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Introduction to random fields

Let (2, A,P) be a complete probability space and d > 2

Definition
A (real) random field indexed by RY is just a collection of real random
variables X(x) : (R, A) — (R, B(R)) measurable, ¥x € R9.

Exple : d =2, X(x)(w) = grey level of a picture at point x. In practice
data are only available on pixels S = {0,1,...,n—1}2 C R? for an
image of size n x n.



Introduction to random fields

The distribution of (X(x))xere is given by all its finite dimensional
distribution (fdd) ie the distribution of all real random vectors

(X(x1) ..., X(xk)) for k >1,x1,...,x € R%.

Joint distributions are often difficult to compute !

Definition
(X(x))xeT is a second order field if E(X(x)?) < +oo for all x € RY.
m Mean function mx : x € R — E(X(x)) € R

m Covariance function
Kx : (x,y) € R x R? — Cov(X(x), X(y)) € R.



Introduction to random fields

When mx = 0, the field X is centered. Otherwize Y = X — mx is
centered and Ky = K.

Proposition

A function K : R? x RY — R s a covariance function iff

K is symmetric

K is positive definite : Yk > 1,x1,...,xx € R, \1,..., ¢ €R,

k
> ANK(xi, x7) > 0.
ij=1



Gaussian fields

(X(x))xere is a Gaussian field if Vk > 1,xq,...,xx € RY

(X(x1), -, X(xx)) is a Gaussian vector of R¥,

K
EQVA1,..., Ak €R, the real random variable Z AiX(x;) is a Gaussian
i=1
variable.

Proposition

When (X (x))xere is Gaussian, (X(x))xere Is a second order field and its
law is determined by its mean function mx : x — E(X(x)) and its
covariance function Kx : (x,y) — Cov(X(x), X(y)).

Theorem (Komogorov)

Let m:RY = R and K : R x RY — R, symmetric and positive definite,
then there exists a Gaussian field with mean m and covariance K.



Stationarity

X = (X(x))xere (strongly) stationary if, Vxo € RY, (X(x + x0))xere has
the same law than X.

If X = (X(x))yere is stationary and second order, ¥xo € R9,
B mx(x) = mx
m Kx(x,y) = px(x — y) with px : R = R even s.t.

px(0) >0

lox (x)] < px(0) Vx € RY

px Is of positive type ie
Vk>1,x1,...,x €RY Aty M\ ER,

k
D Aidipx(xi — ) > 0.

ij=1



Stationarity

Theorem (Bochner 1932)

An even continuous function p : R? — R is of positive type if and only if
p(0) > 0 and there exists a symmetric probability measure 11 on R? such
that

pl) = p(0) | e du(c).
Rd
In other words there exists a symmetric random vector Z on RY such that

p(x) = p(O)E(e™?).

Rk : When p is the covariance of the stationary field X, p is called the
spectral measure of X.

Definition
The field is standard if it is centered (m = 0) and unit variance

(p(0) =1).



Isotropy

X = (X(x))xere isotropic if, VQ rotation, (X(Qx))xere has the same
law than X.

Rk : A stationary Gaussian random field is isotropic iff VQ, p(Qx) = p(x)
Exple : d =2 p(x) = exp(— L x{) exp(—2x3) for x = (x1,x2) € R? and
1,72 € (0, +00) : X isotropic iff 71 = 72

DRt S FE
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Smooth Gaussian stationary random fields

Let p: R? — R be an even C?**¢ function (for instance) of positive
type. Then one can find (2, 4,P) a complete probability space and

X: QxR =R
such that X is a centered Gaussian stationary C* random field :
B VweQ xeRY— X(w,x) €Ris Ck;

[ (B-mX) jointly Gaussian stationary with
b i<k

Cov (X (x), 9 1x(0)) = (~1) 1071 px).

In particular M'yx := (=0;0(0)),; j<4 = —D?p(0) is the covariance of
the centered Gaussian vector V.X(x) = (01.X(x), ..., 04X(x)). When X

is also isotropic 'yx = 72/ with 7, the second spectral moment
Rk : Any stationary C! Gaussian random field Y may be written as

Y=m+0oXoQ,

with X standard with px = Jlfzpy and Myx = G%QFVYQT-



Smooth Gaussian type random fields

A random field X is of Gaussian type if X = F(G) : F: R® — R and

G = (Gy,...,Gy) is a family of i.i.d. Gaussian standard stationary random
fields

Examples
m x?(k) random field : F: x € Rk — |||

m Student(k) : x = (z,y) € R x RFK i F(x) := z//|ly|I2/k

view 3D view 2D some level lines
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Shot noise random fields

A (Poisson) shot noise random field is a random function X : R — R
given by
Vx € RY X(x) = ngl.(x — X;), where
iel
m {x;}ies is a Poisson point process of intensity A > 0 in R,

m {m;};c are independent « marks » with distribution F(dm) on R,
and independent of {x;};c;.

m The functions g, are real-valued deterministic functions, called spot
functions, such that

/W /Rd lgm(y)| dy F(dm) < +oc.

