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Abstract

Conditional tests like two-sample permutation tests establish valid fi-
nite sample tests for large classes of nonparametric composite null hypothe-
ses. In particular, we discuss the quality of various conditional distribution
free tests in comparison to a (parametric) benchmark test. It is shown that
they are often asymptotically effective. This means that conditional tests
are asymptotically equivalent to benchmark tests and do not loose asymp-
totic power under contiguous alternatives. Moreover they turn out to be
asymptotically efficient for various models. The results apply to permu-
tation tests, symmetry tests and tests based on U-statistics or maximum
likelihood estimators. A counterexample for the Bootstrap shows that the

principle is not always applicable for arbitrary resampling tests.
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1 Motivation and introduction

Conditional tests (tests with Neyman structure) are powerful classical tools of
statistics, see Lehmann and Romano (2005) for further references. By con-
struction they are valid tests with exact nominal level a. These tests have the
advantage that they are able to control the error probability of first kind at
each sample size for a wide class of nonparametric composite null hypotheses.
Since conditional tests are typically distribution free, they are very attractive

for practical purposes. For applications we refer to the recent monographs of

!This article has been devoloped while the second author was a fellow of the ‘Griinder-
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Edgington and Onghena (2007) and Good (2005).

Conditional tests are often part of more general two step testing procedures like
weighted bootstrap tests (including permutation tests), see Mason and Newton
(1992) and Janssen and Pauls (2003). Typically they are based upon an ex-
ternal conditional resampling step which can nowadays be done by high speed
computer machines.

In this paper we study the quality of conditional tests in comparison with ideal
benchmark tests. As motivation we will discuss the following well known exam-

ple which illustrates the methodology of our approach.

Example 1.1 (Nonparametric two sample test for the mean)
Consider independent real valued r.v. Xy,..., Xn,, Xn,41,..., Xy with common
distribution

L(X1,.  Xny, Xngt1s---, Xp) = P @Q™, (1.1)

where P and Q are distributions on the real line and no := n—mny holds. Suppose
that the means = E(X1) and po = E(X,,) exist. The testing problem is given
by

Hoy : p1 < po versus Hy @ g > po.

Classical unconditional tests reject the null-hypothesis Hy whenever

n
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holds for some critical value cy,. It is well known that a proper choice of the crit-
tcal value ¢y, depends on the model. This model is given by further information
about the underlying distributions P and Q. We will now discuss some typically

situations.

1. Suppose first that P = N(u1,0%) and Q = N(p2,0?) are normal with the
same unknown variance o> > 0. In this case the two-sample t-test with
critical value

Cn,stud = an/Qtn—Z,l—oz (13)

1s most powerful and of exact level .

_ 1 1 2 1 2
Here Vi = =5 (30 (Xi— 57 2200 X5) 4200 (K= 2o 1 X))
and tyn—21-q denote the two-sample variance estimator and the (1 — a)-

quantile of the t,_o-distribution, respectively.



2. If the normality assumption is not realistic we will turn to the following
nonparametric extension. We do not make any assumptions about the
shape of the distribution of P and the normality is substituted by the shift
family

Q=Pxey,_p,. (1.4)

Here ‘x’ denotes the convolution with the Dirac measure with mass at
w2 — 1. If P posses a finite second moment with non trivial variance the

two-sample t-type-test given by (1.2) and (1.3)

Pn,stud = 1(V'r}/2 (Tn,lm) (1'5)

tn—2,1—a,00)

(or any test with other consistent estimation cy stud of the critical values)

will be asymptotically exact, i.e. Epy(on stud) — @ holds as n — oo.

3. However, the test (1.5) may be liberal and not of exact level « at finite
sample size. In this case it is well known that the two-sample prob-
lem can be made distribution free very easily. Under the null-hypothesis
of equal distributions L(X1) = L(X2) = ..., L(X,) the order statistics
Xim < Xogp < -+ < X of Xu,..., Xy, are sufficient (and also bound-
edly complete whenever the model is rich enough). Conditioned under the

order statistics the test is now carried out as Pitman’s permutation test

(sz,stud = 1(cjl’stud,oo)<Tn,lin) + 'Y:L]-{c*’swd}(Tn,lin)- (1.6)

n

%
Here Cp.stu

4 s the data dependent (1 — o)-quantile of the permutation dis-

tribution of T, 1in, see Example 3.1 below. The construction is given by

EHO (@Z,stud|X1:na cee 7XTL:n) = Q. (17)
Obviously, ¢, s,q 15 of exact level a = Ep, (go;;’stud) at any sample size.

It is not in advance clear that the conditional permutation test has good (asymp-

totic) power. Our question of interest is now,

e whether there is any price in terms of lower power that we have to pay for
making a traditional test (like student’s two-sample t-test ¢y, suq) distri-

bution free?



