s). Among other things, he proved the following result.

Theorem 4.1.5 The function ((s) has an analytic continuation to C — {1},
with a simple pole at s = 1. Moreover, ((s) satisfies the functional equation

C(1—s) =2(2m)"°T(s) cos(ms/2)¢(s). (154)
Here - J
T'(s) ::/0 e_yyszy

is Euler’s T-function, defined for R(s) > 0.

Because of the Euler product (Lemma , C(s) # 0 for R(s) > 1. Since
I'(s) # 0 for R(s) > 1 as well, the functional equation (154) shows that

C(=2k)=0, k=1,2,....

These are the so-called trivial zeroes of ((s). The same argument shows that
all nontrivial zeroes lie in the critical strip

{s€C|0<R(s) <1}

Moreover, if p is a nontrivial zero, then 1 — p is a zero as well.

Using methods from complex analysis, Riemann proved his explicit formula
relating the distribution of the prime numbers to the nontrivial zeroes of {(s).
From this formula one sees that the prime number theorem holds if and only if
C(s) #0if R(s) =1, i.e. if no zero lies on the boundary of the critical strip. It
is in this way that the Prime Number Theorem was finally proved.

In the same paper, Riemann formulated the following conjecture, which
remains open and is generally considered as the most famous problem in math-
ematics.

Conjecture 4.1.6 (The Riemann Hypothesis) All nontrivial zeroes of {(s)
have real part R(s) = 1/2.

4.2 Dirichlet series

The Riemann (-function is just the prototype of a class of functions which we
will now discuss.
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Definition 4.2.1 Let (a,),>1 be a sequence of complex numbers. Then the

series a
F(s):= =
()= %  s€C,
n>1
is called the Dirichlet series attached to (a,).
Lemma 4.2.2 Assume that F(sg) converges for some sy € C. Then F(s)

converges uniformly on every region of the form R(s — sg) > 0, arg(s — s9) < a,
with a < 7/2.

Proof: We note that

F(S_SO):ZTLSO(ML :Z%

is again a Dirichlet series. Therefore, we may assume that so = 0. Now our
assumption means that the sum ) a, converges. We set

N N
Ay = E , Apn = E an
n=M

n=1

for 1 > M < N. Partial summation shows that
N
Z apn”® = Z Avpn(n™ = (n+1)7°) + Ay nN7°. (155)

Let € > 0 be given. Since the sum ) a, converges, there exists Ny such that
|AM,N| < €, forall N > M > N,.
So ([155]) shows that for R(s) > 0 we have

|Zan s|<eZ|n f—(n+1)"°+e (156)
Write 0 = R(s). Then

n+1 d{L‘
=) =l [

and therefore

N
d
§:|ns (n+1) s|_||/ x Si(Mfo_Nfa)Sﬁs"
o

go+l ra

Plugging this estimate into (156)) we obtain
- sl
| Z ann”®| < e(2— +1).
n=M g
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Since |s|/o is bounded on every region of the form o = R(s) > 0, arg(s) < «
with a < 7/2, the lemma follows. O

Corollary 4.2.3 The domain of convergence of F(s) contains a maximal open
half plan {s € C | R(s) > 0.}, for some o, € [—00,00]. Moreover, F(s) defines
a holomorphic function on this region.

Definition 4.2.4 We call 0. the abscissa of convergence and {s € C | R(s) >
o.} the half plane of convergence of the Dirichlet series F(s). (If 0 = —oo (resp.
0. = 00) we mean that F(s) converges everywhere (resp. nowhere).)

The abscissa of convergence of the Dirichlet series ), |a,|n~* is called the
abscissa of absolute convergence. We denote it by o,,.

Example 4.2.5 The Riemann (-function ¢((s) = Y., n~! is a Dirichlet series
with o, =0, = 1.

Lemma 4.2.6 Suppose that the partial sums

N
Ay N = Z an,
n=M
are bounded, independently of M,N. Then o. < 0, i.e. F(s) converges for
R(s) > 0.

Proof: Let C' > 0 be a constant such that Ay x| < C, and let s > 0. Using
partial summation as in the proof of Lemma we see that

N N-1
| Z apn”®| < C Z M =Mn+1)"°)+CN*=CM~"°.
n=M n=M

For a fixed s > 0, this converges to zero if M goes to infinity. Therefore, F(s)
converges for all s > 0. By Lemma it follows that F'(s) converges in the
half plane R(s) > 0. O

Example 4.2.7 The Dirichlet n-function is defined by the series

Using Lemma it is easy to see that n(s) converges on the half plane R(s) >
0. On the other hand, the series

n0)=1-14+1-1+...

is divergent. It follows that the abscissa of convergence is . = 0. Note that the
convergence of 7(s) is not absolute unless R(s) > 1.
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The function 7(s) is closely related to Riemann’s {(s). In fact, for R(s) > 1
we have

111 111
(1+§+§+B+“')*2(§+B+E+“')

= (1—2'77)¢(s).

n(s) (157)

Since n(s) is convergent for f(s) > 0,

¢(s) = (1 =2"7%)7n(s)

defines an analytic continuation of {(s) to the half plane R(s) > 0, with a simple
pole at s = 1. In particular, this gives a new proof of Lemma [{.1.2]

Definition 4.2.8 A series (a,)nen is called multiplicative if

Amn = GmGn

holds for all pairs of relatively prime integers n,m € N. If it holds for all pairs
of integers, then we call (a,) strongly multiplicative.