Here we mainly consider, for sake of simplicity, £ = 1 with a single
LY(R9) function g randomly weighted or dilated : M ~ F is a probability
measure on R or (0, +00) and

gm(y) = mg(y) or gm(y) = g(y/m).



Shot noise random fields

It is therefore a stationary and integrable field with

E(X(x)) —)\//gm ) dy F(dm).

The characteristic function of X(x) is given by

E (eitx(x)) = exp ()\/ [eltem] _ 1]F(dm)dy> .
R xR
When g is smooth and |j| < k+ 1
[ [ 16%en()l dy Fldm) < 400
R JRY

X is C* and we have also access to joint law of (8;X(x))xere,jjj<k Via
characteristic function. In particular the joint characteristic function of
X(x) and 9;X(x) is

o(t,s) = E (eitX(x)+i56jX(x))

= exp ()\ //[eitgm(y)+isafgm(y) — 1] F(dm) dy)



Statistical properties of shot noise random fields

m If [0 Joo 8m(y)?dyF(dm) < 400, then X has second-order
moments

Cov(X(z), X(z + x))

E(X(2)X(z + x)) — E(X(2))E(X(z + x))
A /W /Rd gm(y)gm(y — x) dy F(dm)
Ap(x).

In particular
Var(X(x)) = Var(X(0)) = ,\/W /Rd gm(y)? dy F(dm).

m When moreover the intensity A goes to +00, the normalized random
field
X(x) —E(X
20 - X0~ E(X(x)
VA
converges (f.d.d.) to a stationary centered Gaussian field with
covariance p.



Example 1 : disk with random radius

Let d =2, g = 1p, U = (0, T)? and consider random disk of radius
m = my or m= my with 0 < my < my (each with probability 1/2) with
intensity A > 0

m The number of centers in (—my, T + my)? is a Poisson random
variable of parameter A\(T +2m,)? — n

m The centers x, ..., X, are thrown uniformly, independently on
(—mz, T+ m2)2

m The radius Ry, ..., R, are attached to each center by flipping a coin
to choose between my or mo.




Excursion set

We consider the excursion set or the level set of level t € R of X in U
defined by

Ex(t)NU:={x € U; X(x) > t} with Ex(t) = {X > t}.

view 3D view 2D
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Example 2 : Gaussian kernel

view 3D view 2D some level lines




Main questions

What can be said about "mean" geometry of excursion sets ? Area?
Perimeter ? Euler Characteristic=# connected components — # holes?
Known results for

m Boolean model : Mecke (2001), Mecke, Wagner (1991)

m Smooth Gaussian random fields : Adler (2000), Adler, Taylor
(2007), Azais, Wschebor (2009), ...

m High levels : Adler, Samorodnitsky, Taylor (2010,2013),...

Two different frameworks
Elementary : g is piecewize constant with compact support

Smooth : g is at least C3
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Curvature measures

Let E C R? be a "nice set". Its curvature measures ®;(E, ), for
j =0,1,2, are defined for any Borel set U C R? by

m &(E,U) = |E N U|, occupied area
m O(E,U) = 2 HY(OE N U) = LPer(E, U), regularity property
m ®g(E, U) = £TC(IE, U), connectivity property

where HY(OE N U) is the lenght and TC(OE, U) the total curvature of
the positively oriented curve OE in U.

For E a compact or convex set and E C U also related to Minkowski or
intrinsic volumes, widely used in mathematical morphology, convex and
integral geometry : Hadwiger (1957), Federer (1959), Santalé (1976),
Schneider & Weil (2008)....



Piecewise regular curve

A Jordan curve I C R? is piecewise regular if [ = R U Cr with
#Cr < 400

m for x € Rr one has x = (0) for some s € (—¢,¢) with
v :(—¢e,e) = T C?, arc length parametrized. Then,
Hi(v(—e,e)) = 2z, ur(x) = 7'(0)*.