To judge this question in general we will make a power comparison of traditional
tests ¢y, and corresponding conditional tests ¢.

In the above Example 1.1 the answer is well known. Of course under normality
assumptions (part 1 in the above example) Pitman’s permutation test ¢} .4
has not the power of the optimal t-test (1.5) at finite sample size. Nevertheless,
as it is pointed out in Janssen (1997), Pitmann’s permutation test is asymp-
totically as powerful as the two-sample t-type-test ¢y, stuq. Only finite second
moments are required. The reason for the asymptotic equivalence of ¢, and Pit-

mann’s permutation test ¢} can be explained very easily. In Janssen (1997) and

*

(2005) it is proved that their critical values ¢, s¢uq and Ch stu

g4 are asymptotically
equivalent, i.e.

|Cn,stud — c;stud\ — 0 in probability (1.8)

holds under Hy as n — oco. The same holds true for a large class of tests based
on linear statistics.

The main aim of this paper is to extend these results to non-linear statistics
T, instead of T}, stuq. Important examples are test statistics like two-sample
maximum likelihood estimators and certain U-statistics which are not linear
but admit an expansion with leading linear term. Notice that a detailed study

of conditional distributions is required in order to study the random conditional

*

n.stud-  Lhe derivation of the asymptotics in (1.8) is by no means

quantiles ¢
simple although the non-conditional asymptotic of 7T}, j4, is well understood. In
general, the problem has to be dealt with care, see the negative result for the

Bootstrap (Example 2.3) and Example 3.7 below.

Motivated by the above example we can now describe our general setting. Typ-

ically a well motivated sequence of test statistics 15, and upper T,-tests

]l(cn,oo)(Tn) < o < ]l[cn,oo)(Tn) (1'9)

with critical values ¢, € R are given a priori for a certain composite null hy-
pothesis Py . The critical values ¢, may be of asymptotic nature such that
Ep,(vn) — « holds under the null hypothesis (for instance ¢, = v, *f—a
given by a consistent variance extimation V;, and some quantile ¢1_,). The
test ¢, will be called benchmark test. For instance, in the above example our

benchmark test would be student’s two-sample t-test. Throughout, let S, be a



sufficient statistic for the underlying null hypothesis Py ,. Then a conditional
T,-test (like Pitman’s permutation test (1.6))

Lies 00)(Tn) < @ < Lies o0y (T) (1.10)

of nominal level o can be established by the choice of conditional critical values
ey, = ¢, (Sn) given by
E(¢;,|Sn) = o under Py . (1.11)

The general question of interest is now whether we have to pay a price - say in
loss of power - for making the benchmark test ¢, distribution free by turning
to ). Of course, at least along parametric submodels, the conditional test
cannot reach the power of the benchmark at finite sample size n. However,
we will see that a huge class of conditional tests reach the optimum power
(given by the asymptotic power of the benchmark under contiguous alternatives)
asymptotically. In this context the crucial property of conditional tests is their
effectiveness. We call the sequence ¢ asymptotically effective (with respect to

the benchmark test ¢p,) if

Ep,(len —¢nl) = 0 (1.12)

holds for each sequence of members P, of the null hypothesis Py, asn — oo. In
section 2 certain conditions for asymptotic effectiveness of ¢ are established.
Since permutation tests are the standard example for conditional tests, we will

deal with them in its general form in the following example.

Example 1.2 (Permutation tests)
Let P be a composite family of distributions on a measurable space (2, A) and
consider the null-hypothesis Pon = {P" : P € P} given by product measures.
Let

T,: Q" =R, T, =T,(X1,...,X5)

be a general test statistic which may depend on random variables X;, which are
1.4.d. under the null with common distribution P € P. The upper T, -test can be
carried out as a permutation test @), given by (1.10), which may be chosen finite
sample distribution free with Epn (o)) = « for all P € P. The critical values c,

are the data dependent (1 — «)-quantiles of the permutation distribution

o—1T, :Tn(Xa(l),...,Xo(n)). (1.13)



Here 0 = (0(1),...,0(n)) is a random permutation of 1,...,n which is inde-
pendent of the data, see Example 3.1 (a) for the general form. For real valued

rov. Xi,..., X, the construction of the critical values is identically to (1.7).

The conditional tests ¢ (like permutation tests) have the advantage that they
are finite sample distribution free and of exact nominal level a. Throughout,

we will study for general conditional tests

o the quality of the conditional test in the sense whether ¢, is asymptotically
effective with respect to ¢y, i.e. (1.12) holds, or more generally we may

ask
e which power of ¢} can be expected at all under (contiguous) alternatives.