Proposition 4.2.9 Let (a,)nen be a bounded series of complex numbers and
F(s) =), ann~* the associated Dirichlet series.

(i) If (ay,) is multiplicative, then we have an Euler product formula

F(S) = HFP(S)7

valid for R(s) > 1, where

(ii) If, moreover, (a,) is strongly multiplicative, then

1
p(s) = 1= ap—

Proof: (cf. the proof of Lemma[4.1.1)) Since (a,,) is bounded, the series F(s)
converges absolutely for (s) > 1. Then the series F,(s), being a subseries of
F(s), is absolutely convergent as well. Let S be a finite set of prime numbers,
and let N(S) denote the set of integers n all of whose prime divisors lie in S.
Using the assumption that (a,) is multiplicative, we see that

[Mae=T> 5%=> =

peS peS k>0 p neN(S)
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As S increases, the right hand side tends to F(s). This proves (i). If (a,) is
strongly multiplicative, then a,» = a’;. So the boundedness of a,, implies that

lap] <1 and then
1

T 1—ap

Fy(s) =Y (apn~*)"

k>0

Dirichlet L-series

Recall from Definition [3.3.9] that a function
xX:7Z—C

is called a Dirichlet character with modulus m € N if the following conditions
hold.

(a) x is strongly multiplicative, i.e. x(ab) = x(a)x(b) for all a,b € Z.
(b) x(a) depends only on the residue class of a in Z/mZ,
(¢) x(a) =0 if and only if ged(a,nm) # 1.

Recall also that a Dirichlet character modulo m is uniquely determined by a
character x : (Z/mZ)* — C*.

Definition 4.2.10 The Dirichlet series

is called the L-series of the Dirichlet character y.

Since the (x(n))nen is bounded and strongly multiplicative, we have the
Euler product formula

L(x,s) = ];[ T Xép)p,s : (158)

valid for R(s) > 1, by Proposition If x = € is the principal character

modulo m, then
1
L = —
D= >
ged(n,m)=1

diverges. On the other hand, if x # €, then x(1) + ... 4+ x(m) = 0 by Theorem
3.3.5[ (). It follows that

m T

N r
Ay =Y x) = 130 () + 3 xta) = Y x(a),
n=1 a=1 a=1

a=1
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with 0 < r < m. In particular, Ay is bounded. By Lemma this shows
that L(x, s) converges for (s) > 0. In particular, the value

L(xyl)ZZ@

is well defined.

Example 4.2.11 Let x be the unique quadratic character modulo 4, i.e.

1, n=1 (mod4),
x(n)=4¢-1, n=3 (mod4),
0, mn=0 (mod?2).

Then 1 1 1
L S P T
(X’ 8) 35 + 55 78 +
converges for R(s) > 0, and for R(s) > 1 we have the Euler product
1

L(x,1) =

(1+35)1=5=5)1+7-5)(1+11-5)--"
A well known result due to Leibniz says that

1 1 1 T
Lix.1)=1—-=4-——4...=2,
(1) stz ot 1

We will prove this formula in the next section.

The (-function of a number field

Definition 4.2.12 Let K be an algebraic number field. The Dedekind (-
function of K is defined as the series

1
Ck(s) = Z Wa

where a << Ok runs over all nonzero ideals of O.
Clearly, if K = Q then ({g(s) = ¢(s) is simply the Riemann ¢(-function. In

general, we can rewrite (x(s) as a Dirichlet series

< (S) = s
" n>1 n

an

where
an = |[{a<1Ok | N(a) =n}|

is the number of ideals with norm n. This works because a,, is a finite number,
see Exercise

129



Theorem 4.2.13 The series (i (s) converges on the half plane £(s) > 1, and
in this region we have an Euler product formula like so:

Ck(s)= ||l 7=
O = =—x5=
Here p <t Ok runs over all nonzero prime ideals of Ok .