The signed curvature xr(x) of [ at x is

rr(x) = (7"(0),7'(0)").

m for x € Cr one has x = 7(0) with v : (—e,e) — I continuous and
C? on (—¢,¢e) \ {0} s.t. 7/ admits limits 4/(07) € S* and
7/(0%) € St at 0. Then, H(y(—¢,¢)) = 2.
The turning angle at a corner point x = v(0) € Cr is the angle
ar(x) € (—m, m) between the tangent “before” and the one “after” x

ar(x) = Arg/(07) — Argy/(07) € (—m, 7).



Total curvature

The total curvature of [ in U is defined as

TC(T, U) = / sr()H )+ Y ar(x).

RrnU xeCrnU

D= {x|x|| <R} C={xlxlo <R}

HaD(X) = 1/R & C{)D(X) = @ Hac(x) =04& aaD(X) = 7T/2
TC(OD,U)=1/Rx2rR=2r TC(OC,U)=4xw/2 =27



Total curvature : example

A 0A=T1UTl,

B Vx € Roa, koa(x) =0
| #C(')A =12 and Oé(')A(X) = iﬂ'/2



Total curvature : example




Total curvature : example

TC(0A, U) TC(y, U) + TC(T, U)
(6 x /2 +2 x (—7/2)) + 4 x (—7/2) = 0

Per(A, U) = 380



Total curvature and Euler characteristic

Theorem (Gauss-Bonnet)
o
Let E C U be a regular region ie E = E such that OE = U!_,T; is a finite
union of disjoint positively oriented Jordan piecewise regular curves. then
TC(OE,U) := Y TC(I;, U) =2rx(E) (= 2m®o(E, U)),
i=1

where x(E) € Z is the Euler characteristic of E.

X(E) = #£connected components — # holes.




Geometry of excursion sets

Let X = (X(x)),cge be a stationary "nice" random field and U C R? a
bounded open rectangle. For t € R, we consider for the excursion set of
level t

Ex(t) := {x € R%; X(x) > t}.
the LK curvatures of the excursion set Ex(t) within U are classicaly
defined as

Ci(X,t,U) := &;(Ex(t)n U, U), forj=0,1,2.
and, assuming the limits exist, the associated LK densities are

CrX,t) = tim HGX U]

Al , forj=0,1,2,
T R? |U|

where lim stands for the limit along any sequence of bounded
U /R?
rectangles that grows to R2. Note that for j = 2, by stationarity,

E[G(X, t,U)] = |Ex(t) N T| = B(X(0) > t)[T], stt.
C (X, t) = P(X(0) > t)



LK densities

Moreover
G(X,t,U) = &;(Ex(t) N U, U) = &;(Ex(t), U) + &;(Ex(t) N U, dV).

Then @ (Ex(t),U)

0 is an unbiased, strongly consistent estimator of C(X, t)

E[&;(Ex(1). U)]

i = C/(X,t) with lim Oi(Ex(t). U)

= C’(X,t) as..
U R? |U| 1(7)35



Weak framework

Let f : R? — R be a "nice" function and note

Ef(t) = {x € R?; f(x) > t}.
Remark that when t < ming f or t > maxg f, then 9Ef(t) N U = 0. We
consider for any h bounded continuous function on R

Li®d1(h, V) ::/Rh(t)cbl(Ef(t),U)dt: %/Rh(t)”ﬂl(aEf(t)ﬂU)dt;

Lrbo(h, U) ::/h(t)dDo(Ef(t),U)dt: % h(t)TC(OE (£), U)dt.
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The case of elementary functions

Definition

The function f is said elementary function if f is a piecewise constant
function taking a locally finite number of values and if S¢ the
discontinuity set of f can be decomposed as

Sf = thﬁEf(t) = RsUCr UZs, where :

x € Rf x € Cr x € I

From left to right : a regular point, a corner point and an.intersection point



The case of elementary functions

In this case writing H(t fo s)ds we obtain

Lo U) =5 [ mU[H(f+<x)) — H(F~ ()] (o)

Lo(h.U) = 5 [ [H(F () = O ()lier (0R (e)
Fam 3 THIF () — HOE ()ar(x)

xeCrNU

+ 2i Y [HEF60)) + H(F () = H(FZ (x)) = H(ED (0))1Br (%)

x€ZNU



Elementary Shot Noise fields

Consider

X() =3 g (x ~ x)

For g, elementary with S, = R, UCg,,+ technical assumptions, the
shot noise field X is elementary with

B Rx = UimRg, N (U,-#TX,,Rgmf N TXjRgmj), and for
X € TX,.Rgml_ NRx
Xi(X) = Zj#igmj(x - Xj) +gnj1[,(x - Xi)