The following chart summarizes and exemplifies the reasons for our approach. It
opposes the characteristics of parametric benchmark tests ¢, and the associated

conditional tests ¢ .

null hypothesis Py, | parametric (e.g. normal) nonparametric
(n, parametrical test most powerful test may fail:
(e.g. two-sample or Ep, (¢n) > « for
t-test) locally best test some P, € Pon
¥ conditional test distribution free
(e.g. Pitman’s loss of power ? Ep, (o)) =«
permutation test) for all P, € Pon

The finite sample optimality of conditional tests was earlier discussed by Lehmann
and Stein (1949), Gebhard and Schmitz (1998) and Janssen and Vélker (2007)
for instance. The large sample properties of resampling statistics and tests
(mainly permutation tests) with non-studentized test-statistics were studied by
Romano (1989) and (1990), Praestgaard (1995), Strasser and Weber (1999) as
well as by Janssen (1997) and (2005) for studentized versions. FEarlier condi-
tional central limit theorems (CLT) were established by Hoeffding (1952). The
asymptotics in the general weighted bootstrap case (including permutation pro-
cedures) have amongst others been explored by Mason and Newton (1992),
Praestgaard and Wellner (1993), Janssen and Pauls (2003) and Janssen (2005).
Prepivoted bootstrap tests were discussed by Beran (1988).



The paper is organized as follows. In section 2 we study the asymptotic effec-
tiveness of conditional tests and will give necessary conditions for (1.12) to hold,
see our Lemmas 2.4 and 2.5. In this context it will be shown in Lemma 2.2 that
a perturbation of the test statistic preserves the convergence (1.12). However, a
counterexample for bootstrap tests shows that the principle is not adaptive for
all kind of resampling tests. Applications are given in section 3. There we will
see that the results hold for a wide class of conditional tests. For example, we
will proof the effectiveness of permutation tests based on U-statistics or max-
imum likelihood estimators. Another application is given for distribution free

symmetry tests. The paper closes with a final proof section 4.

2 The asymptotics of conditional tests

Permutation tests are special cases of more general conditional tests which can
be described as follows. Below let (€, A,,P,) be a statistical experiment,
where P, is a set of probability measures on (€,,Ay). Let Py, C Py, be a

composite null-hypothesis of interest. Our testing problem is given by
Po,n versus Pp\Pon. (2.1)
Throughout we will assume that
Snt (Qn, An) = (Qs,, As,)

is a Pop-sufficient statistic that takes its values in some measurable space
(Qs,,As,,). A test ¥ : Q — [0,1] for (2.1) is called a conditional test (or a
test with Neyman structure) iff its conditional expectation E.(1|S,,) is constant
under P p, see Lehmann and Romano (2005) for further informations. Obvi-
ously, conditional tests given by sufficient o-fields F,, C A, fit into the present
approach. In this case we may choose S, to be the identity S,, = id : (2, A,) —
(Q, Fr). More generally as in section 1 let

Tn : (an-An) - R

be a well motivated test statistic. The upper-T),-test can be carried out as (S)-
conditional test ¢} as follows. There exists a regular conditional distribution of

T, given S,, = s that is independent from P, € Py, i.e.

pIISn=s(y = pTalSn=s(.) for all P, € Py, (2.2)



see Dudley (2002, Theorem 10.2.2.). For each « € (0,1) the conditional test

Ora = Lex (Sn),00) (Tn) +¥n(Sn)Lies (5,03 (Tn) (2.3)

is based on the Ag, measurable quantile function ¢, of (2.2) at level (1 — «)

and 0 < (S,) < 1 which is a solution of E.(¢}, ,) = a given by

o dPT5n=5 — o for s € Qg, 2.4
n,o n

see Janssen und Volker (2007). Permutation tests (see Example 1.2) like Pit-
man’s permutation test are a special case. There A,, = A™ is the product o-field
on Q" and F,, is defined to be the o-field of coordinate-wise permutation invari-
ant sets of A,,.

First fix a sequence of distributions P, € Py,. We will make one assumption

that follows Janssen and Pauls (2003, sect. 2.)

(A) Suppose that under the sequence P, € Py, we have convergence
P,(T, <x) — F(z) for all z € R as n — o0, (2.5)

where F is a continuous distribution function that is strictly increasing on

its support.

For each level o € (0,1) let ¢, o denote as in (1.9) a sequence of unconditional
benchmark tests (like the two-sample t-test for instance). We suppose that
they are of asymptotic nominal level o, i.e. Ep, (¢n) — « holds as n — oo.
The next Lemma is crucial for the comparison and treatment of the conditional
counterpart ¢, , of ¥n under general nonparametric null-hypotheses, for a
proof see Janssen and Pauls (2003), Lemma 1.

Let © — P, (T, < z|S,) denote the conditional distribution function of T,, given
Sh.

Lemma 2.1

If assumption (A) holds, the following statements are equivalent

sup | Po (T, < #|Sy) — F(2)| EANG) (2.6)
zeR
Ep, (|ena — gofm‘) — 0 for all a € (0,1) (2.7)

P, . .
as n — 0o. Here — stands for convergence in P,-probability as n — oo.



