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Continuous-time volatility modeling
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@ Want to focus on the black line.

@ Reagarding the red points as external enemy.
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@ Asymptotic inference for 6

@ Parametric diffusion coeff. o(x, 0)
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How to handle jumps
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@ Pruning (Selection) type for both ergodic and non-ergodic cases:
lgnore Yy — Yy, if |V — Yy | > Ch"

e Local jump detection filter: [Shimizu and Yoshida, 2006], [Ogihara and Yoshida, 2011],
o Self-normalized statistics bases test [Masuda and Uehara, 2021]: Remove large increments
e Global jump detection filter [Inatsugu and Yoshida, 2021]: Order-statistics based “deformation”
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Our interest: simple and (relatively) tuning-resistant way?

t t t t
Y =Yy +/ ,us_ds—|—/ a(X:_,0)dws + Jt, X' =X§ +/ //s,ds—&—/ oL_dw. + Jj,
0 0 0 0
Yo=Y +Y Ti(t=1t), Xe=X+> Tilt=t) = {(X, )} t=jT/n=:jh
=] =i

o Application of the density-power divergence [Basu et al., 1998]? (like the Box-Cox trans.)

(f;g)— / (fprA — (1 + %) g+ %gHA) du>0
o Converges to the Kullback-Leibler divergence (from g to f) for A | 0.

@ Asymptotic inference theory with effectively ignoring contaminations?

@ No heavy computational loading, and no sensitive fine-tuning.
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Backgrounds

Previous studies for ergodic diffusion (T = nh — )

@ [Lee and Song, 2013] considered dY; = p(Y:, 0)dt + odw, and proved
(Vh(@a(A) = o), Vi(oa(N) = 70)) 5 N(O, Vo())

through minimizing the the (explicit) Euler-scheme based objective function:

1 n
6,0) — /¢(y; Yy, + wj—1(0)h, c*h) " dy — <1 + X) Z¢(Ytj; Ye_y + uj—1(0)h, a’h)*
j=1

@ [Song, 2017] similarly considered dY; = u(Y:, 0)dt + o(Y:, v)dw: and proved the consistency

(é\n()‘)a O—n(>‘)) £> (605 UO)'

o Yet, they/he did no theoretical consideration about what happens under contaminations. J
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© Robustified Gaussian quasi-likelihood

@ We are given a complete filtered probability space (Q, F, (Ft)teT, P).



Robustified GQLF Asymptotics Numerical experiments Concluding remarks

Setup: Stochastic dynamic regression with jumps and spikes

t t t t
Y =Yy +/ 1s—ds +/ o(X:, 0)dws + Jy, X: = X5 +/ e_ds +/ oL_dw! + Ji,
0 0 0 0

Yo=Y+ Til(t=1), X=X+ Tit=t) =5 {(Xy,Y)}o, t=jT/n=:jh
j=1

j=1

o Jumps Jy = Yoo  AYE (Y = Y — Vi) and Jp = Yoo AXE
o Spikes T; =T, ; and T} =T} ; are F,-m'ble r.v's.

o Fake Gaussian quasi-likelihood (QL) based on the Euler approx. Yj = Y, +hoj_1(0)A;w:
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Robustified GQLF

Density-power weighting for Gaussian quasi-(log-)likelihood

(f;g) — / <f1+’\ - <1 + i) g+ il\gl+)‘> dp =: Const. + /f1+Adu - (1 + i) /f’\gdu >0

e Applying the above density-power form (¢;_1(y;6) :== ¢ (y; Ys_,, hSj-1(6))),
~ (1 A A
9HZ<>\¢J'(9) )\+1/¢J 1(y:0)" " dy

)—dA/2
=3 (G -t §2+)1)1+d/2 dex(57-4(0) )

= 3 de(sya(0) (1¢<sj1<9>—vzh—wm,.yy ; m/)

By (A + 1)ttar2
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© Asymptotics

@ The best possible phenomenon for any regular estimator 5,, is well-known [Gobet, 2001]:

-1

(0, — 09) S MmN | o, (;T /OTtrace ((51(055)51(85)):) dt>

@ Our 0,()) has an asymptotic mixed normality for each A > 0.



Robustified GQLF Asymptotics . riments Concluding remarks

Regularity conditions in brief

t t t t
Y =Yy +/ fs—ds —l—/ a(X:_,0)dws + Jt, X' =X§ +/ e_ds +/ oL_dw! + Ji,
0 0 0 0

i=YV:+Y Til(t=1), X=X+ Tit=t) =5 {(Xy,Yy)}o t=jT/n=:jh
j=1

j=1

Assumption 3.1

@ Smoothness and non-degeneracy of (x, 0) — S(x,0)
@ Integrability of (u, X, J)

© Probabilistic structures of finite-activity jumps
© Probabilistic structures of spike noise

@ Identifiability, and positive definiteness of the asymptotic covariance
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Robustified GQLF Asymptotics Numerical experiments