B Cx = U,-TXI.Cng_, and for x € TX,.Cgml_ NRx
XE(x) = Zj;éigmj(x - X)) +g,it,-(x = Xi)

mIx = (U,-#TX,.Rgml_ N TXjRgmj) and for x € 7Ry, N7 Ry,
XE(x) = Yz j 8me(X = Xk) + &y (x = xi) + &1, (x — ;) and
XE0O) = L j 8 (X = x6) + & (X = %) + &, (x = X))

X7 (%) = X kzij 8m(X — Xk) + m, (x = Xi) + o (X — X))



Weak formula for Shot Noise fields

Using Slivnyak-Mecke formula, Fubini and stationarity

E(Lx®:(h U) = AU / L, &1 (Fxu(0), B?)F(dm)

E(Lx®o(h, U)) )\|U|/1Z Lg, Po(hx,(0), R?) + M (hxy(0), m)) F(dm),
R

where B
hx,(0)(s) = E(h(Xs(0) + 5)),
and
I(EXO(O = /R@ /Rz ds1(vg, (z — x),vg,,(2))

ZETx Rgm MRy, ,

8. \Z) —
< oo + (= 20) s + g (2 ) ds ().
g,z



LK densities for Shot Noise fields

Considering g = 1p and g, = 1p,, so that
] ¢1(E m(t),R2) = %Per(Egm(t),Rz) = 7rm10<t51,
m Do(Eg, (), R?) = loce<t

and according to the kinematic formula we have

/ Z dsi(vg, (z — x),vg,(2))dx = 2rm x 2mm'.
R2

z€1,0DmNID,,

Introducing p = [;. 2rmF(dm)

A Lo _
B(Lxo(h U) = 51U [ T ()pds
0

E(Lx®o(h, U))

1, A B
L[ (B + 7 (54 1)~ o)) ) o



Application to Shot Noise

Since Xo(0) ~ P(A3) with a = [,. #m?F(dm), we get for s € [0, 1)
hx,0)(s) = E(h(Xe(0)+s5))

+oo \k I =) Lk+s]
s (Aa)° B105)
,?:0 h(k + s)e P ,?:0 h(k + s)e ki s]]

It follows that
E(Lx®1(h
/Rh(t)cl*(X, t)dt = (x|l11(|7U))

Ao
= 5 | Fxols)pes
0

AT a(a)t
= E/o h(t)pe A LjJ! dt

Hence for a.e. t > 0,
La09) ap
[t]! 2

C(X,t)=e



[[lustration

In a similar way, by continuity, for t € R \ Z*, it holds that

o = I (1),

|t]! 4 473
_ (A3t A\p
G = eI
CQ*(t) — ef)\é Z ()‘§|)k
A k>t k!
. Mﬂ 1
tfoe % M. Mm ++
os ¢ W [
L 14N,
ert Pragan . ACTTIN

o 5 10 15 2 ) 5 10 15 2 0 5 10 15 2
Levelsu Levelsu Levelsu

Shot noise on a domain of size 2% x 20 pixels, with intensity A = 0.0005, and
random disks of radius R = 50 or R = 100 (each with probability 0.5).
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Extension

Taking Y = X1 — X where X(1), X(2) are iid Shot noise of disks we
have excursion sets that are not positive reach set but still elementary sets

W0 A0 00 K0 1000 1200 1400 1600 1600 2000

t=-05




LK densities

For t € R\ Z, it holds that for v = 2X and I,(x) = >"_, % the
modified Bessel function of the first kind
* vV _us =
G(Y,t)= € (e = he+1)(va)
=2

vp -
+ 5 U1+ e = e = hieg2)(v3)]

* Vﬁ —va 3
G (Y, 1) = 7 e ey + e +a)(v3)
G(Y,t)=e"? Z li(va),

k>t

0 BRI

0 3333” h.... o 4
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LK densities for anisotropic Gaussian
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Smooth Excursion sets

Assume that f : R2 — R is C2. For t € R, we consider the excursion set
of level t

Ef(t) == {x € R?; f(x) > t}.

We assume it is observed through U a bounded open rectangle.

Credit : BrainMapping : an encyclopedic reference- Topological Inference



Smooth excursion sets and implicit planar curves

Assume f : R2 — R is C2. Since f is continuous, we have for t € R
DEN() = [x € B2 £(x) = 1),

corresponding to a level line of f. Hence for t € R, if x € OE¢(t) with
Vf(x) # 0, the unit vector v¢(x) = ”V;EXL is the normal vector of
OE¢(t) at x with

1
Dug(x) = Tl [l — ve(x)ve(x)T] D?F(x),

where D?f(x) is the Hessian matrix. Moreover the signed curvature at
x may be written as

ke(x) = —(vr(x)", Dr(x)ve(x) ") = le( )”< ve(x)", D (x)ve(x)7).