The condition (2.6) has been verified for various linear statistics T}, and their
studentized versions, see Janssen and Pauls (2003) or Janssen (2005). For in-
stance, it works for linear two-sample statistics in case of permutation tests.
Statistical consequences are sketched in section 3 below.

Various complicated test statistics 7, can be expanded in a treatable (for in-
stance linear) part 7, and an asymptotically negligible part R,, i.e. T, =
T, + Ry,. Assume that R, : (2, A,) — (R, B) is a statistic which converges in
probability to 0, viz. R, L0 for some sequence P, € Py ,. Now it is often
the case that we know the conditional and unconditional asymptotic behavior
of Ty, i.e. (2.5) and (2.6) hold. It is now the question, whether the uncondi-
tional convergence in distribution of the more complicated test statistic T}, can
be carried over to the conditional case. This is in general not the case - see

Examples 2.3 and 3.7 below - but holds under sufficiency of S,.

Lemma 2.2

Suppose that assumption (A) holds. Then condition (2.6) is equivalent to

Pn

sup | Py (T, + Rp < x|Sn) — F(z)| = 0. (2.8)

z€R

The next example shows that Lemma 2.2 does in general not hold for the boot-
strap. In contrast to the permutation distribution the remainder R, has non-

negligible influence on the bootstrap.

Example 2.3
Let Xq,..., X, be i.i.d. real-valued random variables with continuous distribu-
tion. Consider the associated Efron’s boostrap variables X7,..., X}, i.e. they

are i.4.d. following the empirical measure Fy, of (X;)i<n. Let (an)n be a sequence

with a, — +00 for n — co. Define the set
Ap ={(x1,...,2n) € R" : there exist i # j with x; = x;}.

Then the statistic R, = Rp(X1,...,Xy) == an-14,(X1,...,X,) is P-a.e. equal
to 0. However, given the data, the bootstrap version R} = Rp(X7,..., X))

converges in probability to infinity:

P(R, > K| X1,..., X)) = P@Ei#j:Xf=XX1,...,X)

1 2 1
= 1—1(1—#(1-5)-..;_@.
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One may have the impression that conditional tests are often asymptotically
effective. This is not the case as we will see in Example 3.7 below. The next
two Lemmas deal with necessary conditions for (2.6) and give insight in the

connection between conditional and unconditional convergence of moments.

Lemma 2.4

Suppose that assumption (A) and (2.6) hold, where T denotes a random variable
with distribution function F and expectation E(T). Furthermore assume that
the first absolute moments exist and converge, i.e. Ep (|T,|) — E(|T|) < o
for n — oco. In this case we have convergence in probability of the conditional

expectations to the mean of T
Py
E(T,|Sn) — E(T). (2.9)

Lemma 2.5
Let E(T,) = E(T) = 0 hold and postulate that the variances erist and converge,
i.e. Var(T,) — Var(T) < oco. Then the following assumption is necessary for
(2.6):

Var(T, — E(T,|Sn)) — Var(T), (2.10)

viz. [ E(T,|Sn)?dP, — 0 holds for n — oc.

3 Applications: Effectiveness of conditional tests

In this section we show that different conditional tests ¢} are asymptotically
effective in the sense of Definition 1.12 for various nonparametric classes of
hypotheses Py . In particular we show the effectiveness of different permutation

tests, which are a special case of more general randomization tests.

Example 3.1
Let Gn, = {gn : (U, An) — (Qn, An)} be a finite group of transformations and

consider a null-hypothesis
Po,n of Gn-invariant distributions,

i.e. P" = P, for all P, € Poy and gn € Gy. Let F, = {A € Ay, : go(A) =
A for all g, € G} be the o-field of Gn-invariant sets and Sy, = id : (Qy, Ay) —
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(Qn, Frn) be the identity which is sufficient for Po,. The conditional (random-

T |S7L =w PTIL |S7L =w
- n

ization) distribution P. 1s given by the distribution of

gn = Tn(gn(W)),  gn € G, (3.1)

on the orbits with respect to the uniform distribution on G,. The conditional

tests @}, o, see (2.8), are then called randomization lests. Special cases are

(a) Permutation tests. Here Py, are (more general as in Ez. 1.2) ex-
changeable distributions on product spaces (", A,,) and G, is the group

of all permutations of the coordinates of Q™.