Asymptotic mixed normality for fixed A > 0

Theorem 3.2

Va(Ba(X) — b0) £ MN,, (0, To(A) " Zo(A)Fo(X) ™)

—dX T
>0y = % / det(S:) "2 x {(2,\(2,\ +1)=(+d72) _ 32(3 4 1)~ (2+d))
0

x trace ((S™'89, S)t) trace ((S™'8y,S)¢)
+2(2X + 1)+ D trace ((S71(8p,5)S (99, 5)):) }dt,

(271’)7‘1)‘/2

(kD3 —
Fo (A) T ()\+ 1)1+d/2

.
x %/0 det(st)**/2{(1 — Ntrace ((S7(89,5)S™(99,5))t)

— Mtrace ((5_1(89k5))f) trace ((5_1(89/5)),_») }dt (We wrote f; := f(X{, 60)).

. e 17 1 1 . :
° I;%ZO(A) = I;rj(\) Fo(X) = ﬁ/o trace ((5 (09, 5)S (89,5))t> dt a.s. (Fisher-info. matrix)
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@ Numerical experiments



Numerical experiments

Simulation designs: Gaussian additive processes with contamination

't 1 . o
e Model: Y; :/ exp{5(91X175—l-92X2_,5)}dws7 (X145 X2,1,) = (cos(2jm/n),sin(2jm/n))
0

O Spike noise: Y, =Y. +pYes t=j/nel0,1]

o Yo, ..., Yo, ~iid. N(0,1);  po,p1,...,pPn~ iid. Bernoulli(0.05) [5% contamination],
(9170,9072) = (—273), n = 5000, ﬁMC = 1000.

t 1
@ Compound Poisson jumps: Y, = / exp {5(—2x1,5 + 3X275)}dw5 tJ Yo=0
0
o L(J:) = CP(At,N(0,5)) with A =0.05n; n=5000, #MC =1000 [250 jumps in average]
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Numerical experiments

@ Checking the robustness

© Spike case
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Numerical experiments

@ Plots of averaged estimates with confidence intervals (Theorem 3.2); (61,0, 602) = (-2, 3).

© Spike case
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© Concluding remarks



Robustified GQLF Asymptotics Numerical experiments Concluding remarks

Summary: Robust volatility inference with single fine tuning

t t t t
Yo = Y0*+/ us,ds+/ a(X:_,0)dws + Jt, X: :X0*+/ u;_ds+/ os_dw. + J;,
0 0 0 0

Yo=Y+ Til(t=1), X=X+ Tit=t) = {(Xy,Ye)}o, t=jT/n=:jh
j=1

J=1

Explicit density-power Gaussian QLF

n \ ) —d3/2
B0 = 3 de(52(0) (Ro(sat0)2nam) - 2000

V(B(X) = 0) £ MN (0, Fo(3) " Eo(A)o(A) ™)
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Concluding remarks

Concluding remarks |

e Controlling the tuning parameter as A = )\, | 0 at appropriate rate:
t -1
V(0a(An) = 00) £ MN, (o, (%/ trace ((5’1(895)5’1(695)(&,00)) dt) )
JO

e For construction of BIC type model selection criterion based on H,(6; A) (Ongoing).

o Applicable to Holder based divergence, also known as ~-divergence, as well.

e [Windham, 1995] and [Jones et al., 2001]; also [Fujisawa and Eguchi, 2008].
e Approx. martingale-estimating-function version can effectively handle heteroskedasticity.

Ho(6;2) = Y det(§;_1(6)) " CONg(5;_1(6)72h 120, v) .
j=1
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Concluding remarks

Concluding remarks Il

@ The approximation technique will apply to various other “Gaussian type” QL inferences:

Ha(6) < > logda (Ye: tn(Xe_,,0), Tn(Xe_,,0; b))

j=1

:uh(thfn 0) ~ Eé_l[YtJL Zh(th—lve; h) = Cové_l[yij

such as location-scale time series model, ergodic diffusion, ergodic Lévy driven SDE!, small
diffusion, small-Lévy driven SDE, etc.

Hiroki Masuda (Univ. of Tokyo) Robustified Gaussian quasi-likelihood inference Ulm, Sep 26, 2024



Concluding remarks

Concluding remarks IlI

@ Implementation of “gmlerobust” in yuima R package [Brouste et al., 2014] (by S. Eguchi);
User input: T, n, o(x,0), and A € (0,1] (with the rule of thumb “use A = 0.2 ~ 0.1").

. ASSESSMENT
Statistical Inference
* Mean squared error analysis « Sometimes intuitive

* Goodness-of-fit testing * Ideally simple enough and practical

Stochastic Analysis + Residual analysis

 nformaion e, . YUIMA

L t Th
imit Theorems ANALYSIS & developers

YUIMA .

ASYMPTOTICS MODEL BUILDING

Simulator 7 + Randomly perturbed dynamical system
* Parameter estimation
+ Linear and/or non-inear
* Quantitative confidence set

* Noise character, ..
Optimization/Algorithm + Prediction uncertainty, .

00000

IEssentially requires different consideration! Ongoing.
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