Coarea formula

By Morse-Sard theorem, the image by f of the set of critical values of f
has measure 0 in R. For a.e. level t € R and U open bounded,

1
ou(E(L) = ;[ oy T
f(t
1
®o(Er(t),U) = o- oE/(2) U'“vf(x)Hl(dx).
F(t)N

The coarea formula states that, for any borel function g : R2 = R s.t
Julg(NIVE(x)| dx < +o0,

/ /aE, H (dx) dt = /U g(x) | VF(x)|| dx.

Let us choose h: R — R a bounded continuous function (test function)
such that multiplying g(x) by h(f(x)) we get

/R h(z) /a oy SO = /U H(F(x)g()IVF(x)]| dx.



Weak formula for ®; and &

Let h: R — R be a bounded continuous function and
Ju lg(C)IVF(x)|l dx < +o0, recall the Coarea formula :

/R h(z) /8 o OB e = /U H(F ()2 () IV F(x)]| dx.

Coarea formula with g(x) =1:

/Rh(t)d)l(Ef(t),U)dt: %/Uh(f(x))HVf(x)H dx.

Coarea formula with g(x) = x¢(x)1vr(x)>0 for

1 1 2 1 nd ve(x Vf( )
Kf(X) ||vf( )||< ( ) D f(X)Vf(X) >7 and f( ) ||Vf( )”
/R h(t)q)o(Ef(t), U)dt = —% ” h(f(X))<Vf(X)l, D2f(X)Vf(X)L>1HVf(X)”>0 dx.



Mean geometry for excursion sets

Let X = (X(x)),cge be a stationary real random field a.s. C? with X(0),
VX(0) and D2X(0) L and P(]|VX(0)|| = 0) = 0. We consider the
excursion set of level t € R

Ex(t) = {x € R% X(x) > t}.

First recall that by stationarity

E[®2(Ex(t), V)] = E </U lx(x)>tdx) = [U|P(X(0) > t).

Moreover, taking expectation it follows that for all h bounded
continuous, writing V.X(0) = ||[V.X(0)|lvx(0) a.s.,

/Rh(t)E[%(Ex(f), U)ldt Ul x %E(h(X(O))IIVX(O)II)

| HOBIS(Ex(0). Ul = U] % 2 (HXO) x(0)*, DX(0)ux(0)))



Lipschitz-Killing (LK) densities

We therefore consider LK densities :

G/ (X.1) = 7EL0)(Ex(1). U]
[ Hocx 0 = SEHXOE)IVXO);
[ HOGX0d = 5B (HXO)x(0). DX Owx(0))

Note that [, Ci'(X, t)dt = 1E (||VX(0)|]) (total variation)



Lipschitz-Killing (LK) densities

Let us remark that for any rotation Q,

C.*(XOQT—m

J

,t) = (/' (X, ot + m).

g

such that for a second order random field X, we can assume that it is
standard with I'yx diagonal matrix

m E(X(0)) =0
m Var(X(0)) =1
= Cou(X(0), X5(0)) = 76

Here and in the sequel we write X; = 0;X and Xj; = 0;;X. Introducing ©
such that vx = (cos(©),sin(©)) we also have

E (h(X(0))(vx(0)*, D*X(0)vx(0)*))

=E (h(X(0)) [X11(0) sin*(©) + X22(0) cos*(©) — X12(0) sin(20)])



LK densities at a fixed level

When X(0) admits px(g) for density one has for a.e. t

n GE(X,t) = ZE([VX(0)[[1X(0) = t) px(o)(t)

w CHX, 1) = —2E (0 (0), DX (0)ux(0) 1) X(0) = £) px(oy ().
Comments

m If one knows that t — (X, t) or t — C§(X,t) are continuous
then a.e. is enough !

m In Berzin, Latour, Leon (2017) general assumptions to ensure that
t — Cf(X,t) is continuous;

m For a fixed level t € R one has to ensure that it is not a critical level
P (3x € R%; X(x) = t,VX(x) = 0) =0.

Bulinskaya's Lemma holds for instance when X is C3 (see also
D'Armenato, Azais, Leon, 2023 for weakest assumptions)
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LK densities for isotropic fields

When X is also isotropic, let introduce

J=1]VX(0)]|e® and K = X22(0) — Xllgo) + 2/X12(0).