(b) Symmetry tests. In this case we contemplate (Qn, A,) = (R™, B™) and
the group G,, of reflections (x1,...,%y) — (€121, ..., €,Zy) given by all vec-
tors (€1,...,€y) € {—1,1}". A special choice of Gn-invariant distributions

1s then the null-hypothesis of 0-symmetric product measures

Pon ={P" : P is 0-symmetric on (R, B)}. (3.2)

Nonparametric testing problems are often specified in terms of statistical func-

tionals. We therefore consider tests for a functional
Kn : Pn — R. (3.3)
Suppose that the null-hypothesis
Pon CA{Py € Py : kn(Pp) =0} (3.4)

is tested versus {P, € P, : kn(P,) > 0} (or versus two-sided alternatives).
As in Example 3.1 let Py, be Gp-invariant and we may condition under the
invariant o-field F,, which is given by the statistic Sy, see (2.1)ff.. Suppose
that the distributions of the model P, are given by the vector (Xi,...,X}) of

random variables. Our test statistic is an estimator

~

0, = én(Xl, ..., Xp) of our parameter Ky, (3.5)
and the unconditional test is of the form

Pn = ]l(cn,oo)(én)‘ (3.6)
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Consider its conditional counterpart ¢y, see (1.10). Let (Pp)nen, Pn € Pon,
denote a fixed sequence (with x,(F,) = 0 by definition) such that

Vilbn (X1, ..., X,) = Th+op, (1) (3.7)

holds, where op, (1) is a random variable that converges in P,,-probability to 0
as n — oo. In this case it is enough to know the limit behavior of T,,. This is

stated in the following corollary.

Corollary 3.2

Suppose that the above conditions (3.4)- (3.7) hold and that T, is asymptotically
normal, i.e. Po(T, < x) — ®(Z) holds for all z € R and 0® > 0, where
® denotes the distrbution function of the standard normal distribution. If the
convergence

sup | Py (T;, < 2[Sy) ‘ — 0 in P, — probability (3.8)
zeR

holds, then the same (3.8) holds for \/nf, instead of T. Thus Ep, (Jon — ¢%]) —

0 follows and the sequence of tests @y, is asymptotically effective w.r.t. p,.

The statistic T}, is typically a linear statistic, see (3.9) below, which is much

easier to deal with and was treated in the literature for various cases.

Example 3.3 (Two-sample permutation tests)

Consider first a functional ko : P — R, P C M1(Q,.A), that is of interest for a
one-sample problem. Suppose further that there exists an asymptotically optimal
estimator fp, := fin(X1,...,X,) given by independent variables X1, ..., X, with
common distribution P for P € P such that the following expansion holds, see

(3.7),
Vien — wo(P fzg )+ or, (1) (39

It is assumed that g is a measurable function (influence function or gradient)
that satisfies E(g(X1)) = 0 and Var(g(X1)) = 0% € (0,00). Such ezpansions
hold e.g. under mild conditions for mazimum likelihood estimators in parametric
models, see e.g. wvan der Vaart (1999, Theorem 5.39.). As generalization of
(1.1) let P, = {P" @ Q™ : P,Q € M1(R,B)} be the set of distributions of

the two-sample problem, where n = ni +ng holds. We are now interested in the
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functional kp(P™ @ Q"2) := ko(P) — ko(Q) which can be estimated by

A~

en = ’%nl(le cee 7Xn1) - "%TLQ(XTL1+17 s 7Xn)7 (310)

where X;, i < n, denotes the canonical projection. Assume that min(ny,ng) —
oo holds. In this case we can expand the estimator under Py, = {P": P € P}
with the help of (3.9) in an asymptotically linear statistic as in (3.7)

ning 1/2 ~ -

( ) b =" cnig(X:) +0pn(1) = T+ 0pn(1). (3.11)
" i=1

Here c,; are the regression-coefficients of the two-sample problem, i.e.
1 .
1/2 = forl <1< ny,
Cnji = (nm) o f (3.12)
n

—ny forng <1< n.

It follows by the classical CLT and Slutzky’s Lemma that

sup }P”<1 / mne 0, < m) — @(E)‘ —0
zeR n o

holds. This gives an unconditional test p, = ©n(0,) of the form (3.6).

The calculation of finite sample (or asymptotically) valid critical values for oy,
may be a serious problem and o, may be viewed as a hypothetical benchmark
test. Consider now new observations Y; := g(X;),1 < i < n. Recall that the con-
ditional permutation distribution of a statistic (n((Yi)i<n), see (1.7) and (3.1),
is given by conditioning under the order statistics Y., < -+ < Ypun of (Yi)i<n.
The conditional CLT of Janssen (1997, Theorem 3.1.) for linear permutation
statistics proves the convergence

sup [P (T}, < @|Yin, - -, Vo) — @(g)y 2.0 in probability.

x

Onl(Yiin,eoosYoin) of (3.1) are also

asymptotically normal, see Lemma 2.2 and Corollary 3.2. Hence the permuta-

Thus the conditional permutation distributions P.

tion tests gl = 90;(@71) for testing the functional K, in (3.4) are asymptotically
effective w.r.t. wn. This justifies the choice of proper permutation critical values
in practice.