Proof: The proof has two crucial ingredients. The first is Theorem [2.5.14]
which says that every nonzero ideal a << Ok has a unique factorization as a
product of prime ideals,

a=ph ... pk (159)

So at least formally, we can prove the Euler product formula exactly as for {(s):

M - HIX¥0 ™= 3 J[5e)™

p p k>0 P1,--,pr =1
ki kr>1
—s (159) _
= Y NEE ) B ST N = ().
P1ye-br a
ki,....kr>1

To see that this formal manipulation makes sense for R(s) > 1, it suffices to
show that the infinite product over all prime ideals converges absolutely. To
do this, it suffices to show that the following sum converges absolutely (cf. the

proof of Lemma :
1 N(p)~he

p k>1

Now we have to use the second main ingredient. The fundamental equality
implies that for a fixed prime number p, there at most N := [K : Q] prime
ideals p | p, and for such a p we have N(p) > p. This shows that the sum

ks

Nlogg(s)zNZZp_k

p k>1

is an absolutely convergent majorant for the sum (160). The theorem is now
proved. O

Remark 4.2.14 Tt is intersting to compare Theorem with Proposition
4.2.90 The unique prime factorization in O shows that the sequence (a),
where a,, is the number of ideals of Ok with norm n, is multiplicative. By
Proposition [4.2.9 we have an Euler product formula

CK(S) = HFP(S)>
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valid in the half plane of absolute convergence. Theorem is much more
precise. It shows that (x(s) is absolutely convergent for R(s) > 1, but it also
says that

1
Fy(s) :HW'

plp

We see that in general, the local Euler factor at p is not of the form 1/(1—a,p~*),
as in Proposition [£.2.9]

Example 4.2.15 Let K = Q[i] be the field of Gaussian numbers. There are
three kinds of prime ideals in O = Z[i]:

(i) p2 = (1 +4) is the unique prime ideal dividing 2. In fact, (2) = p3, so
N(p2) = 2.

(ii) For a prime number p such that p =1 (mod 4) we have (p) = pp, and p,p
are two prime ideals with norm p.

(iii) For a prime number p such that p =3 (mod 4), (p) is a prime ideal with
norm p?.

Now we see that

1 1 1
CK(S) = 1—92-s H (1 _ p—s)Q H —2s

1—
p=1(4) p=3(4) b
1 1 161
= I 7= 11 4 (161)
p=1(4) p=3(4)
:C(S)L(X,S),

where x is the quadratic Dirichlet character modulo 4, see Example{4.2.11] This
remarkable formula is a special case of Theorem 4.2.16| below.
By the way, if we write (x(s) as a Dirichlet series, we get
a
=) L =142744 45548 +97 "+
Crls) =) o =1+272 447457 +8° 497"+,

n>1

where a,, is the number of ideals a <0 Z[i] of norm n. Since Z[i] is a principal
ideal domain, every ideal of norm n is of the form a = (z +yi), where (z,y) € Z
is a solution of the quadratic equation 2% + y?> = n. The generator x + yi of
a is unique up to multiplication with a unit, and he unit group has order 4,
Z[i)* = {+1,+i}. It follows that

1
an = H(,9) |22+ =}

is the number of representations of n as a sum of two squares, divided by 4.
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The (-function of an abelian number field

Our main theorem in this section expresses the Dedekind (-function of an
abelian number field as the product of Dirichlet L-functions. This translates
our previous results about the splitting of primes in abelian number field (our
main reciprocity law) into the analytic language of Dirichlet series. It will be
our main tool to prove Dirichlet’s prime number theorem.

Let K be an abelian number field. Recall that this means that K C Q[¢,],
for some n € N. By the main theorem of Galois theory, K = Q[¢,]¥, where

H C Gal(Q[¢]/Q) = (Z/nZ)*

is a subgroup of the Galois group of Q[(,]/Q. In the following, we will identify
the two groups (Z/nZ)* and Gal(Q[¢,]/Q) via the isomorphism that sends a
to the Galois automorphism o, determined by o,(¢,) = ¢ (see §77). Since
Gal(Q[¢,]/Q) is abelian, H is a normal subgroup and hence K/Q is a Galois
extension, with Galois group

G = Gal(K/Q) = Gal(Q[¢.]/Q)/H.

Let G denote the group of characters x : G — C*. Composing x with the
natural projection morphism

m:(Z/n2)" = G (162)

gives a character xom on the group (Z/nZ)*. The map x — xom is an injective
group homomorphism

G’%(me.

We shall consider G from now on as a subgroup of (Z/nZ)* via this map. Since
H is the kernel of 7, a Dirichlet character modulo n is of the form x o 7 if and
only if its restriction to H is trivial. In this way we obtain an identification

G ={x € (Z/nZ)* | x(a) = 1Va € H}.

—

Recall that a character x € (Z/nZ)* may be extended to a Dirichlet character
X : Z — C*. In the following theorem we use the convention that this extension
is chosen to be primitive, see 77.