The rotation invariance implies that for any 6 € [0, 27),
(X(0), J, K) £ (X(0), e J, 2 K). (1)
Writing [VX(0)[| = 2 7 [R(Je~7)|d6 we get
E (h(X(0)IIVX(0)]) = gE(h(X(O))IXl(O)I)-
Moreover,
E (h(X(0)){vx(0)*, DX (0)rx(0)*)) = ao(h) +2Raz(h),
with

ao(h) = E (h(X(0))X11(0)), and az(h) = E (h(X(0))Ke*®).



LK densities for isotropic fields

Noting that for all k # 2
E (h(X(0))Ke™®) =0,
it follows that for any continuous bounded 27 periodic function
E (h(X(0))Kg(©)) = c2(2)E (h(X(0))Ke?®)
with

1 27‘(‘ 0
c(g) /O e g (6)do.

T o

In particular, for g(6) = sin(20) we obtain

2Raa(h) = —2E (h(X(0))X12(0) sin(20)) .



Gaussian case

For X a stationary isotropic standard C? Gaussian random field we note
p(x) = Cov(X(x), X(0)), and the second spectral moment

72 = =0;p(0) = —Cov(X(0), X (0)) = Var(X,(0)).
By stationarity Cov(X(0), Xi(0)) = Cov(X«(0), X;j(0)) =0 and VX(0) is
independent of (X(0), D2X( )
E (h(X(0)[X:(0)]) = E (A(X(0))) E (|X:(0)]) = 1/ 2%E(h( X(0))):

aoh) = E(h(X(0))X11(0)) = E (h(X(0))E (X:1(0)|X(0))
= FE(RX0)X(0);

2Raz(h) = —E(h(X(0))X12(0)sin(20)) = E (h(X(0))X12(0)) E (sin(20))
= 0



Gaussian case

This yields to for a.e. t € R
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p(x) = e~ F X for 42 = 0.02 in a domain of size 2'° x 20 pixels.



Statistical inference

In practise, it is often computed for j = 0,1, 2,
Ci(X,t,U) := ®;(Ex(t)N U, U) (empirically accessible)
Recall that
Gi(X,t,U) = d;(Ex(t), U) + ®;(Ex(t) N U,dU),

with E[0;(Ex(t), U)] = |U| x CF(X, t).



Kinematic formula

For isotropic random fields, Ex(t) is an isotropic stationary closed
random set

By kinematic formula (see Schneider, Weyl (2008)) under good
assumptions, one has

_ 1 _
E[Co(X, t, U)] = G5 (X, 5)[U] + —CI (X, )H}(9U) + G5 (X, 8),
_ 1 _
E[G(X, £,0)] = G (X, )[U] + 5 G (X, )} (9D)
E[G(X,t,U)l = G (X, 1)[U]|
Hence unbiased estimators for C*(X, t) may be obtained as

~ 1 _
Cz(X, t) = |jC2(X, t, U)7

Ul
A 1 . HY(9U) »
Cl(X,t): jCl(X,t, U)— — CQ(X,t),
U] 2|V
R 1 — HYoU) 1
Co(X.t) = = Co(X, . )~ =L Ei(X. 1) — —Co(X, 1)
|U| m|U] |U]



Central limit theorems

Under good assumptions one can get
1

I (C:i(X’ tvU) - E(Cj(xv t’U)) — /\/'(O,Uf(t)),
0 2

leading to

\ﬁ(éj(x, 1)~ (X, 1) — N(0,03(t).

U /'R2

Some Ref on CLT : Spodarev (2012), Estrade, Leon (2016), Miiller (2017),
Kratz Vadlamani (2018), Reddy et al (2018), Berzin (2021)...



Gaussian Kinematic formula

For Gaussian type random fields, X = F(G) with F : R’ — R and

G =(Gy,..., Gy) with Gy, ..., Gy iid smooth standard Gaussian field
with Var(VG;) = 'y the Gaussian kinematic formula (see Adler, Taylor
(2007)) states under good assumptions,

BICY (X, £, 0)] = 5= Ma(X, )5 (0) + ——My(X, ) (D)

1
Ners
+ Mo(X, )£y (U),
E[LY (X, t, U)] \fMl X, t)L3 (U) + Mo(X, t)LY (U),
E[LY (X, t, U)] = Mo(X, t)L5 (V)
with

P(G(0) € Tube(F, p)) = Mo(X, 1)+ pMa(X, )42 2 Ma(X, )+ O(p*),

and
Tube(F, p) := {g € R dist (g, F*([t, +0))) < p}.