Below we prove the asymptotic effectiveness of further conditional tests go;ib(én)
for other functionals, see (3.3) and (3.4), where now other sufficient statistics
may be required. The effectiveness of these tests is again a direct consequence

of Lemma 2.2.
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Example 3.4 (Difference of two U-statistics test)

Let h : R" — R,r < min(ny, ne), be a symmetric kernel of a non-degenerated

U-statistic and denote by X; : Q" — R, (z1,...,2,) — x; the canonical projec-

tions. We now set hi(z) := E(h(x, Xs,..., X)) and let P, be as in Ezample

3.3. Suppose that we have non-trivial finite second moments of h(X1,...,X;)

and h1(X1) with respect to P" and Q" and P and Q respectively. We consider

now the difference of two U-statistics

Unying = (7111) > h(Xi,,. .. ,Xir)(le) > M Xy tiys - Xngtin)-
1< < <ir<my T/ 1< < <jr<n2

Our functional of interest is now
kn(P™ ® Q™) = Epr(h) — Egr(h). (3.13)

Since the order statistic is sufficient and complete under the null-hypothesis
{P = Q} the functional k,, can be estimated by the UMVU estimator Uy, n,. In
order to test Py, = {P™ ® Q" : P = Q} we choose 6, = (mn2)/2y, . By
the projection method Hoeffding has shown that Uy, n, has a decomposition as a
weighted linear statistic as in (3.11), i.e.

nin 1/2
< ! 2> nl,ng =T- chzhl +0P”( )

n

holds under {P = Q} for the regression coefficients (3.12), see e.qg. Serfling
(1980, p. 188f.). Hence the two-sample Uy, n,-test for testing (3.18) can be

carried out as asymptotic effective permutation test go,*;(én)

Example 3.5 (One-sample symmetry tests)

Let P, = {P™: P € My(R,B)} be the set of product-distributions and suppose
that Py, = {P" € P, : P is 0-symmetric with x(P™) = 0} is, as in (3.4),
a subset of the 0-symmetric product-distributions (3.2). In this case we have

Sp(x1, ..., xn) = (|z1],- -+, |Tn])) as a sufficient statistic.

(a) We now fix a sequence P™ € Py, and assume that 0, is an asymptotically

linear estimator, viz.
Vb, th )+ opn(1) =: Ty + 0pn(1) (3.14)

holds, where h is a skew symmetric function, i.e. h(—xz) = —h(z), with

E(h(X1)) = 0 and 0 < 02 := Var(h(X1)) < co. Observe that 6, can
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be interpreted as an estimator for a skew symmetric parameter (or func-
tional). Under the above assumptions Janssen (1999, Theorem 4.2.) has

already shown that the linear part

\/15 ; sign(h(X;))| 2 T g sign(X;)|h(X;)|

satisfies a conditional CLT

ilelg |P" (T, < z||W(X1)], ..., |h(Xn)]) — @(EM — 0.

This reveals that the corresponding conditional symmetry tests cp;(én) with

test statistic 0, are asymptotically effective in the sense of (2.7).

(b) We now consider the median functional kg, ko(F) := F~1(1/2), and the
empirical median Ky, as its natural estimator. As above we are going to test
a nonparametric subclass of 0-symmetric product measures Py . We want
to detect deviation from the null in terms of the median. Suppose therefore
that X1,..., X, are i.i.d. with common 0-symmetric distribution function
F, which 1s assumed to be continuously differentiable in a neighborhood of
0 with F'(0) = f(0) > 0. In this case it can be shown that

itk = S zg 0 F(X;) + opn (1) (315

holds true with g(u) = 1(1/91)(u) — Lo 1/2)(u), see Bickel et.al. (1993,
p.303) as well as van der Vaart (1998, p.307f.). Thus (3.9) holds at the
origin ko(F) = 0. As result we obtain that the Sy-conditional median

symmetry test @k (/nky) is asymptotically effective for testing Pop.

Remark 3.6 (Two-sample median permutation test)

Let ko (Rn, respectively) be again as in Example 3.5(b) the median functional
(empirical median). In case of a two-sample problem the difference of the empir-
ical median 0y, defined by (3.10), serves as an estimator for the difference of the
median given by the functional (P, Q) — rko(P) — ko(Q). Under the regularity

assumptions similar to the symmetry case of Example 3.5(b) the expansion (5.9)



16

holds. Thus Example 3.8 implies the asymptotic effectiveness of the two-sample
median permutation test ©*(0,) for the null-hypothesis {P = Q}.

The next remarkable example shows that conditional tests are not always asymp-

totically effective.