Theorem 4.2.16 With the notation introduced above we have
Cels) = I Lx.s).
xeG‘

Proof: The functions (x(s) and L(y,s) have an Euler product (Theorem
4.2.13 and ??7). Therefore it suffices to prove, for every prime number p, the
following identity:

1 1
=== L i e
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We shall first assume that p does not divide n. In this case the proof is simpler
and more transparent, for the following reason. The image

ppi=m(p+nZ)eG

of the residue class of p in G via the projection (162)) is the Frobenius element
for the prime p with respect to the abelian extension K/Q. Furthermore, by
Corollary the prime factorization of (p) < Ok is of the form

(P)=p1-.. pr,

where py,...,p, << Ok are pairwise distinct prime ideals of norm N(p;) = pf,
and where f is the order of ¢, in G. The fundamental equality then shows that
r = |G|/ f. Therefore, the left hand side of (163) can be written as

1 1
== == 1o

Note that the denominator of the right hand side of (164]) is a polynomial in
p~*. Now ([163)) follows from (164]) and the following lemma.

Lemma 4.2.17 Let G be a finite abelian group, o € G an arbitrary element
and f := ordg(o) the order of o. Then

[0 —x@m) =@~y
XECJ
as an identity in the poylnomial ring Clx] and with r := |G|/ f.

Proof: The map X
¢:G_> f X'_}X(U% (165)

is clearly a group homomorphism. The proof of Proposition [3.3.3| shows that
there exists x € G such that x(o) is a primitive fth root of unity. In other
words, ¢ is surjective and hence induces an isomorphism

G/ker(¢) = .

It follows that
[T =x(e)x) =] -c¢a), (166)

xeG CE ¢

where 7 := |ker(¢)| = |G|/f. On the other hand, it is clear that

H(lfC;U):lfxf.

C€E ¥

Together with (166)) this proves the lemma. a
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So far we have proved the identity only for p{n. For the general case
we write n = pFm such that p { m. We may assume that k& > 1, because we
have already dealt with the case k = 0. Now the problem is that the Frobenius
element ¢, is not an element of G' but of a certain quotient group, defined as
follows. By the Chinese Remainder Theorem we have a natural isomorphism

(Z/nZ)* = (Z/p*7)* x (Z/mZ)*.

We consider the first factor (Z/pFZ)* as a subgroup and the second factor
(Z/mZ)* as a quotient of the group (Z/nZ)*. Let I, C G denote the image
under the projection map of the subgroup (Z/p*Z)*. We obtain a natural
and surjective homomorphism

(Z/mZ)* — G/I,, a+mZ— oql,.

We define the Frobenius element with respect to p and the extension K/Q as the
element ¢, := 0,1, € G/I,. The statement of Corollary can be extended
as follows. Let f denote the order of ¢, in G/I,. Then the prime factorization
of (p) < Ok is of the form

() =(p1--pr)° (167)

where p1,...,p, are pairwise distinct prime ideals of norm N(p;) = pf, and
where e = |I)| and r = |G|/ef. It follows that holds as before — we just
had to be more careful with the definition of f and r.

To finish the proof we have to analyse the right hand side of . The
subtle point is somewhat hidden by our notation. Given a character y € G we
temporarily denote its extension to a primitive Dirichlet character by x : Z — C.
Note also that we have an injective group homomorphism

G/I, G

which maps a character x : G/I, — C* to its composition with the projection
G — G/I,. We shall consider G/I, as a subgroup of G via this homomorphism.

Claim: We have x(p) # 0 if and only if x € CT/T,,

The claim may aslo be formulated as follows. Given x € G, there are two
cases. In the first case Y(p) = 0, and then the corresponding term in is
equal to one and can be ignored. In the second case we have x(p) = x(¢p)
where ¢ € G/I, is the Frobenius element. Therefore we can rewrite the right

hand side of (163) as
1
H\ 1= x(ep)p™*"
X€G/I,
Applying Lemma [4.2.17| to the group G/I, and the element ¢ € G/I, we see

that
1 1 B 1
L 1—x(epp~s (A —p I’
XEG/I,
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where f,r are defined by (167)). This proves the identity (163]) for all prime
numbers p and concludes the proof of Theorem O

Exercises

Exercise 4.2.1 Let 7n(s) be the Dirichlet n-function from Example For
$(s) > 1 we can use the absolute convergence of n(s) to see that

n(s) = % + % (D = (n+1)79). (168)
n>1

(i) Use (157)) and (168]) to define an analytic continuation of n(s) and ((s) to
the half plane R(s) > —1.

(ii) Compute 7(0) and
n(—1) := lm n(s), ¢(=1) := lim ((s).

s>—1 s>—1
With the last part of the exercise we have, in some sense, computed a value for

the divergent series
1+24+3+4+...

4.3 Dirichlet’s prime number theorem

4.4 The class number formula
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5 Outlook: Class field theory

5.1 Frobenius elements

5.2 The Artin reciprocity law
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