(Gaussian) Kinematic formula

For isotropic fields 'y = 72/ and
E[LY (X, t,U)] = 4/ C(X, t,U).

It follows that

G (X, t) = 2= Ma(X, 1)

(X, t)= ;\/Z\/%Ml(x, t)

G (X, t) = Mo(X,t)
Remark that for X standard Gaussian, k =1, G = X and F = Id, one has

P(G(0) € Tube(F,p)) =1—VY(t— p),

Mo(X,t) =1 —W(t), M1(X,t) = V'(t), Ma(X, t) = —W"(t)



Chi2 case

Fork>1,2Z, =G +...+ G,f and normalized field

= 1
Zi(x) = ——(Zk(x) — k), x € R2.
k(x) \/ﬂ( k(x) = k)
Then, for all t > —1/k/2, C;(Zk, t) = G (Zk, k + tV2k) and
x _ 2 k)2 _ _f
G (Zk, t) = 2"/2F(k/2)t (t+1 k)exp( 2)

VT2 (k1)) t
G (2 t) = Wr(kp)t exp <_§)’

—+o00 1 u
*(7, — = (k=2)/2 _ -
G (2 t) /t 2k/2r(k/2)“ eXp( 2) du,



Chi2 case
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Z for k = 2 and for iid standard Gi, ..., Gk with covariance function
2
p(x) = e 21X for 4o = 0.02 in a domain of size 2!° x 21° pixels.



Student case

For k > 3, Tx = Gky1/+/Zk/k and normalized field
Te(x) = /(k — 2)/kTi(x), x € R
Then, G (Tx, t) = G (Tk, t/k/(k = 2))

Gy =Y2 1+ 5) 7

. +oo k+1 2\ "=z
Cz*(Tk,t):/ L) <1+”) du.
t




Student case
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T« for k = 4 and and for iid standard Gi, ..., Gkr1 with covariance function
p(x) = e I for 72 = 0.02 in a domain of size 2'° x 2 pixels.



Spectral moment estimate

Using the fact that vy, = WC{{(X, t) we can estimate it from a
single excursion estimating first k using

k = argmin, | Co(X, t) — G5 (X, k, t)]

and then plugging

27 ~
Yo = ————Co(X, t
7 MQ(Xvkv t) O( )

o111 4 s T o111 4 s Basw st s 0N S 43241121 48

First line for x*(k) with k = 2 and second line for Stu(k) with k = 4 and
v2 = 0.02



Shot noise random fields

Let X be a smooth (Poisson) shot noise random field given by

Vx € RY X(x) = ngl.(x — X;), where
iel
m {x;}ies is a Poisson point process of intensity A > 0 in R?,

m {m;};c; are independent « marks » with distribution F(dm) on R?,
and independent of {x;};c/.

m The functions g, are C3 with for |j| <3

[, [ 180 entnldyFam) < +0
R¢ JRR2



Shot noise fields

Recall that the characteristic function of X(x) is given by

E (eiéX(X)> = exp ()\/ [efléen(] — 1]F(dm)dy) :
R¢ xR2

When g is smooth, we have also access to joint law of

(X(x), VX(x), D2X(x)) via characteristic function and similar integral
expression. In particular the joint characteristic function of X(x) and
81X(X) is

(&, s) = E(efﬁx(X)Hs&X(x))

= exp ()\ / / [es8n(FisO18n(Y) _ 1] F(dm) dy)



Isotropic smooth Shot noise fields

The main idea is therefore to take h¢(t) = e'* to compute
FC(&) = [y et C (X, t)dt. We obtain integral formulas :

+oo
FG© =3 /0 A3, e, 5)as.

+o00
FCE) = So(€)e(E,0) + / Ao ¢ )as
with
5i¢) = ~ir [ [ drgm(y)elset el dy Fdm)
R¢ JR2
S(&) = _%/W Rz@%gm(y)eiggm(y)dyF(dm)

A .
S(6s) = o /Re /]Rz [03gm(y) — O3 gm(y)]elcen ) +<028n ()] dy F(dm)



Shot noise Gaussian examples

2
[yl

We choose gm(y) = me™ 202 for m € R and with F(dm) distribution of M

2702
m Top: M~ E(p), we find p(t) = ( — ) and X(x) ~ v(p, 2m\0?);

pn—it

mAo?
m Bottom : M ~ L(u), p(t) = (Mz“—jtz) and X(x) ~ GSL(u, TAa?).
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Anisotropic smooth Gaussian fields