Example 3.7

(a) Consider the exponential family % = C(1)e’", 90O CR with0 € O,
Ep,(T) = 0 and Varp,(T) = 02 € (0,00). Let n = ny + ny and suppose that
ni/n — p € (0,1) holds for min(ny, ng) — co. We now contemplate for the path

the two-sample problem H = {¥ = 0} versus K = {0 > 0}. In this case we get

the parametric score-test on, = @n(T),) with test statistic

T, := \/% ;le(T(Xz) — Epp(T(X;)) = \/1”71 ;leT(Xi)’

where X;,1 < i < n, are the canonical projections. Under the null {6 = 0} the

distribution of Ty, converges to a normal-N (0, 0?)-distribution, whereas

Varps (To — Epp (Ta| Xty -, Xoin)) = %0—2 (1 - p)o?

hold as n — oo. By Lemma 2.5 the permutation version ¢}, of v, is not asymp-
totically effective with respect to this score test py,.
(b) The reason for the negative result (a) can be explained as follows. Permu-
tation tests are designed for the composite null hypothesis of product measures
{P™}. In this case the present test statistic T), is not adequate. A proper choice
for the composite null would be the so called effective score function

~ 1 /Ny <= N
Ty i= Ty — Epp (Tl Xtims -, Xm) = 7(7 Srx) -2y T(XZ»))

n n

V1 — -
=1 i=ni1+1

showing up in semiparametric statistics, see Bickel et.al. (1993) or Janssen and
Vilker (2007, Example 5.1.(a)).

To explain this, observe that T,, and T,, lead to the same permutation tests wr,
(since Tn, > ¢y, iff Tn—Epp (Tn| X1 - -+, Xnin) 2 e —=Epp (Tn| Xim, - - s Xpun) =t
¢ with new permutation critical values ¢,). It is easy to see that o}, is asymp-

totically effective with respect to on = 1z, ) (Tn) Observe that @, is a score
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test for testing {0 = 0} within the family

A . pn n2
U= @i = Bogynymn) © Ponionymy

which can be viewed as a least favorable parametrization of the family ¥ — Q5.
In the conditional world T,, and Tn lead to the same test ). However, the
unconditional models and score tests are different where the power of the score

test from (a) can never be reached by permutation tests.

4 Proofs

Throughout let T : (Q0,.Ao, Py) — R denote a test statistic on a further proba-
bility space (€, .Ag, Py) with distribution function F.
Notice that we can define all random variables via projections on the product-

space
Q=[] A=) A P =) Pn). (4.1)
n=0 n=0 n=0

Proof of Lemma 2.2. Concerning Slutzky’s Lemma and Polya’s Theorem the
assumptions imply sup,eg |Pn(Tn + Ry, < z) — F(x)| — 0 so that it is enough
to proof that (2.6) implicates (2.8) (otherwise consider T;, — R,, ).

Suppose now that (2.6) holds. For a € (0,1) denote by ¢(«) the (1 —a)-quantile
of p and define the test ¥y, := 1(,(a),00)(Tn + Rn), so that we get Ep(¢n) —
a. Like in (2.2) - (2.4) we can now conclude that there exist S,-measurable
functions ¢y, v, such that ), = 1(c,(a),00) (T + Bn) + mlic, (o) (Tn + Ry) is

an Sp-conditional test with
/ Prd P R=S —  for all s € Qg . (4.2)
Due to the equivalence of (2.6) and (2.7) and it remains to show that
Ep(|ton, — ) ]) — 0 holds for all « € (0,1).

To verify this we need two more test functions. Define again via (2.2) - (2.4)
the function ¢, = Ly, (a),00)(Tn) + Tl (a)}(Tn) for measurable functions
by, Tn, such that fqﬁ;';dP.T"‘S":S — «a holds for all s € Qg, and set ¢f :=
L (a00) (T + Ba) + Tul i (o)) (Tn + Ru)-

Condition (2.6) now implies the convergence by, () il c(a) for all P € Py.

Since Slutzky’s Lemma deduces Ep(|¢* —¢%|) — 0 this shows that Ep(|1(c(a),00)(Tn)—
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¢%|) — 0 counts by (2.7). In the same manner it can be shown that Ep(I1(c(a),00)(Tn)—
Yn|) — 0 holds. Combining these we obtain Ep(|ih, — ¢%|) — 0. Hence the
proof is completed by showing Ep(|[¢% — ¢%|) — 0.

Because of T,, — |R,| < T,, + R, < T, + |R,| we consider foremost the case
that R, > 0 holds P-a.e.. Therefore we get the inequality b,(a) < ¢,(«) and
S0 qu > 1%, Thence we have with the help of equation (4.2)

Ep(lvs— &) = Eplds) - Bp(w})
— En(@) - [ Ee(v;1S,)aP

= Ep(4})

‘/ AP RIS (0, (), 00)) + 7 d P15 (e (0)}) P

= EP(<;§;)—/adP—>o.

The case R, < 0 can be treated in an analogous manner.