Let X = (X(x)),cpe be a C? stationary Gaussian random field. We
denote as usual Ex(t) the excursion set of level t € R
Consider for instance the covariance function

21 _2

p(x)=e"2 Ko B,




Lipschitz-Killing (LK) densities

When X(0) admits a density, recall our general formulas for a.e. t
m GH(X,t) = FE([VX(0)[[1X(0) = t) px(0)(t)
m G (X, t) = —5=E ((vx(0)*, D2X(0)wx (0)1)X(0) = t) px(o)(2)-

Assume that X is standard and 'vx = diag(y1,72) is diagonal
Then X;1(0) and X>(0) are independent and Xi2(0) is also independent
from X(0), and recall that VX(0) is independent from X(0) and
D2X(0) with

E(X,,(O)|X(O) = t) = —;t.



Geometrical spectral moment

Writing eg = (cos(#),sin(6)), we use

BIVXOD =3 [ B(TXO).a) e,

v (VX(0), eg) = X1(0) cos(8) + Xa(0) sin(0),
(VX(0), e9) ~ /71 c0s2(6) + 2 sin? (O)A'(0, 1) with
E(N(0.1)]) = /2.

Proposition

Cr(X,t) = L\ /Apme /2, ae t €R, where

1 27 5 2
VPer = (5/0 \/fyl cos?(f) + vz sin (9)d9) )




Geometrical spectral moment

Let vx(0) = (cos(©),sin(©)) with © independent from X(0), DX (0),

E ([X11(0) sin?(©) + X22(0) cos?(©) — X12(0)sin(20)] [X(0) = t)
= [-mtE (sinz(e)) — 7>tE (cos?(0))]

Proposition

G(X,t) = W*yrmte_tz/z, a.e. t € R, where
yrc = E(n Sinz(@) + 2 c05%(0)) = V172-

Rk : if v1 = 72 then y1¢ = Yper = 72 and vx(0) ~ U(S?).



Gaussian Lipschitz-Killing (LK) densities

For X C? stationary Gaussian standard random field

+2

CJ(X, t) ’YTCW te 2z ae

1 t2
G(X,t) = 1/’)’Perz e~ 7 ae

G(X,t) = 1-y(t) for\ll(t):/t o—t?/2

d
Lo V2T !




How to see anisotropy 7
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Ratio of anisotropy

min(y1,72) < yrc < Yper < Max(y1,72) and yrc = Yper iff 11 = 2.
Defining R = 2< € [m 1} and plot the

max(71,72)
Almond curve of anisotropy {(x(t),y(t));t € R}
F(X J(X 1
X(t) — Cl( at) _ e7t2/2 and y(t) — CO( 7t) — 6 Rteitz/z.

G (X,0) (C;(X,0))2 ~ (27)3/2

)

with Cf(X,0) = 4, /7per- See also Klatt, Hérmann, Mecke (2021) for
inspiration



Is it anisotropic ?

A=0.1651
Per =0.0182
TC =8.25e-04

The simond curve o soropy

A =0.1652
Per =0.0187
TC=7.36e-04




Is it anisotropic ?
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Effective level

For t € R unknown, following Di Bernardino and Duval (2020), define
the effective level as

F=wl(1- Gy(X, 1)),

Note that for the quantile t = W=1(q) for g € (0,1) one has
C5(X,t) =1— g and set

§ =1— Gy(X, t) such that £ = W1(§).
We can consider C/(X,W~*(q)), j =0,1,2.
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Effective yper and e

Using that
1
G(X,t) =
define for t >0or §>1/2

Are = Co(X, t) x

uuuuuuuuu

YTC7A a5 (2 )3/2

(27T)3/2 o

te~ and G(X,t)=

“’:*i#:d:ti\:it‘z::itnj:tti:‘i

1 2
V’YPerZe 2,

ez and ’yper—Cl(X t)? % 16 et .

5:u?:Ht%zfihﬂ:kz;::ﬂ:tzd




Effective Ratio of anisotropy

We finally define

A q Co(X 27)3/2 £
R — YTC — ,\CO( ) t) % ( 7T) t_l e—;
YPer G (X, t)2 16




Is it anisotropic ?




Conclusion and perspectives

Conclusion :
m New geometrical equivalent of spectral moments
m Anisotropy estimation available from one excursion set

m Extension in dimension d with mean curvature, numerical evaluation
ford =3

Perspectives :
m Second order and higher moment properties
m Control of bias induced by discrete simulation/estimation

m Extension for fractional Gaussian fields
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