If we now define tests ¢ and ¢, by substituting R, in ¢* by |R,| and —|Ry|
respectively, and repeat the above steps for these tests we can conclude again
that Ep (|1, — QB:{P)D — 0 holds. Because of ¢ < 1* < ¢t this implies

Ep([tn —¥5]) < Ep([tn — oy]) + Ep(|tn — 6y ]) — O,

which completes the proof. [

Proof of Lemma 2.4. Recall first that there exists a version E(T,|Sy) of the
conditional expectation Ep(T,,|Syn) = Ep, (T},|Sy,) which is independent of P, €
Po,n, where P is defined on the product space, see 4.1. We may thus substitute
P, by P during the proof.

Let us first assume that 7,, > 0 holds true for all n. Then by Markoff’s inequality
we have for all 6 > 0

P(E(Tn‘sn) > 5) < 5t SupE(Tn)'

This shows that the sequence of probability measures (L(E(T,,|Sy)|P)), is tight.
Here we have used the notation £(T|P) = PT. Hence by Prohorov’s Theorem
there exist a subsequence (ny)x and a random variable Tj so that we have dis-

tributional convergence E(T5, |Sy,) 2, Ty. If we now show that Ty = E(T)
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counts, than, due to the fact that the weak limit does not depend on the sub-
sequence and is constant, equation (2.9) will follow.

In order to get this equality, consider first that assumption (2.6) implies that
there exists another subsequence (n,,)m C (ng)x such that the following holds

P-a.e. for every j > 0

E(Tn|Snm) = / tdPToml= (1) > / min(t, j)dPTrmSmm="(t) =: Y},
[0,00) [0,00)

— min(t, j) dPT (t) =: CY
[0,00)

for m — oco. By the dominated convergence Theorem the right hand side C7

tends to E(T) for j — oo. Thus we have for every 6 > 0 and all j > jy(0)
P(E(Ty,,|Sn,) > E(T) —25) > P(Y? > E(T) — 20)
> P({C? > E(T) -6} n{|Y, — C7| <6})
— 1 form — o0

from which we can conclude P(Ty > E(T) — 20) = 1. Due to the fact that this
holds for all 6 > 0 we get

P(Ty > E(T)) = 1. (4.3)
Fatou’s Lemma and Skohorod’s Theorem, see Dudley (2002, Theorem 11.7.2.),

now imply that Tj is constant a.e., namely

E(T)= lim E(T,,) = lim [ E(T,,|Sn,)dP

m—00 m—00

> /liminfE(Tnm|Snm)dP = E(Ty).

m—0o0
Together with (4.3) this means P70 = ep(r) and therefore (2.9).
For the general case write T,, = T.F — T, for T,f := max(T,,0) and T, :=
max(—1T,,0) respectively. By the continuous mapping theorem we have again
+(-) — p(T+t) P
sup | P(T <z)—-P(T; < $|Sn))’ — 0.
zeR

Since

E(|Tu|) = E(T,)) + E(T,,) — E(T") + E(T™) = E(|T])
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and liminf, o E(T; 7)) > E(T+() hold, the second assumption E(Tj (7)) —
E (T+(_)) holds too. Thus we can apply the first case for showing
B(T,O]5,) = B(TO),

which completes the proof. U

Proof of Lemma 2.5. Denote by || - |2 the La(P) norm. Because of

we have to establish that |E(T,|S,)||3 — 0 holds. Recall that the conditional
convergence (2.6) implies the unconditional convergence T, 2 T. Hence by
Skohorod’s Theorem there exist random variables 7, on another probability
space (€, A, P) with £(T},) = £(T},) and L£(T) = £(T}), such that T}, converges

P-ace. to To. Because of
/T}%dﬁ = /T,%dP — /T2dP = /T%P < 00 (4.4)

and 0 < |T;,| <1+ T2 we get by Pratt’s Lemma that

/]TndP:/]Tn]dPH/\T!d?z/\TdP

holds. Thus Lemma 2.4 deduces the convergence of the conditional expectations
E(T,|Sn) — E(T) = 0.

Hence it remains to show that the sequence (E(T},|S,)?), is uniformly inte-
grable. For this purpose we show foremost that (7)), is also uniformly inte-
grable.

By (4.4) we get that (T22),, converges in Ly (P) to 72. Thus 7?2 is uniformly in-
tegrable. As this property only depends on the law of Tz, we can implicate that
(T?2),, is also uniformly integrable. Furthermore we have by Markoff’s inequality
that

L{p(r215,)2an) — 0

holds for every sequence a, that tends to co for n — oo. Thus we conclude by

Jensen’s inequality

/]l{E(T,LSn)22an}E(Tn’Sn)2dP < /1{E(Tn25n)2an}E(T3|Sn)dP

- / Ln218,) 20 TedP = 0

which completes the proof. 0
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